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Introduction

The study of phase transitions, namely sudden changes in the physical
properties of matter when external parameters are varied, is along some
of the most interesting problems of physics. Why does the water freeze
at some temperature? What is the melting point of iron? Why do some
materials keep a residual magnetization at sufficiently low temperature?
Such questions are naturally addressed in the framework of statistical
mechanics. This branch of physics more generally aims to study the
macroscopic properties of systems with many components (e.g. a gas
composed of billions of molecules) starting from the laws that describe
the interactions between microscopic individuals [5]. As one can imag-
ine, describing the explicit behaviour of every component would be both
troublesome and not very enlightening. The strategy therefore relies
on a statistical description of the system, retaining only the meaning-
ful average quantities (e.g. density, pressure, temperature, etc.). Sta-
tistical mechanics is particularly effective on systems with very simple
interaction laws between their constituents. For this reason, physicists
frequently rely on the study of models which are idealized versions of
the reality. A model does not have to give a perfect account of nature,
but rather to retain only the essential features needed to reproduce the
physical phenomenon under study. For instance, in the famous Ising
model1, introduced to describe ferromagnetism, the range of interaction
between the discrete spin variables is limited to the nearest neighbours.

1The model was proposed by W. Lenz and solved by E. Ising, his PhD student,
in one dimension in 1924 [6]. However, the model did not exhibit the expected
spontaneous magnetization at the time. In 1944, L. Onsager found a solution for the
two-dimensional version of the model at zero external magnetic field reproducing this
time the ferromagnetic transition [7]. The model and its generalizations have kept
the name Ising.

1



2 Introduction

We know that the real situation is more complicated, nevertheless, this
approximation still captures the ferromagnetic phase transition occur-
ring at some critical temperature and allows us to compute the critical
exponents.

Another common simplification consists in regarding the components of
the system as living on a two-dimensional lattice (or a one-dimensional
lattice with time evolution) with a finite number of sites/vertices. By
letting the number of sites grow to infinity while simultaneously reduc-
ing the lattice spacing, one can then approximate a continuous medium
while retaining the microscopic lattice structure. This particular limit
is usually called the scaling limit. In two dimensions, this approach
presents many advantages, one of the greatest being that some of these
models are exactly solvable [8]. Roughly speaking, this property of a
model refers to the ability of expressing statistical quantities (e.g. prob-
ability density, correlation functions, etc.) in terms of simple mathe-
matical expressions by using analytical methods. What do we mean
by simple mathematical expressions? This is in fact mainly conven-
tional. For instance, the solutions may sometimes be given in terms
of rational expressions or finite sums, but in other cases, they may in-
volve elliptic functions or determinants of orthogonal polynomials. Yet,
the basis of accepted functions to be exactly solvable is not rigid and
may depend from one situation to another. For this reason the con-
cept of exact solvability (in this sense) is not always perfectly clear.
To get a better grasp of its meaning and origin, it is useful to con-
sider the closely related notion of integrability. Classically, a system
is called integrable if there are sufficiently many symmetries (or con-
served quantities) to completely characterize the motion. It extends to
the notion of quantum integrability (see [9] for a pedagogical introduc-
tion), usually referring to the fact that the system can be shown to
satisfy the Yang-Baxter equation [10,11]. This underlying mathematical
structure somewhat justifies the exact solvability of some models. For
the past century, mathematical-physicists extensively studied these in-
tegrable systems. A certain number of them is inspired by physics and
attempts to model the properties of some materials (for instance the
Ising model mentioned above and generalizations thereof). But there
are also some other models, primarily interesting for their theoretical
aspects and their connections with different areas of mathematics.
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The phase transitions mentioned earlier are a common feature that
brought a lot of attention to some of these models. They are pertinent
both from a physical perspective and for the hidden and rich mathemat-
ics underlying their description. A prime example of such transitions is
certainly that concerning the states of matter (solid, liquid, gas) which
are examples of first order transitions.

Yet, some transitions are more subtle. Take for instance the liquid-gas
transition line in the temperature-pressure diagram. One can follow
this line while the temperature increases until it suddenly ends at some
critical values of temperature and pressure. At this point, the distinc-
tion between liquid and gas vanishes. This phenomenon, called critical
opalescence, is characterized by a divergence of the correlation length
resulting in a scale invariance (scale-free) of the system and algebraic
(in inverse power law) decay of correlation functions. The same critical
behaviour occurs in the two-dimensional Ising model and many other
models. It is generally the signature of a second order phase transition.
This terminology refers to the fact that there is no direct discontinuity
in the matter density, in contrast with the liquid-gas transition, and can
be seen as more subtle. Some famous examples are superconductivity
and superfluidity which are the properties of some materials at low tem-
perature to have respectively zero electrical resistance or zero viscosity.
Other concrete examples in nature of such critical behaviour exist, some-
times in unexpected places. To mention an instance outside physics, it
was observed that the movement synchronization in large schools of fish,
or flocks of flying birds presented the same kind of scale-free property
and could be modelized as a system at criticality [12]. Such systems are
in fact ubiquitous in statistical physics and particularly interesting for
their mathematical structure. In particular, it is well known that they
can be described by conformal field theories (CFTs), due to the scale
invariance. The model at the center of this thesis belongs to this class.

The monomer-dimer model was originally introduced by Fowler and
Rushbrooke [13] in an attempt to describe molecular arrangements and
statistical properties in liquids made of both mono-atomic and di-atomic
molecules. The complete description being combinatorially too hard,
they restricted to the case of purely di-atomic species on planar lattice,
leading to the so-called dimer model. Besides its physical interpre-
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tation, the model exhibits a strong combinatorial structure and was
investigated by mathematicians ever since (see [14] for a detailed intro-
duction). The model can be defined as follows. Let us consider a planar
graph G with vertices and edges. A perfect matching of G is a subset
M of edges such that every vertex of G belongs to one and only one
edge of M . Equivalently, it can be seen as a covering of the edges by
dimers, namely a bond between two vertices, such that all the vertices
are covered by one single dimer. An example of perfect matching on a
rectangular graph is given in Figure 1-left. In this thesis, we will mainly
consider graphs that are connected subgraphs of Z2. In this case, in or-
der to admit a perfect matching, the graph is necessarily bipartite and
we are allowed to distinguish two different parity classes for the vertices,
as depicted in black and white in the figure. The dimer model studies
the statistical properties of the set of perfect matchings. To do so, one
has to define a probability measure on this set which is generally done
by primarily assigning a weight w(e) to the edges e of the graph. We
then give a perfect matching M a weight w(M) corresponding to the
product of all edges covered in M . The probability of occurrence of M
is simply

P(M) = w(M)
ZG

, ZG =
∑
M

w(M) =
∑
M

∏
e∈M

w(e),

where ZG is the partition function; the weighted sum over all configura-
tions (perfect matchings). In case w(e) = 1 for all edges, every match-
ing is equally weighted, and ZG corresponds to the number of perfect
matchings on G. We refer to this situation as the uniform probability
measure. Other typical measures studied in this thesis are the biased
and/or two-periodic weightings. They are properly defined in the next
chapters.

The model can equivalently be seen as a purely combinatorial prob-
lem consisting of the tiling of a certain planar domain by dominos (see
Figure 1-middle). In this picture, the vertices are replaced by non-
overlapping unit squares forming the cells of a rectangular grid, and
dimers are replaced by 1 × 2 dominos. The bipartite character of the
lattice leads us to distinguish four different kinds of dominos according
to the parity of their locations, these are depicted in Figure 1-right. The
chosen colours here have no link with the probability distribution.
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Figure 1: Left: example of perfect matching on a 5 × 6 rectangular
graph. Center : same configuration represented in terms of dominos.
Right: colouring convention according to the parity of lattice sites.

One major breakthrough in the field of perfect matchings /domino tilings
was accomplished by Temperley, Fisher [15, 16], and Kasteleyn [17] in
1961. In these works, the partition function on a L ×M rectangular
domain was computed, leading to the remarkable formula

ZL×M =
⌈L/2⌉∏
ℓ=1

⌈M/2⌉∏
m=1

[
4 cos2

(
ℓπ

L+ 1

)
+ 4 cos2

(
mπ

M + 1

)]
.

For instance, one can easily deduce from it the number of tilings on a
chessboard-like domain: Z8×8 = 12 988 816.

The method developed by Kasteleyn [18] is actually much more gen-
eral and applies to any planar graph with arbitrary edge weights. In
particular, it gives a determinantal or Pfaffian formula for the partition
function in terms of a certain oriented adjacency matrix of the graph,
usually called a Kasteleyn matrix. However, the question of whether this
determinant can be evaluated in closed form and/or analysed asymptot-
ically remains difficult in general and strongly dependent on the domain
and the probability measure. It also provides determinantal formulas
for n-point correlation functions between dimers. On subgraphs of Z2,
these are known to decrease algebraically at long range2. This proper-
ties indicate that the dimer model is critical in the scaling limit and can
be described by a CFT, as mentioned above. More details about the
Kasteleyn theory are given in Chapter 4.

2This result may depend on the lattice one considers, for triangular lattice for
instance the decay is exponential.
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More recently, in 1992, N. Elkies et al. [19,20] considered domino tilings
on slightly different domains, with staircase-shaped boundaries. They
called such domains Aztec diamonds, referring to the shape that resem-
bles to the profile of an Aztec temple. An illustration is provided in
Figure 2. Since then, this model received a lot a attention from the
community due to the rich mathematical structure it exhibits. One
prominent aspect being the spatial phase transition (i.e. a genuinely dif-
ferent behaviour in the domino organization according to their absolute
position on the domain), occurring at large size. Let us define an Aztec
diamond of order n as the collection of unit squares whose centers of co-
ordinates (x, y) ∈ (Z+ 1

2)2 are living in |x|+ |y| ⩽ n. Using the uniform
probability measure, the arctic circle theorem [21] states the following:
with a probability that goes to 1 as n increases, the dominos in the four
corners are fully-ordered (in the form of a brick-wall pattern), whereas
all the randomness and disorder accumulate inside a circular region in
the center (see Figure 2). The ordered regions are often called frozen
referring to the statistics of the dominos that converges to determinis-
tic values. By opposition, the disordered central region is called liquid,
temperate or rough. The interface that separates the different regions is
by extension called the arctic curve. In the limit where n goes to infinity
the curve converges to a perfect circle, for the uniform measure. The ap-
pearance of this arctic phenomenon can be seen as a consequence of the
domain boundaries, with staircase shapes, which strongly constrain the
organization of the dominos near the edges. It then propagates deeply
enough inside the domain to lead to a macroscopic effect on average
configurations.

After the introduction of Aztec diamonds, the study of arctic phenomena
gained a lot of interest and was pursued in many other models such as
Alternating Sign Matrices (ASMs) [22,23], the six-vertex model [24–26],
tilings of hexagons [27–29], etc. The Aztec diamond nevertheless remains
among the simplest instances where this phenomenon occurs, and math-
ematicians continue to study its generalizations. One direction aims to
modify the domain as in double Aztec diamonds [30,31], holey Aztec di-
amonds, or Aztec rectangles [32] for instance. Another direction consists
in modifying the probability measure; some well-known measures stud-
ied in this thesis are the biased and/or two-periodic weightings. Higher
periodicities also exist (see for instance [33–35]) but they will not be
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Figure 2: Left: tiling of an Aztec diamond of order n = 6. Right: tiling
of an Aztec diamond of order n = 3000. Both pictures were randomly
generated with uniform measure using the shuffling algorithm. The code
was kindly provided by Bryan Debin.

considered in this manuscript. A peculiar phenomenon occurring with
periodic weights is a non-trivial deformation of the arctic curve, and the
appearance of a new region in the very center of the diamond some-
times called gaseous or smooth (see Figure 3). Similarly to the liquid
one, this region is also disordered, however, the behaviour of the dimers
inside is genuinely different; they are more likely to group themselves in
2 × 2 plaquettes made of two parallel dimers. Besides, the correlations
between dominos also behave differently, and decrease exponentially in
this phase. In particular, it means that the model is off-critical in this
region and that, if a field theoretic description exist, the theory would
have to be massive. The two-periodic weights therefore appear as rel-
evant parameters of this off-critical extension. This aspect makes the
two-periodic weighting particularly interesting to study, both from the
perspective of spatial phase transitions and from the field theoretic ap-
proach.

Another remarkable aspect in Aztec diamonds is its numerous connec-
tions with determinantal point processes and distributions issued from
random matrix theory. For instance, it was shown that the fluctuation of
the arctic curve follow the Tracy-Widom distribution [36] which also de-
scribes the normalized largest eigenvalue in matrices from the Gaussian
Unitary Ensemble (GUE) [37] and other random matrix ensembles.
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Outline

This thesis is the compilation of four different research projects I in-
vestigated during my PhD. Each project corresponds to a chapter; the
ordering aims to be pedagogical.

In Chapter 1, we review the connections between the partition functions
of Aztec diamonds for general weightings and the octahedron recurrence
[33]. This recurrence is a generalization of the Desnanot-Jacobi formula
for determinants. We make use of the Dodgson condensation algorithm
to compute the partition function of the model for different measures
and subdomains. Many examples (old and new) are given. From this
point of view, the tilings provide a combinatorial interpretation of λ-
determinants and the general Robbins-Rumsey formula [38]. The link
between Aztec diamonds and ASMs is also reviewed.

In Chapter 2, we use the technology introduce in the first chapter to
obtain a closed formula for the partition function of the biased two-
periodic Aztec diamonds in terms of elliptic functions [39]. We intro-
duce and make the link with the elliptic solid-on-solid (8VSOS) model
at the free-fermion point [40–42]. It allows us to use the inhomogeneous
extension of the model to compute refined partition functions and conse-
quently obtain the arctic curve of the model via the tangent method [43].
The main results are a parametric form and an algebraic equation for
the curve. These parametrizations remain to be properly studied and
the project is still ongoing. Let us mention that the main input to this
project was made by Prof. Hjalmar Rosengren, who first pointed out to
us a possible relation between biased two-periodic Aztec diamonds and
the 8VSOS model, and later applied the two-refined tangent method to
obtain the current conjecture on the arctic curve. I subsequently con-
firmed this result using the one-refined tangent method and, with the
help of Prof. Philippe Ruelle, clarified the link between the two models.
Prof. Christian Walmsley Hagendorf derived the general solution for the
(rk) sequence in terms of elliptic functions mentioned in Section 2.3.3
and deduced from it the partition function.

Links between uniform Aztec diamonds and random matrices are nu-
merous in the literature. In particular [44, 45] established that, under
correct rescaling, the probability density function of a certain subclass
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of dominos converges to the GUE-corners (GUE minor) process in the
large size limit. In Chapter 3, we are interested to see whether this result
holds when we modify the probability measure on the space of configu-
rations. In the first part, we look at the case of biased Aztec diamonds,
where different weights are associated to vertical and horizontal domi-
nos. In the second part, we examine the case of two-periodic weightings.
In both situations, we observe the convergence to GUE-corners with a
rescaling that depends on the weighting.

In Chapter 4, we study the dimer model on the infinite plane, and more
specifically, investigate the field-theoretic structure for one- and two-
periodic weightings. From one side, using the Kasteleyn’s Pfaffian for-
mula, we find a description based on Majorana fermions (more precisely,
we obtain a ghost system from which the Majorana fermions are recov-
ered as a special case). From another side, using the relations between
the dimer model, spanning trees, and the sandpile model, we find a
description in terms of symplectic fermions. The two-periodic measure
being an off-critical extension of the uniform dimer model, the theories
in this case are massive generalization of the corresponding CFTs.
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Figure 3: Aztec diamond tiling of order n = 1000 with two-periodic
measure, a/b = 2. Eight colours are used to highlight the gaseous region.
See Figure 3.5 for an accurate definition. We are grateful to Christophe
Charlier for providing the code that generated this picture.



Chapter 1

On λ-determinants and
tiling problems

This chapter uses material from [1] written
with Philippe Ruelle and Jean-François de
Kemmeter.

In this chapter, we review the connections between the octahedron recur-
rence, λ-determinants and tiling problems. This provides in particular a
direct combinatorial interpretation of the λ-determinant (and generaliza-
tions thereof) of an arbitrary matrix in terms of domino tilings of Aztec
diamonds. We also reinterpret the general Robbins-Rumsey formula for
the rational function of consecutive minors, given by a summation over
pairs of compatible alternating sign matrices, as the partition function
for tilings of Aztec diamonds equipped with a general measure.

The λ-determinants have been introduced by Robbins and Rumsey [38]
by generalizing the Desnanot-Jacobi formula for ordinary determinants.
Let A be a square n×n matrix and denote by AUL, ALL, AUR, and ALR
the (n−1)× (n−1) restrictions of A to the upper-left, lower-left, upper-
right and lower-right corners of A, and denote by AC the (n−2)×(n−2)
central restriction of A. The Desnanot-Jacobi identity reads

detA · detAC = detAUL · detALR − detALL · detAUR. (1.1)

11
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Setting the determinant of an order zero matrix to 1 and that of an
order 1 matrix equal to the matrix entry itself, this identity allows one
to compute recursively the determinant of a matrix of any order (pro-
vided the required minors are non-zero). For n = 2, one easily recovers
from (1.1) the usual form for the determinant of a 2× 2 matrix on [46]
has used the identity (1.1) to propose the condensation method, an ef-
ficient algorithm that reduces the computation of a determinant to the
evaluation of connected 2× 2 minors.

Robbins and Rumsey defined the λ-determinants, denoted by detλ, by
deforming the above identity by the introduction of a complex parameter
λ,

detλA · detλAC = detλAUL · detλALR + λ detλALL · detλAUR. (1.2)

The parameter λ does not affect the determinants of matrices of order
0 and 1, so that 2× 2 λ-minors are simply given by

detλ
(
a b

c d

)
= ad+ λ bc, (1.3)

from which λ-determinants of higher order can be evaluated recursively.
Dodgson’s condensation method applies equally well to the computation
of λ-determinants provided λ-minors are used instead of usual minors.
Let us briefly recall how this goes [46].

As mentioned above, the method computes the λ-determinant of a ma-
trix A in a recursive manner, by defining a finite sequence of matrices
of decreasing order. If A is n × n, the sequence is initiated by setting
A0 = (1)1⩽i,j⩽n+1, the all-ones matrix of size n+ 1, and A1 = A. Then
for 2 ⩽ k ⩽ n, the matrix Ak, of size n+ 1− k, is obtained by comput-
ing all connected 2× 2 λ-minors of Ak−1 and dividing entrywise by the
central submatrix of Ak−2. Explicitly the entries of Ak are given by

(Ak)i,j = (Ak−1)i,j (Ak−1)i+1,j+1 + λ (Ak−1)i+1,j (Ak−1)i,j+1
(Ak−2)i+1,j+1

. (1.4)

Then Ak is the matrix of all connected λ-minors of A of size k, so that
the last term in the sequence yields the result, An = detλA. The method
proves to be very efficient but can be problematic since the entries by
which we divide may vanish. When detλA is known to exist (like for
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λ = −1), the problems can be cured by row or column permutations on
A (meaningful only for λ = −1) or by regularization, see [47] for a short
discussion in this direction. As a simple application, the λ-determinant
of a general matrix of order 3 is found to be

detλ

a11 a12 a13
a21 a22 a23
a31 a32 a33

 = a11 a22 a33 + λ a12 a21 a33 + λ a11 a23 a32

+ λ2a12 a23 a31 + λ2a13 a21 a32 + λ3a13 a22 a31 + λ(1 + λ)a12 a21 a23 a32
a22

.

(1.5)

It is a textbook result that the ordinary determinant of an n×n matrix
A can be written explicitly (and non-recursively) in terms of its entries
aij as a sum over the symmetric group Sn, detA = ∑

σ∈Sn
εσ A

B(σ); here
εσ is the parity of the permutation σ, B(σ) is the n × n permutation
matrix associated with σ and AB denotes the product ∏1⩽i,j⩽n a

bij

ij .

A natural question is thus whether there exists an analogous formula
for λ-determinants. The result obtained by Robbins and Rumsey is
not only that such a formula exists but also that the set of matrices
playing the role of the permutation matrices in the case of ordinary
determinants is universal, independent of λ ̸= −1. It was in this context
that alternating sign matrices made their appearance for the first time
[22, 23]. An alternating sign matrix B is a square matrix with entries
−1, 0, 1 such that all row and column sums are equal to 1, and such
that the non-zero entries ±1 alternate both in rows and columns. The
set of alternating sign matrices of order n will be denoted by ASMn (it
contains in particular all permutation matrices B(σ) of size n).

The remarkable formula proved in [38] reads,

detλA =
∑

B ∈ ASMn

λP (B) (1 + λ)N−(B) AB, (1.6)

where N−(B) is the number of entries of B equal to −1 (later on, we
will also use N+(B), the number of entries equal to +1), and P (B) =
Inv(B) − N−(B) ⩾ 0 with the inversion number given by Inv(B) =∑
i<k

∑
j>ℓ bi,jbk,ℓ (for a permutation σ, Inv(B(σ)) is the minimal num-

ber of transpositions of adjacent elements by which σ can be obtained
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from the identity). The number P (B) has been given a more direct
interpretation in [48], as the number of zeros in B which have non-zero
entries to the right and below, and such that the first non-zero entry in
both directions is a 1.

Comparing (1.6) with (1.5), one recognizes the first six terms as given by
the six permutation matrices of size 3, while the last term involves the
only alternating sign matrix of order 3 with a unique entry −1. For λ =
−1, the summation reduces to alternating sign matrices with N−(B) =
0, that is, to permutation matrices, so one recovers the usual formula
quoted above. One also sees from the expression (1.6) that, except in
the case λ = −1, the λ-determinant of a matrix involves positive and
negative powers of its entries, and therefore may be undefined if some
entries are zero. When λ is taken as an indeterminate, the λ-determinant
of a generic matrix of size n is a polynomial in λ of degree n(n−1)

2 .

The first indication of a relation between λ-determinants and tiling prob-
lems stems from the discovery by Kuo that the number Tn of domino
tilings of an Aztec diamond of order n satisfies the following recurrence
relation [49],

Tn Tn−2 = 2T 2
n−1, (1.7)

It is indeed reminiscent of the general form of the λ-Desnanot-Jacobi
identity for a 1-determinant (λ = 1) if Tn can be written as Tn = det1A

for a suitable matrix A (such that the two terms in the r.h.s. of (1.2) are
equal). The boundary values T0 = 1 and T1 = 2 confirm that A can be
taken to be the all-ones constant matrix of order n+ 1, leading to Tn =
2n(n+1)/2. Even though the matrix A is very simple in this case, with all
entries equal to 1, the summation in (1.6) is not trivial to evaluate since
the alternating sign matrices get weighted according to the number of −1
they contain. The Dodgson condensation algorithm however furnishes
the result in a straightforward way, as does the recurrence (1.7) itself.

If we want to assign different weights (or relative probabilities) to the
domino tilings, the formulation in terms of perfect matchings of the dual
Aztec graph is more convenient. Kuo showed in [49] that a quadratic
recurrence relation similar to the Desnanot-Jacobi identity holds for a
general weighting of the edges of the Aztec graph, and applied it in a few
examples, among which a particular two-periodic weighting of the Aztec
diamond and some other holey domains. Speyer [50] slightly generalized
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Kuo’s recurrence by adding face weights, and, placing it in a wider con-
text, called it the octahedron recurrence (the term has been used earlier,
though it is hard to trace its origin). As far as Aztec diamonds are con-
cerned, both Kuo’s and Speyer’s articles write the quadratic recurrence
relation for the most general weighting; the relation they found is a
generalized form of the λ-Desnanot-Jacobi identity and leads to inho-
mogeneous λ-determinants [48], see Section 1.3.

Let us consider weighted perfect matchings of Aztec graphs, for which
the weighting is defined in terms of face weights. In this case, the weight
of a dimer in a given perfect matching is proportional to the inverse
product of the weights of the faces it is adjacent to (see Section 1.1 for
more details), and the weight of a perfect matching is the product of
the weights of all dimers. In addition to these face weights, we assign
each vertical dimer a bias in the form of an extra factor

√
λ. Let us

symbolically denote by W the collection of all face weights, and by
Tn(W |λ) the partition function, that is, the sum of the weights of all
perfect matchings of the order n Aztec graph. Then Tn(W |λ) satisfies
the octahedron recurrence [49,50]

Tn(W |λ) · Tn−2(WC|λ) = Tn−1(WUL|λ) · Tn−1(WLR|λ)
+ λTn−1(WLL|λ) · Tn−1(WUR|λ), (1.8)

where the weight systems WUL,WLR,WLL,WUR and WC are the re-
strictions of W to the Aztec subgraphs in the four corners1 and in the
center, of order n − 1 and n − 2 respectively. When all weights are
equal to 1, namely the distribution on perfect matchings is uniform,
Tn(W = 1|λ = 1) is just the number of domino tilings, and the previous
recurrence reduces to (1.7).

The similarity of the octahedron recurrence and the Desnanot-Jacobi
identity for λ-determinants is striking, and has been noticed by many au-
thors. One should not expect that the solutions of the former can always
be cast as λ-determinants (we will indeed see that this is not the case),
but one can hope that λ-determinants can be given a combinatorial in-
terpretation as partition functions of weighted perfect matchings. The

1If the central face of the order n graph is centered at the coordinates (0, 0), those
of the four restrictions UL, LR, LL, UR are centered at (−1, 0), (1, 0), (0,−1), (0, 1)
respectively.
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simplest example has been mentioned above, namely the 1-determinant
of the all-ones matrix, det1(ai,j = 1)1⩽i,j⩽n+1, is the number of perfect
matchings of the order n Aztec graph. One can readily generalize it to
any λ and get detλ(ai,j = 1)1⩽i,j⩽n+1 = (1 + λ)n(n+1)/2, the partition
function for perfect matchings with bias

√
λ for each vertical dimer. The

latter has been noted by Propp in [47], who went further on to propose
another example: if a number of 1’s are replaced by 0’s in the four cor-
ners of the all-ones matrix, the 1-determinant of the resulting matrix
yields the number of domino tilings of a square of side n. This last ex-
ample is a strong hint of a more general structure. To the best of our
knowledge, no systematic combinatorial interpretation has been given
to general λ-determinants in the context of domino tilings.

The main goal of this chapter is precisely to fill this gap, by giving sev-
eral combinatorial interpretations of general λ-determinants in relation
to perfect matchings of Aztec graphs. This will give us the opportunity
to review basic and well-known material about alternating sign matrices
in the context of tiling problems. Formulating the counting of perfect
matchings in terms of λ-determinants, and more generally the partition
functions when non-trivial weightings are used, does not always make
their explicit evaluation easy. However this formulation offers an im-
portant conceptual understanding and at the same time provides an
extremely versatile method, applicable to many cases that would other-
wise be hard to tackle by standard methods. Finally, it gives a straight,
computationally efficient and quick mean to obtain numerical results.
Many illustrative examples will be given.

As a last remark, and because asymptotic values are in general more
useful than exact values at finite size, the use of λ-determinants also
prompts the intriguing question of whether Szegö limit theorems could
be formulated for them, when applied to Toeplitz matrices.

1.1 General octahedron recurrence

The Aztec diamond of order n is a planar domain formed of unit cells
with staircase boundaries; the left panel of Figure 1.1 depicts an order
6 Aztec diamond. The number of unit cells on the rows varies from 2
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Figure 1.1: The two figures on the left show the Aztec diamond of order
6, and next to it, its extended dual graph Ân with the boundary faces
(shaded). The two right figures show a partial domino tiling and the
corresponding partial perfect matching of An.

to 2n. Domino tilings of Aztec diamonds can equally be described as
perfect matchings of the dual graph An: a perfect matching M of An
is a subset of edges such that every vertex of the graph is the endpoint
of one and only one edge in M . The edges of a perfect matching are
also called dimers, see Figure 1.1 where a partial tiling and its dimer
content are shown. Finally the graph An may be extended to Ân by
including all faces around the boundary of An, shown in shaded gray in
Figure 1.1. The faces of Ân contained in An are called inner faces; the
others are called boundary faces. Note that the extension Ân does not
contain more edges or more vertices than An.

Perfect matchings of Aztec graphs (or any graph) can be given different
weights, which depend on their dimer content. We will consider here two
types of weightings, wF (M) and wE(M), defined in terms of weights
attached to the faces of the graph or attached to its edges. In what
follows, we choose a coordinate system such that the faces of Ân are
centered at integer coordinates (k, ℓ) with |k|+ |ℓ| ⩽ n; the central face
is centered at (0, 0).

In the first weighting, we assign each face (including the boundary faces)
a weight xk,ℓ, see Figure 1.2. For each face (k, ℓ), we count the number
Nk,ℓ of dimers which are adjacent to that face and let it contribute a
factor x1−Nk,ℓ

k,ℓ to the weight of a perfect matching. The total weight of
M is the product of these factors, wF (M) = ∏

(k,ℓ)∈Ân
x

1−Nk,ℓ

k,ℓ . We note
that 1−Nk,ℓ is equal to 0,+1 or −1 for an inner face and equal to 0 or
+1 for a boundary face.
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x0,0 x1,0 x2,0 x3,0x−1,0x−2,0x−3,0

x−2,1 x−1,1 x0,1 x1,1 x2,1

x−1,2 x0,2 x1,2

x0,3

x−2,−1x−1,−1 x0,−1 x1,−1 x2,−1

x−1,−2 x0,−2 x1,−2

x0,−3

Figure 1.2: Left: the extended graph Â3 of order 3 with the face
variables. Right: example of perfect matching with a face weight
wF (M) = x1,−2 x−2,−1 x

−1
−1,−1 x

−1
1,−1 x0,0 x

−1
−1,1 x

−1
1,1 x2,1 x−1,2.

For the second weighting, all edges e of the graph are assigned a weight
w(e). The weight of a perfect matching is then the product of the
weights of the edges contained in the matching, wE(M) = ∏

e∈M w(e).
In practice, and because every edge is adjacent to an even face (k + ℓ

even), it is enough to assign weights αk,ℓ, βk,ℓ, γk,ℓ and δk,ℓ to the east,
north, west and south edges of the even faces. It will be convenient to
assign edge weights to odd faces too. Since the east edge of an odd face is
the west edge of the right neighbouring even face, we set αk,ℓ = γk+1,ℓ for
k + ℓ odd; similarly we set βk,ℓ = δk,ℓ+1, γk,ℓ = αk−1,ℓ and δk,ℓ = βk,ℓ−1
for k + ℓ odd.

Both weightings wF (M) and wE(M) are complete in the sense that
either weight uniquely determines M , and so are mutually redundant.
We nevertheless keep them both since, depending on the specialization
of weights we are interested in, one may be more convenient than the
other. Let

Tn;(0,0) =
∑

MofAn

wF (M)wE(M) =
∑

MofAn

∏
(k,ℓ)∈Ân

x
1−Nk,ℓ

k,ℓ ×
∏
e∈M

w(e)

(1.9)
be the partition function for perfect matchings of the Aztec graph of
order n, with face and edge weights as defined above. The subscript
(0, 0) indicates that the central face of the Aztec graph has weight x0,0.
Then the partition functions satisfy the following quadratic recurrence
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relation [49,50]

Tn;(0,0) Tn−2;(0,0) = β0,n−1 δ0,1−n Tn−1;(−1,0) Tn−1;(1,0)

+ αn−1,0 γ1−n,0 Tn−1;(0,−1) Tn−1;(0,1), (1.10)

where Tk;(i,j) is the partition function for the perfect matchings of the
subgraph Ak ⊂ An of order k whose central face has weight x(i,j), and
computed with respect to the face and edge weights inherited from Ân,
so that Tk;(i,j) depends on a subset of the weights used for Tn;(0,0). As
noted before, the order n−1 subgraphs centered at (−1, 0), (1, 0), (0,−1)
and (0, 1) correspond, after the rotation of the order n Aztec graph by
45 degrees clockwise so that the graph roughly looks like a square, to
the UL, LR, LL and UR restrictions alluded to above in (1.8).

Together with the initial conditions for n = 0 and n = 1, namely,

T0;(i,j) = xi,j , T1;(i,j) = x−1
i,j

(
αi,j γi,j xi,j−1 xi,j+1 +βi,j δi,j xi−1,j xi+1,j

)
,

(1.11)
the partition functions for all higher values of n are uniquely determined.
As n increases, the full expressions of Tn;(0,0) become rapidly large and
awkward.

At this level of generality, there does not seem to be any relation with
λ-determinants because the coefficients of the two terms in the r.h.s. of
the recurrence (1.10) both depend on n. In order to establish a relation,
an easy start is to set the horizontal edge weights βi,j , δi,j equal to 1 and
the vertical edge weights αi,j , γi,j equal to

√
λ. Although it considerably

simplifies the expressions of the partition functions, it alone does not
guarantee that the latter can be written as λ-determinants (of what
matrix?). In general, they cannot as we will see in the next section,
although algorithmically, the general case remains very close to a λ-
determinant.

1.2 Face weights

In this section, we keep general face weights, for both inner and boundary
faces, and restrict the edge variables to a constant weight

√
λ on vertical

dimers, which we call a vertical bias. A good starting point is to write
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x0,0 x1,0 x2,0 x3,0x−1,0x−2,0x−3,0

x−2,1 x−1,1 x0,1 x1,1 x2,1

x−1,2 x0,2 x1,2

x0,3

x−2,−1x−1,−1 x0,−1 x1,−1 x2,−1

x−1,−2 x0,−2 x1,−2

x0,−3

q22 p33 q33 p44p22q11p11

p12 q12 p23 q23 p34

p13 q13 p24

p14

p21 q21 p32 q32 p43

p31 q31 p42

p41

Figure 1.3: Relabelling of the general weights xk,ℓ into pi,j and qi,j form-
ing two matrices of order n+1 and n, respectively (n = 3 in the figures).

out the corresponding partition function for n = 2. Before doing that, it
turns out to be more convenient to change coordinates and use different
labels for even and odd faces. The new labelling is depicted in Figure 1.3.

The resulting labelling makes two matrices appear: a larger one, P , of
order n + 1, whose entries are located on the yellow faces (of the same
parity as n), and a smaller one, Q, of order n, whose entries occupy the
red faces (of parity opposite to that of n).

We will refer to this as the (P,Q) weighting, and will denote the partition
functions by Tn(P,Q|λ), in which P and Q have respectively order n+1
and n. If we want to set all weights pij or qij to 1, we will write P = 1
or Q = 1 (not to be confused with the identity matrix I); similarly we
write P−1 or Q−1 for the matrices whose entries are p−1

ij or q−1
ij .

1.2.1 Restricted weights: λ-determinants

In terms of the (P,Q) weighting and the choice of edge weights αi,j =
γi,j =

√
λ and βi,j = δi,j = 1, the octahedron recurrence (1.10) reads

Tn(P,Q|λ)Tn−2(PC, QC|λ) = Tn−1(PUL, QUL|λ)Tn−1(PLR, QLR|λ)
+ λTn−1(PLL, QLL|λ)Tn−1(PUR, QUR|λ), (1.12)
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with initial conditions (for n = 0, the matrix Q has size zero and is
represented by −)

T0(p11,−|λ) = p11, T1

((
p11 p12
p21 p22

)
, q11

∣∣ λ) = p11 p22 + λ p12 p21
q11

.

(1.13)

Coming back to n = 2, the eight perfect matchings and their weights are
listed below; the partition function T2(P,Q|λ) is the sum of the eight
contributions.

= p11 p22 p33
q11 q22

= λ
p12 p21 p33
q11 q22

= λ
p11 p23 p32
q11 q22

= λ2 p12 p23 p31
q12 q21

= λ2 p13 p21 p32
q12 q21

= λ3 p13 p22 p31
q12 q21

= λ
p12 p21 p23 p32
p22 q12 q21

= λ2 p12 p21 p23 p32
p22 q11 q22

In agreement with the recurrence (1.12), one may indeed check that it
is equal to

T2(P,Q|λ) = T2

((
p11 p12 p13
p21 p22 p23
p31 p32 p33

)
,
(
q11 q12
q21 q22

)∣∣∣ λ)

=
T1

((
p11 p12
p21 p22

)
, q11

∣∣ λ) · T1

((
p22 p23
p32 p33

)
, q22

∣∣ λ)
T0(p22,−|λ)

+ λ

T1

((
p21 p22
p31 p32

)
, q21

∣∣ λ) · T1

((
p12 p13
p22 p23

)
, q12

∣∣ λ)
T0(p22,−|λ)

= 1
p22

[p11 p22 + λ p12 p21
q11

· p22 p33 + λ p23 p32
q22

+ λ
p21 p32 + λ p22 p31

q21
· p12 p23 + λ p13 p22

q12

]
. (1.14)
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Comparing with the general expression (1.5) of the λ-determinant of a
general matrix of order 3, one immediately observes that T2(P, 1|λ) =
detλ P . Likewise for P = 1, the partition function reads

T2(1, Q|λ) = (1 + λ)2
[ 1
q11q22

+ λ

q12q21

]
= (1 + λ)2 detλ(Q−1). (1.15)

This gives us a first general result.

Theorem 1.2.1. The partition functions for perfect matchings of the
order n Aztec graph with respect to the general (P,Q) weighting and
vertical bias

√
λ satisfy the following identities,

Tn(P, 1|λ) = detλ P, Tn(1, Q|λ) = (1 + λ)n detλ(Q−1). (1.16)

Proof. From (1.13), the two identities hold for n = 0, 1. (Note that for
n = 0 and n = 1, P has size 1 and 2, whereas Q has size 0 and 1.)
Therefore they hold for any n since in each case, both sides satisfy the
same recurrence relations, given by (1.12) and (1.2) for the l.h.s. and for
the r.h.s. respectively.

In the rest of this section, we consider some applications of these two
formulae.

1.2.2 Applications to periodic and biased Aztec diamonds

At a basic level, the partition function for all faces equal to 1 easily
follows from Theorem 1.2.1.

Corollary 1.2.2. [19, 47] The partition function Tn(λ) for perfect
matchings of the Aztec graph of order n with vertical bias

√
λ is given

by
Tn(λ) = (1 + λ)n(n+1)/2. (1.17)

Proof. Straightforward from the condensation algorithm since Tn(λ) =
Tn(1, 1|λ) is the λ-determinant of the all-ones matrix of order n+1. The
recurrence Tn(λ) = (1 + λ)n Tn−1(λ) also follows by combining the two
identities in (1.16).
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One may refine the previous result by restricting to those perfect match-
ings having a fixed number of vertical dimers along the NW boundary.

Corollary 1.2.3. The refined partition function Tn,ℓ(λ) for the perfect
matchings of the Aztec graph of order n which have exactly ℓ vertical
dimers along the NW boundary is given by

Tn,ℓ(λ) =
(
n

ℓ

)
λℓ (1 + λ)n(n−1)/2, 0 ⩽ ℓ ⩽ n. (1.18)

Proof. For any perfect matching, among the n+ 1 outer faces along the
NW boundary, n are adjacent to one dimer and one is adjacent to none:
the face with weight p1,ℓ+1 is adjacent to no dimer if the matching has
exactly ℓ vertical dimers along the NW boundary, see Figure 1.1. Taking
P = 1 except the first row set to (p11, p12, . . . , p1,n+1) and Q = 1, we
obtain

Tn(P, 1|λ) =
n∑
ℓ=0

p1,ℓ+1 Tn,ℓ(λ). (1.19)

It follows that Tn,ℓ(λ) = detλ Pℓ where Pℓ is the all-ones matrix except
for the first row, equal to (0, . . . , 0, 1, 0, . . . , 0) with the unique 1 in po-
sition ℓ+ 1. The condensation method is easily worked out to compute
detλ Pℓ and yields the result.

According to the Robbins-Rumsey formula (1.6), the value Tn,ℓ(λ = 1)
yields the 2-enumeration2 of the alternating sign matrices of size n + 1
which have the unique 1 in the first row at position ℓ + 1 [51], while
Tn(λ = 1) yields the 2-enumeration of all alternating sign matrices of
order n+ 1.

Corollary 1.2.4. [33, 52] The partition function Tn(a, b) for perfect
matchings of the two-periodic Aztec graph of order n with parameters
a, b and no vertical bias (λ = 1) is given by

Tn(a, b) =
( 2
ab

)⌊ (n+1)2
4 ⌋(

a2 + b2)⌊ n2
4 ⌋ ×


1 if n = 0 mod 2,
b if n = 1 mod 4,
a if n = 3 mod 4.

(1.20)

2The 2-enumeration of a set S of alternating sign matrices is the weighted enu-
meration of S, where each matrix B of S contributes a factor 2N−(B).
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Proof. The two-periodic weighting of the Aztec graph of order n corre-
sponds to P = 1 and Q the matrix with q11 = a and the two parameters
a, b alternating on rows and columns. As there is no bias, from Theo-
rem 1.2.1, we can write Tn(a, b) as the 1-determinant of Q−1, namely,

Tn(a, b) = 2n det1Q
−1 = 2n det1


a−1 b−1 a−1 · · ·
b−1 a−1 b−1 · · ·
a−1 b−1 a−1 · · ·

...
...

... . . .


n×n

. (1.21)

Let us examine the condensation algorithm in order to compute this
1-determinant. The matrix Q−1 is a symmetric Toeplitz matrix, with
two alternating quantities on the first row, which completely determine
the whole matrix. The algorithm produces a sequence of matrices Ak of
decreasing order, starting with A0 = 1 and A1 = Q−1, all of which are
symmetric Toeplitz matrices with two alternating quantities on the first
row. Let us denote them by ak and bk, with a0 = b0 = 1 and a1 = a−1,
b1 = b−1. The condensation algorithm implies that ak and bk satisfy the
following coupled recurrence relations,

ak =
a2
k−1 + b2

k−1
ak−2

, bk =
b2
k−1 + a2

k−1
bk−2

, (1.22)

and finishes with an = det1Q
−1.

Defining rk ≡ bk/ak, the first recurrence relation yields
ak
ak−1

= ak−1
ak−2

(1+r2
k−1) = a−1 (1+r2

1) . . . (1+r2
k−2) (1+r2

k−1), k ⩾ 1.
(1.23)

Forming the telescopic product, we obtain, with r0 = 1,

Tn(a, b) = 2n an = a−n (1 + r2
0)n (1 + r2

1)n−1 (1 + r2
2)n−2 . . . (1 + r2

n−1).
(1.24)

Taking the ratio of the two relations in (1.22), we see that rk satisfies
rk = r−1

k−2 = rk−4 and is therefore 4-periodic. From r0 = 1 and r1 = a
b ,

we obtain the explicit values rk = 1, ab , 1,
b
a for k = 0, 1, 2, 3 mod 4, from

which the product in the previous equation is straightforward to evaluate
and yields the result.
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Problem 1.2.5. A natural and seemingly innocuous generalization of
the previous result would be to add vertical bias and compute Tn(a, b|λ).
One would similarly find Tn(a, b|λ) = (1 + λ)n detλQ−1, and that like-
wise, the Ak matrices are symmetric Toeplitz with two alternating quan-
tities in the first row. The bias variable λ enters the recurrence relations,
which are now given by (the initial conditions remain unchanged and the
definition of rk = bk/ak is the same)

ak =
a2
k−1 + λ b2

k−1
ak−2

, bk =
b2
k−1 + λ a2

k−1
bk−2

, rk =
λ+ r2

k−1
1 + λ r2

k−1

1
rk−2

.

(1.25)
Solve these to compute an = detλQ−1, and/or find the asymptotic value
of an for large n.

Following the proof of Corollary 1.2.4, we readily obtain, for k ⩾ 1,
ak
ak−1

= ak−1
ak−2

(1 + λ r2
k−1) = a−1 (1 + λ r2

1) . . . (1 + λ r2
k−2) (1 + λ r2

k−1),
(1.26)

from which the partition function for general values of a, b, λ follows,

Tn(a, b|λ) = (1 + λ)n an = a−n
n−1∏
k=0

(1 + λ r2
k)n−k. (1.27)

We note that under the exchange of a and b, the two sequences (ak) and
(bk) are interchanged, so that

Tn(b, a|λ) = (1 + λ)n bn = rn Tn(a, b|λ). (1.28)

The determination of the partition functions for periodic Aztec graphs
of order n with vertical bias

√
λ only requires the knowledge of the n

first terms in the sequence (rk). However these are rational functions
of λ and t ≡ r1 = a

b and become rapidly untractable, for instance r4 is
equal to

t8λ3 + t6
(
2λ3 +3λ2−2λ+1

)
+3t4λ

(
λ2 +1

)
+ t2λ

(
λ3−2λ2 +3λ+2

)
+λ

t8λ+ t6λ(λ3−2λ2 +3λ+2)+3t4λ(λ2 +1)+ t2 (2λ3 +3λ2−2λ+1)+λ3 .

(1.29)

A partial solution to Problem 1.2.5 can be given as follows. Going
back to the case λ = 1, one checks that the above expression for
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r4 collapses to 1, and that r5 equals t, implying that the sequence
(rk)k⩾0 is 4-periodic, as noted above, and has a simple expression,
rk = 1, t, 1, t−1, 1, t, 1, t−1, . . . for k ⩾ 0. This suggests to see whether
other values of λ make the sequence periodic. The conditions for the
sequence to be p-periodic, rk+p = rk for all k ⩾ 0, read rp = 1 and
rp+1 = t, or equivalently rp−1 = t−1 and rp = 1.

For p = 2, the two conditions yield t = 1 and a constant sequence rk = 1;
this corresponds to the usual, one-periodic measure with a vertical bias
(one recovers the result of Corollary 1.2.2 up to a power of a). For higher
values of p, the two conditions imply a polynomial relation between λ

and t, the analysis of which can however be simplified. Indeed, we note
that, when extended towards the negative values of k, the sequence (rk)
satisfies r−k = r−1

k , for all k ⩾ 0; this implies that a sequence which is
p-periodic on Z+ is also p-periodic on Z, rk+p = rk for all k ∈ Z. For
even p, we have r−p/2 = rp/2 = r−1

p/2 and therefore r2
p/2 = 1; for odd p,

we have similarly r−(p+1)/2 = r(p−1)/2 = r−1
(p+1)/2. Restricting to positive

sequences (t and λ are both positive), we see that in both cases, the
p-periodicity implies a single condition,

r p−1
2
r p+1

2
= 1 for p odd, r p

2
= 1 for p even. (1.30)

Conversely these relations alone imply a mirror-inversion property, rp−k =
r−1
k , which itself implies rp−1 = t−1, rp = 1 and therefore the p-periodicity.

The resulting polynomial conditions are straightforward to compute.
For p up to 12, by imposing (1.30), we find the following periodicity
conditions, where τk ≡ tk + t−k,

p = 3 : λ−(1+τ1) = 0, (1.31a)
p = 4 : λ−1 = 0, (1.31b)
p = 5 : λ3−(3+2τ1+τ3)λ2+(1−2τ1−τ2)λ+(1+τ1+τ2)=0, (1.31c)
p = 6 : (1+τ1)λ−1 = 0, (1.31d)
p = 7 : λ6−(6+3τ1+2τ3+τ5)λ5+(7−7τ1−5τ2−4τ3−τ4+τ5)λ4

+(12τ2+5τ3+2τ4−τ5)λ3+(17+12τ1+5τ2−τ3+5τ4+τ5+τ6)λ2

+(2−τ1+4τ2+3τ3)λ−(1+τ1+τ2+τ3) = 0, (1.31e)
p = 8 : λ2−(4+τ2)λ+1 = 0, (1.31f)
p = 9 : λ9−(9+3τ1+3τ3+2τ5+τ7)λ8
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+(10−28τ1−20τ2−16τ3−10τ4−6τ5−4τ6+2τ7−τ8)λ7

−(74+50τ1+4τ2+35τ3+14τ4+5τ5+4τ6+9τ7−τ8+τ9)λ6

+(16−40τ1−56τ2−16τ3+8τ4−38τ5+8τ6−2τ7−τ8)λ5

−(16+5τ1−56τ2+44τ3+8τ4−18τ5+8τ6−τ7−τ8)λ4

+(74−22τ1+4τ2+42τ3+14τ4−4τ5+4τ6−τ8)λ3

−(10−28τ1−20τ2+17τ3−10τ4−τ5−4τ6−τ8)λ2

+(9−6τ1+6τ3)λ−(1+τ3) = 0, (1.31g)
p = 10 : (1+τ1+τ2)λ3+(1−2τ1−τ2)λ2−(3+2τ1+τ3)λ+1 = 0,

(1.31h)
p = 11 : λ15−(15+5τ+4τ3+3τ5+2τ7+τ9)λ14+ . . . +

−(1+τ1+τ2+τ3+τ4+τ5) = 0, (1.31i)
p = 12 : λ4−(6+2τ2+τ4)λ3−(8+8τ2+τ4)λ2−(6+2τ2+τ4)λ+1 = 0.

(1.31j)

Remark 1. The conditions for p = 3 and p = 6 are related by λ↔ λ−1,
and the same is true for p = 5 and p = 10. This relation between the
conditions for p and 2p is general for p odd, and is a simple consequence
of the fact that the inversion of λ keeps the odd terms of the sequence
(rk) invariant but inverts the even terms, r2k+1(λ−1, t) = r2k+1(λ, t) and
r2k(λ−1, t) = r−1

2k (λ, t). Consequently, when one inverts the even terms
in a p-periodic sequence, p odd, the new sequence r̃k ceases to be p-
periodic because it satisfies r̃ p+1

2
= r̃ p−1

2
, and becomes 2p-periodic since

r̃p = 1. For p a multiple of 4, a p-periodic sequence remains p-periodic
under λ ↔ λ−1; the corresponding polynomial equation must therefore
be invariant under the inversion of λ.

Remark 2. The mirror-inversion symmetry of a periodic sequence im-
plies that for any p, the polynomials are invariant under t ↔ t−1 since
inverting t is equivalent to run the recurrence backwards, starting from
rp = 1, rp−1 = t−1 down to r1 = t, r0 = 1. The middle conditions (1.30)
are thus also invariant.

When the sequence (rk) is periodic, the explicit calculation of the par-
tition functions simplifies. We will denote the partition function by
T

(p)
n (a, b|λ) in case rk is p-periodic. Let us note that for fixed p, this
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leaves a finite number of possible values for λ in terms of t = a
b , namely

the solutions of the polynomial equation for periodicity p. These par-
tition functions satisfy the same relation under the exchange of a and
b,

T (p)
n (b, a|λ) = (1 + λ)n bn = rn T

(p)
n (a, b|λ). (1.32)

Indeed the exchange of a and b inverts the value of t but preserves the
polynomial equations, from Remark 2 above, and therefore the value of
λ. The next result provides the explicit expression of T (p)

n (a, b|λ) for the
three simplest cases, p = 3, 6 and 8, namely those for which t leaves one
or two possible values for λ. In the other cases, the partition functions
can be computed but their expressions remain complicated.

Corollary 1.2.6. The partition functions T (p)
n (a, b|λ) with periodicity

p = 3, 6 and 8 are given by,

p = 3 : T (3)
n (a, b|λ) =

(a+ b

ab

)⌊ (2n+1)(n+1)
3 ⌋ (

a2 + b2)⌊ n2
3 ⌋

× (1, b, a) for n = (0, 1, 2) mod 3, (1.33a)

p = 6 : T (6)
n (a,b|λ) =

(a+ b

ab

)⌊(2n+1)(n+1)
3 ⌋(

a2 + b2)⌊n2
3 ⌋( ab

a2 +ab+ b2

)n(n+1)
2

× (1, b, b, 1, a, a) for n = (0, 1, 2, 3, 4, 5) mod 6, (1.33b)

p = 8 : T (8)
n (a, b|λ) =

(
ab
)−⌊ n+1

2 ⌋ (a2 + b2

ab

)⌊ 3n2
8 ⌋

λ⌊ n2
8 ⌋ (1 + λ)⌊ (n+1)2

4 ⌋

× (1, b, λa2+b2

a2+b2 , b, 1, a, a
2+λb2

a2+b2 , a) for n = (0, 1, 2, 3, 4, 5, 6, 7) mod 8.
(1.33c)

Proof. When p = 3 and p = 6, λ is uniquely fixed to (1 + t+ t−1)±1 and
the sequences (rk) explicitly read 1, t, t−1, . . . and 1, t, t, 1, t−1, t−1, . . .

respectively. For p = 8, it is given by

1, t, λ+ t2

1 + λ t2
, t, 1, t−1,

1 + λ t2

λ+ t2
, t−1, . . . (1.34)

with λ one of the two roots of (1.31f). In each case the product in (1.27)
is then easily computed.
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Remarkably, the polynomial expressions in (1.31) exactly reproduce3

certain polynomial relations in [39], which the authors obtain when char-
acterizing the finite periodicity of a flow defined in terms of translations
in an elliptic curve depending on λ and t. This is rather surprising be-
cause, being related to the iteration of a Wiener-Hopf factorization, the
periodicity considered in [39] has a totally different origin from ours. It
would be interesting to understand and connect the two points of view.
We collect in Appendix 1.A some of the facts about the sequence (rk)
which partially clarify the connection; at this stage however, we do not
claim a full understanding.

In fact, it turns out that the two sequences (ak) and (bk) exhibit a
rather natural relation with the curve studied in [39]. As pointed out
to us by Michael Somos, (ak) and (bk) are Somos-4 sequences, which
themselves can be quite generally related to translational flows on elliptic
curves [53]. For the specific sequences (ak) and (bk) defined in (1.25),
the relevant elliptic curve is precisely the curve discussed in [39]; we
refer to the Appendix 1.A for more details. In Appendix 1.B, we give a
combinatorial proof that (ak) and (bk) are Somos-4 sequences

Comment. At the time we concluded this work on λ-determinants, our
understanding of the situation was the one described above. Since then,
we continued the study of the (rk) sequence and C. Walmsley Hagendorf
helped us to find an explicit solution in terms of theta functions leading
to a closed formula for the partition function valid for any λ and t. The
pursue of this work was fruitful and led to another collaboration which
constitutes the second chapter of this thesis. In particular, the general
solution of the (rk) sequence is given in Section 2.3.3.

1.2.3 Applications to subgraphs of Aztec diamonds

Theorem 1.2.1 can be used to compute the number of perfect matchings
of subgraphs of Aztec graphs, as noticed by Propp and mentioned in the
Introduction.

Corollary 1.2.7. [47] The partition function for perfect matchings of a
square grid of size 2n with vertical bias

√
λ is equal to λ−n(n−1)/2 detλ Psq,

3There are some differences, due to the assumption 0 < λ < 1 made in [39].
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where Psq is the all-ones matrix of order 2n in the corners of which 1’s
are replaced by 0’s.

Proof. Let us consider a square grid of size 2n-by-2n (the size refers
to the number of vertices in each row and each column; it coincides
with the size of the square domain tiled by dominos, and materialized
in Figure 1.4 by the shaded square). As one can see in Figure 1.4 for
n = 3, it can be embedded in an Aztec graph of order 2n− 1 or 2n. We
discuss the first option as the second one is a bit less economical. To
reduce the Aztec graph to the square subgraph, the trick is to choose
the face weights in such a way that the region which is exterior to the
square is totally frozen. A simple way to achieve this is to set to zero
the variables of all the faces shown in yellow, because this freezes the
dimer arrangement in the four corners, leaving the central square free,
as shown in Figure 1.4. To see this, one notes that the yellow boundary
faces must be adjacent to a single dimer (they cannot be adjacent to
two dimers, and if one was adjacent to no dimer, its zero face weight
would bring a vanishing contribution). This fixes the dimers along the
boundaries of the four corners, and in turn forces a similar arrangement
in the corners. Thus each yellow face is adjacent to a single dimer and
contributes a face factor equal to 1. In terms of the (P,Q) weighting,
this choice of face weights corresponds to take Q = 1 and P = Psq
obtained from the all-ones matrix of size 2n by inserting in the four
corners triangular arrays full of 0’s. The number of 0’s in each corner is
n(n−1)

2 .

Finally the λ-determinant of Psq includes the vertical bias
√
λ for each

of the n(n − 1) vertical dimers in the W and E corners. Dividing by
λn(n−1)/2 yields the required partition function.

We note that because Psq contains many zeros, the condensation algo-
rithm will output undeterminate ratios at intermediate steps. It may
be regularized by replacing all zeros in Psq by a formal variable t. The
above argument (no yellow face can be adjacent to two dimers) ensures
that the λ-determinant of the new Psq is a polynomial in t. Its limit for
t going to zero yields the correct result.
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Figure 1.4: Left: the figure shows an Aztec diamond of order 5 with, in
gray, the square subgraph of size 6. Right: the same square subgraph is
embedded in a diamond of order 6. In both cases, the yellow faces are
those for which the face variable is set to zero, forcing the arrangement
of blue dimers.

More examples of this kind may be given, including rectangular sub-
graphs. For instance, taking Q = 1 and for P the tridiagonal matrix of
size n+1 with ones on the three main diagonals, we obtain the Fibonacci
polynomials4, detλ P = F2n+1(

√
λ), namely the partition function for

biased perfect matchings of a 2 × 2n rectangular graph. The following
example concerns the holey Aztec diamond.

Let us denote by pi(n), for i = 0, 1, 2, the fractions of perfect matchings
of the Aztec graph of order n which have i dimers adjacent to the central
face. In order to compute these fractions, we attach a weight 1 to all
faces of the Aztec graph, except the central face which is assigned a
weight t. The central face belongs to a size n+ 1 matrix Pt if n is even
or to a size n matrix Qt if n is odd, where both Pt and Qt are all-ones
matrices with t as central entry. The corresponding partition function
Tn[t] takes the form (recall that Tn = 2n(n+1)/2 is the partition function
for t = 1)

Tn[t] =
(
p0(n) t+ p1(n) + p2(n)

t

)
Tn, (1.35)

and, from Theorem 1.2.1, can be computed as Tn[t] = det1 Pt if n is
even, or Tn[t] = 2n det1Q

−1
t = 2n det1Qt−1 if n is odd.

In addition to the fact that the three numbers pi(n) sum up to 1, they
satisfy an additional non-trivial identity, derived by Propp [54] and gen-

4The Fibonacci polynomials satisfy Fn+1(x) = xFn(x) + Fn−1(x) with F1(x) = 1
and F2 = x.
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eralized by Kuo [49]. For any face of a planar graph bordered by four
edges, it relates the fraction of perfect matchings for which the face is
adjacent to two dimers and the fractions of those for which a dimer is
on one of the four edges. In the present case, the identity reads

4p2(n) =
[
p1(n) + 2p2(n)

]2
. (1.36)

Expressing p0 = (1−√p2)2 and p1 = 2√p2(1−√p2) in terms of p2, we
obtain

Ln(t) ≡ Tn[t]
Tn

= 1
t

[√
p2(n) +

(
1−

√
p2(n)

)
t
]2
. (1.37)

Let us now fix n to be even. Since the matrix Pt used for n even is
identical to the matrix Qt used for n + 1, we obtain, using Tn+1 =
2n+1 Tn,

Ln(t) = det1 Pt
Tn

= det1Qt
Tn

=2−(n+1) Tn+1[t−1]
Tn

= Tn+1[t−1]
Tn+1

= Ln+1(t−1).
(1.38)

This provides a very simple proof that5

pi(n+ 1) = p2−i(n), for all n even. (1.39)

It is therefore sufficient to focus on n even. Let us write

Ln(t) = 1
4t
[
(1− αn) + (1 + αn)t

]2
, 1− αn = 2

√
p2(n). (1.40)

Explicit numerical calculations of 1-determinants led us to formulate a
conjecture for the numbers αn, which we subsequently proved.

Corollary 1.2.8. The numbers αn in the sequence given in (1.40) are
given by 2−n (n/2

n/4
)2

for n = 0 mod 4, and by 0 for n = 2 mod 4; for n
odd, they are equal to αn = −αn−1.
It follows that the three fractions pi(n), for n even, are given by

(p0, p1, p2) =
1
4

1 + 2−n
(
n
2
n
4

)2
2

,
1
2

1− 2−2n
(
n
2
n
4

)4
 , 1

4

1− 2−n
(
n
2
n
4

)2
2

,

1
4 ,

1
2 ,

1
4 ,

(1.41)
5This relation also directly follows by using the shuffling algorithm to go from

order n to order n+ 1.
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for n = 0 mod 4 and n = 2 mod 4 respectively. For n odd, the fractions
are related to the previous ones by pi(n) = p2−i(n− 1).
From the Robbins-Rumsey formula (1.6), the numbers 2n(n+1)/2pi(n) for
n even are the 2-enumeration of the alternating sign matrices of size n+1
having their central entry equal to 1− i, and similarly, 2n(n−1)/2pi(n) for
n odd yields the 2-enumeration of the alternating sign matrices of size
n having their central entry equal to i− 1.

Proof. Ciucu has provided a proof that p2(n) = 1
4 when n = 2, 3 mod 4

[55], and also mentions a proof by Propp for all values of n, which, as far
as we know, has remained unpublished. Here we present a unified proof
based on the trivariate generating function for one minus the average
number of dimers adjacent to the face (i, j) in the Aztec graph of order
n, that is, for the numbers p0(i, j;n)− p2(i, j;n).

By using the octahedral recurrence, they satisfy a Laplacian-like linear
recurrence which allows one to determine the generating function. This
function has been computed in [33] to which we refer for the details. In
our notations, it reads

G(x, y, z) =
∞∑
n=0

n∑
i,j=−n

[
p0(i, j;n)− p2(i, j;n)

]
xi yj zn

= 1− z
1 + z2 − z

2(x+ x−1 + y + y−1) . (1.42)

For i = j = 0, the coefficients reduce to p0(n)−p2(n). With the identity
(1.36) and the relation p0 + p1 + p2 = 1, a proof that p0 − p2 = 0 or
±2−n (n/2

n/4
)2

is enough to prove (1.41).

Let us first omit the term−z in the numerator ofG. The nth z-derivative
at z = 0 yields (using e.g. Faà di Bruno’s formula for the multiple
derivative of the composition of two functions),

p0(n)− p2(n) = 1
1 + z2 − z

2(. . .)
∣∣∣
x0,y0,zn

= 2−n
⌊ n

2 ⌋∑
r=0

(−4)r
(
n− r
r

)(
x+ x−1 + y + y−1)n−2r

∣∣∣
x0,y0

= 2−n

n
2∑

r=0
(−4)r

(
n− r
r

)(
n− 2r
n
2 − r

)2

δn,even
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= (−1)
n
2

n
2∑

k=0

(
−1

4
)k (n

2 + k

2k

)(
2k
k

)2

δn,even. (1.43)

This proves that the function
[
1 + z2− z

2(x+x−1 + y+ y−1)
]−1 has only

even powers of z upon taking the constant terms in x, y. The term −z
in the numerator of G(x, y, z) then produces the odd terms and readily
implies p0(n)−p2(n) = −

[
p0(n−1)−p2(n−1)

]
for n odd. The remaining

sum in (1.43) for n even is, up to a sign, a specialization of the following
family of polynomials,

fm(x) =
m∑
k=0

(
m+ k

2k

)(
2k
k

)2

xk. (1.44)

These have been shown [56] to satisfy the identity fm
(
y(1 + y)

)
=[

Pm(2y + 1)
]2 in terms of the Legendre polynomials Pm. Substituting

m for n
2 and taking x = −1

4 , y = −1
2 , we obtain, for n even,

p0(n)− p2(n) = (−1)
n
2 fn

2

(
− 1

4
)

= (−1) n
2
[
Pn

2
(0)
]2

=


2−n

(
n
2
n
4

)2

if n = 0 mod 4,

0 if n = 2 mod 4.
(1.45)

This concludes the proof.

1.2.4 General weights: the generalized Robbins-Rumsey
formula

Theorem 1.2.1 readily implies that to any perfect matching of the Aztec
diamond of order n, one can associate two alternating sign matrices, of
size n and n+ 1 [19].

In the case of a (P, 1) weighting, the λ-determinant formula implies that
every perfect matching of an Aztec diamond of order n can be associated
with an alternating sign matrix B of order n+ 1. Indeed, by comparing
the weight ∏i,j p

1−Ni,j

ij of a perfect matching with the factor PB =∏
i,j p

bij

ij in the Robbins-Rumsey formula, we obtain bij = 1−Ni,j for all
pij faces (yellow faces in Figure 1.3). An example is shown in Figure 1.5
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B =




0 0 0 1 0 0
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 1
0 1 0 −1 1 0
0 0 0 1 0 0




B′ =




0 0 1 0 0
1 0 0 0 0
0 0 0 1 0
0 1 0 −1 1
0 0 0 1 0




Figure 1.5: On the left are shown a perfect matching of the Aztec dia-
mond of order 5 and, on each face, the value of 1 minus the number of
dimers adjacent to that face. The associated alternating sign matrices
B and B′ contain respectively the numbers in black and the opposite of
those in red in shaded circles.

in which the matrix B is written in black. While it is manifest from this
correspondence that the first and last rows and columns contain no −1
(and therefore a single 1), it is not so clear that the matrix so obtained
is actually sign alternating; by thinking about the ways the dimers must
be arranged around a face with Ni,j = 0 or 2, it is not too difficult
to convince oneself that it is. The correspondence is not bijective: a
matrix B is associated with 2N−(B) distinct matchings. Indeed an entry
bij = −1 is attached to a face which is adjacent to two dimers; such a
face can be flipped to produce a matching that is distinct but of equal
weight (a flip is a rotation of two parallel dimers located around a face).
With a vertical bias

√
λ, the two matchings related by a flip contribute a

relative factor equal to 1 and λ, so that every entry −1 in B contributes
an overall factor 1 + λ; this gives a simple combinatorial explanation of
the factor (1+λ)N−(B) in the Robbins-Rumsey formula (1.6). As for the
factor λP (B) = λInv(B)−N−(B) we note that Inv(B) is half the maximal
number of vertical dimers among the 2N−(B) distinct matchings obtained
from each other by flips at the faces where bij = −1.
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The λ-determinant formula for the (1, Q) weighting leads to a simi-
lar correspondence. However because Tn(1, Q|λ) is proportional to the
λ-determinant of Q−1, identifying the weight ∏i,j q

1−Ni,j

ij of a perfect
matching with the factor Q−B′ in the Robbins-Rumsey formula, leads
to an alternating sign matrix B′ of order n given by b′

ij = Ni,j − 1 for
all the qij faces, see Figure 1.5. The prefactor (1 + λ)n and the term
(1 + λ)N−(B′) nicely combine to give

Tn(1, Q|λ) = (1 + λ)n
∑

B′ ∈ ASMn

λP (B′) (1 + λ)N−(B′) Q−B′

=
∑

B′ ∈ ASMn

λP (B′) (1 + λ)N+(B′) Q(−B′). (1.46)

This preserves the above combinatorial interpretation of the power of
1 + λ, since the flippable faces are now associated to the entries +1 of
B′, in number equal to N+(B′).

Except if B is a permutation matrix, neither B nor B′ completely de-
termines the perfect matching it is associated with, but the pair (B,B′)
does; one of the proofs in [19] for the number of domino tilings of Aztec
diamonds is precisely based on this bijection (from what follows, the
smaller matrix B′ alone never determines completely the perfect match-
ing). Because the two matrices B and B′ are defined from a single
matching, they ought to be related in some way; indeed such a pair of
alternating sign matrices has been called compatible in [38]. An alge-
braic criterion for compatibility has been given in [38], in the form of
inequalities (see below), but the notion of compatibility is easier to un-
derstand in terms of perfect matchings, since it merely reduces to the
fact that the pair (B,B′) is unambiguously associated with a perfect
matching in the way described above. The number of pairs of compati-
ble matrices, indicated by B ≈ B′, and their explicit construction when
one of the two is given, is as follows.

As explained above, an arbitrary alternating sign matrix B of size n+ 1
fixes the arrangement of dimers around the p-faces, except at the faces
pij adjacent to two dimers, where bij = −1. Any choice at each of these
faces, two horizontal or two vertical dimers, fixes one of the 2N−(B)

perfect matchings compatible with B, and produces that many different
alternating sign matrices B′ by reading off the values Nij − 1 at the qij
faces. If B is a permutation matrix, N−(B) = 0, there is a unique matrix
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B′ compatible with B because B alone determines a unique perfect
matching.

In a similar way, an alternating sign matrix B′ of size n completely
determines the dimer arrangement around the q-faces, except when a
face qij is adjacent to two dimers, where b′

ij = 1. This time, all possible
choices at those faces yield a total of 2N+(B′) different perfect matchings
and so many matrices B. In conclusion, we have

# compatible pairs (B,B′) =

2N−(B) for fixed B,

2N+(B′) for fixed B′.
(1.47)

At this stage, the picture we have is the following. We have two (partial)
face weightings for perfect matchings of the Aztec diamond of order
n, defined by (P, 1) and (1, Q) respectively. Upon the addition of a
vertical bias

√
λ, the corresponding partition functions are given by λ-

determinants, which, together, give rise to a bijection between the set
of perfect matchings and pairs of compatible alternating sign matrices
(B,B′), of size n + 1 and n. Can one then write the partition function
for a general weighting (P,Q) in terms of pairs of compatible alternating
sign matrices ?

To see this, let us come back to the expressions, for n = 0, 1, 2, of the
partition functions for general weightings, given earlier in (1.13) and
(1.14),

T0(p11,−|λ) = p11, T1

((
p11 p12
p21 p22

)
, q11| λ

)
= p11 p22 + λ p12 p21

q11
,

T2

((
p11 p12 p13
p21 p22 p23
p31 p32 p33

)
,
(
q11 q12
q21 q22

)∣∣∣ λ) = 1
p22

[p11 p22 + λ p12 p21
q11

×

× p22 p33 + λ p23 p32
q22

+ λ
p21 p32 + λ p22 p31

q21
· p12 p23 + λ p13 p22

q12

]
.

(1.48)

One may observe that T1 and T2 are obtained from T0 by successive
substitutions. Indeed T1 is obtained from T0 by the substitution

p11 −→
p11 p22 + λ p12 p21

q11
. (1.49)
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Then T2 is obtained from T1 by the further substitution, for 1 ⩽ i, j ⩽ 2

q11 −→ p22 and pij −→
pij pi+1,j+1 + λ pi,j+1 pi+1,j

qij
. (1.50)

In the next step, T3, given by

T3


p11 p12 p13 p14
p21 p22 p23 p24
p31 p32 p33 p34
p41 p42 p43 p44

,(q11 q12 q13
q21 q22 q23
q31 q32 q33

)∣∣∣ λ
 = 1

T1

((
p22 p23
p32 p33

)
, q22| λ

)×

×
{
T2

((
p11 p12 p13
p21 p22 p23
p31 p32 p33

)
,
(
q11 q12
q21 q22

)∣∣∣ λ) · T2

((
p22 p23 p24
p32 p33 p34
p42 p43 p44

)
,
(
q22 q23
q32 q33

)∣∣∣ λ)

+λ T2

((
p21 p22 p23
p31 p32 p33
p41 p42 p43

)
,
(
q21 q22
q31 q32

)∣∣∣ λ) · T2

((
p12 p13 p14
p22 p23 p24
p32 p33 p34

)
,
(
q12 q13
q22 q23

)∣∣∣ λ)} ,
(1.51)

can itself be obtained from T2 by similar substitutions, namely

p22 −→ T1

((
p22 p23
p32 p33

)
, q22| λ

)
= p22 p33 + λ p23 p32

q22
, (1.52)

and the replacement of each of the four ratios in (1.48) by T2 functions,
for instance,

p11 p22 + λ p12 p21
q11

−→ T2

((
p11 p12 p13
p21 p22 p23
p31 p32 p33

)
,
(
q11 q12
q21 q22

)∣∣∣ λ) . (1.53)

This replacement of a T1 by a T2 function is precisely obtained by the
substitutions mentioned in (1.50), and the same holds for the other three
ratios.

This is the general pattern: the partition function Tn(P,Q|λ) for a gen-
eral weighting (P,Q) and a vertical bias

√
λ is the result of the repeated

application to T0 = p11 of the substitution S given by,

S : qij −→ pi+1,j+1 and pij −→
pij pi+1,j+1 + λ pi,j+1 pi+1,j

qij
,

(1.54)
for i, j ⩾ 1.

The substitution law given by S was precisely at the heart of [38], whose
main purpose was to give a non-recursive expression of the n-th iterate
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of S. In the present notations, their Theorem 1 yields the following
combinatorial result.

We define, following [38], the corner sum matrix Ā of a matrix A =
(aij)1⩽i,j⩽n of size n, by

āij =
∑
k⩽i

∑
ℓ⩽j

akℓ. (1.55)

and note that A can be fully recovered from Ā by

aij = āij − āi,j−1 − āi−1,j + āi−1,j−1, with a0j = ai0 = 0. (1.56)

Theorem 1.2.9. The partition function for perfect matchings of the or-
der n Aztec graph with respect to the general face weighting (P,Q) and
vertical bias

√
λ, is given recursively by Tn(P,Q|λ) = Sn(p11) for the

substitution S defined in (1.54), and non-recursively by the two alterna-
tive expressions,

Tn(P,Q|λ) =
∑

B ∈ ASMn+1

∑
B′ ∈ ASMn
B′≈B

λP (B)+|B̄′|−|B̄′|min PB Q−B′ , (1.57a)

=
∑

B′ ∈ ASMn

∑
B ∈ ASMn+1

B≈B′

λP (B′)+|B̄|max−|B̄| PB Q−B′ . (1.57b)

P (B) has been defined earlier, right after (1.6), and for any matrix A,
|Ā| is the sum of all elements of Ā defined in (1.55). Finally |B̄′|min =
minB′≈B |B̄′| and |B̄|max = maxB≈B′ |B̄|.

Proof. We refer the reader to the proof given in [38]. Their Theorem 1
is formulated differently, with, inside the summation, the exponent of
λ given by F (B) − F (B′) = (n + 1)2 + |B̄′| − |B̄|. Using the various
relations derived in [38], their formula can however be recast in the
above two forms, more suitable to recover the special cases P = 1 and
Q = 1.

As the expressions (1.57) involve not only the pair (B,B′) but also their
corner sum matrices, we recall here some of the results of [38].
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For a given B ∈ ASMn+1, an alternating sign matrix B′ in ASMn is
compatible with B if and only if the following conditions hold,

max (b̄ij , b̄i+1,j+1−1) ⩽ b̄′
ij ⩽ min (b̄i,j+1, b̄i+1,j), for all 1 ⩽ i, j ⩽ n.

(1.58)
Moreover Lemma 2 of [38] states that for every i, j between 1 and n,
the lower and upper bounds in the previous inequality are equal unless
bi+1,j+1 = −1, in which case they differ by 1. It follows that for those
i, j such that bi+1,j+1 ̸= −1, the entries b̄′

i,j = max (b̄ij , b̄i+1,j+1 − 1) are
completely fixed by B̄; for those i, j such that bi+1,j+1 = −1, the entries
b̄′
ij can be either max (b̄ij , b̄i+1,j+1−1) or max (b̄ij , b̄i+1,j+1−1)+1. This

yields, as anticipated, a total of 2N−(B) distinct matrices B̄′ from which
the B′ themselves can be computed.

When B′ ranges over the set of matrices compatible with B, the differ-
ence ∆(B′) ≡ |B̄′| − |B̄′|min takes the integer values from 0 to N−(B).
There is a unique B′ with ∆(B′) = 0, there are N−(B) matrices B′ with
∆(B′) = 1, and in general exactly

(N−(B)
k

)
matrices B′ with ∆(B′) = k.

We therefore obtain ∑
B′ ∈ ASMn
B′≈B

λ∆(B′) = (1 + λ)N−(B), (1.59)

and recover the expression Tn(P, 1) = detλ P .

Similarly for a fixed B′ ∈ ASMn, a matrix B in ASMn+1 is compatible
with B′ if and only if its corner sum matrix B̄ satisfies

max (b̄′
i,j−1, b̄

′
i−1,j) ⩽ b̄ij ⩽ min (b̄′

i,j , b̄
′
i−1,j−1 + 1), for all 1 ⩽ i, j ⩽ n,

(1.60)
with the convention b̄′

i,0 = b̄′
0,j = 0. From Lemma 4 of [38], the lower

and upper bounds are equal if b′
i,j ̸= 1, and differ by 1 if b′

ij = 1, so
that following the same arguments as above, one finds that there are
2N+(B′) matrices B which are compatible with B′. One also finds that
∆(B) ≡ |B̄|max − |B̄| ranges over the integer values form 0 to N+(B′),
to obtain the following identity,∑

B ∈ ASMn+1
B≈B′

λ∆(B) = (1 + λ)N+(B′) = (1 + λ)n (1 + λ)N−(B′). (1.61)

It implies the expression found earlier for Tn(1, Q|λ) = (1+λ)n detλQ−1.
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As a final remark to close this section, we observe that with a general
weighting (P,Q), the vertical bias

√
λ is redundant since the weighting

(P,Q) is complete in itself. This implies that the dependence in λmay be
absorbed into a redefinition of P and Q, yielding an identity of the form
Tn(P,Q|λ) ∼ Tn(Pλ, Qλ|1) where the entries of Pλ and Qλ are those of
P and Q multiplied by appropriate powers of λ. Interestingly, this point
of view allows us to re-derive the dependence in λ in the generalized
Robbins-Rumsey formula. Let us see how this works.

Because we want to absorb edge weights into face weights, it is more
convenient to consider the following modified face weighting given by

w̃F (M) =
∏

(k,ℓ)∈Ân

x
−Nk,ℓ

k,ℓ . (1.62)

It differs from the weighting used so far by the global factor ∏k,ℓ xk,ℓ =(∏
i,j pij

)(∏
i,j qij

)
, which can be reinstated at the end. With respect to

w̃F (M), the edge which is adjacent to the pij and qi′j′ faces contributes
a face weight equal to (pijqi′j′)−1 times 1 if the edge is horizontal, or

√
λ

if it is vertical.

The goal is thus to transfer the edge weights
√
λ to the face weights.

We introduce the following matrices Pλ and Qλ, containing the new face
weights,

(Pλ)ij = λσij pij , σij = i+ j − 1− ij,

(Qλ)ij = λτij qij , τij = i+j−1
2 − ij. (1.63)

This must be accompanied by gauge transformations [34]. A gauge
transformation consists in assigning an extra factor wv to the weights
of all the edges around a vertex v. Because exactly one of these edges
will belong to an arbitrary matching, this will simply multiply the par-
tition function by an overall factor wv. As gauge transformations can be
performed independently on all vertices, the weights wv can be chosen
so that, when combined with the powers of λ in Pλ and Qλ, they yield
the desired result. For that, we use the following factors for the gauge
transformations on the four vertices around the face qij ,

λ−γij/2, λ−(γij+i+j−1)/2, λ−(γij+j−i)/2, λ−(γij+2j−1)/2,

(1.64)
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λτijλσij

λσi,j+1

λσi+1,j

λσi+1,j+1

λ−γij/2 λ−(γij+i+j−1)/2

λ−(γij+j−i)/2 λ−(γij+2j−1)/2

Figure 1.6: Illustration of the redefinition of the vertical bias into face
weights and gauge transformations: the central red face is the face qij
and the four yellow surrounding faces are the faces pij (left), pi,j+1 (top),
pi+1,j (bottom) and pi+1,j+1 (right). The powers of λ marked in the faces
are those appearing in the redefined matrices Pλ and Qλ. The gauge
transformations at the four vertices around the face qij have parameters
written in red.

in the order top-left, top-right, bottom-left and bottom-right (see Fig-
ure 1.6), and with γij = (i− 1)(2j − 1).

One can check that the powers of λ attached to the faces together with
the extra edge weights coming from the gauge transformations guarantee
that all horizontal edges have weight 1 and all vertical edges have weight√
λ (in addition to the weight (pijqi′j′)−1 coming from adjacent faces).

For instance, for the left (vertical) edge of the face qij , we obtain the
factor

λ−σij · λ−τij · λ−γij/2 · λ−(γij+j−i)/2 =
√
λ, (1.65)

while for the upper (horizontal) edge of the same face, we have

λ−σi,j+1 · λ−τij · λ−γij/2 · λ−(γij+i+j−1)/2 = 1. (1.66)

The identity relating the partition functions Tn(P,Q|λ) and Tn(Pλ, Qλ|1)
requires to include two factors. One is related to the gauge transforma-
tions and is the product of the factors at all sites; one finds that it
is equal to λ−n3(n+1)/2. The other comes from the difference between
the two measures w̃F (M) and wF (M). The λ-dependence of the global
factor ∏k,ℓ xk,ℓ is given by ∏n+1

i,j=1 λ
σij ·

∏n
i,j=1 λ

τij = λ−n2(n2+n+1)/2; we
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divide by this factor to eliminate it. Altogether we obtain

Tn(P,Q|λ) = λ−n3(n+1)/2 λn
2(n2+n+1)/2 Tn(Pλ, Qλ|1)

= λn
2/2 ∑

B≈B′
λ
∑n+1

i,j=1 σijbij−
∑n

i,j=1 τijb
′
ij PB Q−B′

=
∑
B≈B′

λ(n+1)2+|B̄′|−|B̄| PB Q−B′ , (1.67)

where we have used ∑ij ij bij = |B̄|, valid for any alternating sign ma-
trix. The power of λ in the sum is the one given in [38].

1.2.5 General weights: shuffling algorithm and condensa-
tion

Basic and local modifications of graphs can lead to efficient recursive
algorithms which allow one to compute partition functions of weighted
perfect matchings. Such algorithms have been described and used by
many authors [19,47,50,57,58], under different names; in the context of
Aztec graphs, we will refer to the shuffling algorithm.

The two basic results underlying the shuffling algorithm are related to
two local graph modifications called the vertex splitting and the urban
renewal; they are illustrated in Figure 1.7. Proofs can be found in [47,50].

=

γ β

αδ

x1

x2

x3 x4

x5

=
α δ

γβ

x′
1

x2

x3 x4

x5

Figure 1.7: Illustration of the two local graph modifications, the vertex
splitting on the left, the urban renewal on the right. The dotted lines
indicate that some of the faces adjacent to the 4-cycle may be boundary
(open) faces.

In the vertex splitting, any multivalent vertex can be expanded into a
linear chain with three vertices, by inserting two new vertices and two



44 Chapter 1. On λ-determinants and tiling problems
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p21 p22 p23 p24

p31 p32 p33 p34

p41 p42 p43 p44

p33

q′33

q′22

p22

q′11 q′12

p23

q′23

q′13

q′21

p32

q′32q′31

Figure 1.8: Illustration, on an order 3 Aztec graph, of the two steps
involved in the shuffling algorithm.

new edges, in green. Note that the inverse transformation, the vertex
merging, may also be applied. The urban renewal replaces each vertex
of a 4-cycle by two vertices and one new edge, also in green. In both
cases, the partition functions for the perfect matchings of the original
graph G and of the modified graph G′ are equal provided (1) the dimers
occupying the green edges of G′ have weight 1, whatever the edge and
face weights in G are, and (2) the dimers occupying the black edges of
G′ are weighted in the same way as in G, except, in the case of the urban
renewal, that the edge and face weights of the 4-cell must be modified
(they are marked in red, before and after the change). The opposite
edge weights are exchanged by pairs, α ↔ γ and β ↔ δ, and the face
weight of the 4-cycle is changed from x1 to x′

1, given in terms of the
weights x2, . . . , x5 of the four adjacent faces, by,

x′
1 = αγ x2x4 + βδ x3x5

x1
. (1.68)

The shuffling algorithm applied to Aztec graphs uses recursively the ver-
tex splitting and the urban renewal, and establishes a recurrence relation
between the partition functions at order n and n− 1. Starting from an
Aztec graph order n, the algorithm outputs an Aztec graph of order
n − 1, with modified face weights, such that the partition functions of
both graphs are equal. Let us recall how it works [47]; the full procedure
is illustrated in Figure 1.8 for an Aztec graph of order 3, which we have
rotated clockwise by 45 degrees for graphical convenience.
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Thus we start with an Aztec graph Ân of order n, equipped with a
general face weighting (P,Q) and an additional weight

√
λ attached to

each vertical edge.

The first step applies the urban renewal to all q-faces and outputs a
modified graph Âmod

n , as shown in the middle panel of Figure 1.8. Re-
ferring to the right panel of Figure 1.7, the edge weights around the
qij-face are equal to αij = γij =

√
λ and βij = δij = 1, so that they

get simply transferred to the new q′
ij-face. The weights pij attached to

the p-faces do not change, whereas the new weights q′
ij , from (1.68), are

given by
q′
ij = pij pi+1,j+1 + λ pi,j+1 pi+1,j

qij
. (1.69)

The partition function Tn(P,Q|λ) on Ân is equal to that for the perfect
matchings on Âmod

n with the weights just described. Remember that
the green edges have all weight 1 and are not affected by the weights of
adjacent faces.

In the second step, the graph Âmod
n can be simplified. All pendant,

peripheral green edges must necessarily be covered by dimers. Since all
of them contribute a weight 1, these edges and their end nodes may
simply be removed without changing the partition function. Then the
linear chains with three vertices and two green edges, which separate
the 4-cells with weights q′

ij , can be merged into a single vertex. After
these two operations, one is left with an Aztec graph of order n− 1, in
which the p-faces have weights (q′

ij)1⩽i,j⩽n and the q-faces have weights
(pij)2⩽i,j⩽n; in addition the same vertical bias

√
λ is obtained.

The shuffling algorithm as described above therefore implies the follow-
ing identity on the partition functions,

Tn
(
(pij)1⩽i,j⩽n+1,(qij)1⩽i,j⩽n|λ

)
= Tn−1

(
(q′
ij)1⩽i,j⩽n, (pi+1,j+1)1⩽i,j⩽n−1|λ

)
= S Tn−1

(
(pij)1⩽i,j⩽n, (qij)1⩽i,j⩽n−1|λ

)
, (1.70)

where S is the substitution discussed in Section 1.2.4. Thus the shuffling
algorithm gives the general Robbins-Rumsey formula a combinatorial
content.

From the general discussion of Section 1.2.4, the partition function for
a general face weighting (P,Q) and vertical bias

√
λ does not reduce



46 Chapter 1. On λ-determinants and tiling problems

to the computation of a λ-determinant. Let us however observe that it
can be calculated by using the condensation algorithm (1.4). Instead
of starting from A0 = (1)1⩽i,j⩽n+2 and A1 = P = (pij)1⩽i,j⩽n+1 and
running the algorithm to compute detλ P , one simply replaces the n×n
central submatrix of A0 by Q, and then runs the algorithm as before to
produce the sequence (Ak) and eventually obtain An+1 = Tn(P,Q|λ).

Let us denote by Condλ(A0, A1) the output of the condensation algo-
rithm applied to initial matrices A0 and A1. If A0 and A1 have size m+1
and m respectively, the algorithm produces a sequence of matrices (Ak),
recursively computed from (1.4). We set Condλ(A0, A1) ≡ Am, so that
Condλ(1, P ) = detλ P . It is not difficult to see that the above partition
functions are given by

Tn(P,Q|λ) = Condλ(Q,P ), (1.71)

where Q is any (n + 2) × (n + 2) completion of Q whose central n × n
restriction is Q.

The proof of the previous formula is straightforward. Initiating the con-
densation algorithm by setting A0 = Q and A1 = P , we obtain, after one
step, the matrix A2 with entries (A2)ij = q′

ij . From the way the sequence
(Ak) is constructed, we have Condλ(Ak−1, Ak) = Condλ(Ak, Ak+1), and
therefore we conclude

Tn(P,Q|λ)=Condλ(A0, A1)=Condλ(A1, A2)=Tn−1((q′
ij), (pi+1,j+1)|λ).

(1.72)

From this, one readily recovers the result quoted earlier in Theorem 1.2.1
when P = 1, namely

Tn(1, Q|λ) = Tn−1
((1 + λ

qij

)
, 1
∣∣∣λ)=detλ

((1 + λ

qij

))
= (1+λ)n detλ(Q−1).

(1.73)

1.3 Inhomogeneous λ-determinants

Apart for the vertical bias associated with the parameter λ, we have
only considered face weights. Natural questions are whether there is a
similar formalism for edge weights and whether face and edge weights
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can be combined. We will see that the answers to both questions are
positive. In a sense, this should not be surprising since the face and edge
most general weightings are separately complete, meaning that the edge
weights can be fully absorbed in face weights or vice-versa. However in
the case we call inhomogeneous bias, the edge weights enter through a
further generalization of λ-determinants.

In addition to the vertical bias
√
λ, one can add a horizontal bias √µ

to all horizontal dimers. This however brings nothing really new since,
up to a global factor, the partition function will depend on the ratio
λ/µ. More interesting is to consider inhomogeneous bias, by which the
vertical and horizontal bias depends on which row and column the dimer
is located. In the notations of Section 1.1, this corresponds to take the
weights αk,ℓ, γk,ℓ resp. βk,ℓ, δk,ℓ to depend on ℓ resp. k only. This system
of inhomogeneous bias is precisely the situation analyzed by Di Francesco
[48] (although it was not stated in these terms). Adapting his notations
to the present framework, we denote by

√
λa the vertical bias assigned

to a vertical dimer in row a (i.e. the common value of all αk,a = γk,a),
and similarly by √µb the horizontal bias assigned to a horizontal dimer
in column b (common value of all βb,ℓ = δb,ℓ). For the Aztec graph of
order n, the labels a and b take integer values from −(n − 1) to n − 1.
Let us also denote by Tn(P,Q|λ,µ) the partition function for perfect
matchings of the Aztec graph of order n, with a general face weighting
(P,Q) and inhomogeneous bias, where λ = (λ−(n−1), . . . , λn−1) and µ =
(µ−(n−1), . . . , µn−1) are finite sequences of length 2n − 1. Because the
numbers of vertical dimers in any row and of horizontal dimers in any
column are even, the partition function is polynomial in the λa and µb.

In view of the general octahedron recurrence (1.10), the recurrence (1.12)
generalizes to

Tn(P,Q|λ,µ)Tn−2(PC, QC|λCC,µCC) =

µ∗ Tn−1(PUL, QUL|λC,µL)Tn−1(PLR, QLR|λC,µR)

+ λ∗ Tn−1(PLL, QLL|λC,µC)Tn−1(PUR, QUR|λR,µC),
(1.74)

where λ∗ and µ∗ are the central entries of λ and µ (λ0 and µ0 in the
previous equation). Also the left, central and right truncations of λ, and
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similarly for µ, are defined by

λL = (λ−(n−1), . . . , λn−3),

λC = (λ−(n−2), . . . , λn−2),

λR = (λ−(n−3), . . . , λn−1), (1.75)

and λCC and µCC refer to a double central restriction. The previous
recurrence allows one to compute recursively all partition functions for
n ⩾ 2 from the initial conditions,

T0(p11,−|−,−) = p11,

T1

((
p11 p12
p21 p22

)
, q11

∣∣(λ0), (µ0)
)

= µ0 p11 p22 + λ0 p12 p21
q11

. (1.76)

For n = 2, we obtain the following expression generalizing (1.14),

T2(P,Q|(λ−1, λ0, λ1), (µ−1, µ0, µ1))

= 1
p22

[
µ0

µ−1 p11 p22 + λ0 p12 p21
q11

µ1 p22 p33 + λ0 p23 p32
q22

+ λ0
µ0 p21 p32 + λ−1 p22 p31

q21
· µ0 p12 p23 + λ1 p13 p22

q12

]
= µ−1µ0µ1

p11 p22 p33
q11 q22

+ λ0µ0µ1
p12 p21 p33
q11 q22

+ λ0µ−1µ0
p11 p23 p32
q11 q22

+ λ−1λ0µ0
p12 p23 p31
q12 q21

+ λ0λ1µ0
p13 p21 p32
q12 q21

+ λ−1λ0λ1
p13 p22 p31
q12 q21

+ λ0µ
2
0
p12 p21 p23 p32
p22 q12 q21

+ λ2
0µ0

p12 p21 p23 p32
p22 q11 q22

, (1.77)

where the eight terms correspond, in the same order, to the eight dimer
configurations pictured in Section 1.2.1, below (1.13). One may check
that this gives the eight configurations the correct bias; the first term
for instance corresponds to the all horizontal dimer configuration, and
has indeed one pair of horizontal dimers in each column b = −1, 0, 1.

The recurrence (1.74) and the initial conditions (1.76) for Q = 1 have
been considered in [48] as yet a further multiparameter generalization
of the λ-Desnanot-Jacobi recurrence. The solution was viewed as a gen-
eralized, inhomogeneous λ-determinant, and denoted by detλ,µ.
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The similarity with a λ-determinant follows from the recurrence itself,
which implies that the (λ,µ)-determinant of a general square matrix
A can be computed by using a modified condensation algorithm. The
modification concerns the way connected 2 × 2 minors are computed:
the value of a minor will depend on its position inside the matrix A

that contains it. Let A be a matrix size n + 1 (we will soon apply the
algorithm to A = P of size n + 1); we label the diagonals of A by an
integer a, ranging from −n in the lower-left corner to n in the upper-
right corner, so that a = 0 corresponds to the main diagonal (i = j).
Similarly we label the antidiagonals of A by an integer b, with value −n
in the upper-left corner and value n in the lower-right corner, b = 0 being
the label of the main antidiagonal (i+ j = n+ 2). Then the value of a
connected 2× 2 minor of a matrix X is (in the condensation algorithm,
X will be one of the matrices Ak produced at intermediate steps)∣∣∣∣∣ xi,j xi,j+1

xi+1,j xi+1,j+1

∣∣∣∣∣
λ,µ

= µb xi,j xi+1,j+1 + λa xi,j+1 xi+1,j , (1.78)

if the elements xi,j , xi+1,j+1 belong to the diagonal a in X and xi,j+1,
xi+1,j belong to the antidiagonal b. For such a minor, the values of a
and b are between −(s− 1) and s− 1 if X has size s. It follows that in
the condensation algorithm recalled in the beginning of the chapter, the
equation (1.4) is to be replaced by the following one (recall that Ak has
size n+ 2− k),

(Ak)i,j=
µi+j−(n+3−k)(Ak−1)i,j(Ak−1)i+1,j+1+λj−i(Ak−1)i+1,j(Ak−1)i,j+1

(Ak−2)i+1,j+1
.

(1.79)
Starting from A0 = (1)1⩽i,j⩽n+2 and A1 = A of size n+ 1, the recursive
calculation of the sequence (Ak) terminates with An+1 = detλ,µA.

The following gives a combinatorial interpretation of the inhomogeneous
determinants introduced in [48].

Theorem 1.3.1. The partition function for perfect matchings of the
Aztec graph of order n, with face weighting (P, 1), extra bias

√
λa on

vertical dimers in row a and √µb on horizontal dimers in column b, is
given by Tn(P, 1|λ,µ) = detλ,µ P .

Proof. We only have to show that the generalized recurrence (1.79) for
A = P leads to a Desnanot-Jacobi-type identity of the form (1.74) with
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Q = 1. Let us observe, from (1.79), that the first matrix produced,
A2, of size n, depends on all parameters in λ = (λ−(n−1), . . . , λn−1)
and µ = (µ−(n−1), . . . , µn−1), and the same is true of the subsequent
matrices Ak⩾2, in particular of An (size 2) and An+1 = detλ,µ P .

Let us now focus on the specific entry (An)1,1. Following the recur-
rence backwards, we see that its value only depends on the UL restric-
tions of An−1, An−2, . . . , A2, A1, where the UL restriction means in
each case omitting the last row and last column. As a consequence,
(An)1,1 only depends on the parameters in λC and µL (let the in-
dices i, j of A2 vary between 1 and n − 1) and is actually equal to
detλC,µL PUL. The same argument applies to the three other entries
An, namely (An)1,2, (An)2,1, (An)2,2, with the appropriate restrictions
UR, LL, LR, and also to the central entry (An−1)2,2 of An−1, for which
the central restriction C is used (one omits the first and last rows and
columns).

The relation (1.79) for k = n + 1 (and i = j = 1) then implies the
following relation,

detλ,µ P · detλCC,µCC PC = µ0 detλC,µL PUL · detλC,µR PLR

+ λ0 detλL,µC PLL · detλR,µC PUR, (1.80)

identical to the recurrence satisfied by Tn(P, 1|λ,µ). It follows that
Tn(P, 1|λ,µ) = detλ,µ P for all n since, from (1.76), their values coincide
for n = 0 and n = 1.

Inhomogeneous bias allows one to focus on vertical or horizontal dimers
in special rows or columns. For instance one may ask for the number Vn,k
of perfect matchings of the Aztec graph of order n which have exactly
k pairs of vertical dimers in the zeroth (central) row. To compute its
generating function Gn(λ0) = ∑n

k=0 Vn,k λ
k
0, one simply sets all λa, µb

to 1 except λ0, takes P = 1, and evaluates

Gn(λ0) = detλ,µ(pij = 1)1⩽i,j⩽n+1, (1.81)

while λ = (1, . . . , 1, λ0, 1, . . . , 1) and µ = (1, . . . , 1). They can be easily
computed for finite n. The first few are listed in the following.
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Corollary 1.3.2. For the first values of n, the generating functions
Gn(x) are given by

G1(x) = 1 + x, (1.82a)
G2(x) = 1 + 6x+ x2, (1.82b)
G3(x) = 1 + 47x+ 15x2 + x3, (1.82c)
G4(x) = 1 + 572x+ 390x2 + 60x3 + x4, (1.82d)
G5(x) = 1 + 9197x+ 17 010x2 + 5970x3 + 589x4 + x5, (1.82e)
G6(x) = 1 + 173 058x+ 1 118 191x2 + 661 532x3

+ 135 151x4 + 9218x5 + x6. (1.82f)

These polynomials seem to have a number of intriguing properties: (1)
all their roots are real negative, (2) the roots of Gn(x) and Gn+1(x) are
interlaced, (3) every Gn(x) has a unique root which is, in norm, much
larger that the others and which seems to be asymptotic to −G′

n−1(0).
For instance, the two largest, in norm, roots of G7(x) are −173 060.196
and −9.9974, to be compared with −G′

6(0) = −173 058. It follows that
the coefficients Gn−1(x)

∣∣
x

and Gn(x)
∣∣
xn−1 are close. Indeed we also

observe: (4) the identity

Gn(x)
∣∣
xn−1 = Gn−1(x)

∣∣
x

+ 4n− 3 (1.83)

appears to be exact, but remains to be properly understood.

Similarly to what we did at the end of Section 1.2.4, we can absorb the
bias
√
λ0 on the vertical edges of the central row in the redefinition of the

matrices P → Pλ0 and Q → Qλ0 . Using the general Robbins-Rumsey
formula (1.67), we can express the (λ,µ)-determinant in (1.81) as a
single sum over alternating sign matrices. The result is the following,

Gn(λ0) =
∑

B∈ASMn+1

λ
P0(B)
0

(1 + λ0
2

)N0
−(B)

2N−(B), (1.84)

where P0(B) and N0
−(B) are the restrictions of P (B) and N−(B) to the

main diagonal (thus P0(B) is the number of zeros on the main diagonal
of B which have non-zero entries to the right and below, and such that
the first non-zero entry in both directions is a one). For n = 2, the
identity matrix contributes a factor 1, each of the other five permutation
matrices a factor λ0, whereas the seventh alternating sign matrix brings
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a contribution λ0(1 + λ0). For general n however, this formula does
not seem to help much to understand the structure of the polynomials
Gn(x).

1.A On elliptic curves related to biased two-
periodic Aztec diamonds

The material presented in this Appendix owes much to exchanges with
Alexei Borodin and Maurice Duits, and with Michael Somos for the last
part.

In Section 1.2.2, we have discussed the problem of computing the parti-
tion function for tilings of two-periodic Azted diamonds, for which every
vertical domino receives an extra weight

√
λ. The result, given in (1.27),

can be written in terms of the first n terms of a sequence (rk)k∈Z, defined
recursively by

rk+1 rk−1 = λ+ r2
k

1 + λ r2
k

, r0 = 1, r1 = t. (1.85)

We noted that when λ and t satisfy certain polynomial conditions, the
sequence (rk) is periodic with a certain periodicity p ⩾ 3, that is, satisfies
rk+p = rk for all k.

The surprising observation is that these polynomials are precisely those
found in [39] to characterize when a certain point P of an elliptic curve is
a torsion point, that is, when P has finite order p for the Abelian addition
law on the elliptic curve. When P is a torsion point, it generates a
periodic flow on the elliptic curve, given by Pk = Pk−1+P for some initial
point P0. That flow encodes a sequence of Wiener-Hopf factorizations
for a product of two-by-two matrices.

More specifically, the elliptic curve considered in [39] is given by (the
two parameters α and a used in [39] are related to ours by α ↔ t and
a2 ↔ λ),

E1 : y2 = x2 +
4x
(
x− λ

)(
x− 1/λ

)(√
λ+ 1/

√
λ
)2 (

t+ 1/t
)2 . (1.86)



1.A. On elliptic curves related to Aztec diamonds 53

The specific point P generating the flow is P = ( 1
λ ,

1
λ). Thus P acts on

the elliptic curve by translations, (x, y)→ σ(x, y) = (x, y) + P , with

σ(x, y) =
( (λ− x)(y − x)

(1− λx)(x+ y) ,
λ
(
x2 + y(λ− λ−1)− 1

)
(y − x)

(1− λx)2(x+ y)
)
. (1.87)

The iteration of this transformation defines the flow, namely Pk ≡
(xk, yk) = σk(P0) for a given initial point P0; in the context of [39],
P0 =

(
−1, t2−1

t2+1
)
. Because P0 and P are respectively on the negative and

positive component of E1, all Pk are on the negative component, xk < 0
for all k.

Although the recurrence (1.85) satisfied by the sequence (rk) and the
discrete flow Pk = P0 +k ·P on E1 do not have any apparent connection,
the striking fact is the following,

The sequences (rk)k⩾0 and (Pk)k⩾0 are simultaneously periodic with the
same period, namely, in each case, the conditions ensuring their p-
periodicity are identical.

This strongly suggests that the recurrence relation for the sequence (rk)
is intimately connected to the elliptic curve E1. Below we indeed exhibit
a direct connection with E1, but surprisingly, the sequence (rk) is more
naturally connected to a translational flow on a different elliptic curve
E2, which however shares the same periodicities as the flow on E1.

Element #1. On general grounds, a relation with the elliptic curve E1
used in [39] is expected, based on the following chains of connections.
The recurrence (1.85) comes directly from the condensation algorithm
applied to the computation of detλQ−1, where Q is the matrix with
coefficients a and b alternating on rows and columns, see (1.21). As
shown in Section 1.2.5, the condensation algorithm and the shuffling
algorithm (or the urban renewal) applied to the q-faces work in the
same way, reducing, at each step, the order of the Aztec graph by one
unit at the price of a redefinition of the face weights. Finally, these
successive redefinitions of the face weights and the translational flow on
the elliptic curve E1 recalled above, were shown to be identical [59].

Element #2. One can exhibit a direct connection between the two
sequences (rk) and (Pk) as follows. By direct calculation, one finds from
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(1.87) that (xk, yk) = σ(xk−1, yk−1) are related in such a way that the
following identity holds,

1− λxk
λ− xk

· yk − xk
xk + yk

= 1
xk−1

. (1.88)

Using (1.87) once more, the terms xk satisfy a second-order recurrence
relation,

xk+1 = λ− xk
1− λxk

· yk − xk
xk + yk

=
( λ− xk

1− λxk

)2 1
xk−1

. (1.89)

Multiplying both sides by −1 and taking the positive square root (all xk
are negative), we obtain

√
−xk+1 = λ+ (−xk)

1 + λ (−xk)
1

√−xk−1
, (1.90)

which shows that rk > 0 and
√
−xk satisfy the same recurrence relation.

The initial conditions match since x0 = −1 implies r0 = 1, whereas
x1 = −t2, which may be computed from (1.87) for (x, y) = (x0, y0),
yields r1 = t. Therefore both sequences coincide, xk = −r2

k for all
k ⩾ 0.

The relation (1.88) can be solved for yk in terms of xk and xk−1, them-
selves expressible in terms of the rk’s. The explicit expressions read

xk = −r2
k, yk = r2

k

(λ+ r2
k)− (1 + λ r2

k) r2
k−1

(λ+ r2
k) + (1 + λ r2

k) r2
k−1

= r2
k

rk+1 − rk−1
rk+1 + rk−1

.

(1.91)
Because the terms rk are positive, the two sequences (Pk) and (rk) are
simultaneously periodic with the same period.

Element #3. It turns out that the recurrence (1.85) belongs to a larger
class of recurrence relations that have a fairly long history. Because it is
of direct relevance for what follows, we will more specifically refer to [60]
(see also [61]).

The basic but crucial observation is that the recurrence (1.85) is such
that the map µ : (rk, rk+1) → (rk+1, rk+2) preserves the following bi-
quadratic curve E2 (see Prop. 2.5 in [61] for a more general statement),

E2 : X2 Y 2 + λ−1 (X2 + Y 2) + 1 = KXY, (1.92)
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Figure 1.9: Left: real section of the biquadratic curve (1.92) for λ = 2
and t = 3 (K = 5). The red dots represent the points P1, P2, P3, P4
obtained from P0 = (1, 3), in blue, by the flow described in the text.
Right: the same flow represented on the isomorphic cubic curve E ′

2; P0
is the blue dot on the bounded component, whereas the green dot on
the unbounded component is the point P in terms of which the flow can
be viewed as a translational flow.

where K is a constant. For the initial conditions (1.85), namely r0 = 1
and r1 = t, it is given by K = (1 + 1

λ)(t+ 1
t ). The real section of E2 has

two bounded symmetric components related by (X,Y ) ↔ (−X,−Y ),
see Figure 1.9.

In a sense, E2 is already present in the relation (1.91) because the fact
that the point (xk, yk) lies on the elliptic curve E1 implies that (rk−1, rk)
satisfies the biquadratic relation (1.92). However the map (rk−1, rk) →
(xk, yk) given in (1.91) is not birational (in particular, on the reals, its
image only yields the negative component of E1).

The biquadratic curve E2 has genus 1 and is therefore an elliptic curve.
The flow on E2 obtained by applying iteratively the map µ on the initial
point (r0, r1) = (1, t) is geometrically easy to describe [60]. Because
E2 is symmetric under X ↔ Y , the two points Pk = (rk, rk+1) and
P ∗
k+1 = (rk+2, rk+1), the diagonally reflected image of Pk+1, belong to
E2 and are the only two intersection points of E2 with the horizontal
line passing through Pk (for Y = rk+1, (1.92) is quadratic in X with
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roots equal to rk and rk+2). Thus Pk+1 is found in three steps: draw
a horizontal line through Pk, find the other intersection with E2, and
diagonally reflect it. For λ and t positive, the flow remains on the
positive component, see Figure 1.9. Moreover, similarly to the map
σ discussed above, the flow induced by µ can be seen as the iterated
addition on E2 of a specific point P [61].

Since E1 and E2 are both elliptic, the natural question is whether they
are isomorphic. It turns out that the answer is negative. To see this, we
first follow [60] where a sequence of birational transformations is defined
that brings the biquadratic curve to an elliptic curve in standard, cubic
form. We refer to [60] for the details and merely quote the final result.

Let u be the smallest positive root of X4 + (2λ−1 − K)X2 + 1 = 0.
Then the biquadratic curve E2 is birationally equivalent to the following
elliptic curve E ′

2 written in standard form as,

E ′
2 : 4(K + 2λ−1 − 2u2)

q
y2 = 4x3 + b2x

2 + 2b4x+ b6, (1.93)

where

γ = 2u2 + 2
λ
−K, p = − 4u

2 + λK − 2λu2 , q = p(γ + 4pu+ 4p2),

b2 = −4
q

(γ + 8pu+ 12p2), b4 = 8
q

(u+ 3p), b6 = −16
q
. (1.94)

The point P on E ′
2 defining the translational flow is given by P =( 1

p+u ,
1

p+u
)

and lies on the diagonal.

To check whether the elliptic curves E1 and E ′
2 are isomorphic, we merely

compute their j-invariant. With respect to the standard form given in
(1.93), into which E1 can easily be recast, the invariant is defined by [62]

j = (b2
2 − 24b4)3

9b2b4b6 − 1
4b

3
2 b6 + 1

4b
2
2 b

2
4 − 8b3

4 − 27b2
6
. (1.95)

We find surprisingly close but definitely different values in terms of the
two parameters λ and K,

j(E1) =
(
16λ4 − 16λ2 + λ4K4 − 8λ4K2 − 8λ2K2 + 16

)3
λ8[(K + 2)2 − 4λ−2] [(K − 2)2 − 4λ−2] , (1.96)

j(E ′
2) =

(
16λ4 + 224λ2 + λ4K4 − 8λ4K2 − 8λ2K2 + 16

)3
λ10[(K + 2)2 − 4λ−2]2 [(K − 2)2 − 4λ−2]2 . (1.97)
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It follows that the two curves are not isomorphic over C and therefore
also not over R. Yet the translational flows Pk = P0 + k · P defined
in terms of P0 and P , and respectively different for E1 and E ′

2, are si-
multaneously periodic with the same period. Although this has been
proved above, somewhat indirectly since the argument was made on the
sequence (−r2

k), it remains to be properly understood.

Element #4. After submitting the manuscript [1], Michael Somos
informed us of his observation that the two sequences (ak) and (bk)
introduced in (1.25) are each generalized Somos-4 sequences, i.e. satisfy
a quadratic recurrence relation of order 4,

sksk−4 = α sk−1sk−3 + β s2
k−2. (1.98)

The initial conditions s0, s1, s2, s3 are different for the ak and bk, but the
coefficients α and β are identical for both sequences, and easily related
to a0 = 1, a1 = a−1, b0 = 1 and b1 = b−1,

α =
[a0b1
a1b0

+ a1b0
a0b1

+ λ
a0a1
b0b1

+ λ
b0b1
a0a1

]2
= (1 + λ)2 (t+ t−1)2, (1.99a)

β = −α+ (1− λ2)2 = (1 + λ)2[(1− λ)2 − (t+ t−1)2], (1.99b)

with t = a
b .

Somos sequences are at the heart of the elliptic realm, and central in top-
ics like elliptic divisibility and the Laurent phenomenon (see for instance
the item A006720 on the On-line Encyclopedia of Integer Sequences [63]
for a rich list of references). The intriguing observation made by Somos
adds a layer of ellipticity to our problem, and in fact shed a new light
on what we had already observed, as summarized above. Indeed there
is a well-documented relation between Somos-4 sequences and elliptic
curves, in particular translational flows on elliptic curves. In short, a
Somos-4 sequence can be associated with a translational flow P0 + k ·P ,
and vice-versa.

More precisely, let (xk, yk) be the coordinates of the points P0 +k ·P on
an elliptic curve E , for P0 = (x0, y0) and P = (x, y) non-singular points
on E . Then the sequence defined by

sk
sk−1

= (x− xk−1) sk−1
sk−2

, for k ⩾ 1, (1.100)
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with s−1 and s0 arbitrary, is a Somos-4 sequence [53].

Applying this to the elliptic flow on E1 discussed in [39] and recalled
above, for which x = 1

λ , we readily obtain that the terms s̃k = λk(k+1)/2sk
form an equivalent Somos-4 sequence and satisfy

s̃k
s̃k−1

= (1− λxk−1) s̃k−1
s̃k−2

= (1 + λ r2
k−1) s̃k−1

s̃k−2
, for k ⩾ 1, (1.101)

where the second equality follows from xk−1 = −r2
k−1, see (1.91). Com-

paring with the recurrence satisfied by ak, see (1.26), confirms that
ak = s̃k is a Somos-4 sequence. The same holds for the sequence (bk).
This clearly reinforces the tie with [39] since (ak) and (bk) are Somos-4
sequences that are associated in a natural way with the translational
flow on E1 considered in [39].

1.B Generalized Somos-4 sequences

At the end of the previous appendix, we mentioned that (ak) and (bk) are
generalized Somos-4 sequences and gave an argument for this in terms
of the elliptic curve E1. In this appendix, we provide a combinatorial
proof of this result and study the relation between Somos-4 recurrences,

sksk−4 = αsk−1sk−3 + βs2
k−2, (1.102)

for α, β ∈ C, k ∈ Z, and coupled recurrence system of the kind

ak =
a2
k−1 + λb2

k−1
ak−2

, bk =
b2
k−1 + λa2

k−1
bk−2

, (1.103)

with initial conditions a0, a1, b0, b1. In the above relations, λ can be
taken as an arbitrary complex parameter, however, in the problem of
interest (biased Aztec diamonds), λ > 0.

One can remark that this system is symmetric under the exchange
ak ↔ bk for all k. Hence, it suffices to proves that (ak) is a Somos-
4 and the result for (bk) will follow. For this, we show that each of
the sequences, (ak) and (sk), respect the same non-degenerate order 5
quartic recurrence relation for correctly chosen α and β.
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From the Somos-4 recurrence

Let us consider the recurrence (1.102) at k and k + 1,{
sksk−4 = αsk−1sk−3 + βs2

k−2,

sk+1sk−3 = αsksk−2 + βs2
k−1.

(1.104)

We want to rewrite the system in order to isolate α and β. For that,
we multiply the first equation by s2

k−1, the second by s2
k−2, and subtract

the two to cancel the term in β. Similarly, we can get rid of the term in
α, and obtain{

sks
2
k−1sk−4 − sk+1s

2
k−2sk−3 = α(s3

k−1sk−3 − sks3
k−2),

s2
ksk−2sk−4 − sk+1sk−1s

2
k−3 = −β(s3

k−1sk−3 − sks3
k−2).

(1.105)

Finally, we subtract these two equations in order to only keep the com-
bination6 (α + β), and find a quartic order 5 recurrence obeyed by the
sk,

sk+1sk−3(sk−1sk−3 − s2
k−2)− sksk−4(sksk−2 − s2

k−1)

= (α+ β)(s3
k−1sk−3 − sks3

k−2). (1.106)

From the coupled recurrence system

Using the left relation in (1.103), we can isolate

bk−1 = ±
√

1
λ

(akak−2 − a2
k−1) (1.107)

and insert the expression in the second relation, which yields√
(ak+1ak−1 − a2

k)(ak−1ak−3 − a2
k−2) = akak−2 + (λ2 − 1)a2

k−1. (1.108)

By taking the square and dividing both side by ak−1, we find a cubic
relation for (ak),

akak−2ak−4−aka2
k−3−a2

k−1ak−4+2(1−λ2)ak−1ak−2ak−3 =(1−λ2)2a3
k−2.

(1.109)
6Numerical analysis of the sequences revealed that α and β separately may be

complicated functions of the initial conditions while (α+β) seems to depend only on
λ. This motivates our choice to isolate (α+ β).
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Let us consider the same relation with k 7→ k+ 1, multiply the first one
by ak, the second by ak−3, and subtract the two. In doing so, we can
eliminate the term with the prefactor 2(1− λ2), and obtain the quartic
recurrence

ak+1ak−3(ak−1ak−3 − a2
k−2)− akak−4(akak−2 − a2

k−1)

= (1− λ2)2(a3
k−1ak−3 − aka3

k−2). (1.110)

Degeneracy of the quartic recurrence

Now that we proved that the sequences (ak) and (sk) both obey a similar
quartic recurrence relation, we will verify it produces well-defined quan-
tities. One can remark that (1.110) is non-degenerate (unequivocally
determines all the ak’s) provided that ak ̸= 0 and a2

k ̸= ak+1ak−1 for all
k ∈ Z. By inserting a2

k = ak+1ak−1 in the (ak) recurrence, one remarks
that the second condition is equivalent to λb2

k ̸= 0. In particular, both
conditions are automatically satisfied if we restrict λ and the four initial
conditions to be strictly positive numbers; in this case, ak, bk > 0 for all
k due to (1.103).

Remark. In terms of elliptic curves, the values for which the recurrence
is degenerate exactly correspond to the cases where the translational
flow on the curve gives P0 +k ·P = O for some k, where O is the neutral
element for the addition (i.e. the point at infinity). To see this, we can
insert ak = 0 in (1.103) and rewrite this as (1 + λr2

k−1) = 0, by defining
rk = bk/ak. According to [53] (chapter 7), this equation is the equivalent
for Somos-4 sequences of the translational flow equation aforementioned.

Initial conditions

We have seen that the recurrence (1.110) is degenerate if and only if
either one of the sequences (ak) or (bk) in (1.103) is. We then assume
from now on that these sequences are well defined, and analyse the initial
conditions. The objective is to verify that quantities defined by (1.103)
also respect (1.102) for some α, β to be determined.

From one side, we have the four initial conditions (a0, a1, b0, b1). Using
the recurrence, one can find the values for a2 and a3 in terms of these



1.B. Generalized Somos-4 sequences 61

initial conditions. On the other side, to obtain the correspondence, we
have to choose si = ai for i = 0, 1, 2, 3, as initial values. We still have to
determine α and β, which is done by solving the system of two equations
a4 = s4 and a5 = s5, and provides

α =
[a0b1
a1b0

+ a1b0
a0b1

+ λ
a0a1
b0b1

+ λ
b0b1
a0a1

]2
, (1.111)

β = −α+ (1− λ2)2. (1.112)

We note that the equality (α+β) = (1−λ2)2 ensures that the recurrences
(1.106) and (1.110) coincide.

Summarizing, for the α, β given above, we have shown that the sequences
(ak) and (sk) respect the same order 5 quartic recurrence, with the
same four initial conditions. Since we assume (a0, a1, b0, b1) and λ to
be strictly positive, the sequences are both unequivocally determined by
this recurrence, and are identical for all k ∈ Z.

Remark 1. Since α, β are invariant under (a0, a1) ↔ (b0, b1), the se-
quence (bk) respects the same Somos-4 recurrence as (ak), only the initial
conditions differ.

Remark 2. Our result easily generalizes to recurrence systems of the
form

ak =
λ1a

2
k−1 + λ2b

2
k−1

ak−2
, bk =

λ1b
2
k−1 + λ2a

2
k−1

bk−2
. (1.113)

For instance, we can produce the coefficient λ1 by using transformations
like ãk = Ak

2
ak that are known to preserve Somos-4 recurrences [53]

(section 6.3).
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Chapter 2

Arctic curves in the elliptic
SOS model at the
free-fermion point

This chapter is part of an ongoing project [2]
written with Philippe Ruelle, Hjalmar Rosen-
gren and Christian Walmsley Hagendorf.

In this chapter, we compute the arctic curve of the elliptic solid-on-solid
model at the free-fermion point using both the geometric (or one-refined)
tangent method and the two-refined tangent method. The model shares
the same arctic curve as the biased two-periodic Aztec diamond. The
connections between the two models, at the level of configurations and
partition functions, are also reviewed.

2.1 Generalities on the six-vertex model

The square-ice model was originally introduced by Linus Pauling in
1935 [64] to describe the molecular behaviour of ice crystals in an ide-
alized two-dimensional framework, with the purpose to gain a better

63
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understanding of the residual entropy observed experimentally. In this
setup, water-ice is modelized by an arrangement of H2O molecules on
a square lattice Z2 where the oxygen atoms lie on the vertices of the
lattice, and hydrogen atoms on the edges of the graph such that each
O is surrounded by four H. Two of them are close, maintained by cova-
lent bonds, and two are further away, bonded to a neighbouring oxygen
atom. A hydrogen bond is formed between an oxygen atom and those
two further hydrogen atoms such that it is a good approximation to
assume that the hydrogen atoms take place on the edges of the graph.
This description leads to six possible local configurations around each
vertex that are depicted in Figure 2.1. One common representation of
this model consists to replace the covalently bonded hydrogen atoms by
incoming arrows (pointing toward their associated oxygen) and the oth-
ers by outgoing arrows in each of these local configurations. As a direct
consequence, each of these six vertices necessarily possesses two ingoing
and outgoing arrows, what is referred to as the ice-rule, and the model
is commonly known as the six-vertex model (6V).

O
H

H O
H

H O H
H

OH
H

O
H

H
OH H

a1 a2 b1 b2 c1 c2

Figure 2.1: Above: six allowed local H2O configurations respecting the
ice-rule. Below: equivalent description in terms of arrows in the six-
vertex model.

A configuration (or state) of size n is a coherent arrangement of these
vertices on a n×n grid with prescribed boundary conditions. We decide
to attach to each of these vertices a Boltzmann weight ai, bi, ci, for i =
1, 2, as shown in Figure 2.1. We then associate to a configuration C the
weight w(C) given by the product of the vertex weights present in this



2.1. Generalities on the six-vertex model 65

configuration. The probability to observe C is simply given by

P(C) = w(C)
Z

, Z =
∑

C
w(C) =

∑
C
a#a1

1 a#a2
2 b#b1

1 b#b2
2 c#c1

1 c#c2
2 ,

(2.1)
where Z is the partition function.

It has been shown that the six-vertex model crucially depends on the
choice of boundary conditions [24]. In the present work, we are mainly
interested in the so-called domain wall boundary conditions (DWBC) for
which an arctic phenomenon occurs (although other condition choices
exist: open, (anti-)periodic, with reflecting end [65], etc.). In DWBC, all
arrows on the left and right boundary sides point inward, while those on
the top and bottom sides point outward. An example of a configuration
with DWBC is shown in Figure 2.2.

In appearance, the model here described possesses six free parameters
being the vertex weights. However, as shown in the next section, four
conservation rules reduce the number of independent parameters to two.

v1

u1

v2

u2

v3

u3

v4

u4

v5

u5

v0

u0

+

+

+ +

+ +

+ +

+

−

−

−

0

0

0

0

0

0 0

0 0

0 0 0

0

0

0 0 0

0

0

0 0 0

0

0

Figure 2.2: Left: example of a configuration of the six-vertex model
on a lattice of size 6 × 6. The DWBC are highlighted in red. Right:
the corresponding ASM with +1 and −1 respectively represented by +
and −.

The six-vertex model is known to exhibit several phases depending on
the value of the parameter ∆ = a2+b2−c2

2ab [8, 24]. For the rest of this
section, we set a1 = a2 = a, b1 = b2 = b, c1 = c2 = c. In the case of
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DWBC, it is not restrictive since, as mentioned above, the model has
only two free parameters. The phase diagram is identical for periodic
boundary conditions or DWBC, however, V. Korepin and P. Zinn-Justin
[24] showed that the bulk free energy could depend on this choice and
they computed this energy in each phase for DWBC.

For ∆ > 1, the system is in the ferroelectric phase, and, in the thermo-
dynamic limit, the model is statistically frozen in the most advantageous
configurations. For periodic BC, it corresponds to the situation where
all arrows are aligned (only a1 or only a2 vertices if a > b, and if b > a,
only either b1 or b2 vertices). For DWBC, we necessarily have at least
one c2 vertex per row/column. These are solely located on the main di-
agonal if b > a and on the main anti-diagonal if a > b. For −1 < ∆ < 1,
the model is in the disordered phase; all vertex types appear in a dis-
ordered pattern. For DWBC, however, the arrows fixed on the edges
of the grid have a macroscopic effect on the configurations so that, in
the thermodynamic limit, the four corners of the lattice become statis-
tically frozen and we observe an arctic phenomenon; with a probability
that goes to 1 in the limit, each corner contains only one type of vertex,
either a1 (top-left), b1 (top-right), a2 (bottom-right) or b2 (bottom-left)
while the disorder accumulates in the center of the domain, similarly
to what has been observed for Aztec diamonds in the previous chapter.
In this disordered central region, the correlations between vertices de-
cay algebraically (i.e. as an inverse power law) meaning that the model
is critical. Finally, if ∆ < −1, the system is in the anti-ferroelectric
phase. The weight c is dominant compared to the other two and the
system will again freeze in the most advantageous configurations, con-
sisting this time in an alternation of c1 and c2 in the central region (the
corners remain frozen with a’s and b’s if the DWBC are imposed).

It is also well known that there exists an equivalence between the con-
figurations of the six-vertex model with DWBC and alternating sign
matrices (ASMs), already studied in Chapter 1. The correspondence is
readily obtained by replacing the vertices ai and bi (i = 1, 2) by 0’s,
vertices c2 by 1’s and vertices c1 by −1’s. An example of this corre-
spondence is shown in Figure 2.2 and few more details are provided in
Section 2.3.1.
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Another interesting correspondence is obtained with Aztec diamonds
when the parameter ∆ = 0, or more generally speaking, when a1a2 +
b1b2 = c1c2. In this case, the six-vertex model is said to be at the
free-fermion point [66]. This name comes from the fact that, for these
parameters, there exists a transfer matrix of the model that can be writ-
ten as the exponential of a free-fermionic Hamiltonian. Alternatively,
it also means that there exists a determinantal point process describing
the model. In Section 2.3.1, we study precisely this relation between the
six-vertex model and Aztec diamonds in a more general context.

The six-vertex model defined in this section can be further generalized
by letting the vertex weights depend on the location in the grid (row and
column) of the vertices. It brings 2n new parameters u0, . . . , un−1 and
v0, . . . , vn−1 usually referred to as spectral parameters while the model
then takes the name of inhomogeneous six-vertex model. What is par-
ticularly interesting with this generalization is that the model remains
exactly solvable while these new parameters give us more control to anal-
yse the statistical quantities.

2.2 The elliptic SOS model

In the rest of this chapter, we will consider a generalization of the six-
vertex model described in the previous section called the elliptic solid-
on-solid model (or dynamical six-vertex model), originally introduced
by Baxter in 1973 [40–42] with the purpose to solve the eight-vertex
model. The model is also called sometimes eight-vertex solid-on-solid
(8VSOS) even though there are no additional vertices, contrary to the
usual eight-vertex model.

Let us first introduce the height function defined on the faces of the
square grid. For this, we choose a reference value, say 0, in the top left
corner of the grid. The values of the height function are then controlled
by the following rule: walking from one face to another (adjacent), the
value increases by 1 if the crossed arrow is pointing to the left, according
to the direction of the walk, or decreases by 1 if the arrow is pointing to
the right. This rule unequivocally determines the values of the height
function for a given configuration, and the set of height functions is in
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1-to-1 correspondence with the configurations. An illustration is pro-
vided in Figure 2.3. The matrix containing as entries the value of the
height function is easily related to the alternating sign matrix depicted
in Figure 2.2, by replacing each 2× 2 block

(
a11 a12
a21 a22

)
by the single value

(a12 − a11 + a21 − a22)/2.

0123456

1

2

3

4

5

60

1
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3

4

5

1 2 3 4 5

4 3 2 3 2

3 4 3 4 3

2 3 4 3 4

3 2 3 4 5

2 3 2 3 4

0101010

1

0

1

0

1

00

1

0

1

0

1

1 0 1 0 1

0 1 0 1 0

1 0 1 0 1

0 1 0 1 0

1 0 1 0 1

0 1 0 1 0

Figure 2.3: Left: example of a six-vertex configuration with the corre-
sponding values of the heights written on the faces. Right: values of the
height function modulo 2 and separation of the vertices in two classes;
even/blue and odd/red. In both cases, by simplicity, the height func-
tion is represented with integer numbers hij . For general µ and η, these
numbers are to be replaced by µ+ hij η.

We can slightly generalize this construction and choose the reference
value and the step between two adjacent faces to be some complex num-
ber µ and η, parameters of the model. With the help of elliptic functions,
it is then possible to parametrize the weights of each vertex to incor-
porate those new parameters and such that they respect the dynamical
Yang-Baxter equation [67]. The specificity of this two-parameter gener-
alization is that the vertex weights may vary according to the configu-
ration itself (through the height-function). For this reason we call µ the
dynamical parameter. We will not give the precise expression of these
weights in the general setting (e.g. see [68]), but mention that they have
a natural periodicity, say a1(µ+1) = a1(µ), controlled by the parameter
η. If one takes for instance η = 1/3 (or η = π/3 depending on the con-
vention) only the values of the height function modulo 3 would matter,
since in this case a1(µ + 3η) = a1(µ) (the same stands for the other
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vertices). Besides, at η = 1/3, the 8VSOS model is known to be related
to the three-colouring of the square lattice (with arbitrary weights on
each colour) [69].

The specialization of η in which we are interested in this work is η = 1/2,
which corresponds to the free-fermion point in this generalized model.
At this specific point, only the value modulo 2 of the height function
is retained in the weights, and thus drastically simplifies the situation;
since the height function mod 2 is just an alternation of 0 and 1 in
a chessboard fashion, it becomes independent of the configuration (see
Figure 2.3). In particular, one can distinguish two classes of vertices:
writing (i, j) their locations with (0, 0) in the top-left corner of the grid,
either i+j is even and the face-pattern around the vertex is

(
0 1
1 0

)
or else

i+ j is odd and we find the values
(

1 0
0 1

)
around the vertex. One way to

think about this model consists to view it as two interlaced copies of 6V
model, taking place on the even and odd sublattices, resulting in a kind
of twelve-vertex model or two-periodic six-vertex (2p-6V) model. In the
following, we denote the weight attributed to the even vertices (the ones
centered on the blue dots in Figure 2.3) with the usual letters a1, . . . , c2,
and the odd ones (centered on the red dots) with the six capital letters
A1, . . . , C2. Without loss of generality1, let us set a1 =a2 =a, b1 =b2 =b,
A1 =A2 =A and B1 =B2 =B. Using a uniform spectral parameter u
for the columns and 1 for the rows, we attribute the following weights
to these vertices:

a = A = θ(−u)
θ(−1) , b = iθ(u)θ(−µ)

θ(−1)θ(µ) , B = i θ(u)θ(µ)
θ(−1)θ(−µ) ,

c1 = θ(uµ)
θ(µ) , C1 = θ(−uµ)

θ(−µ) ,

c2 = θ(u/µ)
θ(1/µ) , C2 = θ(−u/µ)

θ(−1/µ) . (2.2)

We use the multiplicative convention for θ functions, such that

θ(z) = θ(z; p) =
∞∏
j=0

(1−z pj)(1−pj+1/z), θ(pz) = θ(z−1) = −z−1θ(z).

(2.3)
1We show here after that these equalities does not truly constrain the model.
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Appendix 2.A gives a brief review on theta functions and a summary of
their main properties. The choice of weights (2.2) comes from [68]. From
their notations to ours, after setting η = 1/2, we redefined (eiπu, eiπµ) 7→
(u, µ). We also multiplied all weights by

√
u, which only modifies the

partition function by a global factor, and as well multiplied b1 and B1
by i and b2 and B2 by −i. This last operation has no effect on the
partition function since only the products b1B1 and b2B2 matter, as we
will see below. One can always convert uppercase vertices into lowercase
ones by changing the sign of the dynamical parameter µ, as expected (in
the additive convention it would be equivalent to transform µ 7→ µ + η

which indeed inverts the two classes of vertices). This choice of weights
respects the free-fermion rule for each class of vertices:

a1a2 + b1b2 = c1c2, A1A2 +B1B2 = C1C2. (2.4)

These relations can be proved by using (2.125) from the appendix.

It is worth noting, although it is not apparent, that the 2p-6V model (al-
ways understood at the free-fermion point) with general weights a1, . . . , C2
has only three free parameters, and is therefore in bijection with the
8VSOS at η = 1/2. This reduction in the number of parameters comes
from several identities (or conservation laws) connecting the number of
vertices of different classes. For instance, a first series,

#a1 = #a2, #b1 = #b2, #A1 = #A2, #B1 = #B2, (2.5)

can be obtained by the following argument: the operation that reverses
all the arrows around a given face (when allowed by the ice-rule) is
transitive in the space of configurations (i.e. any configuration can be
obtained from any other by a finite sequence of this arrow-reversing) [66].
By listing the different possibilities, it is not difficult to see that this
operation preserves the numbers #x1−#x2 for x ∈ {a, b, A,B}. It then
suffices to inspect a single configuration and remark that these numbers
are zero to obtain (2.5). Another, analogous, proof of this result is given
in the next section, using the link with Aztec diamonds. Two more
identities follow from the fact that the total number of vertices of each
class is fixed by the size of the domain,

#a1 + #a2 + · · ·+ #c2 =
⌈
n2

2

⌉
, #A1 + #A2 + · · ·+ #C2 =

⌊
n2

2

⌋
.

(2.6)
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Furthermore, by the link with ASM, it is immediate that each row (or
column) contains exactly one more c2/C2 than c1/C1, and in particular
(#c2 + #C2)− (#c1 + #C1) = n. Finally, the last two identities are the
free-fermion rules given previously. It provides a total of 9 constraints
on the 12 vertices, which indeed reduces the number of free parame-
ters to 3. The chosen parametrization with theta functions is therefore
indeed minimal with the parameters u, the spectral parameter, µ, the
dynamical parameter and p, the elliptic nome of theta functions.

One can always recover the usual free-fermionic six-vertex model by
taking the limit p→ 0, and then µ→ 0. By the definition (2.3), we see
that θ(x; p = 0) = 1− x. Hence, it is easy to verify that the two classes
of vertices coincide after taking these two limits. In doing so, u is the
only remaining parameter, ∆ being equal to zero due to the free-fermion
condition, and controls the relative abundance of a and b vertices.

For the rest of the discussion, we now consider the system on a square
grid of size n+1. As explained in the previous section, the model can be
slightly generalized by introducing inhomogeneous spectral parameters
in the columns and rows, (u0, u1, . . . , un) and (v0, v1, . . . , vn), respec-
tively. These are represented in Figure 2.2. The weights carried by the
vertices (2.2) are consequently modified by changing u 7→ uj/vi, where
i and j are the row and column indices of the vertex.

To conclude this section, we give the general partition function with
inhomogeneous weights [68,70],

Z2p-6V
n+1 (u,v;µ, p) = V −n θ

(
(−1)nU/V µ

)
θ(−1)n(n+1)θ

(
(−1)n/µ

)
×

∏
0⩽i<j⩽n

uiviθ

(
−uj
ui

)
θ

(
−vj
vi

)
, (2.7)

where U = ∏n
i=0 ui and V = ∏n

i=0 vi. We recover the homogeneous case
by letting ui → u and vi → 1 for all i = 0, . . . , n,

Z2p-6V
n+1 (u;µ, p) = un(n+1)/2 θ

(
− (−u)n+1/µ

)
θ
(
(−1)n/µ

) . (2.8)
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2.3 From the two-periodic 6V model to biased
two-periodic Aztec diamonds

As mentioned in Section 2.1 and as we have seen in detail in Chapter 1,
it is well known that (n + 1) × (n + 1) configurations of the 6V model
with DWBC are bijective to ASM of size n+1, and that each one of the
latter is in correspondence with a set of perfect matchings of an Aztec
diamond (or graph) of order n. These associations allow one to transfer
the weights of the 6V model to the edges of the AD, provided the 6V
weights satisfy the free-fermion condition. The resulting weighting of the
AD depends on one parameter, namely a vertical bias λ. By doubling
the weights of the 6V model, defining a two-periodic six-vertex (2p-6V)
model (equivalent to the 8VSOS model at the free-fermion point), the
weights one obtains on the AD also become two-periodic. The first part
of this section aims at explicitly recalling these constructions. Later on,
we show how it is possible to obtain closed expressions for the partition
functions of biased two-periodic Aztec diamonds and check explicitly
that they correspond to the partition function of the 8VSOS at the
free-fermion point.

2.3.1 Correspondence between partition functions

On a square grid of size n+1, a configuration of the 6V model gives rise
to a matrix array of size n+ 1 in the following way: all four vertices of
type ai and bi are replaced by a 0, the vertices of type c1 are replaced by
a −1, those of type c2 are replaced by a 1. From the arrow flow of the
six types of vertices, it is not difficult to see that the so-obtained array
is an ASM, of size n + 1. Because four vertices are mapped to 0, the
correspondence is not manifestly bijective. However, one may observe
that there are four different types of 0’s in an ASM: indeed looking in
the east, north, west and south directions from where the 0 is sitting, the
first non-zero element is a 1 in exactly two (perpendicular) directions,
either SE, NW, SW or NE. Each case corresponds to one and only one
vertex of type a or b.

Let us look for instance at a 0 entry which has a 1 somewhere in the S
direction and a 1 somewhere in the E direction, with (possibly) lots of
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other 0’s in between. Because the a and b vertices preserve the horizon-
tal and vertical flows, and since the two 1’s are c2 vertices, the vertex
associated to the 0 must have a left-right horizontal flow and a bottom-
up vertical flow, that is, it must be a vertex of type a1. Proceeding
similarly for the other three cases, we obtain the following associations

a1 · · · 0 1
...
0
1

1
0
...
b2 · · · 0 1

1
0
...

1 0 · · · a2

1 · · · 0 b1
...
0
1

In this way, one can assign each entry of the ASM the weight of its
associated vertex, and then copy these weights on the p-faces (using the
terminology of Section 1.1) of the Aztec graph of order n, to which the
ASM entries are naturally associated, as indicated in Figure 2.4.

+

+

+

+

+−

0 0

0

0

0 0

0

0

0

0

c1

a2

b1

a1 a1

a2

c2

c2

b1

b1

c2

c2

c2

b2

b2b2

Figure 2.4: Left: a six-vertex configuration of size 4 with its associated
ASM. The +1 and −1 are shortened by + and −. Right: the vertex
present in the left picture are written in the p-faces of an Aztec graph
of size 3.

The relation between an ASM and perfect matchings of the Aztec graph
is the usual one: an entry mij in an ASM means that the face pij is
adjacent to 1 − mij dimers. When mij = −1, there are two possible
local dimer configurations around the face pij , while if mij = 0, the
local dimer configuration is unique, as we shall see now. Therefore,
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there are 2N− perfect matchings associated with an ASM that contains
N− entries equal to −1.

In the last step, the weights were written in the p-faces, but they are
not meant to be face weights. Instead these weights can actually be
attached to edges in the following way.

A p-face with a weight ai or bi has only one adjacent dimer, because it
has a 0 in the associated ASM. The weight itself completely determines
which edge is covered by the single dimer around the face. The following
figure illustrates the situation of a face with weight a1.

1

1a1

0

0

0 0

The two faces marked with a 1 have no dimer around them (type c2), and
those marked with a 0 have one. Starting from the face marked 1 on the
same row as the one marked a1 (shaded red), one sees that the eastern
vertex of each face to its left (in red) must be covered by a dimer, oriented
NE or SE. Likewise starting from the other face marked 1 (shaded green),
all green vertices must be covered by a dimer, oriented SW or SE. This
forces the unique dimer around the a1 face to be oriented SE. Repeating
the argument in the other three cases, we get the result depicted below.

a1 b2 a2 b1

Figure 2.5: The vertex weights ai and bi lying on the p-faces completely
determines the orientation of the dimers around these faces on the Aztec
graph.

We can now transfer, in each of the four cases, the weight written on the
face to the edge covered by the dimer. This consistently assigns a weight
to the edges around the p-faces of the Aztec graph. If a p-face is adjacent
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to two (parallel) dimers, it correctly brings a combined weight a1a2 +
b1b2 = c1 for the two possible cases (with c2 = 1). This transposition on
edge weights of the Aztec graph is depicted in Figure 2.6.

If c2 is not equal to 1, we can in any case absorb its weight in the other
vertices by dividing their weights by c2; it would only affect the partition
function by a constant factor. Similarly, in the two-periodic case, if c2
and C2 are not equal to 1, one can make use of the separate homogeneity
of the 2p-6V model partition function in the small and in the large letter
variables (see equation (2.6)) to absorb c2 and C2 into a redefinition of
the other weights, by dividing these by c2 and C2 respectively.

a1 a2

b1

b2

a1 a2

b1

b2

a1 a2

b1

b2

a1 a2

b1

b2

qa1 a2

B1

B2

qa1 a2

B1

B2

qa1 a2

B1

B2

qa1 a2

B1

B2

qa1 a2

B1

B2

QA1 A2

b1

b2

QA1 A2

b1

b2

QA1 A2

b1

b2

QA1 A2

b1

b2

P

p

P

p

P

p

P

p

P

p

P

p

P

p

P

p

Figure 2.6: Rotating the Aztec graph by 45 degrees, we get the following
edge weights coming from the 6V model: on the left picture, one set of
weights is used; on the right, two sets of weights are used, alternating
on the p-faces. Weights ai, bi on even faces (pij = p for i+ j even), and
weights Ai, Bi on odd faces (pij = P for i+ j odd).

The model on the left of the figure is equivalent to the standard biased
Aztec diamonds: the vertical dimers have a weight

√
λ while the hori-

zontal dimers have weight 1. Indeed, in any configuration, the number
of dimers on a1 and a2 edges are equal, as are those on b1 and b2 edges.
Therefore the partition function depends only on the products a1a2 and
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b1b2, and in fact, up to a global factor, only on the ratio a1a2
b1b2

, which can
be identified with λ.

The model on the right of the figure contains a two-periodicity and again
a number of redundant parameters. The fully horizontal configuration
has clearly an equal number of dimers on b1 and b2 edges, and on B1
and B2 edges. It is also well known that any other configuration can
be obtained from that one by a finite sequence of flips, by which two
parallel dimers around a single face are rotated. From the way the
edges are weighted, one easily sees that a flip exchanges a pair of dimers
as follows: (a1, a2) ←→ (b1, b2) if the flip acts on an even p-face, or
(A1, A2) ←→ (B1, B2) (flip on an odd p-face), or (a1, a2) ←→ (B1, B2)
(flip on an even q-face) or (b1, b2) ←→ (A1, A2) (flip on an odd q-face).
It readily follows that #x1 = #x2 for x ∈ {a, b, A,B} since, under a flip,
x1 and x2 dimers appear or disappear simultaneously. As a consequence,
the partition function then only depends on the four products x1x2.

To make contact with the two-periodic weighting on all faces, we assign
the faces alternating weights, as shown in red in Figure 2.6 (in Chapter 1,
we denoted q and Q by a and b resp., and set p =P =1), and add an extra
weight

√
λ for each vertical dimer. For the face weights to reproduce

the edges weights (under the assumption that an edge gets the product
of the weights of its two adjacent faces, times

√
λ if vertical), the former

must satisfy the following identities,

a1a2
c2

2
= λ (pq)2 ,

b1b2
c2

2
= (pQ )2 ,

A1A2
C2

2
= λ (PQ )2 ,

B1B2
C2

2
= (Pq)2 .

(2.9)
The weights c2 and C2 in the denominator result from the absorption
mentioned above. These identities do not include other contributions
of the weights ci and Ci, since they do not really make sense in terms
of edge weights. The weights c1

c2
and C1

C2
, associated to p-faces which

are adjacent to two dimers, are correctly generated by the combina-
tions (a1a2 + b1b2)/c2

2 and (A1A2 + B1B2)/C2
2 . We mention the attri-

bution of the weights in Figure 2.6 implicitly claims that x1 = x2 for
x ∈ {a, b, A,B}. Thanks to the above discussion, we know it is not re-
strictive since only the product x1x2 matters for the partition function.
If one desires to weight some vertices differently, it is always possible to
multiply x1 by a constant and x2 by the inverse constant.
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So far we are left with four parameters. There are different ways to
see that this can be essentially reduced to three, either with the help of
so-called gauge transformations or in the following way, by making use
of the homogeneity with respect to the number of dimers.

The partition function for the 2p-6V model on a grid of size n + 1 is
given by

Z2p-6V
n+1 =

∑
configs 6V

a#a1
1 a#a2

2 b#b1
1 b#b2

2 c#c1
1 c#c2

2

×A#A1
1 A#A2

2 B#B1
1 B#B2

2 C#C1
1 C#C2

2

= c
⌈ (n+1)2

2 ⌉
2 C

⌊ (n+1)2
2 ⌋

2
∑

configs 6V

(a1
c2

)#a1 (a2
c2

)#a2 (b1
c2

)#b1 (b2
c2

)#b2 (c1
c2

)#c1

×
(A1
C2

)#A1 (A2
C2

)#A2 (B1
C2

)#B1 (B2
C2

)#B2 (C1
C2

)#C1

= c
⌈ (n+1)2

2 ⌉
2 C

⌊ (n+1)2
2 ⌋

2
∑

configs 6V

(a1a2
c2

2

) 1
2 #a (b1b2

c2
2

) 1
2 #b (a1a2 + b1b2

c2
2

)#c1

×
(A1A2
C2

2

) 1
2 #A (B1B2

C2
2

) 1
2 #B (A1A2 +B1B2

C2
2

)#C1

= c
⌈ (n+1)2

2 ⌉
2 C

⌊ (n+1)2
2 ⌋

2
∑

configs 6V
(
√
λ pq)#a (pQ )#b (

√
λ PQ )#A (Pq)#B

×
[
λ (pq)2 + (pQ )2]#c1 [λ (PQ )2 + (Pq)2]#C1

= c
⌈ (n+1)2

2 ⌉
2 C

⌊ (n+1)2
2 ⌋

2 ZAD
n (p, P , q ,Q |λ), (2.10)

namely the partition function for the biased two-periodic Aztec graphs,
with face weights p, q , P ,Q . Since #a+#b+#A+#B+2#c1 +2#C1 =
n(n+ 1), the total number of dimers, we obtain

ZAD
n (p, P , q ,Q |λ) = (PQ )n(n+1) ∑

configs 6V
(
√
λ)#a+#A

( pq
PQ

)#a ( p
P

)#b

×
( q

Q

)#B [
λ
( pq

PQ

)2
+
( p

P

)2]#c1 [
λ+

( q
Q

)2]#C1

= (PQ )n(n+1) ZAD
n

( p
P
, 1, q

Q
, 1|λ

)
, (2.11)
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which explicitly shows the dependence on three parameters:

λ2 = a1a2A1A2
b1b2B1B2

=
(
θ(−u)
θ(u)

)4
,

( p
P

)4
= a1a2b1b2C

4
2

A1A2B1B2c4
2

=
(
θ(−u/µ)
θ(u/µ)

)4
,

( q
Q

)4
= a1a2B1B2
A1A2b1b2

=
(
θ(1/µ)
θ(−1/µ)

)4
,

(2.12)

while the global factor is given by

(PQ )4 = b1b2A1A2B1B2
a1a2C4

2
=
(
θ(u)θ(−1/µ)
θ(−1)θ(−u/µ)

)4
. (2.13)

We also write the vertex weights under their elliptic parametrization
(2.2) to emphasize the 3-to-3 parameters relation. Let us note that,
when one is interested to isolate, say PQ , and has to choose the correct
fourth root in the above expression, the choice is usually guided by
the domain in which we want the parameters to be. For instance, in
Aztec diamonds, it is common to use real positive parameters to have a
combinatorial interpretation and imposing PQ > 0 should indeed reduce
to a single possibility the choice among the four roots.

Looking at the right-hand sides of (2.12) and (2.13), one can show that
for u and µ on the unit circle and 0 ⩽ p < 1, each ratio of theta functions
is either real or pure imaginary. It means that for any fixed u, µ, p in
these domains, there exists a choice of roots allowing the parameters
of the Aztec diamonds to be real positive. The explicit description of
this choice is nevertheless complicated and depends on the position of u
and µ on the unit circle. There is also a more natural domain, |u| = 1,
|µ| = √p and 0 ⩽ p < 1, for which the positivity of AD parameters is
guaranteed and the choice of root simpler (i.e. always the −1 root of
unity for the 3 parameters λ, p

P ,
q
Q ). In this domain, the quantity in the

right-hand side of (2.13) is not real in general, but since this factor only
concerns the relation between Aztec diamond partition functions, it is
not important for it to be. In the rest of this chapter, we will refer to
this second choice as the correct one to find positive parameters.

The above Aztec graph partition function uses the measure which makes
a face with weight x contribute a term xNadj (multiplied by the appro-
priate power of λ). If instead we use the measure for which a face
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contributes a term x1−Nadj , we obtain the other partition function we
have denoted by T in Chapter 1. The two are simply related through

ZAD
n (p, P , q ,Q |λ) =

p⌈ (n+1)2
2 ⌉ P ⌊ (n+1)2

2 ⌋ q⌈ n2
2 ⌉ Q ⌊ n2

2 ⌋ TAD
n (p−1, P −1, q−1,Q −1|λ). (2.14)

Combining with (2.10) and (2.11), we obtain,

Z2p-6V
n+1 =

(
c2 p
P

)⌈(n+1)2
2 ⌉

C
⌊(n+1)2

2 ⌋
2

(
q
Q

)⌈n2
2 ⌉

(PQ )n(n+1)×TAD
n

(P
p ,1,

Q
q ,1|λ

)
.

(2.15)

When p = P = 1, so that the alternating non-trivial face weights are
on the q-faces, the partition function TAD

n (1, 1, Q
q , 1|λ) is then given by

a λ-determinant. Alternatively we can keep the non-trivial weights on
the p-faces, with corresponding partition function TAD

n (P
p , 1, 1, 1|λ), also

given by a λ-determinant of size n+ 1. The two are easily related,

TAD
n

(P
p , 1, 1, 1|λ

)
= (1 + λ)−(n+1) TAD

n+1
(
1, 1, p

P , 1|λ
)
. (2.16)

As a final remark, let us note that the above correspondence started
with a 6V model of size n + 1. We could have as well started from a
6V model of size n, and the bijection with ASM of size n, themselves in
correspondence with perfect matchings of Aztec graphs of order n (the
‘inner’ ASM whose entries are located on the q-faces, see Section 1.2.4).
The same results would be obtained if we keep in mind that an entry
mij in the inner ASM means that the face qij is adjacent to 1 + mij

dimers.

2.3.2 Condensation algorithm and Aztec diamond parti-
tion function

In this subsection, we show how to obtain the partition function of
the biased two-periodic Aztec diamond on the basis of what has been
achieved in Chapter 1.

Let us first recall some basic properties of the partition function TAD
n

as defined in the previous subsection (and in Chapter 1). One freedom
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concerning the face weights on Aztec diamonds is the possibility to mul-
tiply all weights on an arbitrary diagonal or anti-diagonal by a constant
factor. Since the underlying ASM on the p-faces has the property that
the sum of the elements on each row (or column) is 1, this operation
would only affect the partition function by the same amount. For the
q-faces, looking at the quantity 1−Nij , with Nij being the number of ad-
jacent dimers around a face, gives rise to an ASM with interchanged +1
and −1. Consequently, the row (or column) sum is equal to −1. The
multiplication of such a diagonal of q-faces by a constant factor would
then affect the partition function by the inverse of this factor. From this
remark, we deduce that

TAD
n (p, P , q ,Q |λ) = P

(
P
Q

)n
TAD
n

( p
P , 1,

q
Q , 1|λ

)
= p

(
p
q

)n
TAD
n

(
1, P

p , 1,
Q
q |λ
)
, (2.17)

which is actually nothing else than the equivalent of (2.11) for the func-
tion TAD

n .

One of the main observations made in Section 1.2.5 was the identity be-
tween the partition function TAD

n and the condensation of two matrices
P and Q (of size n+ 1 and n resp.) containing as entries the weights pij
and qij . Namely, the equation (1.71), that we recall here,

TAD
n (P,Q|λ) = Condλ

(
Q,P

)
. (2.18)

Q can be any (n+ 2)× (n+ 2) matrix having Q as central n×n restric-
tion. Using the weights p, P , q ,Q , the condensation algorithm produces
a sequence of Toeplitz matrices (similarly to Section 1.2.2) of the form2

M−1 = Q, M0 = P, Mk =


ak bk ak · · ·
bk ak bk · · ·
ak bk ak · · ·
...

...
... . . .


(n+1−k)×(n+1−k)

,

(2.19)
2We chose to shift the indices of the sequence Mk from one unit in order to make

easier the correspondence with the old sequences at p
P = 1 in Section 1.2.2.



2.3. From the two-periodic 6V model to Aztec diamonds 81

where the entries satisfy the following recurrence relations, coming from
the computation of 2× 2 λ-minors in the condensation algorithm,

ak+1 = a2
k + λb2

k

ak−1
, bk+1 = b2

k + λa2
k

bk−1
, with



a−1 = q ,

a0 = p,

b−1 = Q ,

b0 = P .

(2.20)

The partition function is then given by the 1 × 1 matrix entry, after n
iterations,

TAD
n (p, P , q ,Q |λ) = Condλ (M−1,M0) = (Mn)1×1 = an. (2.21)

Compared to the case p
P = 1, only the initial conditions have changed.

This is due to the fact that the structure of the recurrence itself comes
from the condensation algorithm and the Toeplitz structure of the matri-
ces involved; it is therefore not affected by the generalization we consider
here. In order to study the recurrence (2.20), it is useful to define, for
k ∈ Z,

rk = bk
ak
, rk+1rk−1 = λ+ r2

k

1 + λr2
k

, with

r−1 = Q
q ,

r0 = P
p .

(2.22)

Since ak
ak−1

= ak−1
ak−2

(1+λr2
k−1), we can easily recover the partition function

from the (rk) sequence,

TAD
n (p, P , q ,Q |λ) = a−1

n∏
k=0

ak
ak−1

= a−1

(
a0
a−1

)n+1 n∏
k=0

k−1∏
ℓ=0

(1 + λr2
ℓ )

= a0

(
a0
a−1

)n n−1∏
k=0

(1 + λr2
k)n−k. (2.23)

We note that the prefactor in the right-hand side is the same as in (2.17),
which means that

TAD
n

(
1, P

p , 1,
Q
q |λ
)

=
n−1∏
k=0

(1 + λr2
k)n−k. (2.24)

One can obtain the other relevant partition functions from this one by
using the following observations:
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(i) The exchange of the sequences ak ↔ bk is equivalent to the ex-
change of p ↔ P and q ↔ Q . Which means that

TAD
n (P , p,Q , q |λ) = bn = rnan = rnT

AD
n (p, P , q ,Q |λ), (2.25)

and, in particular,

TAD
n

(P
p , 1,

Q
q , 1|λ

)
= rnT

AD
n

(
1, P

p , 1,
Q
q |λ
)
. (2.26)

(ii) Using (2.17), one can invert both fractions P
p and Q

q ,

Tn
( p

P , 1,
q
Q , 1|λ

)
= p

P

(
p
P

Q
q

)n
Tn
(
1, P

p , 1,
Q
q |λ
)
,

Tn(1, p
P , 1,

q
Q |λ

)
= p

P

(
p
P

Q
q

)n
rnTn

(
1, P

p , 1,
Q
q |λ
)
.

(2.27)

(iii) We could also have done all these developments in terms of bn
instead of an, and thus would have found

Tn(P , p,Q , q |λ) = bn = b0

(
b0
b−1

)n n−1∏
k=0

(1 + λr−2
k )n−k. (2.28)

The recurrence on (rk) ensures that this relation is equivalent to
(2.23).

2.3.3 Elliptic parametrization and explicit check on the
partition functions

It turns out that the recurrence on the (rk) sequence can be solved
explicitly with the use of theta functions (2.3). It is not totally surprising
since we already observed that (ak) and (bk) were generalized Somos-4
sequences, and it is well known that such sequences are solved by elliptic
functions [71].

Theorem 2.3.1. For all k ∈ Z and u, µ, p ∈ C, with |p| < 1,

rk = −θ(−(−u)k+1/µ; p)
θ(+(−u)k+1/µ; p) , λ = −

(
θ(−u; p)
θ(u; p)

)2
, r−1 = Q

q
, r0 = P

p
,

(2.29)
yields the unique solution to the recurrence (2.22). The theta function
is defined in (2.3).
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Proof. The three last equalities of the theorem give the relations between
the six parameters (λ, p

P ,
q
Q )←→ (u, µ, p), and, in particular, the last two

ensure that the initial conditions of (2.22) are fulfilled. In terms of the
elliptic parametrization of p/P and q/Q , given in (2.12), one can also
verify that rk at k = −1, 0 brings the expected values. For the elliptic
parameters taken in the domain 0 ⩽ p < 1, |u| = 1 and |µ| = √p,
one can verify the choice of fourth roots of unity given by the theorem
ensures the positivity of (λ, p

P ,
q
Q ) and of the (rk) sequence for all k ∈ Z.

So that, it only remains to show that the rk and λ defined above respect
the recurrence relation for all k. For that, let us examine the quantities

λ+ r2
k = θ(−(−u)k+1/µ)2θ(u)2 − θ((−u)k+1/µ)2θ(−u)2

θ((−u)k+1/µ)2θ(u)2

= −uθ(−(−u)k+2/µ)θ(−(−u)k/µ)θ(−1)2

θ((−u)k+1/µ)2θ(u)2 (2.30)

and

1 + λr2
k = θ((−u)k+1/µ)2θ(u)2 − θ(−(−u)k+1/µ)2θ(−u)2

θ((−u)k+1/µ)2θ(u)2

= −uθ((−u)k+2/µ)θ((−u)k/µ)θ(−1)2

θ((−u)k+1/µ)2θ(u)2 . (2.31)

These identities on theta functions are readily obtained using (2.125).
We now take the ratio of the two and find, for all k ∈ Z,

λ+ r2
k

1 + λr2
k

= θ(−(−u)k+2/µ)θ(−(−u)k/µ)
θ(+(−u)k+2/µ)θ(+(−u)k/µ) = rk+1rk−1, (2.32)

as desired.

Remark. In terms of Jacobi theta function, the theorem would read

rk = ϑ3(µ̃+ k ũ; p̃)
ϑ4(µ̃+ k ũ; p̃) , λ =

(
ϑ1(ũ; p̃)
ϑ2(ũ; p̃)

)2
, (2.33)

after an adequate change of variables between the tilde and non-tilde
variables. This solution is real positive for (ũ, µ̃, p̃) ∈ R. The relations
between multiplicative and additive conventions of theta functions are
given in Appendix 2.A.
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From the relations (2.24) and (2.31), the partition function TAD
n imme-

diately follows

TAD
n

(
1, P

p , 1,
Q
q |λ
)

=
(
−u θ(−1)2

θ(u)2

)n(n+1)
2 (

θ(1/µ)
θ(−u/µ)

)n θ((−u)n+1/µ)
θ(−u/µ) .

(2.34)
Or alternatively,

TAD
n

(P
p , 1,

Q
q , 1|λ

)
=
(
−u θ(−1)2

θ(u)2

)n(n+1)
2 (

θ(1/µ)
θ(−u/µ)

)n θ(−(−u)n+1/µ)
θ(−u/µ) ,

(2.35)
by using (2.26). These partition functions are real positive for all n ∈ N,
0 ⩽ p < 1, |u| = 1 and |µ| = √p.

The details about the relation between the two-periodic Aztec diamond
and the 2p-6V model have been discussed in Section 2.3.1. We recall
here the equation (2.15),

Z2p-6V
n+1 =

(
c2 p
P

)⌈ (n+1)2
2 ⌉

C
⌊ (n+1)2

2 ⌋
2

(
q
Q

)⌈ n2
2 ⌉

(PQ )n(n+1)×TAD
n

(P
p , 1,

Q
q , 1|λ

)
.

(2.36)
For the choice of weights (2.2), and by using the relations (2.12) and
(2.13), one can verify that the factor in front of TAD

n is equal to

An =
( i θ(u)
θ(−1)

)n(n+1) (θ(−u/µ)
θ(1/µ)

)n+1 ( θ(1/µ)
θ(−1/µ)

)δn,odd

. (2.37)

Since PQ appears with an even power for any n, we can take any of the
two roots PQ = ±i θ(u)θ(−1/µ)

θ(−1)θ(−u/µ) in (2.13). With this result at hands and
with the partition function (2.35), we are now able to verify explicitly
that the partition functions of both models coincide,

AnTAD
n

(P
p , 1,

Q
q , 1|λ

)
= un(n+1)/2 θ(−(−u)n+1/µ)

θ((−1)n/µ) = Z2p-6V
n+1 (u;µ, p).

(2.38)

2.4 One-refined tangent method

The purpose of this section is the computation of a parametric form for
the arctic curve of the elliptic SOS model at the free-fermion point via
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the geometric (or one-refined) tangent method, introduced by Colomo
and Sportiello [43]. As we have seen in the previous section, the model is
closely related to biased two-periodic Aztec diamonds. In particular, the
relation between the partition functions of both models (and the way
the configurations are weighted) allows one to verify that their arctic
curves coincide. For this reason, in the following, we will focus our work
on the 8VSOS for which we have the benefit to possess expressions for
the fully inhomogeneous generalization. Although, we emphasize that
it is not an imperative ingredient to compute the one-refined partition
function, it greatly simplifies the derivation of its generating function3.

Concerning the geometric tangent method, a detailed description is given
in [52] and we mainly follow the same scheme. The strategy of this
technique is briefly recalled in Section 2.4.3. In summary, to accomplish
this task, we essentially need two quantities: Zn+1,k, the one-refined
partition function (i.e. the weighted sum on configurations while the
position of the vertex c2 (or C2) on the first column is fixed at position k)
and Zup

1 , the partition function of a single path on the elliptic SOS graph
with no constrain. In the following subsection, we compute the first of
these two quantities, while the path generating function is computed in
the one after.

2.4.1 One-refined partition function

For this subsection, we consider the inhomogeneous extension of the
model on a domain of size n+ 1 with domain wall boundary conditions
and set the spectral parameters for the columns as (u0, u1, . . . , un) =
(t, u, . . . , u) and for the rows as (v0, v1, . . . , vn) = (1, 1, . . . , 1), as de-
picted in Figure 2.7. The parameter t is introduced to control the de-
pendence on the zeroth column and compute the one-refined partition
function, but the model that we really study is the one described at
t = u.

3For instance, another possibility would be to use the elliptic solution of the (rk)
sequence together with the octahedron recurrence satisfied by the AD refined partition
functions [52] to obtain a sum rule of the type (2.44).
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Figure 2.7: Left: grid of size 6 with DWBC (in red). The sites with i+j

even are represented in blue, the others in red. Right: the zeroth column
is filled with a- and b-vertices with (necessarily) a unique c2, drawn in
green, marking the transition between them.

With our specialization, the partition function (2.7) reads

Zn+1(t) = Zn+1(t, u;µ, p) = un(n+1)/2 θ
(
(−u)nt/µ

)
θ
(
(−1)n/µ

) [θ(−t/u)
θ(−1)

]n
,

(2.39)
and we also note that

Zn(u) = un(n−1)/2 θ
(
− (−u)n/µ

)
θ
(
(−1)n+1/µ

) . (2.40)

What we call a (one-)refined partition function (also called sometimes
one-point boundary correlation function [43, 72]) is the weighted enu-
meration of configurations while the vertex content of the first column
is prescribed. Due to the boundary conditions and the ice-rule, we know
there is a unique vertex of type c2 in this column and its position alone,
let us call it4 k (0 ⩽ k ⩽ n), fixes the remaining vertices of the column;
the ones above are of type a1, and those below are of type b2.

On one hand, since by summing k over the whole column we have to
recover the total state enumeration, the partition function must satisfy

4We count the position from 0 to n starting from the upper edge.
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the decomposition

Zn+1(t) =
n∑
k=0

Zn+1,k(t). (2.41)

On the other hand, once k is fixed, we know exactly the vertex content
of the zeroth column, as explained above. We find either a c2 or C2
at position k (depending on k even or odd resp.), then essentially k

vertices of type a and n − k vertices of type b. This observation allows
us to extract the dependence on t of Zn+1,k(t). More precisely, what we
have is

Zn+1,k(t) = a⌈k/2⌉A⌊k/2⌋

 b⌈(n−k)/2⌉B⌊(n−k)/2⌋ if n even
b⌊(n−k)/2⌋B⌈(n−k)/2⌉ if n odd


×

 c2 if k even
C2 if k odd

An,k(u)

=
[
θ(−t)
θ(−1)

]k [ i θ(t)
θ(−1)

]n−k [θ((−1)n+1µ)
θ((−1)nµ)

]δn−k,odd
[
θ((−1)kt/µ)
θ((−1)k/µ)

]
An,k(u),

(2.42)

where An,k(u) is the partition function on the domain with its zeroth
column removed and with a reversed, that is, outgoing, arrow at position
k (resulting from the presence of the c2 or C2 vertex at this position).
Since An,k(u) does not depend on t, one can divide the above expression
by Zn+1,k(u) and obtain the relation

Zn+1,k(t) =
[
θ(−t)
θ(−u)

]k [ θ(t)
θ(u)

]n−k [ θ((−1)kt/µ)
θ((−1)ku/µ)

]
Zn+1,k(u). (2.43)

It would have been possible to obtain this relation faster by looking at
the behaviour in t of the first column and by extracting directly the ratio
of refined partition functions Zn+1,k(t)/Zn+1,k(u), but we found it more
pedagogical this way.

Let us define the Ck = Zn+1,k(u)/Zn(u), the ratio of partition functions
of interest for the tangent method, and ξ(t) = θ(−t)

θ(+t)
θ(+u)
θ(−u) . We now

insert (2.39) and (2.43) in the decomposition (2.41) and obtain, after
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some simplifications,

F (t)= Zn+1(t)
Zn(u)

[
θ(u)
θ(t)

]n
=un

θ
(
(−1)n+1/µ

)
θ
(
(−u)nt/µ

)
θ
(
(−1)n/µ

)
θ
(
− (−u)n/µ

) [θ(−t/u)
θ(−1)

θ(u)
θ(t)

]n

=
n∑
k=0

Ck ξ
k

[
θ((−1)kt/µ)
θ((−1)ku/µ)

]
. (2.44)

We can split the summations on k even and odd, and extract the oscil-
lating factor

[
θ((−1)kt/µ)
θ((−1)ku/µ)

]
from each term,

F (t) = θ(t/µ)
θ(u/µ)F0(t) + θ(−t/µ)

θ(−u/µ)F1(t), (2.45)

where F0(t) and F1(t) are the terms in the sum ∑n
k=0Ck ξ

k correspond-
ing to k even and odd respectively. Evaluating the expression at t 7→ t−1

and using ξ(t−1) = −ξ(t) yields a second relation,

F (t−1) = θ(1/tµ)
θ(u/µ) F0(t)− θ(−1/tµ)

θ(−u/µ) F1(t). (2.46)

These two relations can be viewed as a linear system which relates the
two pairs of functions

(
F (t), F (t−1)

)
←→

(
F0, F1

)
, and allow us to de-

termine, for k = 0, 1,

Fk(t) = θ((−1)ku/µ)F (t) θ((−1)k+1/tµ) + (−1)kF (t−1) θ((−1)k+1t/µ)
θ(t/µ)θ(−1/tµ) + θ(−t/µ)θ(1/tµ) .

(2.47)
By the Cauchy theorem, we thus obtain an integral formula for the
coefficients

Ck = 1
2πi

˛
0

Fk mod 2
ξk+1 dξ = 1

2πi

˛
−1

Fk mod 2(t)
ξk+1(t) ξ′(t)dt. (2.48)

The numerator in (2.47) contains two terms, but for the second one,
we may change the integration variable by t 7→ t−1 and remark that its
contribution is the same as the first term:

(i) The change of variables t 7→ t−1 preserves the position of the pole
at t = −1, and the orientation of the integration contour.

(ii) Fk(t−1) = (−1)kFk(t).
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(iii) ξk+1(t−1) = (−1)k+1ξk+1(t).

(iv) d(t−1) = −t−2dt.

(v) d
d(t−1)ξ(t

−1) = t−2 d
dtξ(t) .

We now let k scale with the size of the domain, k = rn with r ∈ [0, 1],
and use the above observation to rewrite

Ck = 1
πi

˛
−1
Bk(t)

[
u
θ(u)θ(−t/u)
θ(−1)θ(t)ξr

]n
dt= 1

πi

[
uθ(u)
θ(−1)

]n˛
−1
Bk(t)enφ(t,r)dt.

(2.49)
We set

Bk(t)= θ((−1)ku/µ)θ((−1)k+1/tµ)
θ(t/µ)θ(−1/tµ)+θ(−t/µ)θ(1/tµ)·

θ((−1)n+1/µ)θ((−u)nt/µ)ξ′(t)
θ((−1)n/µ)θ(−(−u)n/µ)ξ(t)

=
(
p2; p2)2

∞
θ(t2; p2)

θ
(

(−1)k+1

µt

)
θ
(

(−1)ku
µ

)
θ
(
t(−u)n

µ

)
θ
(

(−1)n

µ

)2
θ
(
− (−u)n

µ

) , (2.50)

with (p; p)∞ = ∏∞
j=1(1−pj), the Euler function, which is itself related to

a special evaluation of q-Pochhammer symbols, (a; q)∞ = ∏∞
j=0(1−aqj).

We may assume that Bk(t) does not affect the leading order of the
asymptotics since this factor can be bounded by quantities independent
of n and is non-singular for generic values of the parameters5. In particu-
lar, for 0 ⩽ p < 1, we can use the inequalities |θ(|z|)| ⩽ |θ(z)| ⩽ |θ(−|z|)|
to obtain the following explicit bounds on Bk,∣∣∣∣∣θ(|

t
µ |)θ(|

1
tµ |)θ(|

1
µ |)

θ(−| 1µ |)3

∣∣∣∣∣ ⩽
∣∣∣∣∣ θ(t2; p2)
(p2; p2)2

∞
Bk(t)

∣∣∣∣∣ ⩽
∣∣∣∣∣θ(−|

t
µ |)θ(−|

1
tµ |)θ(−|

1
µ |)

θ(| 1µ |)3

∣∣∣∣∣,
(2.51)

where we also assumed |u| = 1.

The function

φ(t, r) = log θ(−t/u)
θ(t) − r log θ(−t) θ(u)

θ(t) θ(−u) (2.52)

thus controls the exponential rate of Ck and the integral (2.49) is well
suited for applying the saddle point method. Let us define the function

5In fact, it is not difficult to see that the values of t, u, µ where Bk = 0,∞ corre-
spond to some choices where the vertex weights (2.2) themselves are singular.
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ϕ(z) = zθ′(z)/θ(z). The saddle point equation reads6

t ∂tφ(t, r) = ϕ(−t/u)− ϕ(t)− r(ϕ(−t)− ϕ(t)) = 0. (2.53)

By isolating r in the equation,

r = ϕ(t)− ϕ(−t/u)
ϕ(t)− ϕ(−t) , (2.54)

we obtain an implicit solution for t(r), the position of the saddle point.
We chose to call the saddle point t = t(r) to emphasize the distinction
with the initial spectral parameter t (which does not depend on r). We
note that, for t and u on the unit circle (more precisely: either both on
the upper half of the u.c. or both on its lower half), and 0 ⩽ p < 1, we
find r ∈ [0, 1]. The asymptotics of the Ck’s follows,

lim
n→∞

1
n

logCk = φ(t(r), r) + log
[
u θ(u)
θ(−1)

]
. (2.55)

The second term is not really important for our purpose since, for the
tangent method, only the derivative in r of this quantity will matter;
due to the saddle point equation, we find

d
drφ(t(r), r) = ∂

∂r
φ(t(r), r) = − log ξ(t(r)). (2.56)

Let us remark that in the limit p, µ → 0, in which we recover the
usual free-fermionic six-vertex model, it is known that the coefficient
Ck = Zn+1,k(u)

Zn(u) are essentially given by binomial coefficients
(n+1
k

)
while

the dependence on u factorizes. The coefficients Ck we studied in this
section can therefore be seen as an elliptic generalization of these bino-
mial coefficients. Unfortunately, we could not obtain any closed formula
for them at finite n, k.

Another quantity that can be computed at this stage is the maximum
in r of the exponential rate. It follows from (2.56) that this maximum
rc is given by

d
drφ(t(rc), rc) = − log ξ(t(rc)) = 0. (2.57)

6We suppose that, for some values of the parameters at least, a solution t(r) to this
equation exist and that we can deform the contour integral into a suitable contour
for the saddle point analysis (i.e. a contour γ(t) around −1 that passes through t(r)
and such that Re γ(t) has a unique global maximum at t(r)).
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It is easy to verify that ξ(t(rc)) = 1 when t(rc) = u, and by inserting
this result in (2.54), we find

rc = ϕ(u)− ϕ(−1)
ϕ(u)− ϕ(−u) . (2.58)

In the regime of large n this quantity corresponds to the maximum in r
of Zn+1,rn(u) and therefore describes the likeliest position of the vertex
c2 or C2 in the zeroth column. In the scaling limit, it thus gives the
position at which the arctic curve touches the edge of the domain. One
can also verify that if we let7 p→ 0, we find

rc(p = 0) = (1 + u)2

4u = λ

1 + λ
, (2.59)

which indeed corresponds to the contact point in the usual 6V model at
the free-fermion point.

2.4.2 Path generating function

In this subsection, we aim to compute the generating function for "paths"
in this elliptic SOS grid. First, let us for this define a path representation
of this vertex model. We do this by replacing at each vertex the arrow
configuration by a specific path segment, as listed in Figure 2.8.

a1, A1 a2, A2 b1, B1 b2, B2 c1, C1 c2, C2

Figure 2.8: Dictionary between vertex and path representations: down
and left arrows are replaced by thick lines while up and right arrows are
replaced by thin gray lines.

7We recall that θ(z; p = 0) = 1 − z and ϕ(z; p = 0) = z/(z − 1).
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Figure 2.9: Left: representation of the domain with domain wall bound-
ary conditions for the non-intersecting path representation. Right: ex-
ample of an isolated path starting at (i, j+ 1

2) and ending at (i′ + 1
2 , j

′).
The black crosses indicate the possible intermediate steps between each
path fragment.

A consequence of the ice-rule is the conservation in the number of solid
line passing through each vertex. The result on configurations is that
the number of paths through the entire domain is conserved. Moreover,
these paths cannot cross each other, only kissing points are allowed
by a2-type vertex. The domain wall boundary conditions impose to n

paths to connect the bottom and right edges. We use the conventional
orientation and consider they start at the bottom edge. Hence, due to
the non-intersecting property, these paths necessarily end at the right
edge in the same order as they entered the domain. An illustration of
the lattice with DWBC as well as an example of paths are provided in
Figure 2.9.

In order to compute the generating function of these paths, we start
by listing all the different elementary lattice steps with their associated
weights: for i, j positive integers, we have

w[(i− 1
2 , j)→ (i+ 1

2 , j)] =

b1 if i+ j even,
B1 if i+ j odd,

(2.60a)

w[(i, j − 1
2)→ (i, j + 1

2)] =

b2 if i+ j even,
B2 if i+ j odd,

(2.60b)
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w[(i− 1
2 , j)→ (i, j + 1

2)] =

c1 if i+ j even,
C1 if i+ j odd,

(2.60c)

w[(i, j − 1
2)→ (i+ 1

2 , j)] =

c2 if i+ j even,
C2 if i+ j odd.

(2.60d)

To simplify the discussion, we suppose the blue vertices to be located
at sites (i, j) such that i + j is even. It is not difficult to change it to
i + j − n even in order to fit with our previous convention on the grid.
We will not do it since it doesn’t affect the final result anyway. We
denote by Zpath

i,j the partition function of the paths (i.e. the weighted
sum over all possible paths) going from8 (0, 1

2) to (i, j + 1
2) with i, j

either both integers are both half-integers. Due to the nature of the
lattice, we define, for i, j ∈ N, the four quantities Ze

i+ 1
2 ,j

, Ze
i,j+ 1

2
, Zo

i+ 1
2 ,j

and Zo
i,j+ 1

2
according to i+ j being even or odd. Each of these functions

enumerates the paths coming from (0, 1
2) to the position corresponding

to their indices. From the lattice steps above, we deduce the following
recurrence relations on these path partition functions,

Ze
i,j+ 1

2
= b2Z

o
i,j− 1

2
+ c1Z

o
i− 1

2 ,j
+ δi,0δj,0 if i+ j even,

Zo
i,j+ 1

2
= B2Z

e
i,j− 1

2
+ C1Z

e
i− 1

2 ,j
if i+ j odd,

Ze
i+ 1

2 ,j
= b1Z

o
i− 1

2 ,j
+ c2Z

o
i,j− 1

2
if i+ j even,

Zo
i+ 1

2 ,j
= B1Z

e
i− 1

2 ,j
+ C2Z

e
i,j− 1

2
if i+ j odd.

(2.61)

Let us define the generating functions associated to these sequences,
Gα,I(x, y) = ∑

i,j∈N Z
α
i,j+ 1

2
xiyj and Gα,H(x, y) = ∑

i,j∈N+ 1
2
Zα
i,j+ 1

2
xiyj

with α = e, o. The letters I,H stand for integers and half-integers.
The above recurrences induce a system of equation satisfied by these
generating functions,

Ge,I(x, y) = b2 y G
o,I(x, y) + c1

√
xy Go,H(x, y) + 1, (2.62a)

Go,I(x, y) = B2 y G
e,I(x, y) + C1

√
xy Ge,H(x, y), (2.62b)

8We could also have considered in addition the paths starting from (1/2, 0) by
adding another δi,0δj,0 in the corresponding recurrence. It would have affected the
numerator of the generating but not the denominator, which is the only part that
contribute to the large deviation function.
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Ge,H(x, y) = b1 xG
o,H(x, y) + c2

√
xy Go,I(x, y), (2.62c)

Go,H(x, y) = B1 xG
e,H(x, y) + C2

√
xy Ge,I(x, y). (2.62d)

This linear system can be solved easily and yields rational expressions (in
the variables x, y,√xy) for each sub-generating function. By summing
the four contributions, we obtain the total generating function

G(x, y) =
∑
α=e,o
β=H,I

Gα,β(x, y) =

1+y(B2−xc2C1)−x2b1(B1−yA1A2)+
√
xy(x(b1C2−yc2A1A2)+B2c2y+C2)

1−xy(c2C1+c1C2)−x2b1B1−y2b2B2+x2y2(b1b2−c1c2)(B1B2−C1C2)
.

(2.63)
By using the free-fermion rule (2.4) mentioned in the introduction of
the 8VSOS model, one can simplify the denominator (the numerator
has already been simplified),

Q(x, y) = 1− xy (c2C1 + c1C2)− x2b1B1 − y2b2B2 + x2y2a1a2A1A2.

(2.64)
Only the denominator is interesting for us since we don’t need the sub-
leading corrections to the exponential rate; Zpath

r1n, r2n ∼ er1nL(σ) where
σ = r2/r1 ∈ [0,∞) is the slope of the straight line joining the end-
points of the path. This asymptotics can be obtained via the saddle
point method, or by using the framework of [73]. Both yield the re-
sult L(σ) = − log x − σ log y where x(σ) and y(σ) are the unique real
positive solution of the systemQ(x,y) = 0,

σ x∂xQ(x,y)− y∂yQ(x,y) = 0.
(2.65)

By multiplying the first equation by 1−σ and taking the sum of the two,
one can kill the terms in xy and (xy)2, and find a quadratic equation
for x with no linear term, from which we deduce

x(s) = 1√
b1B1

√
s− z2

sλ2z2 − 1 , (2.66)

with

z(s) = y(s)
√
b2B2 and s = σ − 1

σ + 1 ∈ [−1, 1]. (2.67)
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Inserting this result in the first equation allow us, in principle, to de-
termine z(s). However, the result is rather complicated and not useful
anyway. It is actually easier for us to work with the inverse relation and
use z as the independent variable for the parametrization of sigma,

s(z)=
[
αz
(
1−λ2z4

)√
α2z2 +4(1−z2)(1−λ2z2)−α2z2

(
1+λ2z4

)

−2
(
1−2z2 +λ2z4

)(
1−2λ2z2 +λ2z4

)] 1
2(1−2λ2z2 +λ2z4)2−2α2λ2z4

,

(2.68)

where we set α = c1C2+c2C1√
b1b2B1B2

= −uθ(−1)3θ(u2)
θ(u)3θ(−u) (using (2.122)). We note

that since α(u) and λ(u) are both independent of µ, the dynamical
parameter, s(z) also is. It was already the case in the previous subsection
during the computation of the exponential rate of Ck, but it is quite
surprising that the dependence on µ completely disappears from the
leading order. We will come back to this observation in Section 2.6.

In the next subsection, we will need the values of r1L(σ(s)) = r1L̃(s) =
−r1 log x − r2 log y when σ = 0,∞ or equivalently when s = −1, 1
respectively. For that, let us remark that s(z = 0) = −1, s(z = 1) = 1
and consequently z(s = −1) = 0 and z(s = 1) = 1. Hence, we find in
the case where r1 = 1, r2 = 0 that

r1L(σ=0) = r1L̃(s=−1) = − log x(s=−1) = log
√
b1B1, (2.69)

and when r1 = 0, r2 = 1,

r1L(σ=∞) = r1L̃(s=1) = − log y(s=1) = log
√
b2B2. (2.70)

Intuitively, these quantities correspond to the exponential rate of a path
following a horizontal (resp. vertical) straight line.

To conclude this subsection, let us also note that the derivative of the
function L(σ) is nicely given by

L′(σ) = d
dσL(σ) = ∂

∂σ
L(σ) = − log y(σ). (2.71)

This result is a simple consequence of the system (2.65) solved by x,y.
By taking the derivative of the first equation with respect to σ, one
obtains the equality ∂yQ

∂xQ
= −x′(σ)

y′(σ) and together with the second equation
it yields x′(σ)

y′(σ) = −σ x(σ)
y(σ) , from which (2.71) readily follows.
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2.4.3 One-refined parametrization of the arctic curve

The geometric tangent method as formulated in [43] can be described
as follows. The quantity Zn+1,k retains only the configurations where
the first path leaves the left edge at position k = rn (measured from the
upper-left corner), as depicted in Figure 2.10. This path is then free to
proceed to the right and necessarily merges with the arctic curve at some
point. Once the curve touches the upper edge, the path will eventually
continue as a horizontal straight line until it reaches the right edge. In
the scaling limit, the tangent method works under the two hypotheses:
(i) the shape of the arctic curve is not affected by the uppermost path
forced to leave the left boundary at k, and (ii) this uppermost path,
after leaving the left edge, will continue toward the arctic curve as a
straight line (with a probability that goes to 1 as n becomes large) and
meets it tangentially before merging with the curve. In general, the
hypothesis (i) is harder to control and has been made rigorous only in
the context of the six-vertex model [74]. The second assumption can be
deduced from the first one in a quite general framework [75].

In the following, we denote by (x, h(x)) the cartesian9 parametrization
of the (external) arctic curve and by x∗ = x∗(r) the abscissa where the
uppermost path, in red in Figure 2.10, tangentially meets the arctic
curve. Under the assumptions of the previous paragraph, the portion of
the red path tangent to the arctic curve follows the straight line equation
y = σ∗x + (1 − r), where we denote by σ∗ = σ∗(r) = h′(x∗) its slope.
By varying r, we obtain a family of straight lines which reproduces the
arctic curve as an envelope. This latter is therefore immediately given
by the system 

x(r) =
(

dσ∗
dr

)−1
,

y(r) = σ∗x+ (1− r).
(2.72)

Our objective is now to understand the relation between σ∗ and r. Here
again, the assumptions of the tangent method help us. Since the first
path is supposed to have no effect on the arctic curve and thus on the
other paths, we expect, at the leading order in n, that the refined par-
tition function Zn+1,rn factorizes into the contribution of the single red

9The cartesian coordinates (x, y) are the usual ones, with the origin taken in the
bottom-left corner in Figure 2.10, contrary to the previous convention for r, s.
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path represented in Figure 2.10, let us called it Zup
1 , and the contribution

from the remaining n paths, given by Zn. Formally, this factorization
reads,

lim
n→∞

1
n

log Zn+1,rn
Zn

= lim
n→∞

1
n

logZup
1 . (2.73)

This factorization property has been conjectured and tested in a num-
ber of cases in [76]. It was then shown in [52] (Section 6.1) to follow
from the tangent method itself. The quantity on the left-hand side of
(2.73) corresponds to the large deviation function of Ck which has been
computed in Section 2.4.1, while in Section 2.4.2, we gathered all the
elements to compute Zup

1 . It is not difficult to see that this relation
provides exactly what we seek, since the left part depend explicitly on
r and the right part will show a dependence on the slope of the path as
we will see immediately.

As shown in [75], in the scaling limit, the behaviour of Zup
1 is dominated

by

Zup
1 ∼ enS[f ], S[f ] =

ˆ 1

0
L(f ′(x))dx, (2.74)

where (x, f(x)) are the cartesian coordinates of the red path and L(σ)
the large deviation function that leads the asymptotics of a path of slope
σ, computed in the previous subsection. The trajectory of the red path
can be fragmented into four parts, namely, S[f ] is equal to

(1− r) log
√
b2B2 +

ˆ x∗

0
L(h′(x∗))dx+

ˆ rc

x∗

L(h′(x))dx+
ˆ 1

rc

L(0)dx

=(1−r)log
√
b2B2 +x∗L(h′(x∗))+

ˆ rc

x∗

L(h′(x))dx+(1−rc)log
√
b1B1.

(2.75)
The first terms account for the vertical part of the path. It simplifies
the discussion to rather consider the derivative of (2.73) with respect to
r, and thus the quantity

d
drS[f ] = − log

√
b2B2 + L′(h′(x∗))x∗h

′′(x∗)dx∗
dr . (2.76)

In order to compute dx∗
dr , we use the equation of the straight line going

from (0, 1− r) to (x∗, h(x∗)), namely, y = h′(x∗)x+ (1− r). Evaluating
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(1, 0)

0 (0, 1)r0

r0

(x∗, h(x∗))

r

Figure 2.10: Illustration of the one-refined tangent method in the
rescaled domain. Frozen regions in each corners are represented with
the corresponding kind of vertices they contain. The external (resp. in-
ternal) arctic curve and the rough (resp. smooth) disordered region are
in blue (resp. green). We force the first path (in red) to leave the left
edge at position r. For large n, we claim that the red path follows a
straight trajectory and meets the arctic curve tangentially at a certain
point, (x∗, h(x∗)), it then accompanies the curve until it touches the
upper edge of the domain. The position of the contact point rc in the
first column and row are equal due to the symmetries of the model.

this relation at (x, y) = (x∗, h(x∗)) and taking the derivative with respect
to x∗ yields

dr
dx∗

= x∗h
′′(x∗). (2.77)

As previously, let us denote by σ∗ = h′(x∗) the slope of the straight line
tangent to the arctic curve and set s∗ = s(σ∗) = σ∗−1

σ∗+1 . By recalling that
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L′(σ(s)) = − log z(s)√
b2B2

, we finally obtain

d
drS[f ] = − log z(s∗). (2.78)

Used with the previous result (2.56), the identity (2.73) provides a rela-
tion between the slope σ∗ and r,

d
drφ(t(r)) = d

drS[f ] ⇔ z(s(σ∗)) = ξ(t(r)). (2.79)

Rather than using r as the parameter to describe the curve, it seems
more natural to use t instead. The relation (2.79) then provides an
expression for s∗ in terms of t, namely, s∗ = s(z = ξ(t)) with s(z) given
by (2.68). The parametrization of the arctic curve can also be recast in
terms of t, 

x(t) =
(

dσ∗
dr

)−1
= dr

dt

(
dσ∗
dt

)−1
,

y(t) = σ∗x+ (1− r),
(2.80)

while the relation between r and t is given by (2.54). In the next section,
we use an alternative method to derive the same parametrization, and
continue in Section 2.6 the study of the arctic curve; in particular, the
domain of the parameter t that produces a real curve in the (x, y) plane.

2.5 Two-refined tangent method

In this section, we show how to rederive the parametrization of the
arctic curve by using the two-refined tangent method introduced by
Sportiello [77]. This method relies on a change of behaviour in the
exponential rate of the two-refined partition function [76]. In the limit
where n → ∞, it causes a 0–1 transition that allows one to probe the
arctic curve.

The idea of the method is the following. Similarly to the one-refined
case, we condition the first path to leave the left edge at position k = rn

and at the same time to join the upper edge at position ℓ = sn, see
Figure 2.11. As n becomes large, the sum over all possible paths is
exponentially dominated by the trajectory of a single (classical) straight
path joining the two edges.



100 Chapter 2. Arctic curves in the elliptic SOS model

(1, 0)

0 (0, 1)

r

s

(1, 0)

0 (0, 1)

r

s

Figure 2.11: Illustration of the two-refined tangent method in the
rescaled domain. We force the first path (in red) to leave the left edge
at position r and the top edge at position s. For large n, we claim that
the red path will follow a straight trajectory between these two points
unless it meets the arctic curve in which case its trajectory is deviated
as represented on the second picture.

This description leads to the presence of two regimes. In the first one,
r and s are small enough, and the uppermost path, in red in the left
picture of Figure 2.11, condenses almost surely to a straight trajectory
between the two edges. In the second, for bigger (r, s) as depicted on
the right picture of the same figure, the straight trajectory is forbidden
since it would cross the arctic curve (and thus the other paths). The
smallest possible deformation thus consists in two straight segments with
in between a piece that follows the arctic curve. The special case ex-
actly between those two regimes happens precisely when the first path
is tangent to the arctic curve.

Let us denote by Z1 the path partition function with starting point
(1, 0) and endpoint (0, 1) with the only constraint of passing through
(r, 0) and (0, s). In the first regime, since the first path does not interact
with the arctic curve, we expect at the dominant order in n that the two-
refined partition function behaves like Zn+1,rn,sn ≃ ZnZ1. This function
is properly defined below. In the second regime, the deviation of the
first path by the arctic curve directly affects the exponential rate of this
partition function, which decreases drastically. Hence, we expect in this
case an inequality of the type Zn+1,rn,sn ≃ ZnZdef

1 ≪ ZnZ1, where Zdef
1
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is the path Z1 deflected by the arctic curve. By normalizing correctly the
refined partition function, it is then expected to observe a discontinuity
in the large n limit,

lim
n→∞

Zn+1,rn,sn
ZnZ1

=

1 if (r, s) below Cr,s,

0 if (r, s) above Cr,s.
(2.81)

The relation between r and s that determines the regime of Zn+1,rn,sn
forms a curve in the (r, s) plane, denoted above by Cr,s, along which
occurs the discontinuity.

It is important to mention that the actual discontinuity only occurs for
this ratio of partition functions and in the limit n → ∞, however, the
change of behaviour itself between the two regimes is solely contained
in Zn+1,rn,sn.

The concrete application of the two-refined tangent method consists to
determine the curve Cr,s by probing the discontinuity in (2.81). As ex-
plained, taking (r, s) on this curve provides a family of straight lines,
tangent to the arctic curve that we can eventually retrieve as their en-
velope, similarly to the one-refined case.

The two-refined tangent method compared to the one-refined presents
the advantages to rely on less hypotheses (e.g. the tangency assumption)
and, as we will see, doesn’t need the path generating function computed
in Section 2.4.2. However, the downside is that the quantity Zn+1,rn,sn
is both harder to obtain than Zn+1,rn, and more complicated to anal-
yse asymptotically. For these reasons, we personally think that both
methods are nicely complementary.

2.5.1 Two-refined partition function

Similarly to Section 2.4.1, we will use the inhomogeneous extension of
the model to compute the two-refined partition function and set this time
the spectral parameters for the columns as (u0, u1, . . . , un) = (t, u, . . . , u)
and for the rows as (v0, v1, . . . , vn) = (v, 1, . . . , 1), as depicted in Fig-
ure 2.12. With this specialization, the partition function (2.7) reads

Zn+1(t, v) = un(n+1)/2

vn
θ
(
(−u)nt/vµ

)
θ
(
(−1)n/µ

) [
θ(−t/u)θ(−v)

θ(−1)2

]n
. (2.82)
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Figure 2.12: Grid of size 6 with DWBC. The sites with i + j even are
represented in blue, the others in red. On the left, a unique c2 vertex
(in green) is located on the site (0, 0). On the right, the c2 of the first
column is located at (2, 0) and the one of the first row at (0, 3).

We define here the two-refined partition function Zn+1,k,ℓ as the weighted
enumeration of configurations while the position of the single c2-type
vertex in the first column is located at position k and the c2 vertex in the
first row is at position ℓ. In most configurations, we have 1 ⩽ k, ℓ ⩽ n,
and these two vertices are therefore necessarily distinct. But in few of
them, a c2 vertex occupies the position (0, 0), in which case this single
vertex account for the first column and row at the same time. Example
of both situations are given in Figure 2.12.

By its definition, the refined partition function summed on all possible
k, ℓ must reproduce the total partition function,

Zn+1(t, v) = Zn+1,0,0(t, v) +
n∑

k,ℓ=1
Zn+1,k,ℓ(t, v). (2.83)

For k, ℓ = 0, we can easily extract the weight of the vertex content of
the first row and column,

Zn+1,0,0(t, v) = c2(t/v)[b2(t)b1(u/v)]⌊n/2⌋[B2(t)B1(u/v)]⌈n/2⌉Zn(u, 1)

= θ(t/vµ)
θ(−1/µ)

θ((−1)n+1/µ)
θ((−1)n/µ)

(
−θ(t)θ(u/v)

θ(−1)2

)n
Zn(u, 1).

(2.84)
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Zn(u, 1) is the partition function of the n-sized grid that is left after the
extraction of the first column and row.

For arbitrary k, ℓ, we can play the same game as in (2.42), and track the
number of each vertex according to the parity of k, ℓ and n, however, it
is easier to directly work with the elliptic weights and extract the ratio

Zn+1,k,ℓ(t, v)
Zn+1,k,ℓ(u, 1) =

[
θ(−t)
θ(−u)

]k−1 [θ(−u/v)
θ(−u)

]ℓ−1 [ θ(t)
θ(u)

]n−k [θ(u/v)
θ(u)

]n−ℓ

× θ(−t/v)
θ(−u)

θ((−1)kt/µ)
θ((−1)ku/µ)

θ((−1)ℓu/vµ)
θ((−1)ℓu/µ) . (2.85)

Let us define the ratios of partition functions Ck,ℓ = Zn+1,k,ℓ(u,1)
Zn(u,1) ,

F (t, v) = Zn+1(t, v)− Zn+1,0,0(t, v)
Zn(u, 1)

θ(−u)
θ(t/v)

(
θ(u)2

θ(t)θ(u/v)

)n−1

, (2.86)

and the variables

ξ(t) = θ(−t)
θ(+t)

θ(+u)
θ(−u) , η(v) = θ(−u/v)

θ(+u/v)
θ(+u)
θ(−u) . (2.87)

We can now insert the different results in the decomposition (2.83) in
order to obtain, after some simplifications,

F (t, v) =
n∑

k,ℓ=1
Ck,ℓ ξ

k−1ηℓ−1
[
θ((−1)kt/µ)
θ((−1)ku/µ)

] [
θ((−1)ℓu/vµ)
θ((−1)ℓu/µ)

]

=
(
−θ(u)2

θ(−1)2

)n
θ(t)θ(−u/v)θ(−u)θ

(
t

µv

)
θ
(

1
µ

)
θ(u)2θ(− t

v)θ
((−1)n

µ

)2

[(
θ(−v)θ(− t

u)
θ(t)θ(v

u)

)n θ(− 1
µ

)
θ
(

t(−u)n

µv

)
θ
(

t
µv

)
θ
(

−(−u)n

µ

)−1
]

= F0,0
θ
(

t
µ

)
θ
(

u
µv

)
θ
(

u
µ

)2 + F1,0
θ
(

− t
µ

)
θ
(

u
µv

)
θ
(

− u
µ

)
θ
(

u
µ

) + F0,1
θ
(

t
µ

)
θ
(

− u
µv

)
θ
(

− u
µ

)
θ
(

u
µ

) + F1,1
θ
(

− t
µ

)
θ
(

− u
µv

)
θ
(

− u
µ

)2 .

(2.88)
F0,0(t, v) is the generating function of the subsequence of Ck,ℓ for k, ℓ
even, respectively, the three others correspond the other classes of parity.
We note that compared to (2.44), the exponent of ξ and η are shifted
by one unit which will affect some signs. We can nevertheless apply the
same trick as for the one-refined case, and evaluate F (t−1, v), F (t, u2/v)
and F (t−1, u2/v). Since ξ(t−1) = −ξ(t) and η(u2/v) = −η(v), it pro-
duces a four-equation (linear) system allowing us to express Fk,ℓ(t, v) in
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terms of F (t, v). To write the result in a synthetic way, let us define the
intermediate function

F̃ (t, v) = F (t, v) θ
(

(−1)k+1

µt

)
θ
(

(−1)ℓ+1v
µu

)
θ
(

(−1)ku
µ

)
θ
(

(−1)ℓu
µ

)
. (2.89)

The four-equation system then yields the following solution, for k, ℓ =
0, 1,

Fk,ℓ(t, v) = F̃ (t,v)+(−1)k+1F̃( 1
t
,v)+(−1)ℓ+1F̃

(
t,u2

v

)
+(−1)k+ℓF̃

(
1
t
,u2

v

)[
θ
(

− t
µ

)
θ
(

1
µt

)
+θ
(

t
µ

)
θ
(

− 1
µt

)][
θ
(

− v
µu

)
θ
(

u
µv

)
+θ
(

v
µu

)
θ
(

− u
µv

)] . (2.90)

The denominator can be factorized using formulas of Appendix 2.A.

Using the Cauchy theorem, we find an integral expression for the coef-
ficients, for 1 ⩽ k, ℓ ⩽ n,

Ck,ℓ = 1
(2πi)2

"
0
Fk,ℓ

dξ dη
ξk ηℓ

= 1
(2πi)2

˛
−1

˛
−u
Fk,ℓ(t, v) ξ

′(t)η′(v)
ξk(t)ηℓ(v)dv dt.

(2.91)
Similarly to the one-refined case, we can reduce the four terms in the
numerator of (2.90) to one by considering the changes of variables t 7→
t−1 and v 7→ u2/v. They both respect the same set of properties listed
before the equation (2.49) (with a slight, and inconsequential, change of
signs in the first two). In doing so, we rewrite

Ck,ℓ=
1

(πi)2

"
F (t,v)

θ

(
(−1)ku

µ

)
θ

(
(−1)ℓu

µ

)
θ

(
(−1)k+1

µt

)
θ

(
(−1)ℓ+1v

µu

)
θ(−1)2θ

(
−1

µ

)2
θ
(

1
µ

)2
θ(pt2;p2)θ

(
pu2

v2 ;p2
) ξ′(t)η′(v)

ξk(t)ηℓ(v)dvdt

= 1
(πi)2

(
−θ(u)2

θ(−1)2

)n ˛
−1

˛
−u

[(
θ(−v)θ(− t

u )
θ(t)θ( v

u )

)n θ
(

− 1
µ

)
θ
(

t(−u)n

µv

)
θ
(

t
µv

)
θ
(

− (−u)n

µ

) − 1
]

× Bk,ℓ(t, v)
θ (−t/v)

(
θ(−t)θ(u)
θ(t)θ(−u)

)−rn (θ(−u/v)θ(u)
θ(u/v)θ(−u)

)−sn
dv dt,

(2.92)
where we set k = rn, ℓ = sn and

Bk,ℓ(t, v) = u(p2;p2)4
∞θ
(

t
µv

)
v2θ(t)θ( u

v )
θ

(
(−1)ku

µ

)
θ

(
(−1)ℓu

µ

)
θ

(
(−1)k+1

µt

)
θ

(
(−1)ℓ+1v

µu

)
θ(−u)θ

(
− 1

µ

)2
θ
(

1
µ

)
θ
( (−1)n

µ

)2 .

(2.93)
As before, Bk,ℓ(t, v) is non-singular for generic parameters and can be
bounded by a quantity independent of n, k, ℓ. We may then assume it
does not contribute to the leading order of the exponential rate. The
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behaviour of this integral is however much more complicated than in the
previous case, and we will here analyse it heuristically. For the details
of the saddle point analysis, we refer to Appendix 2.B.

As one can see, a first difficulty comes from the function θ(−t/v) in
the denominator, which causes a pole10 at v = −t that could be inside
(or not) the steepest descent contours. When it is the case, we have to
account for this pole by subtracting its residue, however, since the pole
depends on both variables (and thus on both integration contours), it is
not always clear when we do have to account for it.

Besides, there are now two terms in the square parentheses which are
in competition. It is possible to show that the second one (i.e. the 1
term) dominates the integral in general with an exponential rate that
we call φ1. This term is in fact not difficult to approximate since one
can compute one of the two integrals by residue computation and ap-
proximate the other using the saddle point method (see Appendix 2.B).
However, the interesting behaviour hides in the other term in the square
parentheses, which has to be evaluated by a double saddle point anal-
ysis. We claim that for small r, s, the exponential rate of this term is
smaller than φ1 in which case φ1 governs the asymptotic behaviour of
Ck,ℓ. For r, s close to 1 however, the steepest descent contours enlarge
and encompass the pole at v = −t. The residue subtracted to account
for this pole produces a term with exponential rate equal to φ1 (and
with the same coefficient as the second term in the integral). This leads
to a cancellation of the dominant order and the behaviour of Ck,ℓ is then
described by the second leading order given by the double saddle points
with an exponential rate smaller than φ1.

This description matches with what is expected from the two-refined
tangent method and since the change of behaviour in Ck,ℓ is solely con-
tained in the first among the two terms in the square parentheses, we
may focus on its description only and ignore the rest of the integral con-
tent. For the two-refined tangent method, we do not actually need the
exact exponential rate of Ck,ℓ, what matters is the curve Cr,s in the r, s

10To be precise, the integrand is not singular at v = −t since the numerator and
the denominator both vanish at this point. However, since the two terms in the
numerator are analysed separately, we have to consider for both of them that there
is a pole v = −t.
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plane along which the discontinuity occurs. Similarly to Bk,ℓ(t, v), the
factor

θ
(
− 1
µ

)
θ
(
t(−u)n

µv

)
θ
(
t
µv

)
θ
(
− (−u)n

µ

) (2.94)

does not contribute to the exponential rate, and may be ignored as well.
After eliminating all the unimportant factors, and gathering only the
essential dependence on n, we can summarize the term containing the
discontinuity as ˛

−1

˛
−u

enφ(t,v)

θ(−t/v)dv dt, (2.95)

with

φ(t, v) = log θ(−t/u)θ(−v)
θ(t)θ(v/u) − r log θ(−t) θ(u)

θ(t) θ(−u) − s log θ(−u/v) θ(u)
θ(u/v) θ(−u) .

(2.96)
Assuming that n is large, the saddle point equations read

t ∂tφ(t,v) = r[ϕ(t)− ϕ(−t)]− [ϕ(t)− ϕ (−t/u)] = 0,

v ∂vφ(t,v) = s[ϕ (v/u)− ϕ (−v/u)]− [ϕ (v/u)− ϕ(−v)] = 0,
(2.97)

where t = t(r) and v = v(s). As one can see, the coefficient of the
exponential rate, proportional to θ(−t/v)−1, blows up at v = −t. It
does not mean Ck,ℓ is singular at this point, but rather that the saddle
point method does not yield the correct asymptotics because of the pole
that is located on the steepest descent contour. If we were interested in
the exponential rate of this integral, we would have to carefully study
when is the pole inside or outside the contours and compute its residue.
However, since it is a relation between r, s that we are looking for, we
can merely insert the relation v(s) = −t(r) in the saddle point equations
to probe the discontinuity in the (r, s) plane,

r = ϕ(t)− ϕ (−t/u)
ϕ(t)− ϕ(−t) , s = ϕ(t)− ϕ (−t/u)

ϕ(t/u)− ϕ(−t/u) . (2.98)

These identities provide a parametrization (r(t), s(t)) of the change of
exponential rate in Ck,ℓ. This parametric form is enough for our purpose
if we accept to continue to use t as parameter instead of r, s.
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2.5.2 Two-refined parametrization of the arctic curve

In this subsection, our objective is two-fold. First, we use (2.98) to
find a parametrization for the arctic curve. In second, we show that
this parametrization is exactly the same as the one provided by the one
refined tangent method (2.80); something already observed in [52].

The straight line joining the points (0, 1 − r) and (s, 1) in the (x, y)
plane (see Figure 2.11) obeys the equation y = r

sx+ (1− r). By taking
the derivative with respect to t, one obtains a second equation that
can be interpreted as a tangency conditions. The following system then
provides the envelope of the family of straight lines thus described,

x(t) = dr
dt

(
d
dt
r
s

)−1
(tangency),

y(t) = r
sx+ (1− r) (intersection).

(2.99)

In order to symmetrize the expression, let us make the change of vari-
ables t 7→ t

√
u. The equation (2.98) then reads

r = ϕ(t
√
u)− ϕ

(
−t/
√
u
)

ϕ(t
√
u)− ϕ(−t

√
u) , s = ϕ(t

√
u)− ϕ

(
−t/
√
u
)

ϕ(t/
√
u)− ϕ

(
−t/
√
u
) . (2.100)

Whereas the ratio of the two, r
s , can be simplified using (2.128) and

(2.126) and reads

r

s
= 1
u

θ(t2
u; p2)θ(p t

2
/u; p2)

θ(p t
2
u; p2)θ(t2

/u; p2)
. (2.101)

Comparing (2.80) and (2.99), one sees that the parametrizations coincide
if and only if r

s = σ∗. And since the second parametrization seems
simpler, we propose to start by simplifying the other one. We observe
that the parameter s∗ can be remarkably simplified using the properties
of theta functions and we obtained that the factorization

s∗(t) = θ(−t
2)

θ(t2)
θ(u)
θ(−u) (2.102)

holds up to O(p10) (we thus conjecture this equality holds in general).
From this expression, it is not difficult to compute

σ∗ = 1 + s∗
1− s∗

= 1
u

θ(t2
u; p2)θ(p t

2
/u; p2)

θ(p t
2
u; p2)θ(t2

/u; p2)
= r

s
(2.103)
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by using the formulas in Appendix 2.A, which proves the equality be-
tween the two parametrizations.

2.6 Algebraic curve and limit cases

In this section, we study the parametrization of the arctic curve obtained
previously and show how to deduce an algebraic equation for the curve
out of it.

With the parametrization (2.99), it is already possible to plot the arctic
curve, but let us first study the parameter ranges. We already observed
the curious fact that the curve seems to depend only on (u, p)↔ (λ, α)
whereas the parameter µ has totally disappeared from the expressions.
It is instructive to look at the expression of α (defined in Section 2.4.2)
in terms of the Aztec diamond parameters (2.12) to understand which
are the relevant degree of freedom. A quick computation yields α =
pQ
Pq + Pq

pQ + λ
pq
PQ + λPQ

pq . In particular, this form guarantees that α is real
positive when the parameters of the Aztec diamonds are.

A similar phenomenon was already known for non-biased two-periodic
Aztec diamonds with parameters (λ = 1, p

P ,
q
Q ), for which the arctic

curve only depends on a particular combination of the two parameters,
namely, ( p

P + P
p )( q

Q + Q
q ) [78]. This case is recovered by setting u = i in

the elliptic weights.

As already discussed in Section 2.3.1, taking 0 ⩽ p < 1, |u| = 1 and
|µ| = √p provides real positive values for the relevant parameters of
the model. Due to the periodicity property of theta functions (2.118),
taking u on the upper half of the unit circle is sufficient: for u on the
first quadrant we find λ ⩾ 1, and on the second 0 ⩽ λ ⩽ 1, so that in
fact, using the symmetry of the model, even a single quadrant would be
enough.

Looking at the expression for r(t), it seems natural to take t on the unit
circle as well and we indeed verified that for t on the unit circle between
u and −1, the parameter r(t) runs from 0 to 1 as it should be. We
also find in this case that ξ(t, u, p) ∈ [0, 1] and σ∗ ∈ [0,∞), as expected.
Hence, for such a chosen t, our parametrization produces the upper-left



2.6. Algebraic curve and limit cases 109

portion of the curve probed by the family of tangent lines as depicted
in Figure 2.11.

If now we let t run over the rest of the unit circle, it turns out that our
parametrization produces the three other pieces of the external arctic
curve. This phenomenon is well known for the tangent method and not
so surprising due to the symmetries of the curve. In particular, the point
where the curve tangentially touches the boundaries of the domain are
t = 1, u,−1,−u.

However, what is very surprising is that our parametrization produces
another real component that is obtained by letting t run over a cir-
cle of radius √p in the complex plane. We can expect this domain to
produce a real curve since in additive convention for theta functions, it
would be equivalent to exchange the Jacobi theta (ϑ1, ϑ2) ↔ (ϑ4, ϑ3).
This second real component seems to reproduce exactly the inner arc-
tic curve (antarctic curve), separating the rough disordered and smooth
disordered regions, as suggested in Figure 2.13. To our knowledge, this
phenomenon has never been observed in the literature, at the level of
the parametric form of the curve at least. In previous applications of
the tangent method, the parametric form reproduced only the external
curve while the inner one was hidden as a second real component in the
algebraic equation satisfied by the parametric form.

Let us now simplify the system (2.99), and rewrite it as

x(t) = r′

(r/s)′ , y(t) = 1− s′

(s/r)′ . (2.104)

The prime symbol stands for the derivative with respect to t. In order
to take full advantage of the symmetries of the system, let us change the
coordinates to

X(t) = x(t)− y(t) = r′

(r/s)′ + s′

(s/r)′ − 1,

Y (t) = x(t) + y(t)− 1 = r′

(r/s)′ −
s′

(s/r)′ .

(2.105)

In these variables, the arctic curve is centered at (0, 0) and the axes of
symmetry of the curve coincide with the coordinate axes.

One can remark that it is possible the go from (X,Y ) to (−Y,−X) by
the simple transformation u 7→ −u (after the rescaling of t, it would read
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Figure 2.13: Arctic curves in (x, y) coordinates for different (u, p).
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(t, u) 7→ (−it,−u)). Taking back the expression (2.98), we find that this
transformation sends (r, s) 7→ (r − r

s , 1− s). Inserting this result in the
above expression for X,Y readily proves our remark. Besides, this trans-
formation has a clear interpretation in terms of the parameters (λ, p

P ,
q
Q )

defined in (2.12). By including µ 7→ (−1)n+1µ in the transformation, it
inverts λ and either p

P or q
Q depending on the parity of n. On the Aztec

graph of size n, this transformation, once combined with a reversal sym-
metry on the lattice (by a diagonal), preserves the weight structure and
thus forms a symmetry of the system11. This symmetry gives a visual
interpretation of how the transformation (u, µ) 7→ (−u,±µ) acts on the
arctic curve, but it also simplifies our work by providing a simple relation
between X and Y .

We verified by a series expansion in the nome p the following identities
concerning the parametrization and conjecture their validity in general,

V (T ) = X(T )2

A
= T (TZ − 1)(C + D(T − 2Z))2

(T 2 − 2TZ + 1)2 ,

W (T ) = Y (T )2

B
= (T − Z)(C(1− 2TZ) + DT )2

(T 2 − 2TZ + 1)2 ,

(2.106)

where

T = θ(t2
, p2)2

θ(−t
2
, p2)2

, Z =
(
p2; p2)12

∞
(p; p)8

∞ (p4; p4)4
∞

= θ(−p; p2)2

θ(p; p2)2 ,

A =
u(p; p)12

∞
(
p4; p4)4

∞
4 (p2; p2)20

∞ θ(−u, p)2
, C = i

u
θ
(
u, p2)2 (2ϕ (u, p2)− 1

)
,

B =
u(p; p)12

∞
(
p4; p4)4

∞
4 (p2; p2)20

∞ θ(u, p)2
, D = i

u
θ
(
−u, p2)2 (2ϕ (−u, p2)− 1

)
.

(2.107)

In this parametrization, the values of T ∈ (−∞, 0] produce the ex-
ternal component of the arctic curve and T ∈ [ 1

Z ,Z] the inner one.
A necessary condition for a cusp to occur is that both derivatives of
X(t) and Y (t) are simultaneously equal to zero which happens when

11To see that, we recall that one can always report the weight
√
λ−1 carried by

vertical dimers to a weight
√
λ on horizontal ones. This would only affect the partition

function (and other statistical quantities) by an unimportant global factor. Similarly,
an inversion of p

P can be seen as exchanging the two variables p ↔ P .
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r′′(t)σ′
∗(t) = r′(t)σ′′

∗(t). In terms of the variable T , the cusps occur
when the following equation is satisfied,

(2CZ − D)T 3 − 3C T 2 + 3D T + (C − 2DZ) = 0. (2.108)

Since in the new parametrization, the dependence on t has been fully
absorbed in the variable T , the rational form of these expressions allows
us to obtain an algebraic equation for the arctic curve. This is done by
eliminating T from this system, for what Mathematica possesses the
command Eliminate that yields the following result:

0 = −16C 4D4Z6+32C 5D3Z7+32C 3D5Z7−16C 6D2Z8−64C 4D4Z8−16C 2D6Z8+32C 5D3Z9

+32C 3D5Z9−16C 4D4Z10+8C 3D3Z4V+8C 4D2Z5V−32C 2D4Z5V−32C 5DZ6V+16C 3D3Z6V

+8CD5Z6V+16C 6Z7V+48C 4D2Z7V+24C 2D4Z7V−32C 5DZ8V−64C 3D3Z8V+32C 4D2Z9V

−C 2D2Z2V 2−8C 3DZ3V 2+10CD3Z3V 2+8C 4Z4V 2+24C 2D2Z4V 2−D4Z4V 2−48C 3DZ5V 2

−16CD3Z5V 2+16C 4Z6V 2+32C 3DZ7V 2−16C 4Z8V 2+C 2ZV 3−D2ZV 3−10CDZ2V 3+8C 2Z3V 3

+2D2Z3V 3+8CDZ4V 3−8C 2Z5V 3+V 4−Z2V 4−8C 3D3Z4W+32C 4D2Z5W−8C 2D4Z5W

−8C 5DZ6W−16C 3D3Z6W+32CD5Z6W−24C 4D2Z7W−48C 2D4Z7W−16D6Z7W

+64C 3D3Z8W+32CD5Z8W−32C 2D4Z9W−2C 2D2Z2VW+2C 3DZ3VW+2CD3Z3VW

−20C 4Z4VW+54C 2D2Z4VW−20D4Z4VW−16C 3DZ5VW−16CD3Z5VW+40C 4Z6VW

+40D4Z6VW−64C 3DZ7VW−64CD3Z7VW+64C 2D2Z8VW+3C 2ZV 2W−3D2ZV 2W

−10CDZ2V 2W−22C 2Z3V 2W+32D2Z3V 2W−16CDZ4V 2W+48C 2Z5V 2W−32D2Z5V 2W

+32CDZ6V 2W−32C 2Z7V 2W+4V 3W−12Z2V 3W+8Z4V 3W−C 2D2Z2W 2+10C 3DZ3W 2

−8CD3Z3W 2−C 4Z4W 2+24C 2D2Z4W 2+8D4Z4W 2−16C 3DZ5W 2−48CD3Z5W 2+16D4Z6W 2

+32CD3Z7W 2−16D4Z8W 2+3C 2ZVW 2−3D2ZVW 2+10CDZ2VW 2−32C 2Z3VW 2

+22D2Z3VW 2+16CDZ4VW 2+32C 2Z5VW 2−48D2Z5VW 2−32CDZ6VW 2+32D2Z7VW 2

+6V 2W 2−22Z2V 2W 2+32Z4V 2W 2−16Z6V 2W 2+C 2ZW 3−D2ZW 3+10CDZ2W 3

−2C 2Z3W 3−8D2Z3W 3−8CDZ4W 3+8D2Z5W 3+4VW 3−12Z2VW 3+8Z4VW 3+W 4−Z2W 4.

This algebraic curve is of degree 8 in the variables X,Y similarly to the
un-biased case at u = i [52] and to the 6-periodic case (in the sense of
the sequence rk) obtained at u = e2πi/3 [39].
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One of our objectives is to understand the relations between the param-
eters A, B, C , D, Z characterizing the curve, and

λ = aA

bB
= −

(
θ(−u)
θ(u)

)2
, (2.109)

α = pQ
Pq

+ Pq
pQ

+ λ
pq
PQ

+ λ
PQ
pq

= c1C2 + c2C1
bB

= −uθ(−1)3θ
(
u2)

θ(u)3θ(−u) ,

(2.110)

the relevant parameters of the model in terms of the vertex/domino
weights.

At the time this thesis is being written, this project is still ongoing and
the general case is not properly understood yet. So far, we obtained two
(among the five theoretically needed) relations between the parameters.
The first is straightforwardly obtained from the comparison between A
and B and reads −B/A = λ. A second one can be conjectured by a
geometric argument. Since the arctic curve is supposed to touch the
edge tangentially at the value T̃ = θ(u;p2)2

θ(−u;p2)2 of the parameter, it means
that the equation X ′(T̃ ) = Y ′(T̃ ) is satisfied. Using (2.106), and solving
this equation on T̃ yields the result

T̃ = A + B +
√

(A + B)2 − 4ABZ2

2BZ
= −1 + λ+

√
(1− λ)2 + 4λZ2

2λZ
.

(2.111)
On the other hand, the curve touches the edge at T = T̃ and the contact
point has been computed previously, see (2.58), so that

X(T̃ ) =
√

AT̃ (T̃Z − 1) C + D(T̃ − 2Z)
T̃ 2 − 2T̃Z + 1

= rc − 1,

Y (T̃ ) =
√

B(T̃ − Z) C(1− 2T̃Z) + DT̃
T̃ 2 − 2T̃Z + 1

= rc.

(2.112)

One can eliminate the parameter rc by subtracting the two equations
and use the above value of T̃ to obtain a relation between A, B, C , D,
Z. After simplifying all square roots, it reads

Z2(AD(C − DZ)− BC(CZ − D)
)2 + 2Z2(AD(C − DZ)− BC(CZ − D)

)
+ Z(A + B)(D2 − C 2) + Z2 = 1. (2.113)
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In practice, the system (2.112) provides two relations, but for that, one
needs to express rc = ϕ(u)−ϕ(−1)

ϕ(u)−ϕ(−u) in terms of the parameters.

In the rest of this section, we review some well-known limiting cases for
which the situation is simpler.

Non-elliptic case

In the limit p, µ → 0, we recover the usual free-fermionic 6V model. In
this limit, we find that α = 2(1 + λ), and the parameters of the curve
drastically simplifies,

A = 1 + λ−1

16 , B = −1 + λ

16 , C = D = 4
√
λ

1 + λ
, Z = 1, (2.114)

leading to the equation of an ellipse for λ > 0,

(1 + λ)X2 + (1 + λ−1)Y 2 = 1. (2.115)

Un-biased case

The case λ = p
P = 1 was studied in [52, 78] and the curve is also well

known in this case. Taking12 u = i, it is not difficult to see that α =
2( q

Q + Q
q ) = 4Z. Moreover, the parameters of the curve simplify to

B = −A, C = D, A = 1 + Z
4C 2Z2 , (2.116)

allowing us to rewrite the curve in terms of C and Z. It turns out the
dependence on C factorizes and may be eliminated from the equation,
leaving Z as the last parameter. It can be verified that the resulting
curves reduces to the known result.

6-periodic case

The case p
P = 1, λ = 1 + q

Q + Q
q was studied by Borodin and Duits [39]

and is known to correspond to a special case where the (rk) sequence
12To obtain p

P = 1, it is sufficient to set µ = ±iu√
p, however since µ does not affect

the arctic curve, connecting the parameters Z and α is enough.
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has a periodicity equal to six, rk = rk+6 for all k ∈ Z (see Section 1.2.2
and 2.3.2). The value of λ taken above implies that α = λ−1 − λ.
In this case, the algebraic equation of the curve in terms of λ is known
explicitly, and given in [39] (Appendix A). It would be desirable to verify
that our equation indeed reproduces their result. Unfortunately, at the
time being, we failed to determine the relations between A, B, C , D, Z
and λ, even in this special case.

2.7 Numerical simulations

In this section, we compare the arctic curve obtained from the para-
metric form with randomly generated tilings of an Aztec diamond of
order n = 1000. The results are depicted in Figure 2.14. The tilings
were generated by the shuffling algorithm using the implementation of
Christophe Charlier [79].

u = eiπ0.5968

p = 0.0306
µ = −iu√p

λ = 0.5
α = 3.75
p/P = 1
q/Q = 0.5

u = eiπ0.5968

p = 0.0306
µ = √p eiπ1.798

λ = 0.5
α = 3.75
p/P = 0.5602
q/Q = 0.5602

u = eiπ0.3

p = 0.16
µ = −iu√p

λ = 9.3352
α = 48.8961
p/P = 1
q/Q = 0.2218

u = eiπ0.35

p = 0.01
µ = −iu√p

λ = 2.7624
α = 8.0184
p/P = 1
q/Q = 0.6975

Figure 2.14: Comparison between the algebraic arctic curve and numer-
ical simulations for some values of the parameters.

The dominos are coloured in red, green, blue, and yellow, following the
same convention as in the introduction. The colours are then darkened
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or lightened depending on whether the domino is adjacent to a face q or
Q , respectively. These colours typically highlight the smooth disordered
region when p/P = 1 and q/Q ̸= 1.

In the four pictures, we find good agreement between the algebraic curve
and the separation of the various phases at finite size. This observation
seems to indicate that the second real component of the curve that we
have found indeed characterizes the inner arctic curve, as one would ex-
pect; even though the separation between the rough and smooth regions
is not as clear as the other separation.

The first column in the figure illustrates two different choices of param-
eters that yield the same arctic curve. In the first case, most domi-
nos gather around the Q faces, making the gaseous region mostly light
shaded, with a favoured horizontal orientation. In the second case, the
situation appears more ambiguous. By looking at the four possible pla-
quettes – red-blue and yellow-green, in either dark or light shades – one
can observe that three of them carry roughly the same weight. As a con-
sequence, they appear in similar proportions inside the central region,
whereas the last type of plaquette (i.e. dark yellow–green), which carries
a much smaller weight, indeed are in the minority.

Another noticeable feature of the gaseous region is that it appears to
be much more homogeneous than the liquid one, in the sense that the
density of each kind of domino seems not to depend on the location, or
at least not as strongly as in the liquid region. This remark (if verified)
would suggest that the behaviour inside the smooth region could possibly
be approximated by a two-periodic dimer model on an infinite plane.

2.8 Conclusion and outlook

In this chapter, we established a connection between the 8VSOS model
at the free-fermion point and biased two-periodic Aztec diamonds and
obtained explicit relations between the partition functions of both mod-
els. The main results are the analytic expressions for the arctic curve:
the parametric form and the algebraic equation, given in terms of ellip-
tic parameters (u, p). It remains to see whether one could reparametrize
the curve in terms of the vertex/domino weights relevant parameters
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(λ, α). We have some reasons to believe that it is possible, however the
complexity lies in the tremendous amount of theta function identities at
hand which, in theory, should relate the parameters but, in practice, are
difficult to manipulate.

What is remarkable with our approach is the simplicity with which we
extracted the one- and two-refined partition functions using the spectral
parameters of the 8VSOS model. Even though the theta functions make
difficult a rigorous asymptotic analysis, the method proves to be very
efficient in establishing primary conjectures on the parametric form of
the arctic curve. We strongly believe this strategy could be extended to
further generalizations of the model or other versions of it. For instance,
in the case of domain wall and a (partially) reflecting end boundary
conditions [80].

The case η = 1/3 would also be very interesting to investigate. Rather
than the free-fermion point, showing connections with Aztec diamonds,
the 8VSOS model at η = 1/3 has a combinatorial interpretation in
terms of three-colourings of the square lattice, and the one-enumeration
of alternating sign matrices. For general η however, the expression of the
partition function [68,70] is only given in terms of a sum of determinants,
and it is difficult to predict whether the method would still be applicable
or not.

2.A Some identities on theta functions

This appendix aims to gather some routine identities concerning theta
functions in multiplicative convention. We first recall its definition and
the periodicity properties

θ(z) = θ(z; p) =
∞∏
j=0

(1− z pj)(1− pj+1/z), (2.117)

θ(pz) = θ(z−1) = −z−1θ(z). (2.118)

This function can alternatively be written in terms of q-Pochhammer
symbols,

θ(z; p) = (z; p)∞(pz ; p)∞. (2.119)
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Relation to Jacobi theta functions

The theta function as defined above is related to the four Jacobi theta
functions [81,82] by the relations

ϑ1(z; p) = θ(e2iz; p2)
(
ip1/4e−iz

) ∞∏
k=1

(1− p2k), (2.120a)

ϑ2(z; p) = θ(−e2iz; p2)
(
p1/4e−iz

) ∞∏
k=1

(1− p2k), (2.120b)

ϑ3(z; p) = θ(−p e2iz; p2)
∞∏
k=1

(1− p2k), (2.120c)

ϑ4(z; p) = θ(p e2iz; p2)
∞∏
k=1

(1− p2k). (2.120d)

All the formulas presented in this appendix can be found in additive
convention in the references aforementioned. We refer to the function
ϑi (i = 1, 2, 3, 4) as the additive convention, and to the function θ as the
multiplicative convention because of the exponentiation of the argument,
which converts sums into products, in the above four relations.

Weierstass identity

The Weierstass identity is a three-term identity relating theta functions
with the same nome. For general variables a, b, c, x ∈ C, it stands

θ(ax)θ(a/x)θ(bc)θ(b/c)− θ(ac)θ(a/c)θ(bx)θ(b/x)

= a

c
θ(ab)θ(b/a)θ(cx)θ(c/x). (2.121)

By fixing some of these variables, diverse sub-identities can be obtained.
For instance, if one takes a = z/

√
w, b = z

√
w, c =

√
w, x = −

√
w, we

find

θ(z)θ(−z)
(
θ(zw)θ(−z/w)−θ(−zw)θ(z/w)

)
= z

w
θ(z2)θ(w)θ(−w)θ(−1).

(2.122)
And since, for all x ∈ C, we have θ(x) = −xθ(x−1), we also find the
alternative form

θ(z)θ(−z)
(
θ(zw)θ(−w/z) + θ(−zw)θ(w/z)

)
= θ(z2)θ(w)θ(−w)θ(−1).

(2.123)
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By exchanging z and w and this last equality and multiplying it with
(2.122), we obtain another Weierstrass identity,

θ(zw)2θ(−z/w)2 − θ(−zw)2θ(z/w)2 = z

w
θ(z2)θ(w2)θ(−1)2, (2.124)

or equivalently

θ(a)2θ(−b)2 − θ(−a)2θ(b)2 = b θ(ab)θ(a/b)θ(−1)2. (2.125)

These three identities are the ones that appear the most in the compu-
tations of this chapter.

Identities on the elliptic nome

Another class of identities relates theta functions of nome p and p2. For
instance, the ones that we use in Section 2.5.2 are

θ(z; p) = θ(z; p2)θ(zp; p2), (2.126a)

θ(z2; p2) = θ(z; p)θ(−z; p), (2.126b)

which can be obtained directly from the product expansion (2.117). In
the same manner, it is not difficult to obtain some identities between
theta functions evaluated at specific values, and the Euler function,
(p; p)∞ = ∏∞

k=1(1− pk),

θ(−1; p) = 2(p2; p2)2
∞

(p; p)2
∞

, (2.127a)

θ(p; p2) = (p; p)2
∞

(p2; p2)2
∞

= 2
θ(−1; p) , (2.127b)

θ(−p; p2) = θ(−1; p)
θ(−1; p2) , (2.127c)

θ(i; p)θ(−i; p) = i θ(i; p)2 = θ(−1; p2). (2.127d)

Identities on the derivatives

A last kind of identities are those that relate the derivative of theta
functions to theta functions themselves. For these, it is convenient to
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work with the function ϕ(z) = zθ′(z)
θ(z) and some notable identities are, for

instance,

d
dz

θ(z)
θ(−z) = θ(z)

zθ(−z)
(
ϕ(z)− ϕ(−z)

)
= θ(z)
θ(−z)

(
− (p; p)2

∞
2

θ(−1)2θ(z√p)θ(−z√p)
θ(z)θ(−z)

)
, (2.128a)

d
dz

θ(z)
θ(z√p) = θ(z)

zθ(z√p)
(
ϕ(z)− ϕ(z√p)

)
= 1

2z
θ(z)

θ(z√p)
(
1−

(√p;√p)4
∞

(p; p)2
∞

θ(−z)θ(−z√p)
θ(z)θ(z√p)

)
. (2.128b)

A significant number of other identities involving ϕ can be obtained by
taking the derivative of previous relations shown in this appendix. To
conclude this section, we merely write the equivalent of (2.118) for ϕ
and the value at p = 0,

ϕ(z−1) = 1− ϕ(z), ϕ(z; p = 0) = z

z − 1 . (2.129)

2.B Details of the saddle point analysis

In this appendix, we attempt to give a more rigorous treatment of the
double integral appearing in Section 2.5.1. As we do not have, for the
time being, a definitive proof of the result, and besides, since the tangent
method is not fully rigorous either, we will mostly gather arguments to
justify this integral indeed behaves as described in the text.

The appendix is structured as follows: we first consider the non-periodic
case by taking the limit p, µ→ 0 on Ck,ℓ. This situation is much simpler
since explicit solutions for the saddle points can be found. It serves the
double purpose to build an intuition on the nature of the discontinuity
and to consolidate the assumptions that we could make in the elliptic
case. In a second time, we analyse the concrete situation at hands, with
the elliptic form of Ck,ℓ. We discuss the complications and argue that
the nature of the cancellation in the integral should remain the same as
in the previous case.
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Before we begin, let us rewrite the integral in a more convenient form for
our analysis. Rather than tracking the position of the pole13 relatively
to the integration contours, we find it easier to expand the denominator
in series around the pole and then approximate the series by an inte-
gral over the real axis. At the leading order, this approximation yields
the exact same result, but as we will see, it allows one to look at the
cancellation between the two terms from another perspective. To do
this, we use the Weierstrass formula (with a = −

√
v/µ, b = t/

√
vµ,

c = −u/√vµ, x = √vµ) presented in the previous appendix to rewrite

θ(−t/v) =
([
θ(−v,−t/u,−1/µ,−tu/vµ)

θ(t, v/u, t/vµ, u/µ)

]
− 1

)
θ(t, v/u, t/vµ, u/µ)
θ(−u,−u/vµ,−t/µ)

u

v
,

(2.130)
where θ(x1, . . . , xn) = θ(x1) . . . θ(xn). Inserting this expression in (2.92)
and forgetting about all the unimportant factors14 yields

Ck,ℓ ∼
˛

−1

˛
−u

1−
[
θ(−v)θ(−t/u)
θ(t)θ(v/u)

]n ( θ(−1/µ)θ(t(−u)n/vµ)
θ(t/vµ)θ(−(−u)n/µ)

)
1−

[
θ(−v)θ(−t/u)θ(−1/µ)θ(−tu/vµ)

θ(t)θ(v/u)θ(t/vµ)θ(u/µ)

] ξ−rnη−sndv dt,

(2.131)
where we recall the values of ξ and η,

ξ(t) = θ(−t)θ(u)
θ(t)θ(−u) , η(v) = θ(−u/v)θ(u)

θ(u/v)θ(−u) . (2.132)

2.B.1 Non-elliptic case

As described above, we take the limit p, µ→ 0 on Ck,ℓ and to symmetrize
the expression in t, v, we also make the change of variables v 7→ u/v,

Ck,ℓ ∼
"

−1

1− ρn
1− ρ ξ

−rnη−sndv dt =
"

−1

n−1∑
m=0

ρmξ−rnη−sndv dt. (2.133)

13Let us remark that the integral does not have an actual pole at v = −t since the
two terms in the numerator cancel each other at this point. We nevertheless call it a
pole because if one splits the integral in two part and analyse both terms separately,
then the integrand indeed diverges at this point.

14Apart for
[
−θ(u)2

θ(−1)2

]n

that brings a constant, the neglected factors do not con-
tribute to the exponential rate.
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where

ρ(t,v) =− (t+u)(u+v)
u(t−1)(v−1), ξ(t) = (t+1)(u−1)

(t−1)(u+1), η(v) = (v+1)(u−1)
(v−1)(u+1).

(2.134)
The advantage of this approach is that we get rid of the virtual singular-
ity at ρ = 1 (or v = −u/t) and are able to analyse the whole expression
at once, rather than splitting the integral into two parts. Since the sum
is finite, we may interchange it with the two integrals and by setting
m = nτ , we further approximate this sum by an integral,

Ck,ℓ ∼
ˆ 1

0

"
−1

enφ(t,v,τ)dv dtdτ, (2.135)

with

φ(t, v, τ) = τ log ρ(t, v)− r log ξ(t)− s log η(v). (2.136)

This approximation could be made more accurate by including the cor-
rections form Euler-Maclaurin formula, however, these terms contribute
only to the coefficients of subleading exponential rates. For instance, if
we look at the first correction from Euler-Maclaurin formula,

1
2

"
enφ(t,v,τ=1)dv dt, (2.137)

we see that this term have an exponential rate smaller than or equal
to the one of (2.135). This contribution can nevertheless affect the
coefficient in front of the exponential if τ = 1 is the global maximum of
φ in the integration domain.

In the initial description, we had two terms in the integral, their differ-
ence has no pole, but separately they have one at ρ = 1. In particular,
for the term in ρn, there is the the question of whether or not the pole
is inside the steepest descent contours. As we will see in a moment,
this question reduces in the τ -integral to whether the saddle point (or
maximum in this case) lies inside the integration interval. We start by
computing the stationary points t(τ), v(τ) of the contour integrals,

r

τ
= (t+ 1)(u+ 1)

2(t+ u) ,

s

τ
= (v + 1)(u+ 1)

2(v + u) ,

⇔


t(τ) = −τ(u+ 1)− 2ru

τ(u+ 1)− 2r ,

v(τ) = −τ(u+ 1)− 2su
τ(u+ 1)− 2s .

(2.138)
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We studied the existence of the steepest descent contour on Mathe-
matica, see Figure 2.15. We only show the contour for t, the situation
being very similar for v due to the symmetry between the variables.
We used the function RegionPlot to obtain the regions where Reφ is
greater than its value on the saddle point and the function StreamPlot
with the vector field (Re ∂tφ,−Im ∂tφ) to obtain the level lines of Imφ.
Even though there are logarithms in φ, we did not study the branch
cuts since the integrand is originally defined with integer exponents
n, k, ℓ and no logarithms. As mentioned in Section 2.6, it is enough
to consider u in the first quadrant of the unit circle; for u in the other
quadrants the plots change and the discussion would be more involv-
ing. The Figure 2.15 suggests that suitable steepest descent contour
exist for τ > r, s but not for τ < r, s. In this second case, we slightly
anticipate the result of Proposition 2.B.1, and conjecture that there
always exist a contour γ around −1 in the complex plane such that
maxt∈γ Reφ(t, v, τ) < Reφ(t(τ+), v(τ+), τ+) (we assume the contour in
the v plane to be suitably chosen). In particular, it means that the con-
tribution of the τ -integral in the domain τ < r, s is necessarily subdom-
inant and can be neglected. Our conjecture is supported by a numerical
analysis on Mathematica. We also mention that we will not compute
the imaginary phase factor coming from the saddle point analysis since
it do not contributes to the absolute value of Ck,ℓ.

One can verify that for all |u| = 1, r, s, τ > 0, the saddle points t(τ), v(τ)
are on the unit circle and ξ(t(τ)), η(v(τ)), ρ(t(τ), v(τ)) are positive for
τ > r, s. Hence, the function φ(τ) = φ(t(τ), v(τ), τ) is smooth and
real-valued in this domain and we have the following proposition.

Proposition 2.B.1. The function φ(τ) has two extrema, τ+ ⩾ max(r, s)
and τ− ⩽ min(r, s) and is strictly concave on τ ⩾ r, s.

Proof. By differentiation, we obtain

d
dτ φ(τ) = ∂

∂τ
φ(τ) = log ρ(t(τ), v(τ)). (2.139)

Consequently, the extrema are given by the equation ρ(t(τ), v(τ)) = 1
or equivalently v(τ) = −u/t(τ). The fact that this equation reproduces
the pole of the initial integrand is not a coincidence; it brings the same
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Figure 2.15: Representation of the complex plane in the variable t. The
black crosses and the black dots are respectively the poles and zeros of
the integrand, the red dot is the saddle point t(τ). The region where
Reφ is greater than its value on the saddle point is shaded in orange, and
the level line of Imφ are represented in blue. We fixed the parameters
as arg u = 0.4π, arg v = 0.3π, r = 0.3, s = 0.1 and τ = 0.9 (left),
τ = 0.2 (right). On the left picture, the steepest descent contour is
obtained by following the stream lines passing through the saddle point
and circling around the pole. In some in-between cases, following the
stream lines provide a steepest descent contour that does not encircle the
pole, but it is then possible to chose another suitable contour, around the
pole and avoiding the orange region by relaxing the constant imaginary
part condition to a neighbourhood of the pole, which is enough for our
approximation.

contribution as the residue would have. In the present case, we can solve
explicitly this equation for τ and find

τ± = s
2u

(u+ 1)2

(
1 + r

s
±
√(

r

s
− u

)(
r

s
− 1
u

))
. (2.140)

To obtain the inequalities with r, s, it is convenient to set u 7→ eiũ,

τ± = s

1 + cos ũ

1 + r

s
±

√
1 +

(
r

s

)2
− 2r

s
cos ũ

 . (2.141)

The inequality τ+ ⩾ max(r, s) is trivially obtained by taking the lower
bounds on trigonometric functions. For the other, we can show that
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ũ = 0 is the global maximum of the function τ−(ũ) by looking at its two
first derivatives, and deduce that τ− ⩽ τ−(ũ = 0) = min(r, s).

It remains to prove the concavity of the function φ(τ). For that, we
compute its second derivative,

d2

dτ2φ(τ) = 1
r − τ

+ 1
s− τ

+ 2
τ
, (2.142)

and remark it is strictly negative for τ ⩾ r, s. In particular, it proves
that τ+ is the global maximum of φ(τ) in this domain.

Since we restricted our analysis to the integration domain [max(r, s), 1]
for τ , there are now two possible scenarios:

(I) The global maximum τ+ is in the integration domain and the in-
tegral is dominated by φI = φ(t(τ+), v(τ+), τ+). The exact value
of τ+, given by the equation ρ(t(τ+)), v(τ+) = 1 does not really
matter since this equation ensures in particular that τ+ does not
appear explicitly in the exponential rate. It is in fact more con-
venient to see the parameter τ+ as a condition relating t and v:
v(τ+) = −u/t(τ+). By using the equations on the left of (2.138),
we can extract an equation for t = t(τ+),

r

s
= (t+ 1)(v + u)

(t+ u)(v + 1) = u
(t+ 1)(t− 1)
(t+ u)(t− u) , t = ±u

√√√√ r
s −

1
u

r
s − u

(2.143)
relating t to r/s. Among the two solutions for t, the plus sign
corresponds to t(τ+) and the other to t(τ−). The rate φI is thus
given by

φI = −r log ξ(t(τ+))− s log η(− u
t(τ+))

= −r log
(
−i
√

r
s

−u+u
√

r
s

− 1
u√

r
s

−u−u
√

r
s

− 1
u

)
− s log

(
i
√

r
s

−u−
√

r
s

− 1
u√

r
s

−u+
√

r
s

− 1
u

)
+ (r + s) log

√
λ, (2.144)

with the parameter λ = −
(
u+1
u−1

)2
.
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(II) The global maximum τ+ is greater than 1. By the concavity of
φ(τ) and the fact there is no other extremum on τ > r, s, the
global maximum in [max(r, s), 1] is therefore given by τ = 1, the
boundary of the domain. In such cases where the global maximum
is on the boundary of the integration domain and φ′(τ = 1) ̸= 0,
Laplace’s method (i.e. the saddle point method on real intervals)
still applies and gives the leading order of the exponential rate,
but the coefficient preceding the exponential is slightly different
and of order 1/n rather than 1/

√
n [83]. The large deviation func-

tion is thus given by φII = φ(t(1), v(1), 1) where t(1) and v(1) are
determined in terms of r, s by (2.138). After some simplifications,
we obtain

φII = −r log r − (1− r) log(1− r)− s log s− (1− s) log(1− s)
− log (1 + λ) + (r + s) log λ. (2.145)

To be complete, we should include the contribution Re
[

−θ(u)2

θ(−1)2

]n
−−−→
p→0

−n log(1 + λ) that we factored out at the beginning and which ensures
that these exponential rates are negative in their respective regimes.
These rates account for the real part of Ck,ℓ since we did not include the
phase factor coming from the steepest descent method. Let us note that
it is not expected for Ck,ℓ to be real anyway, since the partition function
of the 2p-6V model, Zn+1, generally is not. However, if one rewrite Ck,ℓ
using the connection with Aztec diamonds, the imaginary part should
vanish since TAD

n is real.

The condition τ+ < 1 (or τ+ > 1) can be elegantly rewritten in terms of
the derivative ∂τφ(τ = 1) < 0 which yields the explicit relation between
r and s,

ρ(t(1), v(1)) = [(1− r)(1− s)(1 + λ)]−1 < 1. (2.146)

We can thus fully characterize the two regimes of the coefficient

Ck,ℓ ∼


1√
n

enφI if (1− r)(1− s)(1 + λ) > 1 (regime I),
1
nenφII if (1− r)(1− s)(1 + λ) < 1 (regime II).

(2.147)

The function φI is always greater than or equal to φII . Correctly nor-
malized, the above two regimes will clearly lead to the 0–1 transition
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discussed in Section 2.5. In particular, the regime (I) corresponds to
the situation where the straight path does not touch the arctic curve,
depicted on the left of Figure 2.11. The regime (II) corresponds to the
case where the path is deflected by the arctic curve as shown in the right
picture of the same figure.

2.B.2 Elliptic case

The objective is now to repeat the above analysis in the elliptic case.
One of the major difficulties comes from the cancellation between the
two terms in the integral which is not as clear anymore. In the previous
case, the expansion around the pole (2.133) showed the cancellation
happens even before the saddle point approximation which facilitated
the analysis. In the present case, the cancellation happens only in the
limit of large n and both terms have to be computed separately.

Other difficulties come from the fact that most equations are not solv-
able explicitly and we have to work with implicit solutions. We rely
on the existence of such solutions at p, µ = 0 and on the analyticity of
theta functions to claim they still exist in the present case, at least in a
neighbourhood of p, µ = 0.

Let us begin with the expression (2.131). We make the change of vari-
ables v 7→ u/v, to symmetrize the expression in t, v, and expand the
denominator around the pole which yields after simplifications the ap-
proximated expression for Ck,ℓ,"

−1

∞∑
m=0

ρm

ξnrηns

{
1−

[
−u θ(−v/u)θ(−t/u)

θ(t)θ(v)

]n ( θ(−1/µ)θ(−tv(−u)n−1/µ)
θ(tv/uµ)θ(−(−u)n/µ)

)}
dv dt,

(2.148)
with

ρ(t, v) = −u
θ(− t

u) θ(− v
u) θ(− tv

µ ) θ(− 1
µ)

θ(t) θ(v) θ( tvµu) θ(uµ)
,

ξ(t) = θ(−t)θ(u)
θ(t)θ(−u) , η(v) = θ(−v)θ(u)

θ(v)θ(−u) . (2.149)

The computation essentially resemble to (2.133) but the functions ρ in
the numerator and denominator are not quite the same here and there
is no cancellation in the series.
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For the initial integration contours, which are supposed to be small
loops around −1, it can be verified that |ρ| ⩽ 1 (with the equality only
if u = −1 which corresponds to a singular choice of vertices). Hence,
the series is absolutely convergent and we may interchange it with the
integrals. Once it is done, we are allowed to deform the contours since
the result of the integral does not depend on them. As before, we set
m = nτ and approximate the series by an integral on τ ,

Ck,ℓ ∼
ˆ ∞

0

"
−1

enφ1−enφ2
(
θ(−1/µ)θ(−tv(−u)n−1/µ)
θ(tv/uµ)θ(−(−u)n/µ)

)
dv dt d(nτ) = T1−T2,

(2.150)
where the exponential rates are given by

φ1(t, v, τ) = τ log ρ(t, v)− r log ξ(t)− s log η(v), (2.151)

φ2(t, v, τ) = φ1(t, v, τ) + log
[
−uθ(−v/u)θ(−t/u)

θ(t)θ(v)

]
. (2.152)

First term: T1

Let us start our analysis with the first term having the exponential rate
φ1. The stationary point equations for t(τ), v(τ) gives a system similar
in form to the left part of (2.138) where it is possible to isolate the ratios
r/τ and s/τ , however, the system is now coupled in the variables t and
v and involves the derivative of theta functions,

r

τ
=
ϕ(t)− ϕ(− t

u) + ϕ( tvµu)− ϕ(− tv
µ )

ϕ(t)− ϕ(−t) ,

s

τ
=
ϕ(v)− ϕ(− v

u) + ϕ( tvµu)− ϕ(− tv
µ )

ϕ(v)− ϕ(−v) .

(2.153)

We expect the term T1 to always produce the rate of the regime (I). It
is thus not important to conserve the parameter τ to obtain the large
deviation function, but it will be useful to understand the behavior of
the second term T2. On the basis of the previous analysis, we conjecture
the following statement.

Conjecture 2.B.2. For τ > r, s the saddle points t(τ), v(τ) are accessi-
ble by the steepest descent contours, the function φ1(τ) = φ1(t(τ), v(τ), τ)
is concave and there exists a local maximum τ+ which is also the global
maximum of the function.
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In particular, these assumptions are sufficient to ensure the convergence
of the integral for the part τ > r, s. Similarly to the previous case, the
equation determining the maximum τ+ leads to ρ(t(τ+), v(τ+)) = 1 or
equivalently v(τ+) = −u/t(τ+). We can use this relation together with
(2.153) to extract, for t = t(τ+),

r

s
=
ϕ( tu)− ϕ(− t

u)
ϕ(t)− ϕ(−t) , τ+ = r [ϕ(t)− ϕ(−t)]

ϕ(t)− ϕ(− t
u) + ϕ(− 1

µ)− ϕ(uµ)
. (2.154)

The first equation determines t(τ+) in terms of r, s and the second tracks
the position of the maximum τ+. As the integration domain cover all
the values τ > r, s, we may assume for T1 that τ+ is always reached and
dominate the integral. Consequently, the exponential rate is given by

φ1(τ+) = φ1(t(τ+), v(τ+), τ+) = −r log ξ(t(τ+))− s log η(− u
t(τ+)).

(2.155)

To conclude the analysis of this first term, let us remark that it is possible
to approximate the solution (t, τ+) of the equations (2.154) by expanding
ϕ in series in p and truncates at the desired order. The equations are then
solvable numerically. In doing so, we verified that for generic parameters
the first equation seems to always give two solutions15 for t on the unit
circle, opposite to each other. Among the corresponding two values for
τ given by the second equation, we observed that one seems to be always
greater than r, s (corresponding to τ+) while the other lies between 0 and
r, s (corresponding to τ−), supporting the conjecture we have formulated.
For this to be true however, we have to take u = eiũ and µ = √p eiµ̃

such that ũ > µ̃; a condition that we do not understand completely.

Second term: T2

The analysis of the second term is quite similar to the one of T1. The
presence of a new term in (2.152) slightly affects the saddle point equa-

15There are also other solutions in the complex plane, but their number and their
positions depend on the order in p of the truncation. We think they are just artifacts
of the approximation.
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tions for φ2,

r =
τ
[
ϕ(t)− ϕ(− t

u) + ϕ( tvµu)− ϕ(− tv
µ )
]

+
[
ϕ(t)− ϕ(− t

u)
]

ϕ(t)− ϕ(−t) ,

s =
τ
[
ϕ(v)− ϕ(− v

u) + ϕ( tvµu)− ϕ(− tv
µ )
]

+
[
ϕ(v)− ϕ(− v

u)
]

ϕ(v)− ϕ(−v) .

(2.156)

The solution t(τ), v(τ) of this system is a priori different from the one of
the previous system, we will however keep the same notation and add a
lower index i = 1, 2 only when it is necessary to make the distinction. In
the non-elliptic case, the terms containing µ in argument would vanish
and these equations would be totally equivalent to the ones of T1 after
a shift τ 7→ τ − 1. The situation here is slightly more complex, but we
expect that the additional term does not affect to much the solutions.

If a local extremum τ exists, it again fulfills the equation ρ(t(τ ), v(τ )) =
1 and consequently v(τ ) = −u/t(τ ). Inserting this result in (2.156)
yields the following two equations for τ and t = t(τ ),

r

s
=
ϕ( tu)− ϕ(− t

u)
ϕ(t)− ϕ(−t) , τ =

r [ϕ(t)− ϕ(−t)]−
[
ϕ(t)− ϕ(− t

u)
]

ϕ(t)− ϕ(− t
u) + ϕ(− 1

µ)− ϕ(uµ)
.

(2.157)
Interestingly, the first equation is exactly the same as the one for T1. The
numerical analysis mentioned earlier therefore suggests there exist two
solutions on the unit circle corresponding to t(τ−) and t(τ+), and as a di-
rect consequence, we have that t2(τ±) = t1(τ±) (the lower indices stand
to recall that the saddle points for φ2 and φ1 are different). Besides,
together with v(τ ) = −u/t(τ ), it guarantees that φ2(τ+) = φ1(τ+).

The second equation gives the positions of τ± which are slightly differ-
ent from the extrema of φ1(τ). It is expected from what we observed
in the non-elliptic case that the additional term shifts τ+ outside of the
integration domain for some values of r, s. We verified numerically with
the same method described above that it was indeed the case. In par-
ticular, we observed that for r, s close to 1, we generally have τ+ > 0,
and for r, s close to 0, we rather have τ+ < 0. In the first case, the
maximum is in the integration domain and we may approximate the
exponential rate by φ2(τ+). However, when τ+ < 0, we rather assume
that the global maximum in the integration domain is located on the
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boundary, at τ = 0, which provides a different exponential rate given by
φ2(0) = φ2(t(0), v(0), 0) where t = t(0) and v = v(0) are determined by
(2.156) at τ = 0,

r =
ϕ(t)− ϕ(− t

u)
ϕ(t)− ϕ(−t) , s =

ϕ(v)− ϕ(− v
u)

ϕ(v)− ϕ(−v) . (2.158)

Cancellation in Ck,ℓ

In summary, we obtained that

T1 ∼
1√
n

enφ1(τ+), T2 ∼


1
n enφ2(0) if τ+ < 0,
1√
n

enφ2(τ+) if τ+ > 0.
(2.159)

The transition between the two regimes in terms of r, s is not easy to de-
scribe. Hopefully, it is not essential if we decide to use t to parametrize
the curve instead of r, s. As one can see, the discontinuity in the limit
n → ∞ is solely contained in the second term T2, however, the correct
description of the two regimes is given by the difference T1−T2 in which
a cancellation at the leading order is expected. To observe this cancella-
tion, one has to verify that the first coefficients (in a 1/

√
n expansion) of

both rates coincide. All the functions of t, v that we factored out at the
beginning will be trivially equal due to the equality t1(τ±) = t2(τ±), and
the additional coefficient appearing in (2.150) becomes equal to 1 due to
the relation between t and v. It remains to verify that the coefficients
produced by the steepest descent method [83] are also equal. For this,
we have to prove that

det Hφ1(t, v, τ)
∣∣∣
t1(τ+),v1(τ+),τ+

= det Hφ2(t, v, τ)
∣∣∣
t2(τ+),v2(τ+),τ+

, (2.160)

where Hf is the Hessian matrix of the function f . Using the result of
the stationary point equations, this equality is easily verified and ensures
that the coefficient of the order 1/

√
n is the same in T1 and T2. This is

all we need to observe the cancellation at the leading order, using the
above expressions,

Ck,ℓ = T1 − T2 ∼


1√
n

enφI if τ+ < 0 (r, s ≃ 0),

o(n−1/2) enφII if τ+ > 0 (r, s ≃ 1),
(2.161)
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where φI = φ1(τ+) = φ2(τ+). Unlike the non-elliptic case, the func-
tion φII here is unknown; our analysis is not sufficient to determine this
exponential rate. It may be possible that only the first coefficient, at
order 1/

√
n, vanishes in the cancellation and not the rest in which case

φII = φI. But it is also possible that the cancellation occurs at all orders
and thus a subdominant exponential rate (for instance the contribution
from the boundary of the integral at τ = 0) will lead the asymptotic
behaviour. To settle this question, one could start by looking at the
subleading coefficients in the expansions, for i = 1, 2,

Ti ∼
(

−2π
n det Hφi(ti(τ+), vi(τ+), τ+)

) 1
2

enφi(τ+)(1 +O(n−1)), (2.162)

to see whether they seem to be equal for T1 and T2. Such a computation
is however quite involving and in any case not useful for us since the
expression (2.161) is already sufficient to observe the 0–1 transition in
the large n limit. This semi-rigorous analysis supports the heuristic
statement that we made in the text and corroborates the equations (2.98)
parametrizing the curve in the (r, s) plane.

Another computation of T1

To conclude this appendix, and to reinforce the validity of our analysis,
we show it is possible to straightforwardly recover the approximation of
T1 by a residue computation. Taking the expression

T1 ∼
"

−1

1
θ(−tv/u)ξ(t)rnη(v)sndv dt, (2.163)

one remarks the function θ(−tv/u)−1 is rapidly decreasing at infinity.
We may then enlarge the contour in the v plane into a circle of large
radius where the integrand decays sufficiently fast. The contour itself
does not contribute to the integral but necessarily contains the pole at
v = −u/t and we have to include its contribution by subtracting its
residue. A simple computation yields the result

T1 ∼ 2πi
˛

−1

u

tθ′(1) exp{−nr log ξ(t)− ns log η(−u/t)}dt, (2.164)
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so that we are left with a unique integral that we can approximate using
the steepest descent method. The stationary point equation immediately
gives

r

s
=
ϕ( tu)− ϕ(− t

u)
ϕ(t)− ϕ(−t) , (2.165)

From that, it is not difficult to verify that the exponential rates and the
leading coefficients all coincide with the previous analysis. At p, µ =
0, we also verified on Mathematica that a suitable steepest descent
contour exists for generic parameters.
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Chapter 3

GUE-corners process in
two-periodic Aztec
diamonds

This chapter uses material from [3] written
with Philippe Ruelle.

Aztec diamonds (ADs) were originally introduced in 1992 [19, 20], and
interest in the model rapidly grew in the following years. A main mo-
tivation to its study comes from the fact that it is one of the simplest
cases where an arctic phenomenon (i.e. a spatial transition between sta-
tistically ordered and disordered regions, see Figure 3.1) takes place [21].
Moreover, ADs show connections with other statistical models such as
the six-vertex model, Alternating Sign Matrices (ASMs), lozenge tilings
of hexagons, etc.

Another remarkable feature is the relation between point processes oc-
curring in Aztec diamonds and random matrix theory. In particular, it is
known that near the contact point between the arctic curve and the edge
of an Aztec diamond, the distribution of a certain subclass of dominos
converges to the GUE-corners process [44, 45] in the case of uniformly
weighted configurations. A similar phenomenon has been observed in

135
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GUE-corners

Figure 3.1: Left: Aztec diamond of order n = 6. Right: Aztec diamond
of order n = 100 and arctic phenomenon. The order n of an Aztec
diamond corresponds to the number of corners along one edge of the
domain.

lozenge tilings [44, 84, 85], in plane partitions [86, 87], in the six-vertex
model [88,89], and in ASMs [90] for various probability measures.

In the present work, our main objective is to emphasize the universality
of the GUE-corners process and prove that it continues to be the limit-
ing process in two-periodic Aztec diamonds while the biased case serves
more as an example to introduce the method. We also take advantage
of the determinantal structure to obtain explicit expressions for the dis-
tribution of the point process in the discrete setting (before taking the
large size limit).

The chapter is structured as follows: we start by describing our method
in the simple (yet interesting) biased case. The first step consists in
properly identifying the determinantal point process of interest. Af-
ter that, we deduce the probability measure associated with this point
process from the biased measure on Aztec diamonds. We show how it
is possible to integrate recursively the probability density function of
this process to obtain the distribution on a subset of points. Finally,
we prove the convergence in distribution of this probability density to
the GUE-corners process by extracting the dominant order in n of the
distribution.

In Section 3.2, we repeat the same procedure in the case of two-periodic
Aztec diamonds. For this measure, less is known about the model.
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However, the determinantal structure is preserved, and this is sufficient
for our purposes.

Finally, in Section 3.3, we connect the results and distributions that we
obtained with other recent works on the subject [1, 52]. Connections
with ASMs and the non-intersecting path description are also reviewed
in this section.

3.1 Biased Aztec diamonds

The name biased Aztec diamonds refers to a specific choice of measure
over the set of configurations where horizontal and vertical dominos do
not necessarily carry the same weights. One can recover the uniform
Aztec diamond by setting the same weight on all dominos. Biased ADs
have been largely studied in the literature and are used here as a toy
example both for reviewing the method in a simple case and for in-
troducing most of the notation. The spirit of our method is mainly
inspired by [45], yet some steps have been modified to better fit to the
two-periodic case we analyse right after.

First of all, let us mention that it is not useful to consider weights on both
horizontal and vertical dominos; since their total number is fixed, only
the ratio between the two weights is relevant. We therefore associate a
weight 1 to horizontal dominos and

√
λ (called the bias) to the vertical

ones. The weight of a configuration c is obtained by taking the product
over all domino weights, w(c) = λNv(c)/2 where Nv(c) is the number of
vertical dominos in the configuration (this number is always even). The
probability of observing this configuration is defined as

P(c) = w(c)
Zn

, Zn =
∑
c

w(c), (3.1)

where n refer to the order of the Aztec diamond, Zn is the partition
function, and where the sum runs over all configurations.

3.1.1 Interlaced particles and adjacency

The main focus of this chapter is the study of an underlying (interlaced)
particle system shown in Figure 3.2. In this picture, the dashed lines
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give a coordinate system for the location of the cells with a given parity
(e.g. if we think of the dominos as lying on a checkerboard-type domain,
these would correspond, say, to the coordinates of the black cells). We
choose to colour in white (resp. black) the dominos having their right
(resp. left) part crossing the dashed lines. In the left part of each black
domino, we also draw a red dot called particle in this description. We
use the notation x

(ℓ)
i = 0, 1, . . . , n to designate the vertical position of

the i-th particle on the level1 ℓ. For instance, one can see in Figure 3.2
that there is one particle on the level ℓ = 1 and x

(1)
1 = 4. There are

two particles on the second level with x
(2)
1 = 3 and x

(2)
2 = 6, etc. In

addition, one can remark that the particle system is interlaced in the
sense that, for all 1 ⩽ i ⩽ ℓ ⩽ n, we have x(ℓ+1)

i ⩽ x
(ℓ)
i ⩽ x

(ℓ+1)
i+1 . More

details about this observation are given at the beginning of Section 3.2.1.
The notation x(ℓ) has to be interpreted as the collection of all x(ℓ)

i for
i = 1, . . . , ℓ. In what follows, we will slightly abuse notation, and will
use x(ℓ)

i to denote the particle at position (ℓ, x(ℓ)
i ).

ℓ=1 ℓ=2 ℓ=3 ℓ=4 ℓ=5 ℓ=6 ℓ=7 ℓ=8
k=0

k=1

k=2

k=3

k=4

k=5

k=6

k=7

k=8

Figure 3.2: Left: interlaced particle description of an Aztec diamond of
order 8. Right: example of two different AD configurations which lead
to the same particle system. The local pattern in blue appear for each
non-adjacent particle.

1We borrow this terminology from [91].
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If all dominos have the same weight, all configurations are equiproba-
ble. Then, the correspondence between the probability measure on the
Aztec diamond and the interlaced particle system can be made solely
by knowing how many AD configurations correspond to the same inter-
laced particle configuration. To answer this question, we use the notion
of adjacency [45]. A particle x(ℓ)

i is called adjacent if x(ℓ)
i = x

(ℓ+1)
j for

j = i or i + 1, namely the particle x(ℓ)
i has another particle directly to

its right. We introduce the characteristic function

α(x(ℓ)
i ) = δ

x
(ℓ)
i ,x

(ℓ+1)
i

+ δ
x

(ℓ)
i ,x

(ℓ+1)
i+1

, (3.2)

which equals 1 if the particle at x(ℓ)
i is adjacent and 0 otherwise. It

allows us to write the number of adjacent particles lying from level ℓ1
to ℓ2 as

α(x(ℓ1), . . . , x(ℓ2)) =
ℓ2∑
ℓ=ℓ1

α(x(ℓ)) =
ℓ2∑
ℓ=ℓ1

ℓ∑
i=1

α(x(ℓ)
i ). (3.3)

Since n(n + 1)/2 is the total number of particles from level 1 to n, the
number of non-adjacent particles on the entire AD is given by

n(n+ 1)
2 − α(x(1), . . . , x(n)). (3.4)

Because of the remark made below about non-adjacent particles, we fix
for consistency that all particles lying on the n-th level are adjacent,
α(x(n)) = n, as if there was an imaginary (n + 1)-th level completely
fulfilled.

For further purposes, we split our definition of α into two distinct sub-
classes

αinf(x(ℓ)
i ) = δ

x
(ℓ)
i ,x

(ℓ+1)
i

, αsup(x(ℓ)
i ) = δ

x
(ℓ)
i ,x

(ℓ+1)
i+1

. (3.5)

These functions encode the information of whether an adjacent particle
on the level ℓ lies next to its superior or inferior neighbouring particle on
the level ℓ + 1. When α functions are written with several arguments,
it means that we take the sum over contributions of each individual
particle, similarly to (3.3). We note that, for convenience, only x

(ℓ)
i

appears in the arguments of the adjacency functions, although these
functions formally depend on the particle on the next level also.
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As one can see in Figure 3.2, whenever a particle is non-adjacent, its
domino is contained in a plaquette made of two parallel dominos (framed
in blue on the picture) which can be flipped without modifying the par-
ticle positions. As a consequence, we have two AD configurations for the
same particle configuration. This observation is crucial to make the link
between the probability distribution of the Aztec diamond and the den-
sity of the particle system. It is also reminiscent of the relation between
Aztec diamond tilings and Alternating Sign Matrices or, equivalently,
the six-vertex model. In fact, it can be shown that the freedom in those
plaquette orientations is exactly the same one that appears when we
relate AD configurations to ASMs, such that our particle system is in
one-to-one correspondence with alternating sign matrices, see Section 3.3
for more details.

3.1.2 Probability density function

The probability distribution of the particle system is induced by the
measure on AD configurations through the general relation

ρ(x(1), . . . , x(n+1)) =
(∑
c∈C

P(c)
)
χ(x(1) ≺ · · · ≺ x(n+1)), (3.6)

where C = C(x(1), . . . , x(n+1)) is the subset of all AD configurations
which produces the same interlaced x-particle system. The notation
x(ℓ) ≺ x(ℓ+1) means that the particles on levels ℓ and ℓ+1 are interlaced,
namely, we have for all i,

x
(ℓ)
i ∈ {0, 1, . . . , n},

x
(ℓ)
i < x

(ℓ)
i+1,

x
(ℓ+1)
i ⩽ x

(ℓ)
i ⩽ x

(ℓ+1)
i+1 ,

(3.7)

whereas χ(x(ℓ) ≺ x(ℓ+1)) = 1 if x(ℓ) ≺ x(ℓ+1) and 0 otherwise.

Based on the remark made in the previous section, it is not difficult to
see that, in the uniform case [45],

∑
c∈C

P(c) = 2n(n+1)/2−α(x(1),...,x(n))

Zn
. (3.8)
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Here, Zn = 2n(n+1)/2 is the partition function in the uniform case (i.e.
the number of domino tilings of an Aztec diamond of order n).

ℓ=1 ℓ=2 ℓ=3 ℓ=4 ℓ=5 ℓ=6 ℓ=7 ℓ=8 ℓ=9

k=0

k=1

k=2

k=3

k=4

k=5

k=6

k=7

k=8

Figure 3.3: Weighted Aztec diamond of order n = 8 described in terms of
interlaced particles. Vertical dominos are drawn in green and horizontal
ones in yellow. We kept dark shades for previously black dominos, and
light ones for dominos previously in white. The blue squares around
non-adjacent particles indicate that we can flip a pair of yellow dominos
into a pair of green ones (and conversely) without modifying the particle
system. All the other dominos are entirely fixed by the particle positions.
As well as the particles in red, their complement, the holes, are drawn
in white. The additional level ℓ = n+ 1 is also represented.

In the biased case, one needs to distinguish the contribution from ver-
tical and horizontal dominos in terms of the position of each particle.
In Figure 3.3, we coloured the vertical and horizontal dominos in green
and yellow respectively, and in two different intensities, the darker ones
are those containing a particle. A striking remark is that the orienta-
tion of a domino lying on an adjacent particle is fully determined by
the neighbouring particle to its right2. If it is adjacent to its supe-

2We give a detailed explanation for this in Section 3.2.1 in the two-periodic case.
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rior neighbour (i.e. x(ℓ)
i = x

(ℓ+1)
i+1 ) then the domino has to be vertical,

if it is adjacent to its inferior neighbour (i.e. x(ℓ)
i = x

(ℓ+1)
i ) then the

domino is horizontal. In addition, we know that the number of hori-
zontal/vertical light shaded dominos is the same as their dark shaded
version3. The number of vertical (resp. horizontal) dominos completely
fixed by the particle configuration is then given by 2αsup(x(1), . . . , x(n))
(resp. 2αinf(x(1), . . . , x(n))). The remaining dominos are the ones in the
blue plaquettes. Each plaquette contributes a factor 1 if the dominos
are both horizontal, or λ if they are both vertical; their sum is raised
to a power equal to the number of non-adjacent particles. From this
observation, we finally obtain the total probability density

ρ(x(1), . . . , x(n+1)) = (1 + λ)
n(n+1)

2

Zn
· Ω(x(1), . . . , x(n))·

· χ(x(1) ≺ · · · ≺ x(n+1)), (3.9)

where

Ω(x(1), . . . , x(n)) = λαsup(x(1),...,x(n))

(1 + λ)α(x(1),...,x(n))
. (3.10)

In the distribution, we chose to include the (n+ 1)-th level, completely
filled with particles. The variables x(n+1) are deterministic and have no
effect on the distribution, but they turn out to be useful for computa-
tions. By summing over the positions of the particles in the (m−1) first
levels, we obtain the following result.

Proposition 3.1.1. The joint probability density function (JPDF) over
the subset of particles on levels m to n+ 1 is given by

ρ(x(m), . . . , x(n+1)) = (1 + λ)
n(n+1)

2

Zn
· ∆(x(m))∏m−1

i=1 i!
· Ω(x(m), . . . , x(n))·

· χ(x(m) ≺ · · · ≺ x(n+1)), (3.11)

where

∆(x(m)) = det
1⩽i,j⩽m

[
(x(m)
i )j−1

]
=

∏
1⩽i<j⩽m

(x(m)
j − x(m)

i ) (3.12)

is a Vandermonde determinant.
3It is a direct consequence of the fact that any configuration can be obtained from

another by a finite sequence of flips of two parallel dominos.
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In particular, we can recover the partition function from this formula by
integrating over all particle positions (i.e. considering the above formula
for m = n + 1). Because x(n+1)

i = i − 1, we have ∆(x(n+1)
i ) = ∏n

i=1 i!
and since the probability density is normalized, we find

Zn = (1 + λ)
n(n+1)

2 , (3.13)

as expected [19]. We now prove Proposition 3.1.1.

Proof. From (3.9), the formula (3.11) is correct for m = 1. Assuming it
is also the case for m, we show that it holds for m+ 1 by verifying the
following identity,∑

x(m)

∆(x(m))Ω(x(m))χ(x(m) ≺ x(m+1)) = 1
m!∆(x(m+1)). (3.14)

To lighten the notations, let us set xi ≡ x
(m)
i (1 ⩽ i ⩽ m) and yi ≡

x
(m+1)
i (1 ⩽ i ⩽ m + 1). Since the Vandermonde determinant in the

left-hand side (l.h.s.) depends on each variable separately row by row, we
can factorize Ω(x(m)) = ∏

i Ω(x(m)
i ) and insert it inside the determinant

as well as the summations,
y2∑

x1=y1

· · ·
ym+1∑
xm=ym

det
1⩽i,j⩽m

[
xj−1
i Ω(xi)

]
= det

1⩽i,j⩽m

[ yi+1∑
xi=yi

xj−1
i Ω(xi)

]
. (3.15)

The factor Ω(xi) only affect the boundary terms of the sum and can be
written as

Ω(xi) = λαsup(xi)

(1 + λ)α(xi)
=


Ωsup ≡ λ

(1+λ) if xi = yi+1,

Ωinf ≡ 1
(1+λ) if xi = yi,

1 otherwise.
(3.16)

Such sums of powers can easily be computed using Euler-Maclaurin or
Faulhaber’s formula, for j ⩾ 1,

yi+1∑
xi=yi

xj−1
i Ω(xi) =

yi+1∑
xi=yi+1

xj−1
i + yj−1

i+1 (Ωsup − 1) + yj−1
i Ωinf

=
yi+1∑
xi=0

xj−1
i −

yi∑
xi=0

xj−1
i −

yj−1
i+1

(1 + λ) + yj−1
i

(1 + λ)

= pj(yi+1)− pj(yi),

(3.17)
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where

pj(y) = yj

j
+ λ− 1
λ+ 1

yj−1

2 +
j−1∑
k=2

Bk
j

(
j

k

)
yj−k, (3.18)

with Bk the Bernoulli numbers. As all entries of the determinant are
proportional to the difference of polynomials in each variable, we can
extend this determinant of size m into a determinant of size (m + 1)
using the relation

det
1⩽i,j⩽m

[
pj(yi+1)− pj(yi)

]
= det

1⩽i,j⩽m+1

[
pj−1(yi)

]
= det

1⩽i,j⩽m+1

[
yj−1
i

j − 1

]
= 1
m!∆(x(m+1)),

(3.19)

where we set p0(y) = 1. The first equality is obtained by row operations
and actually holds for more general functions than polynomials. The
second is obtained by column operations and is a standard property of
Vandermonde determinants. The last relation finally yields the desired
result and concludes the proof.

3.1.3 Distribution on first levels

In this section, we obtain the distribution ρ(x(1), . . . , x(m)) by integrating
from the right side of the particle system. Another possible approach
to obtain this result, similar to [45], consists in the introduction of the
holes (the complement of the particle set, see Figure 3.3) and the use of
the symmetries of the Aztec diamond. It is how we initially obtained the
distribution, however, the method described here after is slightly more
direct.

Proposition 3.1.2. The probability density of the particle process on
the first m levels is given by

ρ(x(1), . . . , x(m)) = An,m det
1⩽i,j⩽m

[
L
n−m+i,x(m)

j

]
· Ω(x(1), . . . , x(m−1))·

· χ(x(1) ≺ · · · ≺ x(m)), (3.20)
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where the Li,j = λj
(i
j

)
can be defined by the initial condition L0,j = δ0,j,

and the recurrence, for i ⩾ 0,

Li+1,j = Li,j+λLi,j−1, while An,m = λ−m(m−1)/2

(1 + λ)m(n+1−m) . (3.21)

Proof. We proceed by induction starting from m = n+1 (or indeed m =
n as both values yields the same distribution as it should do). In this
case, we recover directly (3.9) due to det1⩽i,j⩽n+1 Li−1,j−1 = λn(n+1)/2.
For the induction step, we need to prove that the distribution integrated
over its (m+ 1)-th level yields the correct density for the m first levels.
This is equivalent to show that

∑
x(m+1)

det
1⩽i,j⩽m+1

[
L
n−m+i−1,x(m+1)

j

]
· Ω(x(m)) · χ(x(m) ≺ x(m+1))

= An,m
An,m+1

det
1⩽i,j⩽m

[
L
n−m+i,x(m)

j

]
. (3.22)

As before, let us set xj ≡ x
(m)
j (1 ⩽ j ⩽ m) and yj ≡ x

(m+1)
j (1 ⩽

j ⩽ m+ 1). The adjacency factor Ω(x(m)) weighs the distribution when
particles of levels m and m + 1 have the same position. Until now,
we wrote it as a function of the level m, but here, it is convenient to
interpret this factor as a function

←
Ω(x(m+1)) = Ω(x(m)) of the level m+1

instead, such that

←
Ω(yj) =


1

(1+λ) if yj = xj ,

λ
(1+λ) if yj = xj−1,

1 otherwise.

(3.23)

We rewrite the l.h.s. of (3.22) with the sums in the determinant,

det
1⩽i,j⩽m+1

 xj∑
yj=xj−1

Ln−m+i−1,yj

←
Ω(yj)

 , (3.24)

where we set x0 = 0 and xm+1 = n. (Note that
←
Ω takes the value 1

in these special cases since it corresponds to the boundary of the AD
and not to the presence of a particle.) We simplify this determinant
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with the column operations: Cj 7→
∑j
k=1Ck. Since we have

←
Ω(yi =

xi) +
←
Ω(yi+1 = xi) = 1, the entries become

xj∑
yj=0

Ln−m+i−1,yj

←
Ω(yj), (3.25)

with
←
Ω affecting only the upper bound of the summation. In the last col-

umn, the expression simplifies further and we find ∑n
y=0 Ln−m+i−1,y =

(1 + λ)n−m+i−1. Since we want to reduce the size of the determinant,
we apply the row operations Li 7→ Li − (1 + λ)Li−1 in order to obtain
0’s in all the elements of the last column except for the top-right corner.
The rest of the entries, for i = 2, . . . ,m+ 1 and j = 1, . . . ,m, are given
by

xj∑
yj=0

(
Ln−m+i−1,yj − (1 + λ)Ln−m+i−2,yj

)←
Ω(yj)

=
xj∑
yj=0

λ
(
Ln−m+i−2,yj−1 − Ln−m+i−2,yj

)←
Ω(yj). (3.26)

The last summation, being telescopic, can be carried explicitly and,
after some simplifications, using the recurrence relation of the Li,j ’s,
one finds that these entries are equal to −λ

1+λLn−m+i−1,xj . In summary,
the determinant is now given by∣∣∣∣∣∣∣∣∣∣∣∣

(1 + λ)n−m

0
...
0

∑xj

x=0 Ln−m,x
←
Ω(x)

−λ
1+λLn−m+i−1,xj

∣∣∣∣∣∣∣∣∣∣∣∣
(m+1)×(m+1)

= λm

(1 + λ)2m−n det
1⩽i,j⩽m

[
Ln−m+i,xj

]
, (3.27)

and the prefactor exactly corresponds to An,m/An,m+1.

The determinant in (3.20) can be explicitly computed, providing the
following result.
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Corollary 3.1.3. The probability density of the particle process on the
first m levels is given by

ρ(x(1), . . . , x(m)) = An,m∆(x(m))
m∏
i=1

(n+ 1− i)! λx
(m)
i

x
(m)
i !(n− x(m)

i )!
·

· Ω(x(1), . . . , x(m−1)) · χ(x(1) ≺ · · · ≺ x(m)). (3.28)

To see that this distribution is indeed equal to the one in Proposi-
tion 3.1.2, we only have to show that∣∣∣∣∣∣∣∣∣

(n+1−m
x

(m)
1

)
· · ·

(n+1−m
x

(m)
m

)
... . . . ...( n

x
(m)
1

)
· · ·

( n
x

(m)
m

)
∣∣∣∣∣∣∣∣∣ =

m∏
i=1

(n+ 1− i)!
x

(m)
i !(n− x(m)

i )!

∏
1⩽i<j⩽m

(x(m)
j − x(m)

i ),

(3.29)
since the factor λ

∑
i
x

(m)
i accounts for the dependence on λ of the Li,j ’s.

To compute this determinant, one can use techniques from [92], for in-
stance. However, this computation is not very instructive and will not
be detailed here. This expression also makes the link with the result in
the uniform case as obtained in [45].

From this distribution, we can also obtain the JPDF of the particle po-
sitions on a single level by integrating over the first m− 1 levels. Since
all the dependence on these levels is contained solely inside the charac-
teristic function χ and the adjacency functions Ω, the computation is
identical to the proof of Proposition 3.1.1. Hence, we obtain4

ρ(x(m)) = λ
∑

i
x

(m)
i − m(m−1)

2

(1 + λ)m(n+1−m)

[
∆(x(m))

]2
∏m
i=1 x

(m)
i !(n− x(m)

i )!

m−1∏
i=0

(n− i)!
i! . (3.30)

This last distribution is particularly interesting since it describes how
the positions of particles evolve when we look deeper inside the Aztec
diamond. As no approximation has been made so far, it contains all the
contributions coming from the edges of the domain and the finite size
effects. For instance, it was shown in [45] that for λ = 1, it is possible
to recover the shape of the arctic curve from it. In this case, it is well

4Similarly, it is not difficult to obtain the distribution ρ(x(m), . . . , x(m+k)) for k+1
consecutive levels.
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known that this curve is a circle [21]. For λ ̸= 1, the curve is an ellipse
such that horizontal or vertical dominos are favoured according to λ < 1
or λ > 1 respectively. We could probably recover the elliptic arctic curve
using the expression above, however, it is an already well-documented
subject, and other techniques such as the tangent method [43] are more
appropriate for that.

The distribution (3.30) is also known to correspond to the probability
measure of the Krawtchouk ensemble [93,94],

m! PKrm,n,p(x(m))= [∆(x(m))]2

(n!)m(pq)
m(m−1)

2

m∏
i=1

(
n

x
(m)
i

)
px

(m)
i qn−x(m)

i

m−1∏
i=0

(n− i)!
i! ,

(3.31)
for p = λ

1+λ and q = 1− p, and has been studied in detail by Johansson
[94–97]. However, his formalism and approach to the problem differ
from ours. More precisely, he studied the statistics of a certain class
of "zig-zag paths", which can be shown to correspond exactly to the
particle system we are considering, the difference is that he does not
compute the distribution ρ(x(1), . . . , x(m)) (which is our main interest)
but directly ρ(x(m)) via the Lindström-Gessel-Viennot method.

3.1.4 Convergence to the GUE-corners process

In this section, our main purpose is to compute the scaling limit of the
distribution for the x(ℓ)

i ’s, and to show that they behave like the eigenval-
ues of GUE matrices. This correspondence is an impressive result in the
study of Aztec diamonds and other tiling models [31, 98], obtained first
at the level of correlation functions, by Johansson and Nordenstam [44],
and later at the level of the probability distribution itself by Fleming
and Forrester [45].

The GUE-corners process (sometimes also called under its original name:
GUE minor) is a well-known determinantal point process in random ma-
trix theory [44,99]. GUE refers to the Gaussian Unitary Ensemble which
is constituted by random complex m×m hermitian matrices with entries
following Gaussian laws in both their real and imaginary part, while the
GUE-corners process more precisely describes the eigenvalues of matri-
ces from GUE as well as all the eigenvalues z(ℓ)

i of the size ℓ principal
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submatrix located in the upper-left corner (1 ⩽ i ⩽ ℓ and 1 ⩽ ℓ ⩽ m).
As a property of hermitian matrices, these eigenvalues between two con-
secutive submatrices interlace themselves. In the present work, we are
mainly interested in the probability distribution of this process,

ρGUE-corners(z(1), . . . , z(m)) = 1
(2π)m/2 ∆(z(m))

m∏
i=1

e− 1
2 (z(m)

i )2 ·

· χ(z(1) ≺ · · · ≺ z(m)). (3.32)

Over the last 20 years, the GUE-corners process has exhibited many uni-
versal features and has been observed to be the correct limiting process
in many models showing an interlaced particle system. In some cases,
the initial (discrete) particle process can be shown to be already deter-
minantal (as in the present case), which is very convenient to perform
explicit calculations at finite size. In some other cases, however (as for
the Alternating Sign Matrices uniformly weighted), the initial process
is not determinantal, although it still converges to GUE-corners in a
suitable limit [90].

The main goal of this work is to emphasize this universality aspect by
showing that this limiting process does not depend directly on the prob-
ability measure that we consider, but only the rescaling on the particle
system does. Meaning that for some specific classes of probability mea-
sures on Aztec diamonds, in the scaling limit, GUE-corners always gives
the correct description in a certain neighbourhood of the contact point
between the edge and the arctic curves.

Proposition 3.1.4. If we define z
(ℓ)
i = x

(ℓ)
i −µ
σ to be the rescaling of

the x-particle system, with µ = nλ
1+λ and σ2 = nλ

(1+λ)2 , then the JPDF
ρ(z(1), . . . , z(m)) converges in distribution to ρGUE-corners(z(1), . . . , z(m))
in the limit where n→∞ and m remains finite.

What may seem surprising is the simplicity of the rescaling and the fact
there is no dependence on the level of the particles. In Section 3.2.3, we
give more details concerning this rescaling and get a better understand-
ing on this apparent simplicity.

A remark about the limit that we consider: keeping m finite while n
is growing is equivalent to zoom in a microscopic region around the
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contact point between the arctic curve and the edge of the domain.
We emphasize the fact that this limit disregards the global structure of
Aztec diamonds and tells nothing about the shape of the arctic curve
for instance. Let us now present the proof of the result.

Proof. The Jacobian determinant of the transformation x
(ℓ)
i 7→ z

(ℓ)
i =

x
(ℓ)
i −µ
σ is equal to σm(m+1)/2 and the Vandermonde determinant trans-

forms like ∆(x(m)) = σm(m−1)/2∆(z(m)). Thus, we find the probability
distribution of the z-particles to be

ρ(z(1), . . . , z(m)) = σm
2 · λ

σ
∑

i
z

(m)
i +mµ− m(m−1)

2

(1 + λ)m(n−m+1) ∆(z(m))·
m∏
i=1

(n+ 1− i)!
(z(m)
i σ+µ)!(n− z(m)

i σ − µ)!
Ω(x(1), . . . , x(m−1))χ(x(1)≺ . . .≺x(m)).

(3.33)
Since we keep the number of particles finite in this approximation while
the number of possible positions grows with n, it is expected that the
probability to find adjacent particles goes to zero as n increases. It
implies that we can neglect the exponent α (and thus the effect of Ω) at
the leading order in n. Finally, we use the Stirling approximation,

(an+ b
√
n+ c)! =

√
2π(an)an+b

√
n+c+ 1

2 e
b2
2a

−an(1 +O(n−1/2)
)
, (3.34)

to extract the dominant order of the distribution, and after some com-
putations, we find

ρ(z(1), . . . , z(m)) = 1
(2π)m/2 ∆(z(m))

m∏
i=1

e− 1
2 (z(m)

i )2 ·

· χ(z(1) ≺ · · · ≺ z(m))
(
1 +O(n−1/2)

)
, (3.35)

which ensures the convergence in distribution to the GUE-corners pro-
cess in the limit n→∞.

3.2 Two-periodic Aztec diamonds

In this section, we repeat the same procedure to obtain the distribution
of particles for the two-periodic measure on Aztec diamonds. This mea-
sure can be defined on the dual graph as follows: we attribute weights a
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and b on the faces of the graph as represented in Figure 3.4. The weight
is then assigned to dimers according to whether they are adjacent to a
face a or b. Following this rule, the weight of a configuration c is given
by w(c) = ∏

faces xi,j
x
Ni,j

i,j , where Ni,j = 0, 1, 2 is the number of dimers
adjacent to the face xi,j in the configuration. We take the convention
that the face in the bottom-left corner of the graph is always a.

ℓ=1 ℓ=2 ℓ=3 ℓ=4 ℓ=5 ℓ=6 ℓ=7 ℓ=8
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Figure 3.4: Same configuration as displayed in Section 3.1.2 shown on the
dual lattice with the two-periodic weighting. We kept the light and dark
shade with the same convention as previously and dimers are coloured
according to the weight, a or b, they carry. Sky blue squares stand for
the non-adjacent particles and the corresponding pair of dimers that can
be flipped without modifying the particle configuration. Even particles
are coloured in yellow and odd ones in green.

This probability measure on Aztec diamonds has been thoroughly stud-
ied in the literature recently [39, 52, 78, 91, 100, 101], partly due to the
interesting phenomenology it brings to the model. Indeed, the disordered
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region in this case is separated into two distinct zones with different be-
haviours. The external one is the usual rough/liquid region presenting
the same characteristics as in the uniform case. While, in the very cen-
ter, the disordered tiles are more likely to group themselves by pairs of
parallel dominos around faces a or b depending on the favoured weight,
see Figure 3.5. This region is usually called smooth or gaseous.

Figure 3.5: Two-periodic AD configurations with a/b = 2 and n =
10, 50, 100 from left to right. The first row uses the same colours as the
previous figure while in the second eight different colours are used to
highlight the gaseous region in the center. These eight colours are chosen
as follows: first, we distinguish the four usual colours as in Figure 3.1.
After that, we lighten the colours carried by dominos with weight a, and
darken the ones carried by dominos with weight b.

We define the particle system in the same way as before. The main
difference with the previous case is that we have now to account for
the parity of the particles. For this purpose, we define the parity of a
position (ℓ, x(ℓ)

i ) on the grid by

εℓ(x(ℓ)
i ) = (−1)ℓ+x

(ℓ)
i , (3.36)
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and assign a particle the parity of its position. It follows that the par-
ticles lying at the top of an a-face are even and those at the top of a
b-face are odd.

According to this definition, we further split the adjacency functions
into5:

αe
inf(x

(ℓ)
i ) = δ

x
(ℓ)
i ,x

(ℓ+1)
i

δ
ℓ+x(ℓ)

i , even, αo
inf(x

(ℓ)
i ) = δ

x
(ℓ)
i ,x

(ℓ+1)
i

δ
ℓ+x(ℓ)

i , odd,

αe
sup(x(ℓ)

i ) = δ
x

(ℓ)
i ,x

(ℓ+1)
i+1

δ
ℓ+x(ℓ)

i , even, αo
sup(x(ℓ)

i ) = δ
x

(ℓ)
i ,x

(ℓ+1)
i+1

δ
ℓ+x(ℓ)

i , odd.

(3.37)

We also keep the convention that for α functions of several arguments,
we take the sum over the contributions of each particle similarly to (3.3).

3.2.1 Probability density function

Referring to the equation (3.6), we need to determine the number of
a- and b-dimers in terms of the particle positions. As claimed in Sec-
tion 3.1.2, we provide an explanation for the interlacement as well as the
equivalence in the number of dark shaded dimers of each weight, and
the adjacency classes of their corresponding particles. In Figure 3.6, we
construct iteratively a configuration of order n = 4 from level 1 to n. In
the first of these pictures, we see there are n vertices to cover on the left
edge of the graph, and n + 1 in the column right after (ℓ = 1). Hence,
one vertex of this column will not be covered by a dimer touching the
left edge, and this is where the first particle will be located. For the
three as yet uncovered vertices lying in between the levels ℓ = 1 and
ℓ = 2, we see two groups of vertices separated by the red dimer: a
group of one vertex above the red dimer, a group of two vertices below
the red dimer. Therefore, the dimers covering these three vertices will
leave two uncovered vertices, where the two particles at ℓ = 2 will be
located. Continuing this way explains the interlacing property. More-
over, by looking at the first two pictures of Figure 3.6, one sees that if
two particles are sitting next to each other in two neighbouring levels,

5In practice, these adjacency functions need both particle coordinates (ℓ, x(ℓ)
i ) as

arguments to be well-defined, but we decided to omit the level ℓ since it will be
specified as upperscript of x(ℓ)

i most of the time.
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then we have x(ℓ)
i = x

(ℓ+1)
i if the dimer covering the vertex at x(ℓ)

i is
horizontal, and otherwise x(ℓ)

i = x
(ℓ+1)
i+1 if that dimer is vertical. These

observations repeat in the other pictures. The conclusion is that the
weight of a dimer covering an adjacent particle located at x(ℓ)

i gets a
factor a if αo

inf(x
(ℓ)
i ) = 1 or αe

sup(x(ℓ)
i ) = 1, and a factor b if αe

inf(x
(ℓ)
i ) = 1

or αo
sup(x(ℓ)

i ) = 1.
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Figure 3.6: Construction level by level of a configuration of order 4.

In addition to that, the light and dark red dimers come in equal number
and with the same weight by the same argument stated on page 142 (the
same goes for the blue dimers), so that the weights of the light dimers
can be included into those of the dark ones, by replacing the factors a
and b by a2 and b2. Finally, each non-adjacent particle lies around a
flippable plaquette and contributes a weight a2 + b2. Altogether, this
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leads to the probability distribution for the total system

ρ(x(1), . . . , x(n+1)) = (a2 + b2)
n(n+1)

2

Zn
· Ω(x(1), . . . , x(n))·

· χ(x(1) ≺ · · · ≺ x(n+1)), (3.38)

where we define

Ω(x(1), . . . , x(n)) =

(a2)αo
inf(x

(1),...,x(n))+αe
sup(x(1),...,x(n))(b2)αe

inf(x
(1),...,x(n))+αo

sup(x(1),...,x(n))

(a2 + b2)α(x(1),...,x(n))
.

(3.39)

This result is valid for n even or odd despite the fact that two-periodic
ADs for n odd break the symmetry between the weight a and b. The
total density found here looks very similar to the one for the biased
case; only the factor Ω is different, reflecting the fact that particles are
weighted differently when they are adjacent. In some sense, it is as if all
the complexity of the probability measure is reduced into this notion of
adjacency. We will see in the following that although the change in the
distribution seems innocuous at this stage, it has a huge impact on the
integration of the distribution and further computations.

Proposition 3.2.1. The joint probability distribution over the subset of
particles on levels m to n+ 1 is given by

ρ(x(m), . . . , x(n+1)) = (a2 + b2)
n(n+1)

2

Zn
· ∆̃(x(m)) · Ω(x(m), . . . , x(n))·

· χ(x(m) ≺ · · · ≺ x(n+1)) (3.40)

with

∆̃(x(m)) = det
1⩽i,j⩽m

(x(m)
i )j−1

(j − 1)! + εm(x(m)
i )

j−2∑
k=0

(x(m)
i )k
k! αj−2−k

 . (3.41)

The coefficients αk for k ∈ N are given by

α0 = v, αk =
k∑
ℓ=2

(
v αℓ−2 αk−ℓ −

2ℓBℓ
ℓ! αk−ℓ

)
, (3.42)

f(z) =
∞∑
k=0

αkz
k = 1

2vz tanh(z)

(
1−

√
1− 4v2 tanh2(z)

)
, (3.43)
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with Bℓ the Bernoulli numbers and v = 1
2
b2−a2

a2+b2 ∈ [−1
2 ,

1
2 ].

One can remark that only odd powers of v appear in the determinant.
As a consequence, the inversion of the weight v 7→ −v has exactly the
same effect on the distribution as the inversion of the parity (even and
odd) of the particles, as expected from (3.38). We also note that our
definition of ∆̃ differs slightly from the previous section; for convenience,
we absorbed the factorials inside the determinant.

To lighten the notations, let us set xi ≡ x
(m)
i (1 ⩽ i ⩽ m) and yi ≡

x
(m+1)
i (1 ⩽ i ⩽ m + 1). In anticipation of the proof, it is useful to

rewrite the function Ω(x(m)
i ) in terms of the level m+ 1,

Ω(xi) =


Ωsup = 1

2 + vεm+1(yi+1) if xi = yi+1,

Ωinf = 1
2 − vεm+1(yi) if xi = yi,

1 otherwise.

(3.44)

We also need the value of a sum of powers with modified boundary
terms,

yi+1∑
xi=yi

xj−1
i Ω(xi) =

yji+1 − y
j
i

j
+ v(εm+1(yi+1)yj−1

i+1 − εm+1(yi)yj−1
i )

+
j−1∑
k=2

Bk
j

(
j

k

)
(yj−ki+1 − y

j−k
i ), (3.45)

as well as its alternating version,

yi+1∑
xi=yi

εm(xi)xj−1
i Ω(xi) = −v(yj−1

i+1 − y
j−1
i )

−
j∑

k=2

Bk
j

(
j

k

)
(2k − 1)(εm+1(yi+1)yj−ki+1 − εm+1(yi)yj−ki ), (3.46)

for which a proof is given in Appendix 3.A. We note that, due to the
presence of ε in the result of these summations, we no longer find poly-
nomials. However, the result is still antisymmetric in the bounds of the
summations, which is the important ingredient to extend the size of the
determinant. We now present the proof for Proposition 3.2.1.
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Proof. In the following, we proceed by induction. The case m = 1 is
verified since ∆̃(x(1)) = 1. Supposing that the result holds for m, we
have to show that∑

x(m)

∆̃(x(m))Ω(x(m))χ(x(m) ≺ x(m+1)) = ∆̃(x(m+1)). (3.47)

If we pull all functions and sums inside the determinant, it remains to
evaluate the quantity

det
1⩽i,j⩽m

 yi+1∑
xi=yi

 xj−1
i

(j − 1)! + εm(x)
j−2∑
k=0

xki
k! αj−2−k

Ω(xi)

 . (3.48)

We compute the summations inside the determinant by using the previ-
ous formulas and, by the argument of antisymmetry (3.19), extend the
m×m determinant into a determinant of size (m+ 1),

det
1⩽i,j⩽m+1

[
yj−1
i

(j − 1)! + vεm+1(yi)
yj−2
i

(j − 2)! +
j−2∑
k=2

Bk
k!

yj−1−k
i

(j − 1− k)!

−
j−3∑
k=1

αj−3−k

(
v
yki
k! + εm+1(yi)

k+1∑
ℓ=2

Bℓ
ℓ!

yk+1−ℓ
i

(k + 1− ℓ)! (2
ℓ − 1)

)]
,

(3.49)
where we used the convention that (−1)! =∞. The shift in the index j
is induced by the enlargement of the determinant. We want to find the
column operations that simplify this determinant. First, let us suppose
that the entries of the m first columns can be written as

Cj = yj−1
i

(j − 1)! + εm+1(yi)
j−2∑
k=0

yki
k! αj−2−k. (3.50)

It is certainly true for j = 1, so that we only have to show that it is also
correct for m + 1. For this, we start by rearranging the summations in
(3.49), and express the entries of the last column as

ymi
m! + vεm+1(yi)

ym−1
i

(m− 1)! +
m−2∑
k=1

yki
k!

(
Bm−k

(m− k)! − vαm−2−k

)

− εm+1(yi)
m−3∑
k=0

yki
k!

m−1−k∑
ℓ=2

Bℓ
ℓ! (2ℓ − 1)αm−1−k−ℓ. (3.51)
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We apply the column operation

Cm+1 7→ C ′
m+1 = Cm+1 −

m−2∑
j=1

(
Bm−j

(m− j)! − vαm−2−j

)
Cj+1 (3.52)

in order to cancel the terms which do not contain ε functions as prefactor
(except the very first term). Note that, as Bj and αj are equal to zero
for j odd, only the columns of the same parity as Cm+1 really appear
in this transformation, although it is implicit in our notations. One
can verify that after this operation the last column of the determinant
becomes

C ′
m+1 = ymi

m! + vεm+1(yi)
ym−1
i

(m− 1)!

− εm+1(yi)
m−1∑
k=2

ym−1−k
i

(m− 1− k)!

k∑
ℓ=2

(
2ℓBℓ
ℓ! − v αℓ−2

)
αk−ℓ. (3.53)

Comparing this expression with the last column of ∆̃(x(m+1)), we see
that we have the equality between the two if and only if the coefficients
αk obey the following recurrence relation, for all k ⩾ 1,

α0 = v, αk =
k∑
ℓ=2

(
v αℓ−2 αk−ℓ −

2ℓBℓ
ℓ! αk−ℓ

)
, (3.54)

which is indeed the case.

For the sake of completeness, we compute the generating function f(z) =∑∞
k=0 αkz

k of these numbers. Multiplying each side of the recurrence
relation by zk and summing over k gives a quadratic equation for f ,

v z2f(z)2 − z coth(z)f(z) + v = 0. (3.55)

Among the two solutions, we select the one for which f(0) = α0, namely

f(z) = 1
2vz tanh(z)

(
1−

√
1− 4v2 tanh2(z)

)
. (3.56)

One may notice that, despite the complexity of the weighting system,
the determinantal structure of the problem still allows us to perform
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explicit computations. However, the drawback is that the determinant
can no longer be evaluated in a closed form.

Remark 1. The similarity between the generating function of Catalan
numbers c(z) = 1

2z
(
1−
√

1− 4z
)

= ∑∞
k=0Ckz

k and the function f al-
lows us to rewrite the αk in term of the Ck =

(2k
k

) 1
k+1 by using the

expansion

f(z) = v tanh(z)
z

c(v2 tanh2(z)) =
∞∑
k=0

zk
∞∑
ℓ=0

Cℓv
2ℓ+1

(k+1)!∂
k+1
w tanh2ℓ+1(w)

∣∣∣
w=0

.

(3.57)

Remark 2. By taking v = 0 (equivalently a = b), one directly recovers
the result on the uniform AD since in this case αm = 0 for all m,
and the determinant in the density becomes a Vandermonde. Another
interesting limit of these numbers is when v → ±1/2. This is equivalent
to taking extreme values for the weights; a/b → 0 or a/b → ∞. In
this case, the αm numbers also simplify. At the level of the generating
function, we have

1
2vz tanh(z)

(
1−

√
1− 4v2 tanh2(z)

) ∣∣∣
v=±1/2

= ±tanh(z/2)
z

= ∓g(z).

(3.58)
The function g is the exponential generating function for the Genocchi
numbers (shifted by two units).

Remark 3. Similarly to the biased case, it is possible to find the partition
function by evaluating the distribution (3.40) at m = n+ 1, which gives
the equality

Zn = (a2 + b2)
n(n+1)

2 ∆̃(x(n+1)
i ). (3.59)

It requires however to compute the determinant ∆̃(x(n+1)
i = i−1) on the

last particle level. The computation can be performed recursively where
the induction step consists of a triangularization of the first two columns.
The remaining determinant after this operation can be shown to be
proportional to ∆̃(x(n−1)

i = i) = ∆̃(x(n−1)
i = i− 1;−v) which concludes

the induction argument. Although seemingly not so complicated, the
proof involves tedious computations and is not so much relevant for our
purposes. We merely give the final result:
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Proposition 3.2.2. The determinant ∆̃n+1 = ∆̃(x(n+1)
i = i− 1) can be

computed exactly, and is given by

∆̃n+1 = (1− 4v2)
1
2 ⌊ (n+1)2

4 ⌋ ×

 1 if n ̸= 1 mod 4,√
1−2v
1+2v if n = 1 mod 4.

(3.60)

The partition function follows directly form this proposition,

Zn = (2ab)⌊ (n+1)2
4 ⌋(a2 + b2)⌊ n2

4 ⌋ ×
{

1 if n ̸= 1 mod 4,
a/b if n = 1 mod 4. (3.61)

This quantity has been computed in [78] by using the relation between
Aztec diamonds and the octahedron recurrence (see Section 3.3 for more
details) and in [1] by using λ-determinants.

We note that the expression (3.60) is relatively simple, in the sense that it
depends only on a certain power of factors (1−2v) and (1+2v). It means
in particular that all the combinatorics hidden in the αk coefficients
seems to disappear when we compute the determinant on the last particle
level, which is rather surprising.

3.2.2 Distribution on first levels

Similarly to the biased case, it is possible to guess the distribution for
the first m levels and prove it to be correct by integrating from the
higher to the lower levels. The strategy of the proof is the same as
in Proposition 3.1.2, only the complexity of the expressions involved
increases. The distribution may seem hard to guess in this case, but a
part of the intuition on how we initially derived it is given at the end of
the section.

Proposition 3.2.3. The probability density of the particle process on
the first m levels is given by

ρ(x(1), . . . , x(m)) = An,m det
1⩽i,j⩽m

[
L
n−m+i,x(m)

j

(
(−1)mv

)]
·

· Ω(x(1), . . . , x(m−1)) · χ(x(1) ≺ · · · ≺ x(m)), (3.62)
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where, for i ⩾ 0, the Li,j’s are defined by the initial condition L0,j = δ0,j,
and the recurrence

Li+1,j(v) =
(
Li,j(v) + Li,j−1(−v)

)
βi(v),

βi(v) =


(1− 2v)−1 if i = 0 mod 4,
(1 + 2v)−1 if i = 2 mod 4,

1 if i = 1 mod 2,

(3.63)

while

An,m =
(

1− 4v2

4

)m(n+1−m)/2

×

×


√

1+2v
1−2v if n = 1 (mod 4) and m = 1 (mod 2),√
1−2v
1+2v if n = 3 (mod 4) and m = 1 (mod 2),
1 otherwise.

(3.64)

Observe that, due to the initial conditions, it is immediate that Li,j =
0 for j < 0 and j > i. Similarly to the biased case, the recurrence
generalizes Pascal’s triangular relation but here with a coefficient βi,
that depends on i mod 4, and a replacement v 7→ −v in Li,j−1. An
analogous recurrence for related quantities Si,j has been derived in [52]
where refined partition functions of two-periodic Aztec diamonds were
considered. The quantities introduced in [52] are in fact closely related
to ours by the transformation Si,j

∏i−1
k=0 βk = Li,j (see Section 3.3 for

more details). Before proving the proposition, we need the following
results on the Li,j coefficients:

Lemma 3.2.4. For n ⩾ 0, we have
n∑
k=0

Ln,k = A−1
n,1(−v) = 2n

n∏
k=1

βkβk−1. (3.65)

Lemma 3.2.5. For i ⩾ 1 and j ∈ N, we have

−2βiβi−1

j∑
k=0

(
Li,k − 2βiβi−1Li−1,k

) [1
2 − v(−1)j

]δk,j

= Li,j . (3.66)
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The bar above some quantities is a shortcut notation to say that they
are evaluated at −v rather than v. In this section, we will also frequently
need some properties on the βk coefficients that we gather here:

βk = βk+2 = βk+4, βk + βk = 2βkβk, (3.67)

for all k ∈ Z.

Proof of Lemma 3.2.4. In some sense, this lemma may appear trivial; if
we assume the proposition to be true, it just ensures that the distribution
at m = 1 is normalized,

An,1(v)
n∑
k=0

Ln,k(−v) =
n∑
k=0

ρ(x(1)
1 = k) = 1. (3.68)

The lemma can nevertheless be obtained independently. Hereafter, we
show that the left- and the right-hand side of (3.65) obey the same
recurrence relation. For n = 0 it is clear that both sides are equal to 1,
therefore, it only remains to show that

2βn+1βn

n∑
k=0

Ln,k =
n+1∑
k=0

Ln+1,k. (3.69)

Using the recurrence of Li,j on the right-hand side and playing with the
properties of βk, this is equivalent to

n+1∑
k=0

Ln,k
βn−1

− Ln,k−1

βn−1
= 0. (3.70)

The expression inside the sum is equal to Ln−1,k −Ln−1,k−2 so that the
summation on k indeed gives zero.

Proof of Lemma 3.2.5. In this proof, we follow the same strategy as in
the previous one, and show that the two sides of the equality obey the
same recurrence relation. The case i = 1 is easy to prove and only relies
on the values of L0,k = δ0,k and L1,k = (δ0,k+δ1,k)β0. For the recurrence,
we claim that both sides obey (Li,j + Li,j−1)βi = Li+1,j . For the right-
hand side, it directly follows from the definition of the Li,j , while for the
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l.h.s., summed at j and j − 1 with the replacement v 7→ −v, we find

−2βi
j∑

k=0

[
βiβi−1Li,k + βiβi−1Li,k−1− 2βiβi−1βiβi−1(Li−1,k +Li−1,k−1)

]
×
[1

2 − v(−1)j
]δk,j

, (3.71)

where we used that Li,j = 0 for j < 0 and j > i. Using the recurrence
on the Li,j ’s and (3.67), we rewrite this expression as

− 2βiβi
j∑

k=0

[
−βi−1Li,k + βi−1Li,k−1

] [1
2 − v(−1)j

]δk,j

= −2βi+1βi

j∑
k=0

[Li+1,k − 2βi+1βiLi,k]
[1

2 − v(−1)j
]δk,j

. (3.72)

This last equality brings the expression back to its original form at i+1,
which concludes the proof.

Proof of Proposition 3.2.3. We proceed by induction starting from m =
n + 1. In this case, the determinant is lower triangular, and, in order
to recover (3.38), we need to show that ∏n

k=0 Lk,k
(
(−1)n+1v

)
= (a2 +

b2)n(n+1)/2/Zn = [∆̃n+1(v)]−1. The product can be computed by using

Lk,k(v) = (1− 4v2)−⌊ k
4 ⌋ ×


1 if k = 0 mod 4,

(1− 2v)−1 if k = 1 mod 4,
(1 + 2v)−1 if k = 2 mod 4,
(1− 4v2)−1 if k = 3 mod 4,

(3.73)

and by separating each value of n mod 4. One can verify that it gives
the claimed result by comparison with (3.60). For the induction step,
we have to show that the distribution integrated over its level m + 1
gives back the density at m. It is equivalent to verify that

∑
x(m+1)

det
1⩽i,j⩽m+1

[
L
n−m+i−1,x(m+1)

j

(
(−1)m+1v

)]
·Ω(x(m))·χ(x(m)≺x(m+1))

= An,m
An,m+1

det
1⩽i,j⩽m

[
L
n−m+i,x(m)

j

(
(−1)mv

)]
. (3.74)
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As before, we set xj ≡ x
(m)
j (1 ⩽ j ⩽ m) and yj ≡ x

(m+1)
j (1 ⩽ j ⩽

m + 1). Similarly to what we did in Section 3.1.3, we write Ω(x(m)) =
←
Ω(x(m+1)) as a function of x(m+1) such that

←
Ω(yj) =


1
2 + vεm(xj) = 1

2 − v(−1)m+1+xj if yj = xj ,

1
2 − vεm(xj−1) = 1

2 + v(−1)m+1+xj−1 if yj = xj−1,

1 otherwise.
(3.75)

We rewrite the l.h.s. of (3.74) with the sums in the determinant,

det
1⩽i,j⩽m+1

 xj∑
yj=xj−1

Ln−m+i−1,yj

(
(−1)m+1v

) ←
Ω(yj)

 , (3.76)

where we defined x0 = 0 and xm = n. (Note that
←
Ω takes the value 1

in these special cases since it corresponds to the boundary of the AD
and not to the presence of a particle.) Without loss of generality, we
absorb the sign (−1)m+1 in a redefinition of v 7→ (−1)m+1v. We simplify
this determinant with the following column operations: Cj 7→

∑j
k=1Ck.

Since we have
←
Ω(yi = xi) +

←
Ω(yi+1 = xi) = 1, the entries become

xj∑
yj=0

Ln−m+i−1,yj

[1
2 − v(−1)xj

]δyj ,xj

. (3.77)

In the last column, the expression simplifies further and we find, due to
Lemma 3.2.4, ∑n

y=0 Ln−m+i−1,y = 2n−m+i−1∏n−m+i−1
k=1 βkβk−1. Since

we want to reduce the size of the determinant, we choose to apply the
row operations Li 7→ Li − 2βn−m+i−1βn−m+i−2Li−1 in order to obtain
0’s in the last column. The rest of the entries, for i = 2, . . . ,m+ 1 and
j = 1, . . . ,m, are given by
xj∑
yj=0

(
Ln−m+i−1,yj − 2βn−m+i−1βn−m+i−2Ln−m+i−2,yj

)[1
2−v(−1)xj

]δyj ,xj

.

(3.78)
We can use Lemma 3.2.5 to simplify the expression and find something
proportional to the desired entries. In summary, the determinant is now
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given by∣∣∣∣∣∣∣∣∣∣∣∣

2n−m∏n−m
k=1 βkβk−1

0
...
0

∑xj

y=0 Ln−m,y
←
Ω(y; (−1)m+1v)

−
Ln−m+i−1,xj

2βn−m+i−1βn−m+i−2

∣∣∣∣∣∣∣∣∣∣∣∣
(m+1)×(m+1)

≃ det
1⩽i,j⩽m

[
Ln−m+i,xj

]
. (3.79)

After a tedious computation, the proportionality factor between the two
determinants can be shown to correspond exactly to

An,m
(
(−1)m+1v

)
/An,m+1

(
(−1)m+1v

)
. (3.80)

Remark. In this proof, we used the knowledge of the partition func-
tion to slightly simplify the expression of An,m. However, it is not
difficult to rewrite it while keeping Zn implicit, by defining Ãn,m =
An,m

Zn

(a2+b2)n(n+1)/2 . The induction step would not change since we have
An,m−1/An,m = Ãn,m−1/Ãn,m. In the end, it would be easy to deduce
the partition function from the proposition, just by integrating the case
m = 1.

By the same integration performed in Proposition 3.2.1, we can write
down the one level density distribution6

ρ(x(m)) = An,m det
1⩽i,j⩽m

[
L
n−m+i,x(m)

j

(
(−1)mv

)]
· ∆̃(x(m)), (3.81)

where ∆̃(x(m)) is still given by (3.41). It is a relatively simple formula
given by the product of two determinants of identical sizes. We have not
been able to evaluate these determinants in closed form and the product
of the two does not seem to simplify the expression. The question of
whether this last expression can be related to orthogonal or biorthogonal
polynomials (similarly to the biased case with the Krawtchouk ensemble)
remains open.

6Similarly, it is not difficult to obtain the distribution ρ(x(m), . . . , x(m+k)) for k+1
consecutive levels.
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Another question is whether it is still possible to obtain the shape of the
(outer) arctic curve by looking at the support of this distribution in the
limit where n becomes large (method proposed by [45] in the uniform
case). In practice, the above distribution contains all the necessary
information; the problem rather lies in the feasibility of the computation
from the determinantal expressions.

In the remainder of this section, we attempt to give a better understand-
ing of the distribution (3.62). Originally, following the method proposed
in [45], we deduced it from (3.40) by using the Jacobi identity, some-
times also referred to as Jacobi complementary minor theorem. For a
square matrix M , the formula reads

detMJ,K = (−1)
∑

i
ji+ki det

[
(M−1)Kc,Jc

]
detM, (3.82)

where J = {j1, j2, . . . },K = {k1, k2, . . . } are subsets of rows and columns
of M , and Jc,Kc their complements. The above formula makes the
bridge between the minors of a given matrix and the minors of its in-
verse. Interestingly, this formula can be used to connect the distribution
of particles with the distribution of holes (the absence of particles). For
instance, we can take M to be ∆̃n+1(±v). In this case, the rows selected
in J correspond to the particle positions, and consequently, Jc gives the
hole positions.

The difficulty then lies in the inverse matrix, which can be hard to
determine in principle, but since the equality holds at the determinant
level, the exact inverse of M is not needed. Suppose that we have a lower
triangular matrix L such that LM = U with U an upper triangular
matrix with ones on its diagonal. The inverse of M is given by M−1 =
U−1L, however, due to its triangular shape, U−1 do not contribute to
the minors containing the last m rows of M−1 which are simply given
by |M−1

Kc,Jc | = |LKc,Jc |.

Our claim is that such a matrix
(
Li,j

)n
i,j=0 is actually given by the coef-

ficients Li,j in (3.63) where the −1 prefactor in the Jacobi’s formula has
been absorbed inside the determinant. The exact sign of v in the dif-
ferent expressions depends on the parity of n and m. Once we have the
distribution of holes, one can use the symmetries of the Aztec diamonds
to exchange the roles of particles and holes and recover the distribution
(3.62). It is also needed to know how to relate the adjacency of particles
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and holes, but this can be done by explicitly counting the different kinds
of dimers on a given level according to the particle positions.

3.2.3 Generating functions, asymptotics and convergence
to the GUE-corners process

In this section, our first objective is to find an asymptotic formula for
the Li,j coefficients, allowing us to understand the behaviour of the
determinant near the edge in the large n limit. Such an analysis for a
similar recurrence has been carefully realized in [52] so that we will not
detail all the computations in the present document. Since the Li,j ’s
obey a linear recurrence relation, their generating function is rational,
and the tools developed in [73] are quite adapted. The only difficulty
lies in the functions βi(v) that depends on the value of i modulo 4. It
leads us to split the generating function into four functions, according to
each subsequence. In the regime where i and j become large, the large
deviation function leading to the asymptotics of these subsequences is
the same; however, the prefactor and subleading terms may slightly
differ for each of them.

The theorem 3.19 of [73] gives the asymptotics for large n of the coeffi-
cients

Lsn,rn(v) = 1√
2πsn

esnF ( r
s

)
∞∑
k=0

N
[sn]
k ( rs)

(sn)k/2 , (3.83)

for s, r ∈ [0, 1]. F (t) is the large deviation function and depends, in prac-
tice, only on the denominator of the generating function. The N [sn]

k (t)
give the corrections at all orders in n and depend on derivatives of nu-
merator and denominator of the generating function, they are therefore
supposed to be smooth in t; these correction terms also depend implic-
itly on v. The exponent [sn] reminds that the function may depend on
sn but only on its value modulo 4 so that we have here four different
functions N [sn]

k for each k ∈ N. An explicit form of these corrections is
not needed for our purposes7; however, since several cancellations occur
in the determinant, we need to verify they do not interfere with the
leading order. Once we have a clear knowledge of these cancellations,
one can always truncate this series to only keep the necessary terms.

7A formula for N [sn]
0 is given in [73].



168 Chapter 3. GUE-corners process in Aztec diamonds

Concerning the function F , it turns out that the discussion made in
Section 4.1 of [52] applies almost verbatim in our case: in particular, it
can be shown that F (t) = F1(t) − 1

2 log
√

1− 4v2, where F1 is defined
in the equation (4.12) of [52]. The function F can then be proven to
be strictly concave with a unique maximum at r∗ = 1/2 where F (r∗) =
log 2√

1−4v2 and F ′′(r∗) = −4
1−4v2 . We can now formulate the main result

of this work.

Theorem 3.2.6. If we define z
(ℓ)
i = x

(ℓ)
i −µ
σ to be the rescaling of the

x-particle system, with µ = nr∗ and σ2 = n
−F ′′(r∗) , then the JPDF

ρ(z(1), . . . , z(m)) converges in distribution to ρGUE-corners(z(1), . . . , z(m))
in the limit where n→∞ and m remains finite.

Proof. We start by recalling the expression of the particle distribution
at finite n, given in (3.62),

ρ(x(1), . . . , x(m)) = An,m det
1⩽i,j⩽m

[
L
n−m+i,x(m)

j

(
(−1)mv

)]
·

· Ω(x(1), . . . , x(m−1)) · χ(x(1) ≺ · · · ≺ x(m)). (3.84)

As in Section 3.1.4, we neglect the factor Ω(x(1), . . . , x(m−1)) since the
probability that some particles be adjacent decays to 0 in the large n
limit. On level m ≪ n, the particles are close to the contact point
of the arctic curve with the boundary, located at µ = nr∗ = n

2 . We
set8 rj = x

(m)
j /n and si = 1 − m−i

n in order to make contact with the
asymptotic form (3.83) for the Lsn,rn coefficients. Thus the si are all
close to 1, and the rj are close to r∗ and related to the zj by the relation
rj = r∗ + zj/

√
−nF ′′(r∗) + . . . , where the dots refer to the fluctuations

of rj around r∗ of scales larger than
√
n.

From (3.83), the coefficient Lsin,rjn contains the function sinF (rj/si)
which we can expand around si = 1 and rj = r∗,

sinF (rj/si) = nF (rj)− (m− i)F (rj) + (m− i)rjF ′(rj) + . . .

= nF (r∗)− 1
2z

2
j − (m− i)

[
F (rj)− rjF ′(rj)

]
+ . . . (3.85)

8The superscript m is omitted in the definition of the rj to keep the notation
lighter.
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where the dots are terms which go to 0 when n goes to infinity.

Using (3.83), we can now write the determinant as

det
1⩽i,j⩽m

[
Lsin,rjn

]
= (2πn)−m/2 emnF (r∗)

m∏
j=1

e− 1
2 z

2
j × det

1⩽i,j⩽m
[Gi(rj)] ,

(3.86)
where the functions Gi(rj) are given by

Gi(rj) = 1
√
si

esinF (rj/si)−nF (r∗)+z2
j /2

∞∑
k=0

N
[sin]
k (rj/si)
(sin)k/2 . (3.87)

From (3.85), each function Gi(r) has an expansion in inverse powers of
n, whose dominant, order 0 term is

Ñ
[n−m+i]
0 (r) ≡ Gi(r)

∣∣∣
n0

= N
[n−m+i]
0 (r) e(i−m)[F (r)−rF ′(r)]. (3.88)

Before evaluating the asymptotic value of this determinant, we examine
the other various factors depending on n that will enter the probability
distribution in the scaling limit. There are four such terms: the An,m
factor, given in (3.64), the Jacobian of the change of variables xj → zj ,
equal to σm(m+1)/2, and the terms (2πn)−m/2 and emnF (r∗) in (3.86).
Collecting their explicit values, we find

(2πn)−m/2An,m σ
m(m+1)/2 emnF (r∗) =

Cn,m(v)
(2π)m/2

( 4
1− 4v2

)m(m−3)/4
nm(m−1)/4, (3.89)

where Cn,m(v) is the function on v, given in (3.64), which depends on
n mod 4 and on m mod 2.

Collecting all terms, the scaling limit of the discrete distribution is given
in terms of the remaining determinant as

ρ(z(1), . . . , z(m)) = lim
n→∞

Cn,m(v)
(2π)m/2

( 4
1− 4v2

)m(m−3)/4
nm(m−1)/4

m∏
j=1

e− 1
2 z

2
j det

1⩽i,j⩽m
[Gi(rj)] · χ(z(1) ≺ · · · ≺ z(m)). (3.90)
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To evaluate the determinant, we expand the functions Gi(rj) around
rj = r∗ + εj , to obtain

Gi(rj) = Gi(r∗) + εj G
′
i(r∗) +

ε2
j

2 G′′
i (r∗) + . . .+

εm−1
j

(m− 1)! G
(⩾m−1)
i (r∗),

(3.91)
where G(⩾m−1)

i (r∗) contains the tail of the Taylor expansion, namely,

G
(⩾m−1)
i (r∗) = G

(m−1)
i (r∗) + εj

m
G

(m)
i (r∗) +

ε2
j

m(m+ 1) G
(m+1)
i (r∗) + . . .

(3.92)
The matrix inside the determinant factorizes so that, with G

(m−1)
i (r∗)

standing for G(⩾m−1)
i (r∗),

det
1⩽i,j⩽m

[Gi(rj)] = det
1⩽i,j⩽m

[
m∑
k=1

1
(k − 1)! G

(k−1)
i (r∗) εk−1

j

]

= det
1⩽i,j⩽m

[ 1
(j − 1)! G

(j−1)
i (r∗)

]
det

1⩽i,j⩽m

[
εi−1
j

]
. (3.93)

The Vandermonde determinant yields, upon using εj = zj/
√
−nF ′′(r∗)+

. . . ,

det
1⩽i,j⩽m

[
εi−1
j

]
=∆

( z
(m)
j√

−nF ′′(r∗)
+ . . .

)
=
(
−nF ′′(r∗)

)−m(m−1)/4∆(z(m)
j )+ . . .

(3.94)
Thus its dominant order in n precisely cancels the power nm(m−1)/4 in
the expression (3.90), implying, in the large n limit, that the corrections
in the previous equation will decay to zero, and that the contribution of
the derivatives G(j−1)

i (r∗) will be given by the derivatives of their zeroth
order in n, that is,

B[n]
m ≡ lim

n→∞
det

1⩽i,j⩽m

[ 1
(j − 1)! G

(j−1)
i (r∗)

]

= det
1⩽i,j⩽m

[ 1
(j − 1)!

dj−1Ñ
[n−m+i]
0 (r)

drj−1

∣∣∣
r∗

]
. (3.95)
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We obtain the following final result for the particle distribution in the
scaling limit,

ρ(z(1), . . . , z(m)) = 1
(2π)m/2 ∆

(
z

(m)
j

) m∏
j=1

e− 1
2 (z(m)

j )2
χ(z(1)≺ . . .≺z(m))×

×
{
Cn,m(v)B[n]

m

(1− 4v2

4
)m/2

}
, (3.96)

precisely the GUE-corners distribution except for the factor within the
curly brackets. The proper normalizations of both the discrete distribu-
tion we started from and of the GUE-corners process ensure that this
factor must be equal to 1.

Remark. It would be clearly desirable to check explicitly that the factor
within the brackets is actually equal to 1. Although the final result
is surprisingly simple, the explicit calculation of B[n]

m
(
(−1)mv

)
looks

awkward: it requires multiple derivatives of the functions F (r) and
N

[0]
0 (r), . . . , N [3]

0 (r), which are all rather complicated for v ̸= 0. We
have nevertheless checked that the factor is indeed equal to 1 for m ⩽ 4.
For v = 0 however the situation simplifies drastically. For any v, the
arguments in the above proof indeed show that, in the large n limit, the
determinant of the matrix

(
Gi(rj)

)
i,j

can be reduced to the determinant
of its zeroth order

(
Ñ

[n−m+i]
0 (rj)

)
i,j

. However, for v = 0, the functions
N

[n−m+i]
0 (r) = N0(r) do not depend on i, and we obtain

det
1⩽i,j⩽m

[
N

[n−m+i]
0 (rj) e(i−m)[F (rj)−rjF

′(rj)]
]

=
[ m∏
j=1

N0(rj)
]

(−1)m(m−1)/2 ∆
(
e−[F (rj)−rjF

′(rj)]
)

=
[
N0(r∗)

]m [(−r∗F
′′(r∗)

)
e−F (r∗)

]m(m−1)/2
∆
( z

(m)
j√

−nF ′′(r∗)

)
.

(3.97)

As stated in Proposition 3.1.2, Li,j is given by a binomial coefficient,
Li,j =

(i
j

)
. The asymptotic value relevant here is

Ln,rn ≃
r−rn(1− r)−(1−r)n√

2πn r(1− r)
, (3.98)
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from which one obtains F (r) = −r log r−(1−r) log (1− r) (implying, as
announced above, r∗ = 1

2 , F (r∗) = log 2 and F ′′(r∗) = −4) and N0(r) =
[r(1 − r)]−1/2, with N0(r∗) = 2. Then, the coefficient in front of the
Vandermonde determinant, to be identified with B

[n]
m , yields B[n]

m (0) =
2m. With Cn,m(0) = 1, we obtain that the factor in the curly brackets
in (3.96) is indeed equal to 1.

3.3 Connections with the octahedron recurrence
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Figure 3.7: Left: general face weighting on the Aztec graph Ân for n = 3.
Right: relabelling of the weights into the usual two-periodic ones with
additional weights z(ℓ)

k . Center : example of a particle configuration and
the corresponding alternating sign matrix of size n+ 1.

In this section, we make the connection between the probability density
on the first m levels, ρ(x(1), . . . , x(m)), and the results obtained in [1,52]
and in Chapter 1 of this thesis. For this purpose, let us recall the
notations used in Section 1.1 and denote the extended Aztec graph of
order n by Ân and the face weight associated to a perfect matching M by
wF (M) = ∏

(i,j)∈Ân
x

1−Ni,j

i,j , where Ni,j = 0, 1, 2 is the number of dimers
adjacent to the face xi,j of Ân (see Figure 3.7). We also consider a bias√
λ on the vertical edges of the graph such that the partition function

Tn hence defined respects the octahedron recurrence (1.12) with initial
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conditions (1.13). This measure differs from the one defined at the
beginning of Section 3.2 but the corresponding partition functions are
easily related by setting λ = 1 and by an inversion of the weights (only
a global factor subsist). Another difference is that we now allow the
external faces, on the edges of the graph, to also carry weights.

To make contact with the two-periodic measure, let us redefine the face
weights as shown in the right picture of Figure 3.7. In addition to a

and b, we keep the weights on the remaining faces (the p-faces in the
notations of Section 1.2) and labelled them z

(ℓ)
k ; the reason will be clear

in a moment. We easily recover the usual two-periodic AD by setting
these latter variables to 1. In the central picture of Figure 3.7, we wrote
the values 1−Nk,ℓ inside each corresponding face z(ℓ)

k for a given particle
configuration. We have seen in Section 1.2.4 that this quantity corre-
sponds to the entries of an alternating sign matrix of size n + 1 [19].
Besides, one can see that the matrix is bijectively related to the parti-
cle system. A dictionary for this bijection is given in Figure 3.8. An
alternating sign matrix possesses six different kinds of entries (directly
related to the six-vertex model), namely +1, −1, and four different kinds
of 0’s, distinguishable according to the relative positions of the +1 en-
tries in the same rows/columns of the matrix9. To each of these entries
corresponds exactly one local particle configuration. The two first pic-
ture of the figure look similar from the particle point of view, but the
underlying dimers indicate that in one case the left particle is adjacent
to its inferior neighbour (i.e. αinf = 1) and in the other case the left
particle is adjacent to its superior neighbour (i.e. αsup = 1). A similar
notion of adjacency for holes enables us to distinguish between the third
and the fourth picture. In terms of domino tilings however, the corre-
spondence is not bijective; the non-adjacent particles (or equivalently
the −1’s) offer the possibility of two different local tilings (previously
called the flippable plaquettes).

Let us define x = {x(1), . . . , x(n+1)} to be the complete collection of
particle positions in a given configuration. In the light of the connection

9Let us consider a 0 entry in an ASM. In the same row, this 0 is necessarily in
between an entry +1 and −1 (or the edge of the matrix if there is no −1). There are
two possibilities, the +1 can either be to the right of the 0 or to its left. The same
goes for the column of the chosen 0 entry. The four possible cases are depicted in
Figure 3.8.
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01

1 0

1

1 0 1

1 0 1

1
1 −1

0 0 0 0 1 −1 or −1

Figure 3.8: Dictionary between alternating sign matrix entries, local
particle configurations and tilings.

with alternating sign matrices, we can decompose the function Tn (with
the weighting specified in the right picture of Figure 3.7) as

Tn(a, b; z(ℓ)
k ) =

∑
x
T

(n+1)
n;x (a, b)

n+1∏
k,ℓ=1

[
z

(ℓ)
k−1

]Bk,ℓ(x)
, (3.99)

where B(x) is the (unique) alternating sign matrix of size n + 1 corre-
sponding to the particle configuration x. In this expression, the coef-
ficients T (n+1)

n;x (a, b) have a clear interpretation: they correspond to the
(weighted) number of ways in which an AD of size n can be tiled while
the positions of all particles are prescribed. By letting z(ℓ)

k = 1 for ℓ > m,
one can specialize the previous expression. Since all configurations hav-
ing their particles on the m first levels at the same positions carry the
same weight in z

(ℓ)
k , we can write, for x = {x(1), . . . , x(m)},

Tn(a, b; z(ℓ)
k ) =

∑
x
T

(m)
n; x (a, b)

∏
1⩽k⩽n+1

1⩽ℓ⩽m

[
z

(ℓ)
k−1

]Bk,ℓ(x)
. (3.100)

In this expression, B(x) is not unique, only its first m columns are fixed
by x, but the others do not contribute to the product anyway since
z

(ℓ)
k = 1 for ℓ > m. The coefficients T (m)

n;x (a, b) keep the same interpreta-
tion, they give the total weight of AD configurations having particles at
positions x. We now insert this expression in the octahedron recurrence
(1.12) and find, for x = {x(1), . . . , x(m)} and y = {y(1), . . . , y(m−1)},

∑
x,y

(
T

(m)
n; x T

(m−1)
n−2; y−1 − T

(m)
n−1; x T

(m−1)
n−1; y−1 − λ T

(m)
n−1; x−1 T

(m−1)
n−1; y

)
×

×
∏

1⩽k⩽n+1
1⩽ℓ⩽m

[
z

(ℓ)
k−1

]Bk,ℓ(x) ∏
1⩽k⩽n+1
1⩽ℓ⩽m−1

[
z

(ℓ+1)
k−1

]Bk,ℓ(y)
= 0. (3.101)
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The summations run over all acceptable (i.e. interlaced in the sense of
(3.7)) particle configurations for x and y independently and T n stands
for Tn(b, a). It provides a system of equations which allows us to compute
recursively the coefficients T (m)

n;x for any n,m and x relying only on the
initial values

T
(0)
0 (a, b) = 1, T

(0)
1 (a, b) = a−1(1 + λ). (3.102)

However, due to the double summation on x and y, several terms in
these sums may have the same power in the variables z(ℓ)

k which makes
it difficult to extract generic equations for T (m)

n;x . To simplify, let us
examine the case m = 2, the equation then becomes
∑
x,y

(
T

(2)
n;x(1)

1 , x
(2)
1 , x

(2)
2
T

(1)
n−2; y(1)

1 −1
− T (2)

n−1;x(1)
1 , x

(2)
1 , x

(2)
2
T

(1)
n−1; y(1)

1 −1

−λT (2)
n−1;x(1)

1 −1, x(2)
1 −1, x(2)

2 −1
T

(1)
n−1; y(1)

1

)
z

(1)
x

(1)
1
z

(2)
x

(2)
1
z

(2)
x

(2)
2
z

(2)
y

(1)
1

[
z

(2)
x

(1)
1

]−1 = 0.

(3.103)

Already in this case, the generic coefficient of z(1)
k z

(2)
i z

(2)
j z

(2)
p [z(2)

k ]−1

would involve three different combinations of the expression in the paren-
theses. In some specific cases, for instance if p = j, it simplifies and only
one combination appears, however, the equations thus extracted are not
sufficient to obtain all the T (m)

n;x .

What is interesting for us in this context is the function T
(m)
n;x which is,

by its definition, directly related to the distribution ρ(x) we computed.
Indeed, as we said, this function counts the total weight of AD configu-
rations having particles at positions x. If we divide this quantity by the
partition function, it then gives the probability to observe the particle
system in the state x, so that we have

ρ(x) =
Z

(m)
n;x (a, b)
Zn(a, b) =

T
(m)
n;x ( 1

a ,
1
b )

Tn( 1
a ,

1
b )

, (3.104)

where Z
(m)
n;x is the equivalent of T (m)

n;x for the measure defined at the
beginning of Section 3.2. As a consequence, the expression we found for
ρ(x) in the previous sections must solve the octahedron system (3.101)
at λ = 1. We verified this statement explicitly for m = 2, 3 and small
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values of n on Mathematica. However, for the general case, even with
the solution at hand it is not obvious to us how to construct a direct
proof that T (m)

n;x (a, b) = Tn(a, b) ρ(x;−v) solves the equation (3.101).
In [52], the system is studied at m = 1 and the equation is linearized by
considering the ratio

Sn,k(a, b) = a
T

(1)
n,k(a, b)

Tn−1(a, b)

= Sn−1,k(a, b) + Sn−1,k−1(b, a)×
{

1 if n = 0, 1 mod 4,
a2/b2 if n = 2, 3 mod 4,

(3.105)

with initial conditions S0,k = δ0,k. These numbers are easily mapped
to the Ln,k’s by the transformation Sn,k

∏n−1
i=0 βi = Ln,k. In that work,

the author is interested in computing the asymptotics of T (1)
n,k with the

objective of finding the arctic curve of the model via the tangent method.
This quantity is referred to as the one-refined partition function due to
the fact that it counts the number of configurations while the position
of the particle x(1)

1 is prescribed. In this sense, the function T
(m)
n;x can

be seen as a multi-refined partition function. The octahedral recurrence
then offers an explanation of why T (m)

n;x can be expressed solely in terms
of T (1)

n;k itself being proportional to Ln,k.

Our last remark concerns the link between the interlaced particle sys-
tem and the non-intersecting paths formulation of Aztec diamonds. Fig-
ure 3.9 shows a superposition of the two systems. We see in this picture
that the particles appear on the beginning of steps (2, 0) and (1,−1),
which follows directly from their definition in terms of the dominos. The
first particle x(1)

1 is then related to the first bifurcation from the edge
of the first path, and more generally, the particle x(j)

i is related to i-th
bifurcation (i.e. steps (2, 0) and (1,−1)) of the (j − i+ 1)-th path.

3.4 Discussion

In this chapter, we showed that the GUE-corners distribution still ap-
pears as the limiting distribution in Aztec diamonds near the contact
point between the arctic curve and the edge of the domain when the
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Figure 3.9: Superposition of the path description with the interlaced
particles. We shifted by 1/2 unit to the right the usual paths to empha-
size the correspondence. By definition, particles lie on starting points of
steps (2, 0) and (1,−1).

probability measure on the configuration set is modified. More pre-
cisely, we examined the biased (or one-periodic) and the two-periodic
measures. The main ingredients that we used are the determinantal
structure of the particle process and the asymptotic Gaussian behaviour
of the determinant entries. We believe these hypotheses to be suffi-
cient to observe the convergence to the GUE-corners process in Aztec
diamonds with any non-pathological probability measure, even though
a deeper analysis would be required to settle this question. On the
other hand, these hypotheses are certainly not necessary, since there
exist discrete non-determinantal point processes (for instance, the uni-
formly weighted alternating sign matrices [90]) that also converge to
GUE-corners. Under such considerations, it would not be surprising
that further generalizations of the weighting system on Aztec diamonds
continue to be associated with GUE, for instance, higher periodicity or
two-periodic with an additional vertical bias, although fully explicit cal-
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culations in these cases would probably become difficult to perform with
our method.

It is also known that partition functions of Aztec diamonds are related
to the octahedron recurrence [49,50], and one natural question would be
to know whether the distribution of particles ρ(x(1), . . . , x(m)) also share
connections with this recurrence. Since the density ρ gives the probabil-
ity to observe a configuration while the position of a certain number of
particle is prescribed, it is easily related to the notion of refined partition
functions (enumeration of weighted configurations with the same con-
straints). These functions have to satisfy a modified octahedron system
(as it is shown in [52] for the one-refined partition function). However,
when one considers a refinement on several levels, the equations pro-
duced by the octahedron recurrence do not simplify very much, and
although it effectively allows us to compute ρ(x(1), . . . , x(m)) recursively,
the system of equations becomes rapidly complicated as m increases and
it seems that no general formula for ρ can be extracted from it.

One last peculiarity that we observed is that multi-refined partition func-
tions (in the sense that the particle positions on the m first levels are
prescribed) appear to be proportional to the determinant of one-refined
partition functions. In terms of the probability distribution, it is equiva-
lent to observe that the m-level correlation function for Aztec diamonds
of order n is proportional to a determinant of 1-level correlation func-
tions of ADs of smaller size,

ρn(x(1), . . . , x(m)) ∼ det
1⩽i,j⩽m

[
ρn−m+i(x(m)

j )
]
· Ω(x(1), . . . , x(m−1))·

· χ(x(1) ≺ · · · ≺ x(m)). (3.106)

The octahedron equation provide a partial answer to this observation
since it shows that m-refined partition functions can always be related
to the m−1 ones, but it does not really shed any light on the underlying
structure. A similar construction has already been observed in a slightly
different context [76], even though the details of this factorization remain
unclear to us. It would be interesting to investigate whether there exists
a general structure behind it.
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3.A Alternating sum of powers

In this appendix, we prove the formula

y2∑
x=y1

εℓ(x)xj−1 Ω(x) = −v
(
yj−1

2 − yj−1
1

)

−
j∑

k=2

Bk
j

(
j

k

)
(2k − 1)

(
εℓ+1(y2) yj−k2 − εℓ+1(y1) yj−k1

)
. (3.107)

Lemma 3.A.1. For y and j strictly positive integers, we have

y∑
x=0

(−1)xxj−1 = (−1)y
yj−1

2 +
j∑

k=2

Bk
j

(
j

k

)
(2k − 1)yj−k

−Bj
j

(2j − 1).

(3.108)

Proof. We compute the exponential generating function by multiplying
by zj−1/(j − 1)! both sides of the equality. The l.h.s. gives

∞∑
j=1

y∑
x=0

(−1)x (zx)j−1

(j − 1)! =
y∑

x=0
(−1)xezx = 1− (−ez)y+1

1 + ez . (3.109)

While we find for the right-hand side

(−1)y
2

∞∑
j=1

(zy)j−1

(j−1)! +(−1)y
∞∑
k=2

Bk
k! (2k−1)zk−1

∞∑
j=0

(zy)j
j! −

∞∑
j=1

B−
j

j! (2k−1)zj−1

= (−1)y
2 ezy

(
1 + tanh(z/2)

)
+ 1

2
(
1− tanh(z/2)

)
. (3.110)

Using the exponential definition of tanh, it is immediate to prove the
equality between the two generating functions.

We recall that εℓ(x) = (−1)ℓ+x = −εℓ+1(x) and

Ω(x) =


Ωsup = 1

2 + vεℓ+1(y2) if x = y2,

Ωinf = 1
2 − vεℓ+1(y1) if x = y1,

1 otherwise.

(3.111)
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Finally, to evaluate the desired sum, one can separate the terms as

y2∑
x=y1

εℓ(x)xj−1 Ω(x) =
y2∑
x=0

εℓ(x)xj−1 −
y1∑
x=0

εℓ(x)xj−1

+ Ωinf εℓ(y1) yj−1
1 + (Ωsup − 1) εℓ(y2) yj−1

2 , (3.112)

and use the lemma above to obtain the claimed formula (3.107).



Chapter 4

Two-periodic dimer models
on the plane

This chapter is part of an ongoing project [4]
written with Philippe Ruelle.

We present in this chapter two different field-theoretic descriptions of
the continuum limit of the two-periodic dimer model on the full plane,
based on Majorana fermions for one, on symplectic fermions for the
other. We start by revisiting the description of the dimer model in
terms of Kasteleyn’s Pfaffian formula, written as an integration over
discrete fermions. The two-periodic measure is an off-critical extension
of the usual uniform case by two relevant parameters. The continuum
limit of the discrete action leads to four coupled and massive fermions
forming a massive ghost system, and depends on a parameter which con-
trols the scaling dimensions of the fermions. For a specific and natural
value of this parameter, the ghost system can be recast as two pairs
of uncoupled massive Majorana fermions (two uncoupled massive Ising
models) with central charge c = 1 in the massless limit. The symplectic
fermion alternative builds on the relations between the dimer model and
the spanning tree and sandpile models. In this case, the two-periodic
measure requires two pairs of uncoupled massive symplectic fermions,
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which, in the critical case, underlie a conformal field theory with central
charge c = −4.

4.1 The dimer model: Kasteleyn matrix and
partition function

Given a graph G with a set of vertices VG and a set of edges EG, a
perfect matching M of G is a subset of EG such that all the vertices
of VG are adjacent to one and only one edge of M . An edge belonging
to a perfect matching is viewed as a rod covering the edge and called a
dimer. The dimer model on G considers the set of all perfect matchings
of G and studies their statistical properties.

The simplest probability measure one can define on the set of perfect
matchings is the uniform measure, by which all perfect matchings have
the same weight. More generally, one may assign each edge of EG a
specific weight w(e) and decide that a perfect matching has a weight
which is the product of the weights of all the edges of M . The partition
function is then the sum of the weights of all perfect matchings,

ZG =
∑
M

w(M) =
∑
M

∏
e∈M

w(e). (4.1)

For the uniform measure, w(e) = 1, the partition partition reduces to
the mere number of perfect matchings on G.

When the graph G is a rectangular grid, namely a rectangular portion of
Z2, Temperley and Fisher [15], Fisher [16] and Kasteleyn [17], at around
the same time, computed the partition function for the one-periodic mea-
sure, which simply assigns the horizontal and vertical edges a different
weight (see later). They reduced the calculation to the evaluation of a
Pfaffian, although, in hindsight, the approach taken by Kasteleyn ap-
pears more general. It is also the one that is most commonly followed
nowadays. As for us it is crucial to identify the Majorana fermions, we
will here follow Kasteleyn’s approach.

If we denote by A the (symmetric) weighted adjacency matrix of G,
namely Ai,j = w(e) if vi e∼ vj (the vertices vi, vj are connected by e),
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and Ai,j = 0 otherwise, it is easy to see that the partition function can
be written as the Hafnian of A,

ZG = Haf A =
∑

α∈Π2n

n∏
i=1

Aα(2i−1),α(2i) = 1
2n n!

∑
σ∈S2n

n∏
i=1

Aσ(2i−1),σ(2i),

(4.2)
where 2n = |VG| is the size of A and Π2n is the set of unordered partitions{(
α(1), α(2)

)
,
(
α(3), α(4)

)
, . . . ,

(
α(2n− 1), α(2n)

)}
of {1, 2, . . . , 2n} into

pairs; the set Π2n contains (2n− 1)!! partitions.

The main drawback of the previous formula is that the Hafnian of a
generic matrix cannot be effectively computed (see for instance [102]).
Kasteleyn’s original idea was then to replace the Hafnian of A by the
Pfaffian of a closely related and antisymmetric matrix K,

ZG = δ−1 Pf K = δ−1 ∑
α∈Π2n

sgnα
n∏
i=1

Kα(2i−1),α(2i)

= δ−1 1
2n n!

∑
σ∈S2n

sgn σ
n∏
i=1

Kσ(2i−1),σ(2i), (4.3)

where sgnα is the parity of α, viewed as the permutation (1, 2, . . . , 2n)→
(α(1), α(2), . . . , α(2n)); δ is, at this stage, just a sign and makes sure that
ZG is positive1.

The Pfaffian is much easier to evaluate because of its relation to the
determinant, PfK2 = detK. However, in order to compensate for the
signs coming from the parities and make sure that all terms in the sum
contribute coherently, namely with the same sign, the matrix K should
be a properly signed version of A. The existence of a matrix satisfying
these contraints is highly non-trivial, but Kasteleyn managed to estab-
lish its existence when G is a planar graph [18]; a qualifying matrix is
called a Kasteleyn matrix. The signs affecting the entries of K can be
given by a specific orientation of the edges of G, in terms of which the
entries of K read Ki,j = +Ai,j if vi e→ vj and Ki,j = −Ai,j if vi e← vj .
Then the δ relating the partition function ZG and the Pfaffian of K is
equal to the sign of any non-zero term in the sum over the partitions α.

1There is in any case a global sign ambiguity: the value of ZG does not depend
on the labelling of the vertices whereas PfK does. Indeed, two labellings are related
by a permutation π, and so are the two Kasteleyn matrices, K2 = Pπ K1P

t
π, so that

PfK2 = (detPπ) Pf K1 = ±Pf K1.
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Once a Kasteleyn matrix K has been found, many others may be ob-
tained. Indeed, if one multiplies by zi the weights of all the edges adja-
cent to the vertex vi, for any complex numbers {zi}i, then every perfect
matching picks an extra global weight equal to ∏i zi, and so does the
Pfaffian, implying δ → δ ×

∏
i zi in order to preserve the partition func-

tion. This somewhat artificial change of weights, called a gauge transfor-
mation, amounts to form the new matrix Ki,j → zizjKi,j , and although
the latter may no longer be a signed weighted adjacency matrix, it is
equally good to evaluate the partition function.

To connect to what we want to do in the following sections, the last step
is to rewrite the Pfaffian of K as a multi-integral over anticommuting
variables ψi attached to the vertices of G,

Pf K =
ˆ

[Dψ] exp
{1

2

|VG|∑
i,j=1

Ki,j ψi ψj
}
, [Dψ] = dψ2n . . . dψ2 dψ1.

(4.4)
These variables satisfy ψ2

i = ψi ψj + ψjψi = 0 for all i, j; standard
integration rules for Grassmannian variables prove the above identity.

It is to be noted that the variables ψi have a clear interpretation on the
graph. The insertion of the product ψi1 . . . ψi2k

in the above integral has
the double effect of removing the 2k vertices vi1 , . . . , vi2k

from the graph
G (along with all incident edges) and of restricting the matrix K to the
mutilated graph G \ {vi1 , . . . , vi2k

}. Indeed, for I = {i1, i2, . . . , i2k} the
set of labels, and for i1 < i2 < · · · < i2k, we have
ˆ

[Dψ] ψi1ψi2 . . . ψi2k
exp

{1
2

|VG|∑
i,j=1

Ki,j ψi ψj
}

= ϵ(I) Pf K
∣∣
G\{vi1 ,...,vi2k

},

(4.5)
where ϵ(I) = (−1)k+i1+i2+···+i2k (we borrow the notations from [103]).
By using Jacobi’s identity for Pfaffians, namely (see [103]),

Pf K
∣∣
G\{vi1 ,...,vi2k

} = ϵ(I)
(
Pf K

) (
Pf K−1∣∣

{vi1 ,...,vi2k
}
)
, (4.6)

the Grassmannian integral can be recasted into

⟨ψi1 . . . ψi2k
⟩ ≡ 1

Pf K

ˆ
[Dψ] ψi1ψi2 . . . ψi2k

exp
{1

2
∑
i,j

Ki,j ψi ψj
}

= Pf K−1∣∣
{vi1 ,...,vi2k

}. (4.7)



4.1. Kasteleyn matrix and partition function 185

On account of ⟨ψi ψj⟩ = (K−1)i,j and the definition (4.3) of the Pfaffian
in terms of the partitions α, the previous identity is the Wick theorem.
The two-point expectation values ⟨ψi ψj⟩ are called Wick contractions.

Importantly, one also notes that the restriction of a Kasteleyn matrix
to a subgraph does not in general qualify as a Kasteleyn matrix for the
latter, implying that the partition function for the subgraph is no longer
proportional to the Pfaffian of the restricted Kasteleyn matrix2. Let us
consider two complementary subgraphs of G, namely G1 = G

∣∣
{vi1 ,...,vi2k

}
and G2 = G \ {vi1 , . . . , vi2k

}; let us also denote by K1 and K2 the corre-
sponding restrictions of K. Let us further assume that G1 and G2 have
each at least one perfect matching. K being a Kasteleyn matrix for G,
all non-zero terms in the sum over the permutations σ ∈ S2n contribute
coherently, in fact each non-zero term is equal to δ times a product of
edge weights w(e). Among these, we consider those terms which corre-
spond to a fixed perfect matching of G2. They are all proportional to the
non-zero terms in the sum defining the Pfaffian of K1, which therefore
also contribute coherently; it follows that K1 is a Kasteleyn matrix for
G1. Repeating the argument with any fixed perfect matching of G1, we
obtain that K2 is a Kasteleyn matrix for G2. We thus obtain, under the
condition that both G1 and G2 have at least one perfect matching,

ZG = δ−1 Pf K, ZG1 = δ−1
1 Pf K1, ZG2 = δ−1

2 Pf K2. (4.8)

Since the Pfaffian of K contains, as a subset of terms, the product of
the Pfaffians of K1 and K2,

Pf K = ϵ(I)
(
Pf K1

) (
Pf K2

)
+ . . . , (4.9)

we obtain, by comparing with ZG = ZG1 ZG2 + . . . , the identity δ =
ϵ(I) δ1 δ2. In case a gauge transformed Kasteleyn matrix is used, each
δ contains the product ∏ zi for all vertices i in the relevant graph or
subgraph.

2A well-known example is when two distant vertices are removed, equivalently
when two monomers are introduced. In this case, the two-monomer partition function
cannot be related to the Pfaffian of the restricted Kasteleyn matrix. And indeed, as
we will see later in the case of a one-periodic measure on Z2, the insertion of two ψ
fields leads to a two-point correlator that decays like r−1, whereas the two-monomer
correlator decays like r−1/2. The former decays faster because massive cancellations
occur in the Pfaffian.
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The previous formulas provide a standard way to compute dimer prob-
abilities and correlation functions. Consider for instance a set of k iso-
lated3 edges (vi1

e1∼ vi2), . . . , (vi2k−1
ek∼ vi2k

). Then, the probability that
these k edges belong to a random perfect matching can be computed as
follows,

P[e1, . . . , ek ∈M ] = w(e1)w(e2) . . . w(ek)
ZG\{vi1 ,...,vi2k

}

ZG

= δ

δ1
w(e1)w(e2) . . . w(ek)

Pf K
∣∣
G\{vi1 ,...,vi2k

}

Pf K

= ϵ(I)Ki1,i2 . . . Ki2k−1,i2k

Pf K
∣∣
G\{vi1 ,...,vi2k

}

Pf K

= Ki1,i2 . . . Ki2k−1,i2k

1
Pf K

ˆ
[Dψ] ψi1 . . . ψi2k

exp
{1

2
∑
i,j

Ki,j ψi ψj
}

= Ki1,i2 . . . Ki2k−1,i2k
⟨ψi1 ψi2 . . . ψi2k−1 ψi2k

⟩. (4.10)

Therefore, the presence of a dimer on an edge vi
e∼ vj is forced by

inserting Ki,j ψi ψj in the fermionic integral.

Given a subgraph G1 = G
∣∣
{vi1 ,...,vi2k

} of G, one may slightly generalize to
compute the probability that the restriction to G1 of a perfect matching
M of G belongs to the set M1 of perfect matchings of G1. We get,

P[M
∣∣
G1
∈M1] = ZG1 ZG2

ZG
= δ

δ1δ2

(
Pf K1

) (
Pf K2

)(
Pf K

)
=
(
Pf K1

)
⟨ψi1 ψi2 . . . ψi2k−1 ψi2k

⟩, (4.11)

where K1 is the restriction of K to G1, with rows and columns labelled
by i1, i2, . . . , i2k (in that order).

To finish, and since we are primarily interested in the two-periodic dimer
model on the plane, and its continuum limit, we specialize the above
discussion to the square lattice Z2. The partition functions for infinite
graphs clearly diverge but the large volume limit of dimer probabilities
like (4.10) exists. Thus, we can consider straight away infinite volume
probabilities and then compute their scaling limit.

3By this we mean that the 2k vertices vi1 , vi2 , . . . , vi2k can be covered by k dimers
in a unique way.
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Figure 4.1: Kasteleyn orientation of the infinite graph Z2 and two-
periodic face weights. The white circle is the origin of the coordinates.
The four edges adjacent to the origin have weights ac (right), ad (up),
bd (left) and bc (down). The factors ±i in red are the numbers zi used
in the gauge transformation to obtain the Kasteleyn matrix (4.13).

The two-periodic edge weights we will consider are represented in Fig-
ure 4.1, as well as the Kasteleyn orientation of the infinite graph Z2,
as originally proposed in [17]. The weights a, b, c, d, alternating two-
periodically in the two directions [33] are in fact weights attached to
faces, and determine the edges weights w(e) as follows: each edge is ad-
jacent to two faces and gets a weight equal to the product of the weights
of these two faces. We also introduce a bias, namely an extra weight u
resp. v to every horizontal resp. vertical dimer. All this yields a Kaste-
leyn matrix that we denote by Kast to indicate that it is based on the
orientation originally proposed by Kasteleyn. It is given by

Kast
(x,y),(x+1,y) =

a c u if x is even,
b d u if x is odd,

Kast
(x,y),(x,y+1) =

(−1)x a d v if y is even,
(−1)x b c v if y is odd,

(4.12)

and then extended by antisymmetry.

In addition, we apply the gauge transformation corresponding to the
following choice of complex numbers zi: for vi = (x, y), we set zi =
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i(−1)x for y even, and zi = 1 for y odd; those numbers not equal to 1
are indicated in red in Figure 4.1. The new Kasteleyn matrix has non-
zero entries given by Ki,j = zizjK

ast
i,j , namely

K(x,y),(x+1,y) =

a c u if x is even,
b d u if x is odd,

K(x,y),(x,y+1) =

i a d v if y is even,
i b c v if y is odd,

(4.13)

and extended by antisymmetry. If a, b, c, d are all equal to 1, the weights
reduce to the bias given by u, v, and form a system of one-periodic edge
weights.

We note that although we have introduced six different parameters, the
correlators will only depend on the combinations a

b ,
c
d and u

v . Indeed,
one can make a further gauge transformation with factors zi = 1√

bdv
for

all i. It has the effect of dividing all edge weights by bdv, making the
new weights to be functions of a

b ,
c
d and u

v . In what follows, this extra
gauge transformation will not be included and we will use the Kasteleyn
matrix (4.13).

4.2 Lattice calculations: from discrete to Ma-
jorana fermions

We will not dwell much on the way lattice calculations can be carried
out, but merely point some salient features. As we saw in the previous
section, the calculation of dimer correlations boil down to the evaluation
of Pfaffians or determinants of finite matrices whose entries are those of
the inverse Kasteleyn matrix. As we will see now, these can be related
to the entries of inverse discrete Laplacians, or Green matrices. As such
the involved calculations are in most cases fairly standard.

In order to invert the Kasteleyn matrix, the key observation [104] is that
the square of Kast is proportional to a direct sum of discrete Laplacians,

(Kast)2 = −abcd
[
∆(even,even) ⊕∆(odd,odd) ⊕∆(even,odd) ⊕∆(odd,even)

]
,

(4.14)
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where each copy of ∆ is given by

∆(x,y),(x′,y′) =



u2γ1 + v2γ2 if x = x′, y = y′,

−u2 if x = x′ ± 2, y = y′,

−v2 if x = x′, y = y′ ± 2,
0 otherwise,

(4.15)

with
γ1 = ac

bd
+ bd

ac
, γ2 = ad

bc
+ bc

ad
. (4.16)

and acts on one of the four sublattices of index 4 of Z2, as indicated. One
sees that for generic parameters, the Laplacian ∆ is anisotropic (unless
u = v) but also massive, with a squared mass proportional to the row
sums or column sums, all equal to

µ2 = u2(γ1− 2) + v2(γ2− 2) = u2
(√

ac

bd
−

√
bd

ac

)2
+ v2

(√
ad

bc
−

√
bc

ad

)2
.

(4.17)
The mass vanishes if and only if a

b = c
d = 1, in which case the two-

periodic weighting is gauge equivalent to a simple one-periodic weight-
ing, as noted above.

Since each copy of ∆ acts on the dilated lattice (2Z)2, its inverse can
easily be obtained as

∆−1
(x,y),(x′,y′) = G

(x− x′

2 ,
y − y′

2
)
, (4.18)

in terms of the inverse of the discrete Laplacian on Z2, namely, for
p, q ∈ Z,

G(p, q) = 1
4π2

ˆˆ π

−π
dα dβ eipα+iqβ

u2γ1 + v2γ2 − 2u2 cosα− 2v2 cosβ . (4.19)

From the relations between (Kast)2 and the Laplacian ∆, and between
K and Kast, one readily obtains the inverse of K,

K−1
(x,y),(x′,y′) = z−1

(x,y)z
−1
(x′,y′)(K

ast)−1
(x,y),(x′,y′)

= −
z−1

(x,y)z
−1
(x′,y′)

abcd

(
Kast ∆−1)

(x,y),(x′,y′). (4.20)
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Explicitly, it yields, for (m,n) = (x−x′, y−y′), the following expressions
depending on the parities of the coordinates,

K−1
(x,y),(x′,y′) = 1

abcd
×

×



0 if x− x′ = y − y′ mod 2,

i ad v G
(
m
2 ,

n+1
2
)
− i bc v G

(
m
2 ,

n−1
2
)

if (x, y, x′, y′) = (e, e, e, o),

i bc v G
(
m
2 ,

n+1
2
)
− i ad v G

(
m
2 ,

n−1
2
)

if (x, y, x′, y′) = (o, o, o, e),

bd uG
(
m−1

2 , n2
)
− ac uG

(
m+1

2 , n2
)

if (x, y, x′, y′) = (e, e, o, e),

ac uG
(
m−1

2 , n2
)
− bd uG

(
m+1

2 , n2
)

if (x, y, x′, y′) = (o, o, e, o),
(4.21)

to be completed by antisymmetry when (x, y, x′, y′)=(e, o, e, e),(o, e, o, o),
(o, e, e, e) and (e, o, o, o).

Various correlators of distant dimers on the lattice can be computed
by using these expressions. The calculations require the value of the
Green matrices for close and distant points; although fairly standard,
these are collected in Appendix 4.A. The main difference between one-
periodic and two-periodic weights is that in the latter case, because of a
non-zero mass µ, the Green matrix entries decay exponentially with the
distance, making all correlators to similarly decay exponentially. In the
one-periodic case, all correlators decay algebraically and the correspond-
ing model is critical. Thus, the ratios a

b and c
d are relevant parameters

which drive the model away from its critical point.

We will not give more details on the calculations or the results. The
correlators reported in the following sections will be computed directly
in the continuum limit, but all of them have been checked to exactly
reproduce the lattice results at dominant order.

For the rest of this section, we start from Eq. (4.10) expressing lattice
joint probabilities in terms of correlators of a discrete fermion theory
whose action is given by S = 1

2
∑
i,j∈Z2 Ki,j ψ(i)ψ(j) and compute its

continuum limit. A simple calculation shows that the limit gives rise
to two pairs of massive Majorana fermions, which, as discussed above,
become massless for one-periodic weights, thereby recovering the re-
sults of [105]. Our derivation is however completely straightforward and
equally easy in the two-periodic case.
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Because the entries of the Kasteleyn matrix in (4.13) depend on the par-
ities of the coordinates of the vertices, we separate the discrete fermions
into four families, namely ψ1(i), ψ2(i), ψ3(i), ψ4(i), attached respec-
tively to the vertices of the four sublattices Z2

(e,e), Z2
(e,o), Z2

(o,e) and Z2
(o,o).

The action then reads (we denote by e1 and e2 the horizontal and ver-
tical unit vectors on the Z2 lattice)

S = 1
2

∑
m=(e,e)

ψ1(m)
[
ac uψ3(m + e1)− bd uψ3(m− e1)

+ i ad v ψ2(m + e2)− i bc v ψ2(m− e2)
]

+ 1
2

∑
m=(e,o)

ψ2(m)
[
ac uψ4(m + e1)− bd uψ4(m− e1)

+ i bc v ψ1(m + e2)− i ad v ψ1(m− e2)
]

+ 1
2

∑
m=(o,e)

ψ3(m)
[
bd uψ1(m + e1)− ac uψ1(m− e1)

+ i ad v ψ4(m + e2)− i bc v ψ4(m− e2)
]

+ 1
2

∑
m=(o,o)

ψ4(m)
[
bd uψ2(m + e1)− ac uψ2(m− e1)

+ i bc v ψ3(m + e2)− i ad v ψ3(m− e2)
]
.

(4.22)

Let us consider the first sum, which we call S1, the analysis being similar
for the other three. It makes no difference if one rescales the lattice to
have a new lattice spacing ε,

S1 = 1
2

∑
m∈(2Z)2

ψ1(εm)
[
ac uψ3(εm + ε e1)− bd uψ3(εm− ε e1)

+ i ad v ψ2(εm + ε e2)− i bc v ψ2(εm− ε e2)
]

= 1
8

∑
m∈(2Z)2

(2ε)2 ψ
1(εm)
ε

[
u
acψ3(εm + ε e1)− bdψ3(εm− ε e1)

ε

+ i vadψ
2(εm + ε e2)− bc ψ2(εm− ε e2)

ε

]
.

(4.23)

In the limit ε→ 0, εm becomes a continuous variable x, and the previous
sum would converge to a Riemann integral over R2 provided the sum-
mand, except for the factor (2ε)2 which is the volume of the discretiza-
tion cell, converges to some function defined over R2. If ad, bc, ac, bd
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are fixed numbers independent of ε, the factors ε in the denomina-
tor must be absorbed in the ψ’s, thereby defining continuum fields
limε→0

ψi(εm)
ε with scaling dimension 1. However, the corresponding

field theory would be trivial in the continuum limit, with correlators
like ⟨ψ1(x1)ψ3(x2)⟩ ∼ δ(x1 − x2).

This is of course related to the fact that the continuum limit εm → x
requires the lattice distance m to be large, proportional to ε−1. If the
lattice mass µ remains finite in the large distance limit, the exponen-
tially decaying correlators quite simply converge to zero. Therefore,
the continuum limit must be accompanied by the limit µ going to zero,
implying, from (4.17), that the ratios a

b and c
d must converge to their

critical value 1 at the appropriate rate. For the exponential decay to
have a proper limit, the product µm must converge when ε goes to zero,
implying that µ must go to zero like ε. We will therefore set µ = 2Mε,
where M will be the mass in the continuum4.

From (4.17), the constant µ circles in the (ab ,
c
d) plane centered at the

critical point (1, 1) can be parametrized as

√
ac

bd
−

√
bd

ac
= µ

u
sinα,

√
ad

bc
−

√
bc

ad
= µ

v
cosα, (4.24)

where the angle α specifies the direction in which the critical point is
being approached in the (ab ,

c
d) plane. For small µ, it yields

ac

bd
= 1 + sinα

u
µ+ . . . ,

ad

bc
= 1 + cosα

v
µ+ . . . (4.25)

Inserting these expansions in the expression for S1 and appropriately
distributing the powers of ε yields

S1 = ac

4
∑

m∈2Z2

(2ε)2 ψ
1(εm)√
ε

×
{
u

2ε
[ψ3(εm + εe1)√

ε
− ψ

3(εm− εe1)√
ε

]
+ µ

2ε sinα ψ
3(εm− εe1)√

ε
+ . . .

+ iv
2ε
[ψ2(εm + εe2)√

ε
− ψ

2(εm− εe2)√
ε

]
+ iµ

2ε cosα ψ
2(εm− εe2)√

ε
+ . . .

}
4The factor 2 is introduce to compensate the factor 1

2 appearing in the arguments
of the lattice Green matrix, see (4.21).
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→ac

4

ˆ
d2xψ1(x)

[
u∂xψ

3(x)+M sinαψ3(x)+iv∂yψ2(x)+iM cosαψ2(x)
]
,

(4.26)

where the continuum fermionic fields are defined by ψi(x) = lim
ε→0

ψi(εm)√
ε

,
thereby giving them a scaling dimension 1

2 .

The other sums in the action S are handled in a similar way and yield
the following continuum action,

S = ac

4

ˆ
d2x [ψ⃗(x)]t ·Ω · ψ⃗(x), (4.27)

with

Ω =


0 i

(
v ∂y +M cosα

)
u ∂x +M sinα 0

i
(
v ∂y −M cosα

)
0 0 u ∂x +M sinα

u∂x −M sinα 0 0 i
(
v ∂y +M cosα

)
0 u ∂x −M sinα i

(
v ∂y −M cosα

)
0


(4.28)

By a simple change of basis, the action can be recast in the standard
form for two uncoupled pairs of massive free Majorana fermions, namely

S = 2ac
ˆ

d2x
{
χ1∂ χ1+χ1∂ χ1−iMχ1 χ1+χ2∂ χ2+χ2∂ χ2−iMχ2 χ2

}
,

(4.29)
with ∂ = 1

2(u ∂x − i v ∂y) and ∂ = 1
2(u ∂x + i v ∂y). A possible linear

transformation is the following,

ψ(x) =
{
χ1(x) +

[
(−1)y cosα+ i(−1)x sinα

]
χ1(x)

}
+ i(−1)x+y+1

{
χ2(x) +

[
(−1)y cosα+ i(−1)x sinα

]
χ2(x)

}
, (4.30)

where the four components ψi are obtained by selecting the appropriate
parities for x and y (for instance, ψ1(x), defined on vertices x = (x, y)
with x and y even, is recovered by setting (−1)x = (−1)y = +1, and
similarly for the other three components). Although ψ(x) is defined in
the continuum, the various signs are the remnants of the parities of the
lattice (integer) coordinates. Setting α = 0 reproduces the relations
found in [105] and rederived in [106] (in the one-periodic case, i.e. when
M = 0, the previous transformation recasts the action in the standard
form for any value of α, but we will choose α = 0 for simplicity).



194 Chapter 4. Two-periodic dimer models on the plane

Surprisingly, the doubled Majorana fermionic theory does not depend on
the relevant parameter α. However, the fields ψi, physically relevant in
the dimer model, do depend on it, with the result that all correlators will
depend on both M and α. We also note that the signs of the mass terms
in (4.29), which, in the context of the Ising model, determine whether
one considers the low or high temperature regime, are immaterial since
they can be absorbed in a redefinition of the fermionic fields (f.i. χa →
−χa).

In the following two sections, we compute various correlators, first for
one-periodic weights, then for two-periodic weights.

4.3 One-periodic weights

For one-periodic weights (a = b = c = d = 1), the action (4.29) reduces
to

S =
ˆ

d2x
{
χ1(u ∂x + i v ∂y

)
χ1 + χ1(u ∂x − i v ∂y

)
χ1

+ χ2(u ∂x + i v ∂y
)
χ2 + χ2(u ∂x − i v ∂y

)
χ2
}
, (4.31)

which describes the critical dimer model. Since the field theory is mass-
less, the parameter α becomes meaningless, and the relation between
the fields ψi and the χa, χa given in (4.30) holds for any value of α. As
said above, we choose α = 0, which yields

ψ(x) = χ1(x)+(−1)y χ1(x)+i(−1)x+y+1 χ2(x)+i(−1)x+1 χ2(x). (4.32)

The propagators of the Majorana fermions are well known and more
conveniently written in complex coordinates. With the points x1 =
(x1, y1), x2 = (x2, y2) and x1 − x2 in R2, we associate the complex
numbers z1 = v x1 + iu y1, z2 = v x2 + iu y2, and z12 = z1 − z2. Then,
the two-point functions for each species of fermions read

⟨χ(x1)χ(x2)⟩ = 1
4π z12

, ⟨χ(x1)χ(x2)⟩ = 1
4π z12

, ⟨χ(x1)χ(x2)⟩ = 0.
(4.33)
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From these, one easily computes the two-point correlator of ψ field using
(4.32),

⟨ψ(x1)ψ(x2)⟩=⟨ψ(x1−x2)ψ(0)⟩= 1−(−1)x1+x2+y1+y2

4π
[ 1
z12

+(−1)y1+y2

z12

]
,

(4.34)
and then compute dimer correlations by applying Wick’s theorem. One
may check that the propagator in (4.34) is indeed the scaling limit (dom-
inant contribution) of K−1

x1−x2,0, see Appendix 4.A.

4.3.1 Dimer correlations

As discussed in the previous section, forcing a horizontal dimer whose left
vertex is located at x corresponds to insert5 H(x) = uψ(x)ψ(x + ε e1),
and likewise the insertion of V (x) = iv ψ(x)ψ(x + ε e2) forces a vertical
dimer whose lower vertex is located at x. They are given by

H(x) = 2iu (−1)x+y
{
χ1(x)χ2(x) + χ1(x)χ2(x)

+ (−1)y
[
χ1(x)χ2(x) + χ1(x)χ2(x)

]}
, (4.35)

V (x) = −2v (−1)x+y
{
χ1(x)χ2(x)− χ1(x)χ2(x)
+ i (−1)x

[
χ1(x)χ1(x) + χ2(x)χ2(x)

]}
, (4.36)

where in the right-hand side, all points in the scaling neighbourhood
of x have been collapsed to x. It may be worth to note that this very
fact affects the properties of the continuous fields H and V compared to
their discrete version. In particular, we see that ⟨H(x)⟩ = ⟨V (x)⟩ = 0
in the continuum, whereas in the discrete version, ⟨H(m)⟩ = P(H(m))
and ⟨V (m)⟩ = P(V (m)) are non-zero probabilities.

From the above explicit expressions for H,V , we obtain that H(x ±
ε e1) = −H(x) and V (x ± ε e2) = −V (x) in the scaling limit. This
is consistent with the fact that we must have H(x) + H(x − ε e1) +
V (x) + V (x − ε e1) = 0, since a unique dimer is necessarily located
on one of the four incoming edges around any vertex. As the Majorana
fermions χa and χa are fields of weight (1

2 , 0) and (0, 1
2) in two uncoupled

5In the scaling limit, the point x + ε e1 refers to same point as x but that writing
reminds that the parity of the x-coordinate of x + ε e1 is opposite to that of x; this
is essential to derive the expressions (4.35) and (4.36).
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conformal field theories with central charge c = 1
2 , the two fields H,V

are linear combinations of two primary fields of weights (1, 0), (0, 1) and
four different primary fields of weights (1

2 ,
1
2), belonging to a conformal

field theory with total central charge c = 1.

Let us now turn to the computation of the dimer correlations. On the
lattice, if we view the dimer observables D = H,V as random variables
taking values 0 or 1 depending on whether or not a dimer is present, the
correlations of n dimers far apart from each other are defined as〈〈

D(m1)D(m2) . . . D(mn)
〉〉

= E
{[
D(m1)− E(D(m1))

] [
D(m2)− E(D(m2))

]
. . .
}
, (4.37)

where E
(
D(mi1)D(mi2) . . .

)
= P

(
D(mi1), D(mi2) , . . .

)
. In the contin-

uum, this becomes〈〈
D(x1)D(x2) . . . D(xn)

〉〉
=
〈[
D(x1)−

〈
D(x1)

〉] [
D(x2)−

〈
D(x2)

〉]
. . .
〉
.

(4.38)
The right-hand side can be evaluated by using Wick’s theorem, which
requires to include all contractions of the fields ψ. Among these, some
contractions are internal to a dimer D(x), that is, involve a pair of
fields located at the same point x. As these contribute exactly to the
expectation value ⟨D(x)⟩, the subtractions in (4.38) amount to exclude
the internal contractions when applying Wick’s theorem. We can then
write 〈〈

D(x1)D(x2) . . . D(xn)
〉〉

=
〈
D(x1)D(x2) . . . D(xn)

〉
0, (4.39)

where ⟨ · ⟩0 indicates the exclusion of internal contractions.

In the present, one-periodic case, we have seen that the internal con-
tractions vanish, implying ⟨D(x)⟩ = 0, so that the dimer correlations
are simply equal to the expectation value of the product of dimer fields.
If an internal contraction does not vanish, it necessarily diverges, as
will be the case later on in the two-periodic case. This is however an
artefact of the continuum limit, which tries to evaluate at the origin a
function which is only defined for large distances (take the z12 → 0 limit
in (4.33)).

To compute the correlations, we use the previous expressions for H(x)
and V (x), and use the two-point functions of the Majorana fermions
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(this is actually more convenient than using the field ψ because one
immediately sees that many terms vanish). A quick calculation yields
the following two-point correlations,

〈〈
H(x1)H(x2)

〉〉
= u2 (−1)x1+y1+x2+y2

4π2

[ 1
z12

+ (−1)y1+y2

z12

]2
, (4.40)

〈〈
H(x1)V (x2)

〉〉
= uv

(−1)x1+y1+x2+y2

π2
x12 y12
|z12|4

, (4.41)

〈〈
V (x1)V (x2)

〉〉
= −v2 (−1)x1+y1+x2+y2

4π2

[ 1
z12
− (−1)x1+x2

z12

]2
. (4.42)

We see that the correlators in the continuum retain a strong sensitivity
to the parities of the coordinates. For instance, if z12 is purely imaginary
(x1 = x2), the correlator ⟨⟨HH⟩⟩ decays like |z12|−2 if y1, y2 have opposite
parities, and vanishes if y1, y2 have the same parity. In the latter case,
the lattice correlator does not vanish identically but decays like |z12|−4,
a rather unusual phenomenon although well known in the dimer model
literature [107].

Three-point correlations can also be computed. One first readily checks
that ⟨⟨HHH⟩⟩ = ⟨⟨V V V ⟩⟩ = 0, and then a simple computation gives

〈〈
H(x1)H(x2)V (x3)

〉〉
= −u

2v

2π3
(−1)x1+x2+y2+y3

|z12 z13 z23|2

×
[
Im
(
z12 z13 z23

)
− (−1)y1+y2 Im

(
z12 z13 z23

)]
, (4.43)

〈〈
H(x1)V (x2)V (x3)

〉〉
= uv2

2π3
(−1)x1+x2+y2+y3

|z12 z13 z23|2

×
[
Re
(
z12 z13 z23

)
− (−1)x2+x3 Re

(
z12 z13 z23

)]
. (4.44)

4.3.2 Plaquette correlations

Because of their geometric interpretation of removing one vertex, the
fermions are useful to compute the correlations of various dimer patterns.
One simple example is the pattern consisting of having two parallel
dimers, which one could call a (flippable) plaquette. Let us denote by
P (x) the event of having two dimers covering the four vertices x, x +
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ε e1, x + ε e2 and x + ε(e1 + e2). Forcing the pattern P (x) corresponds
to the insertion of

P (x) = (u2 + v2)ψ(x)ψ(x + ε e1)ψ(x + ε e2)ψ(x + ε(e1 + e2)). (4.45)

Following the same definition as in (4.38), the correlation of two such
patterns is then given by

⟨⟨P (x1)P (x2)⟩⟩ = P
(
P (x1), P (x2)

)
− P

(
P (x1)

)
· P
(
P (x2)

)
=(u2+v2)2〈ψ(x1)ψ(x1+εe1)...ψ(x2)ψ(x2+εe1)...

〉
−P

(
P (x1)

)
·P
(
P (x2)

)
.

(4.46)

The explicit calculation of the average value containing the product of
eight fermions can be carried out by using Wick’s theorem (4.7) and
the fact that each contraction is equal to an entry of the inverse Kaste-
leyn matrix, ⟨ψiψj⟩ = K−1

ij . As before, a contraction can be internal
(the two fermions are located around x1 or x2) or external (one fermion
around x1, the other around x2). Unlike the previous section, the inter-
nal contractions should not be all excluded, because some of them will
contribute to the correlator. Those we can exclude are the contractions
within each group of four fermions, because they yield the product of
the two plaquette probabilities, which is to be subtracted. However, the
terms with two internal contractions (one in each plaquette) must be
kept, and computed in terms of the inverse Kasteleyn matrix. So the
calculation of plaquette correlations requires a hybrid calculation, rely-
ing on field theoretic two-point functions and on the discrete Kasteleyn
matrix.

The internal contractions are pure numbers which can be computed
from the inverse Kasteleyn matrix; the external ones depend on the
distance |x1 − x2|, and are also given by the element of the inverse
Kasteleyn matrix, namely K−1

x1,x2 , of which the dominant contribution
(proportional to |x1−x2|−1) is given by the field theoretical propagator
(4.34).

Among the 7!! = 105 different ways to Wick contract the product of eight
fermions, 9 of them involve internal contractions only. As mentioned
earlier, there is no need to compute them anyway since they clearly
yield the product P

(
P (x1)

)
·P
(
P (x2)

)
. Then, there are 72 ways to Wick

contract which involve two internal contractions and two external ones;
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all these 72 contributions decay like |x12|−2 and yield the dominant
contribution to the correlator. Finally, the remaining 24 contributions
involve only external contractions, and decay like |x12|−4. They are
consequently subdominant and can be neglected.

So we may focus on the contributions containing two internal contrac-
tions. These may concern two vertices which are diagonally aligned,
namely ⟨ψ(x)ψ(x + ε(e1 + e2))⟩ or ⟨ψ(x + ε e1)ψ(x + ε e2)⟩. In each
case, the two vertices are on the same sublattice (even or odd), so that
these two contractions are equal to zero (hence 40 out the 72 contri-
butions vanish identically). The other internal contractions involve two
nearest neighbour vertices which are horizontally or vertically aligned,
and are simply equal to P(H(x))/u and P(V (x))/v respectively. They do
not depend on the location x and are found to be given by the following
expressions,

⟨ψ(x)ψ(x + ε e1)⟩ = P(H(x))
u

= 1
πu

arctan
(u
v

)
,

⟨ψ(x)ψ(x + ε e2)⟩ = P(V (x))
iv = −i

πv
arctan

(v
u

)
,

(4.47)

which follow from those of the inverse Laplacian at short distance col-
lected in Appendix 4.A, and the use of (4.21).

The internal contractions discussed above are multiplied by two external
contractions on the remaining four vertices. They come in pairs which
are necessarily aligned horizontally or vertically, thereby reproducing the
correlators ⟨⟨HH⟩⟩, ⟨⟨HV ⟩⟩ or ⟨⟨V V ⟩⟩ computed in the previous section,
resp. divided by u2, iuv and (iv)2. Collecting all terms, we obtain

⟨⟨P (x1)P (x2)⟩⟩ = (u2 + v2)2×{
P(H)2

u4

[
⟨⟨H(z1)H(z2)⟩⟩+ ⟨⟨H(z1)H(z2 + iε)⟩⟩

+ ⟨⟨H(z1 + iε)H(z2)⟩⟩+ ⟨⟨H(z1 + iε)H(z2 + iε)⟩⟩
]

− P(H)P(V )
(iuv)2

[
⟨⟨H(z1)V (z2)⟩⟩+ ⟨⟨H(z1)V (z2 + ε)⟩⟩
+ ⟨⟨H(z1 + iε)V (z2)⟩⟩+ ⟨⟨H(z1 + iε)V (z2 + ε)⟩⟩
+ ⟨⟨V (z1)H(z2)⟩⟩+ ⟨⟨V (z1)H(z2 + iε)⟩⟩
+ ⟨⟨V (z1 + ε)H(z2)⟩⟩+ ⟨⟨V (z1 + ε)H(z2 + iε)⟩⟩

]
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+ P(V )2

(iv)4

[
⟨⟨V (z1)V (z2)⟩⟩+ ⟨⟨V (z1)V (z2 + ε)⟩⟩

+ ⟨⟨V (z1 + ε)V (z2)⟩⟩+ ⟨⟨V (z1 + ε)V (z2 + ε)⟩⟩
]}

= 2(u2 + v2)2

π4 |z12|2

[
arctan2(u/v)

u2 (−1)x1+x2 + arctan2(v/u)
v2 (−1)y1+y2

]
.

(4.48)

Thus, a plaquette has scaling dimension equal to 1 in the scaling limit,
which is expected for local patterns6. The same phenomenon as for
dimer correlations occurs, and is even stronger here: in the uniform case,
u = v, the correlation decay rate varies when one of the two plaquettes is
moved by one spacing along the x- or y-axis, irrespective of the relative
directional position of the two plaquettes.

4.4 Two-periodic weights

When considering two-periodic weights, for simplicity, we shall suppress
the horizontal and vertical biases, by setting u = v = 1, since their only
effect in the continuum limit is to rescale the x- and y-coordinates. So
the action is

S = 2ac
ˆ

d2x
{
χ1∂ χ1+χ1∂ χ1−iMχ1 χ1+χ2∂ χ2+χ2∂ χ2−iMχ2 χ2

}
,

(4.49)
where ∂ and ∂ are now the usual holomorphic and antiholomorphic
complex derivatives. From this action, we derive the two-point functions,
in complex coordinates⟨χ(z)χ(0)⟩ ⟨χ(z)χ(0)⟩

⟨χ(z)χ(0)⟩ ⟨χ(z)χ(0)⟩

 = − M

4πac r

 z K ′
0(Mr) i rK0(Mr)

−i rK0(Mr) z K ′
0(Mr)

 ,
(4.50)

with r = |z|. These quantities are fully translation invariant, but the
same property should not be expected for the dimer correlators. Indeed,

6The correlation of two local dimer patterns corresponds to the insertion of two
finite groups of ψ fermions. When the two patterns are far apart, the terms contain-
ing only two external contractions, whose product is proportional to |x12|−2, yield
the dominant contribution, unless its coefficient vanishes, which is not generically
expected.
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on the lattice, the inhomogeneity of the weights break the translation
invariance group down to (2Z)2, and this will leave a trace in the con-
tinuum.

From the relations (4.30) between the ψ fields and the Majorana fields,
we obtain

⟨ψ(z1)ψ(z2)⟩= M

4πac
(−1)x1+y1+x2+y2 − 1

r

[(
z12 + (−1)y1+y2 z12

)
K ′

0(Mr)

− i
{(

(−1)y1 − (−1)y2
)

cosα+ i
(
(−1)x1 − (−1)x2

)
sinα

}
rK0(Mr)

]
.

(4.51)

We see that the second term, proportional to K0, breaks the translation
invariance group down to 2Z2. In the massless limit, this term vanishes
and the full translation invariance is restored.

The same relation (4.30) allows us to express the dimer fields in terms of
the Majorana fields (recall that, close to the critical point, the weights
assigned to dimers are all proportional to ac),

H(z) = acψ(z)ψ(z + ε) = 2iac (−1)x
{

(−1)y
[
χ1 χ2 + χ1 χ2]

+ cosα
[
χ1 χ2 + χ1 χ2]− sinα

[
χ1 χ1 + χ2 χ2]}, (4.52)

V (z) = i acψ(z)ψ(z + iε) = 2ac (−1)y+1
{

(−1)x
[
χ1 χ2 − χ1 χ2]

+ i sinα
[
χ1 χ2 + χ1 χ2]+ i cosα

[
χ1 χ1 + χ2 χ2]}. (4.53)

Unlike the one-periodic case, the expectation values ⟨H(z)⟩ and ⟨V (z)⟩
are not defined because the contractions of the last two terms diverge.
The prescription discussed in Section 4.3.1 however requires to leave
them out.

It is now an easy task to compute the correlation of two horizontal
dimers,

⟨⟨H(z1)H(z2)⟩⟩ = M2

4π2r2 (−1)x1+x2+y1+y2
{
−2 sin2α

(
1+(−1)y1+y2

)
r2K2

0

+
[(
z12 + (−1)y1+y2 z12

)
K ′

0 − i cosα
(
(−1)y1 − (−1)y2

)
rK0

]2}
. (4.54)

Because of the second term in the squared brackets, the correlator is in-
deed not fully invariant, namely ⟨⟨H(z1+iε)H(z2+iε)⟩⟩ ̸=⟨⟨H(z1)H(z2)⟩⟩.
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One obtains similarly for one horizontal and one vertical dimer,

⟨⟨H(z1)V (z2)⟩⟩ = M2

π2r2 (−1)x1+x2+y1+y2

×
[
(x1 − x2)K ′

0 − sinα (−1)x2 rK0
] [

(y1 − y2)K ′
0 + cosα (−1)y1 rK0

]
,

(4.55)

and for two vertical dimers,

⟨⟨V (z1)V (z2)⟩⟩=− M2

4π2r2 (−1)x1+x2+y1+y2
{

2 cos2α
(
1 + (−1)x1+x2

)
r2K2

0

+
[(
z12 − (−1)x1+x2 z12

)
K ′

0 + sinα
(
(−1)x1 − (−1)x2

)
rK0

]2}
. (4.56)

One may check that the expression of ⟨⟨V (z1)V (z2)⟩⟩ is fully consistent
with that of ⟨⟨H(z1)H(z2)⟩⟩ to which a rotation by π

2 is applied (z1, z2 →
iz1, iz2), including the dependence in α since the rotation changes the
weights a, b, c, d→ d, c, a, b, resulting in the change α→ α− π

2 .

4.5 Ghost systems

In Section 4.2, the field theory that emerged from the scaling limit was
that of two pairs of uncoupled massive Majorana fermions, of scaling
dimension 1

2 . However, as is well known, the Majorana fermions form a
special case of a ghost system. We make the observation here that more
general ghost systems may be obtained as well.

Looking back at the partial discrete action we called S1, given in (4.26),
we see that the Majorana field theory resulted from our choice to evenly
distribute the powers of ε on the four fermions ψi. But instead we can
write S1 as

S1 = ac

4
∑

m∈2Z2

(2ε)2 ψ
1(εm)
ε1−λ

×
{
u

2ε
[ψ3(εm + εe1)

ελ
− ψ

3(εm− εe1)
ελ

]
+ µ

2ε sinα ψ
3(εm− εe1)

ελ
+ . . .

+ iv
2ε
[ψ2(εm + εe2)

ελ
− ψ

2(εm− εe2)
ελ

]
+ iµ

2ε cosα ψ
2(εm− εe2)

ελ
+ . . .

}
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→ac

4

ˆ
d2xψ1(x)

[
u∂xψ

3(x)+M sinαψ3(x)+iv∂yψ2(x)+iM cosαψ2(x)
]
.

(4.57)

The scaling limit yields exactly the same continuous partial action, on
the last line of (4.57), except that the continuous field ψ1(x) has scaling
dimension 1−λ whereas ψ2(x) and ψ3(x) have both a scaling dimension
equal to λ. Proceeding in the same way with the other three terms of
the discrete action (4.22), we find that the already found dimensions are
consistent provided ψ4(x) is also assigned a dimension 1− λ.

The resulting continuous action is exactly the same as before, given in
(4.27), except for the dimensions of the fields: ψ1, ψ4 have a dimension
1 − λ, the other two ψ2, ψ3 have a dimension λ. By introducing four
new fields b, b, c, c, related linearly to the ψi by

(ψ1, ψ4) = (b− i b, b + i b), (ψ2, ψ3) = (c− i c, c + i c), (4.58)

the action takes the standard form of a massive ghost system [108–111],

S = 2ac
ˆ

d2x
{

b ∂ c + b ∂ c + 1
2Meiα b c + 1

2Me−iα b c
}
. (4.59)

The dimension of b, b is 1− λ, that of c, c is λ.

If we form the vector γ⃗ = (b, b, c, c), the previous action implies the
following two-point functions,

⟨γi(z)γj(0)⟩=− M

2πac r

 0 0 z K′0(Mr) re−iαK0(Mr)
0 0 reiαK0(Mr) z K′0(Mr)

z K′0(Mr) −reiαK0(Mr) 0 0
−re−iαK0(Mr) z K′0(Mr) 0 0

.
(4.60)

One may check that expressing the horizontal and vertical dimer fields
in terms of γi, the previous two-point functions reproduce all correlators
computed in the previous sections.

If the correlators of the γi fields are not at all affected by the value of
λ, the field theories obtained by adding fields that are not local in the
γi will be affected. In particular, in the massless (conformal) limit, the
conformal structure clearly depends on λ, as does the field algebra. In
our normalizations, the canonical stress-energy tensor of the ghost pair
(b, c) in (4.59) with M = 0 reads,

Tc(z) = −2π b(z) ∂c(z). (4.61)
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With respect to Tc, b, b are primary fields of conformal weight 1 whereas
c, c are primary fields with conformal weight 0. Also, the Virasoro alge-
bra generated by Tc has central charge c = −2.

In order to give the fields γi the conformal weight 1−λ or λ, one considers
the following improved stress-energy tensor,

Tλ(z) = Tc(z)− λ∂J(z) = −2π b(z) ∂c(z) + 2π λ∂
(
b(z) c(z)

)
. (4.62)

With respect to Tλ, b, b and c, c are now primary fields of conformal
weight 1 − λ and λ respectively, while the central charge changes to
c(λ) = −2

[
1 + 6λ(λ− 1)

]
. A similar discussion applies to the antiholo-

morphic part of the ghost system, based on the pair (b, c), with similar
results.

For λ = 1
2 , the central charge is c(1

2) = 1 and all four ghost fields have
identical weight 1

2 ; in that case, the conformal structure of the ghost
system is identical to that of the Majorana fermions. As a consistency
check, one verifies that the canonical stress-energy tensor of the Majo-
rana fermions, given by Tχ = −2π χ1 ∂ χ1−2π χ2 ∂ χ2, is exactly mapped
onto Tλ= 1

2
by the linear transformation

χ1 = 1
2(b + c), χ2 = i

2(b− c), (4.63)

obtained by combining (4.32) and (4.58).

Let us summarize this section. As far as dimer (or other local patterns
like plaquettes) correlators are concerned, the two-periodic dimer model
can be described by a massive field theory, which is a massive pertur-
bation of a conformal ghost field theory possessing any central charge
c(λ) ⩽ 1. Though the conformal structure does depend on λ, the dimer
correlators do not. Thus, if one means by dimer model the study of the
two-periodic measure on fully packed dimer configurations, equivalently
of perfect matchings, then all is fine: any of the above massive theories
will do, with no visible difference.

However, if one wishes to consider the effects of defects on the substrate
or non-local dimer observables, the question arises as to which of the
above field theories is (or are) the correct one(s) ? The question is not
trivial, even in the massless limit.
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The best-known example of such an observable is provided by monomers,
which we have briefly mentioned earlier in Section 4.1. Monomers are
vertices that must not be covered by dimers, or, equivalently, that are
simply removed from the grid. In the case dimer configurations are uni-
formly distributed on the lattice Z2, the presence of monomers deeply
affects the dimer configurations over large scales, as its two-point cor-
relator7 decays like r−1/2. In conformal terms, one thus expects the
monomer field to be a scalar field with conformal weights (1

8 ,
1
8). It is

known that this type of conformal field can indeed be accomodated in a
conformal theory with central charge c = 1, either in terms of spin and
disorder fields in a double copy of the Ising model [105], or in terms of
a vertex operator in a free Gaussian theory [112]. It is not clear that
monomers with the right conformal properties can be accomodated in
conformal theories with a central charge different from 1, such as those
discussed above.

4.6 Symplectic fermions

The massless ghost system with central charge c = −2 discussed in the
previous section is somewhat close to the symplectic fermion theory.
The latter is defined in terms of two fermionic scalar fields θ, θ̄ with
conformal weights (0, 0) and the following action,

Ssym =
ˆ

d2x ∂θ∂θ̄. (4.64)

The canonical stress-energy tensor is Tsym ∼ ∂θ∂θ̄ and leads to a central
charge c = −2. Unlike the ghost system, the symplectic fermion theory
is a logarithmic conformal field theory, which exhibits logarithms in some
of its correlation functions [110,111,113,114].

If we formally identify b = ∂θ and c = θ̄, then the action (4.59) for
M = 0 for the bc part becomes the above action Ssym, and the canoni-
cal holomorphic stress-energy tensor Tc reproduces Tsym. Thus, the bc
system appear as a subtheory of the symplectic fermion model. Note
that we might likewise attempt the identification b = ∂θ and c = θ̄, but

7The correlation of monomers is defined as the partition functions of dimers in
presence of the monomers divided by the partition function with no monomer.
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this does not work as c and c would then be the same field. The way
out would be to relate b, c to a second pair of symplectic fermions θ2, θ̄2,
namely b = ∂θ2 and c = θ̄2, in agreement with the fact that the bc and
bc systems are decoupled in the massless regime.

The symplectic fermions are known to describe some local (but not all)
observables in the sandpile model [115–117]. Because the sandpile model
is intrisincally related to spanning trees, themselves related to dimers
via the Temperley correspondence [118], one suspects that symplectic
fermions can be used to describe dimer correlations in the scaling limit.
And indeed, using Temperley’s correspondence, it was observed in [119]
that horizontal and vertical dimers on the even-even sublattice are de-
scribed respectively by 1

2θ(∂ + ∂)θ̄ = θ∂xθ̄ and i
2θ(∂ − ∂)θ̄ = θ∂y θ̄ if

dimers are uniformly distributed (massless limit). However, it turns out
that the extension to the other sublattices is not possible with a sin-
gle pair of symplectic fermions. As somewhat suggested by the above
argument, it becomes possible with two pairs of uncoupled symplectic
fermions (central charge c = −4), which can as well account for the
two-periodic, massive dimer model.

We thus consider the following action

S =
ˆ

d2x
{
∂θ1 ∂θ̄1 + M2

4 θ1θ̄1 + ∂θ2 ∂θ̄2 + M2

4 θ2θ̄2
}
. (4.65)

The basic two-point correlators read

⟨θa(z)θ̄b(0)⟩ = 1
π
K0(Mr) δa,b, ⟨θa(z)θb(0)⟩ = ⟨θ̄a(z)θ̄b(0)⟩ = 0.

(4.66)

Since the dimer fields H(z) and V (z) have scaling dimension 1, we look
for linear combinations of terms like θa∂xθ̄b, θa∂y θ̄b and Mθaθ̄b. A few
trials yields the following combinations,

He,e(z) = −θ1 ∂xθ̄1 − θ1 ∂y θ̄2 +M sinα θ1θ̄1 −M cosα θ1θ̄2, (4.67a)

Ho,o(z) = −θ2 ∂xθ̄2 + θ2 ∂y θ̄1 −M sinα θ2θ̄2 −M cosα θ2θ̄1, (4.67b)

Ve,e(z) = −θ1 ∂y θ̄1 + θ1 ∂xθ̄2 +M cosα θ1θ̄1 +M sinα θ1θ̄2, (4.67c)

Vo,o(z) = −θ2 ∂y θ̄2 − θ2 ∂xθ̄1 −M cosα θ2θ̄2 +M sinα θ2θ̄1. (4.67d)

The indices of H and V stand to specify x, y even or odd. The fields
for the other parities are obtained as before, namely Ho,e = −He,e,
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He,o = −Ho,o, and Vo,e = −Vo,o, Ve,o = −Ve,e. The above field assign-
ments reproduce correctly all the correlations we have computed so far,
including all 64 three-point correlators and also some four-point corre-
lators. The situation here is different from that of the earlier sections,
since the fields θa, θ̄a do not have (so far) any lattice interpretation. The
checks we have carried out bring however enough confidence to conjec-
ture that the above fields do reproduce all dimer correlators.

4.7 Outlook

In this chapter, we found two different field theories that reproduce the
correlations of the dimer model in the scaling limit. The ghost system is
obtained from the limit of the discrete action, which makes it somewhat
more natural, whereas the symplectic fermions appear rather artificial
in the sense that they do not have a lattice interpretation and merely
reproduce the correlation functions. However, the links between the two
theories seem to be deeper than what we have observed and remain to
be properly understood.

Another interesting extension of this project would be to investigate
higher periodicities of the lattice grid weights, for instance 2×3. In this
case, the freedom around the critical point in the parameter space is
larger, and one has to carefully set up the scaling/critical limit in order
to obtain a non-trivial theory. One additional difficulty comes from the
fact that the lattice periodicity does not match the natural four families
of fermions we defined, contrary to the 2× 2-periodic case, which makes
the identification harder.

4.A Inverse discrete Laplacian: short-distance
and long-range behaviour

We collect in this appendix the formulas which are useful to make con-
crete calculations of various lattice correlations. These require the values
of the entries of the inverse discrete Laplacian on Z2, which turns out
to be massive and/or anisotropic, depending on whether two-periodic
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weights (a, b, c, d) and/or horizontal and vertical biases (u, v) are used,
see (4.15). We start with the massless anisotropic discrete Laplacian,
relevant for one-periodic weights.

4.A.1 Massless Green matrix

Keeping the notations used in the text, the inverse of the Laplacian is
given by (4.19) for γ1 = γ2 = 2 and p, q ∈ Z,

G(p, q)=∆−1
(x+p,y+q),(x,y) = 1

8π2

ˆˆ π

−π
dα dβ eipα+iqβ

u2 + v2 − u2 cosα− v2 cosβ .

(4.68)
This integral is (logarithmically) divergent with a divergence which is
independent of (p, q), so that the following subtraction makes it well-
defined,

φ(p, q) ≡ G(p, q)−G(0, 0) = 1
8π2u2

ˆˆ π

−π
dα dβ eipα+iqβ − 1

1 + t− cosα− t cosβ ,

(4.69)
with t ≡ v2/u2. The integration over α yields,

φ(p,q) = 1
2πu2

ˆ π

0
dβ
[
1+ t− tcosβ−

√
(1+ t− tcosβ)2−1

]|p| cosqβ−1√
(1+ t− tcosβ)2−1

.

(4.70)

In actual calculations, one needs to know the value of G(p, q)−G(0, 0)
for (p, q) close to the origin, or else very distant from the origin, in which
case, the asymptotic value is required.

When p, q are small, the remaining integration can be carried out exactly.
From the symmetries G(±p,±q) = G(p, q) and the fact that G(q, p) is
obtained from G(p, q) by exchanging u and v, one may assume p ⩾ q ⩾ 0.
One obtains the following values for p ⩽ 2,

φ(1, 0) = − 1
πu2 arctan

(u
v

)
, φ(1, 1) = − 1

πuv
,

φ(2, 0) = 2v
πu3 −

2(u2 + v2)
πu4 arctan

(u
v

)
, φ(2, 2) = − 4

3πuv ,

φ(2, 1) = −u
2 + v2

πu3v
+ v2

πu4 arctan
(u
v

)
. (4.71)
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In order to evaluate φ(p, q) for large distances, one may follow the proce-
dure used in [120] and [121] (both based on a method proposed in [122])
where the similar calculations were reported respectively for the isotropic
Laplacian on Z2 and the isotropic Laplacian on the honeycomb lattice.
We only quote the final result. To write it more conveniently, we in-
troduce the rescaled coordinates x = vp and y = uq, as well as the
polar coordinates x = r cosφ and y = r sinφ. One finds the following
asymptotic expansion,

φ(p, q) = − 1
2πuv

[
log r + γ + log 4− log

√
u2 + v2] (4.72)

+ 2(u2 − v2) cos 2φ+ (u2 + v2) cos 4φ
48πuv r2

+ 2(23u4−10u2v2+23v4)cos4φ+64(u4−v4)cos6φ+25(u2+v2)2cos8φ
1920πuvr4 +...

In particular, this expression allows to compute the large distance value
of K−1

(x,y),(0,0). From (4.21), it is identically zero if x + y is even, and in
the two other cases, given by

K−1
(x,y),(0,0) = iv

[
φ
(x

2 ,
y − 1

2
)
− φ

(x
2 ,
y + 1

2
)]

= − iuy
π(v2x2 + u2y2) + . . . ,

(4.73)
for (x, y) = (e, o), and

K−1
(x,y),(0,0) = u

[
φ
(x+ 1

2 ,
y

2
)
− φ

(x− 1
2 ,

y

2
)]

= vx

π(v2x2 + u2y2) + . . . ,

(4.74)
for (x, y) = (o, e), reproducing exactly the expression ⟨ψ(x)ψ(0)⟩ in
(4.34).

4.A.2 Massive Green matrix

The entries of the Green matrix read (no subtraction is needed as the
integral is convergent), for p, q ∈ Z,

G(p, q) = 1
4π2

ˆˆ π

−π
dα dβ eipα+iqβ

u2γ1 + v2γ2 − 2u2 cosα− 2v2 cosβ ,
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= 1
2πu2

ˆ π

0
dβ
[γ1+tγ2

2 − tcosβ−
√

(γ1+tγ2
2 − t cosβ)2− 1

]|p| cosqβ− 1√
(γ1+tγ2

2 − t cosβ)2− 1
.

(4.75)

The remaining integral belongs to the class of elliptic integrals.

We focus here on the asymptotic value of G(p, q) when the point (p, q)
is distant from the origin, and for no horizontal nor vertical bias (u =
v = 1). Then the dominant contribution is given by the continuum limit
of G(p, q), namely,

G(p, q) ≃ 1
4π2

ˆˆ ∞

−∞
dα dβ eipα+iqβ

µ2 + α2 + β2 = 1
2πK0

(
µ
√
p2 + q2), (4.76)

with µ2 = γ1 + γ2 − 4. Note that when we set ε(p, q) = (x, y) and
µ = 2Mε as in Section 4.2, the limit ε→ 0 of the previous Green function
is equal to 1

2πK0(2Mr). However, on the lattice, the correlators involve
the entries of the inverse Kasteleyn matrix, itself related to entries of the
Green matrix at half-distances. In this way, the scaling limit of lattice
correlators will only depend on K0(Mr) and derivatives thereof.

As in the massless case, one checks that the continuum limit ofK−1
(x,y),(x′,y′)

exactly reproduces the expression of ⟨ψ(x1)ψ(x2)⟩ in (4.51).



Conclusion

Throughout this thesis, we explored several aspects underlying the dimer
model, especially on Aztec diamond domains, and reviewed its connec-
tions with other two-dimensional lattice models.

In Chapter 1, we have studied partition functions on several Aztec dia-
mond subgraphs with biased and/or two-periodic probability measures
using the octahedron recurrence. This equation provides an efficient
method to obtain various statistical quantities and is intimately linked
to the integrable structure of the model [33, 123]. In the situation of
general weightings, the Robbins-Rumsey formula has been given a com-
binatorial interpretation in terms of Aztec diamond tilings. We also in-
vestigated the situation of inhomogeneous λ-determinants. The general
discussion being complicated, we reduced to the case with inhonomoge-
neous weight on the central row only and extracted some polynomials for
the first values of n. Unfortunately, no structure seemed to come out of
it. Another direction was the study of biased two-periodic weighting of
Aztec diamonds. The condensation algorithm has provided recurrence
relations for the partition function that are connected to elliptic func-
tions. We reviewed in the appendices the results we obtained in parallel
with what was already known in the literature. The pursue of this work
led to the second chapter of this thesis.

The connections between tilings of uniform Aztec diamonds and the six-
vertex model are now common knowledge. In Chapter 2, we extended
this relation to biased two-periodic Aztec diamonds and the elliptic SOS
model at the free-fermion point. We have used the latter, and its in-
homogeneous extension, to compute the one- and two-refined partition
functions of the model. In the discrete setting, they were given by a
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contour integral in the complex plane that can be analyzed using the
steepest descent method (saddle point method) in the large n limit.
The asymptotics of these coefficients was the key element to apply the
tangent method and obtain a parametric form for the arctic curve. In
the last section, we obtained an algebraic equation satisfied by the curve.

In Chapter 3, we extended a result originally obtained by Johansson
and Nordenstam [44] in uniform Aztec diamonds to biased and then to
two-periodic Aztec diamonds. The result concerns the convergence in
distribution to the GUE-corners process of a specific subclass of domi-
nos. In particular, we followed the strategy proposed by Fleming and
Forrester [45] and computed the joint probability distribution for the
particle process in the discrete setting. This distribution is given by
a determinant whose entries satisfy a linear recurrence relation. From
that, we computed the generating function of these coefficients and ex-
tracted the leading order in n of the determinant. It was enough to
obtain the convergence in distribution to the GUE-corners process, un-
der a suitable rescaling.

The dimer model with uniform measure is known to have an algebraic
decay of its correlation functions, signature of its critical behaviour. We
investigated, in Chapter 4, the field theoretic description of the model
and their extensions with biased and two-periodic parameters. We found
two theories that correctly describe the dimer correlators. The first given
by Majorana fermions as a special case of a ghost system. The second
is described by symplectic fermions in the non-logarithmic sector of a
logarithmic conformal field theory.

Outlook

The project content of this thesis being quite heterogeneous, there are
many directions in which the research may proceed.

• The approach followed in the second chapter, in order to apply the
tangent method, has a good chance to extend to some generaliza-
tions of the elliptic SOS model. For instance, in the case of domain
wall and a (partially) reflecting end boundary conditions [80]. One
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could also ask whether these boundary conditions have an inter-
pretation in terms of the dimer model. To our knowledge, this
question has not yet been addressed.

There is also the question concerning other values of the η param-
eter. For general η, the situation is a bit fuzzy since the partition
function of the model [68, 70] is only given in terms of a sum of
determinants, and the method will most likely require major ad-
justments, if possible at all. However, the case η = 1/3, known
for its correspondence with three-colourings, seems already more
reasonable to approach and should lead to a better understanding
of the general case.

• For the result obtained in Chapter 3, we believe the GUE-corners
distribution to be universal in the case of Aztec diamonds (partly
due to the determinantal structure); at least it should certainly
apply to a large class of probability measures. A continuation
of this work could be to investigate the situation of biased two-
periodic weightings, or higher periodicities. In the former propo-
sition, it would be interesting to see if an elliptic parametriza-
tion of the dimer weights (similarly to what is done in Chapter 2)
could help to write the expressions in a more compact way. In the
same flavour, a recent study [124] has investigated the case of the
boundary statistics in the six-vertex model at |∆| > 1 (ferro and
anti-ferroelectric phases). In one of the two cases, they found a
convergence to GUE-corners.

• Concerning the field theories found in Chapter 4, one would like
first to better understand the connections between both descrip-
tions (Majorana and symplectic fermions). In a second step, it
would be interesting to examine other off-critical probability mea-
sures, for instance the 2× k-periodic weighting.

Another quite involving project concerns the field theoretic de-
scription inside the disordered region of the Aztec diamond. An
inhomogenous (in the sense of a non-trivial background metric)
field theory was exhibited by Allegra et al. in the uniform/biased
case [125]. To our knowledge, nothing is known about periodic
weightings in this case. One would expect to find an inhomoge-
neous theory that is massless in the rough disordered region but
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massive (and homogeneous?) inside the smooth disordered central
region. Yet the mechanism underlying this change of behaviour
in the theory is completely unknown and would be extremely in-
teresting to investigate. If such a description exists, it is not even
clear to us whether it is possible to consider both scaling and crit-
ical limits in such a way that the shape of the smooth region is
preserved.
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