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1 Introduction and motivation19

Mathematical finance extensively relies on martingales. For instance, they are used to represent the20

dynamics of (non-dividend paying) asset prices, denominated in units of numéraire under the associated21

measure. In particular, asset price processes are proven to be governed by conditional risk-neutral22

expected values of future (discounted) cashflows. These are trivially martingales in the risk-neutral23

measure. Martingales are also central in measure change techniques (via Radon-Nikodym derivative24

processes).25

Depending on the situation, the martingale process may be subjected to some constraints. Discounted26

stock prices and Radon-Nikodym derivative processes are positive. Therefore, exponential martingales,27

which meet the non-negativity constraint are very popular tools. But financial processes can be subjected28

to other constraints, like being bounded below and above. For instance when interest rates (short rate r
s

)29

are prevented to be negative, discounted zero-coupon bond prices defined by the risk-neutral expectation30

P

t,T

= E
h
e�

R
T

t

r

s

ds

���F
t

i
= E


1
D

T

D

t

���F
t

�
, D

t

:= e�
R

t

0 r

s

ds (1.1)

belong to [0, 1] almost surely. Consequently, so is the martingale P
t,T

D

t

. Similarly, survival probabilities31

S

t,T

(probability that a default event ⌧ occurs after a given time T as seen from time t), defined as the32

expected value of survival indicators33

S

t,T

= E
⇥
1I{⌧>T} |Ft

⇤
(1.2)

are also martingales:34

E [S
t,T

|F
s

] = E
⇥
E
⇥
1I{⌧>T} |Ft

⇤
|F

s

⇤
= E

⇥
1I{⌧>T} |Fs

⇤
= S

s,T

(1.3)

This property remains true independently of the definition of the filtration F
t

(including actual default35

or not). This can of course be generalized to other type of probabilities by replacing the argument of36

the indicator function 1I{A}.37

In the literature, these processes are handled in two ways. Either directly, or indirectly. In the38

case of survival probabilities modeling for instance, practitioners often disregard inconsistencies, working39

directly with Gaussian processes (which are not constrained to evolve in the unit interval, see e.g. (3)).40

This also applies to many (indirect) standard approaches were default intensity is modeled as a shifted41

Ornstein-Uhlenbeck (Hull-White) or shifted square-root di↵usion (SSRD, also known as CIR++), as both42

can potentially lead to probabilities exceeding 1.143

1The shift in the square-root process is required in order to fit market (CDS or Bonds) quotes, and may indeed a↵ect

the positivity of the resulting stochastic intensity.

2



In spite of the above drawbacks, these methods remain popular, and bounded martingales themselves,44

received little attention. We believe this results from the lack of adequate and tractable alternatives to45

handle such processes. Our purposes here is precisely to propose a contribution to fill this gap and focus46

on martingales evolving between bounds.47

The paper is an extension of (12), and is organized as follows. In Section 2. We recall some results48

related to existence, uniqueness and martingale property of driftless stochastic di↵erential equations49

(SDE). We then discuss how bounded martingales can be constructed in Section 3. Section 4 is devoted50

to a more detailed study of one particular process which remains analytically tractable. Finally, we apply51

this process to the modeling of univariate survival probability modeling in Section 5 before concluding.52

2 Setup53

We consider the usual probability space equipped with a filtration (⌦,F ,F = (F
t

)
t>0,Q). We study the54

martingale property of the solution to the “driftless” SDE of the form55

dY

t

= �(t, Y
t

)dW
t

, 0 6 t 6 T (2.4)

where W is a Q-Brownian motion adapted to the filtration F = (F
t

)
t>0 and Y

t

is restricted to be in56

some closed interval [a, b]. In the sequel, we shall omit the specification “0 6 t 6 T”, and the di↵usion57

coe�cient function �(t, x) : [0, T ]⇥ R ! A ✓ R+ is always assumed to be Borel-measurable. The initial58

condition is non-random and satsifies Y0 2 [a, b].59

The above di↵erential equation can be written in its (Ito) integral form:60

Y

t

= Y0 +

Z
t

0
�(s, Y

s

)dW
s

(2.5)

In the remaining part of this section, we review the conditions for Y
t

to be a martingale.61

2.1 Martingale property of Yt62

The process Y
t

in eq. (2.5) is a local martingale, but may fail to be a (global) martingale. Additional tech-63

nical conditions are required, preventing the use of “too fancy” di↵usion coe�cient functions. However,64

�(., .) does not need to be “that fancy” for the (global) martingale property to be lost. For instance, the65

solution to (2.4) is a global martingale if �(t, x) = x (Geometric Brownian motion) but not if �(t, x) = x

2.66

In financial applications however, the distinction between local and global martingales is crucial in order67

to prevent arbitrage opportunities (4). To determine whether the solution to the above SDE is indeed a68
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martingale, the following square integrability condition needs to be checked (see e.g. (5) and Section 4.969

of (11)) :70

Theorem 1. The stochastic (Ito) integral in the RHS of eq (2.5) is a martingale if71

E
"Z

T

0
�

2(s, Y
s

)ds

#
< 1 (2.6)

Condition (2.6) may be tedious to check, since it requires to have some detailed information about72

the solution to the SDE (which may even not exist). In this context, not a lot can be said at this stage73

about the martingale property of Y
t

. Fortunately, tractable conditions ensuring existence and uniqueness74

of solutions to generic SDE of the form75

dX

t

= µ(t,X
t

)dt+ �(t,X
t

)dW
t

, |X0| < 1 (2.7)

can be found based on the expression of the deterministic function �(., .) only (see e.g. (6),(8)), that will76

be helpful in that respect. The next theorem is essentially Theorem 5.2.1 of (8).77

Theorem 2. Let �(t, x) be Lipschitz in x for all t > 0. In addition, suppose � satisfies the sub-linearity78

condition79

|�(t, x)| 6 C(1 + |x|) (2.8)

for some constant C < 1, then E
hR

t

0 Y

2
s

ds

i
< 1 8t > 0.80

Corollary 1. Under the assumption of Theorem 2, Y
t

is a martingale.81

Proof. Our purpose is to show that sub-linearity condition combined with E
hR

t

0 Y

2
s

ds

i
< 1 implies82

E
hR

t

0 �
2(s, Y

s

)ds
i
< 1. The sub-linearity condition yields83

�

2(t, x) 6 2C2(1 + x

2) (2.9)

Setting K := 2C2
84

Z
t

0
�

2(s, Y
s

)ds 6 Kt+K

Z
t

0
Y

2
s

ds (2.10)

implying85

E
Z

t

0
�

2(s, Y
s

)ds

�
6 Kt+K E

Z
t

0
Y

2
s

ds

�
(2.11)

where the RHS is bounded for all t 2 [0, T ] by virtue of Theorem 2. Finally, Y

t

is proven to be a86

martingale by applying Theorem 1.87

We then present a simple version of existence and uniqueness theorem (which is essentially Theorem88

4.5.3 of (6), p. 131, up to mild changes).89
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Theorem 3. If the di↵usion coe�cient function satisfies the Lipschitz continuity and sub-linear prop-90

erties, then the SDE (2.4) admits a pathwise unique (and thus strong) solution, which is a martingale.91

The above results guarantee that the solution to dY

t

= �Y

t

dW

t

exists, is unique and is a martingale92

for � 2 R. However, it is not enough to ensure that the solution to the square-root driftless SDE93

dY

t

= �

p
Y

t

dW

t

exists and is unique (
p
x is not Lipschitz at x = 0). Nonetheless, this is the case thanks94

to an alternative version of the theorem, in which Lipschitz continuity is replaced by the (weaker) Holder-95

1/2 continuity; see (16). It can be made even more general by relying on the Yamada-Watanabe condition96

only (see e.g. (6) Section 4.5 p.134-135 and (5)). These generalizations are however not necessary in the97

context of this paper.98

2.2 Bounded martingales99

In this section, we further specialize to (continuous) bounded martingales. By bounded martingales, we100

refer to processes that belong between two real constants. This is not to be confused with martingales101

bounded in L2 for example (see e.g. (14)).102

It is known that bounded local martingales are martingales. The following result focuses on the case103

where Y

t

2 [a, b].104

Corollary 2. Assume the di↵usion coe�cient �(t, x) is continuous in some interval [a, b] and vanishes105

in {a, b} for all t > 0. Then, the solution Y

t

to SDE (2.5) is a martingale in [a, b] provided that Y0 2 [a, b].106

Proof. This a straightforward corollary of Theorem 1. Clearly, the di↵usion coe�cient is bounded in107

[a, b]: for all t > 0, there exists K(t) 2 R : �2(t, x) 6 K

2(t). On the other hand, Y
t

2 [a, b] results from108

a continuity argument: it cannot get out of [a, b] as its activity (instantaneous volatility) vanishes on109

{a, b}. So that110

Z
T

0
�

2(s, Y
s

)ds 6
Z

T

0
max
y2[a,b]

�

2(s, y)ds 6
Z

T

0
K

2(s)ds < 1 (2.12)

which proves inequality (2.6) by taking the expectations of the integrals.111

In the following, we shall focus on martingale processes Y
t

evolving within the bounds [0, 1], that we112

call [0, 1]-martingales. This is quite general since the later can be used to obtain a process Z

t

evolving113

between any bounds �1 < a 6 b < 1 using Z

t

= a + (b � a)Y
t

(so that the SDE oz Z

t

is given by a114

change-of-variable technique). The key point here is that the range of Y
t

is finite, and constant in time.115

In the sequel, we shall focus on separable di↵usion coe�cients, defined below.116
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Definition 1 (Separable di↵usion coe�cient). A di↵usion coe�cient �(t, x) is said separable if it can117

be written as118

�(t, x) = g(t)h(x) (2.13)

119

It is obvious that when the di↵usion coe�cient is separable where the time component g(t) is a120

bounded function for all t > 0, the solution Y

t

to SDE (2.5) with initial condition Y0 2 [0, 1] is a121

continuous martingale in [0, 1] provided that function h(x) is continuous on [0, 1] and satisfies |h(x)| > 0122

for x 2 (0, 1) and h(x) = 0 for x 2 {0, 1}.123

3 Construction of [0, 1]-martingales124

The above section explains how martingales evolving in the compact set [a, b] can be obtained by ade-125

quately choosing the di↵usion term �(t, x) in eq. (2.4). This framework is interesting theoretically but126

may be hard to deal with in practice. To illustrate this, suppose we want to construct a martingale127

process in [0, 1]. To this end, we can choose Y0 2 (0, 1), �(t, x) : 0 < �(t, x) < 1 and �(t, 0) = �(t, 1) = 0128

for all t > 0 (notice that Y0 2 {0, 1} would lead to Y

t

= Y0 for all t > 0, so we can disregard this case).129

One simple smooth (Lipschitz continuous on (0, 1)) function satisfying the required conditions is130

�(t, x) = ⌘x(1� x) (3.14)

where ⌘ is a constant, which is proven to satisfy the conditions of Theorem 2. This leads to the SDE:131

dY

t

= ⌘Y

t

(1� Y

t

)dW
t

(3.15)

When Y0 2 (0, 1), this SDE admits a unique strong solution. The di↵usion coe�cient is Lipschitz132

continuous on (0, 1) only, but this is precisely the range of the process Y (using a continuity argument).133

This will be shown more rigorously below. Solution Y

t

is a (bounded) martingale as the range of this134

process is [0, 1]; it is thus a [0, 1]-martingale. However, even if numerical schemes can be worked out135

to estimate the distribution of Y
t

, the analytical expression of such atypical SDE may not be trivial to136

find, if existing. Moreover, from a practical perspective, such schemes need to guarantee that all paths137

(for Monte-Carlo simulation, or the range of the distribution, for PDE solver) of Y
t

remain in the range138

implied by the form of the di↵usion coe�cient function. Generally speaking, implicit schemes satisfying139

the boundedness conditions are required, but can be tedious to work out.140
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To address these two issues, we propose a specific construction scheme that yields the martingale141

Y

t

as a transformation of a simpler (unconstrained, or “free”) process X

t

via some smooth functional142

Y

t

= F (t,X
t

). The SDE and statistics of Y
t

can thus directly be obtained through those of X
t

.143

3.1 Methodology144

We now proceed with the next result, which is a central tool for constructing [0, 1]-martingales from145

latent processes.146

Theorem 4 (Autonomous Mapped Martingales). Let F (x) : dom(F ) ! [0, 1], x 7! F (x) be a strictly147

monotonic function of class C2 with f(x) := F

0(x). Define the Ito process X
t

with range R(X
t

) 2 dom(F )148

via its stochastic di↵erential equation (SDE)149

dX

t

=
⌘

2(t,X
t

)

2
 (X

t

)dt+ ⌘(t,X
t

)dW
t

(3.16)

where  (x) := � f

0(x)
f(x) is the score function associated to F . Then, the process150

Y

t

= F (X
t

) (3.17)

is a [0, 1]-martingale.151

Proof. Define the general Ito process X
t

= X0 +
R
t

s=0 µ(s,Xs

)ds+
R
t

s=0 ⌘(s,Xs

)dW
s

via its SDE:152

dX

t

= µ(t,X
t

)dt+ ⌘(t,X
t

)dW
t

(3.18)

Because the domain of F includes the support of X
t

, we can define the process Y

t

= F (X
t

), which153

dynamics are given via Ito’s lemma :154

dY

t

=
⇣
µ(t,X

t

)� ⌘

2(t,X
t

)

2
 (X

t

)
⌘
f(X

t

)dt+ f(X
t

)⌘(t,X
t

)dW
t

(3.19)

Because F maps X
t

to [0, 1], Y
t

is restricted to the [0, 1] interval. The drift term of the Y

t

SDE vanishes155

when setting156

µ(t,X
t

) =
⌘

2(t,X
t

)

2
 (X

t

) (3.20)

The process Y
t

= F (X
t

) is thus a local martingale, and because it is bounded, it is a martingale.157

158

Corollary 3. Let X
t

be tha stochastic process defined by the SDE (3.18) with the initial condition X0159

and density f

X

t

, and F be a bijection of class C2 with image [0, 1]. Then Y

t

= F (X
t

) is a [0, 1]-martingale160

satisfying the SDE161

dY

t

= �(t, Y
t

)dW
t

, �(t, x) := f

�
F

�1(x)
�
⌘(t, F�1(x)) (3.21)

7



Moreover, the distribution of Y
t

(F
Y

t

(y)) and its density (f
Y

t

(y)), can be obtained form that of the latent162

process X

t

. In particular, if F is increasing:163

F

Y

t

(y) = F

X

t

(F�1(y)) (3.22)

f

Y

t

(y) =
1

f (F�1(y))
f

X

t

�
F

�1(y)
�

(3.23)

The existence of a solution Y

t

to eq. (3.21) is conditioned upon the existence of a solution X

t

to164

eq. (3.16). In the case where the SDE (3.16) admits a unique solution X

t

, then SDE (3.21) admits a165

solution, given by Y

t

= F (X
t

). Because Y
t

is the solution of a driftless SDE, it is a local martingale, and166

because it is bounded, the solution Y

t

to the above SDE is a martingale.167

Remark 1. Simple candidates for function F are cumulative distribution (or survival distribution)168

functions defined on the real line, admitting a continuously di↵erentiable (non-vanishing) density.169

We now proceed with some examples in the next section.170

3.2 Examples171

1. Consider eq. (3.18) with ⌘(t, x) = ⌘x:172

dX

t

= µ(t,X
t

)dt+ ⌘X

t

dW

t

(3.24)

Then, Y
t

= exp(��X
t

) is a martingale bounded in [0, 1] provided that µ(t, x) = �(x⌘)2/2 and173

� > 0. Indeed, f(x) = ��F (x) and  (x) = �, so that the SDE of Y
t

is given by174

dY

t

= �⌘ ln(Y
t

)Y
t

dW

t

(3.25)

The resulting SDE for X
t

satisfies a variant of the Verhulst equation:175

dX

t

= µX

2
t

dt+ ⌘X

t

dW

t

(3.26)

with µ = �⌘

2
/2 > 0 which (non-negative) solution is given by176

X

t

=
⇥

t

1� �⌘

2

2

R
t

s=0 ⇥s

ds

with ⇥
t

.

= X0 exp
�
�⌘2/2t+ ⌘W

t

 
(3.27)

This shows that Y

t

= exp(��X
t

) solves equation (3.25) if Y0 2 (0, 1] and X

t

is given above with177

X0 = � ln(Y0)/�. It can be shown that in spite of the quadratic form of the drift coe�cient in178

eq. (3.26), this solution is unique at least up to a small time.179

2. Consider the unconstrained (latent) process X

t

defined by the SDE (3.18). Define Y

t

= F (X
t

)180

where181

F (x) =
ex

1 + ex
,  (x) = 2F (x)� 1 (3.28)

8



Then, Y
t

is a [0, 1]-martingale provided that µ(t, x) = ⌘

2

2 tanh
�
x

2

�
and � > 0. The corresponding182

SDEs become183

dX

t

=
⌘

2

2
tanh

✓
X

t

2

◆
dt+ ⌘dW

t

(3.29)

dY

t

= ⌘Y

t

(1� Y

t

)dW
t

(3.30)

which agrees with eq. (3.15). Because the drift and di↵usion coe�cients of eq. (3.29) meet the184

required conditions, this SDE admits a unique strong solution, and so does eq. (3.30) since both185

are linked by the bijection F (x) given in (3.28).186

3. It is obvious that for a same latent process X

t

, one can find several mappings F such that the187

resulting SDE of Y
t

= F (X
t

) is driftless. For instance, consider the SDE (3.29) but choose F (x) =188

tanh(x/2). This leads to:189

dY

t

=
⌘

2
(1� Y

2
t

)dW
t

(3.31)

The reason why a same process X

t

can lead to several martingale processes Y

t

is that di↵erent190

mappings F (X) can have the same score function. For instance, F (x) and 1� F (x) are functions191

with image being the unit interval, and have the same score function. The score function of192

F (x) = tanh(x/2) corresponds with its score function, which agrees with that of the logistic193

distribution F (x) = ex /(1 + ex) = (1 + tanh(x/2))/2 that led to SDE (3.30).194

3.3 Practical considerations195

As explained above, martingales evolving in [a, b] can be obtained by specifying the form of the di↵usion196

coe�cient �(t, x). However, the resulting SDE’s are most often not analytically tractable, so that nu-197

merical schemes need to be used. The above examples show that one can construct bounded martingales198

Y

t

2 [a, b] by mapping some latent processes X
t

2 R through a monotonic smooth function F : R ! [a, b].199

This change-of-variable approach is handy, because it provides a simulation scheme for generating paths200

for Y
t

that will stay in the correct range. To that end, it is enough to draw sample paths X
t

(!) for the201

latent process, and we obtain Y

t

(!) = F (X
t

(!)) 2 image(F ).202

However, we have no clue how to choose the mapping function: we started from a latent process X
t

203

with unspecified drift function µ(t, x), and choosing the mapping F specifies both µ(t, x) (the dynamics204

of the latent processes) and the di↵usion coe�cient �(t, x) of Y
t

. The only thing we know is that the205

range of Y
t

will be defined by the image of F , and that Y
t

will be a martingale.206

The above methodology is interesting for simulation purposes. Nevertheless, the drift of the latent207

process can be quite weird, rending the design of schemes (for simulation or numerical solution ap-208

9



proaches) tedious. In that respect, it is interesting to have indications about how to choose F with a209

given image ([0, 1], say) such that the dynamics of X
t

have a specific, simple and tractable form. The210

above considerations suggest that it may be better to first (analytically or numerically) try to solve the211

SDE of an underlying free process X
t

= G(Y
t

), and then get the solution of Y
t

via the mapping F = G

�1.212

If G is chosen in a clever way, it could be that the second SDE is more easy to deal with (more standard,213

evolving in R instead of e.g. [0, 1]). At least we would get the correct range.214

This is the purpose of the next theorem, which tells us how to choose G = F

�1 so that X
t

= G(Y
t

)215

takes a specific, more appealing form. More specifically, the developed methodology allows us to write216

the solution (if it exists) of the SDE (2.4) when the instantaneous volatility is separable (in the sense of217

eq. (2.13)) as a mapping F of another process with specific drift but di↵usion coe�cient g(t) depending218

on time only. The below theorem states su�cient conditions for the solution Y

t

to the SDE (2.4) to be219

given by F (X
t

) where X

t

is as desired.220

Theorem 5. Consider the process Y

t

and satisfying the SDE (2.4) where the di↵usion coe�cient is221

separable in the sense of (2.13). Assume that the function g(t) is continuous and satisfies g2(t) < 1 for222

all t and h(x) is strictly positive of class C2 in the open interval (a, b) and vanishes at the boundaries223

{a, b}. Let y = F (x) ✓ [a, b] solves the first order autonomous non-linear ODE2
224

dy

dx

= h(y) (3.32)

If  (x) = �F

00(x)/F 0(x) is Lipschitz continuous, then (2.4) admits a strong pathwise unique solution225

Y

t

= F (X
t

) which is a [a, b]-martingale, and where X

t

is the unique strong solution to the SDE (3.18)226

with initial value X0 := F

�1(Y0), di↵usion coe�cient ⌘(t, x) = g(t) and drift µ(t, x) = g

2(t)
2  (x).227

Proof. It is easy to see by a continuity argument that Y

t

2 [a, b] a.s. if Y0 2 (a, b). Let us first prove228

that the solution y = F (x) to the non-linear di↵erential equation (3.32) is invertible on [a, b], of class C2.229

Clearly, for x 2 (a, b) the above ODE is equivalent to230

G

0(x) =
1

h(x)
(3.33)

For any x 2 (a, b), the change of variable x = G(y) makes sense since h(x) > 0 implies that so is the231

derivative of G: F is indeed invertible in the neighborhood of x and G is nothing but the local inverse232

of F . In fact, h specifies the derivative of the local inverse of F and because h does not vanish on [a, b],233

F admits an inverse on [a, b]: G(x) = F

�1(x). Moreover the derivative of F�1 is of class C2, and thus234

2The solution to this ODE is proven to have the general form y(x) = H(x+ k) where k is the integration constant and

H(x) is the inverse of
R
x

inf dom(h) h
�1(u)du
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so is that of F : the first three derivatives of F are continuous. Any solution F to the above ODE is a235

strictly increasing continuous function on [a, b]. Therefore, it has the functional form h(x) = f(F�1(x)),236

where F has the required smoothness for Ito’s lemma to be used, and is invertible. Ito’s lemma yields the237

dynamics of F�1(Y
t

), which corresponds to the SDE (3.18) where ⌘(t, x) = g(t) and µ(t, x) = � g

2(t)
2  (x).238

From Theorem 3 this SDE, with finite initial value X0 = F

�1(Y0) has a strong pathwise unique solution239

since the coe�cients meet the standard requirements (Lipschitz continuity of  (x) together with the240

boundedness of g2(t) for t < 1 implies the linear growth bound condition on g

2(t) (x), and hence so241

is the drift coe�cient µ(t, x)). Finally, the solution Y

t

is given by the mapping F : Y

t

= F (X
t

) 2 [a, b].242

Because it is a local martingale in [a, b] with continuous di↵usion coe�cient, it is a martingale.243

Example 1. We used this trick to obtain the solution of the SDE (3.15) in the case g(t) = ⌘ and244

h(y) = y(1 � y) by mapping X

t

via F . Eq. 3.32 yields the (logistic) first-order non-linear di↵erential245

equation246

f(x) =
dF (x)

dx

= F (x)(1� F (x)) (3.34)

having (3.28) as particular solution.247

Remark 2. It is worth noting that although we obtain the SDE of X
t

= F

�1(Y
t

) from that of Y
t

, the248

expression of F�1 is not needed; it does not enter the SDE of X
t

. The drift of X
t

is determined by the249

score function of F , which solves the ODE. It only matters for the sake of computing X0 corresponding250

to a given initial value Y0 required for the [a, b]-martingale.251

Example 2. Although Theorem 5 focuses on the bounded martingale case, it can be transposed to mar-252

tingales defined on the half-real line (e.g. a = 0 and b = 1). Consider for instance the case of the253

exponential martingale with time dependent volatility, with SDE dY

t

= ⌘(t)Y
t

dW

t

, ⌘2(t) < 1 contin-254

uous. The above theorem tells us how we can obtain Y

t

as a function of a latent process X

t

. Setting255

g(t) = ⌘(t) and h(x) = x, Y
t

can be obtained by F (X
t

) where F (x) = ex +k is a solution to (3.32) and256

X

t

satisfies SDE (3.18) with µ(t, x) = �⌘(t)2/2 and ⌘(t, x) = ⌘(t). Because the later SDE has a unique257

strong solution (as per Theorem 4.5.3 of (6)), so does that of Y
t

. In the case where ⌘(t) = ⌘, one could258

equivalently choose g(t) = 1 and h(x) = �x, in which case F (x) = e

⌘x + k and µ(t, x) = �⌘/2.259

4 The �-martingale260

In this section, we use Theorem 5 to define the dynamics of a [0, 1]-martingale that remains analytically261

tractable, that is, with known distribution. The starting point is to observe that the most general form of262

11



a SDE associated to a Gaussian process takes the form dX

t

= (a(t)X
t

+ b(t))dt+ c(t)dW
t

. In particular,263

the drift function needs to be a�ne in x, and the di↵usion coe�cient does not depend on x. That means264

that by choosing a latent process X
t

with di↵usion coe�cient ⌘(t) and a mapping F (x) : R ! [0, 1] with265

linear score function, the martingale Y

t

would be a simple transform of a Gaussian process.266

The only function F satisfying this condition is the normal distribution F (x) = �
⇣

x�↵

�

⌘
with ↵ 2 R267

and � 2 R0. The particular case (↵,�) = (0, 1) corresponds to a standard Normal distribution, which268

score function is the identity  (x) = ��0(x)/�(x) = x where �(x) = �0(x) stands for the standard269

Normal probability density function. In this specific case, applying the above results, Y
t

= �(X
t

) is a270

[0, 1]-martingale provided that271

µ(t, x) =
⌘

2(t, x)

2
x (4.35)

and with di↵usion coe�cient272

�(t, y) = �

�
��1(y)

�
⌘

�
t,��1(y)

�
(4.36)

The specific case ⌘(t, x) = ⌘(t) (leading to the separable di↵usion coe�cient �(t, y) = ⌘(t)� � ��1(y))273

is quite interesting in that in this case X

t

is a Gaussian process (µ(t, x) = ⌘

2(t)
2 x). The solution to the274

general extended Vasicek SDE with initial solution X

s

= x 2 R is, for t > s275

dX

t

= (t)(✓(t)�X

t

)dt+ ⌘(t)dW
t

(4.37)

is276

X

t

= G(s, t)(x+ I(s, t) + J(s, t)) (4.38)

G(s, t) := e�
R

t

s

(u)du (4.39)

I(s, t) :=

Z
t

s

(u)✓(u)G(u, s)du (4.40)

J(s, t) :=

Z
t

s

⌘(u)G(u, s)dW
u

(4.41)

which is Normally distributed with mean and variance277

m(t) = G(s, t)(x+ I(s, t)) (4.42)

v(t) = G

2(s, t)

Z
t

s

(⌘(u)G(u, s))2 du (4.43)

Notice that in our case, we need to impose ✓(t) ⌘ 0 which means that I(s, t) = 0 and (t) = �⌘

2(t)
2 .278

Clearly, the solution to eq. (2.4) with di↵usion coe�cient (4.36) exists, is unique and is the martingale279

Y

t

= �(X
t

) where X

t

is given in (4.38). This is, to our knowledge, the only [0, 1]-martingale process280

being analytically tractable.281
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Remark 3. It has been shown that the case (3.25) is also tractable since there is closed form expression282

for the latent process X

t

(and thus for Y

t

= exp(��X
t

)). Unfortunately, although the joint density of283

⇣
⇥

t

,

R
t

0 ⇥
s

ds

⌘
has been studied by Yor in (15), the law of X

t

is tedious to deal with in practice.284

In the sequel, we focus on the constant volatility case ⌘(t) = ⌘ although the general case remain285

analytically tractable. The SDE of Y
t

is given by286

dY

t

= ⌘�

�
��1(Y

t

)
�
dW

t

(4.44)

and admits a strong unique solution Y

t

= �(X
t

) which is a [0, 1]-martingale where X
t

is a Vasicek process287

X

t

= X0 e
⌘

2

2 t +⌘ e
⌘

2

2 t

Z
t

0
e�

⌘

2

2 s

dW

s

(4.45)

with constant di↵usion coe�cient ⌘, zero long-term mean and negative speed of mean reversion ⌘

2
/2.288

Therefore, we can easily draw sample paths from this exact solution. Ten of them are shown in Fig. 1.289

Since X

t

⇠ N (X0 e⌘
2
t/2

,

p
e⌘2

t �1), the distribution of Y
t

is known analytically:290

f

Y

t

(y) =
1

�(��1(y))
p

2⇡(e⌘2
t �1)

exp

8
><

>:
�

⇣
��1(y)� ��1(Y0) e⌘

2
t/2
⌘2

2(e⌘2
t �1)

9
>=

>;
(4.46)

In particular, the distribution of Y
t

is uniform provided that X0 = 0 and t = ln(2)/⌘2.291

4.1 Statistics and asymptotics292

In the case where the SDE X

t

with drift implied by F has an explicit solution, then the process Y

t

293

can be studied in details. For instance, the asymptotic distribution of Y
t

as t ! 1 can be obtained.294

Moreover, one can also study the properties of disjoint increments of Y
t

. They have zero-mean and are295

uncorrelated, as per the martingale property. Their variances and quantile functions can be computed as296

well. For the sake of comparison, we mention the corresponding results for the exponential martingale.297

In the case of Y
t

= �(X
t

) whereX
t

is a Vasicek process with instantaneous variance ⌘2, zero long-term298

mean and positive mean reversion speed ⌘2/2, the variance of the martingale Y

t

is given by E
⇥
Y

2
t

⇤
� Y

2
0299
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Figure 1: Ten sample paths of the �-martingale drawn from the exact solution �(X
t

) for various di↵usion

scales ⌘ and initial conditions (top : Y0 = 1/2, bottom: Y0 = 3/4).
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where300

E
⇥
Y

2
t

⇤
=

Z 1

0

y

2

f(F�1(y))
f

X

t

(F�1(y))dy (4.47)

=
1p

e⌘2
t �1

Z 1

0

y

2

f(F�1(y))
�

 
F

�1(y)�X0 e⌘
2
t/2

p
e⌘2

t �1

!
dy (4.48)

=
1p

e⌘2
t �1

Z 1

�1
�2(x)�

 
x�X0 e⌘

2
t/2

p
e⌘2

t �1

!
dx (4.49)

=

Z 1

v=�1
�2
⇣
X0 e

⌘

2
t/2 +v

p
e⌘2

t �1
⌘
�(v)dv (4.50)

= �2

 
X0, X0;

e⌘
2
t �1

e⌘2
t

!
(4.51)

= �2

⇣
X0, X0; 1� e�⌘

2
t

⌘
(4.52)

where �2(x, y; ⇢) is the standard bivariate Normal cumulative distribution with correlation ⇢. In partic-301

ular, lim
t!1 E

⇥
Y

2
t

⇤
� Y

2
0 = �(X0)� Y

2
0 = Y0(1� Y0).302

As per properties of Ito integrals E [Y
s

Y

t

] = E
⇥
Y

2
s^t

⇤
, the autocovariance of {Y

t

, Y

t+�

} is equal to the303

variance of Y
t

. The variance of the increments is then given by304

var [Y
t+�

� Y

t

] = var [Y
t+�

]� var [Y
t

] (4.53)

= E
⇥
Y

2
t+�

⇤
� E

⇥
Y

2
t

⇤
(4.54)

= �2

⇣
X0, X0; 1� e�⌘

2(t+�)
⌘
� �2

⇣
X0, X0; 1� e�⌘

2
t

⌘
(4.55)

This expression converges to zero as t ! 1. Intuitively, this means that the “activity” of the process305

(path by path) will decrease with time, and the process will converge to some constant level. By306

comparison, the variance of the increments of the exponential martingale Z defined as Z
t

= Z0 e�
⌘

2

2 +⌘W

t307

between t and t+ � is Z0 e⌘
2
t

⇣
e⌘

2
� �1

⌘
and thus increases with t for a given �:308

var [Z
t

� Z

s

] = E
h
(Z

t

� Z

s

)2
i

(4.56)

= E
"
Z

2
s

✓
Z

t

Z

s

� 1

◆2
#

(4.57)

= E
⇥
Z

2
s

⇤
E

Z

2
t

Z

2
s

� 2
Z

t

Z

s

+ 1

�
(4.58)

= E
⇥
Z

2
s

⇤✓
E

Z

2
t

Z

2
s

�
� 2E


Z

t

Z

s

�
+ 1

◆
(4.59)

= Z0 e
⌘

2
s E
h
e�(2⌘)2/2s+2⌘

p
sW1

i
(4.60)

⇥
⇣
e⌘

2(t�s) E
h
e�(2⌘)2/2(t�s)+2⌘

p
t�sW1

i
� 2E

h
e�⌘

2
/2(t�s)+⌘

p
t�sW1

i
+ 1
⌘
(4.61)

= Z0 e
⌘

2
s

⇣
e⌘

2(t�s) �1
⌘

(4.62)

Because the paths of the �-martingale evolve between two bounds, a central question is to determine309
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whether they collapse to the bounds, in which case the distribution of Y
t

would have less and less mass in310

(0, 1) in the sense that for any arbitrarily small threshold ✏ > 0 and any probability level 0 < p < 1, there311

exists a time t

✏

such that for all t > t

✏

, Q{Y
t

2 [0, ✏) [ (1 � ✏, 1]} > p; Y
t

ends up in the neighborhood312

of the bounds with any desired confidence interval. This will be proven in the case when F = � and313

⌘(t) = ⌘ (Section 4.1.2). An intuitive development is provided in Appendix (7.1) in the more general314

case of bounded martingales.315

This might be an argument to show that this specific setup is not appropriate in many cases. However,316

this distribution behavior is shared by the quite popular geometric Brownian motion for example. The317

distribution of the geometric Brownian motion is collapsing to 0 as t ! 1 (see Fig. 2 for an illustration318

of the quantiles q(t, p) for the corresponding stochastic processes Z
t

and Y

t

). The fact that the variance319

of Z
t+�

� Z

t

is not converging to zero as time passes in spite of this collapsing feature results from the320

fact that the right tail of the distribution of Z
t

is unbounded.321

4.1.1 Asymptotic distribution of the exponential martingale322

The random variable Z

t

defined above follows the lognormal distribution with m = ln(Z0) � ⌘

2
/2t and323

variance s

2 = ⌘

2
t.324

The corresponding quantile function q(t, p) defined according to Pr[Z
t

6 q(t, p)] = p is325

q(t, p) = Z0 exp
⇣
⌘

p
t��1(p)� ⌘

2
/2t
⌘

(4.63)

and for 0 < p < 1,326

lim
t!1

q(t, p) = Z0 lim
t!1

exp
⇣p

t(a� b

p
t)
⌘

(4.64)

for some finite a

.

= ⌘��1(p) and b

.

= ⌘

2
/2 > 0. For t > t

?

.

= max(0, a/b), the expression in the RHS327

limit is strictly decreasing to 0 with respect to t. The p = 50% case (median) is precisely the largest p328

such that the curve is decreasing everywhere.3329

3This contradicts the naive interpretation of martingales having “no tendency to raise or fall”. This is clearly a wrong

shortcoming. This is obviously true in expected value, but quite false otherwise since the exponential martingale does have

a tendency to fall Q{X
t+�

< X
t

} > 50%. This remains true on a path by path basis since the median is (strictly) below

the expected value.
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Figure 2: Quantile trajectories q(t, p) of some distributions with ⌘ = 50%: the exponential martingale

Z

t

for Z0 = 1, ⌘ = 0.5 (top left) and bounded martingale for F (.) = �(.) and initial point value Y0 of 0.5

(top right), 0.4 (bottom left) and 0.6 (bottom right). The curves are shown for p 2 {5%, 10%, . . . , 95%}

probability levels (of course, the corresponding trajectories are ordered bottom up). For the exponential

martingale case, the curve associated to the median is the largest non-increasing curve. For the bounded

martingale case, the distribution collapses to 0 or 1 depending if Y0 < 0.5 or Y0 > 0.5, respectively. If

Y0 = 0.5, the distribution is equally splitted to the bounds. The median is shown in magenta, and the

(1� Y0)-quantiles are emphasized with dots.
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4.1.2 Asymptotic distribution of the �-martingale Y

t

(⌘(t) = ⌘)330

We get331

lim
t!1

Q{Y
t

6 y} = lim
t!1

�
⇣
��1(y),��1(Y0) e

⌘

2
t/2

,

p
e⌘2

t �1
⌘

(4.65)

= lim
t!1

�

 
��1(y)� ��1(Y0) e⌘

2
t/2

p
e⌘2

t �1

!
(4.66)

= 0 1I{y=0} +�
�
���1(Y0)

�
1I{0<y<1} +1I{y=1} (4.67)

=
�
1� �

�
��1(Y0)

��
1I{0<y<1} +1I{y=1} (4.68)

Therefore, Y
t

converges in distribution to Bernoulli (Y0) as t ! 1. It is worth noting that Bernoulli (Y0)332

corresponds to the distribution in [0, 1] with maximum variance for a given mean Y0 2 [0, 1] (this is quite333

intuitive, but a formal proof is given in the Appendix (7.2)).334

4.2 Autonomous Gaussian martingales335

We now address the following question: which types of continuous local martingales Y

t

with separable336

di↵usion coe�cient can be obtained via a time-homogeneous (that is, autonomous) mapping F of a337

Gaussian process X
t

?338

Definition 2 (Autonomous Gaussian Martingales). We say that the martingale Y

t

is autonomous Gaus-339

sian if (i) it can be obtained by mapping a Gaussian process X

t

, assumed to be the solution to a SDE,340

through an autonomous mapping F (x) and (ii) the di↵usion coe�cient of Y
t

is separable in the sense of341

(2.13).342

Let us assume 0 < g(t) < 1. We know that in order for X

t

to be a Gaussian solution to an SDE,343

the drift µ(t, x) needs to be a�ne in x, that is µ(t, x) = a(t) + b(t)x and the di↵usion coe�cient must344

be a function of time only ⌘(t).4345

Equating the (dt) and (dW
t

) terms of the Y

t

SDE 2.4 with that of the F (t,X
t

) SDE obtained using346

Ito, we get347

(a(t) + b(t)x)F
x

(t, x) +
g

2(t)

2
F

xx

(t, x)
(dt)
= �F

t

(t, x) (4.69)

⌘(t)F
x

(t, x)
(dW

t

)
= g(t)h � F (t, x) (4.70)

Using a time-homogeneous mapping yields F (t, x) = F (x), implying that g(t) = ⌘(t). The (dW
t

)348

equation then corresponds to eq. (3.32) and its solution yields the space component h(x) of the separable349

4Note that there are Gaussian processes that cannot be expressed as the solution of a SDE. This is the case of the

fractional Brownian motion, for example.
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di↵usion coe�cient �(t, x) = ⌘(t)h(x). In this exercise however, we are interested in the form of F (x)350

that can be used so that X
t

is a Gaussian process and Y

t

= F (X
t

) a martingale. Setting G(x) = F

x

(x),351

the (dt) equation becomes352

⌘

2(t)

2
G

x

(x) + (a(t) + b(t)x)G(x) = 0 (4.71)

This is a first-order ODE which solution is given by353

G(x, t) = k1(t) e
� 2a(t)x+b(t)x2+c(t)

⌘

2(t) (4.72)

F (x, t) = k1(t)

Z
x

�1
e
� 2a(t)u+b(t)u2+c(t)

⌘

2(t)
du+ k2(t) (4.73)

As we considered time-independent mapping (F (t, x) = F (x) for all x), the ratios a(t)/⌘2(t), b(t)/⌘2(t),354

c(t)/⌘2(t) and the integration constants k1(t), k2(t) need all to be constant in order to get the required355

form for the Y

t

= F (X
t

) SDE. We note them a, b, c, k1, k2. Clearly, the case b < 0 can be excluded as356

the integral in eq. (4.73) does not converge in this case. Notice that unless k1 = 0, we can set k1 = ±1357

without loss of generality (by playing with c). We thus have the specific case k1 = 0, and three cases for358

(a, b, c) (assuming k1 = ±1 and k2 = k):359

• k1 = 0: F (x) = k; we map X

t

to a constant.360

• (0, 0, c 6= 0): F (x) = ± ec x+ k; c(t) = c⌘

2(t) so that the mapping is an a�ne function of the form361

F (x) = ↵x+ k.362

• (a 6= 0, 0, c 6= 0): F (x) = ± ec

2a e�2ax +k, the mapping is a shifted exponential F (x) = ± ec

2a e�2ax +k =363

↵

⇠

e⇠x +k.364

• (a 6= 0, b > 0, c 6= 0): F (x) = ↵�(x��

⇠

) + k where ↵ = ±
p
2⇡ ea

2
/b�c, � = �a/b and ⇠ = 1/

p
2b.365

The mapping is a shifted and rescaled version of the Normal cumulative distribution function.366

The above mappings are the only ones leading to null dt term and separable di↵usion coe�cient for367

Y

t

= F (X
t

) when X

t

is a Gaussian process. This also specifies the form of the space component h(x) of368

the di↵usion coe�cient that can be obtained by mapping Gaussian processes through F (x). From the369

(dW
t

) equation, we get respectively370

• Since Y

t

= F (X
t

) = k, h(x) = 0: this is the trivial martingale371

• Since a = b = 0, X
t

is a rescaled Brownian motion (dhX,Xi
t

= g

2(t)dt) and Y

t

= ↵X

t

+ k is a372

shifted and rescaled copy of X
t

. In particular, h(x) = h = ↵373

• Y

t

is the exponential of a Gaussian process with shift: F
x

(x) = ↵ e⇠x so that h(x) = F

x

(F�1(x)) =374

⇠(y � k).375
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• Y

t

is obtained by mapping the Gaussian process X

t

through a Normal cumulative distribution,376

rescaling and shifting. The obtained process is a martingale bounded between k and ↵+ k. In this377

case, h(x) = ↵

⇠

�

�
��1

�
x�k

↵

��
.378

We summarize these results in the theorem below.379

Theorem 6 (Autonomous Gaussian Martingales). The only autonomous Gaussian martingales are (up380

to deterministic shift and scaling coe�cients) i) the trivial martingale, ii) the Brownian motion, iii) the381

geometric Brownian motion and iv) the �-martingale. Interestingly, each resulting process has a specific382

range, namely: constant, unbounded, one-side bounded and two-sides bounded.383

This result says that if one wishes to construct a continuous local martingale Y

t

with separable384

di↵usion coe�cient �(t, x) = ⌘(t)h(x) and evolving in a given set by mapping a Gaussian process (i.e.385

with known analytical solution) via an invertible autonomous function (so that Y

t

has also a known386

analytical expression), there are not many alternatives: only one family of mapping per type of range. In387

particular, the �-martingale �(X
t

) is the only bounded continuous martingale with separable di↵usion388

coe�cient that can be obtained by mapping a Gaussian process X
t

through a smooth function F (x).389

Note that if one relaxes the time homogeneity and invertibility constraints, other solutions are possi-390

ble. For instance, in the case a(t) = b(t) = 0 and ⌘(t) = ⌘ (X
t

= X0+⌘Wt

) and setting F (t, x) = x

2�⌘2t,391

we obtain Y

t

= X

2
t

� dhX,Xi
t

which is a well known martingale (in R). Similarly, other martingales can392

be obtained if the mapping is allowed to keep track of the whole history (for example, the Shiryaev-Yor393

process sup0<s6t

W

s

�
p
2t/⇡ is a martingale dominating the boundary �

p
2t/⇡, see (10)).394

5 Application to Survival probabilities395

We adopt the credit risk modeling setup and focus on the default time ⌧ of some reference entity. In396

this framework, one usually defines the filtration F
t

, which represents the market information excluding397

default observation. The enlarged filtration is obtained by including the explicit information relevant to398

the default event: G
t

= F
t

_ �(1I{⌧>s}, 0 6 s 6 t). In Cox models for example, the stochastic intensity399

process �
t

is F
t

-measurable, but conditional upon the path (�
t

)
t>0, the occurrence of default 1I{⌧6t} is400

an independent event. More generally, the latter is G
t

-measurable, but not F
t

-measurable. Literature on401

credit risk modeling emphasize that under some conditions, one can get rid of actual default modeling;402

default indicators can be replaced by stochastic default probabilities, working in the restricted filtration403

F
t

instead of the complete filtration G
t

. We do not enter the details of this modeling approach, but refer404

the reader to (1) and (7) for more information.405
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We now move to the modeling of the martingale S

t,T

defined in eq. (1.2). This is useful in many406

circumstances, including the pricing of credit derivatives or to adjust the price of a derivatives portfolio407

to account for counterparty risk (credit value adjustment), see e.g (2), (3), (13). As an illustration of408

the above methodology, we set S
t,T

= �(X
t,T

) where X

t,T

satisfies409

dX

t,T

= µX

t,T

dt+ ⌘dW

t

(5.74)

Clearly, S
t,T

is a martingale with initial value S0,T = S0(T ) provided that410

µ = ⌘

2
/2 (5.75)

X0,T = ��1(S0(T )) (5.76)

The initial survival probability function S0(t) is assumed to be provided (in credit derivative applications,411

it is obtained by bootstrapping market quotes of financial instruments, like defaultable bonds or credit412

default swaps). It is decreasing and satisfies for all t > 0 0 < S0(t) < 1, which means the the associated413

hazard rate is strictly positive and finite. This leads to414

S

t,T

= � (m(t, T ) + ⌘Z

t

) (5.77)

Z

t

=

Z
t

0
e

µ(t�s)
dW

s

(5.78)

m(t, T ) = X0,T eµt (5.79)

The Azéma supermartingale S
t

:= S

t,t

is often modeled either by using a simple Gaussian process (3)415

or by adopting the Cox process (2). However, the first approach clearly violates the [0, 1] condition, and416

the second corresponds to the specific case where S

t

is a decreasing predictable process. However, the417

general Doob-Meyer decomposition (in its additive form) reveals that in all generality, we have (1), (9)418

dS

t

= dD

t

+ dM

t

(5.80)

whereD
t

is a decreasing F
t

-predictable process andM

t

a martingale. The Cox setup is just one particular419

case. Moreover, as explained in the introduction, it is hard to find a positive stochastic intensity model420

which allows for analytical calibration to market quotes whilst preventing negative paths. This gives421

room to alternative modeling setups, and the �-martingale is one of them (12). The associated Azéma422

martingale is proven to be423

S

t

= 1 +

Z
t

0
⇣

u

dS0(u) + ⌘

Z
t

0
�(��1(S

u

))dW
u

(5.81)

⇣

t

:=
�(��1(S

t

)) e⌘
2
/2t

�(��1(S0(t)))
(5.82)
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Figure 3: Distribution of S
T

and sample paths of S
t

. Parameters: ⌘ = 0.15, µ = ⌘

2
/2, S0(t) = e�ht

, h =

8%, T = 5.

Sample paths of such a process and the empirical histogram and theoretical density of values snapped424

at t = T , S
T,T

, is given in Fig. 3. It can be shown that ⇣
t

is a positive process satisfying E[⇣
t

] = 1 for all425

t > 0:426

E[S
t

] = E
Z

t

0
dS

u

�
+ 1 (5.83)

=

Z
t

0
E[⇣

u

]dS0(u) + 1 (5.84)

= S0(t) (5.85)

where we have used the fact that Ito integrals have zero expectation and Fubini’s theorem.427

6 Conclusion428

Bounded martingales are important in many applications. Surprisingly, however, they received little429

attention so far. This paper aimed at filling this gap, by providing ways to tackle those processes. In430

particular, we show that analytically tractable martingales bounded in [0, 1] can be obtained by mapping431

a Gaussian process through a the standard Normal cumulative distribution. This specific process, which432

received the name of �-martingale, is the only [0, 1]-martingale that can be obtained by mapping a433
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Gaussian process in a time-homogeneous way. In the case where the mapped Gaussian process has434

a constant di↵usion coe�cient, the distribution of the [0, 1]-martingale converges to that a Bernoulli435

distribution with parameter equal to the initial value of the process. We have shown how this setup can436

be used to simulate stochastic survival probabilities out of the Cox setup.437

7 Appendix438

7.1 Colapsing property of bounded martingales439

It has been proven that when X

t

is a Gaussian process with di↵usion coe�cient ⌘ and drift ⌘2/2x then440

Y

t

= �(X
t

) is a martingale bounded in [0, 1] which converges in distribution to a Bernoulli(Y0). This441

proof was easy as the distribution of Y
t

is known analytically. However, it is likely that autonomous442

martingales of the form F (X
t

) where X

t

is a free process and the image of F is a compact interval443

[a, b] will share the same “collapsing” feature. Although we do not give a formal proof, we provide an444

intuitive development below. We further discuss which forms of mappings F could potentially not have445

this feature.446

Let F (assumed to be strictly increasing and C2) and f be unimodal (i.e. f 0(x) is first positive, then447

vanishes at some point x? and then remains negative) when ⌘(t,X
t

) = ⌘. Recall the SDE of X
t

:448

dX

t

= �⌘
2

2

f

0(X
t

)

f(X
t

)
dt+ ⌘dW (t) =

⌘

2

2
 (X

t

)dt+ ⌘dW (t) (7.86)

Because f

0(x) < 0 for all x > x

? and f

0(x) > 0 for all x > x

?, we can see from the above SDE that X
t

449

has a positive drift when being above x

? and a negative drift otherwise. As long as we choose F such450

that f is unimodal, then the process will tend to diverge, and same will hold true for Y

t

= F (X
t

). In451

other words, bounded martingales Y

t

obtained via an underlying process Y

t

= F (X
t

) will be attracted452

towards one of the boundaries when the bounds (a, b) are constant and f = F

0 is unimodal.453

Therefore, Y
t

collapses (asymptotically) to a or b unless F is chosen to have some specific properties,454

and the above development allows us to understand which properties may break this attraction.455

A first possibility of course is to use a vanishing time-dependent di↵usion coe�cient ⌘(t). If ⌘(t)456

collapses to zero, the X

t

process will be frozen, and so are the paths of the Y

t

process. However, we457

argue that this is not the only way to prevent all paths to converge to one of the bounds. Although we458

do not give formal proof, we claim that this can be achieved by choosing F so that F

0 = f is bimodal459

(i.e. f 0 changes sign between the two modes) and X0 belongs to the interval defined by the two modes.460

Consider for example F (x) = 1/2
⇣
�
⇣

x�(X0+µ)
s

⌘
+ �

⇣
x�(X0�µ)

s

⌘⌘
for s > 0 and µ large enough to461

23



ensure that the sign of f 0 changes between the two modes. This function maps R to the unit interval462

[0, 1]. Then, the fact that X

t

falls in the valley [X0 � µ,X0 + µ] will create a pulling e↵ect such that463

X

t

will tend to stay within the interval [X0 � µ,X0 + µ].5 The e↵ect of the bimodal nature of f is464

to partly prevent all paths to collapse to one of the boundaries (the center of the distribution would465

not be empty anymore; the probability to be in arbitrarily small neighborhood of the bounds would be466

non-zero, but would not sum to 1 either). It remains to formally prove that Q{X
t

2 [X0�µ,X0+µ]} > 0467

as t ! 1 for any µ > 0. This is cumbersome since we do not have an analytical expression for the468

distribution of X
t

. However, Monte Carlo simulations (or PDE solver) confirm that this is e↵ectively469

the case: only part of the paths collapse to the boundary. The “sharpness of the dip” (which can be470

tuned by playing with ⌘) determines the probability that Y

t

lies in [F (X0 � µ), F (X0 + µ)] as t ! 1.471

However, the process X
t

built according to the above procedure has a stable stationary point (zero drift,472

or equivalently f

0(x) = 0) at X0 (zero drift, and in the neighborhood, the drift tends to pull X
t

back to473

X0), and unstable stationary points at X0 ± µ (zero drift, but when X

t

moves around these points, the474

e↵ect of the drift is to push X

t

away from those). It is then likely that the paths, instead of collapsing475

to either 0 or 1 almost surely, now collapse to {0, 1} with some probability p, but X

t

has a non-zero476

probability 1 � p to be in the interval [X0 � µ,X0 + µ] even in the limit t ! 1. In particular, we477

expect to have lim
t!1 Q{Y

t

2 (✏, F (X0 � µ)]} = lim
t!1 Q{[Y

t

2 [F (X0 + µ), 1� ✏)} = 0 for any ✏ > 0,478

lim
t!1 Q{Y

t

2 (1� ✏, 1]} = lim
t!1 Q{Y

t

2 [0, ✏)} > 0 and lim
t!1 Q{Y

t

2 [F (X0�µ), F (X0+µ)]} > 0.479

7.2 Maximal variance of bounded distribution480

We show that the variance of a random variable X defined on the compact set [a, b] and with given mean481

m is smaller than the variance of M = a+ (b� a)B where B is a Bernoulli variable which parameter is482

chosen such that E[M ] = E[X], with equality only if X takes the same form as M .483

Due to the scaling and shifting properties of mean and variance operators, it is equivalent to prove484

that the variance of B is larger than that of Z = (X � a)/(b � a) (defined on the unit interval [0, 1]),485

where the inequality is strict unless Z is itself a Bernoulli variable with same parameter than B.486

Suppose Z has the probability density f defined on the compact set [0, 1]. In order to keep the487

notations simple, we consider f as a “generalized” (mixed discrete-continuous) density, in the sense that488

it can contain probability mass concentrated at single points, represented with the help of dirac deltas.489

5Observe that this pulling e↵ect does not impact the martingale property of Y
t

, since this is compensated by the function

F , just like the fact that X
t

is a diverging process when F = � is used did not impact the martingality of Y
t

in the unimodal

case.

24



If Z is not a Bernoulli random variable, then there exists a generalized density g defined on [0, 1] with490

zero mass on the bounds and a parameter 0 < p 6 1 satisfying:491

f(x) = p0�(x) + pg(x) + p1�(x� 1) (7.87)

Define the zero, first and second moments of given density h as follows:492

µ

h

(j) =

Z

x

x

j

h(x)dx (7.88)

Clearly, 0 < µ

g

(2) < µ

g

(1) < µ

g

(0) and since µ

f

(0) = p0 + pµ

g

(0) + p1 and µ

f

(0) = µ

g

(0) = 1,493

p = 1� (p0 + p1) > 0.494

Let us build f̄ by distributing the probability mass p > 0 into p↵ at x = 1 and p↵̄ = p(1 � ↵) at495

x = 0. So,496

µ

f̄

(0) = (p0 + p↵̄)| {z }
p̄0

+(p1 + p↵)| {z }
p̄1

= 1 (7.89)

Setting ↵ = µ

g

(1) 2 (0, 1), the mean of f is equal to that of f̄ :497

µ

f̄

(1) = p̄1 = p1 + p↵ = p1 + pµ

g

(1) = µ

f

(1) (7.90)

Finally, the second moment of f̄ is proven to be strictly larger than that of f since for 0 < p 6 1498

µ

f

(2) = pµ

g

(2) + p1 < pµ

g

(1) + p1 = p↵+ p1 = p̄1 = µ

f̄

(2) (7.91)

Clearly, f̄ is a Bernoulli distribution with parameter p̄1. In particular, the mean is equal to µ

f̄

(1) = p̄1499

and the variance is µ
f̄

(2)� µ

2
f̄

(1) = p̄1(1� p̄1).500
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