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1 Introduction and motivation

Mathematical finance extensively relies on martingales. For instance, they are used to represent the
dynamics of (non-dividend paying) asset prices, denominated in units of numéraire under the associated
measure. In particular, asset price processes are proven to be governed by conditional risk-neutral
expected values of future (discounted) cashflows. These are trivially martingales in the risk-neutral
measure. Martingales are also central in measure change techniques (via Radon-Nikodym derivative
processes).

Depending on the situation, the martingale process may be subjected to some constraints. Discounted
stock prices and Radon-Nikodym derivative processes are positive. Therefore, exponential martingales,
which meet the non-negativity constraint are very popular tools. But financial processes can be subjected
to other constraints, like being bounded below and above. For instance when interest rates (short rate r)

are prevented to be negative, discounted zero-coupon bond prices defined by the risk-neutral expectation

ft} —E {1%

Pp = E[o I
t

]:t} , Dyi=e Jorsds (1.1)

belong to [0, 1] almost surely. Consequently, so is the martingale P, pD,. Similarly, survival probabilities
Sy 7 (probability that a default event 7 occurs after a given time 7' as seen from time ¢), defined as the
expected value of survival indicators

Ser=E []I{.,->T} ‘]:t] (1.2)

are also martingales:
E[Sy,r|Fs) =E [E [Lsry [F] | Fs] =E [Lrsry [Fs] = Sar (1.3)

This property remains true independently of the definition of the filtration F; (including actual default
or not). This can of course be generalized to other type of probabilities by replacing the argument of
the indicator function Ty 4y.

In the literature, these processes are handled in two ways. Either directly, or indirectly. In the
case of survival probabilities modeling for instance, practitioners often disregard inconsistencies, working
directly with Gaussian processes (which are not constrained to evolve in the unit interval, see e.g. (3)).
This also applies to many (indirect) standard approaches were default intensity is modeled as a shifted
Ornstein-Uhlenbeck (Hull-White) or shifted square-root diffusion (SSRD, also known as CIR*), as both

can potentially lead to probabilities exceeding 1.

IThe shift in the square-root process is required in order to fit market (CDS or Bonds) quotes, and may indeed affect

the positivity of the resulting stochastic intensity.
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In spite of the above drawbacks, these methods remain popular, and bounded martingales themselves,
received little attention. We believe this results from the lack of adequate and tractable alternatives to
handle such processes. Our purposes here is precisely to propose a contribution to fill this gap and focus
on martingales evolving between bounds.

The paper is an extension of (12), and is organized as follows. In Section 2. We recall some results
related to existence, uniqueness and martingale property of driftless stochastic differential equations
(SDE). We then discuss how bounded martingales can be constructed in Section 3. Section 4 is devoted
to a more detailed study of one particular process which remains analytically tractable. Finally, we apply

this process to the modeling of univariate survival probability modeling in Section 5 before concluding.

2 Setup

We consider the usual probability space equipped with a filtration (Q, F,F = (F¢)t>0, Q). We study the

martingale property of the solution to the “driftless” SDE of the form
dYy =o(t,Y)dW; , 0<t<T (2.4)

where W is a Q-Brownian motion adapted to the filtration F = (F;);>0 and Y; is restricted to be in
some closed interval [a,b]. In the sequel, we shall omit the specification “0 < ¢t < 7”7, and the diffusion
coefficient function o(t,z) : [0,7] x R — A C R* is always assumed to be Borel-measurable. The initial
condition is non-random and satsifies Yj € [a, b].

The above differential equation can be written in its (Ito) integral form:
t
=Y, —|—/ o(s,Ys)dWs (2.5)
0

In the remaining part of this section, we review the conditions for Y; to be a martingale.

2.1 Martingale property of Y;

The process Y; in eq. (2.5) is a local martingale, but may fail to be a (global) martingale. Additional tech-
nical conditions are required, preventing the use of “too fancy” diffusion coefficient functions. However,
o(.,.) does not need to be “that fancy” for the (global) martingale property to be lost. For instance, the
solution to (2.4) is a global martingale if o (¢, #) = 2 (Geometric Brownian motion) but not if o (¢, x) = 2.

In financial applications however, the distinction between local and global martingales is crucial in order

to prevent arbitrage opportunities (4). To determine whether the solution to the above SDE is indeed a
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martingale, the following square integrability condition needs to be checked (see e.g. (5) and Section 4.9

of (11)) :

Theorem 1. The stochastic (Ito) integral in the RHS of eq (2.5) is a martingale if

E < oo (2.6)

T
/ o?(s,Ys)ds
0

Condition (2.6) may be tedious to check, since it requires to have some detailed information about
the solution to the SDE (which may even not exist). In this context, not a lot can be said at this stage
about the martingale property of Y;. Fortunately, tractable conditions ensuring existence and uniqueness

of solutions to generic SDE of the form
dXt = /L(t,Xt)dt+U(t, Xt)th, |X0| < 0 (27)

can be found based on the expression of the deterministic function o(.,.) only (see e.g. (6),()), that will

be helpful in that respect. The next theorem is essentially Theorem 5.2.1 of (3).

Theorem 2. Let o(t,x) be Lipschitz in x for allt > 0. In addition, suppose o satisfies the sub-linearity
condition

o (t, )| < C(1 + |z) (2.8)
for some constant C < oo, then E Uot Y,fds} < ooVt = 0.
Corollary 1. Under the assumption of Theorem 2, Yy is a martingale.

Proof. Our purpose is to show that sub-linearity condition combined with E [ fot YSQdS} < oo implies

E {fot (s, K)ds] < o0o. The sub-linearity condition yields
o?(t,x) < 2C%(1 + 2?) (2.9)

Setting K := 2C?
t t
/ 0%(s,Y,)ds < Kt + K/ Y2ds (2.10)
0 0
implying
t t
E U 02(S,Ys)d8:| <Kt+KE [/ des] (2.11)
0 0
where the RHS is bounded for all ¢ € [0,T] by virtue of Theorem 2. Finally, Y; is proven to be a

martingale by applying Theorem 1. O

We then present a simple version of existence and uniqueness theorem (which is essentially Theorem

4.5.3 of (6), p. 131, up to mild changes).
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Theorem 3. If the diffusion coefficient function satisfies the Lipschitz continuity and sub-linear prop-

erties, then the SDE (2.4) admits a pathwise unique (and thus strong) solution, which is a martingale.

The above results guarantee that the solution to dY; = oY;dW; exists, is unique and is a martingale
for ¢ € R. However, it is not enough to ensure that the solution to the square-root driftless SDE
dY; = 0+/Y;dW; exists and is unique (/7 is not Lipschitz at x = 0). Nonetheless, this is the case thanks
to an alternative version of the theorem, in which Lipschitz continuity is replaced by the (weaker) Holder-
1/2 continuity; see (16). It can be made even more general by relying on the Yamada- Watanabe condition
only (see e.g. (6) Section 4.5 p.134-135 and (5)). These generalizations are however not necessary in the

context of this paper.

2.2 Bounded martingales

In this section, we further specialize to (continuous) bounded martingales. By bounded martingales, we
refer to processes that belong between two real constants. This is not to be confused with martingales
bounded in Ly for example (see e.g. (11)).

It is known that bounded local martingales are martingales. The following result focuses on the case

where Y; € [a,b].

Corollary 2. Assume the diffusion coefficient o(t,x) is continuous in some interval [a,b] and vanishes

in {a,b} for allt > 0. Then, the solution Yy to SDE (2.5) is a martingale in [a, b] provided that Yy € [a,b].

Proof. This a straightforward corollary of Theorem 1. Clearly, the diffusion coefficient is bounded in
[a,b]: for all t > 0, there exists K(t) € R: 0?(t,z) < K%(t). On the other hand, Y; € [a,b] results from
a continuity argument: it cannot get out of [a,d] as its activity (instantaneous volatility) vanishes on

{a,b}. So that

T T T
/ o (s,Y,)ds < max o2(s,y)ds < / K?(s)ds < oo (2.12)
0 0 yelat] 0
which proves inequality (2.6) by taking the expectations of the integrals. O

In the following, we shall focus on martingale processes Y; evolving within the bounds [0, 1], that we
call [0, 1]-martingales. This is quite general since the later can be used to obtain a process Z; evolving
between any bounds —oco < a < b < o0 using Z; = a + (b — a)Y; (so that the SDE oz Z; is given by a
change-of-variable technique). The key point here is that the range of Y; is finite, and constant in time.

In the sequel, we shall focus on separable diffusion coefficients, defined below.
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Definition 1 (Separable diffusion coefficient). A diffusion coefficient o(t,z) is said separable if it can
be written as

o(t,z) = g(t)h(z) (2.13)

It is obvious that when the diffusion coefficient is separable where the time component g(t) is a
bounded function for all ¢ > 0, the solution Y; to SDE (2.5) with initial condition Yy € [0,1] is a
continuous martingale in [0, 1] provided that function h(z) is continuous on [0, 1] and satisfies |h(z)| > 0

for x € (0,1) and h(z) =0 for z € {0,1}.

3 Construction of [0, 1]-martingales

The above section explains how martingales evolving in the compact set [a,b] can be obtained by ade-
quately choosing the diffusion term o(¢,z) in eq. (2.4). This framework is interesting theoretically but
may be hard to deal with in practice. To illustrate this, suppose we want to construct a martingale
process in [0, 1]. To this end, we can choose Yy € (0,1), o(t,z) : 0 < o(t,z) < o0 and o(¢,0) = o(¢,1) =0
for all ¢ > 0 (notice that Yy € {0,1} would lead to Y; =Y} for all ¢ > 0, so we can disregard this case).

One simple smooth (Lipschitz continuous on (0, 1)) function satisfying the required conditions is
o(t,z) =nx(l —x) (3.14)
where 7 is a constant, which is proven to satisfy the conditions of Theorem 2. This leads to the SDE:
dY; = ¥y (1 = Y;)dW, (3.15)

When Yy € (0,1), this SDE admits a unique strong solution. The diffusion coefficient is Lipschitz
continuous on (0, 1) only, but this is precisely the range of the process Y (using a continuity argument).
This will be shown more rigorously below. Solution Y; is a (bounded) martingale as the range of this
process is [0, 1]; it is thus a [0, 1]-martingale. However, even if numerical schemes can be worked out
to estimate the distribution of Y;, the analytical expression of such atypical SDE may not be trivial to
find, if existing. Moreover, from a practical perspective, such schemes need to guarantee that all paths
(for Monte-Carlo simulation, or the range of the distribution, for PDE solver) of Y; remain in the range
implied by the form of the diffusion coefficient function. Generally speaking, implicit schemes satisfying

the boundedness conditions are required, but can be tedious to work out.
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To address these two issues, we propose a specific construction scheme that yields the martingale
Y; as a transformation of a simpler (unconstrained, or “free”) process X; via some smooth functional

Y; = F(t,X;). The SDE and statistics of ¥; can thus directly be obtained through those of X;.

3.1 Methodology

We now proceed with the next result, which is a central tool for constructing [0, 1]-martingales from

latent processes.

Theorem 4 (Autonomous Mapped Martingales). Let F'(z) : dom(F) — [0,1],z — F(z) be a strictly
monotonic function of class C* with f(x) := F'(z). Define the Ito process X, with range R(X;) € dom(F')

via its stochastic differential equation (SDE)

2(t, X
where (x) := —J;/((j)) is the score function associated to F. Then, the process
Y = F(X4) (3.17)

is a [0, 1]-martingale.
Proof. Define the general Ito process X; = Xy + f;:O wu(s, Xs)ds + fst=0 n(s, Xs)dW; via its SDE:

Because the domain of F' includes the support of X;, we can define the process Y; = F(X;), which

dynamics are given via Ito’s lemma :

772(75, Xt)

av, = (ut, X)) - "5

V(X)) FXDdt + FXn(t, X)W, (3.19)

Because F' maps X; to [0, 1], Y; is restricted to the [0, 1] interval. The drift term of the ¥; SDE vanishes

when setting
772 (t7 Xt)

M(taxt) = 2

(X) (3.20)

The process Y; = F(X;) is thus a local martingale, and because it is bounded, it is a martingale.

O

Corollary 3. Let X; be tha stochastic process defined by the SDE (8.18) with the initial condition Xg
and density fx,, and F be a bijection of class C* with image [0,1]. ThenY; = F(X}) is a [0, 1]-martingale
satisfying the SDE

dYy = o(t,Yy)dW, , o(t,z) = f(F ' (2))n(t, F'(2)) (3.21)



w2 Moreover, the distribution of Y; (Fy,(y)) and its density (fy,(y)), can be obtained form that of the latent

w63 process Xy. In particular, if F' is increasing:

Fy,(y) = Fx,(F~'(y) (3.22)
1
Sy e fx, (F7'(y 3.23
W) = ey /s 7 w) (3.23)
164 The existence of a solution Y; to eq. (3.21) is conditioned upon the existence of a solution X; to

165 €q. (3.16). In the case where the SDE (3.16) admits a unique solution Xy, then SDE (3.21) admits a
s solution, given by Y; = F(X}). Because Y; is the solution of a driftless SDE, it is a local martingale, and

167 because it is bounded, the solution Y; to the above SDE is a martingale.

s Remark 1. Simple candidates for function F are cumulative distribution (or survival distribution)

6o functions defined on the real line, admitting a continuously differentiable (non-vanishing) density.

170 We now proceed with some examples in the next section.

m 3.2 Examples

172 1. Consider eq. (3.18) with n(t,z) = nz:

w3 Then, Y; = exp(—AX;) is a martingale bounded in [0, 1] provided that u(t,z) = A(xn)?/2 and
174 A > 0. Indeed, f(x) = —AF(x) and 9 (x) = A, so that the SDE of Y; is given by
dY; = —nIn(Y,) YdW, (3.25)
175 The resulting SDE for X; satisfies a variant of the Verhulst equation:
dX; = pX2dt +nXdW,; (3.26)
176 with g = An?/2 > 0 which (non-negative) solution is given by
X; = 5 with ©; = Xgexp {—n/2t + nW, } (3.27)
Ca- A fzzo Osds t ' t '
177 This shows that Y; = exp(—AX}) solves equation (3.25) if Yy € (0,1] and X; is given above with
178 Xo = —In(Yy)/A. It can be shown that in spite of the quadratic form of the drift coefficient in
179 eq. (3.26), this solution is unique at least up to a small time.

180 2. Consider the unconstrained (latent) process X; defined by the SDE (3.18). Define ¥; = F(X})
181 where

W(z) = 2F(z) — 1 (3.28)
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Then, Y; is a [0, 1]-martingale provided that pu(t,x) = g tanh( ) and A > 0. The corresponding

z
2

SDEs become

2 X
dY, = nYi(l-Y,)dw, (3.30)

which agrees with eq. (3.15). Because the drift and diffusion coefficients of eq. (3.29) meet the
required conditions, this SDE admits a unique strong solution, and so does eq. (3.30) since both

are linked by the bijection F(z) given in (3.28).

3. It is obvious that for a same latent process Xy, one can find several mappings F' such that the
resulting SDE of ¥; = F(X,) is driftless. For instance, consider the SDE (3.29) but choose F(x) =
tanh(z/2). This leads to:

dY; = 2(1 = Y2)dw, (3.31)

N3

The reason why a same process X; can lead to several martingale processes Y; is that different
mappings F(X) can have the same score function. For instance, F(z) and 1 — F(x) are functions
with image being the unit interval, and have the same score function. The score function of
F(z) = tanh(z/2) corresponds with its score function, which agrees with that of the logistic

distribution F(x) =e” /(1 +€”) = (1 + tanh(z/2))/2 that led to SDE (3.30).

3.3 Practical considerations

As explained above, martingales evolving in [a, b] can be obtained by specifying the form of the diffusion
coefficient o(t,x). However, the resulting SDE’s are most often not analytically tractable, so that nu-
merical schemes need to be used. The above examples show that one can construct bounded martingales
Y; € [a, b] by mapping some latent processes X; € R through a monotonic smooth function ' : R — [a, b].
This change-of-variable approach is handy, because it provides a simulation scheme for generating paths
for Y; that will stay in the correct range. To that end, it is enough to draw sample paths X;(w) for the
latent process, and we obtain Y;(w) = F(X(w)) € image(F).

However, we have no clue how to choose the mapping function: we started from a latent process X;
with unspecified drift function u(t, x), and choosing the mapping F specifies both u(t, z) (the dynamics
of the latent processes) and the diffusion coefficient o(¢,z) of Y;. The only thing we know is that the
range of Y; will be defined by the image of F', and that Y; will be a martingale.

The above methodology is interesting for simulation purposes. Nevertheless, the drift of the latent

process can be quite weird, rending the design of schemes (for simulation or numerical solution ap-
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proaches) tedious. In that respect, it is interesting to have indications about how to choose F' with a
given image ([0, 1], say) such that the dynamics of X; have a specific, simple and tractable form. The
above considerations suggest that it may be better to first (analytically or numerically) try to solve the
SDE of an underlying free process X; = G(Y;), and then get the solution of Y; via the mapping F = G~1.
If G is chosen in a clever way, it could be that the second SDE is more easy to deal with (more standard,
evolving in R instead of e.g. [0,1]). At least we would get the correct range.

This is the purpose of the next theorem, which tells us how to choose G = F~! so that X; = G(Y;)
takes a specific, more appealing form. More specifically, the developed methodology allows us to write
the solution (if it exists) of the SDE (2.4) when the instantaneous volatility is separable (in the sense of
eq. (2.13)) as a mapping F' of another process with specific drift but diffusion coefficient g(¢) depending
on time only. The below theorem states sufficient conditions for the solution Y; to the SDE (2.4) to be

given by F(X,;) where X, is as desired.

Theorem 5. Consider the process Y; and satisfying the SDE (2.4) where the diffusion coefficient is
separable in the sense of (2.13). Assume that the function g(t) is continuous and satisfies g*(t) < oo for
all t and h(x) is strictly positive of class C* in the open interval (a,b) and vanishes at the boundaries

{a,b}. Lety = F(x) C [a,b] solves the first order autonomous non-linear ODE?

dy

—=h 3.32
Y~ hy) (332
If Y(x) = —F"(x)/F'(x) is Lipschitz continuous, then (2.4) admits a strong pathwise unique solution
Y: = F(X}) which is a [a,b]-martingale, and where X; is the unique strong solution to the SDE (3.18)

with initial value Xo := F~1(Yy), diffusion coefficient n(t,x) = g(t) and drift u(t,z) = @w(z).

Proof. Tt is easy to see by a continuity argument that Y; € [a,b] a.s. if Yy € (a,b). Let us first prove
that the solution y = F'(z) to the non-linear differential equation (3.32) is invertible on [a, b], of class C.

Clearly, for x € (a,b) the above ODE is equivalent to

G'(z) = ﬁ (3.33)

For any x € (a,b), the change of variable x = G(y) makes sense since h(z) > 0 implies that so is the
derivative of G: F is indeed invertible in the neighborhood of z and G is nothing but the local inverse
of F. In fact, h specifies the derivative of the local inverse of F' and because h does not vanish on [a, ],

F admits an inverse on [a,b]: G(z) = F~!(x). Moreover the derivative of F~! is of class C2, and thus

2The solution to this ODE is proven to have the general form y(z) = H(x + k) where k is the integration constant and

H(z) is the inverse of [{7; h=1(u)du

10
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so is that of F: the first three derivatives of F' are continuous. Any solution F' to the above ODE is a
strictly increasing continuous function on [a, b]. Therefore, it has the functional form h(z) = f(F~!(z)),
where F' has the required smoothness for Ito’s lemma to be used, and is invertible. Ito’s lemma yields the
dynamics of F~1(Y;), which corresponds to the SDE (3.18) where n(¢, ) = g(t) and u(t,z) = —@d;(w).
From Theorem 3 this SDE, with finite initial value Xy = F~1(Y)) has a strong pathwise unique solution
since the coefficients meet the standard requirements (Lipschitz continuity of ¢ (z) together with the
boundedness of g2(t) for t < oo implies the linear growth bound condition on g(¢)¥(x), and hence so
is the drift coefficient u(t,z)). Finally, the solution Y; is given by the mapping F: Y; = F(X;) € [a,b].

Because it is a local martingale in [a, b] with continuous diffusion coefficient, it is a martingale. O

Example 1. We used this trick to obtain the solution of the SDE (3.15) in the case g(t) = n and
h(y) = y(1 — y) by mapping X; via F. Eq. 3.32 yields the (logistic) first-order non-linear differential
equation

fz) = = F(z)(1 - F(z)) (3.34)

having (3.28) as particular solution.

Remark 2. It is worth noting that although we obtain the SDE of X; = F~1(Y;) from that of Y;, the
expression of F~' is not needed; it does not enter the SDE of X,. The drift of X, is determined by the
score function of F, which solves the ODE. It only matters for the sake of computing X corresponding

to a given initial value Yy required for the [a, b]-martingale.

Example 2. Although Theorem 5 focuses on the bounded martingale case, it can be transposed to mar-
tingales defined on the half-real line (e.g. a = 0 and b = oo). Consider for instance the case of the
exponential martingale with time dependent volatility, with SDE dY; = n(t)Y:dW;, n*(t) < oo contin-
wous. The above theorem tells us how we can obtain Yy as a function of a latent process Xy. Setting
g(t) = n(t) and h(x) =z, Y; can be obtained by F(X;) where F(x) = €* +k is a solution to (3.32) and
X; satisfies SDE (3.18) with u(t,z) = —n(t)?/2 and n(t,x) = n(t). Because the later SDE has a unique
strong solution (as per Theorem 4.5.3 of (0)), so does that of Y:. In the case where n(t) =, one could

equivalently choose g(t) =1 and h(x) = oz, in which case F(x) = €™ + k and p(t,z) = —n/2.

4 The P-martingale

In this section, we use Theorem 5 to define the dynamics of a [0, 1]-martingale that remains analytically

tractable, that is, with known distribution. The starting point is to observe that the most general form of
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a SDE associated to a Gaussian process takes the form dX; = (a(t) X + b(¢))dt + ¢(t)dW;. In particular,
the drift function needs to be affine in z, and the diffusion coefficient does not depend on xz. That means
that by choosing a latent process X; with diffusion coefficient 7(¢) and a mapping F(x) : R — [0, 1] with

linear score function, the martingale Y; would be a simple transform of a Gaussian process.

The only function F' satisfying this condition is the normal distribution F(z) = ® (xga) with a € R
and 8 € Ry. The particular case (o, 8) = (0,1) corresponds to a standard Normal distribution, which
score function is the identity ¢ (z) = —¢'(x)/¢d(x) = x where ¢(x) = ®'(z) stands for the standard
Normal probability density function. In this specific case, applying the above results, ¥; = ®(X;) is a

[0, 1]-martingale provided that

pu(t,x) = x (4.35)

and with diffusion coefficient
o(t,y) =¢ (2 (y)n (2 () (4.36)

The specific case n(t,z) = n(t) (leading to the separable diffusion coefficient o (t,y) = n(t)p o @~ 1(y))

2

is quite interesting in that in this case X; is a Gaussian process (u(t,z) = = Z(t) x). The solution to the

general extended Vasicek SDE with initial solution Xy =z € R is, for t > s

dX; = k(t)(0(t) — Xy)dt + n(t)dW; (4.37)
Xe = G(s,t)(x+1I(s,t)+ J(s,t)) (4.38)
G(s,t) = e Jor(wdu (4.39)
I(s,t) := / K(u)0(u)G(u, s)du (4.40)
J(s,t) = / n(u)G(u, s)dW, (4.41)

which is Normally distributed with mean and variance

m(t) = G(s,t)(z+ I(s,t)) (4.42)
t
v(t) = G(s.t) / (n(u)G(u, 5))* du (4.43)
Notice that in our case, we need to impose 6(t) = 0 which means that I(s,t) = 0 and x(t) = —@.

Clearly, the solution to eq. (2.4) with diffusion coefficient (4.36) exists, is unique and is the martingale
Y, = ®(X;) where X, is given in (4.38). This is, to our knowledge, the only [0, 1]-martingale process

being analytically tractable.

12
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Remark 3. It has been shown that the case (3.25) is also tractable since there is closed form expression
for the latent process X; (and thus for Y; = exp(—AXy)). Unfortunately, although the joint density of

(@t, fot @Sds) has been studied by Yor in (15), the law of Xy is tedious to deal with in practice.

In the sequel, we focus on the constant volatility case n(t) = n although the general case remain

analytically tractable. The SDE of Y; is given by
dYy =1 (@71(Yy)) AW, (4.44)
and admits a strong unique solution Y; = ®(X;) which is a [0, 1}-martingale where X, is a Vasicek process

"12 t TI2 t ¢ "12 o
X =Xpez' 4nez / e 25 dW, (4.45)
0
with constant diffusion coefficient 7, zero long-term mean and negative speed of mean reversion n?/2.
Therefore, we can easily draw sample paths from this exact solution. Ten of them are shown in Fig. 1.
Since X; ~ N(Xp e t/2 \fen?t —1), the distribution of ¥; is known analytically:
1 1 2472\
| (271(w) — @72 (vp) e7'0/2)

fn(y)zd)(@_l(y)) ST e exp { — 2™ 1) (4.46)

In particular, the distribution of Y; is uniform provided that Xy = 0 and ¢t = In(2) /7.

4.1 Statistics and asymptotics

In the case where the SDE X; with drift implied by F' has an explicit solution, then the process Y;
can be studied in details. For instance, the asymptotic distribution of Y; as ¢ — co can be obtained.
Moreover, one can also study the properties of disjoint increments of Y;. They have zero-mean and are
uncorrelated, as per the martingale property. Their variances and quantile functions can be computed as
well. For the sake of comparison, we mention the corresponding results for the exponential martingale.

In the case of Y; = ®(X;) where X, is a Vasicek process with instantaneous variance 12, zero long-term

mean and positive mean reversion speed 7?/2, the variance of the martingale Y; is given by E [Y}?] — Y

13
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Figure 1: Ten sample paths of the ®-martingale drawn from the exact solution ®(X;) for various diffusion

scales ) and initial conditions (top : Yo = 1/2, bottom: Yy = 3/4).
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where

2 _ ! y2 —1
E[Y?] = Aif(F_l(y))fxt(F (y))dy (4.47)

1 b F~l(y) - Xoe !/
Ver't -1 /0 FE W)’ < et —1 W

1 o0 T — Xoent/?
= —— P2 - |d 4.4
e v () o (49
/ P? (XO e t2 Ly en?t —1) d(v)dv (4.50)

=—00

(4.48)

et —1
= &y | Xo, Xo; P (4.51)
— 0, (XO,XO; 1— e*ﬂQt) (4.52)

where @5 (x,y; p) is the standard bivariate Normal cumulative distribution with correlation p. In partic-
ular, lim;_, o E [Yf] —YZ = 9(Xp) — Y@ = Yo(1 - Yp).
As per properties of Ito integrals E [Y,Y;] = E [Y2,], the autocovariance of {Y;, Y45} is equal to the

variance of Y;. The variance of the increments is then given by

var [Yiys — Y] = var[Yigs] — var [V (4.53)
= E[Y3s] —E[Y{] (4.54)
- o, (XO, Xo:1— e*’f(t”)) — o, (XO, Xo:1— e*ﬂQt) (4.55)

This expression converges to zero as t — oo. Intuitively, this means that the “activity” of the process

(path by path) will decrease with time, and the process will converge to some constant level. By
2

comparison, the variance of the increments of the exponential martingale Z defined as Z; = Z e~ TtV

between t and ¢t 4+ 0 is Zj et (e”z‘s —1) and thus increases with ¢ for a given §:

var[Z,— Z] = E [(Zt - ZS)Z] (4.56)
= E|z2 (? - 1)2 (4.57)
= E[Z]E [?z - 2% + 1} (4.58)
= E[7] <IE Eé] —2E [?] + 1) (4.59)
= ZyeT R [e*(2n)2/2s+2n\/§W1} (4.60)

% (eﬂ2(t—5) E {e—(277)2/2(t—8)+217\/t—5W1} —92E [e—ﬁ2/2(t—5)+ﬁvt—sw1} + 1)(4.61)
— Zyel® (en2(t—5) _1) (4.62)
Because the paths of the ®-martingale evolve between two bounds, a central question is to determine
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whether they collapse to the bounds, in which case the distribution of Y; would have less and less mass in
(0,1) in the sense that for any arbitrarily small threshold e > 0 and any probability level 0 < p < 1, there
exists a time ¢, such that for all ¢ > t., Q{Y; € [0,¢) U (1 —¢,1]} > p; Y; ends up in the neighborhood
of the bounds with any desired confidence interval. This will be proven in the case when F' = ® and
n(t) = n (Section 4.1.2). An intuitive development is provided in Appendix (7.1) in the more general
case of bounded martingales.

This might be an argument to show that this specific setup is not appropriate in many cases. However,
this distribution behavior is shared by the quite popular geometric Brownian motion for example. The
distribution of the geometric Brownian motion is collapsing to 0 as t — oo (see Fig. 2 for an illustration
of the quantiles ¢(¢, p) for the corresponding stochastic processes Z; and Y;). The fact that the variance
of Zy15 — Z; is not converging to zero as time passes in spite of this collapsing feature results from the

fact that the right tail of the distribution of Z; is unbounded.

4.1.1 Asymptotic distribution of the exponential martingale

The random variable Z; defined above follows the lognormal distribution with m = In(Zy) — 7%/2t and
variance s? = n°t.

The corresponding quantile function ¢(¢,p) defined according to Pr[Z; < ¢(t,p)] = p is

alt.p) = Zoexp (nVie~ (p) — /2t (4.63)
and for 0 < p < 1,
Jim q(t,p) = Zo lim exp (\/f(a - b\/i)) (4.64)

for some finite a = n®~1(p) and b = n?/2 > 0. For t > t* = max(0,a/b), the expression in the RHS
limit is strictly decreasing to 0 with respect to ¢. The p = 50% case (median) is precisely the largest p

such that the curve is decreasing everywhere.?

3This contradicts the naive interpretation of martingales having “no tendency to raise or fall”. This is clearly a wrong
shortcoming. This is obviously true in expected value, but quite false otherwise since the exponential martingale does have
a tendency to fall Q{X;45 < X} > 50%. This remains true on a path by path basis since the median is (strictly) below

the expected value.

16



Lognormal (1) Bounded Martingale (0.5)

< - s I
o |
©» o
©
— —~ S
[N o
£ N o =
o o <
3
A [N
8
o 2 q ----
T T T T T
0 10 20 30 40
t
Bounded Martingale (0.6)
o | o |
o« ©
s c
© ©
—~ ° —~ o]
a o
E < F <
s s
(aY} N
s s
o o
S S
T T T T T T T T T T
0 10 20 30 40 0 10 20 30 40

Figure 2: Quantile trajectories q(t,p) of some distributions with n = 50%: the exponential martingale
Zy for Zy = 1, n = 0.5 (top left) and bounded martingale for F'(.) = ®(.) and initial point value Yy of 0.5
(top right), 0.4 (bottom left) and 0.6 (bottom right). The curves are shown for p € {6%, 10%, ...,95%}
probability levels (of course, the corresponding trajectories are ordered bottom up). For the exponential
martingale case, the curve associated to the median is the largest non-increasing curve. For the bounded
martingale case, the distribution collapses to 0 or 1 depending if Yy < 0.5 or Yy > 0.5, respectively. If
Yy = 0.5, the distribution is equally splitted to the bounds. The median is shown in magenta, and the

(1 — Yp)-quantiles are emphasized with dots.
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4.1.2 Asymptotic distribution of the ®-martingale Y; (n(t) = n)

We get
Jim QY <y} = Jlim @ (971 (y), 7 (o) 2, Vert 1) (4.65)
-1 _ o1 n>t/2
= lim @ <¢) (y) = 2~ (Yo)e ) (4.66)
t— 00 \/m
= 0Tgy—gy +P (=@ (Y0)) Tjocy<1y + Tgy=1y (4.67)
= (1 - @ ((I)_l(YO))) Tiocy<1y + Lpy=1y (4.68)

Therefore, Y; converges in distribution to Bernoulli (Yy) as t — oco. It is worth noting that Bernoulli (Yp)
corresponds to the distribution in [0, 1] with maximum variance for a given mean Y; € [0, 1] (this is quite

intuitive, but a formal proof is given in the Appendix (7.2)).

4.2 Autonomous Gaussian martingales

We now address the following question: which types of continuous local martingales Y; with separable
diffusion coefficient can be obtained via a time-homogeneous (that is, autonomous) mapping F of a

Gaussian process X; 7

Definition 2 (Autonomous Gaussian Martingales). We say that the martingale Y is autonomous Gaus-
stan if (i) it can be obtained by mapping a Gaussian process X, assumed to be the solution to a SDE,
through an autonomous mapping F(x) and (ii) the diffusion coefficient of Y; is separable in the sense of

(2.13).

Let us assume 0 < g(t) < oo. We know that in order for X; to be a Gaussian solution to an SDE,
the drift u(t,x) needs to be affine in z, that is u(¢,z) = a(t) + b(t)z and the diffusion coeflicient must
be a function of time only n(t).*

Equating the (dt) and (dW;) terms of the Y; SDE 2.4 with that of the F'(¢, X;) SDE obtained using

Ito, we get
(a(t)—&-b(t)x)Fw(t,:c)—i—gzét)Fm(tw) W Bt @) (4.69)
1O Ftz) "2 g()ho F(t,z) (4.70)

Using a time-homogeneous mapping yields F(¢,z) = F(z), implying that g(t) = n(¢t). The (dW;)

equation then corresponds to eq. (3.32) and its solution yields the space component h(z) of the separable

4Note that there are Gaussian processes that cannot be expressed as the solution of a SDE. This is the case of the

fractional Brownian motion, for example.
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30 diffusion coefficient o (¢, ) = n(t)h(z). In this exercise however, we are interested in the form of F(x)
31 that can be used so that Xy is a Gaussian process and Y; = F(X;) a martingale. Setting G(z) = Fy(x),

2 the (dt) equation becomes
()
2

Gz(z) + (a(t) + b(t)z)G(z) =0 (4.71)

3 This is a first-order ODE which solution is given by

_2a(zgb(t)a’fe(t)

Gz,t) = ki(t)e 20 (4.72)

T 2a®utb®ute(t)
Flat) = k() / T T qu g k(1) (4.73)

s As we considered time-independent mapping (F(¢,2) = F(z) for all x), the ratios a(t)/n?(t), b(t)/n?(t),
s c(t)/n?(t) and the integration constants ki(t), k2(t) need all to be constant in order to get the required
6 form for the ¥; = F(X;) SDE. We note them a,b,c, k1, ka. Clearly, the case b < 0 can be excluded as
57 the integral in eq. (4.73) does not converge in this case. Notice that unless k; = 0, we can set ky = +1
s without loss of generality (by playing with ¢). We thus have the specific case k1 = 0, and three cases for

0 (a,b,c) (assuming ky = +1 and ko = k):

360 e k1 =0: F(z) = k; we map X; to a constant.

(0,0,¢ # 0): F(z) = te“x+k; c(t) = en?(t) so that the mapping is an affine function of the form

361

362 F((E) =azx+k.

363 o (a#0,0,c#0): F(z) = :i:% e~29% 4k the mapping is a shifted exponential F'(z) = j:% e 20 1 | =
364 % es® +k.

365 e (a#0,b>0,c#0): F(z) = afb(wgﬁ) + k where o = +v27e®’/?=¢, 3 = —a/b and & = 1/v/2b.
366 The mapping is a shifted and rescaled version of the Normal cumulative distribution function.

367 The above mappings are the only ones leading to null df term and separable diffusion coefficient for

s Yy = F(X;) when X, is a Gaussian process. This also specifies the form of the space component h(z) of
w0 the diffusion coefficient that can be obtained by mapping Gaussian processes through F(z). From the

s (dWy) equation, we get respectively
3 e Since Y; = F(X;) =k, h(xz) = 0: this is the trivial martingale

372 e Since a = b = 0, X, is a rescaled Brownian motion (d(X,X); = ¢*(t)dt) and Y; = aX, + k is a

373 shifted and rescaled copy of X;. In particular, h(z) = h = «
374 e Y} is the exponential of a Gaussian process with shift: F,(z) = ae5® so that h(z) = F,(F~(z)) =
375 §(y - k‘)
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e Y, is obtained by mapping the Gaussian process X; through a Normal cumulative distribution,
rescaling and shifting. The obtained process is a martingale bounded between k and «+ k. In this

case, h(z) = ¢¢ (7' (z=£)).

We summarize these results in the theorem below.

Theorem 6 (Autonomous Gaussian Martingales). The only autonomous Gaussian martingales are (up
to deterministic shift and scaling coefficients) i) the trivial martingale, ii) the Brownian motion, iii) the
geometric Brownian motion and iv) the ®-martingale. Interestingly, each resulting process has a specific

range, namely: constant, unbounded, one-side bounded and two-sides bounded.

This result says that if one wishes to construct a continuous local martingale Y; with separable
diffusion coefficient o(¢,x) = n(t)h(z) and evolving in a given set by mapping a Gaussian process (i.e.
with known analytical solution) via an invertible autonomous function (so that ¥; has also a known
analytical expression), there are not many alternatives: only one family of mapping per type of range. In
particular, the ®-martingale ®(X;) is the only bounded continuous martingale with separable diffusion
coefficient that can be obtained by mapping a Gaussian process X; through a smooth function F(z).

Note that if one relaxes the time homogeneity and invertibility constraints, other solutions are possi-
ble. For instance, in the case a(t) = b(t) = 0 and n(t) = n (X; = Xo+nW;) and setting F (¢, x) = 22 —n?t,
we obtain Y; = X? — d(X, X); which is a well known martingale (in R). Similarly, other martingales can
be obtained if the mapping is allowed to keep track of the whole history (for example, the Shiryaev-Yor

process supg..<; Ws — /2t/m is a martingale dominating the boundary —/2t/m, see (10)).

5 Application to Survival probabilities

We adopt the credit risk modeling setup and focus on the default time 7 of some reference entity. In
this framework, one usually defines the filtration F;, which represents the market information excluding
default observation. The enlarged filtration is obtained by including the explicit information relevant to
the default event: G; = F; V o(ll{;54,0 < s < ). In Cox models for example, the stochastic intensity
process \; is Fy-measurable, but conditional upon the path (A;)¢>0, the occurrence of default Tirgy is
an independent event. More generally, the latter is G;-measurable, but not F;-measurable. Literature on
credit risk modeling emphasize that under some conditions, one can get rid of actual default modeling;
default indicators can be replaced by stochastic default probabilities, working in the restricted filtration
F; instead of the complete filtration G;. We do not enter the details of this modeling approach, but refer

the reader to (1) and (7) for more information.
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We now move to the modeling of the martingale S; v defined in eq. (1.2). This is useful in many

circumstances, including the pricing of credit derivatives or to adjust the price of a derivatives portfolio

to account for counterparty risk (credit value adjustment), see e.g (2), (3), (

the above methodology, we set Sy 7 = ®(X; 1) where X, o satisfies

Clearly, S, r is a martingale with initial value Spr = So(T") provided that

dXyr = pXe pdt + ndWy

po= /2

Xor = @ 1(So(T))

). As an illustration of

(5.74)

(5.75)

(5.76)

The initial survival probability function Sy (¢) is assumed to be provided (in credit derivative applications,

it is obtained by bootstrapping market quotes of financial instruments, like defaultable bonds or credit

default swaps). It is decreasing and satisfies for all ¢ > 0 0 < Sy(¢) < 1, which means the the associated

hazard rate is strictly positive and finite. This leads to

Ser = ®(m(t,T)+nZ:)
t
Zt = / e'u(t_s)dWS
0
m(t,T) = Xore

(5.77)
(5.78)

(5.79)

The Azéma supermartingale S; := S, is often modeled either by using a simple Gaussian process (3)

or by adopting the Cox process (2). However, the first approach clearly violates the [0, 1] condition, and

the second corresponds to the specific case where S; is a decreasing predictable process. However, the

general Doob-Meyer decomposition (in its additive form) reveals that in all generality, we have (1), (9)

dSt = th + th

(5.80)

where D; is a decreasing F;-predictable process and M; a martingale. The Cox setup is just one particular

case. Moreover, as explained in the introduction, it is hard to find a positive stochastic intensity model

which allows for analytical calibration to market quotes whilst preventing negative paths. This gives

room to alternative modeling setups, and the ®-martingale is one of them (

martingale is proven to be

St

Gt

14 / CudSo(u) + 1 / H(B1(S,))dW,
(B!

(S¢)) e /2t
P(~1 (S0 (1))
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Figure 3: Distribution of Sy and sample paths of S;. Parameters: n = 0.15, pu = n?/2, So(t) =e ", h =

8%, T =5.

Sample paths of such a process and the empirical histogram and theoretical density of values snapped

at t =T, Spr, is given in Fig. 3. It can be shown that (; is a positive process satisfying E[(;] = 1 for all

t>0:
E[S,] — ]E[ /tdSu]—i—l (5.83)
0
= /Ot]E[gu]dSO(u)H (5.84)
= Sot) (5.85)

where we have used the fact that Ito integrals have zero expectation and Fubini’s theorem.

6 Conclusion

Bounded martingales are important in many applications. Surprisingly, however, they received little
attention so far. This paper aimed at filling this gap, by providing ways to tackle those processes. In
particular, we show that analytically tractable martingales bounded in [0, 1] can be obtained by mapping
a Gaussian process through a the standard Normal cumulative distribution. This specific process, which

received the name of ®-martingale, is the only [0, 1]-martingale that can be obtained by mapping a
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Gaussian process in a time-homogeneous way. In the case where the mapped Gaussian process has
a constant diffusion coefficient, the distribution of the [0, 1]-martingale converges to that a Bernoulli
distribution with parameter equal to the initial value of the process. We have shown how this setup can

be used to simulate stochastic survival probabilities out of the Cox setup.

7 Appendix

7.1 Colapsing property of bounded martingales

It has been proven that when X, is a Gaussian process with diffusion coefficient 7 and drift n?/2x then
Y; = ®(X;) is a martingale bounded in [0, 1] which converges in distribution to a Bernoulli(Yy). This
proof was easy as the distribution of Y; is known analytically. However, it is likely that autonomous
martingales of the form F(X;) where X; is a free process and the image of F' is a compact interval
[a, b] will share the same “collapsing” feature. Although we do not give a formal proof, we provide an
intuitive development below. We further discuss which forms of mappings F' could potentially not have
this feature.

Let F (assumed to be strictly increasing and C?) and f be unimodal (i.e. f’(x) is first positive, then

vanishes at some point z* and then remains negative) when 7(t, X;) = n. Recall the SDE of X;:

f1(Xt) 7
T W AW (@) = Tu(Xede -+ W (1) (7.86)

2
dX, = —%

Because f'(x) < 0 for all > 2* and f'(x) > 0 for all x > z*, we can see from the above SDE that X,
has a positive drift when being above x* and a negative drift otherwise. As long as we choose F' such
that f is unimodal, then the process will tend to diverge, and same will hold true for V; = F(X;). In
other words, bounded martingales Y; obtained via an underlying process Y; = F(X;) will be attracted
towards one of the boundaries when the bounds (a,b) are constant and f = F” is unimodal.

Therefore, Y; collapses (asymptotically) to a or b unless F' is chosen to have some specific properties,
and the above development allows us to understand which properties may break this attraction.

A first possibility of course is to use a vanishing time-dependent diffusion coefficient 7(t). If n(¢)
collapses to zero, the X; process will be frozen, and so are the paths of the Y; process. However, we
argue that this is not the only way to prevent all paths to converge to one of the bounds. Although we
do not give formal proof, we claim that this can be achieved by choosing F' so that I’ = f is bimodal
(i.e. f’ changes sign between the two modes) and Xy belongs to the interval defined by the two modes.

Consider for example F(x) = 1/2 (@ (W) +o (w)) for s > 0 and p large enough to

S
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ensure that the sign of f’ changes between the two modes. This function maps R to the unit interval
[0,1]. Then, the fact that X; falls in the valley [Xo — u, Xo + u] will create a pulling effect such that
X; will tend to stay within the interval [Xo — p, Xo + p].> The effect of the bimodal nature of f is
to partly prevent all paths to collapse to one of the boundaries (the center of the distribution would
not be empty anymore; the probability to be in arbitrarily small neighborhood of the bounds would be
non-zero, but would not sum to 1 either). It remains to formally prove that Q{X; € [Xo—pu, Xo+u]} >0
as t — oo for any g > 0. This is cumbersome since we do not have an analytical expression for the
distribution of X;. However, Monte Carlo simulations (or PDE solver) confirm that this is effectively
the case: only part of the paths collapse to the boundary. The “sharpness of the dip” (which can be
tuned by playing with 1) determines the probability that Y; lies in [F'(Xo — p), F(Xo + p)] as t — oo.
However, the process X; built according to the above procedure has a stable stationary point (zero drift,
or equivalently f’(z) = 0) at Xy (zero drift, and in the neighborhood, the drift tends to pull X, back to
Xo), and unstable stationary points at Xo £ p (zero drift, but when X; moves around these points, the
effect of the drift is to push X; away from those). It is then likely that the paths, instead of collapsing
to either 0 or 1 almost surely, now collapse to {0,1} with some probability p, but X; has a non-zero
probability 1 — p to be in the interval [Xo — p, Xo + u] even in the limit ¢ — co. In particular, we
expect to have limy_, oo Q{Y: € (¢, F(Xo — p)]} = lims—yoo Q{[Y: € [F(Xo + 1),1 — €)} = 0 for any € > 0,

limy oo Q{Y; € (1—¢,1]} = limy— 0o QY2 € [0,€)} > 0 and limy_,oo Q{Y; € [F(Xo —p), F(Xo+p)]} > 0.

7.2 Maximal variance of bounded distribution

We show that the variance of a random variable X defined on the compact set [a, b] and with given mean
m is smaller than the variance of M = a + (b — a)B where B is a Bernoulli variable which parameter is
chosen such that E[M] = E[X], with equality only if X takes the same form as M.

Due to the scaling and shifting properties of mean and variance operators, it is equivalent to prove
that the variance of B is larger than that of Z = (X — a)/(b — a) (defined on the unit interval [0, 1]),
where the inequality is strict unless Z is itself a Bernoulli variable with same parameter than B.

Suppose Z has the probability density f defined on the compact set [0,1]. In order to keep the
notations simple, we consider f as a “generalized” (mixed discrete-continuous) density, in the sense that

it can contain probability mass concentrated at single points, represented with the help of dirac deltas.

5Observe that this pulling effect does not impact the martingale property of Yz, since this is compensated by the function
F, just like the fact that X; is a diverging process when F' = ® is used did not impact the martingality of Y; in the unimodal

case.
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If Z is not a Bernoulli random variable, then there exists a generalized density g defined on [0, 1] with

zero mass on the bounds and a parameter 0 < p < 1 satisfying:
f(@) = pod(x) + pg(x) + p1d(z — 1) (7.87)
Define the zero, first and second moments of given density h as follows:
pni) = [ #h(o)ds (7.89)

Clearly, 0 < f14(2) < pg(1) < pg(0) and since yf(0) = po + pug(0) + p1 and pp(0) = pg(0) = 1,
p=1-(po+p1)>0.

Let us build f by distributing the probability mass p > 0 into pa at z = 1 and pa = p(1 — «) at

x = 0. So,
p7(0) = (po +pa) + (p1 +pa) =1 (7.89)
—
Po D1

Setting a = py(1) € (0,1), the mean of f is equal to that of f:
(1) = p1 = p1 +pa = p1 +pug(l) = pg(l) (7.90)
Finally, the second moment of f is proven to be strictly larger than that of f since for 0 < p < 1

pr(2) = pg(2) + p1 < ppg(l) +p1 = pa+p1 = p1 = pp(2) (7.91)

Clearly, f is a Bernoulli distribution with parameter p;. In particular, the mean is equal to p (1) = py

and the variance is p(2) — u?(l) =p1(1—p1).
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