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Abstract: The representation of the main physical phenomena of continuous sedimentation
within a settling tank (hydrodynamics of two-phase suspensions) is essential for the further
design of a control of the quality of the solid-liquid separation. The model is still made of highly
non-linear partial differential equations after simplifying assumptions on the behaviour of the
solid and liquid flows and considering a one dimensional settler. Moreover effective solid stress
appears when the solid particles concentration is above a given threshold which depends on the
quality of the sludge. Then a mobile interface appears between two different behaviours. The
settler is divided into two zones to represent this discrete phenomenon. Our goal is to develop a
model that can be used for a further design of a control of the water quality at the top outlet of
the settling tank. A hybrid state space representation is explained with the different dynamics
in each of the two zones, the constitutive equations and the boundary conditions. The steady

state profile is calculated. A simplified version of a settling tank model is simulated.
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1. INTRODUCTION

Continuous sedimentation/consolidation is an important
solid /liquid separation process widely used in the pulp and
paper, mining, chemical, food, and many other process
industries as well as in wastewater treatment plants or
in estuarine or coastal zones. These processes have many
features in common, particularly the relative flow of solid
particles and fluid as the underlying basic principle, Burger
(2000), Concha et al. (2003).

Inside the mixture, the solid particles settle and form a
loose bed, like a porous network, from the depth at which
their concentration reaches a given threshold named per-
colation value. The two phases solid/liquid mixture flows
through the porous network that leads to an increase of the
drag force on the solid particles and reduces their settling
velocity, Toorman (1996). The excess pore pressure slowly
dissipates as the sludge bed is compacting, Chauchat et al.
(2013).

1-D dynamic models of settling tanks represent yet the
best compromise between complexity and the represen-
tativeness of the phenomena. Two types of models are
described in the literature; first, the models that are based
on solid particles mass balance coupled to a constitutive
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equation for the solid particles velocity, Diehl (2000),
Queinnec (2001), David et al. (2009), Burger et al. (2013),
..., secondly the models that are based on both solid
particles mass and momentum balances, Burger (2000),
Chauchat et al. (2013), Garrido et al. (2003), .... In the
second case constitutive equations have to be used for the
pressure, the effective solid stress and the drag force. In the
first case Takacs et al. (1991) extended the flux approach
to low concentrations and proposed a double exponen-
tial settling velocity model based on Vesilind expression,
Vesilind (1968). It has been used to model settling tanks in
normal operating conditions. But Queinnec (2001) showed
the limitation of this first approach where the constitutive
equation for the solid particles velocity depends only on
the solids concentration, Kynch (1952). Cadet et al. (2015)
concluded that the Takacs method often works satisfacto-
rily in normal operating conditions but, during extreme
events such as storms, the solid particles concentration
may be decreasing with depth and the Takacs method
fails. Moreover the simulations produced by the Takacs
method are qualitatively different for different number of
layers, and increasing the number of the layers deteriorates
the model performance.

All these observations highlight the need to deepen meth-
ods that effectively represent all operating conditions in
continuous sedimentation/consolidation to be able to de-
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sign a control effective at any time and in any operating
condition.

This paper presents a nonlinear PDE model of the settling
tank with a moving interface. It considers neither the
semi-empirical Vesilind hindered settling velocity, Vesilind
(1968) nor the Takacs semi-empirical expression, Takacs
et al. (1991), and is based on mass and momentum balance
equations. Our goal is to develop a model that can be used
for a further design of a control of the water quality at
the top outlet of the settling tank. To reach this goal, the
model must take into account the various behaviours of the
mixture inside the settling tank and not only the nominal
operation. Therefore the solid particles concentration at
the top of the tank has to remain equal to zero and this
is the reference to follow and not a boundary condition of
the model.

The variables (continuous and boolean) and equations
(partial differential and algebraic) to describe the main
physical phenomena taking place in the settling tank (hy-
drodynamics of two-phase suspensions) have been identi-
fied and are presented in a structured way. A discontinuous
phenomenon has been detected and integrated into the
dynamic model which makes it hybrid, Valentin et al.
(2007). Appropriate initial and boundary conditions are
discussed.

A first attempt was presented in Cadet et al. (2015), with
a modeling approach that used the Vesilind equation.

2. A 1D DYNAMIC PHYSICAL MODEL
2.1 General 1D Mass and Momentum balances

The dynamic model describing the behaviour of the sludge
in the settling tank comes from the mass and momentum
balances under the following simplifying assumptions:

1. The flow is assumed to be plug flow

2. There is no biological activity in the settling tank
Burger et al. (2011)

3. The solid particles have the same size and shape,
Garrido et al. (2003), Burger et al. (2011), David et al.
(2009), Diehl (2000)

4. There is a uniform particle concentration at a given

depth, then 1D modeling is relevant, David et al.

(2009), Diehl (2000)

The vessel wall friction is negligible

6. Suspensions are floculated completely before sedi-
mentation

7. The solid particles are small with respect to the
containing vessel and have the same density, Garrido
et al. (2003)

8. Solid particles and fluid are incompressible (No cre-
ation of flocks or filaments), Garrido et al. (2003),
David et al. (2009). Then solid density, ps, and liquid
density, p; are constant, Diehl (2000), Chauchat et al.
(2013)

9. There is no mass transfer between the solid particles
and the fluid, Garrido et al. (2003)

10. The settler has a constant cross-sectional area

11. The liquid and solid phases completely fill the settler,

then its volume is constant

12. The inlet (sludge feeding) is modelled by a point and

the mixture leaving the inlet is distributed instanta-

ot

neously and evenly over the entire cross-section, Diehl
(2000).

The settling tank is modelled considering two zones, clari-
fication and compression zones, associated with two differ-
ent types of physical behaviours (with at least two different
equations). It has one inlet (sludge feeding inside the tank)
and two outlets (clarified water at the top and compressed
sludge at the bottom). The sludge feeding takes place at
z = zy, which is at the end of the feeding pipe. There
is a moving interface at depth z = 2.(t) where a change
of behaviour takes place due to contact forces between
the solid particles appearing when they touch each other.
Burger (2000) assumes that the water is clear at the top of
the tank (zero solid particles concentration), then a three
zone schematic view is presented. But, as our goal is to
develop a model for control design, a zero solid particles
concentration at the top of the tank is the objective to
follow and a third zone in the upper part of the tank is
not taken into consideration. Let £4(z,¢) denote the solid
particles volume fraction with ¢ the time and z the depth
from the settling tank surface. ;(z,t) denotes the liquid
volume fraction. The solide particles concentration is then
Cs(z,t) = pses(z,t). Let Vi(z,t) (m/s) denote the solid
phase Eulerian average velocity and Vi(z,t) (m/s) the
liquid phase Eulerian average velocity. A schematic view
is given figure in 1.

Sludge feeding

o 3 G (7;(12 Clarified water
0 0 (,)' overflow
Z
/ &(zt)< &,

sludge
z.(1) blanket  at &(z)=&
Compression zone (Lutocline)
&(zt) > &,

Zp

QII(I) (vuﬁ)

Compressed sludge

Figure 1. One-dimensional schematic view of a Settling
Tank.

Remark 1. To improve the readability, a abuse of nota-
tions is done by omitting (z,¢) in the following equations.

If p, is the solid phase (particles) density (kg/m?) and p;
the liquid phase density (kg/m?), the mass balances can
be written as the next two partial differential equations
(PDE’s) for the liquid phase and the solid phase, in the
most general way:

Liquid phase mass Balance:
O(per) = =0:(peVi) + f1(Cr, Qp)o(z — z) (1)

Solid phase mass Balance:

at(psgs) = _az(pses‘/s) + f2(0f7 Qf)(S(Z - Zf) (2)

Manuscript 1178 submitted to 21st IFAC World Congress, 2020.
Received November 8, 2019.



CONFIDENTIAL. Limited circulation. For review only.

f1 and fy are the contribution of the sludge feeding to
the variation of volume fraction. They depend on the solid
phase mass concentration of the sludge at the input, Cy
and on the sludge flow Q¢ at the input.

As well, the momentum balances can be written as two
PDE’s for the liquid phase and the solid phase, Chauchat
(2007):

Liquid phase momentum balance:

Oh(paVi) = —0-(pelVi?) + eyprg — 0.
—r(Vi = Vo) + f3(Cy, Qf)o(z — z5)  (3)

with:
e1pLy volumic gravitational force (body force)
—0,(P) gradient of the hydrodynamic pressure
within the liquid phase
—r(V; —Vs) Stokes like drag force i.e. liquid-solid dy-

namic interaction force per unit volume
standing for viscous friction between the
two phases (generalization of the Stokes
equation (as well Darcy equation)) Gar-
rido et al. (2003), Chauchat et al. (2013).
r is the resistance coefficient.

Solid phase momentum Balance:

Di(psesVs) = —0.(psesVE) + espsg — 0. Py
+r(Vi = Vo) + fa(Cr, Qp)o(z — zf)  (4)

where f3 and f; are the contribution of sludge feeding to
the momentum variation. They depend on the solid phase
mass concentration of the sludge at the input, C'y and on
the sludge flow Q; at the input.

As the sludge volume is constant, the following algebraic
equation is valid at any time and any depth:

ei(z,t) +es(z,t) =1 (5)

As solid particles and fluid are incompressible, the average
velocity of the mixture, denoted V,,,(z, t), can be calculated
by the following algebraic equation:

Vin(z,t) = €1(2,t)Vi(z,t) + e5(2, t) Vs (2, t) (6)

Moreover by using assumption 8 and equation (5), the sum
of both equations (1) and (2) gives:
C C
0.V (z,t) = Al ;’Qf) + faf pf’Qf) 0z—2zp) (7)
1 s

Then V,,, is piecewise constant according to z and can be
written:

Vin(t) = e1(, OVl ) + 25 (L, Vi, 1) (8)

Therefore, €;(z,t) can be calculated from (2) and (5), and
Vi(z,t) can be deduced from (4) and (8).

2.2 Constitutive equations

P, et P, pressures may be written by the two following
algebraic expressions in terms of the pore pressure (hy-
drodynamic pressure) P and the effective solid stress o,
Burger (2000):

P =¢P (9)
P,=¢,P+ o, (10)
Constitutive (closure) expressions come from experimental

data. Different equations have been proposed by various
authors in several contexts (non-exhaustively):

For 0,P: Burger (2000), Garrido et al. (2003)

For o,: Burger (2000), Garrido et al. (2003), Burger
et al. (2013), Chauchat et al. (2013)

For r: Garrido et al. (2003), Chauchat et al.

(2013), Toorman (1996)

We selected the constitutive equations presented by Gar-
rido et al. (2003) related to the treatment of tailings from
a Chilean copper mine for P and .. The constitutive
equation for r is presented by Chauchat et al. (2013) and
based on Toorman (1996):

0.P = QalAPQES(l —es) " (Vs = Vin) (11)
gxs —eps

(12)

r=pg/K with K = Ape; 2/ (13)

with Qo, np, 0o, ns, Ay and n, different constant param-
eters characterizing the sludge or the settling tank and «,
a boolean parameter which depends on the settler’s zone
and defined as follow:

() = 0 fore, <eg,
MEs) =31 for e, > g,

O = Qo

(14)

Let us note that the constitutive equation of o. depends
on the zones of the settling tank as there is no effective
solid stress in the clarification zone for small solid parti-
cles concentration. The formulation ensures that o, is a
continuous function at €, = ¢.. Then the mixture inside
the settling tank has two different behaviours. The need
for continuous and boolean variables in the settler model
makes it hybrid, Valentin et al. (2007). A full discussion of
the significance of expressions (11) and (12) can be found
in Garrido et al. (2003).

2.3 1D Hybrid Non Linear PDE Model

Then the settling tank hybrid nonlinear PDE’s model can
be written from:

e both solid particles mass and momentum general
conservative laws (2) and (4),

e the two algebraic equations specific to this system (5)
and (8),

e the four constitutive equations (11)-(14)

e the simplifying assumptions 1 to 12.

Both equations (2) and (4) can be rewritten in the simpli-
fied form below:

)+ f2(0vaf)5(

8t€s - _az(es‘/s
Ps

(15)

z—zy)

82 SP az e
(V) = —0.(2.V2) + 249 — (;'> - 7"

T(Vm*VS) f4(Cfan) _
) BELE5( ) o)
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Boundary conditions:
As solid particles and fluid are incompressible and as the
total sludge volume is constant, mixture mass conservation
of the solid phase and of the liquid phase lead to the
algebraic relation below:

Qf = Qe+ Qu (17)
From there, we consider that the inlet is located at z = 0
and that P(0) = Paim, €5(0,t) = Cr/ps, Vs(0T,8) =V}
and Vi, (z, ,t) = Qu/Ar.

3. THE HYBRID STATE SPACE MODEL

Equations (15) and (16) lead to the following system:

o, =-0.(cv) + L5y )
Oy = —V,0.V, + g — EP) 00
Ps€s Ps€s
r Vm - ‘/s
,0(6(16)) + fa(Cr, Q)0 (2 — zp)  (19)
with fuy(Cyp,Qp) = PMOLQUZRRELLN and o, (e,),

€sps
0.P(es, Vs, Vin), r(es) and a(e;) given by the constitutive
equations (11)-(12)-(13)-(14).

Let X be a Hilbert space with scalar product (,)x and A,
B and C be linear operators, A from D(A) C X — X, B
from R” to X and C from D(C) C X to R™, where n and
m are the dimensions of the input and output states resp.

We consider the Cauchy problem with output X(A, B,C)
in Kalman form, as follows:

or=Ap+BU +w, Y =Cop, (20)
where w € X is considered as an unknown constant vector
(disturbance) and U : Ry — R™ is the input that will
be determined by the controller in the future, and Y the
output to regulate. ¢, the state space representation, is

given by:
_ (es(z0)
L AERY)

After some manipulations of (18) and (19) and replacing
0.0, with the derivative of equation (12), the hybrid state
space representation of the settling tank is:

{ v = A(p, 0.0, P(@,U), 1, 0) + B(p,7)U + w

Y =C(p) (21)

QA ezt (23)
an 1= — P oons ;"*‘72 3
Ps€s + a% VS
0

and Ay = ( _ 0P _ Vs ) ) (24)

g Ps Psss(l_ES)

0
PSES(l_‘sS)

The matrix C(y) depends on the control objectives, U(t) =
Vin(t) (R® =R) and:

w— <f2(0f7Qf)/Ps> 52— z)

Fu(Cr. Q) (26)

0,P(es,Vs,U), r(es) and a(es) are given by the constitu-
tive equations (11), (13) and (14).

The determinant of A; (¢, P(p,U), ) is:

P(es, Vi, U)

— Vy(z,t)?
o (2,1)

det(A1) =

oonses(z, )L

+afes) PR

(27)

Remark 2. Let us note that the constitutive equation of
o. and the control signal U (through the constitutive
equation of P) can change the nature of the system.
Moreover, the determinant of A; depends on « which
means that the nature of the system may depend on the
zone of the settling tank, above or below the moving
interface located in z = z.(t), where €4(z,t) = &.. Such
kind of remark was also made in Cadet et al. (2015) for
such class of system with a modeling approach that uses
the Vesilind equation.

4. STEADY-STATE PROFILE

After some manipulations, the steady-state profile is:

B 1 r(Vin — V5)
opsdet(Ar) | (1 —eg)

62‘/; = _Eazgs
with 9,P(es, Vs, U), r(es) and a(es) given by the consti-
tutive equations (11), (13) and (14).

0.€s

+ psesg — €50, P| (28)

(29)

In this paper, a simplified steady-state profile with a sludge
feeding at the top of the settling tank is considered. The
settling tank parameters are Ap = 707m? and z, = 3.
The sludge characteristic parameters are p, = 2590kg/m?,
pr = 1000kg/m?, . = 0.23, and the values of the oth-
ers parameters (in the constitutive equations) are taken
similar to Garrido et al. (2003) paper. Two profiles are
considered and given in figures (2)-(3).

The difference between both is the smaller variation of V,,
for the second profile (indexed by the subscript a e.g. €5 4,
P,.)

Figure 2 shows that the sludge thickens and compresses

Solid phase
volume fraction, €

------

1.03
1020 e
prr
1.01 ‘ ‘ ‘ ‘ ‘

Hydrodynamic
pressure, P

Figure 2. €5 and P simplified steady-state profiles.
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regularly inside the tank. In the initial steady-state profile
the interface takes place at depth z.(t) = 2, 5m and, below
the interface, the excess pore pressure slowly dissipates as
the sludge bed is compacting.

10

1

Velocities
T

o
o
of
n
N
o
w

0.5

Figure 3. Velocities simplified steady-state profiles.

Figure 3 shows that the solid particles reduce more signif-
icantly their settling velocity below the moving interface.
Figure 4 shows the presence of an effective solid stress and

400

Pa/m)

2 200F

z

Drag force (Pa/m)
o
7

Figure 4. Effective solid stress and drag force simplified
steady-state profile.

an increase of the drag force on the solid particles below
the moving interface in the initial steady-state profile, in
the bottom zone where the two phases solid /liquid mixture
flows through the compressed porous network.

The following section is dedicated to the PDE simulation.

Figure 5. Velocities simplified steady-state profiles.

5. SIMULATIONS

above, gives the initial conditions of the simulation. A
small variation is done on the input U of the system, in
order to match the second steady-state profile given by
€s,a:Vs,a Pa, Va. Let recall that the system is in open loop,
and that no controller is implemented. The simulations are
intended to validate the behaviour of the model for ¢ ~ 6h
in figure 6 and t ~ 3h in figure 7.

i \H 1]
]
Ulitpg,

7
Y
5207777

0.3

277
7
0.25 e At

0.2

300 200

Time (min) 00

Time (min)

Figure 6. 3D simulation of solid phase volume fraction e
and solid particles velocity V.

If the behaviour is satisfactory, one can observe that the
second steady-state profile is not reached after six hours in
Fig. 6. It shows that the settling tank system is a very slow
system, with delay phenomena. In the following figures,

100

Time (min)

The PDE are simulated with a theta-scheme, also called
Chang & Cooper scheme, that has shown good properties
for granular media and in particular for this class of
systems, Buet et al. (2003).

The first steady-state profile defined by e, Vi, P, Vi

Figure 7. 3D simulation of eg and V;

the initial and desired steady-state profile are changed (Fig

Manuscript 1178 submitted to 21st IFAC World Congress, 2020.
Received November 8, 2019.



CONFIDENTIAL. Limited circulation. For review only.

5) to show that the model developed takes into account
more complicated cases (Fig. 7). Indeed the interface takes
place at depths between 1.75m < z.(t) < 2,25m. Figure 7
shows that, below the interface, compaction of the sludge
bed is more important than in the previous case (Fig. 6).
The simulation performs well.

6. CONCLUSIONS AND PERSPECTIVES

In this paper, a hybrid partial differential non linear equa-
tions (Hybrid NL-PDE) representation of a continuous
settling tank has been presented. It takes into account the
moving interface between a bottom zone with compressed
solid particles which form a porous network, and an upper
zone with a lower concentration of solid particles.

Our goal is to apply this structured Hybrid NL-PDE
representation of a settling tank to the secondary settler
involved in wastewater treatment plants. Indeed in prac-
tice, settling tanks are still largely used but they may
undergo dysfunction due to gravity settling problems or
to the quantity and the quality of sludge. It is also often
due to undesirable bacteria, which cause a phenomenon
called sludge swelling (development of filamentous bacte-
ria). Besides new technologies like membrane filtration are
often proposed as alternatives to settling tanks but are not
yet up to expectations. Therefore it is still interesting to
model and optimize the behaviour of existing wastewater
treatment unitary equipment’s and to propose control
strategies for a more efficient and compact installation.
The variables and parameters ranges are very different
from the treatment of tailings from mines (solid particles
concentration and solid phase density are much lower, etc)
which may change the model (especially the constitutive
equations).
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8. NOTATIONS

Index i stands for liquid phase or solid phase (particles).

Ar (m?) cylindric settling tank (thickener) sur-
face

Ap (m?) Feeding pipe surface

A, (m?) concentrated sludge output pipe surface

zp (M) cylindric settling tank depth

zy (m) feeding depth (fixed)

gi(z,t) solid (liquid) phase volume fraction.

Ec solid volume fraction percolation (com-
pression) threshold, sludge blanket level

pi (kg/m?) solid (liquid) phase density

Ap (kg/m?) solid and liquid density difference,
Ap=ps—pi

Ci(z,t) solid (liquid) phase mass concentration,

(kg/m?) Ci(z,t) = pici(z,1)

Cy(t) (kg/m?)
Vi(z,t) (m/s)

Vin(t) (m/s)

solid phase mass concentration of the
feeding mixture

solid (liquid) phase eulerian average ve-
locity

mixture (bulk) average velocity

clarified water efluent volume flow
compressed sludge discharge volume flow
(it will be determined by the control
system whose design is in progress)

Q¢(t) (m3/s)  sludge feeding volume flow

Pi(z,t) (Pa) solid (liquid) phase presssure

P(z,t) (Pa) excess pore pressure

Patm (Pa) atmospheric  pressure, Patm =
101325Pa

o.(€) effective solid stress function (Pa)

r (kgm=3s~1)  resistance coefficient of the drag force

proposed by Darcy and Gersevanov in
their semi-empirical expression used in
the two-phase model
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