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An optimum PML for scattering problems in the time domain
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Abstract. In electromagnetic compatibility, scattering problems are defined in an infinite spatial domain,
while numerical techniques such as finite element methods require a computational domain that is bounded.
The Perfectly Matched Layer (PML) is widely used to simulate the truncation of the computational domain.
However, its performance depends critically on an absorption function. This function is generally tuned
by using case-dependent optimization procedures. In this paper, we will present some efficient functions
that overcome any tuning. They will be compared using a realistic scattering benchmark solved with the
Discontinuous Galerkin method.

1 Introduction

With the increasing use of electrical, electronic and elec-
tromagnetic systems, the study of their undesirable in-
teractions and side effects is an important aspect to be
considered by the design engineer. In this context, nu-
merical methods are intensively used to solve problems of
electromagnetic compatibility (EMC).

Many EMC problems dealing with radiated pertur-
bations are defined on large or infinite spatial domains.
When finite element-type numerical methods are used, a
major challenge is then to truncate the computational do-
main without altering too much the accuracy of the solu-
tion.

Different techniques have been developped to handle
the truncation of the computational domain. The Per-
fectly Matched Layer (PML) technique, introduced by
Bérenger [1], is one of them, and is widely used in both
frequency and time domains. The idea is to surround the
truncated computational domain with a specific layer. In-
side it, the physical medium is adapted in such a way
that outgoing waves are progressively damped and leave
the domain without reflection. To achieve this, the differ-
ential equations of the problem are transformed and an
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absorption function σ(d) governing the damping is intro-
duced.

This paper deals with the choice of the function σ(d)
that is still tricky when numerical methods are used. We
present functions that provide good results without any
tuning, unlike the commonly used absorption functions
that require case-dependent optimization procedures.

A set of PML equations and a nodal Discontinuous
Galerkin (DG) method are introduced in section 2 for a
two-dimensional scattering problem in the time domain.
Functional forms of σ are presented and compared with
case-dependent-optimized polynomial profiles in section 3.
Two examples of scattering applications are finally pre-
sented in section 4.

2 Mathematical and numerical framework

2.1 Scattering problem in unbounded domain

We consider the two-dimensional scattering of waves by
an obstacle in an unbounded domain. The transverse mag-
netic case is treated, where the electric field has only one
component in the z−direction, i.e. e = [0, 0, ez], while
the magnetic field is perpendicular to the z−direction, i.e.
h = [hx, hy, 0].

In order to perform the numerical simulations with a
bounded computational domain, the unbounded domain
is truncated, and the resulting domain Ω is surrounded
by a PML Ωpml. The domain Ω is assumed to be convex.
His boundary Γ must be sufficiently regular. The PML
thickness δ is constant.
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The nonzero components of the fields e and h are
governed by Maxwell’s equations in Ω. An incident field
is prescribed using a total/scattered field approach with
transition at Γ (see e.g. [13], section 5.6). The scattered
field formulation is then used in Ωpml while a total field
formulation is considered in Ω.

2.2 A general PML for convex truncated domain

In the PML Ωpml, the scattered fields are governed by the
modified equations

ε
∂e

∂t
−∇× h = −ε (σ − σκ) q − εσκe, (1)

µ
∂h

∂t
+∇× e = −µ (σ − σκ) t(t · h)− µσκh. (2)

The additional vector field q introduced in the equation
(1) has only one component along ez, i.e. q = [0, 0, qz],
and is governed by

ε
∂q

∂t
−∇n × h = −εσq, (3)

with ∇n = [n(n · ∇)]. In these equations, σ(d) is the
absorption function, assumed to be positive in Ωpml, and

σκ(x) =
1

κ−1 + d

∫ d

0

σ(r) dr, (4)

where d(x) = dist(x, Γ ) is the distance to Γ and κ(x) is
the curvature of Γ at the point closest to x. The unit vec-
tor fields n(x) and t(x) give the normal and the tangent
directions to Γ , at the same point. The vector field n then
gives the stretching direction of the PML.

These equations are built using a procedure similar
to the one described by Collino and Monk [6]. Maxwell’s
equations are firstly written in the frequency domain with
curvilinear coordinates. A complex substitution of d is
then made (see [6], section 3). Finally, the time-dependent
equations (1)-(2) are obtained using a inverse Fourrier-
transform in space and defining the additional equation
(3). These equations are equivalent to those given in [6]
for the transverse electric mode and a circular truncation
boundary.

If σ(d) is singular at the outer boundary of the PML,
i.e. at d = δ, the solution must satisfy a homogeneous
Dirichlet condition on one of the fields for the problem to
be well-posed. Alternatively, a Neumann condition or even
a radiation condition could be implemented to improve
the efficiency of the layer. In this paper, a homogeneous
Dirichlet condition on h is always prescribed.

2.3 Numerical solution

The equations above are solved using the nodal DG finite
element method as described below.

The domain Ω and the PML Ωpml are decomposed into
triangular elements. Over each element Ωe, each non-zero

cartesian component of each field is approached by a sum
of Lagrange basis functions, i.e.

u(t,x) ≈ unum
e (t,x) =

∑

n

unum
e,n (t)φe,n(x), ∀x ∈ Ωe,

where u is the considered component, unum
e is his discrete

approximation in the element Ωe, unum
e,n is the value of

unum
e at the node n, and φe,i is the corresponding Lagrange

function that is equal to one at the node n and equal to
zero at the others. The global numerical solution is then
discontinuous at the cell interfaces [4,7,9].

The numerical scheme is obtained by considering a
weak form of the equations. Multiplying the equations (1)-

(3) by test functions ẽ, h̃ and q̃, integrating the resulting
equations over each cell Ωe, and using integration by part,
one obtains

∫

Ωe

[

ε
∂e

∂t
· ẽ− h · (∇× ẽ)− Se · ẽ

]

dΩe

−
∫

Γe

[ne × h]
num · ẽ dΓe = 0, (5)

∫

Ωe

[

µ
∂h

∂t
· h̃+ e · (∇× h̃)− Sh · h̃

]

dΩe

+

∫

Γe

[ne × e]
num · h̃ dΓe = 0, (6)

∫

Ωe

[

∂q

∂t
· q̃ − h · (∇n × q̃)− Sq · q̃

]

dΩe

+

∫

Ωe

[

1

κ−1 + d
(n× h) · q̃

]

dΩe

+

∫

Γe

[(ne · n)(n× h)]
num · q̃ dΓe = 0, (7)

where Se, Sh and Sq are the right-hand sides of the equa-
tions (1)-(3), Γe is the boundary of the cell Ωe, and ne is
the exterior normal to Γe. The fields are discontinuous at
the interfaces between adjacent cells. The values at the
two sides of a given interface are both considered to com-
pute the boundary terms. For the equations (5)-(6), the
two following options are used:

1. a centered discretization, i.e.

[ne × h]
num

=
ne × {Zh}

{Z} ,

[ne × e]
num

=
ne × {Y e}

{Y } ,

2. an upwind discretization, i.e.

[ne × h]
num

=
ne × {Zh}

{Z} − 1

{Z} ne × (ne × [[e]]),

[ne × e]
num

=
ne × {Y e}

{Y } +
1

{Y } ne × (ne × [[h]]),
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while a Lax-Friedrichs discretization is considered for the
last equation (7), i.e.

[(ne · n)(n× h)]
num

= (ne · n)
n× {Zh}

{Z} − c [[q]],

where c, Y and Z are the phase velocity, the admittance
and the impedance of the medium. {u} = (u+ + u−)/2
and [[h]] = (u+ −u−)/2 are the mean and the jump of the
quantity u at the interface. The subscript − corresponds
to the interior value, while + is for the exterior value [9].

The spatial integration scheme is obtained by injecting
the discrete fields in the equations and using a numerical
integration. The time stepping is made with the Crank-
Nicholson method.

3 Absorption functions

The succes of the PML technique is mainly due to the
perfectly matching property at the interface between the
PML medium and the physical domain in the continuous
context. It ensures the perfect transmission of waves from
one medium to the other without reflection. Moreover, for
a PML with a finite thickness δ, reflections are avoided if
σ is singular at the outer boundary of the PML (see [3]
or [5]). However, this condition does not apply to discrete
contexts (e.g. after discretization by finite elements) and
the perfect matching is not ensured.

When numerical methods are used the properties of
the PML depend critically on σ, on the thickness δ and on
the discretization. The continuous properties of the PML
can be nearly recovered by tacking a large thickness δ or
by using a very accurate discretization with a fine mesh or
high order elements. This approach is however not feasible
because it induces a substantial increase of the computa-
tional cost.

The function σ(d) is the most crucial parameter. In-
deed, the performance of the PML decreases dramatically
when the damping of the solution induced by large values
of σ cannot be captured by the discretization grid [10].
Therefore, σ must be chosen in such a way as to introduce
enough damping of outgoing waves without inducing a
too sharp decrease of the fields in the PML. Polynomial
profiles of σ allow such a progressive damping:

σp(d) = α

(

d

δ

)n

, (8)

with n > 0 and where α is the value of the absorption func-
tion at the outer side of the layer. This profile is widely
used (see e.g. [2,3,5,8]). However, no general rule exists
to choose the parameters α and n. Therefore, they are
usually tuned using expensive and case dependent opti-
mization procedures. As an alternative, hyperbolic profiles
have been proposed by Bermúdez et al. [3]:

σh(d) =
α

(δ − d)n
, (9)

σsh(d) =
α

(δ − d)n
− α

δn
, (10)

with again two free dimensionless parameters: α and n.
Fortunately, these two profiles do not require any tuning
with n = 1. Bermúdez et al. [3] show in a continuous fi-
nite element context with a straight cartesian PML and
time-harmonic equations that the solution is indeed close
to the optimum when α is equal to the propagation veloc-
ity of the medium. We extended this result to the finite
difference and the DG contexts with the time-dependent
equations in [10,11].

4 Numerical simulations

We show in this section that the results of the previous
works [3,10,11] are still valid for more realistic scattering
benchmarks.

4.1 Scattering by a cavity with an aperture

Consider the scattering by the perfectly conducting cavity
studied by Ojeda and Pichon [12] in the time-harmonic
context. This cavity is rectangular (600mm × 400mm) of
thickness 20mm with an aperture of 160mm in the middle
of the left side (Figure 1). The truncated computational
domain is rectangular with rounded corners, surrounded
by a PML of thickness δ = 0.2m. A Gaussian pulse is
prescribed with the incident field, i.e.

ei = Ei

√

µ0

ε0
exp

[

−
(

(x− x0)− c0t

ℓ

)2
]

ẑ, (11)

Fig. 1. Geometry and mesh of the first benchmark.
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(a) order 1 and centred fluxes
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(b) order 1 and upwind fluxes

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

10
4

10
5

10
−9

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

o1 d1

Parameter  α / c
0

R
el

at
iv

e 
m

ea
n 

er
ro

r

σ
sh

σ
2

σ
3

σ
h

Fig. 2. Relative mean error as a function of α with the different
absorption functions for the first benchmark. Elements of order
1 are used with centred (a) or upwind numerical fluxes (b).
Vertical lines indicate α = c0.

with x0 = −1200mm, ℓ = 50mm, c0 = 1/
√
µ0ε0 and Ei =

0.5
√

µ0/ε0. It describes a pulse coming from the left side
of the domain and propagating to the right. The final time
of the simulation is T = 250∆t, with the time step ∆t =
5 10−11s.

The efficiency of the PML is quantified by computing
the relative mean error of the simulation, i.e.

∫ T

0

∫

Ω

(

ε0
2
‖e− eref‖2 + µ0

2
‖h− href‖2

)

dΩ dt

∫ T

0

∫

Ω

(

ε0
2
‖eref‖2 + µ0

2
‖href‖2

)

dΩ dt
, (12)

(a) order 2 and centred fluxes
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(b) order 2 and upwind fluxes
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Fig. 3. Relative mean error as a function of α with the different
absorption functions for the first benchmark. Elements of order
2 are used with centred (a) or upwind numerical fluxes (b).
Vertical lines indicate α = c0.

where eref and href are reference fields computed with a
larger computational domain. Figures 2 and 3 show this
relative mean error as a function of α for different absorp-
tion functions: parabolic σ2, cubic σ3, hyperbolic σh (with
n = 1) and shifted-hyperbolic σsh (with n = 1).

For each case, the different absorption functions con-
sidered in this numerical experiment give equivalent re-
sults when they are optimized, i.e. at the minimum of the
curves of Figures 2 and 3, exept the hyperbolic function
σh that does not perform so well at order 1 with upwind
numerical fluxes.

The smallest error with σh and σsh are always obtained
with a value of α close to the propagation velocity c0.
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AirAir AirPML PMLAirPML PMLShieldShield

Fig. 4. Geometry and mesh of the second benchmark.

4.2 Scattering by an electromagnetic shield

As a second application, consider the scattering of a plane
wave by the wall represented in Figure 4. The wall is made
of a non-conducting medium and is filled with circular
conducting inclusions stored in squared form. The thick-
ness of the wall is 1 mm and the surfacic inclusion rate is
τ = 20%. The permittivity is 5ε0 in the non-conducting
medium and ε0 in the inclusions. The permeability is µ0

throughout the wall. The conductivity of the inclusions is
103 S/m.

In this problem, we are not interested in the electro-
magnetic field in the air. Therefore, two PMLs are directly
put against the walls. In this simulation, the incident field
(11) is prescribed at the interface between the left PML
and the wall using a total/scattered field transition, with

x0 = −5 mm, ℓ = 1 mm and Ei = 0.01
√

µ0/ε0. Reflected
waves are damped in the left PML, while the right PML
absorbs transmitted waves.

The relative mean error (12), where the integration is
carried out over the shield and the air layers, is plotted
in Figure 5. The duration of the simulation and the time
step are T = 3000∆t and ∆t = 4 10−14 s, respectively.

The curves confirm the conclusions obtained with the
previous benchmark. The optimum α is close to c0 for
hyperbolic functions just like for the first test case. While
an optimum value can also be identified for polynomial
profiles, this value differs significantly from the optimum
value found for the cavity problem. It differs also from the
optimum values identified in previous works.

5 Conclusion

A set of PML equations have been presented for two-
dimensional scattering EMC problem in the time domain,
to simulate a two-dimensional convex truncation bound-
ary. The computational domain could then be reduced to
decrease the computational cost.

Concerning the absorption function σ(d), the results of
this paper are coherent with those of previous works [3,10,
11]: hyperbolic and shifted hyperbolic functions (9)− (10)
can be used with α = c and n = 1. They are efficient, with-
out any case-dependent costly tuning. By contrast, while
polynomial profiles perform equally well, the optimum val-
ues of the corresponding coefficients are strongly case-
dependent and cannot be set on physical grounds only.
The hyperbolic and shifted hyperbolic profiles are there-
fore potentially much better suited to large scale industrial
EMC problems, e.g. three-dimensional simulations of the
shielding effectiveness of complex structures.

(a) centred fluxes
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(b) upwind fluxes
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Fig. 5. Relative mean error as a function of α with the different
absorption functions for the second benchmark. Elements of
order 1 are used with centred (a) or upwind numerical fluxes
(b). Vertical lines indicate α = c0.
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method and a Padé approximation fo scattering analy-
sis application to radiated electromagnetic compatibility
problems. J. of Electromagn. Waves and Appl., 19:1375–
1390, 2005.

13. A. Taflove and S. C. Hagness. Computational Electro-
dynamics: The Finite-Difference Time-Domain Method.
Artech House, third edition, 2005.


