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CHAPTER

Introduction

Numerical simulation enables engineers and scientists to simulate physical pro-
cesses on a computer. In the past few decades, it has radically improved en-
gineering processes across industries: aeronautics and automotive design, civil
engineering, and many more. Being able to gain insights on a design without
a real-life experimental setup adds immense value to the process, as engineers
can perform even complex experiments at virtually no cost. It also allows the
study of physical phenomena that are otherwise challenging to observe, e.g.,
ocean dynamics or turbulent flows. Numerical simulation also has a predictive
power as it can make a system evolve in time from an initial state; weather
prediction and climate modeling are impactful examples.

Many processes that engineers study can be accurately modeled by the
hypothesis of continuum mechanics: even if matter is made of atoms, to the
naked eye, solids and fluids seem to be continuous, i.e., their characteristic
properties (density, elasticity, velocity, etc.) are continuous. This hypothesis
is used notably in solid mechanics, fluid mechanics, and electromagnetics, and
allows to resort to continuous and differentiable functions to model the useful
quantities. They are then governed by partial differential equations (PDEs)
that describe the physical phenomena through space and time.
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Chapter 1. Introduction

Figure 1.1: An unstructured triangle mesh vs. a block-structured quad mesh.

The vast majority of PDE solvers rely on a spatial discretization of the bulk
of the domain. Such a discretization is typically done through a mesh, i.e., a
partition of the domain into simple elements that are easy to represent on a
computer. Since the 1970s and still today, the Finite Element Method (FEM)
has dominated the numerical simulation scene, thanks to (i) its ability to solve
nonlinear problems, (ii) its ability to deal with complex geometries using un-
structured meshes (made of triangles or tetrahedra), and (iii) its mathematical
soundness and structure of proof. Yet, a typical finite element algorithm is
often memory bound and its performance rarely exceeds 10 % of the peak effi-
ciency of a modern computer.

Computational physicists wishing to achieve higher performance typically
resort to block-structured meshes, made of large quadrilateral or hexahedral
blocks. These meshes allow to build efficient algorithms that can use over 90 %
of the computing power, e.g., high-order finite elements, or finite differences
that run on GPU. Currently, these kinds of block decompositions are often
created manually by numerical engineers, making the meshing phase allegedly
the bottleneck of the numerical simulation process. This motivates the search
for automatic and robust algorithms for generating block-structured meshes on
the complex geometries that are ubiquitous in engineering.

A task closely related to block-structured meshing is surface parametriza-
tion, which can be roughly summarized as flattening surfaces in the best possi-
ble way. Surface parametrization finds many applications in computer graphics:
for example, in texture mapping, objects in a virtual scene are mapped to the
plane, and a flat image texture is then mapped back onto the object through
the parametrization. It can also be used as a quad meshing tool, by mapping
back the Cartesian grid onto the domain to be meshed. Quad meshes are im-
portant for artists in computer graphics as they can be aligned to the curvature
of the surface, and can be locally subdivided in a natural way.

Thanks to the efforts of the computer graphics community, quadrilateral
meshing is approaching a mature state. Yet, state-of-the-art meshers still suffer
from robustness issues when dealing with industrial-grade CAD models. These
models possess hundreds of geometrical features to which the quad mesh must
strictly conform, at a wide range of scales. The fact that industrial meshers still
employ unstructured meshing techniques such as triangle splitting, recombina-
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tion, or pattern identification shows that the methods from computer graphics
still have room for improvement.

Recently, Reberol et al. built a quad
mesher that combines some of the best tech-
niques from both worlds, where an unstructured
mesh is gradually improved under the topolog-
ical guidance of a cross field. The pipeline pro-
duces a quasi-structured mesh, i.e., close to block-
structured. A first contribution of this thesis
is a method to make this mesh block-structured
by coarsening its quad layout. We borrow ideas
from the computer graphics works on quad lay-
out optimization, with the novelty that we do
not require any parametrization, but only a quad
mesh in input. Everything is put together in an
end-to-end robust block-structured mesher, soon to be availble in the Gmsh
software.

The best approaches from computer graphics for quadrilateral meshing (of
which Bommes et al. provide a survey) compute a frame field, which
gives a local orientation and/or sizing of the quad elements. In a second step,
a mesh is generated using guidance from the frame field. An issue shared by
most existing works is that no quad mesh exactly follows the a priori computed
frame field; this is due to it not being integrable. This limitation of field-based
methods means that the mesh deviates from the frame field and the user must
compromise on element quality, control over element size and orientation, and
control over the topology of the mesh. A more fundamental issue arises when
the frame field has a global topology that is not meshable, making it unusable.
The second contribution of this thesis addresses this issue and proposes a
solver for frame fields that are integrable on planar surfaces, providing guaran-
tees on the subsequent meshability.

While quad meshing is a mature topic, all-hexahedral structured meshing
is still a very open research problem. It is common knowledge in geometry that
algorithms very rarely seamlessly extend from 2D to 3D. In fact, there exists
no industrial-grade all-hex mesher, and engineers mostly rely on hex-dominant
meshes that admit additional elements: prisms, pyramids, or tetrahedra. In
computer graphics, efforts have been made to extend the frame field-based
methods to 3D, but it turns out they suffer even more from the topological
issues they have on surfaces. The best approach currently available (and ar-
guably the best hex mesher to date, (Liu et al., [2023)) repairs a given 3D
frame field in an algorithmic fashion to make it locally meshable, but lacks the
global meshability property. The third and last contribution extends the
2D contribution (it was actually built with 3D in mind) to build the first-ever
optimization-based solver that produces globally meshable 3D frame fields. By
showing the hex meshes these fields generate, we consider this work to be an
important first step towards an industrial-grade all-hex mesher.
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Figure 1.2: Quad mesh singularities of varying indices. Separatrices (in red) partition
the domain into quadrilateral patches.

1.1 Meshes, parametrizations and frame fields

We start this chapter by reviewing the foundational concepts in frame field-
driven meshing. First, we present the basic topological properties of quadri-
lateral and hexahedral meshes. We show how such meshes can be equivalently
represented by a special parametrization: integer-grid maps. Relaxing the in-
teger constraints brings us to seamless parametrizations, which can be seen as
"infinitesimal meshes". We show how the Jacobian of a seamless parametriza-
tion induces an integrable frame field, which is continuous everywhere except at
singularities. We formally define meshability and integrability of frame fields,
and the conditions that guarantee these properties.

Topology of quadrilateral and hexahedral meshes

The topology of a mesh defines its structuredness, and has a large influence
on the quality of its elements. It is also closely related to the topology of the
parametrizations and frame fields used to generate them. It is thus crucial to
have a good understanding of quad and hex mesh topology.

Quad mesh topology. A quad mesh partitions a 2D region of R? or, more
generally, a 2-manifold M embedded in R?, into quadrilateral elements Q,
formed by edges E and vertices V. A vertex v € V is characterized by its
quad valence val(v), i.e., its number of incident quads. An interior vertex with
valence 4 is regular, and otherwise singular; a boundary vertex with valence
2 is regular and otherwise singular. Deviation from regularity is measured by
the fractional index

(1.1)

2—val(v)

4

4—val(v) . .
idx(v) = — for interior v,
for boundary v.

We detail later how mesh singularities relate to the singularities of the un-
derlying parametrization and frame field. The notions of regular and singular
vertices broadly classify a mesh as either structured or unstructured:
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1.1. Meshes, parametrizations and frame fields

(a) Disk (b) Sphere (c¢) Nautilus

Figure 1.3: Examples of quad meshes on typical geometries. Valence 3 singularities
are highlighted in blue, valence 5 singularities in green.

o Structured meshes have a grid topology almost everywhere, i.e., nearly
all nodes are regular. Structuredness can therefore be roughly measured
by the number of singular vertices in the mesh. A structured mesh can
also be block-structured, meaning that it can be partitioned into coarse
quadrilateral patches or hexahedral blocks. This kind of mesh can eas-
ily be converted into a high-order mesh, which is ideal for high-order
methods. A structured mesh that is not particularly block-structured is
sometimes called quasi-structured.

e Unstructured meshes do not have a grid-like topology, and are character-
ized by a large number of singular vertices. They are typically computed
using indirect methods: for example, starting from a triangle mesh, and
either splitting every triangle into three quads, or adequately combining
adjacent pairs of triangles, as Remacle et al. . Similar cutting or
recombination methods have been developed to indirectly generate a hex
mesh from a tetrahedral mesh.

As high quality elements should have angles close to 90°, one should aim at
a low number of singular vertices, hence structured meshes are preferred and
this thesis is focused on them.

Singularities are not just idiosyncrasies of quad meshes, but are actually
strictly necessary on most domains, even in the absence of boundaries; for ex-
ample, a sphere cannot be quad-meshed without singularities. This is explained
by the Poincaré-Hopf theorem for quad meshes, stating that the sum of vertex
indices is equal to the Euler characteristic of the surface M:

D idx(v) = x(M), (1.2)
veV

where the Euler characteristic is linked to the surface’s genus g and number of

boundaries b by x(M) = 2—2g —b. For example, a disk (fig. 1.3al) has genus 0
and 1 boundary, hence y = 1 and it is naturally meshed with 4 singularities of
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Figure 1.4: Hex mesh singular edges of varying indices, that can be seen as extrusions
of quad mesh singularities (fig. 1.2). Figures from (Liu et al., 2018]).

index +1/4. A sphere has genus 0 and 0 boundary, hence x = 2 and
it is meshed with 8 singularities of index +1/4. There is an infinite number
of possible singularity indices, but the ones with a small absolute value (i.e.,
+1/4) are more desirable as they imply higher-quality quad elements. They
are also sufficient for generating a mesh on any surface, and singularities of
higher index are usually not desired. Note that boundary singularities also
count towards the sum in hence a square can be meshed without
any interior singularity, despite having a disk topology. It is important to note
that, when asking if a quad mesh exists for a given singularity configuration,
condition [eq. (1.2)|is necessary but not sufficient. For example, the (in)famous
nautilus geometry (fig. 1.3c) has singularities of index +1/4 and —1/4 on its
boundary and therefore satisfies the condition, but cannot be meshed without
at least a pair of interior singularities.

Starting from an edge incident to a singular vertex, one can propagate for-
ward a sequence of mesh edges until hitting another singularity or a boundary;
this is called a separatriz. Tracing out all separatrices decomposes the mesh
into quadrilateral patches, which form the so-called base complex. Some en-
gineering applications look for meshes that are block-structured, i.e., having a
coarse base complex, and some meshing algorithms are specialized in achieving
a base complex as coarse as possible.

Hex mesh topology. A hexahedral mesh partitions a volumetric region
M C R? into hexahedral elements H, formed by quadrilateral faces @, edges
E, and vertices V. Topological concepts introduced for quad meshes roughly
extend to hex meshes by gaining an additional dimension. A singular vertex
in a quad mesh can be extruded into a singular edge by extruding the inci-
dent quads into hexes. Formally, we can define the edge index through the
hezxahedral valence val(e), i.e., its number of incident hexes:

idx(e) = z—vil(e) (1.3)

4

d—val(e) for interior e,
for boundary e.
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1.1. Meshes, parametrizations and frame fields

A sequence of singular edges with identical index is called a singular arc. The
set of singular edges, Egs, form a singularity graph, where singular arcs are
either closed or start and end at singular nodes Vg, or the boundary. Singular
nodes have a limited number of admissible local topologies, enumerated by Liu
et al. ; for instance, a valence 3 singular arc cannot directly connect to a
valence 5 singular arc. The same authors also find a Poincaré-Hopf-like formula
for hex meshes:

3 ;(1 - Val’j”) =3 idx(e)+ Y ;(1 - Valz(”)> ~ Y idx(e) =0,

vedVs e€OEg vEVs ecBg

(1.4)
where OVs and ‘0/5 are the boundary and interior nodes of the singularity graph,
and OEg and Eg are the non-closed boundary and interior singular arcs. Like
in the quad case, this condition is necessary but not sufficient for meshability.

Separatrices traced from singular edges are now singular sheets that decom-
pose the mesh into a hexahedral base complex.

Integer-grid maps

M

¢3
Ms /

)
/

M, 0 /

\ /9142 }
P1 4 o)

Figure 1.5: Domain M is mapped onto a parametric plane by an integer-grid map
¢, allowing to map a valid quad mesh back onto M. In this example the matchings
are ri2 = 0, 7253 = 1 and r3—,1 = 0, such that r, = 1 and the singularity index is

+1/4.

A quad or hex mesh can be equivalently represented by an integer-grid
map (IGM), a special kind of parametrization mapping from region M to
the Cartesian space R? or R3, such that each quad or hex corresponds to an
"integer cell" of R% or R3. We start by formally defining integer-grid maps for
two-dimensional M, then we extend the definition to 3D regions.

2D integer-grid maps. A 2-manifold is defined by an atlas, i.e., a collection
of charts ¢; homeomorphically mapping a subset M; of M to a subset ; of
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Chapter 1. Introduction

R2. This atlas already provides a parametrization of the surface, though an
arbitrary choice of charts is not very useful and a set of conditions has to be
satisfied for this atlas to be an IGM. First, the map must be locally injective
to avoid any inverted element when pulling back the Cartesian grid onto M.

The 2 x 2 Jacobian matrix Jg, = [%, g—z] must have positive determinant:

det J4(p) >0 VpeM. (local injectivity)

Charts are connected by transition functions: if ¢; and ¢; are two charts, then
on the intersection of their domains M; N M; there exists another homeomor-
phism g;,; : ¢;(M; N M;) — ¢;(M,; N M;) with g,,; = ¢, 0 ¢i_1. In order for
the mesh to seamlessly stitch between pieces M;, the transition functions need
to preserve the Cartesian grid, which yields the conformity condition

giﬁj(z) =Rz + T, Tisj € ZQ, (COnfOI"mity)

where R,;_,; is any rotation multiple of 7/2; this multiple is denoted r;_,; and
usually called a matching. The use of charts allows the presence of interior
singularities in the parametrization: consider a closed cycle in a neighborhood
of point p, traversing charts M, ,...,M; . One can measure the sum o, of
the interior angles in parameter space (i.e., the interior angles of Q;,,...,8; );
point p is singular if o, # 2w, and the angle defect provides the singularity
index %2;:" An alternative way to characterize singularities is to accumulate
the matchings along the closed cycle: let r, = ri_o+72,3+---+1,-1. Point
p is singular if r, # 0, and the singularity index is given by r,/4. In order for
a singularity to correspond to a vertex in the mesh, it must be mapped to an
integer point in parameter space, giving a third condition

o(p) € 72 V singular p. (singularity placement)

Lastly, the mesh induced by the IGM must correctly stitch to the boundary of
M, or any other user-imposed feature, which we consider part of the boundary
OM for simplicity. Boundary points must have at least one integer coordinate,
so that the corresponding integer isoline is mapped to the mesh boundary:

either ¢“(p) € Z or ¢"(p) € Z Y pe oM. (boundary alignment)

An atlas of charts {(M;, ¢;)} where all maps ¢, and transitions g,,; satisfy
(local injectivity), (conformity), (singularity placement) and (boundary align-
ment) is called an integer-grid map, and pulls back the Cartesian grid through
¢~ ! to a boundary-aligned quad mesh with preserved topology. Integer-grid
maps are sometimes also called integer seamless or grid-preserving parametriza-
tions.

3D integer-grid maps. Integer-grid maps naturally extend from 2D to 3D,
mapping subsets M; of M to subsets ; of R? in a way that pulls back the inte-
ger isosurfaces of R? onto a hex mesh. The local injectivity requirement

still holds, and conformity extends to the group Oct of the 24
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1.1. Meshes, parametrizations and frame fields
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Figure 1.6: Group Oct of the 24 orientation-preserving octahedral symmetries, here
represented with a cube which is dual to the octahedron. The 10 elements highlighted
in gray are the ones that, starting from the top-left cube, rotate only around one axis.
These rotations are the only ones allowed in a meshable seamless parametrization.

orientation-preserving octahedral symmetries, illustrated in [fig. 1.6}
Gi—j(2) = Risj 2+ Tissj, R;.; € Oct, 71, € VAR (conformity)

The holonomy of a cycle around a point p is defined in the same way as before.
Now singularities can have one of their 3 parameters non-integer, such that
they lie on an edge of the integer grid; let us call this space of edges G.:

o(p) € G, Y singular p. (singularity placement)

Similarly, let Gy denote the space of grid faces, having at least one of their
coordinates integer. Boundary alignment is guaranteed by assuring that the
boundary and features are mapped to G:

o(p) € Gy YV pe oM. (boundary alignment)

An atlas of charts satisfying the four new conditions is a 3D integer-grid map.

Seamless parametrizations

We can further relax the mesh representation by removing all integer con-
straints. The resulting mapping, called a seamless parametrization ,
can be seen as an infinitesimal quad or hex mesh, since locally one can always
find a quantization of the map that yields a valid quad/hex mesh. We formally
present the seamless parametrization constraints only in 3D; the corresponding
2D equations naturally follow.

Across charts, transition functions are still related by an octahedral per-
mutation, so that the parametrization isosurfaces connect seamlessly. The
translation term on the other hand is completely free:

gi—)j(z) = Ri_>j z+ Tisj, Ri_>j € Oct, Ti—j € R3. (15)
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Chapter 1. Introduction

N

v

Qo

Figure 1.7: Domain M is mapped onto a parametric plane by a seamless parametriza-
tion ¢, allowing to map a grid back onto M. Note that the singularity is not mapped
to an integer location, and the boundaries are not mapped to the grid.

This relaxed conformity condition can be equivalently expressed through the
parametrization Jacobian J4. On the chart boundary we have that ¢; = g;— ;0
¢;, and differentiating on both sides yields

quj (p) = R J¢i(p), pe M;NM;, Ri,; € Oct (1.6)

(note that R,;_,; acts on the rows of J4 and not on its columns, meaning that
the gradient vectors are not actually rotated, but rather the different gradients
are permuted). Singularities can now lie at any position in the parameter
space. As for boundaries, one of the parameter isolines should coincide with
the boundary, meaning that one of the parameters must be constant along
the boundary. This is easily imposed by ensuring that at least one of the
parametrization gradients is orthogonal to the boundary; if e; is the tangent
vector at OM then

Vo -e,=0o0r Vo' -e, =0o0r Vo - e, = 0. (1.7)

Parametrization-induced frame fields

The conditions defining a seamless parametrization (local injectivity, confor-
mity and boundary alignment) can all be expressed as conditions on the parametriza-
tion Jacobian J4. The latter is discontinuous across charts where it undergoes

a rotation of the octahedral group Oct. To remove this discontinuity, we can
define the equivalence class of J4 under this group:

[Js] ={RJ4 | R € Oct}, (1.8)

which we call a frame. The corresponding frame field [J4](p) is then continu-
ous on the whole parametrization, except at singularities where it is undefined
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1.1. Meshes, parametrizations and frame fields

Figure 1.8: Left: Jacobian of the parametrization of (V¢* in blue, V¢’ in
red); notice how the field is discontinuous across the 2 — 3 chart transition, and
the amplitude grows close to the singularity as the integer isolines get closer. Right:
induced frame field, which is continuous everywhere except at the singularity. Note
that the fields need not be orthogonal nor isotropic.

(fig. 1.8)). This observation opens the way for methods computing parametriza-
tions through continuous frame fields, which do not require integer constraints
or cutting the domain into charts. However, for a frame field to be truly equiv-
alent to a seamless parametrization, a parametrization must exist of which the
frame field is the Jacobian: it must be integrable. Before formally stating the
condition for integrable frame fields, we review some basic concepts of vector
field topology and calculus, which will allow us to formally define the different
ways in which a frame field is meshable.

Frame field meshability and integrability

The notion of meshability of 2D and 3D frame fields is discussed in depth
by Liu et al. (2023)); we recall some of the main results and refer the reader to
the paper for more details. First of all, we make the general assumption that
at each non-singular point, the local injectivity condition is satisfied, meaning
that all frame vectors are non-zero and linearly independent. This prevents
any degenerate mesh elements with zero volume.

We define three frame field properties: meshability, local meshability, and
integrability.

e A frame field is (globally) meshable if a quad or hex mesh exists with
identical topology (i.e., singularity configuration).

e A frame field is locally meshable if at each point of the domain there
is an arbitrarily small neighborhood that is quad- or hex-meshable.

e A frame field is integrable if a seamless parametrization exists that
induces the frame field.

By definition, global meshability implies local meshability. An integrable frame
field admits a seamless map of identical topology, however, seamless maps are

17



Chapter 1. Introduction

unmeshable meshable meshable

Figure 1.9: Locally unmeshable 3D frame field du to the 3-5 singular node, and
meshable alternatives. Figures from (Liu et al.,|2023).

not always meshable. An additional requirement for the seamless map (and
the frame field) is that around singular arcs, it only rotates around the axis
parallel to the arc; other rotations, such as around a diagonal of the cube,
are forbidden. This is the meshable holonomies condition. The admissible
rotations are highlighted in If this condition is satisfied, along with
the local injectivity and integrability, then the corresponding seamless map can
always be quantized to a (possibly very fine) mesh of identical topology. To
summarize,

integrability +

meshable holonomies = global meshability = local meshability (1.9)

Besides guaranteeing meshability, integrable frame fields have the property
that the corresponding seamless parametrization, and any sufficiently fine mesh
quantized from it, exactly follows the frame field in terms of element orienta-
tion, sizing, anisotropy or non-orthogonality. This is a crucial advantage for
designing meshes supporting numerical simulations, as users often wish to spec-
ify element sizing fields or large anisotropy.

We now review the set of conditions that guarantee each of the defined
frame field properties.

Meshability. A 2D frame field is locally meshable under a mild set of condi-
tions (isolated singularities and quad sectors only; see (Liu et al., 2023)). The
nautilus model without interior singularities is locally meshable but not glob-
ally, because of the presence of a limit cycle, i.e., a streamline converging to a
closed orbit, in this case the interior boundary. A locally meshable frame field
in the plane is globally meshable if and only if it has no limit cycles. This con-
dition is not sufficient however for surfaces embedded in R?, where additional
degeneracies exist, e.g., a pair of 3-5 singularities on a torus.

For 3D frame fields, singular arcs can admit several defects that make it
non-locally meshable: the frame field can be misaligned with its singular arc,
or it can rotate around an axis other than the one tangential to the singular
arc. Singular arcs can also connect in a way that is not locally meshable, as in
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1.1. Meshes, parametrizations and frame fields

the well-known 3-5 singular node left). The fact that 3D frame fields
are not systematically locally meshable is what makes the hex meshing task
so difficult. Global meshability is even less understood, as today there is no
known set of sufficient conditions for a 3D frame field to be meshable.

Vector calculus. Before moving on to integrability, we recall some basic
properties of vector calculus. The fundamental theorem of vector calculus
states that a well-behaved vector field v (2D or 3D) can be decomposed into
the sum of a diverging vector field vq and a solenoidal vector field vy:

V = vq + Vs. (1.10)

This is also called the Helmholtz decomposition. The diverging vector field vq
is curl-free, or irrotational, and the solenoidal vector field vy is divergence-free:

VXva=0 V-v,=0. (1.11)

On a simply-connected domain, vq derives from a scalar potential ¢, and v,
derives from a vector potential a, through the identities

vq = Vo, ve=V X a on a simply-connected domain. (1.12)

Notice how plugging these identities into reveals the orthogonal na-
ture of the curl and div operators: V X V¢ =0 and V- (V x a) = 0. For this
reason the diverging and solenoidal vector fields are sometimes called longitu-
dinal and transverse, respectively.

Moving to general (non-simply-connected) domains, a vector field can be
curl-free and divergence-free, and still be nontrivial; it is then called a har-
monic vector field. Let vy denote such a vector field; the term harmonic can
be explained by its behavior on a simply-connected neighborhood, where its
Helmholtz decomposition is given by

vih =V¢+V Xa. (1.13)
Stating that vy, is both divergence- and curl-free we find that

0=V -v, = V3,

) (1.14)
0=V Xxv,=Vx(Vxa)=V-a.

In other words, locally, vy, derives from a scalar potential ¢ and a vector po-
tential a that are solutions to Laplace’s equation. This is what makes vy
harmonic. Having defined harmonic vector fields allow us to define the Hodge
decomposition, which is valid for any vector field v on general domains:

v=V¢+vy,+V Xa. (1.15)
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Figure 1.10: Hodge decomposition of a vector field on a torus. Figures from (Crane,

2023).

Integrability. We have seen that a curl-free vector field derives from a scalar
potential on any simply-connected domain. Let p be a nonsingular point; a
lifting of frame field F in a small neighborhood of p is a set of 3 continuous
vector fields u, v, w, each corresponding to one of the branches of F. In other
words, a lifting is a local choice of branches in the frame field. Frame field F
is curl-free at p if any lifting u, v, w in a neighborhood N (p) is curl-free:

Vxup)=VxvQp)=Vxwp)=0, vV p' € N(p). (1.16)

If F is curl-free, it is thus the Jacobian of a parametrization ¢; on any simply-
connected chart M;, and, stitching the charts together through the octahedral
permutations of the frame representation, F is the Jacobian of a global seam-
less parametrization on the whole domain. In conclusion, a locally injective,
boundary-aligned frame field is integrable if and only if it is curl-free at each
non-singular point. It is then equivalent to a seamless parametrization ¢ up to
arbitrary translations in each chart.

Parametrization gradient vs. coordinate vectors

Frame fields are traditionally used to encode the gradients of a seamless parametriza-
tion ¢. Coordinate vectors are an alternative representation that is equivalent

to the parametrization gradient, used in some works, e.g., (Sageman-Furnas

et al., . Consider the inverse of the parametrization r mapping a pair of
coordinates (u,v) in parameter space to a point p on the domain: p = r(u,v).
This map can only be defined locally since the parametrization can map differ-

ent physical points to the same coordinates. The Jacobian matrix of r defines

the coordinate vectors e* and e":

or Or
Y (LN N 1.1
J <8u 61)) (e* eY) (1.17)
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Figure 1.11: A seamless parametrization across a cut. The isolines of the coordinate
maps ¢“ and ¢ are depicted in red and blue, respectively. Notice how the gradients
Vo, V¥ and the frame vectors e*, e’ undergo a 90° rotation as they cross the cut.

forming a coordinate frame (e“ e”). Since r is the inverse of the parametriza-
tion, their Jacobians are inverse of one another, meaning that the coordinate
frame is the inverse of the parametrization’s Jacobian:

U
Jy=J, =) = (gfg) — (e* o). (1.18)
Note that, inspecting the off-diagonal terms in J4J, = I, we have V¢* - e =
V¢' - e* = 0, meaning that the coordinate vectors e“,e" are orthogonal to
the gradients of ¢V, ¢", respectively, and therefore parallel to the isolines of
¢V, ¢¥ respectively. This shows how the frame field corresponds to a quad
mesh through discrete isolines of the coordinate map ¢*, ¢”. Looking at the
diagonal terms, we have V¢* - e* = V¢ - €’ = 1, which indicates that the
integer isolines are spaced out according to ||e“|| and ||e”||. We illustrate the
introduced concepts and notations on

Orthogonal case. In this work we are interested in frames that are orthog-
onal: e* 1 e¥. Let &* = e*/||e¥|| and &€” = e”/||e”||; the frame matrix is then
diagonal in the local orthonormal basis (&%, &"):

(wor) = (15! |£v||>_1:<l/||(fu| o) @9

The Jacobian of the coordinate map can thus be computed by simply scaling
the frame’s coordinate vectors: Vo = e*/[e“|* and V¢ = e?/||e?|”.

Integrability for coordinate vectors. A criterion equivalent to the curl-
free condition, jeq. (1.16)] can be obtained for a frame field (u,v) to be the
coordinate vectors of a seamless parametrization: its Lie bracket must be zero,

[u,v] = Vyv —Vyu=0, (1.20)
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where V,, and V, are directional derivatives. We refer to (Sageman-Furnas
et al., 2019) for the proof of this relationship between the curl-free property
and the Lie bracket. Note that all the preceding notions on coordinate vectors
extend to 3D frames (u, v, w); in particular these are the coordinate vectors of
a seamless parametrization if all three pairs of Lie brackets are zero,

[u,v] =[v,w] =[w,u] =0. (1.21)

1.2 The field-driven meshing pipeline

Quasi-structured
Quad/Hex Mesh

Cross/Frame Seamless

Field Parametrization Contrib #1

Geometry ——>

Contrib #2 (2D)
Contrib #3 (3D)

Block-structured
Quad/Hex Mesh

Integrable frame fields

Figure 1.12: A typical structured quadrilateral or hexahedral meshing pipeline.

In the previous section, we have described a sequence of relaxations of quadri-
lateral and hexahedral meshes: integer-grid maps, seamless parametrizations,
frame fields and cross fields. This suggests a field-driven meshing pipeline
that decomposes the problem into a sequence of steps, each computing a rep-
resentation that gradually gets closer to a mesh with the desired properties.
The majority of current state-of-the-art meshers fit in this pipeline, illustrated

in ffig. T.12}

1. A geometry is given in input representing the domain to be meshed.
This is usually some representation of a surface, which can be manifold
or nonmanifold, and closed if a hex mesh is to be computed. Various
geometrical representations exist; in this work we assume a watertight
CAD representation. Usually the user provides a set of feature curves,
which are forced to match a sequence of mesh edges. On top of that the
user can provide sizing requirements for the mesh elements, which can be
represented by a size field, or a prescribed number of elements on certain
feature curves.

2. A direction field is computed indicating a local orientation for the quad
or hex elements. This direction field can either be a cross field which has
no size, or a scaled frame field (sometimes a two-step approach is used: a
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cross field is computed and then appropriately scaled). The direction field
is required to satisfy the prescribed directional constraints (boundaries
and feature curves) and should be as smooth as possible. In computer
graphics applications, alignment to the principal curvature directions is
often promoted, and the direction field is smoothly interpolated in flat
regions.

3. The direction field is used as a guide to build a seamless parametrization,
mapping the geometric domain to coordinates (u, v) or (u, v, w). Since the
direction field is generally not integrable, a parametrization is computed
that aligns best to the prescribed directions in a least-squares sense.

4. A quad or hex mesh is extracted from the parametrization by taking iso-
lines of u,v,w. The complexity of this step depends on how close the
parametrization is to an integer-grid map, and usually requires quantiza-
tion methods. Some formulations additionally promote the coarseness of
the quadrilateral or hexahedral layout to make the mesh block-structured.
Alternatively, the parametrization step can be skipped by using the direc-
tion field to guide a frontal mesher, which inserts nodes in an advancing
front. Then, typically, nodes are connected to form a triangle mesh,
which can be recombined into a quad mesh.

1.3 Related work

In this section we review the most important research works that are related
to this thesis, focusing on step (1 — 2) and (2 — 3) of the field-driven meshing
pipeline. For broader surveys on mesh generation we refer to (Bommes et al.,
2013b) for quad meshing, (Pietroni et al.,2022) for hex meshing, and (Campen,
2017) for block-structured quad meshing.

Computing parametrizations from direction fields

We start this literature review by looking at step
direction field — seamless parametrization

of the pipeline. Historically, meshing was not the primary motivation for com-
puting parametrizations on surfaces. The computer graphics community has
been interested in parametrizations as a versatile surface representation, with
many applications including texture mapping and digital geometry processing.
Such parametrizations are typically required to be smooth and aligned with
the principal curvature directions. We start this literature review by looking
at the most prominent methods for computing a seamless parametrization from
a direction field.
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Ray et al. are some of the pioneers
in computing parametrizations guided by a
pair of input direction fields. They propose
a periodic representation where the parame-
ter lines correspond to 27 multiples of angle
fields (0, ¢). Computations are then done on
the complex exponentials e’ and e® which are kept close to unit module
through a penalty term. The strength of this representation is that the result-
ing parametrization is implicitly integer. Since fields 6 and ¢ are not explicitly
coupled, special singularities appear that can be meshed by inserting 3-5 pairs;
those singularities were later called position singularities by Jakob et al.
(see inset). The subsequent quad mesh has a low distortion, but contains a large
number of position singularities.

In QuadCover, Kéilberer et al. take as
input a frame field and view it as a vector field
on a covering of the manifold, i.e., a stack of 4
layers, each corresponding to one of the frame
vectors (see inset from the same paper). Frame
field singularities are branch points in the cover-
ing, meaning that one changes layer when going
around the branch point. This branched covering
allows to map a frame field to a continuous vec-
tor field, without having to define a frame equiv-
alence class as in Finding a seamless
parametrization then amounts to finding the gradient field V¢ that is closest to
the input vector field. Note that the branch points are fixed to the input frame
field singularities, which fixes the topology of the resulting parametrization.
The same authors have extended this framework to the 3D case in CubeCover
(Nieser et al., , where this time a frame field can be mapped to a vector
field on a 6-sheeted covering, each sheet corresponding to a frame vector. As
in 2D, this covering is not explicitly computed; instead, the topology is fixed
by the frame field and a 3D parametrization is computed on a tet mesh, with
the linear constraint that it must be seamless across tets.

Bommes et al. do not work with a covering but instead cut open the
triangle mesh to a disk topology, with frame field singularities lying on the disk
boundary. This cutting allows to define a global continuous parametrization
¢ = (u,v), which is formulated as a least-squares problem with linear confor-
mity constraints across cuts. Local injectivity of the parametrization however
is not guaranteed, but a local stiffening scheme strives to prevent inversions.
This framework was later extended in (Bommes et al., to guarantee
local injectivity.
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Computing 2D guiding cross/frame fields

We now turn our attention to the step (geometry) — (direction field), which is
the most related to our work.

Curvature alignment. When computing parametrizations or quad meshes
on surfaces, it is natural to want them to align to the principal curvature di-
rections of the surface. It is less clear what the alignment should be when the
curvature is ill-defined, e.g., in flat or umbilical (sphere-like) regions. Many
works approach this by striving for a smooth direction field in these regions.
Kélberer et al. (2007) blend a smoothing energy FEgsmootn With an alignment
energy Fajign that promotes curvature alignment when it is well-defined, i.e.,
when the principal curvature values k1, ko are distinct. Bommes et al. (2009)
approach this differently by first defining a sparse set of salient curvature di-
rections (again based on the anisotropy of the principal curvatures) and then
smoothly interpolating these constraints.

The cos(40) energy. The best-known way to encode a cross field (i.e., a
frame field without any sizes) is to define, on each triangle of the input mesh,
a local reference frame, and an angle 6; representing the rotation of a vec-
tor v; with respect to the reference frame. The cross then is defined by the
7/2 rotations of v; on the triangle: (R(km/2)v;)k=0.1,2,3. To compare neigh-
boring crosses, Hertzmann et al. (2000) were the first to propose the cos(46)
trick, by defining the smoothness energy between two triangles i and j as
E;; = cos(4(6; — 0, + ay;)), with «a;; the angle formed by neighboring refer-
ence frames. This energy is invariant to the cross symmetries since adding an
integer multiple of m/2 to 6; or §; does not alter E;;. Energy minimization is
then a non-linear problem, and typically solved using a quasi-Newton method;
this is also how Kélberer et al. (2007)) proceed. However, this kind of approach
is known to suffer from local minima and strong dependence on the initial
solution.

Period jumps. Ray et al. (2008]) propose a cross field representation that
encodes angles 0; on every triangle, as well as integers p;;, called period jumps,
that match crosses in neighboring triangles, telling how each cross branch
"jumps" across the edge. Determining the singularity index of a given ver-
tex then amounts to going around the vertex and accumulating period jumps.
They propose an algorithm to compute a global cross field in this representa-
tion, given an imposed singularity configuration. Bommes et al. (2009) encode
the period jumps as integer variables, allowing to compute a cross field with au-
tomatic placement of singularities, through a mixed-integer optimization prob-
lem; note that this time the continuous part (on the angles 6;) is linear as the
angles can be directly compared: E;; = (0; — 0; + kij + 5pij)*.
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Implicit cross representations. To get rid of integer variables, some works
try to represent crosses in an implicit way, i.e., through a mathematical object
that encodes the symmetries of the cross. A popular option to encode a cross
rotated by angle 6 (see inset from (Jezdimirovi¢ et al., 2020))) is the pair u =
(cos(46),sin(40)), which was pioneered by Palacios et al. (2007) and Ray et
al. (2009); alternatively, it can be interpreted as a complex number z = %%,
This representation introduces a non-
. convex constraint: u? + u3 = 1;
@ ] this poses a challenge as the Dirich-
let energy of cross field singularities
T is then unbounded. Kndppel et al.
i (2013)) relax this constraint by impos-
ing only a global norm on the cross
field. Beaufort et al. (2017) and Vier-
tel et al. (2019) instead formulate the pointwise constraint as a penalty term
1z Jo(1 — uf — u3)?dQ. This enables a connection to the Ginzburg-Landau
functional, of which the asymptotic behavior when ¢ — 0 is well characterized:
there are few singularities of low index, and they are well separated from each
other and from the boundaries.

Y y

Frame fields. Later works have looked into computing frame fields that are
better suited to extract a mesh, respecting additional constraints of the user
such as sizing or non-orthogonality. Panozzo et al. (2014) offer an interest-
ing approach that leverages the mature cross field-guided meshers to gener-
ate quad meshes that, following user-prescribed constraints, are non-uniform,
anisotropic, or non-orthogonal. Their pipeline goes as follows:

1. A smooth cross field is computed interpolating prescribed orientation
constraints.

2. The cross field is smoothly strechted and sheared into a frame field to
match sizing, anisotropy and non-orthogonal constraints. This transfor-
mation is encoded as an SPD matrix field.

3. The surface is deformed according to the metric induced by the frame
field, so that the frame field is as close as possible to a cross field on the
deformed surface.

4. A smooth cross field is computed on the deformed surface and a uniform
quad mesh is extracted.

5. The quad mesh is transformed back onto the initial surface, giving a
non-uniform quad mesh matching the given constraints.

The main advantage of this approach is that the cross field computed on the
deformed surface will possess appropriate singularities to do the necessary size
transitions in the quad mesh, thanks to the curvature introduced by the sur-
face deformation. This makes the method significantly better at managing
size constraints than the traditional cross field-based approaches. An intrinsic
alternative is proposed by Jiang et al. (2015)), who customize a Riemannian
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metric from the constraints, and compute a smooth cross field in the metric;
the advantage is that no surface deformation is necessary. This approached has
been extended to 3D frame fields by Fang et al. (2021). However, for each of
these methods, the price to pay is that the metric is decoupled from the field
orientation, meaning that a corresponding mesh does not necessarily exist.

Diamanti et al. (2014)) introduce Poly Vectors which encode a set of vectors
as the complex roots of a complex polynomial. In particular, they use it to
represent a (non-orthogonal and anisotropic) frame, by encoding their vectors
+u, +v as the polynomial p(z) = (22 —u?)(2%? —v?). A Dirichlet energy is then
formulated using the coefficients of polynomial p, and a projection ensures
that the frames respect a minimum angle constraint to avoid degeneracies. In
(Diamanti et al.,[2015) they extend their work to compute integrable Poly Vector
fields. To make the (per-face defined) field curl-free, they match vectors in
adjacent faces f, g and impose that the vector flow across the common edge e
is the same for both vectors: (ay,e) = (g, e). The variables of the optimization
are two successive vectors (o, ff) of each face f; hence, they need to guarantee
that the ordering of the vectors is preserved across neigboring faces. This
requires a special energy term called PolyQuotient.

Relation to our work. Integrable frame fields can be considered equivalent
to seamless parametrizations, up to a rigid rotation of the coordinate maps.
Being able to compute them reliably then allows to perform the two first steps
of the meshing pipeline in one. Our contribution on 2D integrable frame fields
was first intended as an intermediate step before treating the 3D case, but
we believe it is a valuable alternative to the integrable PolyVector fields. The
frame representation is very different, though, as we use 2D odeco tensors which
can be seen as an extension of the (cos(46),sin(46)) cross representation. It
is implicitly orthogonal, which is both a limitation (good parametrizations are
not always orthogonal) and a strength, as it guarantees local injectivity and we
do not have to ensure order preservation of the frame matchings. The principal
strength compared to PolyVectors is that our odeco frames extend to 3D, as
does our integrability formulation.

Computing 3D guiding cross/frame fields

Smooth 3D cross fields. Motivated by the effectiveness of cross fields to
generate quadrilateral meshes, researchers have extended the smooth cross field
approaches to 3D. Huang et al. (2011) can be considered to be a pioneering
work in 3D cross field computations. They are the first to propose encoding a
3D rotation in a polynomial defined on the sphere, which takes into account all
required symmetries. This polynomial is then decomposed in a basis of spher-
ical harmonics, which allows to define a Dirichlet energy. The optimization
variables are the ZYZ Euler angles (o, 3,7) on each node, and the Dirichlet
energy is optimized using an L-BFGS solver, coupled with boundary alignment
contraints. The singularity graphs produced by such a frame field smoothing
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method typically possess many defects that lead to a degenerate parametriza-
tion. Jiang et al. (2014) give a procedure to clean the singularity graph and
make it amenable for computing a valid parametrization. Ray et al. (2016)
extend this work by proposing a better initialization obtained by smoothing
the spherical harmonics coefficients, and projecting them afterwards with a
gradient descent procedure. They also formulate the boundary alignment con-
straints directly in terms of the spherical harmonics. Solomon et al. (2017)
use the same representation, coining them as octahedral fields in reference to
their symmetries. They propose to use the boundary element method (BEM)
to sample a cross field at any point in the volume, given boundary alignment
specifications. Chemin et al. (2019)) connect the usual spherical harmonics rep-
resentation with a special subspace of fourth-order tensors, by noticing that
homogeneous polynomials are equivalent to symmetric tensors. This allows to
implicitly represent a cross as a tensor respecting a set of quadratic equations.
Thanks to this, explicit Euler angles are not needed and the problem can be
formulated as the minimization of a Ginzburg-Landau functional.

Smooth 3D frame fields. Palmer et al.,[2020] propose a representation for
scaled 3D crosses, i.e., frames. Relying on the connection to fourth-order ten-
sors, they identify 3D frames with orthogonally decomposable (odeco) tensors,
which have been thoroughly studied by Robeva (2016). Like octahedral frames,
these odeco frames are defined by a set of known algebraic equations, and the
authors also characterize the varieties that these frames live on (geodesics, tan-
gent and normal spaces) and propose a precise projector based on a semidef-
inite relaxation. Two smooth frame field solvers are presented: one based on
a diffusion-projection scheme, and the other leverages the knowledge of the
variety to perform manifold optimization. The authors argue that the implicit
scaling enabled by the odeco representation allows vanishing frames at singu-
larities, preventing the Dirichlet energy from blowing up on fine supporting
meshes.

Meshable cross fields from prescribed singularity graph. For most
geometric models, smooth octahedral fields have a singularity graph that is
not appropriate for hexahedral meshing, giving a hard time to integer-grid
map solvers. Liu et al. (2018]) have characterized the necessary conditions for a
singularity graph to be globally hex-meshable, by enumerating the admissible
singular node configurations. They also propose an algorithm that takes as
input a meshable singularity graph, and produces an octahedral field that is
valid for hexahedral meshing. In a similar vein, Corman et al. (2019) also
take a singularity graph in input, and the derivative of the octahedral frame
field as representation. Using the derivatives removes the need to take the
frame symmetries into account, enabling the formulation of an optimization
problem without integer variables; the price to pay is an additional quadratic
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integrability constraint (read: integrability of the frame field derivative, and
not the frame field itself).

Singularity graph repair. Motivated by the failure of smooth cross/frame
fields to be hex-meshable, later works have focused on "repairing" unmeshable
singularity graphs. Reberol et al. (2019) have tried different frame field cor-
rection techniques that are based on how a human would tackle the
problem. The cube with a notch (a) produces a well-known example of un-
meshable frame field. In (b), the sharp feature curve is replaced by a fillet, but
altering the geometry is generally not desirable. In (c), the feature curves are
propagated in the volume through the frame field, producing "feature sheets"
to which the frame must align. In (d), the boundary singularities are propa-
gated inside to form the singular curves. In (e), the invalid 3-5 singular curve
is snapped to the boundary. Techniques (¢) and (d) fail when interacting with
additional singular curves. Technique (e) is the most sensible but it produces
hexes of bad quality, and it is not robust when singular defects are away from
feature curves.
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Figure 1.13: Frame field correction techniques from (Reberol et al., 2019).

Liu et al. (2023) push this approach much further by proposing an algorithm
to robustly repair a given frame field. The fundamental tool of their work is
the concept of arc zipping and unzipping, which are used to remove the invalid
singular nodes (see inset). Upon termination they produce a locally meshable
frame field, but do not guarantee global meshability, which is the principal
source of failure. Combining the repair algorithm with state-of-the-art tools for
computing frame fields, parametrizations, and extracting a mesh, their mesher
went form a success rate of 2% to 58 %, making it the best frame field-driven
mesher to date.

Relation to our work. All existing works proposing a method for comput-
ing 3D cross or frame fields aim for smooth fields, which are known to produce
unmeshable singularity graphs. Repair methods modify the singularity graph
a posteriori, but can only guarantee local meshability. We are the first to pro-
pose a method for computing 3D integrable frame fields, motivated by the fact

29



Chapter 1. Introduction

that integrability guarantees global meshability. This is achieved by leveraging
odeco tensors and formulating an integrability criterion on odeco frame fields.

1.4 Thesis organization

This thesis is organized as follows:

e [Chapter 2|is a reproduction of our paper (Couplet et al.,2021) presenting
a pipeline to turn a quasi-structured quad mesh into a block-structured

(or coarse high-order) quad mesh. Coupled with the mesher of Reberol
et al. (2021), this forms an end-to-end robust block-structured meshing
pipeline.

e [Chapter 3| presents orthogonally decomposable (odeco) tensors which
serve as the algebraic representation of choice for our frame fields. We
introduce novel tools on odeco frames that support our integrability for-
mulation.

. is the bulk of this work, presenting an energy functional that
measures the integrability of an odeco frame field, as well as an optimiza-
tion formulation to compute integrable frame fields. Results in 2D and
3D are presented and discussed.

. concludes the thesis, providing perspectives for future research,
hoping to one day achieve the holy grail of block-structured quadrilateral
and hexahedral meshing.
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CHAPTER

Coarse quadrilateral layouts using
quantization

This chapter is a reproduction of the following paper:

Mattéo Couplet, Maxence Reberol and Jean-Frangois Remacle (2021).
Generation of high-order coarse quad meshes on CAD models via integer linear
programming. In ATAA Aviation 2021 Forum (p. 2991).

Abtract. We propose an end-to-end pipeline to robustly generate high-quality,
high-order and coarse quadrilateral meshes on CAD models. This kind of mesh
enables the use of high-order analysis techniques such as high-order finite ele-
ment methods or isogeometric analysis. An initial unstructured mesh is gen-
erated; this mesh contains a low number of irregular vertices but these are not
necessarily aligned, causing a very dense quad layout. A T-mesh is built on
the mesh which allows to modify its topology by assigning new integer lengths
to the T-mesh arcs. The task of simplifying the quad layout can be formulated
as an Integer Linear Program which is solved efficiently using an adequate
solver. Finally, a high-order quad mesh is extracted from the optimized topol-
ogy. Validation on several CAD models shows that our approach is fast, robust,
strictly respects the CAD features, and achieves interesting results in terms of
coarseness and quality.
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2.1 Introduction

Computer Aided Design (CAD) systems are used extensively for industrial
design in many domains, including automotive, shipbuilding, aerospace indus-
tries, industrial and architectural design, prosthetics, and many more. Engi-
neering designs are encapsulated in CAD models, which, up to manufacturing
precision, exactly represent their geometry. While the engineering analysis pro-
cess begins with such CAD models, the predominant method of analysis (the
finite element method) requires an alternative, discrete, representation of the
geometry: a finite element mesh. In a mesh, the CAD model is usually sub-
divided into a large collection of simple geometrical shapes. Mesh generation
can thus be seen as the transmission belt between CAD and analysis. Notice
that, even though the mesh is not geometrically as precise as the CAD, mesh
data are usually way larger than CAD data.

The surface of a CAD model is typically defined by piecewise-smooth CAD
patches. CAD models are filled with various idiosyncrasies: periodic surfaces,
trimmed patches, exotic or singular parametrizations. The idea of this paper
is to provide a representation of the CAD that is light, universal and precise.
For that, we build a high-order quad layout of the whole CAD model. A quad
layout is the partitioning of an object’s surface into simple networks of con-
forming quadrilateral patches. A high-order quad layout is a quad layout where
individual patches are endowed with a geometry. Here, individual patches are
both (i) truly smooth and (ii) share the same topology (four sides, no inter-
nal boundaries). The geometry of individual high order quad patches can be
described either using high order finite elements or can inherit from the CAD
representation (e.g. surface B-splines). The quad patches can be aligned with
some of the feature edges of the CAD model but can also ignore some.

Such a coarse high-order quad layout can be used as a CAD model but also
as a mesh in a high-order finite element context (p-FEM), or in numerical tech-
niques with NURBS-based representation of the geometry, such as isogeometric
analysis (Hughes et al.,|2005) and NEFEM (Sevilla et al., 2008). It can also be
used a lightweight datastructure for forming an inline block-structured quad
mesh. Block-structured meshes are of great interest for geometric multigrid or
fast to design computation kernels.

In this paper we propose a practical approach to the generation of high-
quality high-order quad layouts, where the emphasis is on robustness with
respect to complex CAD models commonly occurring in engineering analy-
sis. Our approach consists in first generating an unstructured linear and fine
quadrilateral mesh, then modifying its topology until it is possible to extract
a coarse quad layout.

Three-dimensional CAD models are represented on a computer using a
Boundary Representation (BRep): a volume is bounded by a set of faces, a face
is bounded by a series of curves and a curve is bounded by two end points. The
BRep is a discrete object: it is a graph that contains model entities together
with all their topological adjacencies. Then a geometry is associated to each

32



2.1. Introduction

model entity. Here, we aim at handling real life CAD models occurring in
engineering analysis, which serve as a support for finite element or finite volume
methods. Such models may be arbirtary complex, because of their size (large
number of model entities) and/or because of the existence of sharp angles and
features at very different scales. This complexity makes the robust treatment
of CAD models particularly challenging.

In this work, we make the following assumption: the model is assumed to be
a 2-manifold. Each model curve must be adjacent to at most two model faces.
This limitation is due to implementation difficulties and could be overriden in a
future work. At first let us define specifications for the high-order quad layout:

1. The layout should be conforming, i.e., free of T-junctions. This is a nec-
essary condition for most applications (multiblock meshing, isogeometric
analysis).

2. The quadrilaterals of the layout should strictly conform to the CAD, i.e.,
the quad corners should exactly lie on the underlying model surfaces and
quad edges should strictly be aligned with a set of user-flagged model
curves.

3. The mesh should be wvalid and, to a certain extent, geometry-consistent;
the exact meaning of these terms will be detailed later.

4. The layout should be coarse; hence our primary concern is to minimize
the number of quads in the layout.

The idea here is to start from a quad layout that does not fulfill all specifi-
cations and then to transform it to obtain compliance with the specifications.
In our approach, the starting point is a valid quad mesh: a quad layout can be
extracted from a conforming quad mesh and this layout satisfies all expected
specifications except the last one: a quad mesh does not usually produce a
coarse layout (see [section 2.2| and [fig. 2.2)). This is mainly caused by non-
alignment of the irregular vertices.

Related work

The generation of coarse quadrilateral layouts, also called base-complex in the
literature, is a well-studied problem. For planar models and open surfaces,
starting from a fine quad mesh, a simple approach is to iteratively collapse the
chords (dual quad loops) which separate the irregular vertices that should be
aligned. Unfortunately, this does not generalize to closed surfaces because the
chords tend to wind up around the whole model, and collapsing them would
simply destroy the mesh.
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Bommes et al. (2011)) automatically detect helical configurations, i.e., quad
loops forming helices winding around the model, and correct them by modifying
the mesh directly using elementary operations (such as collapsing and shifting
edges) that preserve the quad-nature of the mesh. But this approach is not
sufficient to deal with many other configurations, such as self-intersecting quad
loops.

Tarini et al. (2011) extract the quad layout from the input mesh and simplify
it by iteratively changing connections between irregular vertices in a greedy
fashion, in order to minimize concurrently the separatrices’ length and drift
(how much they deviate from the underlying cross field). Once the new sep-
aratrices are optimized, the mesh is re-parametrized to align it with the new
layout.

Razafindrazaka et al. (2015) optimize the network of separatrices connecting
irregular vertices by formulating it as a graph matching. The resulting network
is optimal with respect to a user-specified balance between coarseness and
geometric feature alignment.

An alternative approach is to directly produce the coarse quadrilateral lay-
out from a seamless parametrization (consistent global integration of a cross-
field). Lyon et al. (2021) first build a T-mesh (non-conforming quad layout with
T-junctions) from a seamless global uv-parametrization. The integer lengths of
the T-edges are then optimized to achieve a conforming coarse layout. The ben-
efit of this approach is that it encodes an infinite number of layout connections
in a finite structure, and allows to flexibly impose constraints.

These papers have in common that they focus on computer graphics ap-
plications, where CAD consistency is generally not a concern and where the
number of feature curves is limited. Our work aims at achieving similar results
but with the additional constraint that the quad layout must comply with a
complex CAD model.

Overview

For the construction of the coarse layout, we build on the recent quantiza-
tion simplification of Lyon et al. (2021)) as it provides the most flexibility to
impose the constraints related to CAD compliance. Besides additional CAD
constraints, the main difference with their work is that we use only quadri-
lateral meshes: neither a global seamless parametrization nor a cross field is
needed here. In a CAD context, we believe that starting from an unstructured
quad mesh is more robust as it is much easier to generate one compared to a
valid global seamless parametrization.

Our complete method for building a high-order quadrilateral layout from a
CAD model works as follows, and is illustrated in [fig. 2.1}

1. First, an unstructured quad mesh is built on the model. This step relies

on our previous work (Reberol et al., 2021)); see
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2.2. Quasi-structured quadrilateral meshing

2. Then, the topology of the mesh is modified to obtain a coarse layout,
using our adaptation of the T-mesh approach of (Lyon et al., |2021)); see

3. The geometry of the coarse layout is optimized by quantizing the patches
and smoothing the resulting fine mesh; see

4. High-order quadrilaterals are eventually extracted from the block-structured
fine mesh and the CAD geometry; see [2:4]
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(a) CAD model (b) Unstructured quad mesh (c) T-mesh

(d) Coarse layout (e) Block-structured mesh (f) High-order mesh

Figure 2.1: Overview of our high-order quadrilateral meshing pipeline. The illustrated
CAD model is M1 from the MAMBO dataset (Ledoux, [2019)).

2.2 Quasi-structured quadrilateral meshing

The first step of our pipeline is to obtain a high-quality unstructured quadri-
lateral mesh from the given CAD model. A mesh vertex is regular if its valence
(number of incident faces) is equal to 4; otherwise it is irregular. A quad mesh is
said to be quasi-structured if it has few irregular vertices compared to meshes
produced with usual unstructured techniques. Our group has recently pro-
posed a robust end-to-end pipeline to achieve this task (Reberol et al., ,
which is freely available in the open-source software Gmsh (Geuzaine et al.,
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2009). The idea is to use a boundary-aligned smooth cross field to guide the
point insertion in a frontal mesher, then to improve the quad mesh topology
by remeshing large convex cavities while respecting the cross field singularities.
This method forms the first step of our pipeline and is used to generate the
initial unstructured quad mesh.

Even though we are able to produce good linear quadrilateral meshes (in
terms of number of irregular vertices and quad shapes), they cannot be coars-
ened directly due to the density of their quad layout. The quad layout is a
minimal partition of the mesh into structured quadrilateral patches, obtained
by propagating separatrices from the irregular vertices until they reach other
irregular vertices. A dense layout is illustrated in very few patches of
the layout have more than one single quad of the initial mesh so the number of
patches in the layout is about the same as the number of quads in the initial
mesh. There are two main reasons for the quad layout to be very dense for our
quasi-structured meshes:

e Irregular vertices are not correctly aligned on the mesh, causing most
separatrices to wind around the model until meeting an irregular vertex
potentially far away.

e Many irregular vertices do not match singularities from the cross field,
but are present to accomodate size transitions and small CAD features.
They are typically grouped in valence 3-5 pairs. These irregular vertices
are not all necessary to produce good high-order quadrilateral patches.

In the next section, we will detail a methodology that allows to correct these
defects and produce a mesh with a coarse quadrilateral layout.

(a) Unstructured mesh (b) Corresponding quad layout

Figure 2.2: Quadrilateral layout of an unstructured mesh generated by our quasi-
structured mesher. The quad layout is very dense. CAD model is M2 from MAMBO

dataset (Ledoux, 2019).
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2.3 Quadrilateral layout simplification

Given a quasi-structured quadrilateral mesh (the input mesh), we wish to obtain
a block-structured mesh, having few irregular vertices but these vertices should
be aligned to be able to extract coarse quadrilateral patches. To this end,
we propose a slightly modified version of a method developed by Lyon et al.
(2021)), adapted to incorporate strict compliance to the CAD geometry. In this
section, we present our adaptation of the method.

The objective of the optimization is to produce a layout that is both coarse
and consistent with the geometry, i.e., with patches that are not too distorted.
There is a trade-off between these two criteria: the coarsest layout will have
too much distorsion, and the layout with the best geometry is the layout of
the input mesh, which, as previously shown, is very dense. To constrain the
distorsion of the patches, we prevent two irregular vertices from aligning if the
correponding deviation on the input mesh is larger than some prescribed angle
Q.

The approach works as follows. First, a T-mesh, i.e., a quadrilateral mesh
with T-junctions, is constructed on the given quasi-structured mesh. Every
edge of this T-mesh, or arc, has an integer length, corresponding to the number
of mesh edges lying on this arc. This integer length assignment is known
as a quantization of the T-mesh. The idea of the method is to change this
quantization in order to optimize the quadrilateral layout. In practice, this
will involve assigning many arcs a length of zero. We formulate this task
as an integer linear program (ILP), i.e., an optimization problem with integer
variables and linear objective function and constraints. On typical models such
as the ones treated in this work, the ILP is large, with thousands of variables
and constraints. But such problems can be solved efficiently thanks to their
linearity.

T-mesh construction

From every irregular vertex we propagate traces, as if we were drawing the
mesh’s quad layout. However, the trace will not be extended until meeting an-
other irregular vertex, but instead stop at some point when reaching another
trace, creating a T-junction. Such a construction is sometimes called a motor-
cycle graph in reference to the movie Tron. Contrary to a classical motorcycle
graph, traces do not stop immediately when reaching another trace. Instead,
a trace should stop when it has encountered enough candidates for alignment;
specifically, when it has met one candidate on each side of the trace that does
not deviate by an angle larger than «. Given a path between two vertices 4
and j, tan(a;;) is the ratio % between the integer length in the orthogonal di-
rection (I;;) and in the tangential direction (I;;) (Lyon et al.,|2021)). Formally,
we draw a fictitious cone around the trace of half-angle . The trace stops
when it has intersected with two orthogonal traces on each side whose origin
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Consistency constraints:
i=d+1
j=d+h+g+e
l=e+b

Validity constraints for A:
a+d+h>1
g+e+bta>1
k+c>1

Geometric consistency for A:
f+g>1, k+c>1,f+h>1
g+f+i+f+h>1
k+ctet+tg+h+d>1
k+g+f+i+f+h>1
at+d+h>1
g+e+b+a>1

Figure 2.3: Illustration of the simplification of a T-mesh quantization. From the
quad mesh of an ellipse, the T-mesh (A) is built, with irregular vertices of valence
three in blue, valence five in red and CAD corners in brown. Alphabet letters are the
integer lengths in the T-mesh quantization. After minimizing the objective function
(weighted sum of lengths) subject to the linear constraints, we obtain the quantization
in (B), where many arcs are collapsed (length equals to zero). The equivalent quad
layout is coarse (C).

lies inside the cone. The rationale is the following: we want a trace to go far
enough to have a couple of potential irregular vertices to align with, but we do
not want it too long to prevent aligning irregular vertices far from each other,
complexifying the quad layout in vain.

In order to comply with the CAD model, it is forbidden for non-CAD
irregular vertices to collapse on a CAD curve. A simple way to address this is
to set o = 0 for traces lying on CAD curves. This will prevent the trace from
diverting towards an irregular vertex away from the CAD curve. Note that,
according to the stopping rule, a trace lying on a CAD curve will not stop until
meeting another irregular vertex.

The constructed T-mesh 7 = (N, A, P) consists of nodes N for every ir-
regular vertex and intersection of traces, arcs A corresponding to segments of
a trace between two nodes, and patches P which are the quadrilateral regions
bounded by the arcs. Every arc a € A is assigned an integer length q,; the set
of integer lenghts are the variables of our optimization problem.

Quantization constraints

To achieve our goal of obtaining a coarse quantization that is valid and geo-
metrically consistent, several constraints are enforced.
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Non-negativity It is clear that every arc should have a non-negative length:
for every arc a € A,
da 2 0. (2.1)

Consistency The quantization is said to be consistent if for every patch,
pairs of opposite sides have the same total length. This ensures that the quan-
tization implicitly defines a conforming quad mesh. For every patch with (or-
dered) sides S7, S, 53,54, each side being a set of arcs, we write

Z Ga = Z q, and Z Qo = Z qp- (2.2)

a€S, beSs a€Ssy beS,y

Validity For the quantization to be wvalid, irregular vertices must be separated
by a strictly positive distance. This may seem complicated to formulate, but
luckily Lyon et al. (2021)) have proved a simple sufficient condition. Let i be
an irregular vertex and t; one of its traces and let ¢, denote the first trace that
t; intersects whose origin « lies in the 7/4 cone around ¢,. Let n;. denote the
intersection, and S;, the set of arcs from ¢ to n;.. Then, for an irregular vertex
1 to be separated from any other irregular vertex, it is sufficient that i and n;.
are separated. Therefore, for every trace ¢ emanating from an irregular vertex,

we set the constraint
> >l (2.3)
a€S;

This constrained is forced if n;, lies on a feature curve, to prevent the singu-
larity from collapsing onto it. As explained previously, the input mesh usually
possesses many pairs of 3-5 irregular vertices that serve to satisfy size tran-
sitions. To further simplify the layout, we make an exception to the validity
constraint to allow 3-5 pairs to collapse on each other. Such a collapse is valid
as it results in a regular vertex. In practice, the constraint is not imposed if i
and n;, form a 3-5 pair.

CAD corners should remain separated in the final layout, and cannot be
collapsed onto each other. To address this, we consider them as virtual irregular
vertices (regardless of their valence) and apply the same validity constraint.
As each feature possesses at least one CAD corner (or CAD point), this also
ensures the separation of features.

Geometric consistency In order to ensure consistency with the geometry
defined by the input mesh, we must explicitly separate irregular vertices whose
traces intersect, but that do not lie in each other’s cone. To do so, for ev-
ery irregular vertex i, every irregular vertex j that is outside the cone of i is
separated:

Ls:
for every n;; with ZJ—Z > tan qy, Z Qo > 1, (2.4)
ij a€Sj;
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where n;; is the intersection of ¢; and t;, [;; is the total length from j to n;,
S;; is the set of arcs from j to m;;, and o; is the cone half-angle for trace t;
(which is either the user-prescribed angle «, or 0 is the trace lies on a CAD
curve).

Objective function

To obtain the coarsest possible quadrilateral layout, we need to minimize the
number of patches. Let a,b denote the integer dimensions of some patch. If
a = 0 or b = 0, the patch vanishes and does not contribute to the total number
of patches. If a = b = 1, we add a single patch to our objective function.
If a > 1 or b > 1, it means that there remains T-junctions. To obtain a
conforming quad layout, we split the patch into a grid of a x b patches, each
having dimensions 1 x 1 and contributing as a single patch to the objective
function. Hence, the objective that exactly promotes coarseness is the total
integer area of the mesh:

mqinz area(p) = » (Z Ga X Y qb>. (2.5)

pEP pEP \a€S: be S,

However, this objective is nonlinear, and using it would not provide us an ILP.
Instead, we minimize a weighted sum of arc lengths. The weight serves to help
the solver prioritize arcs to collapse. To this end, we set the weight of an arc
a to be the inverse of its initial integer length [,. This gives the following
objective function:

1
i = 2.6
mqmz 4 (2.6)

Note that this optimization problem is guaranteed to have a solution since
the input mesh satisfies every constraint.

The previous T-mesh quantization simplification problem is illustrated on
[ig. 2.3 where we build the T-mesh of the quad mesh of an ellipse, which is not
optimal because the irregular vertices are not aligned and there is an interior
3-5 pair. We list all the consistency constraints, and the validity and geometric
consistency constraints associated to the central irregular vertex of valence
three. Note that by using a single variable (e.g. length a along the ellipse) for
multiple arcs, we already enforce the simple equality consistency constraints.
In this particular example, the validity constraints are redundant with some
of the geometric consistency constraints, but this is not always the case. The
solution of the integer problem (values in B) contains lengths equal to zero and
one, where zero corresponds to an arc collapse. By merging the appropriate
vertices and smoothing the resulting quad mesh, we obtain the coarse layout
in C. The horizontal line is kept because it connects the CAD corners (dots in
brown), which are preserved in our formulation.
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2.4 Block-structured quad mesh and high-order
quadrilaterals

The optimized quantization implicitly defines a topological quad layout. In
this section, we explain how we obtain a smooth and fine block-structured
mesh. First, a conforming coarse quad mesh is extracted from the quantization,
however this mesh has wrongly placed vertices and non-straight edges. Our
approach to correct this is to subdivide the coarse patches to obtain a fine
mesh, then smooth the fine mesh to optimize the placement of vertices and
straighten the edges.

Edge and patch splitting

In the optimized quantization, some arcs will be assigned an integer length
q > 2. These edges are split into ¢ sub-edges. To obtain a conforming quad
layout, this split must be "propagated" by splitting the incident patches: if
an incident patch has integer dimensions ¢ x ¢/, and ¢’ > 0, it is split into
q - ¢’ sub-patches of dimensions 1 x 1; if ¢ = 0 it is split into ¢ sub-patches of
dimensions 1 x 0. Splitting patches of zero area is necessary to correctly merge
vertices in the next step.

Vertex and edge merging

At this point we have a conforming layout but with many zero-length edges
and zero-area patches. To get rid of these, we first identify groups of vertices
that have zero distance between each other (formally, two vertices are in the
same group if they are connected on the T-mesh by a path of zero total length).
Every group of vertices is virtually merged into a single "center vertex". This
effectively removes all zero-length T-edges. Then, edges bounded by the same
pair of center vertices are virtually merged into one edge. This removes all
zero-area patches, and leaves us with a clean topological mesh.

Vertex and edge placement

Vertices and edges need to be assigned a geometrical location on the model.
This operation requires to pay attention to CAD consistency. Center vertices
are chosen in the following way:

e If some vertex in the group corresponds to a CAD vertex, the latter is
taken as the center vertex (there is at most one CAD vertex in the group);

e Otherwise, if some vertex in the group lies on a CAD curve, any vertex
on the curve is taken as the center vertex (there is at most one such curve
in the group);

e Otherwise, any vertex of the group is taken as center.
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Afterwards, edges are formed by taking the shortest path on the input mesh
between the two centers they connect. If an edge lies on a CAD curve (i.e.,
some of the T-edges before the merge lied on a CAD curve), its corresponding
path is the subset of the curve that connects the two centers.

Patch subdivision

Once we have a conforming quad mesh, we subdivide the coarse patches to
refine the mesh. Note that opposite sides of a patch must have the same
subdivision. Therefore, an integer width has to be chosen for every so-called
"quad loop". A quad loop is a closed sequence of patches obtained by starting
from a patch and iteratively go to its neighboring patch, following the same
direction.

A target integer length is assigned to every edge, defined as the length of its
corresponding path on the input mesh. Since this target length is not constant
along the quad loop, the (rounded) mean target length is taken as the quad
loop’s integer width. Following this process for every quad loop will assign to
every edge an integer length. Finally, edges are subdivided into equal parts,
and patches are subdivided by transfinite interpolation.

Smoothing

Once we have a fine mesh, we can proceed to smooth the mesh. We perform
Winslow smoothing (Winslow, |1966)) which is the industry-standard technique
for structured grid mesh generation. In an explicit optimization loop, each
vertex is moved according to its neighbors. The Winslow coefficients are com-
puted with a finite difference discretization of the Winslow equation (Knupp,
1999). Since this operation moves vertices away from the CAD surface, every
vertex is projected back on it by finding the closest point on the surface.

This smoothing tends to create squared quadrilaterals, so it is important
that in the previous patch subdivision , the integer lengths assigned to
the quad loops are chosen according to the geometry. After smoothing, the
block-structured quad mesh usually contains patches with rectangular shapes
(e.g. Fig. 2]d.).

The explicit loop, with the finite difference discretization of Winslow equa-
tions and CAD projections, is not guaranteed to produce valid quads (strictly
positive Jacobian). In practice, the behaviour is generally satisfactory, but
negative quads do appear at some concave corners. In the future, we will ex-
plore additional untangling techniques for surfaces, or directly optimize the
high-order quad mesh produced later in the pipeline.

Extraction of high-order quadrilaterals

From the smooth block-structured quad mesh, we can extract high-order quadri-
laterals. Assuming the elements are parametrized with Lagrange finite element
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functions of order N, the process is straightforward:
e For each vertex v; of the block structure, we create a high-order vertex.

e For cach edge (v;,v;) of the block structure, we retrieve the two high-
order extremities and we create N — 1 interior high-order vertices along
the curved edge via polyline equidistant re-sampling. Each new high-
order vertex is projected on the CAD.

e For each patch (v;,v;, vk, v;), we retrieve the four high-order corners and
the four high-order sides, and we create (N — 1)? interior high-order
vertices with transfinite interpolation. Each new high-order vertex is
projected on the CAD.

The above process generates high-order meshes with regularly spaced nodes.
All the figures shown in this paper were produced with order five polynomials.

For better numerical properties, it is possible to produce Gauss-Lobatto
spacing by slightly changing the curve re-sampling step. One could also build
B-spline surfaces to better match the initial CAD geometry. In the future, we
plan to implement multiple high-order representations and let the user choose
the one best suited for his use cases.

Note that the position of the high-order nodes is entirely dependant on
the result of the block-structured linear quad mesh smoothing. It may be
interesting to employ high-order surface smoothing to further improve the mesh
geometry, but such endeavour is challenging and we keep it for further work.

2.5 Results and discussion

Table 2.1: Statistics of results in [fig. 2.4

Model | #Faces! #Pini2 #Irr3| #Vars? #Pg,.°] Time® QuadQS” ILP® Smooth?
M1 23707 8625 180 3340 1168 27s 2% 4% 13%
M2 16059 12253 156 3541 983 17s 67 % 7% 13%
M3 22242 15864 336 5968 2505 28's 69% 11% 9%
M4 25996 15394 194 3702 1596 30s 62 % 4% 23 %
M5 32002 20487 287 5265 2681 45s 66 % 5% 18%
M6 26322 19975 118 2522 1007 31s 45% 2% 43 %
A319 18193 13616 410 7565 4278 173s 35% 4% 53 %
DLRF6 99978 42354 620 11830 6553 282s 30% 6% 57%

I Number of faces in quasi-structured mesh.

2 Number of patches in quasi-structured mesh layout.

3 Number of irregular vertices in quasi-structured mesh.

4 Number of variables in ILP.

5 Number of patches in high-order mesh.

6 Total run time from CAD to high-order mesh.

7 Proportion of time used for quasi-structured meshing.

8 Proportion of time used for solving the ILP.

9 Proportion of time used for smoothing and building the high-order mesh.
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Figure 2.4: Results of our method on a variety of CAD models (5th-order quadrilat-
erals, « = 7/4). Top six: various models from the MAMBO dataset (Ledoux, 2019)
(M1, M2, M3, M4, M5, M6). Bottom two: Airbus A319 and DLRF6 (Brodersen,

2002).

To validate our approach and its robustness, we apply it on several existing
CAD models, and discuss its strengths and weaknesses.

Implementation The complete pipeline is implemented in our meshing soft-
ware Gmsh. The quasi-structured quadrilateral mesher and Winslow smoother
are readily available in Gmsh. For solving the ILP we use 1p_solve which
is a free and open-source Mixed-Integer Linear Programming solver. In our
experiments, the complete pipeline is run on a single core on an average laptop
computer.

CAD models For illustration, we have chosen six CAD models from the
MAMBO dataset (Ledoux, 2019) (M1 to M6) as well as two aircraft models,
an Airbus A319 and the DLR-F6 (Brodersen,[2002)). As a maximal deviation we
chose o = 7/4 as we found that it achieves a good balance between coarseness
and mesh quality. The order of the quadrilaterals is N = 5.
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On [fig. 2:4) we illustrate the high-order meshes produced by our method
on the given CAD models. In we provide some statistics about the
process.

Discussion First we can notice that the total run time, from a few seconds
to a couple of minutes, is reasonable in an engineering analysis context, even on
the more complex aircraft models. In all cases, solving the integer optimization
takes a very small portion of the total run time. From this observation we are
confident that ILP formulations are a viable approach to high-quality, high-
order mesh generation. As the model complexity increases, smoothing takes a
significant portion of the time.

Our method is able to significantly reduce the complexity of the quad lay-
out, as can be deduced from the # Pt /# Phnal ratio which ranges from 3 to
11. While the mesh coarseness is satisfying, we believe that it can be further
simplified without affecting significantly the geometric consistency. We see two
limitations that prevent a better simplification:

e Once a 3-5 pair of irregular vertices has been collapsed into a regular ver-
tex, this vertex cannot be collapsed further due to the validity constraints
enforced on the former irregular vertices.

e After quantization, many arcs have an integer length greater than 1,
which significantly increases the number of patches after the splitting
phase. This is due to our choice of objective function which is a lin-
earization of the total mesh area.

By visual inspection we see that the quadrilaterals have low distortion,
and while being coarse, they accurately capture the model’s geometry. The
meshes we have produced are therefore perfectly suitable for high-order analysis
techniques.

2.6 Conclusion and future work

In this work, we have presented a high-order meshing pipeline that is fast, effec-
tive and robust with respect to the input CAD model. It combines our robust
quasi-structured quad mesher together with a layout simplification based on an
ILP formulation that allows to flexibly impose CAD compliance. An additional
advantage is that the layout simplification only requires an unstructured quad
mesh as input; there is no need for a seamless parametrization or a cross field
which are usually hard to build robustly on CAD models. Although we have
not achieved industrial-grade performance in terms of computational cost and
coarseness, we are confident that further improvements can, paving the way
for high-order analysis on arbitrarily complex CAD geometries.

In terms of computational cost, we should concentrate our efforts on
the smoothing step which takes a large portion of the total time on large

45



Chapter 2. Coarse quadrilateral layouts using quantization

models. Another clue we would like to investigate is parallelism: a first "pre-
simplification" could act on every CAD face separately while enforcing a quan-
tization on the boundaries, after which a global layout simplification would
finish the work.

In terms of coarseness, as previously said, we believe further simplification
can be achieved without sacrificing geometric consistency. A first improvement
is to allow collapsed 3-5 pairs to further collapse onto model curves or other
irregular vertices. This could be achieved, e.g., using conditional constraints.
Another approach would be to restart the algorithm on the new quad mesh,
forming an iterative process; however, as it might be highly non-uniform in
size, one should calculate the cone angle a; appropriately to take into account
the physical lengths of the T-edges. Furthermore, by trading off computational
performance, we could investigate the use of the exact objective function
with non-linear solvers. Finally, we note that the quality of the CAD model
severely impacts the coarseness that can be achieved. This is particularly
visible on the aircraft models in[fig. 2.4 which possess many short CAD curves.
Relaxing the CAD constraints by correcting such defects would allow to achieve
a coarser result.
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CHAPTER

The odeco frame representation

The contents of this chapter partially overlap with the paper

Mattéo Couplet, Alexandre Chemin and Jean-Frangois Remacle (2024).
Integrable Frame Fields using Odeco Tensors. In Proceedings of the 2024 SIAM
International Meshing Roundtable (p. 53-65).

As has been discussed in a frame field assigns to each point
of the n-dimensional geometric domain a set of n directions, called a frame,
representing the local gradient of a parametrization (or, alternatively, the set
of coordinate vectors). This chapter focuses on a mathematical representation
for frames that is suitable for computations, particularly regarding the desired
symmetries. It is based on the works of Robeva for the general theory of
odeco tensors, Palmer et al. for their application to frame fields, and our
own work (Couplet et al.,[2024). We propose the following novel contributions
to the odeco tensor framework:

e A fast algorithm, based on the Mandel notation, to recover the decom-
position of an odeco tensor, which can be used as a projector when the
tensor is close to odeco;

e The notion of second-order part of a tensor, and the way it can alter the
scaling of an odeco tensor without recovering the decomposition;

e The characterization of the eigenvalue sensitivity, which generalizes the
perturbation problem from matrices to 4th order odeco tensors.
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Vo Vu

t Vu Vo
Vv Vu
2 Vo Vu
)

Figure 3.1: Equivalent gradient pairs (Vu, Vv) across the charts of a global seamless
parametrization.

3.1 Symmetries of a parametrization’s Jacobian

In we have presented the notion of frame as a way to make the

Jacobian of a global seamless parametrization continuous across its charts.
Starting with the 2D case, if ¢ = (u,v) represents a seamless parametriza-

tion, then the parametrization gradients are discontinuous across charts by a

permutation
\ 2% 0o 1\*(v
<V:j,><_1 0> (v:}b)’ kel (3.1)

Note that we chose the term permutation and not rotation, since this property
does not mean that the individual gradient vectors rotate by a multiple of 90°
across the cut, but rather they cycle along the sequence of 4 vectors; this is
illustrated in |fig. 3.1 |[Equation (3.1)| defines an equivalence relation on pairs
of vectors (u,v). The corresponding equivalence class

{0 YOOI E) Q) e

is called a frame. Note that swapping u and v gives a different frame [] # [¥]
even though the four frame vectors are the same. Assuming the frame respects
the local injectivity property det (%) > 0, it follows that u x v must be positive
everywhere, and the swapped frame [},] is not locally injective. For this reason

we can extend the frame to a larger equivalence class that includes the inverted

frame
SR

which we can make correspond to the set of four frame vectors {u, v, —u, —v}.
This extended frame will be useful to make a one-to-one correspondence with
the tensor object we define in the next section.

The same machinery can be applied to 3D frames: if ¢ = (u,v,w) is 3D
seamless parametrization, then its gradients are discontinuous across charts by
octahedral permutations

vu' Vu
Vo' | =R| Vv |, ReOct. (3.4)
V' Vw

48



3.2. Representing frames using orthogonally decomposable tensors

Figure 3.2: Four (out of 24) equivalent gradient triplets (Vu, Vv, Vw) across the
charts of a 3D global seamless parametrization.

This defines an equivalence relation on triplets of vectors (u, v, w), with equiv-
alence class

u u
v 2R[v], RecOct;. (3.5)
w w

Recall that the octahedral group Oct has 24 permutations. The local injectivity
property now reads det ( Vvl: ) > 0, and the inverted frame (there is only one!)

can be obtained by swapping two frame vectors, or changing one of the signs.
We define the extended frame by including the inversion

u u u
vi|£#{+R|v]|, Re€Octp=<{R|v |, Rec20cty, (3.6)
W W W

where 20ct is the binary octahedral symmetry group, which contains the 48
rotations and reflections of the octahedron. The extended frame then corre-
sponds to the set of six frame vectors {u, —u, v, —v, w, —w}.

3.2 Representing frames using orthogonally
decomposable tensors

In order to compute a field of parametrization gradients that is continuous
everywhere (except at singularities), we wish to find a representation of a
n-dimensional frame (vi,...,v,) that is invariant under the symmetries in
feas. (3.3)] and |(3.6)} From this chapter on, frames are supposed to be orthog-
onal, i.e., their frame vectors vy,...,v, are pairwise orthogonal. At first, it
might be tempting to simply consider the n x n symmetric positive definite
matrix

M2 Y \nupul, (3.7)

m=1

where A\, £ ||V || and u,,, £ v,,, /A, is the normalized frame vector. It indeed
respects all required symmetries, as it is invariant under any permutation of
the frame vectors or changes in their signs. The issue is that when some frame
vectors have identical lengths, they form an eigenspace of M of dimension
greater than 1, and the information on their individual orientations is lost. As

49



Chapter 3. The odeco frame representation

an example, consider a frame that has equal lengths A\; = --- = X\, = A (a
so-called isotropic frame). Its corresponding matrix then becomes

M=\> upuf, =\, (3.8)
m=1
from which it is impossible to recover the frame directions uy,...,u,. To

alleviate this problem, we turn to a higher-order tensor representation

T=> Aull=> Au,® - @u, (3.9)
m=1 m=1 d times

Choosing an odd order d is inappropriate: switching a frame vector’s sign
would then yield a different tensor, since (—u,,)®? = (—1)%u®?. Hence, the
lowest-order choice is to work with fourth-order tensors.

In the remainder of this section we lay out the mathematical framework of
symmetric tensors, and we present the tensor decomposition problem. We show
how orthogonal frames can be mapped to orthogonally decomposable tensors,
which form a subspace of symmetric tensors that is fully described by a set of
known algebraic equations. In order to emphasize their applicability to both
2D and 3D frames, we develop the theory for an arbitrary dimension n.

Symmetric tensors and homogeneous polynomials. A tensor T of di-
mension n and order d is an array of size n X n X - - X n (d times) with entries
Ti,. i, This tensor is said to be symmetric if its entries are invariant under
permutation of the indices: T;, = Ti, 0, i for any permutation o of
{1,2,...,d}. Let S4(R™) denote the space of n-dimensional symmetric tensors
of order d; note that S?(R") is the space of n x n real symmetric matrices.

How many independent coefficients does a symmetric tensor T € S¢(R")
have? To answer this, we count the number of multisets of d elements taken
from a set of indices {1,...,n}, which gives

()~ (i) - w0

For d = 4, we thus have 5 coefficients in 2D and 15 coefficients in 3D.

It is useful to notice right away that there is a one-to-one correspondence be-
tween symmetric tensors and homogeneous polynomials. This correspondence
provides a nice way to visualize tensors, and allows us to connect tensor repre-
sentations with the spherical harmonics representations from previous works.

A symmetric tensor T € S%(R") has a corresponding homogeneous degree
d polynomial in n variables pr € R[z1,...,z,], given by

¥

pT(xl,...,xn):T~Xdé z

il,. std 1

Til...id xilxh ...I’id, (311)

n
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order non-odeco odeco positive odeco
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Figure 3.3: Gallery of 2D and 3D symmetric tensors illustrated by their corresponding
homogeneous polynomial: {|pr(X)|X, % € S,_1}. Green areas correspond to pt >
0 and red areas to pr < 0. Last two columns illustrate odeco tensors, with positive
eigenvalues for the last column. Notice that pr is an even function when d is even,
and an odd function when d is odd. Notice that second-order (d = 2) tensors are
always odeco.
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Chapter 3. The odeco frame representation

where we have defined the notation T -x? for the d-uple contraction of a tensor
T with a vector x, which will be used throughout the sequel. pr is homogeneous
since for any A € R,

pr(\zy, .. dzn) = Mpr(zy, ..., x,). (3.12)

The homogeneous property allows us to restrict this polynomial to the unit
sphere S,,_1. This suggests a simple way to visualize pr: take the unit sphere
S, —1 embedded in R™ and "stretch" it according to the value pr takes on the
sphere. Formally, we draw the (n — 1)-dimensional manifold

{Ipr(®)|%, %€S,1}. (3.13)

The sign of pr is distinguished by coloring the manifold in two colors: one for
positive values and one for negative values. We illustrate the polynomials of
some arbitrary tensors in

Eigenvectors of tensors. The notions of eigenvalues and eigenvectors are
familiar from linear algebra, and play a crucial role in applied mathematics
and scientific computing. With the advent of high-dimensional data, matrix
algorithms are increasingly being generalized to tensors. A generalization that
interests us is the non-standard notion of eigenvectors of tensors, which was
pioneered by Lim (2005)) and Qi (2007]).

The notions of eigenvector and eigenvalue can be generalized to symmetric
tensors, and are central to define orthogonally decomposable tensors. To gain
an intuitive sense of tensor eigenvectors we start with their interpretation as
stationary points of polynomial py. Consider the stationary points of the
restriction of pr to the sphere S,,_;. For such vectors z, the gradient of pr is
parallel to x. Working out the gradient of pr gives

Opr(z)
8l‘j

=d Y T @i iy, = d(T-270) (3.14)

1yeeesbd—1
This gradient being parallel to x means that there exists A € R such that
T-2971 = \a, (3.15)

which gives us the definition of an eigenvector x of T with eigenvalue A. When
d = 2, this definition coincides with the usual definition for matrix eigenvectors.
Notice that evaluating pr at a unit norm eigenvector & gives

pr(@)=T 3= (T-27") - 2 =X -2 =\ (3.16)

which means that the eigenvalue \ visually correponds to the extent of the plot

of pr at &, as on[fig. 3.3}

How many distinct eigenvectors does a generic tensor have on the unit
sphere? First notice that they always come in opposite pairs £z, of identical
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3.2. Representing frames using orthogonally decomposable tensors

eigenvalue if d is even, and opposite eigenvalues if d is odd, since, by |eq. (3.12)|
pr(—2) = (=1)%pr(z). In the 2D case n = 2, one can parametrize the variables
1 = cosf, xo = sinf for 6 € [0, 27) and show that py has at most 2d stationary
points. For the 3D case n = 3, things are more complicated, and we rely on
the work of Kuznetsov et al. (1992) who show that degree d polynomials on
the sphere have at most 2(d? — d + 1) stationary points.

Symmetric tensor decomposition. Just like symmetric matrices, sym-
metric tensors admit rank one decompositions of the form

T=> Mo, (3.17)
i=1
with vectors vy,...,v, € R™ and scalars A1,..., A, € R. The smallest r for

which such a decomposition exists is called the rank of T. Unlike matrices,
the rank is not limited to the dimension n, and is as high as (7)) for a generic
tensor. Finding tensor decompositions is an NP-hard problem (Hillar et al.,

2013)), with many applications in engineering.

The odeco variety. Orthogonally decomposable tensors, or odeco tensors,
are symmetric tensors admitting an orthogonal decomposition

n
T = Z )\ivfad, with vq,...,v, pairwise orthonormal. (3.18)
i=1

The rank of odeco tensors is obviously limited to n since one cannot find more
than n pairwise orthogonal vectors in R™. One can check that the vectors
v1,...,U, are eigenvectors of T" with corresponding Aq,...,\,, thanks to the
pairwise orthonormality. If we restrict fourth-order odeco tensors to have non-
negative eigenvalues, A; > 0, we can establish a one-to-one correspondence
between odeco tensors and the frame equivalence class we defined in |egs. (3.3)

and

Vi n
& T=>) uPt (3.19)
v, i=1
This odeco representation, proposed by Palmer et al. (2020)) enables us to rep-
resent parametrization gradients without explicitly knowing the frame vectors,
which removes the need for matchings between frames, and integer variables
altogether.

As odeco tensors only form a small subset of the space of fully symmetric
tensors, one needs to characterize what makes a tensor odeco. A major result
of Robeva (2016]) is the fact that odeco tensors form an algebraic variety defined
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by a set of homogeneous quadratic equations in the tensor coefficients. More
precisely, T € S*(R") is odeco if and only if the contraction T * T defined by

(T * T)ivigigjijajs = Z TirivissTjjagss (3.20)
s=1

is a fully symmetric tensor, i.e., T * T € S%(R"). Note that T * T already has
many symmetries, so the number of equations guaranteeing its full symmetry is
limited. In the fourth-order 2D case, for example, the odeco variety is defined
by three nontrivial equations only:

(T*Tir112e = (T*Trronre = TunTiiee + TineTioze = This + To0s,
(T *T)i11202 = (T« T)i12122 = ThiiniTi222 + Ti112T2222 = Th112T1122 + Th122 1222,

(T *T)i12202 = (T * T)iooroe = Ti112Th202 + Ti192T2090 = THio + Traos-

(3.21)
The number of equations defining the variety grows combinatorially with d and
n. In the fourth-order 3D case, the number of linearly independent equations
is 27.

3.3 Computing with odeco tensors

Orthogonally decomposable tensors form a subspace of fourth-order symmetric
tensors: an algebraic variety defined by a set of homogeneous quadratic equa-
tions, or quadrics. In this section, we lay out some practical aspects that are
needed to do computations with odeco tensors. First we show how symmetric
tensors can be represented through a basis of spherical harmonics, which de-
fines an adequate metric to compare tensors. Then, we show how a frame can
be efficiently recovered from an odeco tensor using eigendecomposition algo-
rithms. We recall the semidefinite optimization approach proposed by Palmer
et al. (2020) to project a given tensor onto the odeco variety. Finally, we show
how an odeco tensor’s second-order part can be leveraged to manipulate the
lengths of its underlying frame vectors.

Representing symmetric tensors: monomials and spherical harmon-
ics. To store a symmetric tensor on a computer, taking into account the
symmetries, one can simply store the coefficients of the corresponding poly-
nomial w;i, i, being the coefficient in front of monomial x% ...z,
with 41 4+ -+ +14, = d. We relate the monomial coefficients w;, . ;, to the tensor
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coefficients T}, . ;,:

n
pT($1,-..7-'L'n) = E le...jdle s Lgg
Jiseesja=1
d ) ) 3.22
i1+, =d Ly-eehin i1 times ip times

Uiy ...ip

This effectively removes the tensor symmetries, as u;, .. ;, has 5 coefficients in
2D, and 15 in 3D.

Another option is to use the fact that polynomial pr can be restricted to
the unit sphere S,,_1, and decompose it into a basis of spherical harmonics. To
be able to evaluate the smoothness of a tensor field, we need to define a metric
for our tensors, i.e., an inner product. A natural choice is the L? inner product
of functions

W) = [ W 60p? ) dx (3.23)
Sn—1
This inner product can be easily evaluated if the polynomials are expressed in a
basis that is orthonormal with respect to the inner product. Let us concentrate
on the n = 3-dimensional case first. Spherical harmonics are a special set of
functions having this property:

Y"(x), 1=0,1,..., m=—l,...,1, (3.24)

where [ is the band of the harmonic and m its order. Spherical harmonics of
even band are even functions; hence, our degree 4 polynomials can be decom-
posed into spherical harmonics of bands [ = 0, 2,4, which we write compactly
as

l
px) = > > ¢"V(x). (3.25)
1€{0,2,4} m=—1

Note that the number of terms in each band indeed sum to 1+ 5+ 9 = 15.
Spherical harmonics are orthonormal with respect to the defined inner product:
(Y;,Y;) = 05, and the inner product of polynomials can therefore be computed
directly from the spherical harmonics coefficients:

N
P p?) =3¢V = (aV,q®). (3.26)
=1

Note that the spherical harmonics coefficients ¢;, contrary to the monomial co-
efficients u;, do not depend on the choice of tensor basis (e, e, e3). Evaluating
the distance between tensors can then be done by evaluating the Euclidean dis-
tance between their spherical harmonics coefficients:

AT, T = Hq(2> _ q<1>H, (3.27)
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Chapter 3. The odeco frame representation

These properties make the spherical harmonics a very convenient choice for
computing with tensors. Note that spherical harmonics are usually defined for
a sphere in R?; however, they have a 2D counterpart, sometimes called circular
harmonics, which actually correspond to the basis functions of a Fourier series:

\1/_/ ,c08(20), sin(26), cos(40), sin(40) . (3.28)

band 0 band 2 band 4

Palmer et al. (2020) have shown that each band has a distinct meaning. Band
0 encodes the tensor size, since

g0 = Co Z A (3.29)
Band 2 encodes the tensor anisotropy, since
lazl® = C2 Y~ gt — Am)? (3.30)
m=1
In particular, the tensor is isotropic iff ||qz|| = 0. Band 4 encodes the ten-

sor orientation, since qq is (up to a scalar multiple) the spherical harmonics
gl . _ n 4
decomposition of the unit frame tensor T =) _ u%*.
Recovering a frame from an odeco tensor. Given an odeco tensor, the
corresponding frame can be recovered using a tensor power iteration, as sug-
gested by Robeva (2016):
T. udfl

Under certain conditions, this iteration converges towards an eigenvector of T.
However, it has slow convergence and is not even guaranteed to converge when
T is not exactly odeco. Instead, we propose a simple procedure, relying on
matrix eigendecompositions.

In the context of linear elasticity, Hooke’s law can be generalized to three-
dimensional continuous media:

o =C g, (3.32)

where o and € are the stress and strain tensors (of rank two), and C is a
fourth-order elasticity temsor. This tensor has the same dimensions as ours,
albeit less symmetries. In order to perform the required tensor operations, the
Mandel notation was introduced, mapping a 3 x 3 tensor to a 6 x 1 vector and
a3 x 3 x 3 x 3 tensor to a 6 X 6 matrix:

o1 Cii11 Cii22 C1133 V2Ci123  V2Ci113  V2Ci112

022 Ca211 Ca222 Ca233 V202225 V202013  v/2C2012

_ 033 C— Css11 C3322 C3333 V203323 V203313 v/2C3312
V2033 V2Ca311 V2C2322  V2C2333  2Ca323 2C2313 2C2312
V2013 V2C1311  V2C1322  V2Ci3ss  2Ci323 2C1313 2C1312
V2012 V2Ci211 V2C1222  V2C1233  2Ch223 2C1213 2C1212
(3.33)
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This notation has useful properties: the dot product and the matrix-vector
product are preserved,

01:05 =010, & =CE, (3.34)

which enables the use of the standard matrix storage and algorithms.
Consider an odeco tensor T = >, AyulP?, and let the 3 x 3 matrices Dy, £
u,;m. In Mandel notation we have

3
T = Z MeDy. (3.35)
k=1

The 6 x 1 vectors f)k are orthonormal since f)k . f)l = u,;@Q : uim = 0y, and
therefore is an eigendecomposition (note that, if T is not odeco, T
has up to 6 eigenvectors). If the Ay are distinct, then the eigendecomposition of
T is unique and the frame vectors are easily computed. Suppose now that the
eigenvalues are all equal: Ay = A. Then the eigendecomposition of T correctly
recovers A, but the eigenvectors are mixed in the eigenmatrices Dy:

3
Di =Y apuf®, (3.36)
=1

with Zk ag; = 1. To recover the eigenvectors u,, in a way that is robust to
their algebraic multiplicity, we construct a matrix M as the weighted sum of
matrices Dy with random weights By:

3 3 /3
M = Z BrDy = Z (Z Oéklﬁk) u?, (3.37)
k=1

k=1 =1 =

The random weights guarantee that M has distinct eigenvalues, which allows
us to easily recover vectors u;. In the case where T is not exactly odeco, we
simply take the 3 largest terms (out of 6) in the eigendecomposition of T. If T
is close to odeco, then these 3 largest terms are dominating the decomposition.

The full procedure for recovering the frame vectors from a (nearly) odeco
tensor is summarized in Note that this method is computationally
very cheap as it requires only the eigendecomposition of a 6 x 6 matrix.

Projecting onto the odeco variety. A proper projection onto the odeco
variety F finds the tensor q that is closest (in the L? metric defined above) to
a given tensor y:

r(y) = argmin||q - y||°. (3.38)
qeF

This problem is a quadratically constrained quadratic program (QCQP) and
is generally NP-hard. However, Palmer et al. (2020) have shown empirically
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Chapter 3. The odeco frame representation

Algorithm 1 Recover frame from (nearly) odeco tensor

Input: A 4th-order symmetric tensor T € S*(R3).
Output: Frame vectors A\jup, Asug, Agus. The recovery is exact if T is
odeco.

Using the Mandel notation, find an eigendecomposition T :=
221:1 )‘kD%Q-

Keep only the 3 terms with largest eigenvalue: \;D1, AoDg, A3Ds3.
Generate random weights 31, 82, 83 and define M = Zzzl BiDyg.

Compute eigendecomposition of M, providing vectors uj, us, us.

that its semidefinite relaxation gives the exact projection, provided that the
polynomial y is positive. The intuition of the semidefinite relaxation is to look
for a positive semidefinite matrix Q € RWHD*(N+1) that is a proxy for qqT.
This gives a semidefinite problem

i Y
qin (Y.Q)
subject to~ Qi1 =1 (3.39)
<A27Q>:Oa i=1,...,M
Q=0
where )
_(lIylm =T A_(0 O
Y = < A and A; = 0 A, ) (3.40)

A; being the M symmetric matrices defining the odeco variety. A dimension is
added to Q to have access to the linear terms q and a constant term (top-left
entry). If the optimal solution Q* happens to be of rank 1, then it can be

decomposed as
q* q* ) .

and q* is then the exact projection of [eq. (3.38)] This projection is much
more costly than the one based on eigendecompositions (lalgorithm 1)), but it
is conjectured to be exact whatever the distance to the variety.

Second-order part of odeco tensors. A very useful tool when manip-
ulating odeco tensors is to look at its second-order part M, defined as the
second-order tensor (or n X n matrix)

M;; = Tijkk, (3.42)

obtained by contracting two of its indices. Note that, thanks to the symmetry
of T, it does not matter on which two indices the contraction is done, and M
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is a symmetric matrix. Plugging in the odeco definition, [eq. (3.18)} yields

n n n
M;; = Tijpr = Z A ugt gt = Z Apuuyt,  and M = Z A ()22,
m=1 m=1 m=1

(3.43)
where we used the fact that vectors u” have unit norm. In other words, the
second-order part of a fourth-order odeco tensor is a matrix with the same
eigenvalues and eigenvectors. This matrix is very useful since it allows us to
scale the eigenvectors of odeco tensor T. First notice that taking matrix M to
the power p changes its eigenvalues accordingly:

MP = > Abui?, (3.44)
m=1

And contracting the tensor with this matrix yields the tensor with modified
sizes

TP LM = (Z Aﬂu%) : (Z Amu%“) =Y nugl (3.45)
m=1 m=1

m=1

Integer power p can be chosen arbitrarily and matrix MP can be computed
using standard matrix algorithms; in particular, p = —1 gives a unitary (or
octahedral) frame tensor T® and p = —2 inverts the lengths of the frame
vectors. We demonstrate in how this tool enables us to properly
normalize the integrability energy.

Boundary alignment. It is crucial to be able to impose alignment of a frame
field to the boundary or features of the geometry; we explain how it is done
using odeco tensors. First notice that a rotation of a spherical polynomial is
done by rotating its spherical harmonics coefficients in R'®: indeed, rotating
the polynomials should preserve the inner product (-, -), which, we have shown,
corresponds to the inner product in R'%; such transformations are called iso-
metric and are described by rotation matrices in R1®. As Palmer et al. (2020)
have shown, these matrices that rotate spherical harmonics are the Wigner
D-matrices, an essential tool of quantum physics for the study of angular mo-
mentum. Consider the space of odeco frames q that are aligned to axis &, and
have a length of 1 in this direction. This space can be parametrized by the
affine transformation

q=4q.+B;s, (3.46)

where s € R® represents a 2D odeco tensor, and q, € R'® and B, € R®*5 are
constants. Then, the space of odeco frames that are aligned to an arbitrary
surface normal n (we will heavily use this constraint for computing 3D frame
fields), is obtained by applying any rotation matrix R, € R®*15 that brings
é, to n:

q=Ry(q. +B.s) =aqn + Bys. (3.47)
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For our purposes, instead of such an affine parametrization, we are interested
in finding an affine equation

Anq+b, =0 (3.48)

that is verified by any q respecting the alignment constraint. We propose a
simple procedure that does not require to figure out Ry, nor B, (or even its
dimension), and can be adapted to any kind of alignment constraints (e.g.,
feature edge or corner constraints). First form a matrix Q that contains as
columns a batch of random tensors respecting the linear part of the alignment
constraint; in this case, frames aligned to n but having zero length in that
direction. Let IN be a basis of the null space of QT, such that NQT = 0; we
then have A, = NT. Now let qg be any tensor respecting the affine constraint;
then b,, = —A,qo. This procedure gives us the affine equation, |eq. (3.48)|

Eigenvalue sensitivity for tensors. A last tool we add to our "tensor
toolbox" is a result on eigenvalue sensitivity. It answers the question "given
an odeco tensor, how do its eigenvectors change when slightly perturbing its
coefficients?". This tool will help us in the next chapter to express integrability
in terms of the tensor coeflicients, as it can transform spatial derivatives on the
frame vectors into spatial derivatives on the tensor.

This eigenvalue perturbation problem is well-known for matrices, but is eas-
ily generalized to higher-order tensors, provided they are odeco. Consider an

4 . . .
odeco tensor T =3 _ . A\,ul?, or, in index notation,

m,m,m,_,m
T jojsja = Z /\muhujzu]gum (3.49)
Consider the contraction of T with one of its eigenvectors, uy:

m, m, m, k
T11J2J3J4 Ja E :/\muglunumuhuh

" (3.50)
= Z Amu]luhujsé
m=1

= kuhujz uJ3 ’

or, written compactly, T - ux = )\kuf?’. Contracting again and following the
same procedure we find that T - u%2 = /\ku%2 and T - u,??’ = A\pug, the latter
being the definition of a tensor eigenvector. Consider now a specific eigenpair
(A, w), with w having unit norm. We wish to express the variation of the
eigenpair (dA,0w) given some perturbation of the tensor dT. We write the
remainder of the proof in compact notation for brevity, but the same steps can
be performed in index notation. Since w has unit norm, it is orthogonal to its
variation:

(WH+dw) - (w+dw)=1 = w-ow=0, (3.51)
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neglecting the higher-order terms (0w - dw). Writing the eigenvector definition
Tw®3 = A\w for the new eigenpair,

(T + 6T) (W + 6w)®? = Aw + §(\w),
WY 4 3Tw2w + 6Tw? = dw + J(Aw) (eigenvector definition),
3w ow + 0Tw® = 6(Aw) (Tw? = Aw? and w - dw = 0).

(3.52)

We find the final eigenvalue sensitivity result: §(Aw) = §Tw?; the variation in

a scaled eigenvector is obtained by contracting the tensor perturbation three

times with the unit eigenvector (note that an eigenvector’s sensitivity only

depends on itself and not explicitely on the other eigenvectors). From this

result we find the partial derivatives

a7, = Wy, Wjy Wi, O, - (3.53)

127374
will show how this result is put to use to derive an integrability

expression.
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CHAPTER

Integrable frame fields using odeco
tensors

The contents of this chapter partially overlap with the paper

Mattéo Couplet, Alexandre Chemin and Jean-Frangois Remacle (2024).
Integrable Frame Fields using Odeco Tensors. In Proceedings of the 2024 SIAM
International Meshing Roundtable (p. 53-65).

In we have seen that a frame field is integrable, i.e., is the Ja-
cobian of a global seamless parametrization, if it is curl-free. In we
have presented how 2D and 3D orthogonal frames can be encoded by orthog-
onally decomposable (odeco) tensors, and we have detailed a set of tools to
manipulate them. In this chapter we show that the frame field curl can be
expressed as a function of the corresponding odeco tensor field, which consti-
tutes the major result of this thesis. We formulate the search for an integrable
frame field as a non-convex optimization problem on a tensor field, and show
how our approach can compute seamless parametrizations of planar domains
while precisely respecting sizing or anisotropy constraints. Finally, in 3D, we
show that our solver can find globally meshable singularity graphs that were
previously impossible to obtain otherwise than with explicit repair techniques.
Coupling our frame field solver with a state-of-the-art hex mesher, we produce
desirable full-hex meshes on usually hard-to-mesh geometries.
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Figure 4.1: Parametrization isolines (in black) and their gradient frames (in blue)
defined by legs. (4.1)[ and |[(4.4)| for a range of singular indices. Notice how the frame
field grows or shrinks according to the singularity index.

Frame field singularities

The behavior of the parametrization gradient deserves special attention in the
vicinity of singularities, as the corresponding frame can either vanish or blow
up. Consider a polar coordinate system (&,,8&y) with a singularity located at
the origin, and a cut along § = 0. The parametrization jumps by an angle
of kmw/2 and thus the singularity has index k/4. A natural definition for the
coordinate maps is

u(r,0) = f(r)cos((1 — k/4)0),

o(r,0) = F(r)sin((1 - k/4)6),

where f(r) is an arbitrary strictly increasing function. The parametrization
gradients are given by

(4.1)

Vu = f'(r)cos((1 — k/4)0)&, — (1 — k/4)@ sin((1 — k/4)0)é,,
(4.2)

Vv = f'(r)sin((1 — k/4)0)&, + (1 — k/4)@ cos((1 —k/4)6)éq.

Note that since both gradients have the same amplitude, this parametrization
is isotropic: at any point, the isolines of u and v are equally spaced. If we
now restrict the parametrization to be orthogonal, we want Vu and Vv to be
orthogonal:

Vu-Vuv= (f’(r))2 cos()sin(-) — (1 — k/4)? (fir)> cos(+)sin(-) =0, (4.3)

which is the case when f/'(r) = (1—k/4)f(r)/r. The solution to this differential
equation is
fr) =ert=H4 (4.4)
where c is an arbitrary positive constant. Plugging this back into feq. (4.2)| we
find that
[Vul| = | Vo] = e(1 — k/4)r—*/4, (4.5)
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The calculated parametrization and corresponding gradients are illustrated on
[ig. 4] for a range of singular indices. This means that for singularities of
index +1/4 (k = 1) and higher, the frame field blows up when approaching
the singular point, and for singularities of index —1/4 (k = —1) and lower,
the frame field vanishes at the singular point. This observation is particularly
important for designing our computational methods as they must allow both
kinds of frame field singularities to appear. Even though we derived this for
a specific parametrization expression, we found that the conclusion
remains the same for the various frame fields we compute with our methods.

4.1 Curl of an odeco tensor field

Consider an n-dimensional frame field F(x) on a domain 2 C R™. At each
non-singular point x € Q, a local lifting of frame vectors vy(x'),...,v,(x')
can be defined on a small neighborhood A of x. We assume the frame field
respects the local injectivity property: det (V1 e vn) > (; this means that
three vectors cannot be coplanar, two vectors cannot be colinear, and a vector
cannot vanish. As we stated in the frame field F(x) is integrable if
its frame vectors are curl-free everywhere:

VXvVvn(x)=0, m=1,...,n. (4.6)

An equivalent statement is that the squared norms of the frame vector curls
sum to zero:

DIV X v (x)[* = 0. (4.7)

m=1

The attractiveness of this statement is that the left-hand side does not depend
on the choice of local lifting for the n frame vectors, as it is invariant under
octahedral permutations of the vectors. We perform a normalization by the
squared norm of the frame vectors to make the expression dimensionless, which
defines the normalized squared curl

Z IV X vin " vmll , (4.8)

= vial®

At the end of this section we elaborate on why this normalization is particularly
important for the optimization process. In we have seen that there
is a one-to-one correspondence between locally injective orthogonal frames F
and odeco tensors T. This means that the integrability measure hg can be
written as a measure ht on the odeco tensor field. The main challenge is to
find a closed-form expression of At in terms of the tensor coefficients. This
expression is a major outcome of our work, and the remainder of this section
is dedicated to show how it is constructed.
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Chapter 4. Integrable frame fields using odeco tensors

Let T be an odeco tensor field decomposing as

n
_ m,m, m,m
Thrkoksks = E Am U, U U g (4.9)
m=1
where A, = [|[vp|| is the norm of the m-th frame vector, and u,, = v, /An

is its normalized version. In the following development, all repeated indices
correspond to implicit summations. We start by developing the curl of a given
arbitrary eigenvector v = Au of T:

)
V X V) = €ap ot ¢ is the Levi-Civita symbol
J J 61'

0vy 0Tk, koksks

= €jab (chain rule)
e aTk‘1k2k3k4 axa
_ aTk1k2k3k4 . e
= €jab Uk, Wky Uky Okyb 9 (eigenvector sensitivity;[eq. (3.53)))
Laq
0Ty kykesb
= Uk, Uky Uky €jab % (sum on ky)
Lq
= Uk, Uy Uky (VX Thykohy)j (curl definition),
(4.10)

where T, kks € R™ is the vector with components (T, koks1s- - - s Lhikaksn)-

The objective, now, is to make the frame vectors u; disappear on the right-
hand side, to obtain an expression that only depends on the tensor coefficients
instead. To do so, we multiply the expression by the i-th component of v
(notice that ¢ and j are free indices here):

'UZ(V X V)j = )\uklquukg_ui (V X Tk1k2k3)j~ (411)
Summing this expression for each of the eigenvectors v,, makes the tensor

coefficients appear on the right-hand side:

n

n
Z vV X vy); = Z At upr e g (VX Ty koks)j

m=1 m=1

= Ty koksi(V X Thykoks ) by leq. (4.9)]

Writing this compactly using the outer product (®) and with explicit summa-
tions yields the n X n matrix

(4.12)

Z Vi & (V X Vm) = Z Tklksz ® (V X TklkaS)' (413)
m=1 k1 Kz ka—=1

This is a powerful result: with the frame vectors v,,, being linearly independent,
the frame field represented by tensor field T is curl-free if the right-hand side
matrix is zero. We are one step away from crafting the normalized squared curl
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4.1. Curl of an odeco tensor field

defined byleq. (4.8)] Remember that in[chapter 3|matrix M was defined through

the contraction M;; = Y, Tijxk, and has the frame vectors as eigenvectors:
M =3 A,u2. We use this matrix as a tool to normalize our curl expression:
applying M~2 = 3" A-2u?? to both sides of leq. (4.13)| yields

> M 2vp®@(V X V)= > M T, (VX Thypor,)- (4.14)
N—_—— N———
m=1 U /A k1,k2,k3=1 —1
s

Finally, taking the squared Frobenius norm HA||% = A;;A;; on both sides gives
us the desired curl measure

2

n 2

_ " u
he 2 Y Tk @ (VX Trk) > )\7m @ (V X Vin)
k1,k2,ks=1 F m=1"" F
n ’U,an u;n,Q
= Z (VXle)ji(Vvaz)j
my,mo=1 /\m1 /\mz
2
Il
2
m=1 )‘m
(4.15)

Note that the length A, in the denominator can be taken to any given power:
if M is taken to the power —p, then T is to the power 1 — p in A, and A,
is to the power 2 — 2p. Choosing p = 2 gives the desired expression hg, and
p = 0 gives the unnormalized squared curl from We distinguish hg
from hr which extends to all symmetric tensors (not necessarily odeco).

Lie bracket of an odeco tensor field. In we have shown that a
frame field can alternatively represent a parametrization’s coordinate vectors
instead of its gradients. In that case the integrability of the frame field is
characterized by its Lie bracket. In (Couplet et al., 2024) we have shown, using
the same machinery as for the curl, that the Lie bracket of an odeco tensor
field T(x) can be expressed as

[V1, Vo] = €yks €iks Caks (Thakska * VTigajaga)s (4.16)

where ¢;; is the two-dimensional Levi-Civita symbol. In the 3D case, we have
tried to find an expression for the sum of normalized squared pairwise Lie
brackets
vi,val* | [va,val® | [vs,vi]®
(AM1A2)2  (A2A3)2  (Ash)?
This quantity can be expressed as a fraction of two degree-6 polynomials in the

tensor coefficients and their gradients. However, the numerator cannot be ex-
pressed in a factorized form as for the curl, which means that over 100000 scalar

(4.17)
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Chapter 4. Integrable frame fields using odeco tensors

coefficients are needed; this is impractical for computations. This complexity is
the reason for which the gradient representation was chosen, as the integrabilty
criterion can be expressed in a closed form and computed efficiently.

4.2 Curl optimization

We formulate the search for an integrable frame field as an optimization prob-
lem striving to minimize the integral of the integrability measure ht over the
domain §2,

HIT] = /Q hor (x) dx, (4.18)

which we call the curl energy. We start by explaining how this integral is
computed in practice, then we present the optimization approach.

Discretization and integration. The computations are supported by a
standard triangle mesh in 2D and tetrahedral mesh in 3D. At each mesh node
we store the tensors as their spherical harmonics coefficients q € RY (N =5
in 2D, and N = 15 in 3D). These coefficients are interpolated throughout the
domain by a continuous function gq(x) that is piecewise linear on the mesh ele-
ments. To avoid redundancy in the sequell we restrict ourselves to the 3D case,
but the 2D setup follows naturally. Consider a tetrahedron 7 with node posi-
tions x!,x2,x3, x4, nodal values q', q?, g%, q* and corresponding linear shape
functions ! (x), 9?(x), 1*(x), 1*(x) (such that 1)*(x7) = §;;). The interpolant
over the tetrahedron is defined by

q(x) = Z q' P (x); (4.19)

note that even if the nodal tensors q° were odeco, the interpolated tensor at
q(x) would not be odeco in general. Computing the tensor curl ht requires
evaluating the spatial derivatives of q(x); this is done by taking the gradient
on both sides:

4
Vq(x) =Y q'Vi'(x). (4.20)
=1

Note that this gradient is constant per element since the shape fuctions v° are
linear. In order to numerically integrate a function f(q) over T (for example,
the integrability measure ht), we apply a 4-point Gaussian quadrature rule

4
/T flat) dx ~ 3wy fla(x(En))) I, (4.21)
k=1

where ; are the quadrature points on a reference tetrahedron, w; the corre-
sponding quadrature weights, and J7 the determinant of the Jacobian of the
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4.2. Curl optimization

transformation x(£) mapping the reference tetrahedron to 7. This 4-point
quadrature rule has a degree of precision of 2, meaning that it is exact for
quadratic polynomials. The integrability measure ht is not a polynomial but
we found that this degree of precision is accurate enough for our purposes. The
integral of f over the whole domain is then obtained by summing the integral
over the tets

/Q flatax =32 [ flat) ax. (4.22)

This calculation is embarrassingly parallel, as the sum over the tets can be dis-
tributed over a large number of CPUs. This is the strategy we use to accelerate
our code and compute frame fields with sufficient resolution in 3D.
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Figure 4.2: Mesh convergence of the curl energy H[T] around singularities of valence
3 and 5, in both its normalized and unnormalized versions.

Mesh independence. An important feature of an energy such as H|[T] is
that it is mesh-independent, i.e., asymptotically, its value remains the same
when the mesh is refined. As we showed in the beginning of when
approaching a singularity of index k/4, the frame field grows (k > 0) or shrinks
(k < 0) at a rate of r~*/4 where r is the distance to the singularity. This
makes mesh independence in the vicinity of singularities challenging. We have
empirically observed that the normalization we introduced in the integrability
measure ht achieves mesh independence. This is illustrated in[fig. 4.2 where we
compute the normalized and unnormalized curl energy of discretized integrable
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Chapter 4. Integrable frame fields using odeco tensors

frame fields. Even though the value of the integrand At blows up when refining
the mesh, the normalized energy remains bounded and converges to a fixed
value for both singularities; this value is higher for a valence 3 singularity than
a valence 5 since the size is unbounded. This makes the curl energy mesh-
independent, allowing the solver to introduce singularities even on fine support
meshes.
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Figure 4.3: Curl normalization acts as a barrier preventing sizes from going negative.
Left: a frame field optimized with the unnormalized curl produces frames with nega-
tive sizes, violating the local injectivity. Right: using the normalized curl forces sizes
to remain positive (projected frames are also displayed).

Local injectivity. A second advantage of the curl normalization is that it
provides a barrier that maintains the local injectivity of frames. Recall that
a curl-free frame field integrates to a locally injective parametrization if its
frame vectors are linearly independent: det (v1 e Vn) > 0. Given that our
frame vectors are mutually orthogonal by nature (as they are encoded by odeco
tensors), local injectivity is verified if the frame vectors never become zero. This
could happen if the eigenvalues of an odeco tensor become negative, which is
not excluded by the representation. As illustrated in [fig. 4.3} we found that
applying the curl normalization acts as a barrier that keeps tensor eigenvalues
positive. We can thus safely assume that the frame fields we compute are
guaranteed to be locally injective.

Relaxation of the odeco constraints. At this point, it might be tempt-
ing to simply minimize H[T] under the constraint that the field is everywhere
odeco. However, this would fail to introduce new singularities as it is often
energetically cheaper to distribute the curl on the domain rather than to in-
troduce the fixed discretization cost of singularities. To address this, we relax
the odeconess constraint and allow the solver to introduce non-odeco terms
that reduce the integrability cost in the neighborhood of singularities: we will
see that these additional terms are isotropic in the plane of singularities. In
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Figure 4.4: Solutions of producing a valence 5 singularity with different ¢
parameters. Left: a large € produces a diffuse singularity. Right: a small € locates the
singularity more precisely. Setting an even smaller ¢ might destroy the singularity if
it is not topologically necessary.

practice, we introduce an odeco penalty
diEDY / A(T(x)) dx, (4.23)
—Ja

where ¢;(+) are the quadrics defining the odeco variety; this functional is thus
a 4th-order polynomial in the tensor coefficients. We assemble the curl energy
and the odeco penalty in a Ginzburg-Landau-like functional

min £ [T] = H[T] + éC[T]. (4.24)

Parameter € has units of length and, like in the Ginzburg-Landau framework,
controls the size of the singularity neighborhoods where the frames escape
the odeco variety; we illustrate this in [fig. 44 Choosing a large e produces
diffuse singularities with a large non-odeco region and, since the curl energy
becomes invalid for non-odeco tensors, the resulting frame field obtained after
projection of the tensors is not exactly integrable. On the other hand, choosing
a too small e prevents singularities from being created, as the error introduced
by the discretization is too high. Appropriate values for € depend on the mesh
size and the size of geometrical features that the frame field must adapt to.

Dirichlet regularization. Integrable frame fields are not unique: one can
take a set of arbitrary scalar potentials (¢1, ..., ¢, ), and add their gradients to
obtain a new integrable frame field (vi + V1, ..., v, + V¢, ). Because of this,
local minima of the objective function can be very flat (the gradient
is near-zero) since there is a large region of neighboring integrable frame fields.
This can cause the solver to converge very slowly to optimal solutions. To
alleviate this problem we include a Dirichlet regularization term

1
Eo(1) 2 305 [ Vs ax (4.25)
J
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| [ Boundary constraint Used for DOFs  #constraints
9D Alignment with normal n, Corners 0 5
all sizes
Alignment with normal n, Boundaries 1 5
size along n
Alignment with normals ni,ns,ng, Corners 0 15
3D | all sizes
Alignment with normals np, ns, Creases 1 14
sizes along ni, ns
Alignment with normal n, Boundary 5 10
size along n surface

Table 4.1: Types of boundary constraints on frames, along with the number of degrees
of freedom (DOFs) in their coefficients q, and the number of affine constraints in
Aq+b=0.

where ¢; are the coefficients of tensor T in the basis of spherical harmonics.
This energy is convex in the coeflicients ¢; and therefore improves the conver-
gence of the solver. An additional benefit is that it steers the solver towards
smooth solutions, which are desirable from a user perspective. We replace the
curl energy H[T] with a convex combination with Ep[T| parametrized by a
parameter « € [0, 1]:

min E.[T] 2 (1 — &) H[T] + x Ep[T] + ;2 C[T), (4.26)

with a schedule set on x such that it starts at 1, providing a smooth (but
not integrable) odeco frame field, and is gradually reduced to 0 to enforce
integrability.

Boundary alignment. As seen in any alignment or sizing con-
straint on an odeco tensor can be written as an affine expression at each bound-
ary node

Aq+b=0, (4.27)

with A € RM*N and b € RM, and M depends on the type of constraint
imposed. As a reminder, we determine this linear subspace by randomly gen-
erating a batch of (odeco) tensors respecting the constraint we want to impose,
which allows us to compute A and b. Note that A and b are different at each
boundary node, since they depend on the orientation of the alignment.

summarizes the types of boundary constraints we can implement
based on this systematic approach, as well as their number of degrees of freedom
and affine constraints.

Isotropy constraint. Inchapter 3| jeq. (3.30)|we have seen that the spherical
harmonics g2 of band 2 encode the anisotropy of the corresponding frame, and
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that it is isotropic iff g = 0. This can be easily encoded as a set of linear
constraints ¢§* = 0 for m = —2,...,2. Alternatively, the corresponding degrees
of freedom can be removed by substituting qo = 0 in the rest of the problem.

Solver and gradient computation. The optimization problem we pose
(minimizing |eq. (4.26)| subject to leq. (4.27)) is a nonlinear and nonconvex
problem with linear constraints. We address it using a quasi-Newton method,
namely the limited-memory BFGS algorithm, which we modify to impose the
linear constraints at each update. Let q be a tensor at a node that respects
its alignment constraint Aq + b = 0, and let g € RY be the gradient of the
objective function with respect to q. To ensure that any L-BFGS update does
not violate the constraint, we project g onto the space normal to the rows of
A, effectively ensuring Ag = 0. Recalling that A was constructed to have
orthonormal rows, this projection is simply done by iteratively subtracting
from g its component along row a;:

fori=1,..., M: g:=g—(g-a;)a;. (4.28)

We use the L-BFGS implementation of ALGLIB (Bochkanov, n.d.). Computing
the gradient of the objective function E[q] with respect to the tensor coefficients
g; at the nodes is done with a finite-difference scheme:

OE _ Elgj +64¢3] — Elg;]

— ) 4.29

where « refers to a node and j to one of the N tensor coefficients. Note that
only the mesh elements incident to node « contibute to the derivative OF / 3q§‘ .
This means that for each tetrahedron the functional F[q] must be evaluated 4N
times, which makes the gradient computation the clear bottleneck of the opti-
mization procedure. Future work will include an evaluation of the analytical
gradient which should significantly speed up the optimization process.

Frame field recovery. The minimization of provides a field of tensors
that is odeco everywhere except in the vicinity of singularities. We recover a
frame at every node of the mesh in two steps: first, the tensors are projected
onto the odeco variety using the semidefinite projector described in the previous
chapter, This operation results in a set of frames of which we
only keep the direction vectors uy,...,u,. In a second step, the sizes of the
direction vectors are computed by contracting the tensor 4 times, as if they
were eigenvectors:

App =T -ul . (4.30)

We found that this approach for recovering sizes provided better results than
using the sizes given by the projector; we argue that this is because the inte-
grability is expressed in terms of the eigenvectors and eigenvalues of the odeco
tensor field, and not the sizes of the projected tensor.
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Summary. The optimization procedure to compute an integrable frame field
is summarized in Algorithm [2

Algorithm 2 Integrable frame field solver

Input: A triangle mesh on planar geometry, or a tetrahedral mesh, with
mesh size and/or orientation constraints on boundaries
Output: A smooth integrable frame field

On boundaries, matrices A, b constraining alignment.

In interior, assign zero frames. On boundary, assign frames with size 1 along
normal, and size 0 along the rest.

Compute tensor T and spherical harmonics coefficients q.

for s in [1,1071,1072,1073,1074,0] do

q < argming F;[q],(4.26)), subject to using L-BFGS.

end for

for each node do
Recover directions uy, ..., u, using semidefinite projection.
Recover frame sizes A1, ..., A, using .

end for

4.3 Computing 2D seamless parametrizations

Frame field guided parametrization and meshing We briefly review, in
the 2D planar case, how a seamless parametrization is computed from the frame
field F(x) obtained through the optimization of (4.26); for a more detailed
treatment we refer to, e.g., (Bommes et al., 2009). We compute a field-guided
seamless parametrization with the following steps:

Singularity detection. Singular triangles are identified by calculating the
turning number (or holonomy) of the frames around a given triangle; this
number is +1/4 or —1/4 for a singularity of valence 3 and 5, respectively.

Cut graph. The triangle mesh is "cut open" such that a closed curve cannot
turn around a singularity without crossing the cut graph. The singular
triangles also belong to the cut graph (the parametrization is not defined
on them).

Frame vectors assignment. Thanks to the cut graph, two vectors u and v
can be chosen from each frame to form two continuous vector fields u(x)
and v(x).
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Integration. The vector fields are integrated to scalar potentials u(x) and
v(x) by solving the least-squares problem

min/ (||Vu—u\|2+ ||VU—VH2> dx. (4.31)
uEx; 9]

During this optimization, the parametrization is constrained to be seam-
less, meaning that (i) on the boundary, one of the potentials u or v is
constant, and (ii) along each cut, the matching potential gradients are
equal (i.e., the conformity constraint presented in . These
seamlessness constraints can be written as linear constraint on the un-
knowns which are straightforward to impose.

We call the residual of the optimization objective the integration
error; it quantifies how integrable the frame field was, and in general how well
the parametrization aligns to the prescribed frame field. Achieving a small
integration error means we can adequately control the size and orientation
constraints in the seamless parametrization process.

Different approaches, reviewed earlier in exist to generate a fully
quadrilateral mesh from a seamless parametrization. For the quadrilateral
meshes in this work we use the quasi-structured quadrilateral mesher of Reberol
et al. (2021), which consists in a frontal point insertion coupled with cavity
remeshing and mesh smoothing.

4.4 2D results and discussion

To demonstrate the validity of our method, we start by comparing smooth
frame fields against integrable frame fields for a set of geometries where the
frame orientations and sizes are fixed on the boundaries. For each frame field
we compute a parametrization as described in the previous section, and mea-
sure the integration error. For the integrable frame field we also generate a
quadrilateral mesh using the previously described frontal mesher.

Smooth vs integrable frames. The results of this comparison are illus-
trated in On average, the integrable frame field achieves an integration
error 8.6 times smaller than the smooth frame field. The smooth frame fields do
not have the correct singularity configuration to perform the required size tran-
sition. This causes the corresponding parametrizations to be very anisotropic,
even though the frames are fully isotropic. On the other hand, the integrable
frame fields have a set of singularities that ensure the size transitions, and this
is reflected in the parametrizations where the isolines remain globally isotropic
and have the correct sizes at the boundaries. We also see on testcase (d) that
the solver is able to represent abrupt size transitions through a tight pair of
singularities.
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Smooth frame field Smooth param.

10000
FH0500%
(LR
BRTARRL

Ok
S
RS,
NS5
NSRS am

el

integ. error: 0.0194898
integ. error: 0.034417
integ. error: 0.891866

....
????....
00000’000000 +3
3382838083208
33825280238

28

0000 s

X501

3523
355952529252528
$33323250500esese
3532525292808
SEEEesstatistels
SRRSO

&%
3
%

23
WM@

3

sl

AN ANDYANDYANSANSIAN
T
&
A
5%
<

e e e s,

3525252525288 23

Sxoe o

5
&

Rk
o

(d) Size is 1 on the inside, 2 on the left outside and 1 on the left outside.

(b) Size is 1 at bottom, 10 at top, and varies linearly on the sides.

(c) Size is 4 on the inside and 1 on the outside.

+
g3

integ. error: 0.019616
f smooth frame fields and integrable frame fields when sizes

1S0n O

Compar
d on boundaries. For each frame field the correspond

is illustrated, and a quad mesh is computed using guidance from the integrable frame
field. All frame fields are constrained to be isotropic. For cases (a) and (b) we also

illustrate the polynomials pr(6) corresponding to the frames.

integ. error: 0.172476
are Impose:

Figure 4.5

76



4.4. 2D results and discussion

Anisotropic frames

Isotropic frames

I
ANII

Einteg = 0.001

€integ = 0.003

D
o
5

%038
%

25

N
O\
D
5
oot
04
a,

5

<5
Ire
s

A
A5
L3352
IR
R

Sasoes
SO

e
s’

Jot
o

4%
e

R

:¢
e
X
“%

L7

;
55
%
%%
"0

X

i
27,

%

0

18

5

5

<5
GRS
AR
IR
RS
XK
2:‘2"::‘

£

€integ = 0.009

€integ — 0.035
Figure 4.6: Seamless parametrizations computed for various models, including the
nautilus (bottom) in the isotropic and anisotropic settings. einteg denotes the inte-

gration error. Boundary size conditions are: (top) 1 at bottom and 2 at top, (middle)
1 on inner boundary and 2 on outer boundary, (bottom) 1 on inner and outer bound-

aries.

7



Chapter 4. Integrable frame fields using odeco tensors

Isotropic vs anisotropic frames. compares the isotropic and
anisotropic frame fields obtained with our solvers on additional examples. The

anisotropic solver produces a very distinct singularity configuration compared
to the isotropic solver, and achieves a much smaller integration error thanks to
the additional degrees of freedom.

Limit cycles. Conventional frame field-driven quad meshing methods fail
due to the presence of limit cycles in the frame field, which are the consequence
of a non-meshable topology. A standard test case where a limit cycle appears
is the nautilus model, for which we show our results on bottom. Our
method successfully produces singularity configurations the are free of limit
cycles, and a valid quad mesh can be extracted.

Existence of integrable frame fields. Given a set of boundary conditions,
an exactly integrable frame field does not exist in general; in our case, by
imposing sizes strongly on the boundaries, an integrable isotropic frame field
very often does not exist. We refer to Jezdimirovié¢ et al. (2022) and the Abel-
Jacobi framework for a complete treatment of these aspects. The non-existence
of an integrable frame field can explain why a curl of zero is not achievable.
Moreover, the smaller integration error achieved by allowing anisotropic frames
(as illustrated in[fig. 4.6) shows that the boundary conditions truly obstruct the
integrability. This can be alleviated either by relaxing the boundary conditions
or the isotropy constraint.

Additional examples. In to we showcase additional, more re-
alistic testcases, both in the isotropic and anisotropic settings. This illustrates
the robustness of our method for computing seamless parametrizations that
match the provided boundary constraints.

Convergence. shows how the different energies H|[T], C[T] and
Ep[T] converge with the L-BFGS iterations. We can clearly observe the jumps
corresponding to the changes in the regularization parameter x. As the smooth-
ness requirement is relaxed, the field gets more integrable and odeco. The re-
maining odeco energy is concentrated in e-neighborhoods around singularities.
The remaining curl energy is partly concentrated at singularities, and partly
distributed over the domain due to non-meshable boundary conditions, as men-
tioned above. In general, anisotropic frame fields require much more iterations
than isotropic ones, probably because of the fact that local minima are flatter
in the anisotropic case. As future work, we would like to explore second-order
optimization methods, e.g., truncated Newton methods.

Limitations. These results also exhibit how the field of tensors behaves in
the vicinity of singularities. As expected, the tensors become non-odeco as
they narrow the singularities; this allows the solver to represent singularities
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Figure 4.8: Seamless parametrizations computed from integrable isotropic frame
fields. Colors indicate the local sizing of the inverse parametrization gradient (0
for valence 3, and +oo for valence 5 singularities). Unit frames are imposed on all
boundaries.

in a way that is not too costly in terms of integrability energy. However it also
brings a limitation: as the tensors are not odeco, the assumptions needed for
the integrability energy fail, causing the frame field to not be exactly integrable
close to singularities. In practice, one needs to tune parameter € to achieve an
appropriate trade-off between singularity cost and integrability.

The fixed cost in integrability and odeconess introduced by the singularities
means that the solver could favor less singularities, that would otherwise im-
prove the frame field integrability. In practice, this problem can be addressed
by refining the triangle mesh and lower parameter €, but this comes at a pos-
sibly significant computational cost.

A last important limitation is the orthogonality of the frames, which re-
stricts the space of integrable solutions. This is particularly problematic when
the geometry possesses corners that are not multiples of 90°, in which case the
corner frame is ill-defined. This can be observed, to some extent, in [fig. 4.8a]
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RN

Figure 4.9: Cross-section of three component wing (with flap and slat). A seam-
less parametrization is computed from an integrable anisotropic frame field; the
parametrization was sampled more finely (10x) in the zoomed parts. On all bound-
aries, a unit sizing is imposed in the normal direction, and the other direction has a
free size.
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Figure 4.10: Convergence of the different energies H[T|, C[T] and Ep|[T] for two
testcases shown before.

4.5 3D results and discussion

We applied the same for computing inte- < o

grable frame fields on 3D volumetric domains. In all S
testcases, the boundary constraint is to impose align- 4 :;/: G
ment with the surface normal, and a size of 1 in that ‘ -

direction. Like in 2D, we compare the classical smooth
frame field (obtained by setting k = 1 in the objective J

E,) against the integrable one. illustrates our results on the cube
with a notch. As expected, the smooth frame field has a 3-5 singular node that
makes it unmeshable. Upon convergence, our integrable frame field has auto-
matically unzipped the 3-5 node all the way to the bottom of the cube, making
it globally meshable; this frame field was fed to AlgoHex (Liu et al.,[2023)as a
guiding field and the corresponding all-hex mesh was correctly computed. We
ran the same solver on a taller cube (extruded from the bottom) and see that
it produced the alternative (meshable) singularity configuration, involving a
5-5-5-3 singular node (see inset), that does not require to unzip the node to the
bottom, but rather to the sides of the cube (the additional valence 3 curve is
independent and goes above the singular node). Feeding this to AlgoHex again
produces a valid hex mesh with matching topology.

In we ran our solver on additional testcases. .
The first one is a sphere on top of a cube which possesses ?
four 3-5 singular nodes in the smooth setting. For the I A% I {
integrable frame field it is not completely clear what the < 4
singular configuration is, but we interpret that the 3-
5 nodes are broken by a valence 5 singularity runnning
through it, producing a 5-5-3-3 singular node (see inset).
This configuration would be meshable, however, the mesher was not able to
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Chapter 4. Integrable frame fields using odeco tensors

extract a hex mesh with matching topology. The second test case is the union
of a large cylinder and a small cylinder. Again, we try to give an interpretation
of the obtained singularity graph. The four valence 3 singular curves emanating
from the small cylinder are meshable: two of them connect to the opposite side,
and the other two turn to connect to the larger cylinder. The two remaining
valence 3 singularities seem to go through the pair of valence 5 singularities,
and we conjecture that they form, on each side, four singular nodes in 5-5-3-
3 configuration. With this frame field as input, the mesher was not able to
terminate in reasonable time.

These experiments demonstrate that our integrable frame field formulation
brings the singularity graphs towards meshable topologies, but there is still
room for improvement before reaching the same level of quality as in the 2D
case. We discuss two issues that we believe hinder the full potential of our
approach.

Performance. In all testcases, the supporting tetrahedral meshes possess
about 150k tets and 25k vertices (hence 15 x 25k = 375k degrees of freedom).
The solver converges after about 15 000 L-BFGS iterations, which takes on
the order of 8 hours on a compute node of 64 CPUs. The clear bottleneck is
the finite difference gradient computation of the curl energy H[T], and this
can be accelerated by deriving the analytical gradient. We are also planning
on porting the code to GPU to speed up the computations. We believe that
the noisy singular graphs we obtain is partly due to a poor resolution of the
frame fields. Increasing the performance will give us access to finer frame fields
and well-separated singular curves, which is crucial given the complexity of the
graphs we aim to produce.

Odeco penalty normalization. While the curl energy H[T] has been nor-
malized and should not blow up on integrable frame fields, it is not the case
of the odeco penalty C[T] which is quadratic and blows up for valence 3 sin-
gular curves. We found that the e parameter had to be set much higher than
in the 2D case (i.e., a more permissive penalty); choosing lower values breaks
the topology and re-zips the singular nodes to its initial invalid configuration.
This has repercussions on the integrability of the resulting frame field as the
curl energy becomes invalid when the solution is too far away from the odeco
variety. In future work, we think it would be valuable to explore normalizations
for the odeco penalty. The aim is to find an energy that depends at most on
the length of the singular curve, and does not blow up when refining the mesh.
This would enable us to better fit to the odeco variety, and produce frame fields
that are more accurate in terms of integrability.
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Figure 4.12: Results of our 3D integrable frame field solver on geometries from the
HexMe dataset (Beaufort et al., s050_cube_sphere and s08o_cross_cyls_dr.
The hex mesher could not produce a hex mesh with matching singularity graph.
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CHAPTER

Conclusion

This thesis has presented both practical and theoretical contributions to the
structured meshing endeavor.

5.1 Summary of contributions

On the practical side, we propose an automatic method for generating a block-
structured quadrilateral mesh (or a high-order coarse quad mesh) from a given
quasi-structured mesh. Leveraging the robustness and quality of one of the
best open-source industrial-grade quad meshers, we implement a quantization
method that simplifies the topology and produces a mesh with 10-20 times
less quadrilateral patches. This provides a robust end-to-end mesher that is
available to computational engineers wishing to apply high-order numerical
methods on complex CAD models.

On the theoretical side, we have constructed an integrability measure for
both 2D and 3D frame fields based on odeco tensors, a versatile representation
of orthogonal scaled frames that implicitly encodes the symmetries of seamless
parametrizations. The integrability expression does not require any explicit
knowledge on the frame vectors or their topology; it only depends on the tensor
coefficients and their spatial gradients. This work is the first to express 2D
integrability on a tensor (or, equivalently, polynomial) representation, and the
first to express 3D integrability on any implicit frame field representation. A
key ingredient of this success is the study of the sensitivity of a frame with
respect to perturbations in the underlying tensor, which allows to get rid of
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the spatial derivatives in the expression of the frame field curl.

Based on this result, we have proposed an optimization scheme that solves
for integrable frame fields in the planar 2D case and the volumetric 3D case;
this forms a challenging nonlinear and nonconvex optimization problem on the
odeco variety. A key insight of our approach is to slightly relax the odeco con-
straint; this enables the solver to create singularities even though they introduce
a cost due to the finite element discretization. Contrary to previous approaches
based on smoothness, our frame fields often have a singularity configuration
that is globally meshable, which guarantees that a seamless parametrization
with the same topology can be easily computed.

5.2 What it means for meshing

Even if our integrable frame field solver has weaknesses which we discussed,
we believe it is a proof of concept that offers exciting perspectives for the
meshing communities. As we have seen, state-of-the-art meshers decompose
the problem into a sequence of relaxed, simpler problems. The price to pay for
this decomposition is that the whole process is dependent on the bad choices
made early in the process, which are hard to fix a posteriori. In particular, this
means that the user loses control over essential mesh features such as element
sizing and anisotropy. Since integrable frame fields are essentially equivalent to
seamless parametrizations, our approach removes a step of the pipeline and the
loss of control that comes with it, due to smooth cross fields not being meshable.
Thanks to our contribution, we think an exact and efficient integrable frame
field solver is in reach, and will be part of an industrial-grade mesher that could
finally abandon the unstructured meshing techniques.

In the 3D realm, generating all-hexahedral meshes even on simple geome-
tries is still an open research problem. The reason is that smooth 3D frame
fields are often not even locally meshable. This makes them practically useless,
except as a guide for a hex-dominant mesher, or as a starting point for an
algorithmic frame field repair. In this case, integrability is not a nice-to-have
feature, but an essential property to guarantee global meshability. Like in the
2D case, making our ideas ready for practical use would yield a fully automatic
all-hexahedral mesher. Given that a significant amount of human time is still
devoted to manual or semi-automatic meshing, this research is well worth the
effort to finally remove the meshing bottleneck from the numerical simulation
process.

5.3 Research avenues
Before being ready to be integrated in a meshing pipeline, our integrable frame

fields solver has room for improvement, which also raises a number of exciting
research questions.
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5.3. Research avenues

Staying on the manifold. As we explained before, escaping the odeco man-
ifold (or variety) in the vicinity of singularities enables their creation. But it
comes with a price: when tensors are non-odeco, it does not correspond exactly
to a frame anymore, and the integrability measure loses its mathematical sense.
The consequence is that the frame field obtained by projecting the tensors is
not exactly integrable, and this can have repercussions on the fidelity of the
computed seamless parametrizations. In the 3D case, the odeco constraint has
to be strongly relaxed, which can cause the singularity graph to not be resolved
enough to determine to field’s global topology.

A possible way to overcome this issue is to perform a second optimization
step, once the global frame field topology is roughly determined, where ode-
coness becomes a hard constraint: this can be done with manifold optimization.
Palmer et al. (2020) perform optimization on the odeco variety for computing
smooth frame fields, using the Manopt optimization toolbox (Boumal et al.,
2014)). Our guess is that the hard odeco constraint would prevent the solver
from destroying the topology, and guarantee that the optimized integrability
is better reflected in the frame field.

Beyond odeco tensors. Frame fields (and seamless parametrizations) should
not always be orthogonal everywhere. Industrial models often possess (some-
times very) acute or obtuse angles, and these models do not admit everywhere-
orthogonal parametrizations and meshes. However, odeco tensors strongly con-
strain frame fields to be perfectly orthogonal. It would be interesting to con-
sider an extension of odeco tensors to non-orthogonal frames. Unitary frame
fields have been considered by Sageman-Furnas et al. (2019) (integrable 2D)
and Desobry et al. (2021) (smooth 2D and 3D), but scaled non-orthogonal
frames do not have an implicit representation yet. One might consider gen-
eral, non-odeco tensors, but these typically possess more degrees of freedom
than required. Just like odeco tensors have a one-to-one correspondence with
orthogonal frames, a thrilling research question is to find a variety of tensors
that have a one-to-one correspondence with non-orthogonal frames, and for-
mulate an integrability criterion; we leave that for future work.

Optimal integrable frame fields. This work has not put much focus on the
optimality of the generated frame fields, e.g., in terms of distortion of the sub-
sequent seamless parametrization. Optimality is a fuzzy notion, though, since
a parametrization’s distortion can be made arbitrarily small by introducing
infinitely many singularities, which is not desirable from a meshing perspective
as it would produce arbitrarily small quad elements. This suggests that opti-
mality is application-dependent and, in the case of meshing, a minimal sizing
constraint should be involved. In the current state, the only way we promote
smoothness in the frame field (and thus lower distortion) is through the ini-
tialization, and the regularization term in the 2D case. Explicitly promoting
smoothness with an additional term does not work as it would compete with
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integrability. Instead, we should look for a way to impose integrability as a con-
straint and formulate smoothness as an objective. Integrability is a nonconvex
quadratic constraint, and finding appropriate optimization methods remains
an open research problem.
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