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Statistics, Cognition and Learning – either in machines or in animals – have two common

features: first, they are aimed at formulating prediction of unseen data. Second, they

require a model of the observations to express these predictions. When data are acquired

sequentially, the temporal structure of the acquisition can be taken into account to

predict with a better accuracy the distribution of the variable of interest: for instance,

an animal can predict the future from its past experience, and an algorithm can use past

correlation of between successive observations to predict upcoming events.

The present work will first focus on data-driven and informative algorithms aimed at

predicting and explaining the behaviour of human subjects.

We will be interested in linking together two fields of cognitive neuroscience: reinforce-

ment learning, with a special focus on the study of inflexible behaviours, and decision

making through the popular sequential sampling models.

Both of these topics will be studied through the lens of the theories of the Bayesian

brain, whom assume that the central nervous system performs some sort of Bayesian

inference to predict and, sometimes, explain the observations that are provided to it.

We will base the models presented in this thesis on three pillars: first, reinforcement

learning will constitute the core psychological and neurophysiological model of learning

how to behave. Next, we will frame the process of action selection in the popular

framework of the Sequential Sampling family of decision making models. Finally, in

Bayesian statistics, we will focus on Variational approximations to perform inference

about the world (at the computational and algorithmic level) and to fit the models we

propose to behavioural data.

Our contribution to the field of cognitive neuroscience will be first methodological, as we

will propose a novel Bayesian approach to fit known models of decision making. Next, we

will introduce a new Bayesian conceptual framework around the concept of inflexibility.

In the context of the popular Drift Diffusion Model, we will show that the trial-wise

posterior distribution of latent variables of the Drift-diffusion model can be inferred

simply by assuming that the data and generative process are correlated in a forward

manner. We will provide the important result that, if the customary i.i.d. assumption

is relaxed, the fit of the DDM parameters can be remarkably improved.

Next, we will get interested in a crucial question for any agent interacting with the

environment: in the presence of surprising events, when would one’s model need to be

changed? Inability to change the model may be a serious disadvantage in unsteady

environment, but having a model that is too volatile may impair the agent ability to

accurately predict future events, especially in the presence of noisy observations. This



second part of our work will aim at treating the specific problem of modelling the emer-

gence of inflexible behaviours in a Bayesian framework. The algorithm we will propose

relies on the principle that the more data are stored in memory, the more precise is the

inference the agent can achieve in a stable environment. We will propose a scheme of

learning where this agent learns the stability of the environment in a hierarchical man-

ner, adapting its forgetting rate in function of the surrounding volatility, and adapting

this measure of the volatility in a similar manner.

Finally, we will tie these two algorithms in a convenient and interpretable model of

learning and decision-making.
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Preface

Understanding the brain, and, broadly speaking, studying human nature, can be re-

garded as a nested problem: a group of of individuals of a kind try to model the specifics

of this kind. This is a peculiar aspect of countless science areas, such as philosophy, so-

cial science, psychology, neuroscience, medicine and even economics. While looking at

ourselves in the mirror of science, we, as a species, quickly realized that we were going to

need to invent specific tools to account for the observations we were making: observing

is nothing without a model. Indeed, observations are pointless if some sort of causality

is not accounted for. We believe that this process of inference is not only characteristic

to science, but also to how the brain works as a whole.

The auto-referential nature of the problem of understanding the self has the effect that,

frequently, some of scientific tools emerge as algorithmic models of the observations that

are made, and inversely. Language was probably the first tool that enjoyed this peculiar

property: it is the most critical - but also probably most complex - scientific tool of all.

But language quickly transcended its use as a tool to become a one of the models of

human thinking: the theory of mind is one such example of thinking processes rooted

on speech.

Today, in some areas, tools and models become nearly indistinguishable: this is par-

ticularly true for the field of cognitive neuroscience, where the statistical tools we use

to study the brain by its outputs (the behaviours it produces or the signals that we

can measure) are sometimes the models of the functioning of the brain itself. Bayesian

statistics are such an example: they can be used both as a toolbox to find how relevant

a model is to a particular problem, or to build the model itself. They provide the tools

to select the best explanatory model for the researcher, and similar strategies may be

used by the brain to prune its models to the most relevant ones.

It is particularly interesting to note the many bridges that have been built between

cognitive neurosciences and the field of Machine Learning (ML). The past two decades

have indeed been tremendously prolific in both these areas, and a large amount of

theories, models and discoveries have been achieved in a collaborative manner. In many

ways, Artificial Intelligence has been mapped onto the brain, as the brain has been

mapped onto artificial learning networks.

The most representative example of these joints efforts is most probably reinforcement

learning, which was initially – at least partly – developed as a model of learning in ex-

perimental psychology. Its conciseness and efficiency then inspired the ML community,

and led to substantial improvements of the vanilla algorithms that were initially pro-

posed. Today, the two fields participate with the same effort, albeit with two drastically



different purposes, to build robust yet simple algorithms to learn, predict, and decide in

changing environments.

The present work fits into this way of thinking: on the bases of the mathematical

tools we will develop to study neurophysiological phenomena, we will also try to build

correspondent models of brain functioning, and vice-versa.



Chapter 1

Introduction

A great deal of studies, theoretical or experimental, have been focusing on building a

formal framework of learning and decision making in humans. This thesis will propose

a new Bayesian causal model accounting for the emergence of inflexible behaviours in

human subjects following prolonged training in a stable environment. We will treat this

topic from the perspective of learning and decision making.

We will first introduce the theoretical framework of the thesis: our purpose will be to

present and distinguish some of the mathematical tools and models that have been used

to climb up the chain of causality, in order to understand the dispositions (conscious,

strategic, neuronal) that elicited a particular action.

Then (Chapter 2), we will focus on solving some issues when fitting behavioural data

to a widely used model in neuroscience: the Drift Diffusion Model (DDM) [1], which

will constitute the base of the actor-critic model we will present in the subsequent

chapters. The DDM accounts for decisions in the broad experimental framework of

Two-Alternative Forced Choice tasks (TAFC) [2], where subjects (animals [3] or humans

[4]) are asked to choose one of the two actions that are proposed to them. Due to the

richness and straightforward interpretability of its parameters, the DDM and related

Sequential-Sampling Models (SSM) [5, 6] have received much attention in the past fifty

years, to finally become conventional statistical tools and models of human behaviours.

However, fit of the DDM – especially in its full version [7] – is hard to achieve, because

it usually suffers from a high computational burden [8] for a quality of fit that is mostly

poor [9, 10].

Surprisingly, most methods, if not all, that have been used to fit the DDM have relied

on the assumption that the data were identically and independently distributed (i.i.d.)

given the global, subject-wise parameters. At the most, authors used an informative

1
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model where the parameters of the DDM were assumed to covary with some other

parameters coming from an adjacent informative model: in RL, for instance, the DDM

has been used as a choice rule instead of the more widespread softmax function [11,

12]. Some research groups, such as Turner and colleagues [13, 14, 15, 16] or Frank

and colleagues [17] have suggested that inference about the DDM parameters could be

improved by accounting for the cross-correlation between the DDM parameters and some

neurophysiological measure.

We will therefore develop further this idea of relaxing the i.i.d. assumption about the

distribution of the DDM parameters in a data-driven way. For this purpose, we will first

frame the DDM in a Bayesian context, present a simple Variational implementation of

this model, and finally provide a Recurrent Auto-Encoding algorithm (RAE-DDM) that

takes advantage of the trial-to-trial cross-correlation of the behavioural observations and

related DDM parameters. In this chapter, we will give a proof of concept of the efficiency

of this method and discuss the advantages and disadvantages of this novel method.

In the following chapters, we will go on using the DDM in more informative models.

The common thread of Chapters 3 and 4 will consist in deriving and studying a Machine

Learning algorithm that will address the problem of change detection in a perspective

inspired by the foremost experimental observations in the Reinforcement Learning lit-

erature, namely the emergence of inflexible behaviours following prolonged training in

stable environments [18]. This model, the Hierarchical Adaptive Forgetting Variational

Filter, will be first framed theoretically as a generic tool for change detection in vari-

ous machine learning contexts Chapter 3: we will propose various applications of this

algorithm in the fields of system identification and stochastic non-linear optimization.

Next, in Chapter 4, we will further detail how this algorithm can be used with the

purpose of studying RL. This chapter will also be the occasion for us to tie together the

learning algorithm and the DDM into a full Actor-Critic-HAFVF model of learning and

decision. The i.i.d. variational optimization scheme of the DDM proposed in Chapter 2

will be used to optimize this model of decision making.

In Chapter 5, we will briefly discuss the results of the previous chapters and give some

intuition of future works that might be conducted to refine the models proposed earlier.

To build a theoretical framework around our work, we will divide the introduction in

three main parts. Because this work is aimed to be understandable by a wide and

diverse audience, we will start each of these sections by giving a broad overview of the

corresponding fields, before going into more details when necessary. As it is probably

the oldest of all the ideas that will be used in this thesis, and because it will be a front

and center concept herein, Bayesian reasoning will be introduced first in Section 1.1.
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From there, we will pursue the same logical flow and introduce Approximate Inference

(and more specifically Variational Bayes) as a family of algorithms that are aimed at

using the Bayes rule in practice (Section 1.1.2). A brief introduction to the theory of

the Bayesian brain and more specifically to Active Inference Section 1.1.3 will be given

at the end of this section.

Having introduced these methods of inference, we will focus on the problem of deci-

sion making. Reinforcement Learning is the archetype of a machine learning algorithm

put into action: Section 1.2 where it is described will give us the occasion to link in-

ference methods, presented in the first section, to biologically-driven decision making

algorithms, and specifically to Sequential Sampling Algorithms, presented in the last

part (Section 1.3).

In the final section of this chapter, we will bring together these three fields to give an

intuition on how each of them might help to solve the problem of predicting actions of

animals evolving in a structured but volatile environments.
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1.1 Bayesian Reasoning

Imagine that you are a young intern in an ER department in a big hospital. You have

just started to practice a few weeks ago. The day has been long, and you are close to

finish your shift, in which you saw 15 patients, 10 of which who came for a syndrome

that you diagnosed as a virulent flu. It is indeed mid-February, and the epidemic is

particularly strong this year. The last patient you will see today is in the waiting

room. The nurse told you he came for some kind of cough, without further information.

You might legitimately be inclined to bias already your diagnosis for a specific disease,

similar to the ones you have seen before. Now consider you observe an unusual pattern

of symptoms for a flu. Bayesian reasoning is most probably the technique you will use

to tell if the patient has or does not have a flu: making a decision in such circumstances

is – quite trivially – not identical to make an isolated diagnosis. Indeed, the observed

frequency of the event “flu” in the days before will presumably bias your judgment

towards a major propensity to classify respiratory syndromes as belonging to the same

disease category. However, the large amount of observations at your disposal will also

sharpen your classification acuity: you will be more able than before to classify an event

as likely to co-occur with a flu or not.

This contrasts even more with the strategy that a well-documented but poorly trained

intern would adopt: having been informed about the frequency (i.e. the likelihood) of

the symptoms in patients with a flu would certainly be a valuable plus to diagnose the

disease, which is framed as the opposite problem: estimating the likelihood of having

the flu given the symptoms. What this poorly trained intern lacks is a prior knowledge

of this probability of having the flu. This may seriously harm the discriminative power

of this medical doctor.

We can easily rephrase all these concepts in Bayesian terms: let the probability of

coughing given the disease be the likelihood of the symptom. Let the belief about the

probability of having the flu before seeing the patient (i.e. depending on and only on

previous observations and initial knowledge) being the prior belief. We call the posterior

probability the probability of having a flu given that the patient is coughing. The Bayes

theorem states that

p(y | x)︸ ︷︷ ︸
posterior probability

=

Likelihood︷ ︸︸ ︷
p(x | y)

Prior︷︸︸︷
p(y)

p(x)︸︷︷︸
Model Evidence

or Marginal likelihood

(1.1)

where x is the symptom (the observation), and y is some specific disease, (the latent

variable, which we model as the unknown cause of the observation). The Bayes Rule
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in Equation (1.1) gives us a way to invert the probability of our initial knowledge about

the likelihood of coughing when the patient has a flu to the probability of having a flu

given that the patient is coughing. Crucially, this posterior probability depends linearly

on both the likelihood and the prior.

An important term in Equation (1.1) is the denominator of the rhs: p(x) ensures that the

posterior probability is normalized (i.e. that it integrates to 1 over the space of y). This

quantity will be given various names in what follows, depending on the context: p(x)

is sometimes called the marginal likelihood, because it is equal to the joint probability

marginalized over the space of y:

p(x) =

∫
p(x | y)p(y)dy (1.2)

=

∫
p(y | x)p(x)dx (1.3)

=

∫
p(x,y)dy (1.4)

The marginal is sometimes called the model evidence, as it is equal to the probability

of the data conditioned on the model and, importantly, not on any specific value of y.

Formulated as such, the model is a crucial quantity in Bayesian Statistics, as it can allow

the statistician to compare models based on their capacity to predict data irrespective of

y. This contrasts with a common and intuitive interpretation of Maximum Likelihood

methods and related information criteria, where the likelihood of a model being better

than another is conditioned on a fit of y st y∗ = arg maxy p(x | y)p(y), where p(y)

is a chosen prior distribution in the case of Maximum-A-Posteriori (MAP) estimation,

or an unnormalized uniform prior in the case of a simple Maximum Likelihood (ML)

approach. This justifies the reference sometimes made to ML methods as point estimates,

in contrast with Bayesian methods which try to estimate a distribution rather than

finding a point with a given property in this distribution. We will see in Chapter 2

that ML approaches to statistical inference can find a grounded Bayesian justification

for large datasets with nice properties.

We note here an important, although mostly overlooked, weakness of the model evidence

assessment for model comparison: although the value of y has been marginalized out

of the likelihood function, comparing p(x | M1) and p(x | M2) for two models M1 and

M2 still reduces to ML at the model level. In other words, a true Bayesian comparison

of model evidence should be corrected over the space of the models, as we would be

interested in the model posterior probability defined as

p(M1 | x) =
p(x |M1)p(M1)∑∞

m=1 p(x |Mm)p(Mm)
,
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where we have made explicit the fact that an infinite amount of models could be built

to account for a specific dataset.

This problem is obviously unidentifiable, and we have no choice but to rely on maximum

likelihood methods when comparing models. One should, however, keep in mind that

comparing many models with a single dataset multiplies the chances of local maxima,

where a model is suited for a specific dataset but not in general.

Several techniques have been developed to circumvent this problem: some models we

will use will allow us to make inference about unseen data: then, the best model would

be the one for which the probability of the new data given the model and the data that

have been used to train the various models is maximized. The use of model evidence for

model comparison is discussed in Box 1.2.9.

Another interesting feature of the Bayes formula is that, under the assumption that the

data are independent and identically distributed (i.i.d.), the posterior probability can

be expressed recursively:

p (y | xj ,x<j) =
p (xj | y) p (y | x<j)

p (xj)
(1.5)

where it appears that the prior distribution at time j is the posterior probability at time

j − 1.

1.1.1 Tractable Bayesian Inference: The Exponential Family

Evaluation the posterior probability for a given parameter y is not trivial for many

models, as the integral in Equation (1.2) is most of the time intractable and/or expensive

to obtain. Many members of the exponential family of distributions [19, 20] enjoy

the convenient property that, if the prior probability is chosen to be conjugate to the

likelihood, in a sense that will be made explicit short after, the posterior probability

density of this model can be shown to have the same form as the prior.

A distribution is said to belong to the exponential family if its probability density can

be formulated with the canonical form:

p (x | y) = h(x) exp
{
yTT(x)−A(y)

}
(1.6)

where y is said to be the natural parameter of the distribution, h(x) is the base measure,

T(x) is the sufficient statistics of x and −A(y) is a log-normalizer (or log-partition
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function). For the sake of sparsity of the notation and without loss of generality1, the

base measure h(x) will be mostly discarded from the following equations. Therefore, the

reader should keep in mind that this slight abuse of notation has been adopted. Note

that Equation (1.6) requires us to express the parameters of the distribution in the form

of natural parameters. For instance, in the case of a Gaussian distribution, the sufficient

statistics of x is T(x) = {x, x2} and, therefore, y =
{ µ
σ2 ,

−1
2σ2

}
.

The exponential family has several interesting properties, some of which we will detail

here: first, the product of distributions from the exponential family is still from the

exponential family (closure under multiplication). Second, the expected value of the

sufficient statistics has the convenient form [21]

Ep(x|y) [T(x)] = ∇y {A(y)} (1.7)

and, following this, the covariance of T(x) given by p(x | y) is equal to:

Ep(x|y)

[
T(x)T(x)T

]
− Ep(x|y) [T(x)]Ep(x|y) [T(x)]T = ∇2

y{A(y)} .

Another interesting property of the exponential family is that some of its members enjoy

a tractable conjugate prior also belonging to the exponential family:

p (y | θ0) = exp
{
T(y)T θ0−B(θ0)

}
where T(y)T θ0 = yT θξ0 −θη0A(y)

and θ0 = {θξ0, θη0}.

(1.8)

One can easily check that Equation (1.8) has the required form to be a member of the

exponential family. If such distribution exist, then the posterior probability of y | x for

some x = {xk }Kk=1 can be expressed as:

p (y | x) = exp
{
T(y)T θ−B(θ)

}
where T(y)T θ = yT θξ−θηA(y)

and θξ = θξ0 +

J∑
j=1

T(xj)

θη = θη0 + J.

(1.9)

Note that the posterior probability shares the same form as the prior, with natural

parameters being expressed as a function of the sufficient statistics of x and of the

amount of data J . In line with the recursive posterior rule of Equation (1.5), a simple

1The two expressions are equivalent assuming that y′ ,

[
y
1

]
and that T′(x) ,

[
T(x)

log h(x)

]
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interpretation of this equation is that θηJ = θη0 + J is the memory of the system at time

J , whereas θξJ determines the form of the posterior distribution.

The exponential family has many interesting members: in this thesis, we will mostly use

the univariate Gaussian distribution with its Normal-Inverse-Gamma prior:

µ ∼ N
(
µ0,

σ2

κ0

)
σ2 ∼ G−1 (α0, β0) ,

the multivariate Gaussian distribution with its Normal-Inverse-Wishart prior:

µ ∼ N
(
µ0,

Σ

κ0

)
Σ ∼ W−1

η0 (Λ0) ,

and the multinomial distribution t ∼ M(p) (where t ∈ 1 : d and p ∈ Rd) with its

conjugate prior, the Dirichlet (or Beta if d = 2) distribution D(π).

1.1.2 (Deterministic) Approximate Inference

Most of the time, the posterior distribution of y does not enjoy the peculiar form de-

tailed in the last paragraphs. Often, also, the computational cost of estimating the exact

posterior probability is unreasonably high and precludes the use of simple update for-

mulas that would require complex operations on lots of data. Hence, in many cases, one

must rely on some approximation of p (y | x). Roughly, the field of Bayesian methods to

estimate a posterior distribution can be divided in two sub-categories2: the first is sim-

ulation-based techniques3, such as Markov-Chain Monte-Carlo (MCMC), Importance

Sampling (IS) [23], Approximate Bayesian Computation [24], or Particle Filtering [25]

use samples f(ỹ) with ỹ ∼ p (y) to approximate some target value

∫
f(y)p(y)dy ≈ 1

K

K∑
k=1

f(ỹk).

If one can simulate from the posterior distribution, then the posterior expectation of

any function involving y can be approximated.

These techniques have numerous advantages: they are easily applicable to many prob-

lems, as the algorithms used to draw these samples are usually blind to the structure of

the model. Also, they are asymptotically exact, and, the estimators they provide usually

(but not always [26]) have a bounded variance. These qualities usually come with a high

2Here, we will use the nomenclature proposed by Bishop [22], where simulation-based techniques are
opposed to approximate inference.

3We describe here general properties of simulation algorithms. Specific models may, however, differ
from the description made here.
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computational cost: for MCMC, for instance, several chains usually need to be drawn

in order to make accurate predictions and to check the convergence of the algorithm

[27]. Moreover, each chain may require a substantial amount of time, computational

and storing resources. Finally, most algorithms are not scalable to unseen data, which

makes their use for large datasets unattractive.

Box 1.1.1| Marginal likelihoods and Bayesian inference using MCMC

A ubiquitous problem in modern physics, statistics and Machine Learning is to

compute marginal likelihoods of the form p (x) =
∫
p (x | y) p (y). Computation

(or approximation) of this quantity is required among other things to perform

the estimation of the free energy in physics [28], for type II Maximum Likelihood

(aka empirical Bayes) [29, 30], to compare models [31] (hence the alternative

name model evidence), and to perform Bayesian Model averaging [32], posterior

predictive checks [33, 34] etc.

Many techniques have been developed to this aim, and they can be mostly di-

vided in three categories: (approximate) analytic solutions (such as the Laplace

method ([35] and Paragraph 1.1.2.2.4) and related approximations [36], Expecta-

tion Propagation, Variational Inference etc.) ; numerical integration and Monte

Carlo integration. Here, we give some perspective of the latter option. The most

naive approximation of the marginal likelihood is given by its simple Monte Carlo

estimator, which consists in sampling ỹk ∼ p (y), and computing the average

p (x) ≈ 1

K

K∑
k=1

p (x | ỹk)

but this estimator, even if unbiased, can still suffer from a high variance because

the prior p (y) can assign a high mass where p (x | y) has a low mass, and inversely.

As we will see later, IS [23] can give acceptable results for this kind of problems,

especially when y is low-dimensional. In short, IS works by simulating variables

from a proposal distribution q(y) and weighting these samples with the ratio
p(y)
q(y) . This introduces a second problem, which is to select the best proposal

distribution for the integrands and data at hand. Intuitively, it makes sense to

select a distribution q(y) with heavier tails than p (y), which will ensure that no

subspace with a high mass is left unexplored, but we see that selection of the

proposal distribution requires some initial knowledge about the integrants: this

introduces an undesirable form of circularity in the approximation scheme.

These two approaches (MC and IS) both ignore some specific features of the

problem, and the two following issues may be raised against the use of these

methods to approximate an integral [37]. First, the shape of p (y) (or worse,
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q(y)) which is used to sample does not convey any information about p (x | y).

It is easy to see that, with IS, if two different densities q1(y) and q2(y) give (by

chance) the same samples { ỹk }Kk=1 then they will give a different estimate of

the integral. It can also be observed that with both methods, if p1(x | y) and

p2(x | y) are two different distributions, the quality of the approximation will

be different because the sampling scheme will not adapt to this difference. The

second objection raised by [37] is that the sampling procedure does not convey

information about the space between the samples. Note for instance that if two

samples ỹ1 and ỹ2 are identical (or very close) the information brought by one

of them is irrelevant, and the variance of the estimator will be underestimated in

an IS scheme. These two objections essentially follow the observation that both

MC and IS generally violate the likelihood principle [38].

When the number of dimensions of y grows, IS becomes more difficult to apply.

In fact, the choice of q(y) is crucial as this distribution should already be a good

approximation of p (y | x) and cover the relevant regions of p (x | y) in order to

maximize the information brought by each sample [23]. This choice is therefore

more difficult in high dimensions, as the chance that q(y) is suboptimal increases.

Annealed Importance Sampling [39] and quite similarly Bridge and Path sam-

pling [28] provides solutions to this problem by using the Simulated Annealing

optimization procedure in the context of simulation in statistics. Essentially, it

uses a sequence of proposal distributions that starts from the prior and converges

to the posterior distribution. Like Metropolis-Hastings [40] and Gibbs Sampling

[41], these integration techniques use a set of samples with a high auto-correlation,

which suggests that these techniques may only be valid for large sample size.

Rassmussen and Ghahramani [42] propose Bayesian Monte Carlo method (aka

Bayesian Quadrature [43, 44]) where the first term of the integral p (x | y) is

considered as a random variable with a prior expressed as a Gaussian Process

(GP). From there, a posterior of p(x | y) is inferred from the samples given

by p (y). This gives us a posterior distribution over the values of the integral.

In practice, this can help because the posterior distribution of p (x | y) gives

information about this pdf, in the sense that it can interpolate its behaviour in

regions that have not been sampled. This comes however at the cost of storing

and inverting a matrix of the size of the sample size.

Finally, it is possible to use a deterministic – i.e. non-(pseudo)-random – sequence

to mimic randomness while ensuring that most of the space has been explored.

This is the principle behind Quasi-Monte Carlo (QMC) methods [45, 46, 47],

where a sequence of random variables u = {uk }Kk=1 is mapped to the space
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dictated by p(y). This is not properly speaking a sampling technique (since there

is no randomness involved) but it enjoys a theoretical and practical error which

is usually much lower than the one of Monte-Carlo techniques for problems of

low-dimension. Indeed, unlike for classical Monte-Carlo which has an error of

order O
(

1√
K

)
, the QMC error has an upper bound of O

(
(logK)d

K

)
and therefore

depends on the number of dimensions of the problem d.

The second sub-category of Bayesian inference algorithms is Approximate inference,

which solves part or all of the issues of MCMC, yet at a certain cost. In the follow-

ing paragraphs, we will detail the two most important family of approximate inference

algorithms: Expectation propagation and Variational Inference.

Approximate inference works by optimizing a proxy to the true posterior distribution

(which is unknown) in order to minimize some predefined measure of discrepancy be-

tween the two. The type of discrepancy that is used defines the family of methods.

This leaves us with the problem of choosing (1) a measure of discrepancy, (2) a pro-

cedure to minimize the discrepancy and (3) a good candidate approximation for the

posterior probability. The order of these challenges matter: the measure of discrepancy

determines the methods than can be used, and the optimization procedure conditions

the approximate posterior family that can be efficiently implemented. Each of these

challenges will be discussed in the following.

Another important feature of deterministic approximate inference that justifies its choice

for the models we will develop is that it usually provides a loss function that is not

only differentiable wrt the approximate posterior parameters, but also wrt the prior

parameters. The assumption (whether it is theoretically motivated or not) that an

external agent makes decisions using such algorithms (internally) has the compelling

advantage that we can quite easily perform inference about the parameters governing

this process (externally), as the process is deterministic and sometimes differentiable

Figure 1.1. This contrasts with simulation-based techniques, where differentiating the

inference process can be quite hard, if not impossible. Besides, the so-called Free-

Energy minimization, whose core justification lies precisely in variational inference, has

now gather a fair amount of empirical [48] and theoretical [49, 50] justifications in

neuroscience.

Approximate inference alleviates the need to explicitly estimate the true posterior dis-

tribution p(y | x) by recurring to an approximate posterior q(y) which can take an

arbitrary form. The form of this distribution is selected for mathematical convenience.

Our aim will be to reduce a measure of discrepancy between the true (and unknown)

posterior distribution and the approximate one. Classically, the discrepancy measure
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Internal (theoretical)
model

External (methodological)
model

Figure 1.1: Active inference and other framework see the brain as a Bayesian machine,
making inference about an internal causal model p(x,y) using approximate inference
(e.g. Free Energy minimization). Besides their theoretical motivations, these models
can have the advantage that the inference process can be differentiated wrt the subject
(e.g. participant) prior p(y | θ0): this gives us the possibility to readily infer the
posterior probability of θ0 given the data using some sort of nested inference (nested
VI in the graph). At this level, differentiability of the external model is a desirable
feature, because it allows us to use gradient descent and similar techniques to fit the

model to the data.

used is the Kullback-Leibler (KL) divergence. The KL divergence is a statistical quan-

tity that echos to many concepts in physics, neuroscience and machine learning. From

an information theory perspective, DKL

[
f
∣∣∣∣g] can be intuitively understood as (a lower

bound to) the number of bits (or nats in the continuous case) lost while coding f with g.

From a theoretical physics point of view, the KL divergence is equal to the total energy

of the system minus the amount of energy that can still be used in this system (the

Helmoltz’ Free energy): Minimizing the free energy maximizes the efficiency. Following

this interpretation, we could compare the optimal distribution q∗ , arg minqDKL

[
q
∣∣∣∣p]

to a engine that we would use to make the most efficient use of the energy available. It

becomes then clear with this analogy that we will need to specify what form should q∗

have in general, and how we can use it to consume most of the energy in the system.

The implication of the KL divergence in computational neuroscience will be discussed in

Section 1.1.3. This measure has several properties that one should keep in mind in the

following paragraphs: first, as opposed to a distance measure, the KL divergence is not

symmetric, meaning that for two measures f and g, DKL

[
f
∣∣∣∣g] 6= DKL

[
g
∣∣∣∣f]. Second,

the KL divergence is strictly non-negative4. Third, it equals zero if and only if f and g

match exactly.

The fact that the KL divergence is not symmetric suggests that it could be used in

two different ways: the problem of matching q and p could be achieved by minimizing

either DKL

[
q
∣∣∣∣p] or DKL

[
p
∣∣∣∣q], or a mixture of the two. The first approach is known

4we will disregard the cases where the KL divergence tends to infinity in what follows, which can
occur for instance when the f and g have a different domain
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Figure 1.2: KL divergence for a one-dimensional bimodal posterior distribution for
VI (blue) and EP (orange). A. Densities of target posterior p (black), and related
approximate posteriors for VI and EP at optimality. VI clearly captures one mode
only, whereas EP assigns a high density to a space where the posterior density is
approximately null. B. (Negative) Difference of log-probabilities between true posterior
and approximate posterior. C. The expected value of B. gives the KL divergence (filled
areas), which in this specific case is lower for VI than EP (0.69 vs 1.11 respectively).

as Variational Inference (VI) (or Variational Bayes, VB5), the second as Expectation

propagation (EP) (see Figure 1.2 6. For completeness, we will first briefly introduce the

classical implementation of EP in order to give an intuition about the properties of this

inference scheme. We will then detail the core principle of VI, and explore some of its

recent developments. Note that, although only VI will be used in this thesis, we find it

useful to give a broad overview of Approximate inference in general, hoping that it will

provide the reader with the necessary tools to judge the advantages and disadvantages

of each method

1.1.2.1 Expectation Propagation

We will describe EP in its most classical form [52, 22], where the following assump-

tions hold: first, we will assume that the approximate distribution q(y) belongs to the

exponential family:

q(y) , exp
{
T(y)T ϑ−B(ϑ)

}
.

Most of the time, q(y) is assumed to be Gaussian, which can be applied to almost any

problem under suitable transformation of y [53].

Second, we will restrict ourselves to models that can be formulated as:

p(x,y) =

J∏
j=1

p(xj | y)p(y). (1.10)

5In this thesis, we will use VB and VI interchangeably.
6We acknowledge that this nomenclature is quite arbitrary: some authors prefer to integrate both

VI and EP under the umbrella of Variational inference [51]. We find it useful, however, to set the
boundary between VI and EP as a function of the KL terms order, as this will prove to be a better
shared nomenclature when we will refer to works achieved in Deep Learning and related fields.
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Recall that our aim is to retrieve from this model and corresponding data two key

quantities: first, an estimate of the posterior probability density function p(y | x) for

inference and, second, an estimate of the marginal likelihood for model comparison p(x).

The model structure defined in Equation (1.10) belongs to the general family of models

that enjoy the form

p(x,y) =
J∏
j=0

fj(y) (1.11)

where we have implicitly used the equivalence p(y) , f0(y). Similarly, the posterior

probability can be rewritten as

p(y | x) =
p(x,y)

p(x)

=
1

p(x)

J∏
j=0

fj(y).

Since we assume that the approximate posterior belongs to the exponential family too,

we can formulate it as a product easily

q(y) =
1

Z

J∏
j=0

qj(y)

which is equivalent to representing the natural parameters θ of q(y) as a sum of J + 1

terms if we set

qj(y) = exp
{
T(y)T θj

}
.

Obviously, given that we know the parameters of each approximate local factor qj(y) of

q(y), we can estimate the cavity distribution q¬j(y) = Z q(y)
qj(y) .

The core intuition behind EP is that, as an approximation to the problem of mini-

mizing DKL

[
p(y)

∣∣∣∣q(y)
]
, we can iteratively minimize the divergence between the tilted

distribution

q̃(y) =
1

Zj
fj(y)

∏
i 6=j

qi(y) (1.12)

and the approximate posterior q(y | θ) by adapting θ → θnew globally using a moment

matching procedure. This produces a newly defined approximate posterior with factors

qnew(y) =
1

Z
qnew
j (y)

∏
i 6=j

qi(y) (1.13)

where θj is the only unknown, and has to be updated given θnew.
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It is interesting to consider the cavity distribution q¬j(y) as a prior that carries informa-

tion about other local factors, and constrains the update of the approximate posterior

for the local likelihood fj(y). Let us emphasize that Zj is the normalizer of the tilted

distribution, whereas Z normalizes the approximate factorized posterior: the latter will

give an approximation to the model evidence at optimality.

To see how EP works, we first introduce the following result: assuming that q(y) belongs

to the exponential family, the expression DKL

[
p(y)

∣∣∣∣q(y)
]

simplifies as follows:

DKL

[
p(y)

∣∣∣∣q(y)
]

= Ep(y) [log p(y)− log q(y)]

= Ep(y)

[
log p(y)−

(
T(y)T θ−B(θ)

)]
= Ep(y)

[
log p(y)−T(y)T θ

]
+B(θ)

which has a null gradient wrt θ when

∇θ {B(θ)} = Ep(y) [T(y)]

⇔ Eq(y) [T(y)] = Ep(y) [T(y)] (see Equation (1.7))

In other words, the configuration of q(y) that minimizes the KL divergence between

p and q is the one that matches the moments of the two distributions. For example,

for a Gaussian approximate posterior shape, we would find the mean and variance of

T(y) under p(y) and set the mean and variance of T(y) under q(y) to be equal to those

estimated from p(y).

Using this, we can now minimize

DKL

(1.12)︷︸︸︷
q̃(y)

∣∣∣∣ (1.13)︷ ︸︸ ︷
qnew(y)

 (1.14)

by matching the moments of the two distributions. This defines the update of qnew(y).

The next step is to retrieve from there the new value of

qnew
j (y) = Zj

qnew(y)

q¬j(y)

where Zj =
∫
qnew
j (y)q¬j(y)dy is a normalizing constant (zeroth moment) of qnew(y)

which we impose to match
∫
fj(y)q¬j(y)dy.

Algorithm 1 summarizes the general procedure of EP. Initialization of this algorithm

usually consists in setting all approximate local factors to an improper uniform distri-

bution (Σ = vI with v →∞).
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Algorithm 1: Expectation Propagation

Data: Data x
Result: Approximate posterior q(y) and related approximate model evidence

p(x) ≈
∫ ∏J

j=0 qj(y)dy

1 initialization;
2 repeat
3 Select a component qj(y) to refine;

4 Compute the cavity distribution q¬j(y) ∝ q(y)
qj(y) ;

5 Minimize Equation (1.14) by matching moments of q̃(y) ∝ fj(y)q¬j(y) and
qnew(y) and get normalizing constant Zj ;

6 Refine factor qj(y);

7 until Some convergence criterion is reached ;

EP enjoys several advantages: first, each update of the global posterior over y is carried

out based on a single observation j and not on the full likelihood over the J data-

points. Importantly though, this update is constrained by other local factors: updates

are achieved locally but not independently. This important feature makes the algorithm

suitable for big problems, such as GP [54]. For instance, GP-based logistic regression

can be shown to be a convex problem, which makes the use of EP compelling as there

is no risk of overestimating the mass of parameter subspaces (see downsides of EP here

below). Next, it can be parallelized, and each worker of the optimization process will

require only a limited memory allocation [53].

However, the EP process outlined above is not guaranteed to converge: as opposed to

Conjugate Variational Message Passing that we will see short after, in EP we do not

minimize the target DKL

[
p
∣∣∣∣q] at each iteration. Indeed, convergence can be an issue,

especially with poor parameter initialization [51]. Another disadvantage of EP is that,

if the posterior distribution is multimodal, a Gaussian approximate posterior will tend

to cover the whole posterior probability, possibly assigning a high density to parameter

values that lie in the cavity separating a few posterior modes.

In the EP algorithm depicted above, each datapoint is assigned a local factor fj(y)

and a corresponding local approximate site distribution qj(y). This might prove to be

inefficient for large datasets. One way to overcome this problem is to impose the same

form to each factor { qj(y) = qgen(y), j = 1, 2, . . . , J } [51] (in other words, we impose

that θj = θ /J). Also, one can assign multiple points to a single approximate local

factor [53].

Also, although we have assumed that the update of the approximate posterior through

the computation of the tilted distribution has a closed form formula (see for instance

[52, 54]), several models do not enjoy this property [53]. Several solutions exist in this

case: the first one is to assume that the mode of the tilted distribution coincides with its
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mean, and that the covariance matrix can be estimated as the negative inverse hessian

at the mode. This is known as the Laplace approximation [55]. Laplace approximation

can be viewed as an end-product of an iterative Newton method-guided optimization of

the approximate posterior [51]. [53] suggests to use Laplace approximation as a first step

before refining the approximate posterior update using simulation (typically IS such as

in [56]). Otherwise, simulation can be used as a general method to match the moments

of the tilted and approximate distribution.

1.1.2.2 Variational Inference

In the previous section, we have presented a popular method for the approximation of

a posterior distribution p using an approximation q which relied on minimizing the KL

divergence between these two distributions. We will now focus on the opposite problem,

namely of minimizing the KL divergence between q and p, which we will group under

the general name Variational Inference (VI, Figure 1.3). Unlike EP, VI can usually be

framed as a standard optimization problem, where a loss function has to be minimized

or maximized, providing most of the time a measure and a guarantee of convergence.

Although current VI techniques do not involve explicit calculus of variation, VI still

performs the same optimization problem of the statistical physics field [57] where it finds

its roots: namely minimizing a functional (i.e. a function of function) wrt a function.

Specifically, in our case, we will try to minimize the KL divergence wrt q.

Because it is the core optimization algorithm of this thesis, we will expand the discussion

around VI more than we did for expectation propagation. The discussion will be orga-

nized following a somehow historically-motivated discourse. First, we will present the

most classical (but still widely used) mean-field Variational Message Passing algorithm

for conjugate and non-conjugate models, and show how it can be approximated using

Laplace approximation, or generalized to large problems using Stochastic Variational

Inference.

This will lead us to present two VI techniques that rely on unbiased estimates of the

(gradient of the) lower bound to the log-model evidence: Stochastic Gradient Variational

Bayes methods and Black-Box Variational Inference. With these techniques, both the

data and the parameters are sampled from the dataset and from the variational distri-

bution, respectively, alleviating the need to compute an exact value for the lower bound

at training and test time.

In its generic form, VI aims at minimizing the KL divergence between the approximate

posterior and the true, unknown posterior distribution. This divergence can be expressed
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Figure 1.3: VI optimization algorithms detailed in this section. Light-blue boxes
indicate algorithms for which fast inference can be achieved, at the cost of generalization
capacity. Green boxes represent algorithms that have a fast convergence rate (low-
variance noisy gradient) but that still require the model to have specific characteristics
(reparameterizable gradient etc.) Red boxes represent black-box methods with a higher

variance of the gradient estimate.

in several interesting ways:

DKL

[
q(y | θ)

∣∣∣∣p(y | x)
]

= Eq(y|θ) [log q(y | θ)− log p(y | x)]

= Eq(y|θ) [log q(y | θ)− log p(x,y) + log p(x)]

where p(x) =

∫
p(x,y)dy

= −Eq(y|θ) [log p(x,y)− log q(y | θ)]︸ ︷︷ ︸
L(θ)

+ log p(x).

(1.15)
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Rearranging the above expression, and considering that the KL divergence is non-

negative7, we see that L(θ)8 is a lower bound to the log-model evidence (log-Evidence

Lower BOund, ELBO, or negative free energy), and matches exactly the log-model evi-

dence when q(y | θ) = p(y | x). Note that the same equivalence can be found by using

the Jensen’s inequality.

Box 1.1.2| The ELBO as an Occam’s razor

A crucial problem when building a model is to find the best explanatory model

p(x | y) that achieves the minimum complexity at the same time. We show how

the ELBO achieves this: let us first reformulate it in a minimum description

length [58] perspective:

L (θ) = Eq(y) [log p(x,y)]− Eq(y) [log q(y)]

= Eq(y) [log p(x | y)]︸ ︷︷ ︸
Accuracy ∝J

−DKL

[
q(y)

∣∣∣∣p(y)
]︸ ︷︷ ︸

Complexity ∝1

.

We see that the ELBO has two terms: the first one is the accuracy of the model,

which scales linearly with the amount of data J . The second term is the discrep-

ancy between the prior and the approximation, which does not depend on the

data. We can interpret that as the complexity: a model is more complex if it

differs from a given prior. For instance, in a linear regression or in an artificial

neural network, it is legitimate to think that weights should not be very different

of zero: consequently, it is common to use a Gaussian prior over the parameters

(L2 regularization or ridge regression) or a Laplace distribution (L1 regularization

or Lasso).

Let us assume that we have fitted q(y) to p(y | x) and that the second argument is

very low. Then, we will also need a very high first term (accuracy) to compensate

for the mismatch between prior and posterior. In other words, a very complex

model with a small dataset will be penalized by a posterior distant from the prior

and a low accuracy. Adding more data may increase the accuracy, which will

compensate for the complexity penalty.

7We provide a sketch of the proof of this assertion in the case of parametric distributions of continuous
random variables: if DKL

[
q
∣∣∣∣p] ≥ 0, it implies that Eq [log q] ≥ Eq [log p]. This means that, of all

probability distributions P with the same domain as q and p, q is the one with the maximum expected
log value. Let us consider what function pθ ∈ P would maximize Eq [log pθ]:

find p∗θ s.t. p∗θ = arg max
pθ

Eq [log pθ] .

We know that the expected value of the score function of a probability distribution is equal to 0: this
implies that if p∗θ = q, then ∇θ {Eq [log p∗]} = 0 and, as this expectation has generally no finite minimum,
we can see that q is a maximum.

8The ELBO is sometimes written L(q(y | θ)) to highlight the fact that the loss is optimized wrt a
distribution q, in contrast with ML methods.
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We see that VI provides us with an objective function L(θ) that we can maximize wrt

θ in order to match q and p as much as possible, given the restrictions we impose on

q. The next sections will detail common approaches to solve the problem of maximizing

the ELBO.

Box 1.1.3| Power EP and α-Divergence methods

VI and EP are based on two special cases of divergence measure between q and

p. More generally, DKL

[
q
∣∣∣∣p] and DKL

[
p
∣∣∣∣q] find a common formulation under

the α-divergence (or Rényi divergence) [59] which reads

Dα

[
p(y)

∣∣∣∣q(y)
]

=
1

α(1− α)

(
1−

∫
p(y)αq(y)1−αdy

)
.

When α→ 1, we have D1

[
p(y)

∣∣∣∣q(y)
]

= DKL

[
p
∣∣∣∣q] and we are in the EP case, on

the contrary, when α→ 0, D0

[
p(y)

∣∣∣∣q(y)
]

= DKL

[
q
∣∣∣∣p] and the VI loss function

can be derived. Finally, the α-divergence becomes a distance (specifically, the

Hellinger distance) for α = 1/2.

Power EP [60] is an algorithm that generalizes the vanilla message passing EP to

cases where exponentiating the density of the model can improve the tractability

of the message passing algorithm. For instance, a density p(y) = 1
π(y1+1)2

is hard

to use with EP, but exponentiating p(y) by −1 makes the updates tractable. In

this sense, Power EP is a general class of approximate inference algorithms from

which EP is a special case. Minka [61] notes that the continuum of divergence

measures that α-divergence provides allows us to divide the space of these di-

vergences in an inclusive (α ≥ 1) subspace, where the algorithm will try to find

a q that covers most of the posterior, or exclusive subspace (α < 1) where the

algorithm will focus on the main mode (or local modes if these modes have the

same mass).

In its original flavor, Power EP is still a message-passing algorithm. Hernandez-

Lobato and colleagues [62] propose a black-box α-divergence (BB-α) algorithm

that generalizes Stochastic EP [63] and averaged EP [51] to the class of α-

divergence minimization approximate inference algorithms. Crucially, this model

does not rely on a message passing algorithm but approximates power EP with a

simplified objective that depends on a pre-defined value of α. As a consequence,

BB-α is guaranteed to converge for large datasets.

In the following paragraphs of this section, we will detail some of the algorithms proposed

to optimize the ELBO: we will start with approaches that enjoy the property of having

a fast convergence rate thanks to their use of natural gradient methods, but that require

strong assumptions about the model and about the approximate posterior shapes that
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are used. As the discussion goes on, we will progressively move to more general (and

conversely slower) methods of optimization, that can endow more flexible approximate

posteriors. This discussion is aimed at giving a broad overview of the current state-

of-the-art, and to provide the necessary foundations for the numerous methods used or

proposed in Chapters 2 to 4.

1.1.2.2.1 Mean-field Variational Inference The core idea of VI in most of its

instances consists in making the strong but highly advantageous assumption that the

approximate posterior probability we are interested in optimizing should factorize in

some way [64, 65], namely:

q(y) ,
N∏
i=1

q(yi)

which is equivalent to say that the posterior distribution y = {yi }Ni=1 are independent,

or that their mutual information is equal to zero9.

This assumption has also its roots in the statistical physics theory, and more specifically

thermodynamics [66, 67]. In the Ising model, for instance, particles are typically assumed

to be arranged on a lattice, which we can see as an instance of a Markov Random Field,

or undirected graphical model. The Free Energy of such model is hardly described in

systems with many (typically more than two) dimensions, and some approximations need

to be made. The mean-field theory (or mean-field assumption) is aimed at describing

such complex model through a simpler one, in which particles in the system interact

by pairs: this effectively reduces the complexity of the problem, as the effect of distant

particles in the lattice are concentrated on the neighbouring particles. Specifically,

for the Ising model, the product of the fluctuation of spins around the mean of two

neighbours is discarded from the computation of the Hamiltonian: for two particles

with spin si,j = mi,j + δsi,j , the product of the spins is given by

sisj = mimj + δsimj +mi δsj + δsi δsj
MF≈ mimj + δsimj +mi δsj .

In a graphical model, this is equivalent to say that the two adjacent nodes have a zero

covariance. Interestingly, whereas the initial approaches to solve this problem have

mainly relied on model-based approaches, a Mean-Field multi-agent RL methods has

recently been proposed to solve the Ising model in a model-free manner [68].

9The notation should not confuse the reader: each of the q distributions in mean-field VI can have
a different form, whereas each of the qi local factors of the global approximate posterior in EP was an
unnormalized distribution of the same family as the global one.
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Framed in this way, we see that the mean-field assumption essentially amounts to a

message passing framework. Using the mean-field assumption, we can focus on how a

single node in the graphical model interacts with the adjacent nodes without considering

their covariance by sending messages to them.

This greatly reduces the complexity of the VI framework: if we build a model (typically

a directed acyclic graph) with nodes that are assumed to have an independent posterior

distribution, we can estimate this posterior by sending messages from one node to the

other by considering each single node’s Markov blanket. In what follows, we will detail

models where this deterministic update framework can be implemented, present its

restrictions and the methods that can be used to circumvent them.

1.1.2.2.2 Conjugate Variational Message Passing Let us first focus on the

utterly simple – although very general – case of conjugate models [69]. For sparsity of

the notation, we will adopt the convention that a set of parameters y is mapped onto

its natural space with a function ψy(y).

We will somehow give a rather informal, example guided explanation of the main prin-

ciples that underlie Conjugate Variational Message Passing (CVMP) here, and we refer

to the aforementioned paper and to [69, 22] for a theoretically detailed discussion of this

method.

We show that the local q factor that maximizes the lower bound has an utterly simple

general formula. Let us adopt the same general factorized q distribution from above

q(y) =
∏N
i=1 qi, and denote by q¬i the product of the factors that do not depend on yi.

Let also log f(y) denote the log-joint probability given some (hidden in this formula)

observed variables x. We note that the lower bound can be written as:

L (q(y)) = Eq1

Eq¬1 [log f(y)]︸ ︷︷ ︸
,q∗1

+ H [q1] + H [q¬1]

= −DKL

[
q1

∣∣∣∣q∗1]+ cst

where H [q] stands for the entropy of the distribution q. We see that the ELBO is

maximized wrt q1 when q1 = q∗1 (hence the notation) which can be achieved by setting

q1 ∝ exp {Eq¬1 [log f(y)]} . (1.16)

Equation (1.16) plays a central role in VI: it states that, under the mean-field assump-

tion, if the expected log-joint probability wrt all but one (e.g. y1) latent variables has a
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Figure 1.4: Directed Acyclic Graph of a simple hierarchical model. The blue node
represent the variable about which inference is made. The gray box represent the

Markov Blanket of this node.

closed-form expression, then this expression gives us the log of the approximate posterior

probability of y1 given the current posterior belief of the other latent variables.

In conjugate models, one can easily see that the conjugate prior p(y1) of some distribu-

tion p(x | y1) gives us the form of the optimal approximate posterior for y1 under the

mean-field assumption. For instance, if we define the hierarchical model (Figure 1.4)

p (x,y) = p (x | y1) p (y1 | y2) p (y2 | y3) p (y3)

where each prior distribution is conjugate to the level below, then the optimal approxi-

mate over some latent variable (e.g. y1) has the form of its prior:

q∗(y1) ∝ exp

{
Eq(y¬1)

[
ψy1(y1)TT(x)−Ay1(y1) + ψy1(y1)Tψy2(y2)−Ay2(y2)+

ψy3(y3)Tψy2(y2)−Ay3(y3) + ψy3(y3)T ζ −Aζ(ζ)
]}

∝ exp

ψy1(y1)T

T(x) + Eq(y2) [ψy2(y2)]︸ ︷︷ ︸
,θy1

−Ay1(y1)


(1.17)

where Ay,ζ are the log-partition functions of each of the prior distributions and ζ is the

hyperprior, either defined beforehand or optimized in an empirical Bayes manner (e.g.

Variational Expectation Maximization). Let us stress the importance of this result:

in a conjugate model where we adequately use the mean-field assumption, the form

of the prior distributions dictates the choice of the approximate posterior such that

no other choice would have improved the ELBO at optimality. Of course, this does

not assume anything about the accuracy of the mean-field assumption! However, this

simple observation can greatly simplify inference for models with many levels and/or

lots of observations. We also note that the update of the variational parameters θ1 of
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Figure 1.5: Directed Acyclic Graph of a two-branch hierarchical model.

this approximate posterior are updated with pieces of information (or better, messages)

received from adjacent nodes.

The example in Equation (1.17) is probably too simplistic to be of any help when

dealing with large and/or complex hierarchical models, and one has to consider directed

graphical models where a single variable has many parents. A more general model is

outlined in Figure 1.5. In this model, it appears that the terms in the expected log-joint

probability that involves y1 include terms that depend upon its prior y2, its child x,

and its coparents y4. Therefore, the optimal approximate posterior is given by

q∗(y1) ∝ exp
{
Eq(y¬1) [ψ1,4(y1,4)T(x)−A1,4(y1,4) + ψ1(y1)ψ2(y2)−A2(y2)]

}
Conjugacy of the model ensures that the above expression can be rewritten as

q∗(y1) ∝ exp
{
Eq(y)

[
ψx,2(x,y2)Tψ1(y)−A1(y1) + ψ1(y1)Tψ2(y2)

]}
∝ exp

{
Eq(y¬1)

[
ψ1(y1)T (ψx,4(x,y4) + ψ2(y2))

]} (1.18)

which, again, has the same form as the prior of y1, up to a normalizing constant.

Equation (1.18) shows that the update of q1 receives messages from each of the nodes

of the Markov Blanket of y1: m{x,y4 }→y1
= ψx,4(x,y4) and my2→y1 = ψ2(y2).

1.1.2.2.3 Non-Conjugate Variational Message Passing Updating approxi-

mate posteriors of models that are not conjugate is a frequent problem. We will distin-

guish cases where the local approximate posteriors are from the exponential family and

where the log-joint probability has a closed form and is once differentiable, from cases

where at least one of these conditions is not met. Non-Conjugate Variational Message
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Passing (NCVMP) [70] provides an update scheme for models of the first category. In-

terestingly, NCVMP shares many similarities with the EP framework outlined above,

and we will make these explicit shortly.

Let p(x,y) be the log-joint probability of some model, and q(y1) be the approximate

posterior of y1 under the mean-field assumption. NCVMP states that the update of the

natural parameters θ1 of q(y1 | θ1) takes the form

θ∗1 = C(θ1)−1∂Eq(y) [p(x,y)]

∂ θ1
(1.19)

where C(θ1) is the covariance of T(y) given q(y1 | θ1) (which is identical to the second

derivative of the log-partition ∂2A(θ1)

∂ θ21
=

∂Eq1 [T(y1)]
∂ θ1

). Of course, this update depends

upon and only upon the nodes that belong to the Markov Blanket of y1, which means

that the above expression can also be expressed as a sum of the messages sent by the

neighbouring nodes of y1.

It can be seen from Equation (1.19) that, if the model is conjugate, this equation sim-

plifies to CVMP: indeed, in this equation, C(θ1)−1 would simplify with
∂Eq(y)[p(x,y)]

∂ θ1
, as

one of the terms of this expression can be formulated as
∂Eq(y1)[T(y1)]

∂ θ1
= C(θ1).

However, the only guarantee we can have about NCVMP is that if a stationary point

is reached, then this point is guaranteed to be a maximum of the ELBO wrt θ1. Con-

sequently, there is neither a guarantee that these single updates will decrease the KL

divergence nor that the algorithm will converge. These problems are not to be ignored

in practical implementations. Many convergence issues can be prevented by damping

successive updates in the following manner:

θ1 = θ∗1
aθ1

1−a

where a ∈]0, 1) is a damping factor.

As mentioned above, NCVMP shares several similarities with EP: both use small mes-

sages from adjacent nodes to update the parameters of a specific node. None of them is

guaranteed to converge. Also, both rely on the assumption that the approximate poste-

rior comes from the exponential family (which, for EP, is most of the time a Gaussian

distribution).

1.1.2.2.4 Laplace Approximation We now tackle the problem of updating the

variational parameters for models where one assumes that (1) the approximate posterior

for a given variable (e.g. y) is Gaussian, (2) the expectation of log-joint probability
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wrt to all latent variables but y can be maximized wrt y, and (3) this expected log-

joint probability function is twice differentiable wrt y. In general, Laplace Variational

Inference [71, 72, 73] can be applied to a larger family of models than NCVMP.

Let us first briefly present the Laplace approximation [22, 74]. Let us consider a posterior

probability p(y | x). We can take the second order Taylor series of the logarithm of this

distribution around the mode (assuming that it exists), which gives:

log p(y | x) ∝ log p(x,y∗)+

(y∗ − y)∇y∗ {log p(x,y∗)}+

1

2
(y∗ − y)T∇2

y∗{log p(x,y∗)} (y∗ − y).

By definition, ∇y∗ {log p(x,y∗)} = 0 and the above expression takes the form of a

Gaussian distribution with parameters

p(y | x) ≈ N
(
y∗,−∇2

y∗{log p(x | y∗)}−1
)
.

A well known property of likelihood functions that follows from there is that, if some

some rules are respected (continuity and non-boundary location of the maximum pa-

rameter value) the posterior probability of such models tends to look like a Gaussian

distribution around the mode as the dataset grows. The Laplace refers to the use of the

same technique to solve integrals of the form∫
exp {Mf(y)} dy

for large M. Note that, under these circumstances, and also under relatively mild as-

sumptions [75], the prior distribution of y can be also discarded. This justifies the

quadratic approximation of the log-likelihood function around the mode in these cases.

Applied to the Variational update problem we face, we can also use the same idea to

derive useful update rules for a Gaussian approximation to a factorized posterior.

Let us take back the logarithm of the expression in Equation (1.16):

log q∗1 = Eq¬1 [log p(x,y)] + cst

≈ Eq¬1
[

log p(x,y∗1,y¬1) + (y∗1 − y1)∇y∗1
{log p(x,y∗1,y¬1)}

+
1

2
(y∗1 − y1)T∇2

y∗{log p(x,y∗1,y¬1)} (y∗1 − y1)
]

+ cst
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for some y1 close to y∗1. This expression, again, is quadratic in y1 and simplifies to a

Gaussian distribution with parameters

q∗(y1) ≈ N
(
y∗1,−∇2

y∗1
{log p(x,y∗1,y¬1)}−1

)
.

where the value of log p(x,y∗1,y¬1) plays the role of a log-base function. In models where

one tries to achieve closed-form updates of the variational parameters, the use of the

Laplace Approximation has to be considered in cases where the ELBO does not enjoy a

closed-form formula, but can be optimized and differentiated twice wrt y1.

The Laplace approximation will not work, for instance, if the ELBO has an infinite

maximum in y∗1. For instance, this situation might arise in the Full Drift-Diffusion-

Model, where the local approximate posteriors (at the trial level) can have multiple

maximum (and, actually, infinite) densities. In general, the Laplace approximation

works well when the ratio of data per number of dimension is high. In these cases, other

approaches have to be considered.

1.1.2.2.5 Stochastic Variational Inference Even though Stochastic Variational

Inference (SVI) [76] in its vanilla form still mainly relies upon conjugate models, it will

be useful for us to flow from closed-form update methods to stochastic approximations

to the VI problem.

Hoffman and colleagues [76] note that the updates achieved by CVMP (and, actually,

also by NCVMP) can be derived by computing the natural gradient [77] of the ELBO

wrt the variational parameters. In short, a gradient is said to be natural if it is invariant

to bijective transformations of the parameterization: in other words, natural gradients

ensure that the arbitrary choice of the parameterization does not impact the convergence

of the optimization algorithm. Indeed, many formulations of VB updates somehow recur

to this natural (Reimannian) gradient [78, 79, 80, 81, 82]. For a certain node y, each

of the steps of the gradient descent can be framed as a sum of messages received from

the nodes belonging to the Markov blanket of y. For large models, this is an interesting

property, as it ensures that the messages of each local node to a global parent can

be progressively retrieved while iterating through the dataset (instead of moving once

along the sum of all the children). This approach contrasts mainly with what we have

presented before as it does not require us to iterate through the whole dataset before

achieving a single update of the global parameters. Instead, we only gather small pieces

of information from each local node to update the global node.

Here, we detail Stochastic Gradient Descent, as it is the general family of algorithm

upon which SVI relies. Let us first note that, if x = {xi }Ni=1 are a local nodes where
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p(xi | zi)p(zi | y) are the local factors, and if y is the global node, then

∇̂θy (L(θz,θy)) ≈ N

M

M∑
i=1

∇̂θy
{
Eq(zi,y) [log p(xi | zi) + log p(zi | y)]

}
+ ∇̂θy

{
Eq(y) [log p(y)]

}
, ∇̃θy (L(θz,θy))

with M < N

gives an unbiased estimate of the natural gradient (denoted by ∇̂) of the ELBO wrt

θy, which by the strong law of large numbers converges with probability one to the

true natural gradient. In short, this expression ensures that a subsample of M < N

points is, on average, equal to the true natural gradient, and can therefore be used for

optimization.

Let αt be a learning rate that satisfies some asymptotic conditions (sometimes referred

to as Robbins-Monro conditions [83]):

lim t→∞αt = 0

lim
N→∞

N∑
t=1

αt =∞

lim
N→∞

N∑
t=1

α2
t <∞.

Then, it can be shown that under mild assumptions [84] the SGD update approach

outlined in Algorithm 2 converges to the true maximum of the ELBO wrt {θz,θy}.

Algorithm 2: SVI. The local parameters are updated one at a time, whereas the
global parameters are progressively updated given the previously Ni is the set of the
neighbours of node i, and mj→i is the message sent from node j to i.

1 initialization;
2 t=0;
3 repeat
4 t++;
5 Select a local node i ∼ U(1, N);
6 Update θzi =

∑
j∈Nimj→i;

7 Update θy = (1− αt)θy +αtN ∗mzi→y;

8 until Some convergence criterion is reached ;

VI scales well with large datasets if they meet the requirements of CVMP and NCVMP

(e.g. tractability of the gradient of the ELBO). The vanilla version sketched here can

clearly be greatly improved: the use of minibatches of data can lower the variance of the

updates achieved at each time step for a computational cost still far below the cost of
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the whole-dataset based approach. Learning rate adaptation [85], automated mini-batch

selection [86] and, even more importantly, (semi-)amortized inference [87] can also boost

the convergence rate of this algorithm.

1.1.2.2.6 (Doubly) Stochastic Variational Inference methods The previous

method focused on specific models where the ELBO had a tractable form. Let us

rephrase the maximum likelihood estimate of a model with a loss function (i.e. nega-

tive log-likelihood) `(·;θ) , log p(· | θ) fed with a set of N datapoints X = {xi }Ni=1:

`(X;θ) =
∑N

i=1 `(xi;θ). If we take the average of the `(xi;θ) instead of the sum, and

if we make some usual assumptions about the domain of X, namely X (typically i.i.d.

of the samples), we see that this model loss-function takes the form of a Monte-Carlo

estimate of the expected likelihood function given a random sample of datapoints:

`(θ) ,
1

N

N∑
i=1

`(xi;θ).

This fairly simple expression should not surprise the reader, as its only aim is to attract

the attention of the fact that, when collecting data and fitting a model to it, what we

are trying to do is to evaluate the model likelihood while the specific data sample has

been marginalized out. More precisely, if the data has been generated with a probability

distribution pdata(x), then the ML approach minimizes the cross entropy H(pdata, p)

between the true data distribution and the model distribution:

H(pdata, p) = H [pdata] +DKL

[
pdata

∣∣∣∣p]
=

∫
X
pdata(x)`(x;θ)dx

≈ 1

N

N∑
i=1

`(xi | θ) with xi ∼ pdata(x)

(1.20)

Because the (unknown) data distribution is fixed, the ML of θ minimizes the KL diver-

gence between pdata and p as N →∞.

SGD optimization approaches further simplify this problem for large N when resources

are limited by subdividing randomly the dataset in small, non-exclusive subsets that

will dictate the training procedure of the model. An interesting feature of SGD is that,

besides its computational efficiency, it can also somehow avoid local minima during

optimization (although this is not guaranteed). Paragraph 1.1.2.2.6 gives an intuition

of why it is the case.
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Example 1.1.1| SGD and local minima

4 3 2 1 0 1 2 3 4

0

2

4

6
(x

;
)

(x; )
(x; )

global minimum
local minimum
Data cluster #1 (2/6 points)
Data cluster #2 (2/2 points)
Data cluster #3 (4/9 points)
Data cluster #4 (1/1 points)
Data cluster #5 (1/10 points)

Figure 1.6: Local vs Global data-dependent minima of a loss function `(x;θ).
We artificially generated a loss function that, when applied to clusters of data,
produced a quite different loss curve for various values of the parameter θ (in this
case, the loss function was the log-pdf of a Cauchy distribution). We can see that
the global loss function (blue) was attracted by each component (dashed lines)
local minimum. Therefore, any optimization procedure starting around the local
minimum marked with a red point would have wrongly stopped after reaching
this point. SGD can alleviate this problem by subsampling datapoints unevenly
from the various unknown clusters (orange curve). On average, the algorithm
will ignore most of the local minima and focus mainly on the global minimum of
the function (green point). The fraction of datapoints in parenthesis represents
the ratio of points sampled in for the orange trace wrt the total number of points
in this cluster. Each component log-pdf in displayed without having been scaled

to its importance.

Consider now the case where `(xi | θ) is itself intractable. For instance, a common case

that we will often encounter is when
∫
p(y | θ)`(xi | y)dy is either intractable, and/or

heavy to compute/approximate. Then we can apply the exact same approach and use

a Monte Carlo estimate of this quantity for the SGD optimization. More specifically, if

the ELBO of some model is expressed as

L(θ) =

∫
q(y | θ) (log p (x,y)− log q(y | θ)) dy

where x = {xi }Ni=1, then this expression has an unbiased estimator given by

L(θ) ≈ 1

MK

M,K∑
i=1,k=1

log p (xi, ỹk)− log q(ỹk | θ)

where ỹk ∼ q(y | θ)
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for some large K and some M ≤ N . An unbiased estimator of the ELBO can be

computed in a similar manner. This is known as Stochastic Gradient Variational Bayes

(SGVB).

1.1.2.2.7 The reparameterization trick In most instances, gradient computa-

tion in SGVB is implemented with the use of what is known as the reparameterization

trick [88, 89], pathwise gradient [90, 91] or Infinitesimal Perturbation Analysis estima-

tor [92, 93, 94]. For clarity, we will derive it here: let us assume that the approximate

posterior we have chosen q(y | θ) enjoys the nice property that, given an i.i.d. dis-

tributed random variable ε ∼ p(ε), we can sample from q(y | θ) using a differentiable

function g(ε;φ) (for instance, ε can follow a Gaussian distribution N (0, 1) or a uniform

distribution U(0, 1)). Our aim is to approximate the gradient of the integral

∇φ {L(θ)} = ∇θ
{∫

q(y | θ) (log p(x,y)− log q(y | θ)) dy

}
.

For this aim, we will restric ourselves to cases where the inverse cumulative density

function (CDF) of q is tractable and differentiable. We define g(ε;θ) , Q−1(ε;θ) where

Q−1 is the inverse CDF of q. Using the rule of inverse function differentiation, we have

∇ε {g(ε;θ)} = ∇ε
{
Q−1(ε;θ)

}
=

1

∇y {Q(y;θ)} with y =
(
Q−1(ε;θ)

)
=

1

q(y | θ)
given that ∇y {Q(y;θ)} = q(y | θ).

(1.21)

If we define f to be the inner part of the ELBO integral,

f(y) , q(y | θ) (log p(x,y)− log q(y | θ))

and we substitute y by g(ε;θ) in the above equation, then we have:

∇θ
{∫

f(y)dy

}
= ∇θ

{∫
f(g(ε;θ))∇ε {g(ε;θ)} dε

}
using integration by substitution:

⇔ ∇θ {L(θ)} =

∫ 1

0
p(ε)∇θ {log p (x, g(ε;θ))− log q (g(ε;θ) | θ)} dε

(1.22)

given that p(ε) = U(0, 1) and q (g(ε;θ) | θ)∇ε {g(ε;θ)} = 1 (see Equation (1.21)). Equa-

tion (1.22) is of particular interest to us as it shows that if we want to sample gradients

from the ELBO, we can do so by first sampling some ε and then computing the gradient

of the log-ratio between p(x, g(ε;θ)) and q(g(ε;θ) | θ) wrt θ, which has an analytical

form and can be readily computed using automatic differentiation. Similar, although
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slightly more tedious, derivations could be achieved for ε that would not be uniformly

distributed.

A fair amount of research has been conducted on reparameterized gradients in order to

decrease their variance, for instance by the use of control variates [95].

Box 1.1.4| Reparameterization trick for discrete variables and

acceptance-rejection generated latent variables

The form of reparameterization that we have exposed assumes that the CDF

of q is invertible and that we can derive a differentiable function T (ε;θ) that

constitutes the end point of the propagation of the gradient.

These restrictions preclude the use of this technique in two important cases: when

discrete variables are generated (in which case g is not differentiable) and for ran-

dom variables generated according to an acceptance rejection algorithm, mainly

the Gamma, Inverse-Gamma, Beta, Dirichlet and many truncated distributionsa.

Note that being able to reparameterize the Gamma distribution automatically

leads to tractable gradients for the Inverse-Gamma, Beta and Dirichlet distribu-

tion. Coupling the two techniques sketched here allows us to compute a tractable

gradient for the Dirichlet-multinomial compound distribution.

1.1.2.2.7.1 Discrete variables The solution for discrete variables is rather

simple and holds in a very neat and short algorithm: the core idea is just to

marginalize over ε to retrieve the gradient. This is the approach proposed by

Tokui and Sato [96], and the following working example gives the intuition of the

method they propose. Let

p(x, z1, z2, y) = p(z1)p(z2)p(y)×
{
p(x | z1) if y = 1

p(x | z2) otherwise

be the joint probability of our model. We want to derive an approximate posterior

over y, for instance a binomial distribution with parameters q(y|ωy) = σ(ωy) for

some σ : R 7→ (0, 1) and ω ∈ R. We can sample from q(y | ωy) by applying the

following rule

ỹ =

{
1 if ε < σ(ωy)

0 otherwise
for some ε ∼ U(0, 1)
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which is not differentiable. To optimize ωy, we can marginalize over ε, to get a

tractable gradient:

∂

∂ωy
Eq(y) [log p(x, z1, z2, y)] =

∑
yi={0,1}

∂q(yi | ωy)
∂ωy

log p(x, z̃1, z̃2, yi)

=
∑

yi={0,1}

∂σ(sωy)

∂ωy
log p(x, z̃1, z̃2, yi)

where s =

{
1 if y = 1

−1 otherwise

when σ is symmetric around ω = 0.

1.1.2.2.7.2 Acceptance-rejection algorithms Two main techniques can

be distinguished in the case of acceptance-rejection simulated variables: The

Generalized reparameterization Gradient [97] works by generating a sample

y ∼ q(y | θ), then by mapping y to ε by some transformation ε = T −1(y;θ)

which ensures that the first moment of ε (but not necessarily higher moments)

is independent of θb. Then, we have a distribution q(ε) of q(y) with the form

ε ∼ q(ε | θ), and the reparameterization trick can be applied to this sampling

scheme.

Rejection Sampling Variational Inference [98] differs from the former approach

by correcting the gradient by the probability that a given sample ỹ = T (ε;θ) is

accepted given a proposal distribution r(y | θ). The two approaches share many

similarities: in both, the noisy gradient of the expected log joint probability can

be decomposed into the sum of a term representing a standard reparameterized

gradient and a term correcting for the dependency of q(ε) on θ, for the former

approach, and a term correcting for the acceptance probability for the latter. Note

that the approach developed in [98] exhibits a lower variance than the other.

As a final observation, one can see that the reparameterized gradient can be

simply computed if the CDF of the proposal distribution can be differentiated

wrt its parameters [99, 91]. Although it is not the case for the Gamma and

related distributions, it can lead to efficient gradient approximations that have a

low variance.

aFortunately, the form of the CDF of the one-dimensional truncated Gaussian distribution
allows us to derive a convenient gradient, easily used with Automatic Differentiation. This is
shown in the supplementary materials of Chapter 2.

bRecall that the reparameterization trick requires ε to be independent of θ, which is not the
case here.

In practice, sampled gradients exhibit a lower variance with this technique than with the
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score-function one that we will describe in the next section Paragraph 1.1.2.2.8. This

method can be extended to distributions where an inverse CDF or a differentiable ran-

dom sample generator does not exist Box 1.1.4. Also, parameters can be mapped onto

a different space by using non-linear transforms such as logistic transforms, exponenti-

ation etc., the only requirement being that the probability density has to be corrected

by the Jacobian of the inverse transform. This is the kind of approach we will use with

Normalizing Flows in Chapter 2.

Doubly Stochastic Variational Inference (DSVI) [100] uses a similar idea as the repa-

rameterized gradient, but generalizes it to any standard distribution r(ε) from which

samples can be drawn: if we define q(y | θ) to be equal to

q(y | θ) =
1

| Σ1/2 |r
(

Σ−1/2(y − µ)
)

where θ =
{
µ,Σ1/2

} (1.23)

This form of approximate posterior makes the derivation of a differentiable auxiliary

function T (ε;θ) straightforward.

Example 1.1.2| Example of DSVI approximate posteriors

Let us define r(ε) as an Inverse-Gamma distribution with the form ε ∼ G−1(α, β),

where {α, β} are chosen arbitrarily. We can define an approximate posterior

according to Equation (1.23) with the formula:

q(y | θ) =
σ
(y−m

s

)
s

r (softplus ((y −m)/s)) (1.24)

where σ(·) is the logistic function, and where the first term is the Jacobian mass

correction of the distribution. The differentiable auxiliary function T (ε;θ) with

θ = {m, s} is differentiable and can therefore be used to compute the stochastic

gradient of the ELBO.

This distribution has the property of having a right heavy tail.
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Figure 1.7: Various configurations of the approximate posterior are shown in
the above figure. The mean plays the role of a location parameter, the standard
deviation the role of the scale parameter. We can sample y ∼ q(y | θ) by
sampling ε ∼ G−1(α, β) and then mapping ε to y by inverting the transformation

in Equation (1.24):

ỹ = s log (exp {ε} − 1) +m.

1.1.2.2.8 Black-Box Variational Inference The reparameterization trick allows

gradients to be estimated stochastically when the ELBO is too expensive to be computed

exactly. One of its main advantages is that, for many models, the gradient can be easily

computed with automatic differentiation toolboxes: for instance, if a Gaussian sample

is computed using µ + Σ1/2ε where ε ∼ N (0, 1), then the Jacobian of this expression

with respect to µ and Σ1/2 can be used to compute a sampled gradient of the ELBO.

However, it is not highly generalizable: the restrictions we have put on T make it hard

for many models to use SGVB in a blind manner. Here we present Black-Box Variational

Inference (BBVI) [101] as a method to generalize stochastic approximations of the ELBO

and its gradient to a wide family of variational models.

Our aim will be to derive another stochastic gradient for the ELBO:

∇θ {L(θ)} = ∇θ
{∫

q(y | θ) (log p(x,y)− log q(y | θ)) dθ

}
=

∫
∇θ {q(y | θ)} (log p(x,y)− log q(y | θ)) dθ

−
∫
q(y | θ)∇θ {log q(y | θ)}︸ ︷︷ ︸

=0

dθ

and given that ∇θ {q(y | θ)} = q(y | θ)∇θ {log q(y | θ)} ,

=

∫
q(y | θ)∇θ {log q(y | θ)} (log p(x,y)− log q(y | θ)) dθ

≈ 1

K

K∑
k=1

∇θ {log q(ỹk | θ)} (log p(x, ỹk)− log q(ỹk | θ)) .

(1.25)

Note that this estimator does not require to compute the gradient of the log-joint prob-

ability, neither does it necessitate to compute the inverse CDF of q.

Because unlike the reparameterized gradient, the score function (or likelihood ratio and

REINFORCE in the RL literature, see Section 1.2.2) method does not use the gradient

of the log-joint probability, it can be applied to models where the likelihood is not

differentiable. However, this estimator has unfortunately a high variance. Several tools
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can be used to improve it: we will quickly present two of such techniques in the following

paragraphs.

1.1.2.2.8.1 Control variates The method of control variates works by observing

that we can reduce the estimate variance of some random variable f(y) by introducing an

auxiliary variable g(y) from which we know the expected value under the same process

p(y). Let us first observe that the estimator

f∗(y) = f(y) + c ∗ (g(y)− µg(y))

with µg(y) = Ep [g(y)]
(1.26)

has the same expectation but a lower variance than f(y) under specific conditions that

we will detail now. Let the variance of f∗(y) be

Varp(y) [f∗(y)] = Varp(y) [f(y)] + c2Varp(y) [g(y)] + 2Covp(y) [f(y), g(y)]

which can be obtained from the variance-covariance formula and is minimized wrt c

when

c = −
Covp(y) [f(y), g(y)]

Varp(y) [g(y)]

This means that, if we choose g(y) carefully enough to be (positively or negatively)

correlated with f(y), we can minimize the variance of the gradient estimator just by

substituting f(ỹ) by f∗(ỹ) from Equation (1.26). In BBVI, this is typically done by

choosing g(y) to be the score function ∇φ {log q(y | θ)}, which has a expected value of

0 under q.

Of course, there is no reason to limit the use of control variates to BBVI, and it has

been proposed that a similar approach could be used to reduce the variance of the

reparameterization gradient [95].

1.1.2.2.8.2 Rao-Blackwellisation Consider a model p(x,y) where y can be de-

composed into y = {yj }Lj=1 and where we use the mean-field assumption, so that the

posterior probability density has the form q(y) =
∏L
j=1 q(yj | θj). When sampling gra-

dients from the ELBO according to Equation (1.25), we can observe that a naive version

of the BBVI algorithm will produce samples of ∇θj {L(θ)} with a high variance, which

will be partly increased by the randomness in the concurrent sampling of other variables

y¬j . More precisely, let us consider the expectation Eq(y) [f(yj ,y¬j)]. We observe that
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this expectation can be re-written as:

Eq(yj ,y¬j) [f(yj ,y¬j)] =

∫
q(yj)

∫
q(y¬j)f(yj ,y¬j)dy¬j︸ ︷︷ ︸

,f̂(yj)=Eq(y¬j)[f(yj ,y¬j)|yj ]

dyj .

We see that f̂(yj) and f(yj ,y¬j) share the same expected value. However, f̂(yj) can

be shown to have a lower variance than f . This suggests that, to estimate the gradient

∇θj {L(θ)}, if we can solve part of the integral and not apply the estimator in a brute

force way, we will reduce the variance of the estimator. This is indeed the case in the

computation of the gradient of the ELBO. If we can decompose the log-joint probability

log p(x,y) = f(yj) + f(y¬j), where f(yj) groups all the terms of the Markov Blanket

of yj , we have

∇θj {L(θ)} = Eq(yj)
[
Eq(y¬j)

[
∇θj {log q(yj | θj)}

(
f(yj) + f(y¬j)

− log q(yj | θj)− log q(y¬j | θ¬j)
)]]

.

where we can use Fubini’s theorem to isolate and simplify

Eq(yj)

Eq(y¬j)
∇θj {log q(yj | θj)} (f(y¬j)− log q(y¬j | θ¬j))︸ ︷︷ ︸

=C(y¬j)


 =

Eq(y¬j)

Eq(yj) [∇θj {log q(yj | θj)}
]︸ ︷︷ ︸

=0

C(y¬j)

 = 0

from this formula, giving the simplifies Rao-Blackwellized form of the gradient

∇θj {L(θ)} = Eq(yj) [∇θi {log q(yj | θj)} (log f(yj)− log q(yi | θj))] . (1.27)

Intuitively, Rae-Blackwellisation is quite easy to understand in this context: just by

removing from the gradient sample each and every part that is not strictly dependent

upon θj and, consequently, dependent of yj too (i.e. that does not belong to the Markov

Blanket of yj), we ensure that the gradient estimate has a lower variance while keeping

the same expectation. Once more, this can be viewed as a form of message passing

algorithm, where the update of θj is equal to the sum of the messages sent by the

neighbouring nodes.

1.1.2.2.8.3 Overdispersed BBVI As for SGVB, IS can be used to improve the

estimator in Equation (1.25). We first note that the optimal proposal distribution (i.e.

the proposal distribution that minimizes the variance of the estimator) in IS is not the
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probability distribution according to which the random variable is distributed [23], but

has the following form instead:

r∗(y) =
| f(y) | q(y)∫
| f(y) | q(y)dx

for some function f(y) and some distribution over y, q(y). Overdispersed BBVI (O-

BBVI) [102] builds on this observation, and replace the sampling scheme outlined above

by an IS estimator. If we restrict ourselves to cases where q(y) belongs to the exponential

family and has a form h(y) exp
{
θT T(y)−A(θ)

}
, we can construct and overdispersed

distribution r(y | θ, τ) with the form

r(y | θ, τ) = h(y, τ) exp

{
θT T(y)−A(θ)

τ

}
where τ ≥ 1 is a dispersion coefficient optimized online in order to minimize the variance

of the estimator. O-BBVI achieves a much better performance than BBVI both in terms

of ELBO maximization and variance reduction.

Box 1.1.5| Highly flexible approximate posteriors

The use of stochastic gradients alleviates the need to use approximate posteriors of specific

forms (exponential family etc.) Many publications have focused on deriving highly flexible

distributions for this purpose. Importantly, there is no risk of overfitting by increasing

the flexibility q: the more flexible q is, the closer the approximate posterior will be from

the true posterior. Also, an important restriction to keep in mind is that, for conjugate

models where the Mean-field assumption is used, the conjugate prior of each distribution

constitutes the best choice of approximate posterior in this setting.

We will give some examples of these highly flexible distributions here to illustrate the

many potentialities of these techniques. Normalizing flows [103] work by applying multi-

ple successive transformations (scaling, rotation) to an approximate posterior of a simple

form. At each transformation, the probability density has to be rescaled by the determi-

nant of the Jacobian of the inverse transformed in order for the distribution to keep the

same volume. For a sequence of transformations fn◦fn−1◦ ...◦f1 of an initial distribution

p0(z0), the log-density of yn has the form:

log pn(yn) = log p0(y0)−
n∑
i=1

∣∣∣∣det
∂fi(yi−1)

∂yi−1

∣∣∣∣
where yn = fn ◦ ... ◦ f1(y0).

A similar approach is used with Automatic Differentiation Variational Inference [104],

where a normal distribution is used as a generic approximate posterior, and then trans-

formed to match the desired target space.

Rezende and Mohamed [103] have proposed mainly two forms of finite flows (planar and

radial), but these transformations are not easily parallelizable and do not scale well to
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large models. Inverse Autoregressive flows [105] have been proposed as an alternative to

these transformations in order to solve the two aforementioned problems: their peculiar

architecture greatly simplifies both the transformation step:

yn = σ � yn−1 + (1− σ)�m

for some m,σ = f(yn−1) and the mass correction step

log pn(yn) = log pn−1(yn−1)− sum(log σ).

The Householder flow [106] builds on a somehow similar idea, where the transformation

applied to yn−1 is restricted to a very specific form that keeps the volume of the initial

transformation, and does not require any mass correction.

Finally, we should mention that substantial efforts have also been made in order to account

for covariance between latent variables. An idea is to build hierarchical Variational Models

[107] where the latent parameter is marginalized over its own prior distribution, and only

this prior is optimized. Variational GP [108] is a special case of this framework, that

enjoys the property of being able to model any desired posterior shape.

1.1.2.2.9 Amortized Variational Inference and Variational Auto-Encoders

In many models, our aim will be to compute the marginal likelihood of the data given some

hyperparameters while integrating out some latent local parameters. In many cases where Vari-

ational Inference is used, the amount of datapoints where the local approximate posterior has to

be fitted is considerable, and optimizing each one independently is computationally demanding,

both in term of computation time, computational burden and memory allocation. SVI already

provided an incomplete solution to this problem, as it still necessitated to optimize the fit the

local approximate posteriors for each observation.

Amortized10 Variational Inference (AVI) [88, 109] (aka Neural Variational Inference and Learning

[110]) works by alleviating the need to compute each local approximate posterior parameters

independently. First, note that in a one-level hierarchical model of the form p(x,y) =
∏N
i=1 p(xi |

yi)p(yi), each local posterior distribution is entirely determined by the datapoint xi. Therefore,

there must be a mapping from xi to q(yi | θi), namely qρ(yi | xi) that can amortize the cost

estimating θi for each point.

10We distinguish three understandings of the term “amortized inference” in this manuscript: the first
is the one used in this paragraph, which is the idea that instead of finding the per-observation local
approximate posterior, we map the value of the observation x ∈ X for a given prior to some variational
parameter θ ∈ Θ using a flexible function fρ : X 7→ θ. The second refers to the idea that, in RL, given
a model of the state-action to state transition function, one wastes resources if she achieves the same
simulation each time the same state is encountered. In other words, using model-based RL in a stable
environment requires some technique of storing previous simulations for future inference. The last use
of the term amortized inference relates significantly to the one just described. It consists in re-using the
simulation achieved at the preceding trial in model-based RL to make inference at the current trial. In
any game, for instance, inference is not conducted from scratch at each step, but the model is refined
each time a new state is encountered.
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As our notation suggests, AVI uses this observation to optimize auxiliary parameters ρ of a

transformation θi = f(xi;ρ). This non-linear transformation has usually the form of an artificial

neural network, and the transformation f(·) is usually referred to as the inference network (or

encoder in the case of variational auto-encoders).

Not only AVI lowers the cost in terms of storage, but it also makes the algorithm generalizable

to unseen datapoints: any point xj 6∈ x can be mapped onto its correspondent θj using the

same transformation as the one derived using x = {xi }Ni=1, and for a sufficiently large and

representative N , we can assume that θj = f(xj ;ρ) is close to its true optimum θ∗j .

Observing that such scheme can be slightly too restrictive, especially in the case where θi can

be efficiently optimized using SVI, [87] propose a mixed approach where a first approximation of

θi0 is generated with an inference network before being refined using another differentiable local

SVI algorithm to produce a final, better estimate approximate posterior with parameters θin.

This is motivated by the observation that AVI adds an amortization gap to the approximation

gap that is inherent to VI: it might be shown that the former can exceed the latter in many

instances [111]. During training, the final gradient ∂L(θ)
∂ θ is corrected by backpropagating each

further refinement of θin back to the original gradient.

Box 1.1.6| AVI for hierarchical models

AVI is mostly used for models such as Variational Auto-encoders, where the latent variable

prior is known in advance and fixed to a simple value (such as a unit-variance Gaussian

distribution). However, more hierarchical models may be worth studying. If a local latent

variable zi is itself distributed according to a prior distribution p(zi | y) for an unknown

y ∼ p(y), then a simple approach to estimate q(zi | θi) is to use a form where the inference

network receives inputs from both xi and y, so that the approximate posterior of zi now

reads zi ∼ q(zi | θi; zi,y). In practice, the sampling procedure of zi will somehow reflect

the hierarchy in the model: using the reparameterization trick, we can sample ỹ ∼ q(y)

before sampling zi ∼ q(zi | θi; xi, ỹ), and the approximate posterior has a form similar

to the model structure.

With such model, multimodal posteriors of zi can be accounted, if this multimodality is

related to the prior probability of zi, and so without any need for normalization of the

approximate over zi, as∫∫
q(z | θ,y)q(y)d z dy =

∫
q(y)

∫
q(z | θ,y)d z dy

=

∫
q(y)dy

= 1.

The image below gives an intuition of how multilevel AVI works: by first

sampling some ỹk and then sampling z̃k conditioned on ỹk, we can cre-

ate a complex and multimodal approximate posterior space for z | y.
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The above graph shows some approximate posterior density of zi using an inference net-

work with input {xi, ỹk}. The second row shows the density (Gaussian in this case) of

zi conditioned on the most likely value of y alone, ŷ.

1.1.2.2.9.1 Variational Auto-Encoders Having introduces AVI as a method to es-

timate local approximate posteriors for non-conjugate models, we can now introduce one of

the most successful inference algorithms for generative models, namely variational auto-encoder

(VAE) [88, 89]. At its core, VAE is a Bayesian dimensionality reduction algorithm: given a local

set of observations xi where xi ∈ Rd with d � 0, auto-encoders (AE) are constituted of an

encoder f trained to map this data to a space of reduced dimensionality z = fρ(x) with z ∈ Rm,

m < d and prior density z ∼ N (0, 1), and a decoder fφ that translates z back to the space of

x. VAE differs from AE by their capacity to account for the uncertainty in the value of z: now,

z is a considered as a latent variable with prior distribution N (0, 1) and approximate posterior

q(z | θ). The encoder does not encode z directly anymore, but rather produce for a given sample

a set of approximate posterior parameters θ , fρ(x). VAE and extensions show remarkable

performances in generating speeches [112], music samples [113, 114], faces [115], landscapes and

animals [116] or molecule configurations [117].

In its original flavour, the VAE paradigm can simply be implemented as a non-linear mapping

from z to δ where δ are the parameters of the distribution of x: x ∼ p(x | fφ(z)). Training of

the encoder (which is aimed at making inference about z) and training of the decoder are usually

conducted simultaneously by combining AVI, the reparameterization gradients and SGVB.

Box 1.1.7| Importance Sampling as an alternative to SGVB

Variational Auto-Encoders [88] have constituted the first and probably mostly used case

of SGVB-based Variational models. The use of a variational bound has however the

undesirable property that the model is penalized by the assumptions made about the

approximate posterior shape (distribution family, mean-field assumption). This small

issue can be easily alleviated. It has been proposed that, in order to reduce the variance

of this estimator, importance sampling could be used [118]. The idea is quite simple: the

approximate posterior q can be used as a proposal distribution instead of an approximate
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posterior. In VAE, the variational lower bound was expressed as

log p(x) ≥ L(ρ) = Eq(z)

[
log

p(x, z)

q(z)

]
≈ 1

K

K∑
k=1

log
p(x, z̃k)

q(z̃k)
.

In many instances, the value of K is set to 1, as the convergence improvement induced

by increasing it has been empirically shown to be marginal. Now consider what would

happen if we were to move the sum operator inside the logarithm:

LK(ρ) = Eq(z)

[
log

K∑
k=1

p(x, z̃k)

q(z̃k)

]
.

We would then keep the lower-bound property of our estimator: using Jensens’ inequality,

we can easily see that

Eq(z)

[
log

K∑
k=1

p(x, z̃k)

q(z̃k)

]
≤ logEq(z)

[
K∑
k=1

p(x, z̃k)

q(z̃k)

]
= log p(x)

with the only difference that (for bounded value of the ratio p(x, z)/q(z)) its expected

value for K →∞ would be equal to the one of log p(z).

For auto-encoders, this approach is known as Importance Weighted Auto-Encoders. The

fact that sampling is achieved inside the log operator (and not outside) should not be

overlooked as a mere implementation detail, and, in general, one might gain in accuracy

by sampling both inside and outside the logarithm [119] (in fact, Rainforth and colleagues

[120] suggest that, for nested simulated integrals Eq1 [f(Eq2 [y])], the sample size of the

inner integral should be quadratic in the number of the outer integral).

VAE in its original form has lead to many controversies and improvement. To see why, note that

Equation (1.15) can be rearranged as

L (θ) = Eq(y) [p(x,y)]−DKL

[
q(y)

∣∣∣∣p(y)
]

and, therefore, it could be important to check how each of these two terms are optimized during

the training of the model: there might be for instance two different solutions with a similar

ELBO, one with a high KL divergence but a high generative accuracy, and another with a low

KL but low generative power. When looking at this, a common observation has been that the

model tends to reduce as much as possible the KL divergence between q(y) and p(y), thereby

breaking the link between the encoder and the decoder. In other words, training a naive version

of the VAE tends to make the encoder irrelevant to generate new data: at some point, the

decoder can generate new samples with a low variability and discards what the latent space

instructs him. Several solutions have been proposed to this problem,, which we do not detail

here [121, 122, 123, 124].
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1.1.2.2.10 Implicit Variational Inference As a final example of the use of stochastic

variational models, we will introduce an interesting family of algorithms that makes VI applicable

to problems where either the likelihood is intractable (i.e. when we can sample from it but do not

know its precise formula), or when we want to make inference with a highly flexible approximate

posterior such as a Bayesian neural network, which makes the computation of the posterior

log-density impractical to retrieve for a limited and rational computational budget.

Despite the obvious challenges that follow from their use, implicit models constitute a rich class

of generative models, for which many solutions can be developed [125].

Tran and colleagues [126] propose an algorithm for inference about likelihoods with an intractable

density that can have an unbiased Monte-Carlo estimate. This include, for instance, marginal

models such as Generalized Linear Mixed Models, where the random effects have been integrated

out: in this case, the likelihood is generally intractable, but the integrands can be estimated easily

and, therefore, an IS estimator can be retrieved. Moreno et al. [127] propose a method based on

ABC [24], named Automatic Variational ABC, aimed at solving the problem of inference with

intractable likelihood. ABC works by approximating an intractable distribution p(x | y) by

p(x | y) =

∫
p(x | u, ε)p(u | y)du

≈ 1

K

K∑
k=1

p(x | ũ, ε) where ũ ∼ p(u | y),

p(x | ũ, ε) can be, for instance, a Gaussian with mean ũ and standard deviation ε and p(u | y)

had the same form as p(x | y). The reparameterization trick can be used if there exists a

differentiable generator T (ε; y) for p(u | y), which is not always the case.

The core idea of the model proposed in [128] we will detail now relates to a generative frame-

work, known as Generative Adversial Network (GAN), that somehow competes with Variational

Auto-Encoders. Whereas VAE requires a likelihood function for the observations, GAN do not

necessitate such explicit distributions. However, GAN are not inference models: there is no way

to map a given sample to its latent space. GAN are trained by concurrently optimizing a gener-

ative model Gφ : Rd 7→ X with z ∈ Rd, z ∼ q(z) to create samples x̃ similar to the actual data

x = {xi }Ni=1 ⊆ X , and a discriminator Dλ : X 7→ [0, 1] that returns the probability p (x̃ ⊆ X ).

With GANs, the following loss is optimized:

{φ∗,λ∗} = arg min
φ

arg max
λ

Ep(x) [logDλ(x)] + Eq(z) [log(1−Dλ(Gφ(z)))] . (1.28)

The process of training a GAN can be seen as a competition between a discriminator, which

has to tell apart true and false samples, and a generator that tries to fool the discriminator.

The better the generator, the better the discriminator must be to discriminate true and false

samples. The better the discriminator, the more realistic must be a fake sample to fool it.

We can use a somehow similar idea to train implicit models [128] in an approach named Implicit

Variational Inference (IVI): Let
∏N
i=1 p(xi | zi)p(zi | y)p(y) be the model from which we wish to

estimate the posterior probability. We first re-write down the form of the ELBO in the following
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form:

L (q(y, z)) = Eq(y,z)

[
log p(y)− log q(y) +

N∑
i=1

log
p(xi, zi | y)

q(xi, zi | y)

]
+

N∑
i=1

log pdata(xi)

where we have used q(xi, zi | y) = pdata(xi)q(zi | xi,y). Note that, according to what we have

seen earlier Paragraph 1.1.2.2.9, the inference network over z is conditioned on both x and y.

Now if we could substitute log p(xi,zi|y)
q(xi,zi|y) , which is by definition intractable, by a tractable log-

ratio estimator r(x, z), then we could estimate the value of the ELBO. Fortunately, we can

sample from both distributions: to simulate from the numerator, we simply need to sample some

ỹ ∼ p(y), z̃i ∼ p(zi | y) and then simulate x̃i ∼ p(xi | ỹi). For the numerator, we just need to

randomly select some xi from the dataset and then gather a sample from z̃i ∼ q(zi | xi, ỹ).

IVI works by training some function r to discriminate samples drawn from p(xi, zi | y) from

samples drawn from q(xi, zi | y), which will provide us an estimate of the ELBO at optimality.

The value of r that best approximate the above fraction is given by the proper scoring rule [129]:

r∗(x, z) = arg max
r

Ep(xi,zi|y) [log σ(r(xi, zi,y))] + Eq(xi,zi|y) [log 1− σ(r(xi, zi,y))] (1.29)

where σ : R 7→ (0, 1) is the standard logistic function. To see how IVI works, consider for

instance the case where σ(r(x, z)) returns a value close to 1 (e.g. r(x, z) → ∞): in this case,

the discriminator r estimates that it is infinitely more likely that x̃i, z̃i ∼ p(xi, zi | y) rather

than x̃i, z̃i ∼ q(xi, zi | y). On the other hand, if σ(r(x, z)) is close to 0, then the sample can

be categorized as belonging to q rather than p. By training r to maximize the proper scoring

rule, which both rely on non-linear transforms such as neural networks, we ensure that r gets as

close at it can from the expected ratio between p and q. We can then concomitantly train q to

maximize the ELBO: in some way, this approach is comparable to GAN, in that we train r to

be as high as possible (thereby maximizing its power to discriminate between p and q) and train

simultaneously q to gets as close as we can from the posterior distribution.

1.1.3 VI and the human brain: a short journey in Active Inference

The fact that VI has had a great success in neuroscience should not be surprising. We can

individuate two main reasons for this: the first and most obvious is that VI allows researchers

to fit complex neurophysiological models in a Bayesian way to the data they have acquired,

thereupon retrieving from their models a measure of the model evidence, which can guide the

researcher in making enlightened judgment about the causes of the observed behavior [130, 131,

73, 132, 133, 134, 135, 136, 137, 138, 139, 72, 140, 141].

The same principled method of inferring causes in the laboratory can be mapped onto a general

model of brain functioning [142]: the brain can make models of the surrounding environments

(i.e. make hypothesis), test, fit and confront these hypotheses against each other and against the

real world [50]. The term Bayesian Brain encompasses many observations and theories covering

the behavior of single neurons [143], population of neurons [144, 145, 146], brain areas [147]
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and brain networks [148, 149] that have in common the fact that they suppose that the brain

models are generative [150]. In other words, they assume that cerebral structures encode for

distributions of events rather than events themselves: this allows the brain to perform causal

inference about the surrounding world.

We start by describing the foundation of the lower bound maximization hypothesis of the brain

inference process. The Helmoltz machine [151] can be viewed as the ancestor of the VAE outlined

above. As for the VAE, this model is made of an encoder, which generates a simplified model

of the observations (the q distribution) across several layers of a neural network. Then, from

this top-layer where the explanations are inferred, a generative model is also trained to produce

samples that mimic the real world. Each coder can be used to train the other in a scheme

that is known as the wake-sleep algorithm [152]: during the sleep phase, the decoder is blocked

and generates (or fantasizes) observations with a known cause. The encoder is then trained to

recognize these observations, and map them to their latent cause space while minimizing the

error between the true, known generative cause and its estimate. During the wake phase, the

encoder is blocked and the decoder is trained to produce samples that resemble to the truth.

The interesting feature of the Helmoltz machine is that the principle of Free Energy minimization

was already present in its initial formulation, even before VI was developed as we know it today:

this theory of brain functioning assumed that the work of inference achieved by the execution

of neural codes was aimed at minimizing the loss of information while modelling p with q. At

its core, the negative Free Energy is the sum of two terms: a term reflecting the model fitness

and a term reflecting the model entropy (i.e. generalization capacity). Formulated as such, it

is not surprising that this quantity can bridge thermodynamical laws with other fields such as

evolutionary biology [153, 154], where the genetic variance determines the fitness of the organism

in its environment, or theories of self-organization and life formation [50].

Box 1.1.8| Reformulating the ELBO

The ELBO has many other interpretations which are summarized here:

L(φ) = Eq(x|φ) [log p(a, x)]︸ ︷︷ ︸
Approximate model fitness

Energy

+H [q(x | φ)]︸ ︷︷ ︸
Entropy

(1.30)

= Eq(x|φ) [log p(a | x)]︸ ︷︷ ︸
Accuracy

−DKL

[
q(x | φ)

∣∣∣∣p(x)
]︸ ︷︷ ︸

Model complexity

(1.31)

= log p(a)︸ ︷︷ ︸
Marginal likelihood
Log-model evidence
Negative surprise

−DKL

[
q(x | φ)

∣∣∣∣p(x | a)
]︸ ︷︷ ︸

Information loss

(1.32)

The Approximate model fitness reflects how well a model configuration is accurate on

average, given a prior and a set of observations. The entropy reflects how generalizable is

your approximation. The model accuracy ignores the prior likelihood, as the model com-

plexity measures how much your posterior belief differs from your prior: if the complexity

is high, it might be worth considering updating your prior or changing your approximate

posterior. The marginal likelihood is an unknown quantity reflecting how good would be
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our model if our approximations matched perfectly the reality. The information loss is

equal to the amount of information that would be lost while coding q with p. Each of

these formulations has its own interest.

Active inference generalizes this Free Energy minimization long-term goal that we framed in term

of observation to the combine triad of action, learning and observation [49]. In this context,

an agent policy, memory and perceptual state are all tuned to minimize the surprise in the

environment [155]: this assumption is intended to act both as a normative value (what should be

ideally be achieved) and as categorical imperative (what the agent is physiologically constrained

to do). Note that here, surprise is intended as the negative log model evidence: minimizing

surprise is equivalent to find the best model for the observations that are shown to the agent.

Loosely speaking, such theoretical framework should entail any behavior, even reward-seeking

policies. As phrased by Karl Friston and colleagues [155]:

When friends and colleagues first come across this conclusion, they invariably re-

spond with; “but that means I should just close my eyes or head for a dark room

and stay there”. In one sense this is absolutely right; and is a nice description of

going to bed. However, this can only be sustained for a limited amount of time,

because the world does not support, in the language of dynamical systems, stable

fixed-point attractors. At some point you will experience surprising states (e.g.,

dehydration or hypoglycaemia).

One way to see how we can map the concept of rewards in terms of active inference, one

can consider that a rewarded inferred state is a state that has a high prior probability.

For instance, satiation and other homeostasis states can be considered as having a high

prior probability. If the posterior does not match this prior, then the state is surprising,

and the agent will act in such a way that the homeostasis is restored. In summary,

active inference unifies the perception, learning (i.e. the critic) and the policy algorithms

together under the umbrella of surprise minimization.

Box 1.1.9| Unfalsifiability of the Active Inference framework

The predictive brain is a very general theory, that actually goes way beyond

the human brain: biological self-organization, evolution, homeostasis and many

other biological phenomena can be interpreted in this way. One may therefore

legitimately ask whether the active inference framework is not too general, as it

seems to be unfalsifiable.

Indeed, we (and actually Karl Friston himself) can safely claim that active in-

ference cannot be logically negated. This does not mean that this theory is not

useful, and should not be endorsed: mathematics and logic, for instance, are

constituted by a set of tautologies [156], and are therefore unfalsifiable.

The theory of biological self-organization [50] follows the same principle: it is

http://neuroconscience.com/2015/01/15/quick-post-summarizing-the-major-questions-asked-at-lsebrain-about-the-bayesian-brain-hypothesis/
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grounded on the following tautology (which is the basic understanding of the

law of natural selection): an agent is likely to survive if he is able to adapt (i.e.

change its internal state in response to changes in the surrounding environment).

Following a precise mathematical formulation, Friston shows that this concept can

be framed in a Bayesian (and more specifically in a Variational) manner. This is

highly tautological: there is not falsifiable assumption, no testable concept, just

a set of equivalencies that flow naturally and logically from the initial premises.

We made the explicit choice of not framing our work in an active inference perspective,

in order to keep it as general and understandable as possible for an audience familiar

with classical or Bayesian RL. In Section 5.2, we will attempt to map our theoretical

contributions to the domain of active inference.
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1.2 Reinforcement Learning

So far, we have introduced Bayesian Inference as general philosophy of model learning

that appears to be sound both on the theoretical and biological point of view. In this

section, we will introduce a family of machine learning algorithms that achieve the goal

of maximizing a reward associated with certain states and actions. We will describe the

various existing branches of Reinforcement Learning (RL), link them to the Bayesian

theory presented before, and show how these algorithms find elegant analogs in animal

behaviour.

RL is a family of ML algorithms and, loosely speaking, cognitive neuroscience theories

that has the distinctive feature of tying together behaviour and learning. As such,

RL constitutes an attractive tool for the study – and implementation – of intelligent

animals and systems, respectively. Classically, RL assumes that an agent can gather

rewards from the environment where it evolves by taking pre-defined actions in observed

states. These actions or states can be discrete or continuous. It is usually assumed

that the environment is Markovian: the Markov property ensures that the probability

distribution of an observation xt conditioned on all preceding observations x<t equals

the marginal probability of this observation given the last one xt−1. Formally, we have

p(xt | x<t) = p(xt | xt−1). (1.33)

The set {xt }Tt=1 that respects the condition in Equation (1.33) is called a first-order

Markov chain. Other equivalent ways to express the Markov property are to say that

the future and the past are conditionally independent given the present, or that the

future depends on the past only through the present [157]. Many situations can be

tricked to respect the Markov property: take for instance the second-order Markov

Chain where we have p (xt | xt−1) 6= p (xt | xt−1, xt−2). If we define ys = {x2s−1, x2s},
the chain of Y = {ys, s = 0, 1, ..., N} is a first order Markov chain. This feature is

important to notice, as it means that problems that can only be solved by recurring to

past history (i.e. that require a memory of the past) can be reformulated as a first-order

Markov chain. For this reason, RL algorithms are designed to evolve in environments

that respect this assumption, namely Markov Decision Processes (MDP).

Classically, an MDP is defined by a tuple (S,A,R, T , γ,D). The set S = { si }Si=1 is the

set of states and A = { ai }Ai=1 is the set of actions (which may or may not be identical

in each state). The random variable R is the reward function R : S × A 7→ R, or

alternatively a reward distribution with space (Ω,F ,R(s, a)) where the random variable

is virtually always a real number R : S × A × Ω 7→ R. The random variable T is

a Markovian transition process, or transition probability distribution s.t. it defines a
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probability space (Ω,F , T (s, a)) where the random variable is a state, i.e. X : Ω 7→ S.

The real number γ ∈ (0, 1] is a geometric decay of future rewards and D ∈ S is the set

of initial possible states.

Box 1.2.1| Non-Markovian models

Several models do not have the Markov property: first of all comes Partially Ob-

servable MDP (POMDP). In a POMDP, at each state, one or more observations

o are delivered to the agent which has to infer in which state it is based on a

known model p(o | s). This obviously requires it to use Bayes rule to inverse the

probability distribution: in the naive approach, at each state the agent carries

on a belief vector of the length of the state space where each element reflects

the probability that this agent is in the corresponding state. When an action is

taken, an observation is provided, and using a known (or estimated) transition

matrix, a new belief vector can be generated. A POMDP should not be consid-

ered as Markovian, because the state in unsecured: the agent needs memory to

know where it stands and what to do. One may think that the introduction of a

belief vector relaxes this assumption, as this variable encodes whole that there is

to know about past history in a local, time-contingent variable. However, there

are two important differences that will still hold between MDPs and POMDPs:

first, the agent may still need memory in a POMDP [158]. The reason for that

is that the observation at t− 1 may be important to interpret the observation at

t. For instance, two states s1 and s2 might provide the same observation, but if

the agent knows that it cannot stay in s1 for more than one trial, then it needs

memory to behave optimally in s2. The second difference, which follows closely

the first one, is that in a POMDP, the optimal policy might be stochastic (which

contrasts with the Bellman optimality equation, see below).

Another example is a Markov (or Stochastic) Game [159], in which the agent is

opposed to one or more agent with a different goal and which interacts also with

the same environment. From a global point of view, this can still be modelled as

a MDP, but from a local point of view (i.e. of a single agent), the state is not

fully observable and therefore the system is not Markovian.

Finally, in Semi-Markovian Decision Processes (Semi-MDP) [160] the transition

of state s to s′ with the action a occur after some delay d ∼ p(d | s, a). As such,

Semi-MDPs generalize MDPs by framing it in a continuous time domain.

All of these three models reflect some truth about the surrounding world of an-

imals, and therefore they should not be overlooked. First, animals do not have

a full and immediate access to the necessary and sufficient information to deter-

mine the state they are in. This information requires time to be collected and
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integrated, and this process is almost never complete. Second, animals interplay

with other agents that try to maximize their own gain, and therefore affect the

world in which they evolve. Finally, actions may have an effect that has some

long term effect whose timing cannot be predicted accurately.

The learner (which may happen to be also an agent) has to solve the problem of max-

imizing the return by selecting the best policy in the environment. This policy can be

deterministic or stochastic. As the former case is just a degenerate case of the latter,

we will adopt the nomenclature a ∼ π(a | s)

This learner may or may not know the perfect structure of the MDP. If the knowledge

is perfect, Dynamic Programming (Section 1.2.1.2) can be used to compute exact value

functions of the policy which will dictate the behaviour (i.e. the policy) of the agent.

In most useful circumstances, the knowledge of the environment is incomplete (some

elements of the MDP tuple are not directly accessible), and the learner will need to rely

on some strategy to find the way to the maximum return.

Box 1.2.2| RL vs (un)supervised learning

At the very base of RL lies the assumption that rewards will drive the learning

process. In the words of Richard Sutton [161]:

The use of a reward signal to formalize the idea of a goal is one of the

most distinctive features of reinforcement learning.

This feature distinguishes RL from supervised learning, as there is no label pro-

vided by the user to compute some kind of error of prediction. Specifically, in

RL, what the correct answer is is not only hidden, but also unknown. This fea-

ture might recall unsupervised learning: however, it is not a form of unsupervised

learning either, as we do not want to generate patterns or cluster unlabelled data

following some assumption, but we want to maximize an clearly defined objective

which is always ultimately expressible in terms of reward.

Our agenda will be the following: We will distinguish value based learning methods

(Section 1.2.1) (either Model-Free or Model-Based) from policy-based learning methods

(Section 1.2.2). In the former category, we will first introduce some key concepts of

RL from the machine learning point of view, starting from offline value-based learning

methods (Dynamic Programming, Monte Carlo methods, Section 1.2.1.2), that we will

contrast with online methods of learning (Section 1.2.1.3). These last category will be

central for us, as a crucial aspect of animal behaviour is their capacity to learn while

performing a task. Finally, we will shortly introduce Bayesian RL (Section 1.2.3) before
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giving a small introduction to the use and theories of RL in psychology and animal

behaviours (Section 1.2.4).

1.2.1 Value-Based RL

One strategy to learn how to maximize the reward in a task is to learn a probability

distribution of the long term returns (conditioned on γ) for any initial state. In bandit

tasks, an equal knowledge of the posterior probability of each value distribution can pro-

vide an asymptotically optimal policy to the agent [162, 163, 164]. For simplicity, early

approaches of value-based RL focused mainly on learning the first moment (average) of

the reward for the events of interest11. This value is conditioned on the current policy

that the agent has: it is therefore not difficult to see that such measure provides the

agent with an objective to optimize wrt the policy in order to maximize the long-term

return. In other words, if the policy value is vπ (with π conventionally indicating the

policy of interest), then the optimal policy is given by π∗ = arg maxπ vπ. It should

be clear in the formulation we have chosen that what the agent is actually trying to

do is to approximate some value function (e.g. vπ∗), assumed to exist in the external

environment, with another learned value function which is learned from experience (e.g.

Vπ).

There are essentially two types of values that can be computed: state values (conven-

tionally indicated by vπ(s)), which can be interpreted as the distribution of rewards that

follow the event of reaching some state of the environment, and action value (qπ(s, a)),

which decouple the states and the actions available. We will see that the state value is

simply the marginal probability of the action value conditioned on the policy.

1.2.1.1 The Bellman equation

We now detail how a state value can be computed in a discrete MDP given a perfect

knowledge of this process. Let s ∈ S be a state of the process, and a ∈ As be an action

available in this state. We fist detail the intuition behind the use of a discount factor γ.

1.2.1.1.1 Discounted return Imagine an MDP where the reward function of each

state-action pair is non-negative and where no absorbing state exist. In this case, the

long-term return associated with each state (and each action) is infinite, and therefore

state-action values will be hard to compare. Another issue is that there is no guarantee

11This can be viewed as a frequentist approach, which would contrasts with the Bayesian approach
where we would be more interested in the distribution (and therefore in the uncertainty) of the long run
return of some policy
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that the environment will remain stable during the transitions from state to state: the

MDP might suddenly or progressively change in the future. Therefore, an agent might

wrongly discard a reward situated in a near future to favor a distant and higher reward

that will not be delivered because of a contingency change. A final issue is that a reward

might be more beneficial in a near future: for instance, an animal cannot remain in a

state of hunger for too long even if this strategy has a high long-term pay off. Therefore,

the weight of distant rewards has to be inferior than close rewards. To reflect this, the

decay factor γ is usually introduced in the value function:

vπ(s) = Eπ

[ ∞∑
k=0

γkrt+k+1 | st = s

]

qπ(s, a) = Eπ

[ ∞∑
k=0

γkrt+k+1 | st = s, at = a

]
with rt+k+1 = R(st+k+1, at+k+1).

It is easy to see that, as mentioned before, vπ(s) = Eπ [qπ(s, a)]. Importantly, γ = 1 can

only be encountered in episodic tasks, as otherwise the value may be infinite. On the

other extreme, a value of γ = 0 will make the agent myopic to future rewards.

1.2.1.1.2 The Bellman equation for state value gives an analytical form to the

above expression:

vπ(s) =
∑
a

π(a | s)
∑
s′

∑
r

p(s′, r | s, a)
(
r(s, a) + γvπ(s′)

)
. (1.34)

The Bellman equation requires us to have a perfect knowledge of the environment: is

is assumed that the agent has access to the true state values, transition matrix, reward

functions and policy. Obviously, most of the time none of these quantities is known

exactly, and our aim will be to investigate how we can efficiently approximate this

quantity with a limited cost. The main advantage of the Bellman equation is that it

expresses how the current state value is related to the next; in this way, we can recursively

estimate value functions.

Interestingly, from there we can derive a rule that dictates the best policy given a

complete knowledge of the environment.
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1.2.1.1.3 The Bellman optimality equation is given by the reformulation of

the optimal policy:

v∗(s) = max
π

vπ(s)

= max
a

q∗(s, a)

= max
a

∑
r,s′

p(s′, r | s, a)
(
r(s, a) + γv∗(s

′)
)
.

(1.35)

Most of the value-based RL literature gravitates around the Bellman equations. In the

next sections we will first explore how this equation can be used to select the best policy

offline. Then, we will see how value function and policy can be improved together in an

online fashion.

1.2.1.2 Offline methods: Dynamic programming and Monte Carlo methods

Consider an agent that knows both the MDP transition matrix and how much each state-

action pair is rewarded in a stationary environment. Its aim is to learn the optimal policy,

which requires the knowledge of the state value functions (Equation (1.35)). These two

values depend on each other: in value-based RL, the policy requires by definition the

knowledge of the value (or a proxy to the true value) of each state under this policy. This

might seem like an unsolvable problem: selecting the best policy requires the knowledge

of the best state-value function associated with it, which is by definition unknown if the

best policy is itself unknown. Fortunately, there is a way to sequentially improve one’s

policy given a specific state value function: this is known as Dynamic Programming

(DP).

1.2.1.2.1 Policy-improvement theorem A common operation in RL is to assess

how do two policies compare. It can be shown that if for all s ∈ S,

vπ(s) ≤ qπ(s, π′(s)) (1.36)

for two policies π and π′, then π′ is at least as good as π. This tells us that for a

given set of value functions of a policy π, we can test whether π′ outperforms π by

comparing the state-values with the state-action values under the alternative policy π′.

The advantage of this formula is that it shows us that we can use a suboptimal policy to

evaluate an alternative policy: therefore, we could iteratively learn vπ, and then improve

π → π′ given vπ. This is the principle under the policy-iteration algorithm [165] in

dynamic programming. This algorithm alternates between policy evaluation and policy

improvement on the basis of the policy-improvement theorem. Value iteration packs
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together these two steps and updates each state-value independently and sequentially

by refining both the state value and the decision rule for this state. Algorithms 3 and 4

compare these two approaches. Note that both of them are guaranteed to converge with

a worst case time complexity that is exponentially lower than linear search.

Box 1.2.3| DP policy learning

Algorithm 3: Policy iteration.

Data: States s ∈ S, Actions a ∈ A
input: Transitions T (s′|s, a), Reward

function R(s, a)

Result: Optimal policy estimate

π∗ ≈ π
Initialize π, vπ(s);

repeat

Update V (s) for all s ∈ S given π;

Compute improved policy π′ with

policy-improvement theorem

Equation (1.36);

Set π ← π′;

until Some convergence criterion is

met ;

Algorithm 4: Value iteration

Data: States s ∈ S, Actions a ∈ A
input: Transitions T (s′|s, a), Reward

function R(s, a)

Result: Optimal policy estimate

π∗ ≈ π
Initialize π, vπ(s);

repeat
Update V (s) for all s ∈ S st

V (s) =

maxa p(s
′, r|s, a) (r(s, a) + γvπ(s′));

until Some convergence criterion is

met ;

Both algorithms enjoy the same asymptotic convergence property, namely that:

lim
i→∞

π = π∗ lim
i→∞

V (s) = vπ∗(s).

If the requirements stated above are met (namely perfect knowledge of the MDP and

stationarity), DP is an efficient strategy to solve the problem of finding the optimal

policy. An example of problem where DP could be used is for instance to find the best

road (where “best” could be defined in term of speed, distance, cost etc.) from A to

B given that we have complete knowledge of the environment (of the routes that could

be taken from A to B). From a biological point of view, DP makes little sense: we can

hardly think of a situation where an animal has a complete knowledge of its surrounding

environment before having explored it.

Monte Carlo (MC) methods tackle the problem of optimizing one’s policy and value

functions given an incomplete knowledge of the environment, i.e. when neither the model

of the environment nor the reward functions are known in advance. Consequently, MC

requires us to be able to generate sequences of events in the environment: these sequences

can be either simulated or generated according to a real experience: for instance, a robot

might use MC to learn the optimal policy by evolving in the environment or by using

simulations of what would happen if it were evolving in this environment. However,
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we still say that this method works offline because inside an episode, no update of the

policy is done.

In MC learning, some K episodes are generated with a policy π0, then the returns of

each state-action are averaged and the assigned to the qπ1-values, then a second set of

episodes is generated with a new policy π1 which follows the values of qπ1 . After that,

the process is repeated with the computation of qπ2 to computer π2 etc. until some

convergence criterion is reached.

Roughly speaking, MC methods can be of two types: the first type is called on-policy

learning, and it consists in applying the same policy to learn and to maximize the

reward in the environment. As we will see with online methods, on-policy has the

advantage that we are maximizing rewards at the same time that we are learning the

policy. Off-policy methods contrast with these by their division between a target policy,

which is the policy that will be used once learning is achieved, and the behavior policy,

which is the policy used to explore the environment. The advantage here is that we

can optimize exploration first, and once a sufficiently good knowledge of the optimal

policy and behavior is reached, we can apply the target policy that was learned in the

background.

In brief, on-policy MC control works by repetitively generating episodes with a given

policy, then averaging and using the long-term returns for each state-action pair as a

proxy to the true value of these states under the policy of interest, before updating the

policy based on these values. Then, the process starts over with a new episode etc.

Importantly, the policy has to be soft : given that we use the policy both for exploration

and exploitation, we will need to explore apparently suboptimal choices from time to

time in order to assess their long-term efficiency. Therefore, each action needs to have

a non-null probability of being chosen.

In off-policy MC control, the policy used for learning and the target policy are uncou-

pled. This scheme recalls the importance sampling simulation algorithm: a proposal

distribution (the behavior policy) b(a | s) is used to generate samples whose importance

is corrected based on the ratio between the likelihood of these samples given the target

distribution (the target policy) π(a | s) and the likelihood of these samples given the

proposal. Given this observation, we can implement a policy learning algorithm that

repetitively generates episodes according to b, then updates the values with an impor-

tance sampling scheme, starting at the end of the episode and going backward to the

first state. When convergence is reached, the optimal policy is simply given by selecting

the action with the highest value in each state.
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Box 1.2.4| On the advantages of bootstrapping

Aside from their requirements, the most crucial difference between DP and MC is

the fact that the first uses an estimate of the successor state value to improve the

current state value function estimate, whereas the second does not. This feature of

improving an estimate using an estimate (learning a guess from a guess) is usually

referred to as bootstrapping. To see why this is a good idea, we can see that,

without bootstrapping, a whole episode is needed to compute the state(-action)

value functions under the current policy. This means that the agent does not need

a full episode to learn from experience: seeing that an action leads to a suboptimal

state is an information per se, and going through the whole episode might not be

necessary to learn from this action. Also, in certain situations, a final absorbing

episode is rare or even not defined. In this case, the notion of episode itself is

not well defined. Finally, the cost of storing all the events in an episode can be

high, and the computation peak after the episode may be prohibitively expensive.

Bootstrapping dispatches the computation time to all events in an episode, which

makes better use of the resources. Usually, bootstrapping methods are empirically

found to converge faster than Monte-Carlo methods, although there is no known

theoretical proof of this observation. In the context of biological agents, it makes

much more sense to think about bootstrapping as a way to improve (or repair)

knowledge of the environment, as it is unlikely that an animal will wait until the

end of an episode – whatever its definition – to correct a suboptimal policy.

1.2.1.3 Online methods

In the last section, we have sketched some ideas of learning an optimal policy in stable

environments where the agent had either (a) a complete knowledge of the environment

and where no experience was required to learn the policy (DP), or (b) an incomplete

knowledge of the environment and where learning was achieved by generating episodes

of events with some policy, averaging the values of each state-action pair during the

episodes and learning the optimal policy from these (MC). In many cases, it is more

beneficial to learn during the evolution in the environment: for instance, if an initial

policy is highly damaging, the agent has a great advantage in using it as little as possible.

We will detail two approaches that will be of crucial importance to us: model-free RL, in

which the agent discards the transition model and focuses in learning the value function
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of each action, and model-based RL, in which the agent uses a knowledge (either true or

approximate) of the transition table to reach the best policy12.

1.2.1.3.1 Model-Free RL: Temporal-Difference learning In MC-RL, the value

function had to be approximated given the samples that were drawn for a given policy.

We first look at the way an agent can evaluate its policy online. The Bellman equation

for state value Equation (1.34) gave us a closed-form formula to compute the value of

each state given the reward received in this state and the next state value (weighted by

the probability of selecting each action and the probability that this action would lead

in this state). Here, we are interested in deriving an update equation of the state value

given a single sample of the reward and an imprecise estimate of the next state value.

Moreover, we do not have access to the state-to-state transition probability. Temporal

difference (TD) [166] learning algorithms provide a way to learn an approximate state

value V (st) at each step by averaging the return r(s, a) + γV (st+1) of each state-action

pair:

V (st) = V (st) + α (r(s, a) + γV (st+1)− V (st)) (1.37)

where 0 < α ≤ 1 is a learning rate. Given that actions are selected following the policy

π, if neither the policy nor the environment change and if α satisfies the Robbins-Monro

conditions, it can be shown using the law of large numbers that the values computed

according to Equation (1.37) will approach their true value for t→∞. It is interesting to

contrast TD learning methods to MC methods: MC required the episode to be finished to

learn from them, whereas TD can learn at each time step (it bootstraps). The corollary

of this is also that TD does not require us to store the entire episode to perform updates,

whereas MC does and, moreover, it has a high peak computation that TD methods do

not have.

Box 1.2.5| Eligibility trace

In the TD equation presented above, only the last state value is updated according

to the current observation of the reward. However, it might be useful to iterate

through each state and update its value based on the current estimate if this state

preceded the occurrence of this reward. TD(λ) achieves this by keeping track of

an eligibility trace ε = { εi }Si=1 for each state with a decay λ, and updating the

12Strictly speaking, in the previous section, DP was a form of model-based RL and MC was a form of
model-free RL, but we decided to arbitrarily restrict this denomination to online methods, as it is the
use that is made in cognitive neuroscience.
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state-values as follows:

Algorithm 5: TD(λ)

input: Initial state s0, γ, λ

Result: Approximate state value Vπ

1 initialization;

2 Set ε = 0;

3 Set V (s) = 0 for all s;

4 Set k = 0;

5 repeat

6 Select ak ∈ A with policy π;

7 Observe rk+1(s, a) and sk+1;

8 εsk += 1;

9 for s ∈ S do

10 V (s) = V (s) + α (r(sk, ak) + γV (sk+1)− V (sk)) εs;

11 end

12 ε = λγε;

13 k += 1;

14 until ever ;

In this way, each observation not only impacts the last state value, but also the

whole set of previous states encountered. Note that the TD framework outlined

before is a special case (namely TD(0)) of this algorithm. Similarly, MC control

is equivalent to an offline version of the TD(1) algorithm.

The next stage is to understand how we can use Equation (1.37) to not only evaluate, but

also improve the policy online. We have seen in Section 1.2.1.2 that policy-iteration pro-

vides an asymptotically accurate policy. Recall that this algorithms alternated between

policy evaluation and policy improvement: TD algorithms for policy learning build on

a similar idea. As we have seen for MC-RL methods, this can be done in an on-policy

or off-policy manner. Here, instead of learning state value functions, we are interested

in learning state-action value functions, as we would like to be able to guide the policy

towards actions that lead to a greater return.

The on-policy TD learning is known as SARSA [167], for the State-Action-Reward-

State-Action tuple appearing in the update equation:

Q(s, a) = Q(s, a) + α
(
r(s, a) + γQ(s′, a′)−Q(s, a)

)︸ ︷︷ ︸
RPE

.

The Q-learning Reward Prediction Error (RPE) can be understood as the signal that
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drives learning, similar to an unbiased sample of the value function gradient giving the

update direction to follow to reach optimality. We see that, here, learning and control

are coupled: if a policy is highly exploratory for some reason, then the updates will be

negatively impacted with respect to an off-policy strategy. This is not the case of the

Q-learning algorithm [168], which is the prototype of an off-policy algorithm:

Q(s, a) = Q(s, a) + α
(
r(s, a) + γmax

a
Q(s′, a′)−Q(s, a)

)
.

It is easy to see that the above update is done without recurring to the current policy

of the agent. As such, Q-learning tends to over-estimate the return of each state-action

pair, as an uncertain (low-sample) Q value in the next state will positively impact the

current update, whereas SARSA is more conservative. Consider for instance an agent

improving her policy by trial and error: a good strategy would probably be to favor

exploration over exploitation in the early stages of learning. Q-learning will then take

each early optimal estimate at their face value, which may wrongly guide the agent to

consistently select a suboptimal action in the future. SARSA is more likely to avoid this

problem: exploration-based updates will prevent this kind of phenomenon.

Finally, assuming that an agent has a direct access to her policy, the update of the

SARSA algorithm can be improved by considering the weighted average of the next

return:

Q(s, a) = Q(s, a) + α

(
r(s, a) + γ

∑
a′

π(a′ | s′)Q(s′, a′)−Q(s, a)

)
.

which is known as the Expected SARSA algorithm.

1.2.1.3.2 Model-Based RL The idea behind model-based RL is that planning

ahead the impact of one’s actions on the environment might help to improve her policy.

The idea here is that there is one aspect of the environment which is marginalized by

TD methods, which is the transition from state to state that follows each action (this

transition is intended as a “change” in the environment, not in the sense that it modifies

the underlying structure but in the sense that it produces a transition to another state

that can be predicted).

We distinguish two ways to use planning in RL: in the first, planning is used directly

for control. At the decision step, the agent simulates the evolution of the environment

in the next steps and selects the action leading to the maximum reward. In the second,

planning is used to look ahead during learning. This is the idea of the Dyna family of

algorithms [169].
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1.2.1.3.2.1 Planning at decision time If the MDP is very large, and if the

transitions can be efficiently predicted, then it might be difficult to learn each state

action value functions. Visiting of a state may occur very rarely, and using a separate

cache for each of them can constitute a loss of memory. In these cases, simulating the

model behaviour at decision time is likely to be beneficial. For instance, most board

games have a very large number of possible configuration possible, and the chance that

one configuration will be encountered more than once can be quite unlikely. In their

original flavour, algorithms that use planning at decision time do not store state-(action)

value functions, but they approximate it online. As a consequence, they only require

the agent to learn a transition table and a reward function.

Once more, tree search can be used in two distinct ways: first, a brute force exploration of

the possible outcomes of each action can be achieved by simulating randomly sequences

of actions up to a predefined final state. At each branch of the decision tree, all the

actions are explored many times, and the action leading to the maximum average return

is selected. Finally, the action with the maximum value is selected.

Another strategy, named rollout, consists in simulating multiple sequences of events with

an alternative policy (the rollout policy). This policy can be a fixed, naive policy, or

the previous policy of the agent. In this case, the policy improvement theorem states

that the new policy π′ adopted by using simulations with the previous policy π will be

at least equally good, if not better than π.

1.2.1.3.2.2 Planning as a surrogate to real world experience Both model-

free-RL and model-based RL have their virtue, and several algorithms have been de-

veloped to use the best of both worlds. The Dyna family we have mentioned above is

an example of such strategies [169]. With Dyna-Q, the agent still learns a state-action

value, but each time its experience is enriched by the new observations (transition and

reward), the Q-value table is updated in two successive steps: first, the Q-value is up-

dated as in classical Q-learning, and the model of the environment M(s, a) (which is

aimed at learning the transition matrix T ) is updated with the observed transition

ts′←s,a ∼ T (s′ | s, a). Then, in a second step, the Q-values of the entire process are

updated many times by simulating the behaviour of the environment given the new

observations using simulation. In this way, the agent can account for rare events (or

contingency changes) that are distant for a specific state, because this state will be

explored using simulation between two consecutive steps.

Performing these updates on each and every state-action pair can be prohibitively ex-

pensive. Moreover, the vanilla Dyna-Q algorithm does not account for the fact that a

new observation (either transition or reward) will have an unequal impact on the rest
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of the MDP. More specifically, a large update will especially impact the states that are

likely to precede the current one. Following this, it becomes clear that working backward

from the current state will lead the agent to update preferentially the sates that might

be significantly impacted because of the new observation.

Prioritized sweeping [170] implements this strategy. After gathering a new observation,

the agent creates a queue of the state-action pairs that were more impacted by the new

observation. If a state-action of the queue is processed, then its value is updated. In this

queue, priority is given to pairs that were the most impacted: this implies that, for a

finite number of iterations, only the most highly ranked state-actions will be simulated.

The corollary is obviously that, if the observation has a mitigated effect on some state-

action pair, then this node and the preceding ones will be ignored by the algorithm.

Of course, learning the model of the environment comes with a cost: first, it increases the

degree of freedom of the model. Whereas the model-free RL algorithms outlined above

learn only the state-action values, the model-based RL aims at learning the transitions

too, which can be either very numerous and unpredictable. In the latter case (e.g.

T (s, a) ≈ M(1/S) for all or some s ∈ S), some action may have a higher value than

other, but learning the transition will simply be a waste of resources, or worse, will

mislead the agent for some actions if the sample size is low and/or the number of

actions available A is large: in other words, a model-based model will overfit. The other

issue with model-based RL is its computational cost: planning can be expensive, and in

cases where learning has to be achieved online, the learning or decision step (depending

on where planning is used) may require a consequent amount of time and resources to

produce a reliable action selection policy.

However, model-based RL has also many advantages: if the agent learns that there is a

change in either the reward function of a distant state-action pair, or if a transition has

changed, then she will be able to select the actions accordingly without needing to go

through each chain of event that may lead to this change of contingency.

Dyna-Q has the advantage that it mitigate the cost of the decision step by using simula-

tion in the background: decision is still based on the learned action value and the action

value only. However, planning is still used to learn the action value behind the scenes.

As such, Dyna-Q reduces the computational cost of the decision process and reduce the

reward cost of Model-Free decision making.

Box 1.2.6| Intermediate model: the Successor Representation

The successor representation [171] is a clever mixture of model-free and model-

based RL. Consider an agent that learns each average state-action reward function

(and not value), and concomitantly learns the long-term probability of visiting all
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the other states of the environment using a TD algorithm. The idea here is that

the evaluation of a state-value function and transition matrix can be alleviated if

we can learn the probability of visiting each of the future states. Let us expand

and rearrange the Bellman equation for state value:

qπ(s, a) = R(s, a) + γ
∑
s′

T (s′ | s, a)×

∑
a′

π(a′ | s′)

(
R(s′, a′) + γ

∑
s′′

T (s′′ | s′, a′)× . . .

)

= R(s, a) +

S∑
i=1

A∑
j=1

cs,aπ (si, aj)R(si, aj)

where cs,aπ (si, aj) = γ

(
T (si | s, a)π(aj | si)+

γ

(∑
s′

T (s′ | s, a)
∑
a′

π(a′ | s′)T (si | s′, a′)π(aj | sj) + . . .

))

is the geometric series of the probabilities of selecting aj in sj in the future. Of

course, this expression can be marginalized in form of state values. As noted

above, c can be computed using a TD algorithm, which leaves R to be the only

remaining quantity to estimate.

With classical TD learning, we have seen that either a change in the reward

function or the transition table was hard to cope with, because changing the value

function of a state-action upstream of the change requires the whole sequence of

events leading to it to be explored. On the contrary, with model-based RL, either

changes can be coped with easily. With the successor representation, a change

in the reward function can be learned readily, but a change in transition will

require cs,aπ to be adapted, and, again, this will require a re-exploration of the

events upstream. Therefore, from the point of view of an observer, these three

strategies can be discriminated by testing the sensitivity of a learner to these

various changes. This is the approach was proposed as a putative mechanism of

learning and decision making by [172]a and adopted by [174] to investigate each

strategy in humans. As expected, these authors show that participants indeed

demonstrated a lower sensitivity in changes of reward functions than changes in

the transition table, which suggests that an intermediate strategy between model-

free and model-based RL might be used by human subjects.

aStachenfeld [173] also shows that the hippocampus is well suited for the encoding of the
successor representation.
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1.2.2 Policy gradient methods

Another sounded method for solving an MDP would be to optimize directly the policy,

without recurring the problem of optimizing an approximation to the Bellman optimality

equation.

Ideally, given a parametric policy πθ(a | s), we would like to be able to derive a function

J(θ) that would measure the performance of our model wrt θ and that we could opti-

mize without needing to optimize the value function qπθ(s, a). Fortunately, this can be

achieved: the Policy gradient theorem [175] states that the gradient of the performance

measure function J(θ) , Es0∼D [vπθ(s0)] enjoys the property that

∇θ {J(θ)} =
∑
s∈S

dπθ(s)
∑
a∈A
∇θ {πθ(a | s)} qπθ(s, a)

where dπθ(s) = limt→∞ p(st = s | D, πθ) is the sum of the probabilities of encoun-

tering the state s in an infinite episode. As required, this expression does not re-

quire us to compute the state-action value function q but only to observe returns

Gt =
∑∞

k=0 γ
k+tRk+t(sk+t, ak+t), because, observing that Eπθ [Gt | st, at] = qπθ(st, at)

and therefore, after some manipulations, we have

∇θ {J(θ)} ≈ Gt∇θ {log πθ(at|st)} (1.38)

which is an unbiased estimate of the policy gradient. This equation has an intuitive

interpretation: during optimization, we should move in directions of θ where the product

of the decision gradient and the return is high. If the decision gradient is positive

(negative) and the return negative (positive), then there is a mismatch between the two

and we should go away of this solution.

REINFORCE is the archetype of policy gradient method [176]. The main shortcoming

of this technique is the large variance of the unbiased gradient proposed, which can

seriously threaten the convergence of the algorithm. The introduction of an action-

independent baseline b(st) can help to reduce this variance [176] (REINFORCE with

baseline). This value can, for instance, be an estimate of the state value: we can expect

in this case that each action return will be situated above or below this value, thereby

reducing the variance of the gradient estimate without introducing any bias, but in

practice it has been shown that the choice of the average long-term reward was not the

best choice in term of variance reduction [177, 178, 179]. Also, as we have seen in the

section treating of VI Section 1.1.2.2, the use of a natural [180] (or reparameterized [181])

gradient can greatly improve the convergence of the SGD optimization procedure. The

use of Bayesian Monte Carlo introduced in Box 1.1.1 can be used to this aim [182], which
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has the double advantage of providing a more accurate estimate of the gradient than the

simple Monte Carlo method and giving a free estimate of the Fisher Information matrix

for the computation of the natural gradient.

Policy-gradient methods such as the one used in REINFORCE require full episodes to

be optimized. As we have seen in Box 1.2.4, this may not be an optimal way to behave,

in the sense that it is in general more convenient to use bootstrapping methods (which

do not require complete episodes). The next section couples online value learning with

policy gradient methods to solve this issue.

1.2.2.1 Actor-Critic methods

The introduction of policy gradient methods is mainly for us the occasion to introduce

the Actor-Critic framework [183, 166, 175, 184, 185] as an intermediate method between

value based and policy based methods. These approaches are particularity useful when

the state-action space is large, and when tabular functions are unreliable. In this case,

function approximations (where vπ(s) is replaced by a parametric function vπ(s;φ)) are

a logical choice, but TD learning algorithms often fail to converge in such settings.

The central idea of actor-critic algorithms is quite simple given what we have introduced

above: a bootstrapping method, such as TD(λ) is used to compute a state value for

the current state visited and reduce the variance of the policy gradient method. The

parametric policy is the actor, whose role is to achieve an control, and the TD learning

(or more generally, the algorithm used to learn from the environment) is the critic,

whose role is to guide the actor by predicting future outcomes. In a TD(0) scheme for

instance, the value of Gt is then estimated according to

Gt = Rt(st, at) + γvπθ(st+1)− vπθ(s)

which can be efficiently plugged in the gradient estimate given by Equation (1.38).

In Chapter 4, we will study a particular form of actor-critic, where the actor uses some

adaptive parametric policy function that takes as input the state-action values that are

provided to it by the critic. We adopted the terminology of actor-critic as we disentangle

clearly a model of learning and a model of agency in this framework, although this

could be arguably considered as a misnomer given the definition of actor-critic methods

provided in this section.
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1.2.3 Bayesian Reinforcement Learning

So far, we have focused on learning a point estimate of the policy or MDP structure

in order to maximize the return of an episode in the environment. This is analogous

to the frequentist approach in statistics, and this observation motivate us to consider

a Bayesian alternative to this scheme. As always, a Bayesian approach would provide

us a full estimate of the posterior probability of some specific MDP configuration under

the observations made so far and the prior knowledge or belief that we had about the

environment. A crucial feature here is that the knowledge of the uncertainty of the

environment can enforce an optimal exploration/exploitation balance: as opposed to a

frequentist agent, a Bayesian agent will know how much it knows, how secure it is about

its model.

1.2.3.1 Model-Free Bayesian Reinforcement Learning

Once more, we must distinguish the cases where the agent learns a model of the envi-

ronment from those in which it does not: with model-free Bayesian RL, the agent keeps

track of the distribution of the state value functions during learning, and makes decisions

based on these. Application of this learning scheme requires us to make some assump-

tions about the environment. More concretely, we need to specify the distribution of

the reward or the return (which is unknown) and put a prior on this distribution. The

learning problem then becomes to infer the corresponding posterior distribution. We

can consider that the agent assumes that the reward is normally distributed, and uses

a conjugate Normal-Inverse-Gamma prior over this distribution. For binary rewards in

Bandit tasks, a Beta prior over a Bernoulli distribution can be used.

In [162], it is shown that in the case of a simple bandit task the posterior updates have

a closed-form formula when the reward distributions are independent. In the case of

MDPs, posterior computation is more complex as the state-action posterior values are

correlated: the return of a policy in the Bellman equation involves the value of the

next state, and therefore the posteriors of the state value function are not independent.

For simplicity, in [162] this correlation is broken (which recalls somehow the mean-field

assumption seen above). This ensure that the posterior can be computed or approxi-

mated with a distribution of the form of the conjugate prior of the distribution of R.

As we have seen, the Mean-Field assumption tends to underestimate the posterior vari-

ance, and the same feature can be observed in our context: through learning, the agent

becomes confident too quickly in the posterior distribution of the value functions, and
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therefore misses opportunities to explore the environment (see Thompson sampling be-

low). Dearden [162] suggests that exponential forgetting could be used to prevent this

phenomenon: this is also the strategy we will be using in Chapter 4.

1.2.3.1.1 Thompson Sampling Fortunately, when we have an equal knowledge

of each action in a certain state, the posterior probability of the Q-values can dictate

a policy that will balance exploration and exploitation. A commonly used method is

simply to choose actions with the posterior predictive probability that these actions are

better than others. This strategy, sometimes referred to as probability matching [186],

Q-sampling [162], or Thompson sampling [187, 164] algorithm, is guaranteed to converge

but is not, generally speaking, optimal.

Thompson sampling in RL can be formally expressed as

p(at+k) = p

(
at+k = arg max

a

K∑
k=0

E [Rt+k(st+k, a)]

)
= p

(
E [q(s, a)] > E

[
q(s, a′)

]
, ∀a′ 6= a

)
.

(1.39)

This strategy is compelling in many cases, and it has successfully been used in investment

decisions, marketing [188], game control [189], advertising [190] and it is a standard

decision making policy in almost every modern high-tech company [191, 192, 193].

To see why this may not be optimal, we will consider two cases: first, consider the case

where there may be a very informative action to sample from in a near future. This

will not appear in the action selection policy dictated by Equation (1.39), and therefore

the agent might miss this opportunity. In other words, the basic version of Thompson

sampling without planning outlined here can give poor results in terms of exploration

in MDPs [163] (i.e. unlike VPI, Thompson sampling is myopic [194, 195]). Therefore,

it is more suited for multi-armed Bandit tasks.

It should also be emphasized that Thompson sampling will only work when we can

consider that the environment is stable: if the environment is changing, or when playing

against an adversary, other strategies have to be considered (e.g. [196]).

Another feature that this algorithm does not take into account is the fact that the

amount of information for the various available actions might not be identical: the agent

would then gain in computing how much information it could get from selecting one

action, and optimize the sum of this action and the information expected when selecting

it. This is the approach developed in [162] and [197], and detailed in Section 4.5.5.

Another approach could consist in selecting the action that minimizes the entropy of
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the Bayesian policy [186]. Finally, if the aim is to accumulate the maximum reward in

a definite duration, exploration could harm the overall performance of the agent: this

problem of optimizing the reward rate is explored in [198]. In practice, it has been found

that Thompson sampling tends to over-explore [194].

Box 1.2.7| Probability matching

In psychology, Thompson sampling recalls a phenomenon known as probability

matching [199, 200, 201, 202] which is essentially the observation that even after

an exploration phase, participants in an experiment involving a probabilistic out-

come tend to select the best option with a probability that match the probability

that this option will be rewarded. This contrasts with the best policy dictated

by the Bellman Optimality equation which states that the best policy is to select

the most rewarded action. Many authors have been surprised by this observation,

that somehow demonstrates that choices in stochastic environment seem to be ir-

rational. Shanks and colleagues [201] show that this behaviour, which may seem

apparently maladaptive when seen from a frequentist point of view, is actually

rational when some factors are taken in consideration, such as training length,

sufficiently high financial incentives etc.: in practice, the optimal action tends to

be selected more and more often if certain experimental criteria are met. In this

perspective, probability matching can be seen as an instance of Thompson sam-

pling. This is an extremely interesting feature of animal behavior that suggest

once more that the human brain makes inference in a Bayesian way.

1.2.3.1.2 Amortized inference using GP: from TD to policy gradient meth-

ods Recent advances in Bayesian model-free RL have focused on the problem of

extending this framework to large problems. The approach proposed above can be

generalized to large or infinite state-spaces by the use of a non-parametric model, the

Gaussian Process Temporal Difference learning (GPTD) [203], in which a Gaussian Pro-

cess (GP) is used as a prior for the value functions. Because of their computational and

space cost of O(T 3) and O(T 2) respectively, Engel and colleagues note that the use of

GP might seem ill-fitted for RL problems, and they propose to sparsify the problem by

recurring to the basis function (or feature vector) product φ(x)φ(x′)T rather than to the

kernel k(x, x′) [204, 22] (where x is some continuous state), which can provide accurate

online approximations of the true posterior covariance matrix. This framework is then

extended to a parametric setting in [205].

Note that policy-gradient algorithms too can be used in a Bayesian model-free setting

[182] and generalized to Actor-Critic methods [206, 207].
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Box 1.2.8| Model-Based Bayesian Reinforcement Learning

Learning a model in a Bayesian RL setting is per se not a difficult task, but the

use of this information for control is extremely complex. For this reason, and

because it is beyond the scope of this thesis, we only briefly outline the problem

that Bayesian model-based RL represents. First, in the continuation of their

development of the Bayesian Q-Learning algorithm, Dearden and colleagues [208]

propose a series of solutions to account for the uncertainty about the model when

solving an MDP online. Let us assume that an agent is learning some distribution

over the state-action values and transitions given a policy. The distribution of the

former depends tightly on the distribution of the latter, and the entire distribution

of the q-values will need to be updated following each observation of a transition.

This problem motivates these authors to adopt the following general framework:

K samples are drawn from the reward and transition distributions, and each of

these MDPs is solved independently. It is easy to see that this approach provides

a posterior sample of the MDP distribution with a high computational cost. Some

solutions to this problem are proposed: for instance, each sample can be corrected

following a new observation using Prioritized Sweeping (see above).

Duff [209] develops another method still in vogue today [210] that consists in

considering that the couple of the known state and the unknown transition matrix

defines a “hyper-state” which can only be partially observed. This recalls the

problem of maximizing the return in a POMDP, and can be solved as such. This

is a topic we do not consider fully in this thesis.

Another interesting treatment of model-based Bayesian RL is given by Furmston

and Barber [211], who use VI and EP to solve an MDP in an original manner.

Briefly, for observed transitions D and latent transition distribution parameters

θ, their approach is the following: by restricting the reward considered to be

non-negative, these authors define a reward-weighted path distribution

p̂(s1:t, a1:t, t,θ | π) =
Rt(st, at)p(s1:t, a1:t | θ, π)p(θ | D)

G(π | D)

where G(π | D) =

∫
G(π | θ)p(θ | D) is the policy utility under the observations

and G(π | θ) =

T∑
t=1

∑
st,at

Rt(st, at)p(st, at | π) is the policy utility under θ.

As always, it is evident that the aim of the agent is to maximize G(π | D), and

VI can be used to obtain a lower-bound on the policy utility given an approxi-

mate posterior reward-weighted path distribution. Specifically, we can define an
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approximate posterior

p̂(s1:t, a1:t, t,θ | π) ≈ q(s1:t, a1:t, t,θ)

MF≈ q(s1:t, a1:t, t)q(θ)

where MF stands for the mean-field assumption. Note that q(s1:t, a1:t, t) indi-

cates an approximation of the posterior reward-weighted path, and not a state-

action value like before. This distribution could directly dictate the policy using

Thompson sampling. The authors found that the mean field assumption in this

framework impaired learning by overweighting initial time steps, a flaw that was

not shared by its relative EP framework.

1.2.4 Reinforcement Learning in the Animal Brain

The history of the research in the psychology of learning and RL are so close that it can

be difficult to separate them clearly. Sutton and Barto [212] identify two main threads

in the developments of RL: optimal control and Dynamic Programming, which followed

the works of Bellman [213, 214] and conditioning on trial-and-error. In psychology, this

is known as instrumental learning, by opposition to Pavlovian conditioning in which

the animal learns contingencies without interacting with the environment, although

considering these two learning schemes as distinct is too restrictive to explain several

experimental observations [215].

The term “reinforcement” was originally used to refer to a phenomenon previously known

as Thorndike’s “Law of effect” [216]. It is indeed a quite old observation that animals

trained to obtain a pleasant outcome from an action tend to learn this association, and

the strength of this learning is directly proportional to the training length13. This can

be easily tested by removing the reward after the training, and testing how long it takes

to the animal to adapt to the new contingency Section 1.2.4.

This basic observation is at the very center of this thesis. From a frequentist (point-

estimate) point of view, it makes little sense that when the behaviour of the animal

is stable (which is supposed to happens after a few trials) the behaviour keeps being

reinforced. The Q-learning update rules we have seen above do not predict a different

learning rate during training and extinction, even though this is what is observed in

experimental settings. In Chapters 3 and 4, we will try to provide a new Bayesian

learning framework where an agent learns the confidence it has in the stability of its

13Note that other factors such as the interval between the executions of actions [217] can predict the
sensitivity to contingency changes.
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Figure 1.8: Empirical learning curve plotted in terms of resistance to experimental
extinction (i.e. reward retrieval). The circles represent the mean number of unreinforced
bar-pressing reactions evoked by the conditioned stimulus in different groups of hungry
albino rats after varying numbers of food reinforcements. The curved line represents a
positive growth function which has been fitted to the data represented by the circles.

(Adapted from Hull 1943 [18])

observations (in terms of change of contingency): this will allow it to adapt its forgetting

and learning rate to the likelihood that a change of contingency has occurred.

In the following paragraphs, we will introduce RL in the context of animal behaviour,

relate it to the artificial intelligence/machine learning perspective that we have given to

the problem so far and to the theories of the Bayesian Brain outlined in the first section

of this introduction.

Although Artificial intelligence is now well separated from cognitive neuroscience, the

work of mapping animal behaviour to the construction of artificial learning algorithms

(e.g. [218]) is now sometimes inverted (e.g. [219]) or replaced by a joint effort in building

bridges between the two (e.g. [220, 221, 198, 222]).

1.2.4.1 The early days: Model-Free in the brain

The early attempts to explain animal behaviour using Reinforcement learning were made

in a Model-Free setting. The study of habits finds its roots in the works of Dickinson

[223, 224, 225] and Adams [226, 217] who showed that a behaviour which is initially

goal-directed becomes with training autonomous: it is not triggered by a need or will to

reach a profitable goal but rather by a habitual, somehow procedural action selection

pattern that ignores the consequences of the actions that are undertaken. These works

are seminal, even if they were merely based on behavioural observations of rat behaviour

in various specific contingencies, and it brings a qualitative (and not only quantitative)

distinction between goal-directed and habitual behaviour, which is not only slower but

also more myopic to the outcome of actions.
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One possible explanation for the switch between goal-directed to habitual behaviour is

that animals keep a cognitive map of the environment [227] – putatively thought as

relying on prefrontal regions of the cortex [228] – and then learn to act in a procedural

way with a basal ganglia (BG) driven behaviour [229, 230]. This view of a transfer

of agency from cortical to subcortical structures is, however, too simplistic: BG are

necessary for learning and memory [231, 232] even in early stages of skill acquisition,

and cortical structures are highly involved in the execution of automatic behaviours

[233]. It seems therefore more reasonable to see the striatum as a structure mediating

the learning (rather than the execution) of both goal-directed (response-outcome) and

habitual (stimulus-response) behaviours, which would sequentially involve the caudate

(or associative striatum), and then putamen (or sensorimotor striatum) respectively

[229]. This mirrors the idea that learning switches from response-outcome to stimulus-

response learning which both are driven by specific regions of the BG [234].

Several experimental observations confirm this view: for instance, it has been observed

that dopamine has a diminishing influence on the expression of repetitive behaviours

through learning. Moreover, execution of habitual behaviours seem also to rely on

cortical regions [233] (sensorimotor [235] motor [236, 237, 238] or infralimbic cortex

[239]). An alternative and more extreme view would be that the BG support and train

cortico-cortical learning of automatic behaviours [240].

We have seen that learning model-free policies can be achieved through TD learning

(Paragraph 1.2.1.3.1). In practice, it is observed that if a reward is delivered following

an unconditioned stimulus (UCS) that follows a conditioned stimulus (CS), then the

reinforced signal of the UCS transfers to the CS through learning. Importantly, this

observation of the transfer of activity is noted to be mediated at least partially by

the ventral striatum [241, 242], to which projects dopamine neurons from the ventral

tegmental area and substentia nigra which are thought to report the RPE induced by

the received reward or punishment [243, 244, 245].

1.2.4.1.1 Exploration/Exploitation in a model-free setting Another question

to be answered is to understand how the brain does trade exploration and exploitation.

Actor-critic methods offer a compelling answer to this question, as they implement

a stochastic policy which is refined through learning [246]. The assumption that the

brain uses a ramp-to-threshold mechanism to make decisions provides the opportunity

to adjust the level of stochasticity of the action selection process with a certain deci-

sion threshold that determines the amount of evidence necessary to secure a decision

(Section 1.3). For instance, Frank and colleagues found that decision making in a RL

task was well modelled by a Drift-diffusion model (DDM) with the difference of actions
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modelling the accumulation of evidence in favour of each of the options [11]. In this

framework, the decisions are based on a parametric model (the DDM) that adjusts its

parameters to the current contingency: for instance, the threshold whose value is well re-

flected by the activity of the subthalamic nucleus. Also, the drift rate, assumed to reflect

the difference in value of the various options, was shown to be modulated by caudate ac-

tivity. As such, this is a form of actor-critic RL model: control and learning interplay to

optimize the decision policy. The actor can “decide” to make more exploratory choices

when the environment is less certain [247, 222, 248]. This will motivate our Actor-Critic

model in Chapter 4.

1.2.4.2 Model-Based vs. Model-Free Reinforcement Learning

There exists a whole constellations of opposite concepts that relate to the distinction be-

tween habitual and goal-directed behaviours [249], such as stimulus-response vs. planned

behaviours [232], type I vs type II [250, 251], procedural (or automatic) vs. declarative

[252, 233, 253, 254, 255] etc.

In a seminal paper, Daw, Niv and Dayan [256] proposed that the balance between goal-

directed and habitual behaviour was algorithmically equivalent to a bi-controller agent

that had to arbitrate between a model-based (tree-search) and a model-free (cache)

controller. Following Daw and colleagues, this arbitration is supposed to result from

the comparison of the two model uncertainties14: this is roughly equivalent to say that

each model is selected proportionally to its model evidence, which relates to the concept

of surprise minimization seen above Section 1.1.3. Importantly, uncertainty has to be

understood as uncertainty of moments: in the exponential family for instance, it is clear

that a stronger knowledge of the environment narrows down the width of the posterior

distribution of the model parameters, therefore reducing the variance of the moments

estimates. Consequently, the variance of the reward (i.e. the risk [256] or the expected

uncertainty [257]) should not impact the arbitration if this risk is well known, which

is the case when the model evidence is high: in other words, a model is certain when

it is reliable. Nevertheless, the concept of uncertainty is quite ill-defined [258], as it is

sometimes understood as sensory understanding [150] or, in terms of learning, in as a

(frequentist) average prediction error [259] or as a (Bayesian) model evidence [260].

The distinction between model-based and model-free RL in human behaviour motivates

us to question the classical view that a habitual behaviour is simply defined as a be-

haviour insensitive to contingency changes. To solve this issue, we will in the present

14The two aspects of this theory, namely the model-free / model-based opposition and the uncertainty
driven arbitration mechanism have lead to a tremendous amount of publications in the past decades,
reaching more than 1400 citations in 2018.
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work distinguish two non-exclusive features of habitual behaviour15: the first feature is

what we will call inflexibility, which is negatively defined as the propensity of an indi-

vidual to keep acting in a maladaptive way after a change of contingency even if this

failure is made explicit. Inflexibility could also be positively defined as a trust in the

environment stability.

The second is the model-free nature of some behaviours, which can be understood as the

observation that some actions seem to reflect a lack of planning16. We name a behaviour

habitual if it exhibits one of these two features.

For instance, in the framework we propose, a model-based (i.e. planned) behaviour

can be inflexible (and therefore habitual or automatic [262]) if the agent is not able to

account for an observed change in the environment transition table. Similarly, a model-

free agent can be more flexible than another (in a sense that will be made explicit short

after) if it adapts faster to a change of contingency, assuming that both agents start at

an equal learning stage.

Even though a behaviour can be a mixture of model-free and model-based control, we

acknowledge that these are two qualitatively different aspects of the behaviour. Unlike

for the model-based / model-free distinction, there is no clear qualitative duality that

can characterize an inflexible behaviour: on the contrary, there is a continuum between

flexible and inflexible policies.

The advantage of this distinction is that it can flexibly account for the observation

that behaviour can be more model-free in early stages of learning and more model-based

later on [263, 262]17, without contracting the view that overtraining leads to a lack of

flexibility [223, 225]. The learning and decision making scheme proposed in Chapters 3

and 4 is also compatible with the observation that habit learning and skills learning are

distinct features [265]: in our scheme, an agent learns latent causes of the observations

and related policies (either model-based or model-free) separately from the stability of

the environment. If the environment is considered as highly stable, skills may still be

improved.

15We loosely define habitual behaviour as any behaviour that is highly based on the history of rein-
forced state-action pairs and less on current observations of the environment.

16The use we have made of the word flexibility is merely a semantic statement: for instance Daw and
colleagues [256] use the word inflexibility to characterize the lack of planning characteristic of model-free
controller. Note that the authors themselves acknowledge the distinction between habits (viewed from
a behavioural point of view) and model-free RL (the algorithmic pendant of this behaviour) [261].

17Note that from a Bayesian point of view, this observation is sound: at early stages, model-based
has theoretically no knowledge of the transition table, and a model-free controller can have a lower
uncertainty about its predictions. This balance will depend on the task: some may require more model-
based in early stages, some others no model-based learning at all. See the work of Kool and colleagues
[264] for an account of conditions where model-based should be preferred over model-free control.
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1.2.4.3 Planning and model-based control

Planning has long been known to be an essential feature of human behaviour relying

on evolutionary advanced brain regions such as the frontal lobe [228]. As model-free

learning required neural substrates for learning and execution, so does the model-based

controller.

In its frequentist formulation, online learning of the transition table in model-based RL

contrasts with model-free RL by the expected occurrence of state-prediction error, which

recalls the RPE of model-free RL. This has lead scientists to look for a signature of model-

based learning, which was found in the lateral prefrontal cortex [266], suggesting that

model-based learning is evolutionary more recent [267] than its model-free counterpart

[268]. At decision time, model-based decisions can be shown to activate brain regions

associated with the expected outcome [259] and to require the hippocampal activation

[269, 270]. A final question to address is the mechanism by which the controller are

weighted: the dorsolateral prefrontal cortex, seems to be involved in the balance between

the two controllers [271] but also in value comparison between goal-directed actions [272].

1.2.4.4 Uncertainty and cognitive cost of actions

1.2.4.4.1 Uncertainty for Arbitration Intuitively, the uncertainty based arbi-

tration mechanism outlined by [256] recalls Bayesian Model Comparison, selection [35,

273] and Averaging [32]. This is the idea proposed in [260], where the model selection

framework is mapped onto the theory of active inference.

Box 1.2.9| Using lower bounds to compare models

Using the ELBO to compare models can be very tempting: as noted in Sec-

tion 1.1.3, the Free Energy has many interesting formulations, one of which is

the difference between the model accuracy and the model complexity, which may

seem to be an optimal measure of the model optimality. There is, however, a

catch: the ELBO does not indicate the true log-model evidence, but a proxy to

this value. If the KL between the true posterior and the approximation is high for

one model and not the other, we may severely overestimate or underestimate a

model optimality. In fact, model comparison using VI may appear to be theoreti-

cally unsound. Moreover, the value of the ELBO is split between a likelihood term

and a complexity term, and it may be unclear which one is the most optimized

when reaching a solution, leading sometimes to non-complex but poorly general-

izable solutions [123]. Finally, in the context of AVI and IWAE, [119] show that

a tighter bound does not necessarily give a better estimate of the latent variable



75

distribution, giving the intuition that the ELBO is far from being the ultimate

measure of model accuracy.

Fortunately, a few observations can soften this claim: for instance, it has been

shown that using the ELBO empirically outperforms classical approximations such

as the Akaike and Bayesian Information Criteria (AIC and BIC respectively) [137].

Importantly, the above discussion is biased by the fact that we have implicitly

assumed that the model evidence is the utmost measure of a model predictive

capacity. This is not the case for the following reasons: first, when using model

evidence p(D | M), we are still using a form of (although refined) maximum

likelihood, as we cannot marginalize over the space of models. Indeed, the true

quantity we would like to assess is p(M | D), but this is not only intractable, it is

theoretically impossible to estimate (see Section 1.1). Next, the model evidence

is still dependent on the prior choice, and changing the prior value can drasti-

cally change the model evidence, and so even for a weakly informative prior. It

could be argued that the prior is part of the model, and that this is the whole

point of Bayesian statistics, but again, model comparison will rely on a maximum

likelihood estimate (of the prior setting) and will therefore not be reliable in a

Bayesian sense, as the risk of overfitting will persist. In [274], it is suggested

that an approximate IS-based Leave-One-Out (LOO) cross-validation procedure

could be used to achieve a better comparison of models (see [275, 276, 277] for

reviews and comparison with other methods). This can be implemented using

Pareto Smoothed Importance Sampling [56]. When generalized to VI [278], this

technique also gives a way to assess the quality of the lower-bound (i.e. the varia-

tional KL divergence), thereby solving the main problems outlined in this section.

In summary, one should prefer model comparison procedures that assess how gen-

eralizable is the model to new data, rather than merely looking at the marginal

likelihood or to a proxy to this value.

Because it is standard in neuroscience to use the ELBO as a surrogate to the model

optimality, we will follow this assumption in this work, but one should always

keep in mind that this approach is biased and hardy justifiable in practice from

a theoretical point of view, as the ultimate measure of model accuracy should be

based on its posterior predictive capacity. More research is unquestionably needed

to assess if the brain does or does not use a more refined model comparison method

than the classical one to select the best strategy.

The use of VI (and Bayesian inference in general) as a tool to measure model reliability

ties together several theoretical, experimental and rational aspects of habit learning:

first, as we have seen so far, models should be weighted according to their accuracy,
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but not only: this balance should somehow include a form of computational complexity

[255]. Simpler model should indeed be favoured if they compromise well complexity

with efficiency. This relates to the central idea of the study of automatic behaviours

that automatization helps animals to perform multi-tasking [279, 280]. Finally, the use of

such models provides a principled framework for model averaging in which it is assumed

that the brain uses a mixture of models to predict the occurrence of future events [281], a

mechanism that is reflected by observations of brain activity [282]. Following this line of

thought, we can see the model-based controller as a training mechanism for the model-

free controller: when the latter has reached a sufficient predictive accuracy, the control is

preferentially allocated to it: this could be viewed somehow as the online version of the

Dyna algorithm [283] where the process of habitization [225] is understood as a “training

by and switching from” process involving the model-free and model-based controllers.

1.2.4.4.2 Cognitive cost of actions The view that model-based RL trains the

model-free controllers mainly explains how the brain ensures a sufficient accuracy of the

learning process, but not really how it deals with the difference of cost between the two

strategies. For instance, Pezzulo and colleagues [284] propose a mixed controller that

can flexibly balance model-based and model-free decisions by weighting the information

gain of a model-based simulation with its cost.

Several observations and models support the idea that multiple competing controllers

interact during learning with the aim of lowering the cognitive cost of decisions. In

terms of RL for instance, goal-directed behaviour seems to be impaired in large state

space [285], when the outcome involves a probabilistic feedback [286, 287, 288] or when

the rules are difficult to verbalize (explicit vs implicit instructions for instance) [289,

290]. This suggest that actions with a higher cognitive cost are preferentially assigned

to controllers that exhibit a low complexity.

Otto and colleagues show that participants with a higher working memory capacity were

less sensitive to stress [291] and working memory load [292] when making decisions in a

simple MDP than those with a lower capacity. It seems therefore reasonable to postulate

that model-based and model-free RL systems are weighted with respect to their cost

and benefits, an assertion that is supported by behavioural evidence [293, 294]. Collins

and Frank [295] have suggested that working memory alone might constitute a controller

that would compete with RL control (essentially model-free in their framework) to make

decisions, showing that the use of TD learning can lower the cognitive cost of learning
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and decision making18. Keramati and colleagues [198] proposed a decision model that

is aimed at arbitrating between model-based (tree search) decision making, which is

slow but accurate under optimal circumstances, and model-free decision making. Their

contribution is essentially that model-free can, in some instances, maximize the reward

rate: This work suggests that animals tend to make decisions that optimize the amount

of reward per time unit rather than the overall return: a suboptimal decision dictated by

the model-free controller can be more efficient on the long-run, as it can provide small

rewards more frequently and at a lower cost.

The concept of maximizing the reward rate also recalls the actor-critic view of decision

making: a stochastic accumulator such as the DDM [307] is able to trade speed and

accuracy of decisions, which ultimately can optimize the number of decisions made -

and hence the rewards received – per unit of time [308, 309].

Box 1.2.10| Single controller hypothesis

Arbitration between the two strategies is a problem per se that has received an

extensive amount of attention [198, 221, 310, 264, 285]. Not only the brain is

supposed to arbitrate between actions, but in the initial paradigm proposed by

Daw and colleagues, it also needs to arbitrate between models [256]. The dual

model-free / model-based controller predicts in its initial flavour that both strate-

gies are continuously used to make predictions about the return of each action –

or at least that both are learned throughout the task – but this is obviously not

optimal from a computational point of view. Indeed, if model-based RL is not

necessary to make decisions, keeping the system “active” when the model-free has

reached an acceptable performance will hamper the utility of using a model-free

controller. Another difficulty when thinking about these structures as working in

parallel is that the same neural structures (namely the midbrain dopamine neu-

rons and the striatum) [202, 283, 311] and the same neurotransmitter (namely

dopamine) [312, 282, 313] appear to be involved in learning both strategies. These

observations motivate more hierarchical or nested models of RL in the brain.

Moreover, it has been repeatedly observed that during goal-directed choices the

hippocampus and the ventral striatum perform mental simulations of the events

to come to make a decision [314, 315, 316, 317, 318], which is known in the rat

literature as vicarious trial and error [227]. The same process has been shown in

18Generally, the role of working and episodic memory in RL is still a matter of debate [296, 297, 298],
especially given the role that the hippocampus plays in model-based learning [299, 269]. For instance,
replay-driven learning of the Dyna algorithm [169] recalls the offline replay of hippocampal cells [300,
301, 302] which supports the idea that a similar phenomenon might occur in the brain [303, 304, 305,
306]. The wake-sleep algorithm (Section 1.1.3 and [152]) builds on the same idea: the brain learns a
generative model from sensory experience, then optimizes its recognition model by simulating real life
experience.
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decisions involving model-based planning in humans [269, 259]. However, this ac-

tivity vanishes with training [314], a phenomenon hardly explained by the vanilla

version of the competitor model, which are supposed to work in parallel. Pezzulo

and colleagues [284] propose a model of decision making where the agent decides

whether or not it should use simulation to refine its estimates of the state-action

return. The arbitration is based on the value of information, implemented as the

ratio between the uncertainty of the Q value and the absolute difference in ex-

pected return for the two actions considered. A high value of information indicates

that choosing the most valuable strategy is uncertain, and that simulation could

be used to refine the estimates of the returns. This algorithm is roughly similar

to a Dyna algorithm, except that simulation is executed in full (over the whole

episode), in part or not at all for high, moderate and low value of information

respectively.

Another unified algorithm has been proposed by Keramati and colleagues [319]

where the model-based controller prunes the decision tree and then relies on the

model-free controller in a “plan-until-habit” manner to optimize speed accuracy

trade-off. By modulating the time pressure, these authors were able to assess the

depth of the tree search by fitting a computational model to the data. The fit of

this model is consistent with the hypothesis that pruning occurs earlier when the

time pressure is high than when it is low.

A final set of example is provided by theories of hierarchical control [320, 321,

322]. Cushman and colleagues [323] propose that the goal-directed controller is

subordinate to the habitual controller. In this framework, the model-free sys-

tem learns the desirability of the outcome, and instructs the model-based system

which then plan the decision tree to reach this outcome. In contrast to this idea,

Dezfouli and al. [324, 325, 326] suggest that a goal-directed learner might benefit

from concatenating actions into action sequences to lower the cost of decision

making. This is in accordance with the observation that the same structures in

the BG are involved in habitization and sequence learning [231]. In this context,

the lack of sensitivity to a change of contingency would be explained by the fact

that sequences of actions need to be broken down to adapt to the new obser-

vations. It is important to emphasize that this process of habitization predicts

that the first action should be the least subject to a lack of flexibility, as it plays

the role of an observation-contingent trigger for a whole action sequence that will

be (at least partially) unconditioned on the following observations. On the con-

trary, the model-based / model-free dual control theory [256] predicts that actions

situated earlier in the chain of events are the more habitual, because the model-

based uncertainty correlates positively with the length of the chain of events that
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can follow from a decision, penalizing it with respect to the model-free learner

uncertainty, which is roughly insensitive to the distance from the absorbing state.

This latter hypothesis links the problem of habitization to the sensory uncertainty

that arises from the noise in perception. In general, it might be more accurate

to consider that animals evolve in a POMDP (and not an MDP) environment:

as such, they need memory and time to build a belief about the state where

they stand [327, 328, 145]. If evolving in a POMDP, where model-based has to

be preferred [329], the agent may use its memory and knowledge of estimated

state-action transition table to refine, correct or substitute its sensory estimate

of the state it has just reached [315]: this process biases perception itself [330].

In other words, in a POMDP neither a pure model-based nor a pure model-free

reinforcement learning can be used [49], as states need to be inferred from an

imperfect knowledge of the past states. As a consequence, if a prior aggregated

evidence for a state-to-state transition biases decision making in a SSM sense [331]

(i.e. bias the initial position of the accumulator), then a model-free controller can

be used to accumulate evidence given the current state belief. It is easy to see

that this kind of mechanisms could account for the formation of action sequences,

especially under high time pressure where the state cannot be observed exactly

(see Box 4.2.2). This is compatible with the observation that chunked action

sequences take a long time to be loaded (model-based step) before being executed

rapidly (model-free step) [332] and that time pressure facilitates the activation of

the striatum [333].
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1.3 Sequential Sampling Algorithms

Maintaining and updating a model of the world with a certain confidence is crucial for

survival. In the first two sections, we have seen that learning and inference are two

central features of the Bayesian brain, and that related machine learning tools can be

used to model neural processes at the computational, algorithmic and implementation

levels [334]. The common requirements of these paradigms is that they ultimately rely on

the capacity to make a decision, either between actions and/or models. In this section,

we will focus on biologically driven neurocomputational models of decision making.

To make decisions, the brain does not only react passively to inputs: it builds one or

several models of the world [335, 336, 337], compare these models, infer possible causes

and generates possible observations from these causes. A simple way to observe the

requirement of a model is to contrast the poverty of sensory inputs on the retina with

the richness of the representations that we consciously perceive. These models guide

behaviour by comparing their predictions with the observations.

By essence, a goal-directed decision requires us to deliberate between options, which

is formally equivalent to decide what possible cause lies behind the observation that

is made and/or to model the possible consequences of the actions available: in other

words, inference about the world precedes action. This raises the question of how we

can compare models or predictions given some observations, which can be either external

(exteroceptive) or internal (interoceptive, memory-driven or simulated). In both cases,

we will assume that the animal who is making decision acquires these observations

sequentially, as the full representation of the state considered is complex and takes time

to be integrated in the neural circuit. Indeed, decisions are based on noisy observations

or estimates of the environment state. Yet, animals must make decisions under time

constraints.

Take for instance an eagle, observing an isolated prey. This eagle must decide what

would be the best strategy to catch this prey: it needs a predictive model of the prey’s

behaviour, because the prey itself is moving, probably trying to avoid the predator.

Various hypotheses about the prey’s behaviour might conflict, and each of the new

observations will favour some but not all of these possibilities. It needs also to be fast:

if the deliberation lasts too long, the prey might escape.
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How can an agent solve the problem of selecting a model p1(x) or a model p2(x) 19 given

a stream of observations x = {xi }Ni=1? Let

Zi =
N∑
i=1

log
p1(xi)

p2(xi)

be the logarithm of the likelihood ratio of the two models. If x is Gaussian distributed,

so is Z [5]. Moreover, if each of the elements of x is itself a large finite set, then the

central limit theorem holds and Z is generally normally distributed (or χ2 distributed

if the assumptions of Wilk’s theorem hold [338]). Bitzer and colleagues [145] show how

this relates to a Bayesian-optimal policy20. Each time a positive zi is obtained, it brings

evidence in favour of the first model of the alternative, and each time it is negative it

brings evidence to the other model. One strategy could be to stop at j if the sum of x≤j

is greater or equal to some fixed threshold ζ: this is known as a sequential probability

ratio test (SPRT). Following Wald’s theorem [340], this process is optimal in the sense

that no other strategy will be on average faster than this one for a predefined error rate.

Such decision scheme is central to the theory of decision making in both neuroscience

and statistics, and many models and experimental evidence echo to it [341, 342, 308,

343, 344, 345, 346, 347, 348].

Box 1.3.1| SPRT as a Bayesian inference test

Interestingly, for sensory evidence integration, the work achieved by the accumu-

lator can be represented with a loop that takes the previous posterior of the cause

m1, p(m1 | xt−1) as a prior at time t to perform inference about m1 at time t

given the current observation xt [145]. In [349], the cortico-basal ganglia-thalamus

circuit is postulated as a representing the neural implementation of this process.

1.3.1 The Drift-Diffusion Model

If z is observed at infinitesimal time interval, the process outlined here converges to a

continuous random walk with stochastic differential equation given by

dZt = ξtdt+ ςtdWt

where ξt is the (time-dependant) drift rate, ςt is a noise coefficient and Wt is some

Gaussian noise (the diffusion coefficient). As before, the process stops when it crosses

19Model selection is intended here in its broadest meaning: for instance, discriminating a leftward or
rightward motion in a random dot moving task can be viewed as selection the model predicting the left
or rightward motion.

20For Wald and Wolfowitz [339], a Bayes Optimal decision function is a policy that minimizes the risk
of making an erroneous decision given some prior and some observations.
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a boundary bt distant from the other boundary ¬bt by a threshold ζt
21. We denote the

set of parameters of the model ω. Any model of decision making that uses a similar

accumulation of evidence Zt is an instance of sequential sampling models (SSM) [5].

These processes have the compelling advantage that, unlike other evidence based decision

policies such as the softmax (Boltzmann) decision rule, they can model both choices and

RT density given some latent neurophysiological cause: as a consequence, inference can

be achieved and refined using data in two dimensions rather than one. Because the data

is more complete, more degrees of freedom can be added to the model. Fortunately, for

some instances of SSM, the first passage time density (defined as the probability density

of a particle being absorbed at the upper boundary at a given time) p(t, b | ω), and/or

cumulative density P (t, b | ω) =
∫ t

0 p(τ, b | ω)dτ have a closed-form formula [350, 1, 351,

352, 353, 354].

Box 1.3.2| Optimizing SSM without using a first passage time density

formula

If this density does not have a closed-form formula, there is still hope to find a

solution to the problem. For time-dependant drift values, Ditterich [355] uses a

an approximation based on the assumption that the boundary that is reached

and the time at which it is reached are independent events (p(t, b) ≈ p(t)p(b)),

but this obviously biases the estimates. For multiple-alternative decisions, Lette

and Ratcliff [356] propose an approach based on the Nelder-Mead (or SIMPLEX)

method [357] where each iteration involves the simulation of thousands of samples

from a certain parameter estimate in order to match the simulated and observed

histogram. The cost of such method is considerable and application to complex

regression models can be difficult. Wagenmakers, Grasman and colleagues [358,

359] propose to use the closed-form formula (if it exists) of the mean and vari-

ance of the RTs and choices to find the most likely parameters configuration that

generated them. This approach (the EZ method) ignores parameter variability, it

does not handle well datasets with multiple conditions, it ignores the shape of the

RT distribution and requires the first moments to have a closed-form and to be

invertible. A critic of the EZ method is presented in [360]. Voss and Voss [361]

propose fast-dm, a tool to fit the DDM using a numerical solution of the partial

differential equation of the DDM, which results in a fast and generalizable algo-

rithm for the evaluation of the CDF of the first passage time. Numerical solution

of the PDE were also used by [362] to fit a diffusion process with choices involving

multiple alternatives. In general, we have seen in 1.1.2.2 that implicit models can

be optimized as long as data can be generated given a set of parameters, which

21fixing ¬bt = 0 as a reference point and assuming that boundaries are fixed ensures that bt = ζt.
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is the case of sequential sampling models.

More discussion about SSM optimization can be found in Section 2.1.

In Two-alternative forced choice (TAFC) tasks, a Wiener process (i.e. a diffusion process

with constant drift ξ ∈ R and constant Gaussian noise ς ∈ R+) with constant within

trial threshold ζ ∈ R+, is known as the Drift-Diffusion Model (DDM) [1]. Two more

parameters are usually considered: a relative start-point (or initial bias) z0 ∈ (0, 1), with

z0 = 1 representing a process starting at the upper absorbing boundary and z0 = 0 at

the other, and a non-decision time τ . These five parameters define a non-metric model:

changing ξ, ς and ζ by a constant positive factor does not change the predictions of

the model. Therefore, one of these parameters needs to be fixed to give a metric to the

model. Usually, ς is fixed to either 1 or 0.1.

1.3.1.1 Trial-by-trial variability in parameter values

A crucial aspect of human decision making is that errors and accurate responses22 have

usually very different timings. In stressful situations, and especially under high time

pressure, errors tend to be faster than accurate responses. The opposite pattern is found

when task difficulty is high and RTs are unconstrained. Explaining these behavioural

patterns is hard with the vanilla version of the DDM, where the parameters generating

the data are assumed to be fixed throughout the experiment: indeed, when responses

are unbiased (i.e. when z0 = 0.5), the resulting data will have an equal expected RT for

errors and accurate responses.

1.3.1.1.1 Theoretical justifications of trial-to-trial variability in the DDM

parameters An ad-hoc solution to this problem is to allow parameters to vary from

trial to trial [363]. We thereby name Simple DDM the static version of the DDM, and

Full DDM the version including trial-to-trial parameter variability. Usually, trial-to-trial

variability is assumed to concern the drift, the starting point, the non-decision time but

not the threshold value (see Section 2.1 for a discussion). First, variability in the drift

rate [1, 364] can explain slow errors, because they allow the drift to be directed toward

the wrong absorbing boundary, mostly with a low absolute value. Second, variability in

the start-point [363, 365] can explain fast errors, because accumulation will start either

22Classically, it is assumed that the DDM is fitted to dataset where there is an accurate response and
an error such as motion discrimination tasks. In this context, the drift should usually be oriented toward
the accurate boundary. The concept of accurate response vanishes when working with RL models, but it
is still interesting to introduce the requirement of a model in the context of perceptual tasks to generalize
it to value-based decision making.
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closer to the error boundary or closer to the accurate boundary, and so with an equal

probability if the distribution of z0 is centered on 0.5. The probability of the stochastic

evidence accumulation to result in an error is higher in the former case (vicinity to the

error boundary) than in the latter (vicinity to the accurate boundary). In this case,

errors will be, on average, faster than accurate responses. These variations are usually

thought to occur unpredictably. It is sometimes implicitly understood that between-

trials variability of the parameters is introduced for practical purposes (i.e. to make

the estimate of the mean drift and starting point unbiased), but we believe that this

view does not render the full advantage of this feature. Indeed, trial-to-trial variations

in the parameter values reflect the indubitable fluctuation of mental states during an

experiment: variability in drift may for instance be caused by a random fluctuation in

attention [366], whereas the variability in the starting point may be caused by a variable

prior belief or by an anticipated accumulation of evidence [367]. Note that, once more,

this idea relates to the concept that the brain optimizes inference as if it were evolving

in a POMDP [368, 369, 370] where it gradually accumulates evidence for a perceptual

state [371]: the initial bias somehow reflects evidence accumulation originating from

memory only [372], whereas subsequent accumulation should reflect a mixture of both

memory-driven and perception-driven evidence for a particular state-action optimality

[373]. It makes then sense to assume that variability in the starting point predominates

in experiments where time pressure is high, as the agent can then find a consequent

advantage in biasing its decisions based on past experience, as the time to make a

decision based on perceptual information is scarce.

The same kind of process, which bases the current perception on a prior-knowledge

biased accumulation of evidence, relates to how animals implement selective attention

[374] by considering the previous experience (predictions) as a prior (or a bias) for

attention [375] and, hence, perception [376]. It also relates to the idea that animal

sparsify the model of the world they built [377, 109, 378], by joining predictions from

memory (belief states) with observations of the world [369, 370]. From a SPRT point

of view, both these processes would appear to bias the SSM parameters (starting point

for pre-trial inference, drift for within trial inference) from trial to trial based on some

variable prior expectation.

In summary, the Full DDM is compatible with the idea that the brain achieves a form

of sparse and fast Bayesian inference about the state where it stands and the cause of

the observations [379, 380], that is conditioned on past experience in a predictive coding

sense [375].
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1.3.1.1.2 Identifiability of the variations Even if the parameters are fitted using

a set of independent variables (such as instructions displayed on the screen, difficulty

etc.), it is assumed that random fluctuations in these parameters (and also in the non-

decision time) will still occur. Given what we have stated above, this appears to be a

necessary assumption: neural activation patterns are by themselves probabilistic [381],

and it is impossible to exactly predict inference processes occurring from trial to trial.

Therefore, trial-wise parameters have to be considered as random variable, which follow

a distribution that is conditioned on past trials and states of mind. Most authors suggest

to marginalize the trial-by-trial values of the parameters given the prior p(ω | θ), and

to fit the prior parameters θ instead. This approach implicitly considers the parameters

as independent and identically distributed (i.i.d.) given θ. At the same time, it makes

the threshold variability unidentifiable.

1.3.1.1.2.1 Fitting the full DDM with the i.i.d. assumption Following this

assumption, the classical approach to Full DDM fitting procedure was to find the max-

imizer of the marginal likelihood or some other loss, such as a Chi-squared23 criterion

[8]. This is equivalent to an empirical Bayes problem [29, 30].

Even in the i.i.d. setting, solving the DDM is not trivial (see [382] for a survey of

methods), especially if one wants to maximize the marginal likelihood. First, the only

known tractable integral in the marginal is achieved when the drift ξ is assumed to be

normally distributed, leaving the problem of integrating out ζ and τ unresolved.

1.3.1.1.2.2 Relaxing the usual assumptions of the DDM The i.i.d. assump-

tion is clearly too strong, and based on little or no theoretical and experimental ground.

Next, the threshold variability is usually assumed to be equal to 0 for practical reasons

(the model is usually thought to be unidentifiable if both the threshold and starting

point variability are fitted [9]), but threshold variability should be considered to model

random fluctuations in speed-accuracy trade-off, which is known to vary during task

execution [383, 384, 11], a phenomenon that should differ from random prior bias in

decision making (i.e. variability in starting point). It might be argued that variability

in these parameters could be modelled with regression models: if a regressor is a good

predictor of the value of a parameter, it could be used as a baseline for the trial-wise

value of this parameter. These regressors could be experimental conditions (such as

motion coherence in motion discrimination tasks) [9], neurophysiological measurements

or behavioural effects [384, 11].

23More details can be found in Section 2.1 and section 2.1.1.
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However, because regression model will not capture all the variability in drift and start-

ing point [9], we can reasonably assume that it will not be the case for the threshold

either. Moreover, the claim that including threshold variability in the model makes it

unidentifiable in turn questions the identifiability of the full DDM itself [385]. Indeed,

the second moments of the drift rate, starting point and non-decision time is usually

considered as practically unidentifiable [8, 9], showing that these variables are intro-

duced mainly for correcting the estimates of the respective first moments, whose fit is

still usually unreliable [10]. In Chapter 2, a solution to these issues (i.i.d. assumption

and threshold stability) is discussed, which consists in considering the data as cross-

correlated in a forward manner.

1.3.1.2 Biological foundations of the DDM

A Bayesian use of the DDM can give an estimate of the posterior value of the model

parameters, but this does not guarantee that the model is sound from a biological

point of view. Fortunately, a whole literature supports the plausibility of the DDM

and similar SSM [307]. Many observations of patterns of activity recalling those of the

DDM have been observed in oculomotor-related areas. Surprisingly, more than twenty

years have been needed to observe experimentally the ramp-like pattern of neuronal

activation that was predicted by the neurocomputational models. Hanes and Schall [386]

showed that (1) the random distribution of the RTs (of saccades) of a rhesus monkey

was associated with a stochastic variability in the firing rate of neurons (thought to

reflect the accumulation of evidence) situated in the frontal eye field and that (2) a

thresholding effect linked the measured firing rate with the occurrence of voluntary

movement. Using a motion discrimination task, Roitman and Shadlen [387] were able to

link motion strength with drift rate and observed again a ramp-like activation pattern

and a thresholding effect that mirrored the stochastic accumulation of evidence and

decision making rule expected from theory. This observation has lead to some vivid

debate in community [388, 389, 390, 391], some authors suggesting that the ramping

pattern observed may originate from an effect of averaging a step signal over many

trials. Nevertheless, SSM provide a good insight on the latent cause of behavioural

observations, such as speed-accuracy trade-off, bias in decisions etc. which still relate

to neurophysiological and behavioural observations (e.g. [392, 384, 393, 394, 370]).

Although it is theoretically grounded [395] from both a neuroeconomical and physio-

logical point of view and some data seem to suggest that the hippocampus participates

in an evidence accumulation process similar to the one observed in perceptual decision
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making [346, 396, 397], gathering evidence for ramp-like activity at the cellular level for

memory retrieval has been unsuccessful so far [398]24.

Box 1.3.3| Banburismus: where the machines once more meet the

brain

Gold and Shadlen [341] show that there is a tight isomorphism between the the-

ory of decision making in the brain and an algorithm for code breaking (named

Banburism) developed by Alan Turing during the second world war to decode

the German Enigma codes using Bombe machines, which can indisputably be

considered as one of the most important ancestors of the modern computer. The

SPRT outlined above was used to compare two models: one that predicted that

two messages were encrypted with the same code, and one that predicted that

they were not. The former hypothesis obviously predicts sequences of characters

that are less random than the latter. Subtracting the log likelihood of a sequence

of observations and summing these values up to a certain threshold gives rise to

a decision process that is optimal in a Wald’s theorem sense. This means that by

using this technique, cracking the code was made as fast as it could for a given

error rate.

It is interesting to note that once more, as we have seen with VI and RL, theories

of human decision making tend to be inspired by – and perhaps inspire – machine

learning methods.

1.3.1.2.1 Biological foundation of probabilistic (Bayesian) inference with

SSM SSM are not only motivated by empirically linking a model of decision making

to experimental observation of neural activity in the time preceding an action: they

also find a grounded theoretical justification in the neurophysiological characteristics of

neural firing and in the hierarchical organization of cortical structure. Here, we will

briefly give an intuition of how neural response can code evidence integration, and how

these two concepts relate to Bayesian inference (and especially variational inference).

It is a well known fact that neural response responses following a particular outcome

is variable [399]. Intuitively, we understand that variability in firing rate must encode

uncertainty about the feature that is observed: if neurons were to fire identically for two

presentations of the same object, perception of this object should be exactly identical

and hence perfect. Conversely, if there is noise in the perception process, there must be

a variability in the firing rate. In this sense, the mean and variance of the firing rate of a

24Note that in the model proposed by Shadlen and Shahomy [395], no ramping pattern is assumed
in the hippocampus itself. Instead, the mediotemporal cortex sends pieces of evidence to an cortical
accumulator that integrates this information.
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population of neurons encode a probability distribution, which can be roughly modelled

by a Poisson distribution [400]:

p(r | s) =
N∏
i=1

exp {−fi(s)} fi(s)ri
ri!

where r , { ri }Ni=1 is the population response to stimulus s and fi(s) is the tuning curve

of neuron i to stimulus s. However, neurons do not respond specifically to a stimulus

which is tried to be inferred, but to a set of features (contrast, color etc.) that are

summed at the neuron and population level. If the distribution of the firing rate of

a population is Poisson-like, this can be shown to be Bayes-optimal [381] (to give an

optimal estimate of the posterior distribution of the stimulus given the features that are

presented). The observation that this kind of dynamic models well neurophysiological

and behavioural observations suggest that the brain performs probabilistic inference

[401].

This idea is further developed and mapped to the problem of decision making by Beck

and colleagues [381]. It is indeed not sufficient to make inference about a single observa-

tion of features in time, but one needs to accumulate evidence in favour of a hypothesis

while defining a precise stopping criterion (i.e. error bound or decision threshold). These

authors suggest that, by using the Poisson-like model of probability encoding, the fol-

lowing brain network can reach decisions in an optimal way (in the sense of Wald’s

optimality): in a saccade task, the Middle Temporal lobe of the monkeys encode the

motion independently and with an inherent noise at each time point. Then, this region

sends projections to the lateral intraparietal lobe, which integrates these pieces of evi-

dence and accumulate them up to a certain threshold, before transferring this inferred

preference to the superior colliculus which generates the motor command. This model

is known as the linear Probabilistic Population Coding (PPC).

In a follow-up paper, Beck et al. [146] suggest that, by using the Mean-Field assump-

tion, we can generalize linear PPC to a wider range of tasks, where conjugacy is not

ensured anymore: this model takes the form of an online VB algorithm [402]. Pitkow

and Angelaki [403] extend this framework to a view of the brain as a message-passing

inference machine: as we have seen, under the mean-field assumption in VI, or using a

localized approximate posterior in EP, information passing from one node to the other

is achieved by transmitting summary statistics of the state of the nodes in the Markov

blanket of the target node. The authors propose that the brain uses a similar strategy

with a model of the world that can be represented as a directed graph [149]. This kind of

structure is necessary for inference, as a fully connected network would require a number

of neurons that would scale exponentially with the amount of features represented [376]:
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by excluding some causalities, the brain trades sparsity over completeness (and over-

fitting) of the representations. This kind of message passing implies that information

is passed not only in a bottom-up manner (from primary somatosensory receptors to

higher cortical regions) but also – at least to some extent – top-down, which is at the

basis of the predictive coding theory of brain functioning [404].

Overall, the beauty of this formulation of neural dynamics is that it ties together an

elegant Bayesian formulation of inference in the brain in a simple mathematical form

with a plausible and biologically grounded neural interpretation of the parameters of the

model, which are just a set of scalars such as neural firing rate, neural gain and tuning

curve.

Box 1.3.4| Working with unreliable inference units

A paradox that is hard to solve for the modern machine learning community

is how can a deep learning model, which typically has much more parameters

than training example, generalize so well to unseen data? Similarly, in biological

agents, the number of units (neurons) that participate in inference sometimes

greatly exceeds the number of elements that are used for learning: however, severe

overfitting does not occur.

In deep learning, it is customary to use techniques (such as dropout) that ensure

that the network is redundant : by sequentially hiding random parts of the network

during training, we ensure that the network does not learn spurious patterns in

the data and that random subsamples of the network can already perform a

decent classification on their own. In the brain, the code is both distributed and

multiplexed [405]: many neurons perform the same task (which makes sense, since

each of them is unreliable per se) and each neuron is involved in many different

tasks. This odd observation motivated Shannon [406] to state that

We have, in human and animal brains, examples of very large and rel-

atively reliable systems constructed from individual components, the

neurons, which would appear to be anything but reliable, not only

in individual operation but in fine details of interconnection. Further-

more, it is well known that under conditions of lesion, accident, disease

and so on, the brain continues to function remarkably well even when

large fractions of it are damaged.

However, this redundancy is somehow kept to a reasonable level, and the mature

brain indeed prunes inactive cells and synapses when needed [407, 408].

Still, there is a notable contrast between artificial neural networks, for which we

usually try to reduce the size to a minimum [409, 410, 411] and the brain, which
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ensures some degree of compromise between redundancy and sparsity. Besides its

resilience to network alterations, the structure of brain networks allows it to use

the same network to treat a wide variety of input.

To our knowledge, only a few works in machine learning have treated the problem

of balancing sparsification with generalization of a network (e.g. [412]).

1.3.1.3 DDM use in RL

The DDM was first proposed as a model of memory retrieval [1, 413]: in an item

recognition task, several probes in memory have a respective evidence level that grows

stochastically with time, while inhibiting each other. When a certain evidence threshold

is crossed, the corresponding probe is chosen. Later, SSM have been mostly used for

perceptual tasks, as a neural signature of evidence accumulation can be found in the

brain. Other examples of the use of SSM are lexical decisions [414] and cognitive control

[415]. However, value-based choices seem to involve evidence accumulation too [416,

395] with a mechanism that involves the dorsolateral prefrontal cortex and the anterior

cingulate cortex for value comparison [417, 418, 419] and the tandem of the BG (ventral

striatum) and the hippocampus [396] for value computation. This is compatible with the

observation that value-based choices involve memory retrieval of recent events [298, 420]

rather than mere summary statistics of the observations. These observations motivate a

principled computational framework of value-based decision making that would involve

choice values (and the BG), memory (and the hippocampus) and prospective planning

(in the frontal cortex). Using the models proposed in Chapters 3 and 4, a sketch of this

decision framework is proposed in Section 5.3.

Several attempts have been made to link together RL and SSM [421]. Relating the two

models is tempting, as the same neural structures (the BG) are involved in both decision

making and RL [349]. Frank and colleagues [11] showed that sequential sampling of

rewards given the learned contingency explained well the RT distribution when modelled

with a DDM where the difference in reward conditioned the drift rate. Pedersen and

colleagues [12] showed that using the DDM as a choice rule in model-free RL gave better

parameter estimates than the more classical Boltzmann softmax rule.

In their model of RL decision making based on the evidence integration, Bogacz and

Larsen [349] assume that the ventral striatum (the critic) learns the state-action val-

ues through dopaminergic RPE signals. These signals also guide the decision process

achieved by the dorsal striatum (the actor, which belongs to the cortico-baso-putaminal

loop). These authors assume a point estimate of the learned action value: in this case,
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no integration of information is needed from the RL point of view, as the estimated mean

return is plain from the beginning. In a Bayesian and an active inference perspective,

however, the optimal action is not known in advance, and the critic has an imperfect

knowledge of the value functions. It has been suggested that the hippocampus pro-

vides the values to the cortico-striatal value network [397] that, in turn, is responsible

for instructing the actor. This is in line with the Bayesian model of decision making

proposed in Chapter 4, where the rewards are simulated from their posterior predictive

distribution and compared by the actor to reach a decision.

Model-based RL has not been left behind of all these attempts to unify theories of

decision making. For instance, Solway and Botvinick [422, 423] have proposed a decision

scheme where evidence integration in model-based RL is achieved by simulating episodes

of upcoming events and summing the sampled rewards. An interesting feature of this

model is that when an agent samples a path, it keeps it in memory and, when reaching

the next stage, it revises its strategy in the new state. This is again a way to sparsify

the model (as what is done with amortized inference [109]) and is compatible with the

idea that habits can be partially explained by the reliance on action sequences: previous

inference conditions (or biases) the current strategy. Again, the hippocampus seems to

guide the simulations executed by the model-based controller [269].

Here too, threshold variability should be taken into account, as it is thought that this

factor (which controls the error rate) is crucial to control the reward rate [341, 198,

308]. Moreover, threshold adaptation has been observed to be modulated by decision

conflict with a mechanism imputed to a network involving the subthalamic nucleus and

the pre-SMA [384, 11]. Finally, controlling the threshold should also dictate some ex-

ploration/exploitation balance, as lower threshold will make the behaviour more erratic.

We know from the previous sections that accounting for uncertainty in decision policy is

a crucial aspect of behavioural optimality for both model and feature selection. Dunovan

and colleagues [246] review evidence for the role of the BG in value-based decision. In

the model they propose, the BG are the convergence point of the various value signals

(driven by contextual and sensory information), and are the central processing unit of the

actor-critic agent outlined in the previous section. The synaptic weight in the direct and

indirect pathways are adapted to modulate the drift rate value: higher and more certain

values of rewards lead to a faster accumulation of evidence. This learning of action values

is supposed to be mediated by phasic dopamine levels [244]. The tonic dopamine level,

on the other hand, is thought to modulate the exploration/exploitation trade-off [424,

248, 425] by some sort of thresholding phenomenon [246]. Note that this is an overly

simplified view [426]: multiple mechanisms seem to be involved in speed-accuracy trade-

off adjustement. Moreover, lower levels of tonic dopamine level promotes exploratory
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behaviours with widespread distributions of RTs and erratic behaviours. A threshold

decrease should on the contrary promote erratic behaviours with narrower distributions

of RTs. In this context, it is therefore more likely that the effect of the level of the tonic

dopamine level on decision making would be better modelled as an effect of the precision

on the threshold: if a decrease of tonic dopamine level measures an decreased precision

(increased variance) of the moment estimates, triggering an increase of the threshold

with a constant drift would lead to the desired behavioural pattern. This is equivalent

to say that the tonic dopamine level measures the (inverse of) posterior variability of the

average outcome in a Thompson sampling sense, and that the threshold is adapted to this

measure of variability. By doing so, the agent ensures that it keeps the error rate of the

SPRT roughly identical, which would not be the case if the threshold was kept constant.

This view is compatible with the empirical evidence that tonic dopamine encodes the

outcome posterior precision, whereas the phasic dopammine encodes outcome value [427,

428]. Figure 1.9 shows how the level of the tonic dopamine level controls speed-accuracy

trade-off and the exploration/exploitation balance in this framework. As a mixture of

Thompson sampling (see Chapter 4, Wald’s SPRT and decision threshold adaptation,

this model optimizes exploration/exploitation online and is asymptotically optimal (i.e.

leads to the optimal policy) in a stable environment.

1.3.2 Other SSM

We briefly mention other SSM used to model decision making. The algorithmic details

and comparison with the DDM of some of the SSM are provided by [308, 5]. The Full

DDM assumes that the drift rate varies from trial to trial, but the possibility that this

value changes during a trial should also be considered. This is usually modelled with a

Ornstein-Uhlenbeck model, where the drift rate changes as a function of the evidence

level [429] so that evidence is either attracted or repulsed by a fixed point. Ditterich

[355] has used a somehow similar model to account for the fact that animals tend to

speed up their decision following some sort of urgency when evidence accumulation is too

slow. Algorithmically, increasing the drift rate and noise is indeed similar to lowering

the threshold.

This collapsing threshold model has received much attention [430, 368, 431] (discussed in

[432, 433]). Roughly speaking, the idea is that under time constrains, an agent can lower

its response threshold, making less precise decisions for lower drift rates but ensuring

that a response is made when urgency is present [362, 344, 345]. Note that urgency

can be also understood as a compromise between optimality and maximization of the

reward rate given by a suboptimal policy [198, 160]. This hypothesis is explored by [370]

in the context of motion discrimination tasks, where the evidence accumulation during
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Figure 1.9: Exploration/exploitation control by tonic dopamine level β. The term
“error rate” reflects the proportion of trials where the absorbing boundary is not the
one toward which the drift is oriented. The figure was generated with the assumption
that for a given noise ς0 and a given threshold ζ0, these values were adapted according
to ζ = ζ0/β and ς = ς0/β. In practice, measuring the noise in the accumulation process
can dictate the level of the threshold that has to be adopted: if a decision is hard
because it has a high variance (low tonic dopamine levels), the threshold is increased
proportionally and the drift is kept unchanged, resulting in longer and more variable
RTs, but a stable error rate (in a Thompson sampling sense). This corresponds to
the behavioural and neurophysiological observation that an increase in tonic dopamine

level leads to a less exploratory behaviour.

a trial is modelled as a POMDP belief update scheme. In their model, the threshold

collapses at a rate dictated by the amount of information gathered in a trial (which, in

their implementation, changes the variance of the estimate and consequently lowers the

decision threshold) and by the long-term advantage of making a premature decision to

maximize the overall return. Gluth and colleagues [434] showed that the phenomenon

of collapsing threshold correlated with the activity in the pre-SMA and in the caudate

nucleus.
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1.4 Concluding remarks and open questions

This chapter provided some background theory on approximate inference, reinforcement

learning and sequential sampling models of decision making. This thesis finds its place

at the crossroad of these three fields.

The first theoretical question we will try to answer concerns the question of modelling

Bayesian RL in unstable environments. We have seen that model-free RL can model

the emergence of inflexible behaviours in MDPs as they need to re-explore the whole

chain leading to a devalued action to learn its new long run utility. This does not tell

us, however, how should an agent consider a surprising event in a Bayesian setting.

Automaticity, which relates tightly with habitization, is the process by which action

(or action sequence) costs are lowered with training. This process is thought to allow

the agent to perform multi-tasking but reduces flexibility. In the following chapters, we

will introduce a theoretical framework where the main assumption is that an agent using

Bayesian inference to learn and forget a causal model of the world has advantage to make

inference about the stability of this environment to be resistant to unexpected but noisy

observations (outliers) while still keeping its ability to learn change of contingencies. The

core idea of the algorithm we propose is that, under the assumption that the environment

is meta-stable (i.e. that fewer change points in the past predict fewer change points in

the future), there is an advantage to build a trust in the environment stability, as this

can help the agent to soften the effect of outliers. The idea that the brain uses a

strategy similar to the one of an actor-critic agent is still widely diffused, and, following

this concept, we will propose an actor-critic decision making framework where the critic

learns the posterior distribution of the reward distribution parameters, and the actor

uses this distribution to sample a decision to maximize the long-term return.

Our aim will first be to develop a general variational framework to fit the DDM, which

will serve as a decision rule in the following chapters. As a by-product, we will show

that using recent advances in inference models such as auto-encoders can help to fit the

DDM in a fully Bayesian way. This will be the topic of Chapter 2.

We will next tackle the problem of formalizing the theoretical framework sketched above.

The model we propose is, in general, intractable, and we will use VI to implement a fast

learning technique. In Chapter 3, the Hierarchical Adaptive Variational Filter will be

presented. We will present this model in the context of RL, system identification and

stochastic gradient descent.

Finally, in Chapter 4, we will join the HAFVF with the DDM in a united Actor-Critic

model of learning and decision making.



Chapter 2

The Recurrent Auto-Encoding

Drift-Diffusion Model

This work is currently under editor’s review for the Journal of Mathematical

Psychology. Alexandre Zénon is co-author.

The Drift Diffusion Model (DDM) is a popular model of behaviour that accounts for

patterns of accuracy and reaction time data. In the Full DDM implementation, param-

eters are allowed to vary from trial-to-trial, making the model more powerful but also

more challenging to fit to behavioural data. Current approaches yield typically poor

fitting quality, are computationally expensive and usually require assuming constant

threshold parameter across trials. Moreover, in most versions of the DDM, the sequence

of participants’ choices is considered independent and identically distributed (i.i.d. ), a

condition often violated in real data.

Our contribution to the field is threefold: first, we introduce Variational Bayes as a

method to fit the full DDM. This will lead us to use the Full DDM as a principled model

of decision making in Bayesian RL in Chapter 4. Second, we relax the i.i.d. assumption,

and propose a data-driven algorithm based on a Recurrent Auto-Encoder (RAE-DDM),

that estimates the local posterior probability of the DDM parameters at each trial based

on the sequence of parameters and data preceding the current data point. Finally, we

extend this algorithm to illustrate that the RAE-DDM provides an accurate modelling

framework for regression analysis. An important result of the approach we propose is

that inference at the trial level can be achieved efficiently for each and every parameter

of the DDM, threshold included. This data-driven approach is highly generic and self-

contained, in the sense that no external input (e.g. regressors or physiological measure)

is necessary to fit the data. Using simulations, we show that this method outperforms

95
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i.i.d.-based approaches (either Markov Chain Monte Carlo or i.i.d.-VB) without making

any assumption about the nature of the between-trial correlation of the parameters.

2.1 Introduction

Sequential sampling models [435] are models of behaviour that assume that decisions are

the result of a noisy accumulation of evidence. They have been presented theoretically

in Section 1.3. Here, we focus on the very practical aspects of the use of DDM in

research. The most famous of these models, called the Drift Diffusion Model (DDM),

was introduced in the neuroscience field by Roger Ratcliff [1] as a tool for studying

animal decision making and has led to an important amount of publications during the

past decades.

The DDM is based on a Wiener process, where the evidence in favour of one of several

(typically two) actions is represented by a particle moving towards a boundary with

a certain drift rate and subject to a given noise. The simplest implementation of the

DDM assumes the generative parameters of the model to be fixed across the different

trials throughout the experiment. However, this simple version fails to account for some

specific patterns of reaction times (RT), which led to subsequent improvements [363,

1, 7, 364, 436, 9] in which parameters are free to vary from trial to trial according to

some assumed distribution, giving birth to what is known as the Ratcliff Diffusion Model

[358], Extended DDM [308] or Full DDM [437].

While the Full DDM is more realistic (see [438] for a review and discussion), two main

drawbacks of this method can be individuated: first, it is more computationally expen-

sive to fit than its simpler counterpart by several orders of magnitudes, as a marginal

probability density has to be estimated (or approximated) for each and every trial. So

far, several methods used to fit the Full DDM to behavioural datasets have relied on Nu-

merical Quadrature (NQ) [8, 439, 9, 440, 441] or Markov Chain Monte Carlo (MCMC)

[442]. NQ is computationally expensive, which precludes its use for large problems.

While MCMC [22] can be cheaper, it still requires an optimization time and memory

storage that is proportional to the size of the problem: this precludes its use on large

to very large datasets, which are encountered more and more frequently in cognitive

neuroscience with the use of mobile devices and web tools such as Amazon Mechanical

Turk [443, 444, 445, 446, 447, 264, 448, 449, 450, 451].

The second important drawback of the Full DDM regards its identifiability. Typically,

only trial-to-trial variability in three [8, 9] or less [364, 15] of the four parameters of

the DDM are assessed (drift, start-point and non-decision time, see below). Variability



97

of the fourth parameter, the threshold, is usually regarded as non-identifiable, because

its trial-to-trial variability would be behaviourally equivalent to the variability in the

starting point position [9, 452]. This can be understood intuitively by observing that an

increased variability for both these parameters leads to the same behavioural pattern,

namely more frequent and faster errors wrt accurate responses. In this perspective,

[385] suggest that the choice of the prior distribution shape of the starting point (or

threshold) determines whether the generative capacity of the model for a given dataset.

However, the rationale for discarding threshold variability is mainly empirical and lack

precise mathematical justification [9]: indeed, the lack of identifiability pointed by [385]

generalizes to every DDM parameter. We suggest that, even though several models

can predict accurately the data at hand, they will differ in their predictive capacity

(i.e. their ability to generalize to unseen data). Validation (or cross-validation) and

model evidence assessment will therefore be crucial to select model features that should

be incorporated in the model. Here, we show that variability in threshold is instead

identifiable together with the rest of DDM parameters, especially when the values of the

threshold and starting point at a specific trial can be predicted from past behavioural

observations (time-dependency assumption) and when these values covary with other

parameters or physiological measures (covariance assumption). These two restrictions

are likely to be observed in practice, as we will see later. In these two cases, one can

take advantage of the fact that the values of other variables (latent or observed, past or

concomitant) constrain the fit of the threshold variability. Although we will focus in the

present paper on the first assumption, the approach we propose can model these two

phenomena.

As mentioned above, even when the threshold is considered as fixed, identifiability of the

Full DDM remains an issue [10]. It is usually considered that one can expect the fit of

the mean of the DDM parameters to be accurate [9], but not their variance (i.e. trial-to-

trial variability) [8], and that inter-trial variability identification requires more data than

average parameter value identification [453]. In summary, large datasets (e.g. > 100

trials per subject) take unreasonable amount of time to be optimized with these models,

for a very limited quality of fit, which worsens dramatically with smaller datasets.

On top of this, another issue with many implementations of the DDM lies in the core

assumption of the method used to fit the parameters to the data. Maximum Likelihood

(ML) estimate (i.e. finding the most likely value that the parameters would endorse in

order to generate the data at hand) or similar frequentist methods such as Chi-Squared

criterion were traditionally used [8, 454, 455, 439, 456, 457, 9, 440, 453] (see Box 2.1.11),

1In the following chapters, boxes will indicate parts of the work that did not appear in the initial
version of the paper (either publish or submitted). They might treat of issues of the algorithms that
were not addressed properly, additional information discarded for the sake of space or suggestions for
future work.
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until Bayesian attempts were made [458, 459, 441]. Here, we focus on the ML technique.

Box 2.1.1| Frequentist fit of the DDM

In the literature, we distinguish three frequentist methods to fit the DDM: the

first is based on ML estimates, which maximize the sum of the probability den-

sity of every point with respect to the parameters of interest. This approach is

usually thought to be sensitive to outliers, so that these contaminant RTs need

to be identified accurately and removed if one hopes to find a tangible fit of the

parameters [8, 439]a. The Chi-squared (CS) criterion [8] bins the data according

to their quantiles, and find the parameter configuration that minimizes the differ-

ence between the expected and the real number of points in each bin. Both this

approach and the Kolmogorov-Smirnov (KS) [460] work by considering the whole

dataset as being i.i.d. (given the global parameters), and work well only in cases

where many datapoints can be used to retrieve some summary statistics from the

whole population.
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Figure 2.1: In the CS loss (A.), the aim is to minimize the discrepancy between
the predicted and actual number of datapoints in each quantile (vertical dashed
lines represent the quantile boundaries). The KS loss (B.) is computed as the
maximum distance between the true and expected CDF for the distribution of

interest. None of the methods rely on differentiable loss functions.

In a hierarchical and Bayesian perspective, we would like to be able to make

inference about the posterior distribution of each local latent parameter, and not

only about a fixed prior of these. As Figure 2.1 shows, both KS and CS require

a large dataset to compute an empirical CDF of the data. This observation also

gives us the intuition that relaxing the i.i.d. assumption might require us to

derive a loss-function factorized over all datapoints, as we will need to minimize

some form of loss with respect to each local parameter.

aNote that when a datapoint is considered as an outlier by Ratcliff and Tuerlinckx [8], it is
simply removed from the dataset. In our approach, every datapoint is kept as part of a time
series. Behaviourally, we argue that the former strategy makes more sense: it is likely that a
very fast or very slow RT is caused by a process already in place in the preceding trials, and
that it will instruct the subject to be more cautious in the following trials.

Crucially, the validity of the ML approach is based on some asymptotic properties of
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the summary statistics of a given dataset when the amount of data tends to infinity [74].

However, as we have seen, the computational cost of the numerical methods commonly

used to optimize the Full DDM prevents us from fitting large datasets. Hence, we face

a dilemma: a large data set will prevent us from computing the ML using classical NQ

algorithms, and a small dataset set will violate the assumptions of the ML estimate.

Usage of MCMC only partly solves this problem, as its computational cost is still a

function of the size of the dataset, and since it still relies on a strong i.i.d. assumption

about the generative process.

The core idea of this paper is that trial-to-trial dependency of the parameter values

and behavioural results can, and should be used to help estimate the posterior prob-

ability of the latent variables. This assertion is mainly theoretically justified by the

observation that actions belonging to sequences can not be considered as independent

(see for instance [380, 461, 462, 463, 464, 465, 466, 298, 325]). Let us illustrate this by

considering the toy example where a participant has been asked to press 9 times the

same button (e.g. right), and we are performing inference about the DDM parameters

at the 10th button press. From a Bayesian point of view, it is very likely that, at this

trial, the subject will choose the same action as before. If the participant is asked to

choose, and indeed chooses, the right response, we can expect that the RT at this trial

will be, on average, lower than the one at the trials before [461]: this is a typical se-

quential effect. However, if the participant is asked to choose the left response at this

trial and responds accurately, it is evenly likely that this response will be slower than

the previous ones, as the current action violates the previous pattern. Another example

is post-error slowing, a well-known psychological phenomenon usually interpreted as a

change of speed-accuracy trade-off following an error [467, 384]. This might be modeled

as a resetting of the threshold to a high value following an error. But an error might

also bias the decision in the next trial towards one of the responses, or impair the at-

tention of the subject during the subsequent trials. Our aim will be to take advantage

of these cross-correlations in a blind manner, i.e. without making any specific assump-

tion about the precise structure of the trial-to-trial correlation. This will be achieved

by capturing the most relevant trial-to-trial cross-dependencies with an assumption-free

dimensionality reduction algorithm.

To do this, we first show that Approximate Bayesian inference techniques can efficiently

uncover the parameter sequence: the algorithm we propose is a data-driven, nearly

assumption-free model that relaxes many classical assumptions, such as the parametric

form of the parameter distributions [440] at the within and between subject levels. Also,

it can prevent overfitting by the use of dimensionality reduction and it is scalable to large

datasets. Finally, training of this model can be trivially parallelized and accelerated

using GPU.
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More specifically, in this paper, we bring two nested solutions to the aforementioned

problems: first, we show that the Full DDM finds a natural formulation in Bayesian

Statistics (Section 2.2.2 and Section 2.2.3), and that we can use this formulation to

solve efficiently this problem using recent advances in approximate inference. Here,

we will focus on the use of Variational Bayes (VB) techniques (Section 2.2.4). We

then present a computationally efficient VB model (i.i.d.-VB ) to compute the marginal

probability density of the Full DDM. This algorithm has the advantage of being scalable,

its computational cost and memory usage being amortized wrt. the size of the problem.

Next, we show how, when the i.i.d. assumption is relaxed, this basic algorithm can

be extended to account for trial-to-trial dependency in a data-driven mode using a

Recurrent Auto-Encoder (RAE-DDM) (Section 2.2.6). This approach is free of any

assumption, in that it does not require the user to select a specific prior distribution for

the parameters nor a precise form of trial-to-trial cross-correlation.

We show in the results (Section 2.3) that our RAE approach outperforms classical ap-

proaches (i.i.d.-VB and Hamiltonian Monte Carlo, HMC) in terms of model evidence

and fit of the data at the trial, subject and population level if one assumes that the

parameters and datapoints are temporally ordered. An important and compelling result

we provide with the RAE-DDM consists in showing that the trial-to-trial variability of

the threshold parameter is possible to estimate together with the other parameters of

the DDM.

In Section 2.4, we discuss our model in detail, highlight situations where it might prove

useful, see its limitations and introduce potential improvements.

2.1.1 Related Work

Many routines have been proposed to optimize the DDM. Ratcliff and Tuerlinckx [8],

and others [468, 437] have used a NQ algorithm with a numerical estimate of the gradient

to optimize the likelihood function at the subject level. Voss and colleagues have used

the partial differential equation to compute the CDF of the first passage density in

the Full DDM setting, and have used a SIMPLEX method to fit the model to data

[453]. The computational cost of these methods can be extremely high, as each point

needs to be re-evaluated at each iteration, justifying the development of less flexible, but

simpler methods [469, 358, 359]. Vandekerckhove et al. [459] used an MCMC technique

to estimate each trial distribution in a fully Bayesian setting. This is the approach

adopted in several Bayesian statistical softwares such as JAGS [470], WinBUGS [459],

or Stan [471], which has broaden the use of this technique for the optimization of the

Full DDM in many recent publications (e.g. [472, 11, 473, 474, 12]). HDDM is a Python
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toolbox written by Wiecki and colleagues [441], aimed at fitting the DDM using MCMC.

Peculiarly, this toolbox still relies on NQ to compute estimates at the lower level, rather

than estimating each local posterior of the DDM parameters. One of the features of the

algorithm we propose is that it alleviates the computational burden of the integration

process while keeping the entire original structure of the DDM without compromising

on accuracy.

The method detailed below differs in many ways from the work of Vandekerckhove

and colleagues [459]: first, the RAE-DDM is scalable, such that we can make inference

about the generative model of large (or very large) datasets with limited cost, as the

gradient of the lower bound to the log-model evidence is estimated stochastically. Our

use of Amortized Variational Inference [110] allows us to control the convergence of

the algorithm using a validation dataset, which is challenging with MCMC techniques.

Finally, the RAE-DDM, besides its ability to account for trial-by-trial variability in the

threshold values, can also provide a more precise estimate of the posterior distribution

of local parameters, as it conditions this posterior on more information than just the

RT, the choice and the prior by adding the previous trials as regressors for the value of

the prior and local variable. None of the approaches presented so far took advantage

of this cross-dependency between the values of latent parameters, choices and reaction

times from trial to trial. We are not, however, the first to propose a form of time-

dependant estimate of the behavioural parameters: [461, 462, 463, 475] have for instance

proposed simpler, informative models to uncover precise psychological heuristics that

were always fit using Maximum-Likelihood methods. The assumption-free nature of our

model, traded with its latent parameter sparsity, makes it a compelling tool to give a

precise and generalizable estimate of the expected value of the DDM parameters at each

trial as well as the uncertainty of this estimate.

Also, [14, 15] proposed a model (the Neural Diffusion Model) where the neural data

and behavioural parameters are governed by a common distribution that ties together

the two kinds of measures. Because the covariance of the two types of parameters

is inferred, the fit can indirectly take into account the time evolution of the DDM

parameters through the observed evolution of the neurophysiological measures. Notably,

this approach requires a large dataset [16] and inference is achieved with MCMC method.

Also, it is still based upon a highly informative model, where the user has to set (and

possibly test) precisely the form of the model that couples the parameters. Finally, this

model is complex and has a large number of latent variables, making overfitting an issue.

Our approach, on the contrary, takes full advantage of the dimensionality reduction

property of RAE to set the number of parameters of the model to a minimum. It also

contrasts with the neural diffusion model by the fact that it is self-contained, meaning



102

that no external input is needed, although it can easily be included in the model. It also

relaxes greatly the need to set a precise form to the model that governs the data: as

we will see, the use of non-linear mapping between the latent trial-specific prior and its

DDM-mapped value flexibly models a large variety of prior shapes with a limited and

controllable risk of overfitting.

Our approach to Bayesian inference relies also on a large body of previous work. The

Helholtz machine and the Wake-Sleep algorithm [151, 152, 476] developed almost twenty

years ago by Hinton, Dayan and colleagues constitute a cornerstone in the history of

Bayesian inference. This model and algorithm are a mirrored recognition-generative

model, which works in two phases: during the wake phase, the algorithm learns from

the data the generative model by minimizing the error between the predictions and

the observed data. During the sleep phase, the generative model is held fixed and

is used to generate fake data that are used to train the recognition model. Built on

the very same idea, Variational Auto-Encoders (VAE) [88] and its recurrent form [477,

478] have quickly become standard and popular tools to model data in many areas

[Goodfellow2016a]. Advances in this area go fast, and giving an accurate account

of all of them is beyond the scope of this paper. The present paper builds on recent

developments of Recurrent Auto-Encoders that have been concomitantly achieved by

several groups (e.g. [479, 480]). In short, the first challenge with these techniques regards

determination of the best approximate posterior shape for the latent variable z [103,

105, 106]. An efficient solution to improve the performance of a VAE is to replace the

Variational estimator by an Importance Weighted (IW) [118] estimator of the posterior

probability. This simple trick can greatly improve the robustness and convergence of

the model. We will show in what follows how this technique adapts to the problem of

the DDM. Another issue consists in regularizing the parameters of the recognition and

generative models: Dropout [481] has been shown to efficiently prevent overfitting with

similar models [89], motivating our choice of relying on variational Dropout to perform

inference about the value of the network weights [482].

A final remark concerns identifiability of the model we propose, and of the Full DDM

in general. The impact of the shape of the prior used for inference has led to vivid

debates in the DDM community. Some authors have claimed that a prior probability

of an arbitrary complexity can always be found in order to reflect perfectly the data,

implying that the choice of the prior completely determines the capability of the DDM to

predict data [385]. For instance, following these authors’ logic, also disputed by [483], a

J-components linear mixture model prior (where J is the number of trials of the dataset)

over the sole parameter ξ can reflect perfectly the dataset, even if the noise parameter

is set to 0 and other parameters are kept fixed. However, this overfitting issue applies

to any hierarchical model where local variables are modeled: as a matter of fact, there
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should always exist an ML estimate of any model that would predict perfectly the data

at hand with little or no generalization capability. Indeed, two specific – and widely

used – solutions exist to deal with overfitting issues. The first approach consists in using

Bayesian Model Comparison [132, 138], in which the model evidence (i.e. probability

of the data given the model marginalized over the space of parameters) of models of

different complexity is compared. The second approach consists in assessing the model

predictive capacity on a test dataset, separate from the training dataset that is used for

fitting the model. In the above example, validation of this ad-hoc model will obviously

fail to show that the model is able to provide accurate insights about unseen data.

Model comparison has been discussed in more detail in Box 1.2.9. Moreover, we propose

another solution to this identifiability problem, which is that the values taken by the

DDM parameters at each trial is only random to somne extend. We postulate that these

values can, at least partially, be predicted based on the values that these parameters

(and related data or regressors) took in the past trials. The approach we propose can

achieve these three goals efficiently, as the model is scalabe (i.e. it is able to generalize

its predictions to unseen data), provides a lower-bound to the log-model evidence, that

can be used for Bayesian Model Comparison and can account for autocorrelation of the

parameters and data in a blind manner.

Furthermore, the method we propose alleviates the need to specify a precise prior prob-

ability distribution, but, by the use of dimensionality reduction, it ensures that the

trial-wise latent variable z captures a maximum of the variability, thus allowing us to

keep a highly generalizable model structure with little or no cost caused by the specific

prior specifications.

Finally, the capacity of our approach to estimate the threshold variability is a consid-

erable benefit, which has never been considered before. Other authors (e.g. [384, 11])

have used a regression model to estimate the threshold value at the trial level using a

measured neurophysiological signal or experimental condition. The RAE-DDM does not

preclude the inclusion of these parameters in the model, but would most likely provide a

better fit because it also could account for the trial-to-trial dependency in the parameter

values that might not be captured by the external regressor.

2.2 Methods

2.2.1 Notation

It is convenient to first define the notation we will use. In the following, we will refer

to the trial index as j ∈ 1 : J and the subject index as n ∈ 1 : N . The trial-specific
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configuration of the five DDM parameters, namely the threshold ζ, the drift-rate ξ, the

relative starting point w and the non-decision time τ will be grouped under a single

vector ωj,n (or, if applicable ωn if it is assumed that ωj,n = ωj′,n ∀j, j′ ∈ 1 : J).

The subject-specific prior distribution parameters of ωj,n will be generically grouped

under the parameter vector θn. As we will see in Section 2.2.4, we will also define

an approximate posterior distribution over ωj,n with parameters δj,n. In the i.i.d.-

VB implementation we propose, these two sets of parameters will have a specific form

(θn , {µn,σ2
n} and δj,n , {µωj,n,Σωj,n}). For the purpose of sparsity of the notation

and/or to keep the discourse as general as it may, we will use the generic indicators more

often than their implementation-specific counterparts.

The behavioural observations are grouped under yj,n , {tj,n, aj,n}, where tj,n and aj,n

are the corresponding Reaction time (RT) and choice, respectively. Note that, for the

purpose of generality, we distinguish the model boundary b and the choice a, although

we will freely use p(t, a) and p(t, b) interchangeably following the context. In general,

capital letters will represent the set of all the corresponding parameters or random

variables (i.e. Y , {yj,n for j ∈ 1 : J, n ∈ 1 : N}, Θ , {θn for n ∈ 1 : N} etc.). The kth

draw of a sample will be indicated by a tilted symbol, such as ω̃j,n,k, and the true (and

obviously unknown) value of a parameter will be indicated by ω̂j,n.

Finally, if a parameter is deterministically determined by some other variables, such as

δj,n = f(yj,n;ρ), we will use interchangeably this notation with the sparser notation

δj,n(yj,n;ρ).

2.2.2 DDM

The Drift-Diffusion model is a member of the sequential sampling model family. The

essence of these models is that the experimenter models the decision process as an

accumulation of evidence in favour of one of the available responses: the probability of a

pair of observations {aj,n, tj,n} is formulated as the probability that the evidence reached

the threshold b at time t. Importantly, this accumulation of evidence is stochastic: given

the same initial state, the same agent will produce a different response time and, possibly,

choose a different item. This stochasticity is the main asset of this model [483], since it

can explain speed-accuracy trade-offs: indeed, certain parameter settings will produce

faster but more entropic response distributions, whereas other will produce slower, more

directed responses.

Formally, in the DDM, the evidence accumulation process is assumed to follow a Wiener

process (Figure 2.2):

dx = ξ dt+ ς dW
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Figure 2.2: DDM structure. The x axis represents the time scale, the y axis the
evidence level. Four parameters (threshold ζ, drift ξ, starting point w and non-decision
time τ) are represented. At the two boundaries, the first passage probability den-
sity function (sometimes called defective density) is represented. Three accumulation

trajectories are displayed.

where dx is the evidence step, dt is the time step and ςdW a Gaussian noise with a

standard deviation ς. In this specific model, the agent accumulates evidence in favour

of an action a1 with a rate ξ, called the drift rate, meaning that in the case of a classical

Two-alternative forced choice task, she will also accumulate evidence in favour of the

alternative action a2 with a rate −ξ. Once the evidence crosses one of the two absorbing

boundaries (the boundary b positioned at a distance ζ corresponding to the action a1

or the boundary ¬b at position 0 corresponding to the action a2), the corresponding

action is selected and, after some physiological delay τ , this action is executed. The

evidence accumulation can start wherever at z0 ∈ [0; ζ], although it is more convenient

to model the relative starting point w ∈ [0; 1] where w = z0/ζ. Finally, as mentioned in

Section 1.3.1, this 5-parameter model is non-metric: multiplying ξ, ζ, z0 and ς by any

positive scalar does not change the behavioural predictions. It is therefore necessary to

fix one of them for the model to be used: The accumulation noise ς = 0.1 is usually

used as a metric, but, for the sake of mathematical explicitness and simplicity, we will

use the metric ς = 1 in the following.

Fortunately, the First-Passage Time density of the Wiener process (Wiener FPT density)

described before has a closed-form formula. For a Two-alternative forced choice task,

the joint probability density of crossing a given boundary b (the lower boundary by

convention) at a certain point in time t, is given by [350]:
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Wiener(t, b;ω) =


π
ζ2

exp
{
−ξζw − ξ2(t−τ)

2

}
×∑∞

k=1 k exp
{
−k2π2(t−τ)

2ζ2

}
sin(kπw) if t > τ

0 otherwise.

(2.1)

If the absorbing boundary is ¬b (i.e. the upper boundary), the above equation can be

adjusted by setting w′ = 1 − w and ξ′ = −ξ. Together, the sum of the First Passage

Time Densities at the two boundaries (sometimes called defective probability densities

[436, 15]) forms a valid probability distribution, i.e.:

∑
b∈b

∫ ∞
t=τ

Wiener(t, b;ω)dt = 1

and Wiener(t,b;ω) ≥ 0 for t ∈ [τ,∞] and b ∈ b

(2.2)

where b = {b,¬b}. The function in Equation (2.1) involves an infinite sum, and must

therefore be implemented through approximations. Navarro et al. [351] provided a

method to truncate this infinite sum to the appropriate number of terms κ as a function

of truncation error. Here, we used their approximation with a numerical precision of

10−32 to estimate the parameters value.

The simplest and most intuitive way to fit the DDM to behavioural data is to look

for the parameter setting of ωn that maximizes the likelihood of observing this dataset

given the parameters and the model. If tempting, this approach overlooks a crucial

detail of the DDM: if the true value of ω varies from trial-to-trial, the fit of a single

vector ω∗n is a biased estimator of E [ω̂j,n], and this bias can have an important impact

on the interpretation of the parameter values [364]. The theoretical advantages and

computational challenges of the Full DDM have been introduced in Section 1.3.1.1. We

focus here on the algorithmic challenge of this model. Formally, we have

E [ωj,n for j ∈ 1 : J ] 6= ω∗n

where ω∗n is the value ωn that maximizes the log-likelihood function.

For instance, a high variability in the value of the starting point w with mean .5 will

generally produce a dataset that will be better fitted by a point-estimate of w∗ < .5

[364]. Accounting for the trial-to-trial variability in w can solve this problem. The

problem then is to fit a prior θn that determines the trial-wise distribution of latent

parameters ωj,n. In frequentist paradigms, the parameters ωj,n are usually integrated

out of the model, and θn only is fitted. As we will see in Section 2.2.3, in a fully Bayesian
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framework, all the parameters (ωj,n, θn and its prior) can be regarded as latent random

variables and are estimated accordingly.

Usually, only the subset {ξ, w, τ} is considered to vary from trial to trial, and the thresh-

old is considered to be fixed for each participant. Although it may raise some concerns

in readers familiar with the full DDM, we do no make this assumption here, as it is

customary in Bayesian statistics and machine learning to consider that each datapoint

is generated by its own set of parameters (see for instance [76]). We show in the results

section that the performance of the model we propose still outperforms other implemen-

tations, and that the fit of the threshold provides meaningful results.

2.2.3 The Full DDM as an Empirical Bayes problem

The ML estimate of the Full DDM as formulated by [8]2 consists in finding the value

of the prior θn
∗ that maximizes the log-likelihood function log p(yj,n;θn) while having

marginalized out the trial-specific parameters ωj,n (and therefore the posterior prob-

ability under an unnormalized, unbounded uniform prior), and to consider this value

as a consistent estimator of the true value of θn, namely θ̂n. This choice can be jus-

tified from the asymptotic normality of the posterior distribution theorem [74, 75]: as

the dataset grows, and considering that the data are generated from the same pro-

cess, the posterior distribution approaches a multivariate Gaussian distribution with a

mean close to θ̂n and covariance matrix equal to the inverse of the Observed Fisher

Information matrix, i.e. θn
∗ → θ̂n as NJ → ∞ and p(θn) ≈ N (θn

∗, I(θn
∗)−1), where

I(θn
∗) = −∇2

θn
∗ log p(yj,n;θn). Also, following the Bernstein-von Mises theorem [484,

485, 486], we can see that the choice of the prior becomes irrelevant to the posterior as

the amount of data grows, which further justifies the ML technique for large datasets.

We show in Section 2.5.2 that the ML approach of the Full DDM reduces to what

is known as an empirical Bayes [29, 30] estimator of θ̂n: indeed, the value of θn that

maximizes the Wiener density can be directly reformulated as a function of the posterior

probabilities of each trial parameter p(ωj,n | yj,n;θn): this gives the intuition that the

problem of fitting the Full DDM could be greatly simplified if one could derive an efficient

technique to estimate the set of the trial-wise posterior probability density functions.

Figure 2.3a shows the basic structure of the Full DDM in this perspective.

2As we have seen earlier, [8] does not advocate for the use of ML but rather for the use of a CS loss.
This reference is used as a starting point for the discussion of the method we propose.
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Box 2.2.1| Implicit-RQMC solution to the full DDM problem

In the following, we will be interested in deriving an approximate posterior for each

local latent variable ωj,n. One could use a more naive (and classical) formulation

of the problem, such as p(y | θn)p(θn) =
∫
p(y | ωj,n)p(ωj,n | θn)dωj,np(θn).

Inference with this model could use techniques developed for inference for implicit

distribution (i.e. distributions which we can sample from but do not enjoy a

tractable likelihood). In particular, the solution provided by [126] would be well

suited for our problem. In a preliminary study, not disclosed here for the sake

of space, we tried to solve the Full DDM problem with a similar approach that

jointly used variance reduction techniques such as covariate, Rao-Blackwellization

and randomized Quasi-Monte Carlo [487] to fit a VB lower bound to the log-model

evidence. Unfortunately, although it did compete well with MCMC techniques

for inference, we did not find that the quality improvement in this technique was

worth being detailed thoroughly. Instead, we chose to provide more information

about the i.i.d.-VB approach, which performed slightly worse than the implicit-

RQMC counterpart, but was theoretically easier to introduce as a step towards

the RAE-DDM. Moreover, the i.i.d.-VB is easy to plug in models (such as the

AC-HAFVF presented in Chapter 4) that account for trial-to-trial variability in

the DDM parameters in an informative way.

2.2.4 Variational Inference

In this section, we will present VB as a method to find the posterior of the trial-wise

DDM parameters ωj,n. We will first describe the most common EM approach (whose

derivation for the DDM application is provided in Section 2.5.2), for the empirical Bayes

problem. We will then see how VB can be used to efficiently implement EM.

2.2.4.1 Expectation Maximization

The EM algorithm consists in looping between the evaluation of each trial-specific pos-

terior probability density function given the current estimate of θn (E step), before

then finding the value of θn that maximizes the likelihood given the current posterior

estimates (M step).

More specifically, the E step of an EM algorithm would rely on computing (or approxi-

mating) the posterior over Ωn (the set of all trial-by-trial DDM parameter values), which
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reads

p(Ωn | Yn) =

∏J
j=1 p(yj,n | ωj,n)p(ωj,n | θn)

p(Yn|θn)
,

assuming that the posterior probability factorizes over each datapoint. This posterior

probability is intractable due to its normalizing factor (the model evidence) p(Yn|θn).

A first approach could be to use simulation techniques to simulate from this posterior

density function, but the size of the problem precludes this choice, since we would need

to compute NJ independent integrals at each step of the EM algorithm. Instead, we

can make use of VB techniques [488, 489, 22, 490] to fit an approximate posterior to

the true posterior: Variational EM (VEM) approximates the EM algorithm by using

VMP (see Paragraphs 1.1.2.2.2 and 1.1.2.2.3) for the E step. We will use VEM as a

starting point for the discussion of our algorithm. We will expose its weaknesses, and

present another, neater method to maximizes the loss function `(yj,n;θn) that relies on

Stochastic Gradient Variational Bayes (SGVB) and INs.

2.2.4.1.1 Variational Expectation Maximization VB has been presented in

Section 1.1.2.2. In short, we first define a proxy to the posterior density of an arbitrary

shape q(ωj,n; δj,n) where δj,n is a general indicator of the variational parameters that we

will optimize in order to match the real posterior as close as possible (see Figure 2.3b).

In order to do so, we can choose to minimize the Kullback-Leibler (KL) divergence

between this distribution and the true posterior. This will be done by maximizing the

ELBO, which reads

L(q(ωj,n; δj,n)) = Eq(ωj,n;δj,n) [log p(yj,n,ωj,n)] + H [q(ωj,n; δj,n)] . (2.3)

Once the ELBO has been maximized wrt δj,n, we can consider that q(ωj,n; δj,n) is as

close as it could from p(ωj,n | yj,n) given the shape of the distribution we have chosen,

the prior probability p(ωj,n), the data yj,n and the likelihood function p(yj,n | ωj,n).

This VEM method suggested above, where ∆ and θn are sequentially optimized, suffers

from several issues: the first is that optimizing the approximate posterior for each of

the local variables is not trivial, as the ELBO does not have, in general, a closed-form

formula (see Section 2.5.2). The second problem is that this approach is highly sensitive

to local optima: in other words, the initial draw of ∆ can frame drastically the final

result of the optimization process [22]. Another important concern is that the cost of

such optimization process is unreasonably high, as one needs to iterate across every

datapoint in order to make a single update of the prior, which is not guaranteed to be
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significant. All these obstacles find an elegant solution with the combined use of SGVB

and inference networkd (IN).

2.2.4.2 Stochastic Gradient Descent, reparameterization trick and SGVB

Let us rewrite the optimization problem we need to solve to find the ML estimate of θn

using VB in a concise form:

Θ∗ = arg max
Θ

max
∆

1

NJ

N∑
n=1

J∑
j=1

Eq(ωj,n;δj,n) [log p(yj,n;ωj,n) + log p(ωj,n;θn)]+H [q(ωj,n; δj,n]].

The VEM approach detailed above essentially reduces to maximizing the ELBO wrt.

Θ and ∆. Intuitively, a more economical way to achieve this would be therefore to

maximize both parameters at the same time. The gradient of this expression can be

expressed exactly as

∇Θ,∆ {L (q(Ω))} = ∇Θ,∆

 1

NJ

N∑
n=1

J∑
j=1

Eq(ωj,n;δj,n) [log p(yj,n,ωj,n;θn)] + H [q(ωj,n; δj,n)]

 .

With a little loss of generality, we consider that the entropy of the approximate posterior

has a closed-form formula, and that samples can be generated from q(ωj,n; δj,n) using

a differentiable function g st. ω̃j,n,k = g(δj,n, ε) where ε ∼ p(ε) for some arbitrary

p(ε). Under these conditions, the above expression has an unbiased, noisy Monte-Carlo

reparameterized gradient estimator given by
∇Θ {L (q(Ω))} ≈ 1

NJ

∑N
n=1

∑J
j=1

1
K

∑K
k=1∇θn {log p(ω̃j,n,k;θn)}

∇∆ {L (q(Ω))} ≈ 1
NJ

∑N
n=1

∑J
j=1

1
K

∑K
k=1∇δj,n {g(δj,n, εk)}∇ω̃j,n,k {log p(yj,n, ω̃j,n,k;θn)}+

∇δj,n {H [q(ωj,n; δj,n)]}

for a number ofK samples (see Paragraph 1.1.2.2.7). As suggested in Paragraph 1.1.2.2.6,

the form we have given to the (expected) log-likelihood makes it clear that

∇̃L ,
1

SUK

S∑
n=1

U∑
j=1

K∑
k=1

[
∇θn
{log p(ω̃j,n,k;θn)}

∇δj,n{g(δj,n, εk)}∇ω̃j,n,k {log p(yj,n, ω̃j,n,k;θn)}+∇δj,n {H [q(ωj,n; δj,n)]}

]

is an unbiased, noisy estimator of ∇Θ,∆ {L(q(Ω))}, for any S ≤ N and U ≤ J .

This kind of noisy gradient can be used to find the minimum of a loss function using

Stochastic Gradient Descent (SGD) techniques [83], which have numerous advantages.

First, as our notation suggests, we can subsample some trials in the whole set in order

to maximize the ELBO wrt. both Θ and ∆. This already amortizes the cost of the

optimization, as we do not need to go through the whole dataset to make a step toward

the maximum. Second, we do not need to compute the true posterior probability of each
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of the sampled trials in order to estimate the gradient of the respective variational pa-

rameters δj,n: by sampling from this approximate posterior and computing the gradient

of this sample, we can estimate the gradient of the ELBO wrt. δj,n.

Finally, as for the VEM approach, there exists a risk of ending in a local optimum.

This risk is, however, mitigated by the use of SGD: as only part of the data are used

at each time step to climb the likelihood curve, local peaks will usually be avoided (see

Paragraph 1.1.2.2.6) because they are caused by a small cluster of data that is partially

ignored during this step [84].

Many SGD algorithms have been developed (e.g. [491, 492]). As our aim is not to make

an extensive review of their respective advantages and disadvantages, we decided to use

the Adam optimizer [493] and refer to the corresponding paper for a detailed algorithmic

description and implementation.

2.2.4.3 Inference Network

Flexibility and sparsity are two of the main desired properties of the approximate posteri-

ors q that we want to fit to our dataset: a loss of flexibility will decrease the performance

of the model, or equivalently, worsen the unknown KL divergence between the approx-

imate and true posteriors. Sparsity is however the main asset of Variational Inference,

and one would wish to find a cheap form of approximate posterior to perform inference

in a reasonable amount of time. A solution to reduce the number of variational param-

eters consists in using a direct, deterministic mapping from the values of the adjacent

nodes of factor graph to a given approximate posterior δj,n , f(yj,n,θn;ρ) where ρ is

the vector of parameters of the arbitrary function f that achieves this mapping. This

leads the approximate posterior to have the form qρ(z |yj,n,θn) (Figure 2.3c). Our goal

has now become to optimize the mapping function parameters ρ instead of the local

variational posteriors δj,n which it determines.

Amortized Variational Inference has been presented in Paragraph 1.1.2.2.9. In short,

it alleviates the need of optimizing each of the local approximate posteriors, which can

be problematic for large datasets. It is scalable, and amortizes the storage of each

approximate posterior to a single set of network weights.
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Optimizing the ELBO with an IN is straightforward: using the above definition of the

approximate posterior, the noisy approximation to ∇Θ,ρ {L(q(Ω))} becomes

∇̃L ,
1

SUK

S,U,K∑
n,j,k


∇θn {g (f(yj,n,θn;ρ), εk)}∇ω̃j,n,k {log p(yj,n, ω̃j,n,k;θn)}+

∇θn {H [q(z; f(yj,n,θn;ρ))]}
∇ρ {g (f(yj,n,θn;ρ), εk)}∇ω̃j,n,k {log p(yj,n, ω̃j,n,k;θn)}+

∇ρ {H [q(z; f(yj,n,θn;ρ))]}


(2.4)

where ω̃j,n,k = g (f(yj,n;ρ), εk). The gradient in Equation (2.4) can be computed easily

using an Automatic Differentiation routine if g(·) is differentiable (see Box 1.1.4 for the

treatment of g(·) that are not differentiable).

2.2.4.4 Approximate Posterior specifications

We now need to specify a convenient shape for the approximate posterior of the DDM

parameters. In Section 2.5.3, we opted for the use of Normalizing Flows [89] as a highly

flexible albeit simple distribution shape. We found that, for the DDM, this form of

posterior distribution outperformed generally simpler approximate posterior (such as

Gaussian distributions) in terms of KL divergence to the log-model evidence.

(a) Full DDM (b) VB-DDM (c) AVI-DDM

Figure 2.3: Directed Acyclic Graphical Model (DAG) of the AVI approach to the
Maximum-Likelihood (approximate empirical Bayes) Full DDM problem. Black filled
circles represent the data (RT and choices), white circles the latent variables, and the
greyed circles the subject-specific priors. a. Full DDM as a empirical Bayes problem.
The aim is to find the value of θn that maximizes the marginal likelihood p(yj,n | θn),
where ωj,n has been marginalized out. This problem reduces to an empirical Bayes
problem. b. VB can provide a method to find a lower-bound to the log-marginal prob-
ability, by the use of approximate posteriors q(ωj,n | δj,n). c. Amortized Variational
Inference (AVI) amortizes the cost of inferring the approximate posterior for each la-
tent variable by using an IN with parameters ρ that takes as input the datapoint and
the prior in order to deterministically predict the approximate posterior. Note that,
contrary to many similar approaches, here θn is taken as input to reflect the fact that,
with a different prior, the posterior of ωj,n would have a different shape even if the

data yj,n were identical.
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2.2.5 Preliminary summary

So far, we have presented a method to compute the maximum likelihood of Θ using

Variational Inference. Through the use of SGVB, we propose an optimization method

that has a limited cost for big datasets: indeed, the number of samples per gradient

estimation S ∗ U ∗K depends more on the complexity of the problem than on the size

of the dataset. Also, it alleviates the need to compute the marginal likelihood to get a

gradient estimate. Finally, it should be robust to the presence of local optima, thanks

to the use of AVI, although this cannot be guaranteed. The use of IN scales down

the computational burden of the problem, and ensures a certain similarity between the

approximate posteriors of each datapoint. Moreover, it makes it possible to optimize the

algorithm online, as the same mapping function as the one used for observed datapoints

can be used for datapoints that have not been observed yet.

Comparison of Algorithm 6 and Algorithm 7 (see below) highlights the difference be-

tween the VEM method and AVI. Note that, in the former, the exact posterior prob-

ability from Equation (2.16) has been replaced by its approximation q whereas in the

latter, the update have been formulated in terms of gradient ascent for simplicity of the

notation.

Of course, the naive implementation presented in Algorithm 7 does not render the full

richness of SGVB: the stopping criterion can, for instance, be refined st. the optimization

process is stopped when the performance on a validation dataset starts to decrease (early

stopping [22]). This is the method we will present in the Result section Section 2.3. Also,

the learning rate η can be adapted to match an approximation of a preconditioning

matrix, which is indeed what the Adam optimizer, mentioned above, does.
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Algorithm 6: VEM algorithm.

Data: Choices and reaction times Y

input: threshold u, maximum

number of iteration M

Result: Variational Parameters ∆,

Maximum-likelihood

estimate of Θ

1 Initialize randomly Θ,∆;

2 Set i = 0;

3 Set ELBO0 = −∞;

4 repeat

5 i += 1;

6 for 1 : N, j ∈ 1 : J do // E step

7 Find arg minδ −L(q(z; δ))

// e.g. using SGD

8 end

9 for 1 : N do // M step

10 Set µn
∗ = 1

T

∑T
t=1 Eq [z]

11 Set σ2
n
∗

= 1
T

∑T
t=1 Eq [z]2 +

Varq [z]− (µn
∗)2

12 end

13 Compute ELBOi = L(q(Z; ∆));

14 until

i > M or ELBOi − ELBOi−1 < u;

Algorithm 7: SGVB Amortized Infer-

ence
Data: Choices and reaction times Y

input: maximum number of iteration

M , SGD learning rate η

Result: Variational Parameters ∆,

Maximum-likelihood

estimate of Θ

1 Initialize randomly Θ,∆;

2 Set i = 0;

3 repeat

4 i += 1;

5 for k ∈ 1 : S ∗ U ∗K do

6 Select 1 : N randomly;

7 Select j ∈ 1 : J randomly;

8 Draw ε ∈ p(ε) randomly;

9 Compute an unbiased, noisy

estimate of

∇̃Lk ≈ −∇ρ,θ {L(q(Z;ρ))}
// see Equation (2.4) ;

10 end

11 Update ρ = ρ−η 1
SUK

∑SUK
k=1 ∇̃Lρ,k

;

12 Update θ = θ−η 1
SUK

∑SUK
k=1 ∇̃Lθ,k;

13 until i > M ;

2.2.6 Recurrent Auto-encoder

We now develop the core idea of this chapter, which is that one can take advantage of

the sequential nature of data acquisition to predict the trial-wise values of the DDM

parameters.

The model we will develop is based on Variational Auto-Encoders. Auto-Encoders (AE)

(Paragraph 1.1.2.2.9), and more specifically Variational AE (VAE), are a large family

of models [88] that can be seen as two-side algorithms were one side (the encoder or

recognition model) is the equivalent of what we have called an IN so far: it is a (non-

)linear mapping with global parameters ρ that determines the shape of the approximate

posterior of a local latent variable z of an arbitrary length d, based on the data yj,n, with
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a prior p(z). This variable z lies between the encoder and the decoder, which constitutes

the generative model about which inference is made. Figure 2.4a sketches the structure

of a Variational Auto-encoder.

This generative model maps the parameter z onto the parameters of the distribution of

yj,n (ωj,n in our case) thanks to a (non-)linear deterministic mapping ωj,n = f(z;φ).

This peculiar model class has the advantage that it allows the user to specify the degree

of complexity of the inference process she is trying to achieve by adjusting the hyperpa-

rameter d. Indeed, VAE ultimately boil down to a (generative) dimensionality reduction

algorithms, where the bottleneck is situated at the level of the latent variable z.

Formally, a VAE for a trial indexed j, n is defined by the following formula of the ELBO:

L (q(z | yj,n)) = Eqρ(z|yj,n) [log pφ(yj,n, z)− log qρ(z | yj,n)] (2.5)

which recalls Equation (2.3) with the only difference that now an encoder/decoder

scheme is used to link the data to the latent variable and the latent variable to the

data.

We kept on purpose the subject indices in Equation (2.5), and the hierarchical treatment

of this expression will be introduced shortly after. Let us emphasize in Equation (2.5)

the dependency of the probability distributions on ρ and φ: these are the only parame-

ters to fit in order to maximize the ELBO. Ideally, one would like to make inference not

only about z but also about φ, as these parameters also belong to the generative model.

Often, however, authors treat these parameters in a Maximum-A-Posteriori (MAP) per-

spective [88], although inference about these parameters is far from being impossible

[482, 105]. This problem will be treated in Section 2.2.6.2.

Chung and colleagues [478] have shown that one can include in this model a specific form

of regressor that deterministically brings to the current trial the information about the

state of the model at the trial before: this approach, known as Recurrent VAE (RVAE),

has been the focus of several recent publications [477, 478] due to its efficiency to trade

off accuracy with complexity of the inference process. Under this assumption, the ELBO

now looks like:

L (q(z | yj,n,hj−1)) = Eqρ(z|yj,n,hj−1) [log pφ(yj,n, z | hj−1)− log qρ(z | yj,n,hj−1)]

where hj−1 = f(yj−1,n, zj−1,n,hj−2,n;φh).

(2.6)

In Equation (2.6), we have made explicit the fact that the approximate posterior q and

the likelihood p(yj,n, z) depend on the previous value of z, y and h through a hidden state
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hj−1. As our notation suggests, h is also computed using a (non-)linear transformation

of these variables, that takes as input a subset of the decoder parameters φ.

This model specification can be understood as follows: we are interested in retrieving

a posterior probability distribution of a variable z that acts as regression weights of

regressors h, which brings to the current trial a selection of information about the trials

before (either parameter values, external regressors such as experimental conditions, or

behavioural measure, RT and choices included). By specifying the length of z to its

minimum, we ensure that each element of z explains the maximum of the variance of

the output parameters of the DDM, ωj,n. Due to the form of the regression we use (i.e.

multi-layered perceptron), we can get high flexibility in a space of reduced dimension:

very rich patterns can be reflected by such a scheme, even in a low-dimensional space.

Note that we do not specify the distribution shape of ωj,n, but the distribution of z,

which then maps non-linearly to ωj,n. This contrasts with all DDM implementations

we are aware of, where the choice of the DDM parameter prior is mostly arbitrary.

Regarding the choice of a prior for z, one can assume that it is normally distributed in

Equation (2.5) with a mean 0 and a covariance Id, which ensures that the components

of z are somehow independent and, therefore, that each of them captures the maximum

variance in the data. However, this choice is not optimal for the model in Equation (2.6),

as one would expect the prior of z to vary from trial to trial. We used therefore the

recommendation of [478] and used a form of prior {µz
0, (σ

z
0)2} = f(hj−1;φp) where φp

is again a subset of the generative model regression weights and biases.

The final model specification we need to consider is the way we will capture inter-

individual differences. This can be efficiently achieved using a subject-wise auxiliary

latent variable γn of length d∗ with a prior N (0, Id∗) and an approximate posterior

q(γn | υn). This regressor was introduced in the generative model described above to

obtain a set of DDM parameters that depended on the three factors z,hj−1 and γn:

ωj,n = f (z,hj−1,γn;φω) . (2.7)

This simple manipulation ensures that inference at the trial level is a compromise be-

tween subject-wise behavioural specifics and consistent population-wise behavioural pat-

terns. It goes beyond saying that if some regressor is added to the decoder, it should be

added to the encoder too to improve inference about the local variables, which makes

us define the following amortized family of approximate posterior over z

z ∼ qρ(z | yj,n,hj−1,γn). (2.8)
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It flows directly from Equation (2.7) and Equation (2.8) that, if the dataset has been

acquired using various experimental conditions, or if the subject is somehow informed

about her performance in the task by the display of a sensory feedback, these regressors

can easily be included in the set of the predictors of ω, making this model a compellingly

generic tool for inference about the vector ω.
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(Encoder)
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node

Approximate
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Latent variable

Data

(a) Variational Auto-encoder with
Maximal-Likelihood estimate of the top-
level hyperprior. Note the difference with
Figure 2.3c, where the latent variable

directly conditioned the data yj,n.
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(b) Recurrent Auto-Encoding Drift Diffusion
Model structure. The whole encoder-decoder
process is shown for a trial j and a subject n.
The model is fully connected, in order to account
for dependency between the adjacent levels at

the recognition and generative level.

2.2.6.1 Training the RAE-DDM

All the tools we have provided so far can be used in order to train a VAE: the IN,

with possibly the normalizing flow that is presented in Section 2.5.3 can be used to

find the posterior probability of z with an amortized cost. SGVB (by the use of the

reparameterization trick) could be used to optimize the ELBO, with an unbiased gradient

of the form

∇ρ,φ {L (q(z | yj,n,hj−1))} =
1

JSK

J,S,K∑
j,n,k

{
∇ρ {log pφ(yj,n, z̃j,n,k | hj−1)− log qρ(z̃j,n,k | yj,n,hj−1))}

∇φ {log pφ(yj,n, z̃j,n,k | hj−1)}
(2.9)

where we have made implicit the fact that z was generated according to a IN approach

with z̃j,n,k = gρ(δj,n, ε). Using this approach, one would generate K independent ran-

dom sequences of z̃j,n,k for j ∈ 1 : J , but this approach might suffer from several issues:

specifically, the error of each sample will propagate through the whole sequence, and the

effect of an early “bad” sample will impact all the successive trials, which will severely

impair the convergence of the SGD algorithm.

Another issue, closely related to the previous one, regards the sampling of the non-

decision time τ : it is hard to put constraints on the output of the generative regression
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network, and some samples of τ might fall beyond the t, where no gradient can be

computed.

To solve these problems, a typical solution can be to move the sampling average inside

the logarithm function (see Box 1.1.7), which transforms the ELBO in an Importance

Sampling (IS) estimate of the the log-model evidence:

L (q(z | yj,n,hj−1)) ≈ 1

JS

J,S∑
j,n

log
1

K

∑
k

pφ(yj,n, z̃j,n,k | hj−1)

qρ(z̃j,n,k | yj,n,hj−1))
. (2.10)

When used without recurrent predictions, this is known as an Importance Weighted AE

(IWAE) [118], and when used in the context of sequential data, this algorithm can be

viewed a special member of the Particle Filtering family of algorithms which has been

named Filtering Variational Objective (FIVO) [479].

This improved estimate of the ELBO has many advantages, that are detailed in [479]:

it allows us to weight each sequence of data to compute the approximate log-model

evidence, and also to drop and resample sequences that fail to reflect the data in a

meaningful way based on the other sequences. Moreover, this approach produces samples

with a much lower variance than the SGVB approach, which can be simply understood

by observing that the FIVO approach takes more samples than SGVB, which is usually

taken with a local sample size of K = 1. Finally, this approach solves the problem of

the bounded space of τ : we can assign a log-likelihood of −∞ (i.e. a weight of 0) to

the particles k whose τk fall beyond the t, and provided that at least one the particles

does satisfy the conditions for the log-likelihood to be computed, the gradient of the

estimator can be computed. However, it might still be the case that the whole set of

particles at a given trial produces a sample τ̃j,n > t. We describe in Section 2.5.3.3 a

simple solution to this problem based on Lagrange multipliers.

The complete model, which we name the Recurrent Auto-Encoding Drift Diffusion Model

(RAE-DDM) is an application of the algorithm presented in [478, 479] to the problem of

DDM fitting, and we refer to these articles for the implementation details. The model

is sketched in Figure 2.4b and the training algorithm is displayed in Algorithm 8.

2.2.6.2 Variational Dropout

A final consideration regards the overfitting propensity of RNN and, consequently, the

potential overfitting of the RAE-DDM. Dropout is a popular technique to prevent over-

fitting when training a neural network [481], and has been suggested as a necessary

requirement for Boltzman-machine like algorithms [89] such as VAE and RAE. It simply

consists in hiding part of the network at each iteration, in order to ensure recursivity in
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Algorithm 8: RAE-DDM Training

Data: Choices and reaction times Y
input: maximum number of iteration M , SGD learning rate η
Result: Encoder and decoder weights {φ,ρ}, subject approximate posterior

distributions υn
1 Initialize randomly {φ,ρ,υn};
2 repeat

3 Set ∇̃Lρ,φ,υn ← 0;

4 repeat
5 Select n ∈ 1 : N randomly;
6 Initialize hidden state h0 ← 0, accumulated normalized weight βn ← 1/K;

/* Forward Pass */

7 Set L ← 0;
8 Draw γ̃n = g(εγn ;υn) with εγn ∼ p(εγn);
9 Increment L with subject-wise noisy KL approximation

L += log p(γ̃n)− log q(γ̃n | υn);
10 for j ∈ 1 : J do
11 for k ∈ 1 : K do
12 Draw γ̃n = g(εγn ;υn) with εγn ∼ p(εγn);
13 Map δ = f(ρ; y,hj−1,k, γ̃n);
14 Draw z̃j,n,k = g(εz̃j,n,k ; δ) with εz̃j,n,k ∼ p(εz̃j,n,k);

15 Map {µz
0, (σ

z
0)2} = f(hj−1,k;φp);

16 Compute H = log p
(
z̃j,n,k | µz

0, (σ
z
0)2
)
− log qρ(z̃j,n,k);

17 Map ω̃j,n,k = f(z̃j,n,k,hj−1,k, γ̃n;φ);
18 Compute unnormalized particle weight

logαuk = logWiener(y | ω̃j,n,k) +H;

19 end
20 Increment ELBO with weighted samples L += log

∑
k β

n
kα

u
k ;

21 Update accumulated normalized weight βnk = βnk
αuk∑
k′ α

u
k′

;

22 If resampling criterion is met, resample {βnk , z̃j,n,k} for k ∈ 1 : K;
23 for k ∈ 1 : K do
24 Map hj,k = f(y, z̃j,n,k,hj−1;φh)
25 end

26 end
/* Reverse Pass */

27 Backpropagate through lines 7 to 22 to get ∇̃Lρ,φ,υn = ∇̃Lρ,φ,υn −∇ρ,φ,υn {L}
28 until S sequences have been collected ;

29 Update ρ = ρ−η∇̃Lρ ; φ = φ−η∇̃Lφ ; υn = υn − η∇̃Lυn ;

30 until some convergence criterion is met ;
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the network and maximum relevance of each of the inputs. Variational Dropout (VD)

[482, 410] is an improved version of the Dropout method where a specific prior and

corresponding variational distribution is assigned to each weight of the network. Using

VD, we can ensure that the model takes maximum advantage of each of the inputs of the

network, and prevents overfitting. Additionally, the use of VD makes the model fully

Bayesian, as we make inference not only about z but also about the weights ρ and φ.

VD implementation of the RAE-DDM performed slightly better than the vanilla version

on the long-run, and prevented the optimization to fall into spurious local posterior

estimates of the DDM parameters. For each set of weights, including those of the GRU

RNN algorithm, and according to [494], we sampled ρ̃ and φ̃ according to their posterior

distribution before achieving the whole sequence of forward/backward pass described in

Algorithm 8, meaning that we used the same sample for each and every trial of the

sequence instead of resampling at each trial.

2.3 Experiment

2.3.1 Data Generation Procedure

To provide a proof of concept of the usefulness of accounting directly for the trial-to-trial

dependency of the DDM parameters, we generated a series of datasets with a random

Gaussian-Inverse-Gamma prior over the DDM parameters (see Section 2.3.1), so that

the average mean value of each parameter was variable across datasets. The values were

chosen with the following heuristic: we ensured that the chosen parameters generated

datasets with a good accuracy in the simulated task (see below) with reasonable RT.

We always aim at a high trial-to-trial variability of ξ and w (lower-bounded at 0.3), and

the variability of τ and ζ were chosen to be low (bounded at 0). These choices were

motivated by the fact that we did not expect the non-decision time to vary more than

by a few milliseconds. We also wanted to investigate whether the threshold variability

was identifiable for low-to-moderate values of the variance, as this variability is usually

assumed to be equal to zero in the DDM literature. The simulated task consisted of

a highly generic TAFC task where the subjects needed to choose between a left and

a right response to indicate, for instance, the motion direction of dots in a random

kinetogram. There was no other manipulation imposed on these datasets. We assumed

that the motion direction affected the drift and the drift only. This is a quite common

assumption in the DDM literature [9], which is physiologically sensible, as the starting

point should be set before the instruction is perceived by the agent [363, 380].
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ζ ξ w τ

µn N (1.+ 0.2ε1, 0.1) N (1.5 + 0.33ε2, 0.2) N (0.05ε3, 0.1) N (0.3 + 0.1ε4, 0.01)

σ2
n IG−1(5, u1 ∗ 0.33) IG−1(5, 0.3 + u2) IG−1(5, 0.3 + u3) IG−1(5, u4 ∗ 0.01)

Table 2.1: Generative distributions at the population level (i.e. dataset-specific).
ε ∼ N (0, 1) and u ∼ U(0, 1) are random noise variables that controlled the distribution
of the parameters at the population level. This manipulation ensured heterogeneity in

the datasets.
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Figure 2.5: Data generation procedure for a prior distribution N (2, 0.1). All parame-
ters were generated according to a diagonal univariate Gaussian distribution. For each
parameter, the order of the appearance of each sample was permuted to minimize the

distance wrt. a random GP trace (here with a Rational Quadratic kernel).

In order to avoid biasing the data generation process by using a generative model that

would only be identifiable using a non-i.i.d. based approach, the only manipulation we

allowed ourselves to do was to permute the parameters, initially generated according to

i.i.d. normal distributions (Figure 2.5). This permutation induced specific patterns of

cross-correlations between successive parameter values, while ensuring that a fit achieved

using the i.i.d. assumption was not harmed by the assumption of the data generation

procedure.

We proceeded in the following way: first, we generated a random matrix of unit-Gaussian

distributed random variables ε ∈ R4×J ∼ N (0, I). Then, we generated a trace of

4 signals following a Gaussian Process (GP) with a Rational quadratic or a Periodic

Kernel [54], parameterized with a population-wise random parameter a ∼ U(0, 1) and

with an input vector of equally distant variables u situated between −4 and 4. This

simple manipulation ensured that the frequency of the parameter variability was mostly

identical in the whole population but different between datasets, while keeping a rich

family of traces form across subjects. Next, we permuted the elements of each column

of ε in order to minimize the Euclidean distance between each of these elements with

the correspondent point generated by the GP. Finally, the data were mapped to their

desired distribution location by simply applying the following equation:

ωj,n = µn + σn � εj,n
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where σ2
n is the Hadamard product operator.

RT and choices were simulated according to [8], where the Wiener process is discretized

to an arbitrarily small dt (set to 10−6 in our case) and approximated as a binary gambler

ruin problem [350]. An alternative method could consist in using the Euler-Maruyama

algorithm [495, 496], but this algorithm did not prove to be of greater accuracy than

the former, for a higher computational cost.

A total of 16 datasets of 64 subjects each and 500 trials per subject were generated

with the same procedure, and different arbitrary random seeds (from 1 to 16) for repro-

ductibility.

Each dataset was fitted to the RAE-DDM, to a hierarchical i.i.d.-VB version of the

DDM (see below) and finally to an HMC version of this last model coded in Stan

[471]. A single chain per dataset was generated, with 1000 iterations for warm-up

and 1000 iterations for sampling. Because the threshold was generated with a random

noise (as every other parameter), and because it is customary to fit the DDM while

discarding the threshold variability, we also fitted the fixed-threshold of the i.i.d.-VB

version of the DDM and similarly for the HMC version in order to assess how good

the classical threshold steadiness assumption worked. For convenience, these fits will be

named “classical” in what follows, by contrast with the “full” versions that included the

threshold variability. This leads to a total of five fits per dataset.

2.3.2 Model Specification

For each of the f(·) transform in Section 2.2.6, we used a two-layer perceptron, except

for the mapping of h for which a Gated Neural Network can be used in order to prevent

the vanishing of the early gradient through the network [497]. We chose arbitrarily

the Gated Recurrent Unit (GRU) [498] for the RNN model. An alternative strategy

could consist in using a Long-Short Term Memory [499], and we leave the comparison

between these various GNN for future studies. For the sake of sparsity and because it

is not relevant to the present study, we do not detail these structures here, and refer

to the corresponding papers for further details. We chose a hyperbolic tangent function

activation function for all these networks, which proved to be of greater accuracy than

the Restricted Linear Unit [500, 501] and softplus activators.

The RAE-DDM was configured with 50 nodes per layer in each perceptron, GRU in-

cluded, for both the i.i.d.-VB and RAE-DDM models. For the latter, the length of the

latent variable z was set to 4 for all experiments (so was the length of the subject-specific
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Figure 2.6: i.i.d.-VB and HMC full hierarchical structure.
The DDM parameters were distributed according to a subject-specific prior
θn = {µn,σ2

n}. In turn, these parameters were distributed according to a latent
Normal M prior N (µ0,σ

2
0) and a latent Inverse-Gamma G prior IG−1(α0,β0)

distributions, respectively. The hyperprior of the first distribution was chosen to be a
Normal Inverse-Gamma distribution M0 with parameters N (0, 10σ2

0) IG−1(0.1, 0.1).
The hyperprior of the second distribution was a set of Exponential distributions
with shape parameters λ = 0.01. These values were chosen in order to be weakly
informative. This model was identical for the VB and HMC tests. However, in the
VB implementation, the approximate posteriors were modelled according to a 4-layers
Normalizing Flow with parameters δ∗, where ∗ indicates the latent variable. The

parameters δωj,n were generated thanks to an IN with parameters ρ.

latent variables ζn), as it showed to provide a sufficient predictive accuracy during pi-

loting. A four component (or layer) normalizing flow was used for the i.i.d.-VB and

RAE-DDM approximate posteriors.

Each of the VB models were coded in Julia [502], optimized with a noise-insensitive

version of the Adam optimizer [493, 503] for 80000 iterations, in parallel with an im-

plementation of the SGD algorithm similar to [504], over 8 CPUs node of various kinds

(IvyBridge, Xeon, E5-2650v2, 2.60GHz; Skylake, Xeon, 4116, 2.10GHz; SandyBridge,

Xeon, E5-4620, 2.20GHz) with no accelerating device such as GPUs. The code will be

made available online.

The i.i.d. versions of the DDM (VB or HMC) were all tested with a model identical to

the one used to generate the data, i.e. where the drift was influenced by the perceived

motion.
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2.3.3 Testing for model specifics: Convergence and overfitting assess-

ment

We tested the convergence of the two i.i.d.-VB algorithms (with either fixed or variable

thresholds) using a validation dataset during training. Convergence rate was fast, and

the performance over the validation dataset worsened slightly during the optimization

up to a certain plateau. Note that, in piloting experiments, we found that this effect

was mitigated by the use of Variational Dropout. This effect was not observed for the

i.i.d.-VB models.

We calculated a posteriori an ad-hoc measure of VB performance named Pareto Smoothed

Importance Sampling (PSIS) [56]. PSIS provides a parameter k̂ that gives an estimate

of the goodness of fit of VB once the optimization procedure has been performed, and

also provides a way to refine the accuracy of the posterior estimates (we refer to [278] for

a full description of the method). In short, if k̂ < 0.5, one can infer that VB achieved a

good performance for the task. Both i.i.d.-VB models showed a very good performance,

with a maximum value of k̂ of 0.51 for the classical versions of i.i.d.-VB and 0.41 for the

full versions Figure 2.7. Figure 2.8 compares the convergence of the three VB methods.

0 2 4 6 8 10 12 14 16
Dataset

0.2

0.0

0.2

0.4

k

iidVB-Classical
iidVB-Full

Figure 2.7: k̂ value for each dataset.

To compare the three VB models, we ran a vanilla Bayesian Model selection algorithm

[132] to investigate the comparative probability that each model generated the data.

This method assigns individuals (datasets in this case) to competing models, and can

provide an exceedance probability φ which can roughly be interpreted as the probability

that a model is better than all others. This analysis clearly favored the RAE-DDM

with a total of 13.27 datasets (φ=0.999) assigned to this model, with respect to 1.39

and 1.34 datasets for the classical and full versions of the i.i.d.-VB model, respectively.

Interestingly, these results did not favour any of the two i.i.d.-VB models.
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Figure 2.8: Convergence rate on a validation dataset (plain) and training dataset
(dashed) for the i.i.d.-VB and RAE-DDM approaches.

2.3.4 Fit Comparison

We tested the fit of the five models on the training dataset, as HMC does not provide

the opportunity to generalize the inference to unseen datapoints. We report here the re-

sults in terms of Pearson’s correlation coefficients. Euclidean distance (or log-Euclidean

distance for the variances) is reported in the Appendix Section 2.5.4. All results are re-

ported in an unbounded space (ζ, w are mapped with the inverse mapping described in

Section 2.5.1, and all statistics involving the variances were computed with the log-value

of the variance). For the RAE-DDM, means and variances were computed according

to Equation (2.16). Finally, all the results that regard the drift rate were corrected for

motion direction.

2.3.4.1 Population-wise fit

At the population level, HMC performed well for all parameters average values wrt VB-

based methods. From a correlation point of view, the RAE-DDM had an acceptable

performance, although it tended to underestimate the variance of each parameter.

Quite interestingly, the HMC-Full performed well in discriminating datasets with high

and low variance of the ζ and w, which would not have been possible if the variance of

these two parameters were equivalent, as claimed in earlier studies [9]. Moreover, fit of

the HMC-Full was always equal or better than the classical version with no threshold

variability, which confirms that the Full-DDM with threshold variability is identifiable

at the population level.
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Figure 2.9: Population value correlations. Blue: HMC-Classical, Red: HMC-Full,
Green: i.i.d.-VB -Classical, Yellow: i.i.d.-VB -Full, Purple: RAE-DDM. Fit of the
Classical versions of HMC and i.i.d.-VB are lacking in the lower left panel, because

these models did not account for threshold variability.

2.3.4.1.1 Subject-wise fit All methods provided subject-specific estimates of the

mean parameters that correlated well with their true value, with the notable exception of

τ , whose fit was acceptable only for the RAE-DDM. In all mean parameter estimations,

the RAE-DDM outperformed or was undifferentiable (for w) from other methods.

Even more important is the difference between the evaluation of the subjects’ specific

trial-to-trial variability of the four DDM parameters by the five models. First, it can be

clearly seen in Figure 2.10 that the RAE was able to assess variability with a reason-

ably high accuracy that was inaccessible to other methods. Second, the i.i.d. models

(HMC or i.i.d.-VB ) where the threshold variability were implemented did not perform

significantly worse than others: on the contrary, the HMC-Full uncovered better the

variability of the drift, starting point and non-decision time than his classical counter-

part. These observations suggest again that relaxing the i.i.d. assumption and including

the threshold variability in the DDM might be beneficial.

The i.i.d.-VB methods had reasonable performance for mean estimates but were poor

at estimating trial-wise variability of the DDM parameters.
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Figure 2.10: Subject value correlations. Heat plots show the value of the Pearson cor-
relation coefficient for each dataset, for each model. The bar plots on top of these show
the average of the corresponding heat plots. Error bars show the value of one standard
deviation. The stars indicate the p-value range of a GLM model that accounted for
the value of the true-to-estimate correlation coefficient value as a function of the fitting
method (* for p < 0.5, ** for p < 0.01, *** for p < 0.001 and **** for p < 0.0001). It
can be observed that when the fit of the RAE-DDM was poor, it was usually also the

case for other methods.

2.3.4.2 Trial-wise fit

The RAE-DDM performed better at the trial level than each and every other model

(Figure 2.11). Overall, i.i.d.-VB and HMC performed equally well for all parameters.

The correlation at the trial level of the parameter ζ was slightly lower than others.

Whether this difference was due to a lower relative variability of this parameter wrt. the

others, or to the assumptions about the data-generation process remains to be explored.

Nevertheless, the RAE-DDM was able to assess the value of the ζ at each trial with a

relatively good accuracy (Figure 2.12).

2.4 Discussion

In this paper, we present an advanced, scalable, data-driven algorithm to fit the Drift

Diffusion Model (DDM) in a fully Bayesian setting that can recover the parameter

value at the trial, subject and population levels. This algorithm, named the Recurrent
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Figure 2.11: Trial-value correlations (averaged over subjects for each dataset).

Auto-encoding DDM (RAE-DDM) mainly relies on recent advances in Variational Bayes

Inference (VB). The main assumption of this model is that the data are correlated in a

forward manner, i.e. that the current value of the data and parameters are conditioned

on the preceding value of the data and parameters. It relaxes the i.i.d. assumption about

the parameter distribution, as well as the assumptions about the distribution of these

parameters and, most importantly, about the stationarity of the threshold parameter.

We show that the fit of this model outperforms other methods (i.i.d.-VB and Hamilto-

nian Monte Carlo (HMC)), and that inference can be efficiently achieved at every level

of the hierarchy with correlation coefficients and distances between true and estimated

values that are impossible to obtain with previous approaches.

The RAE-DDM enjoys countless advantages: it can be optimized in parallel or on GPU,

it requires a low memory usage thanks to the use of AVI, and, for the same reason,

it is generalizable to unseen data. Its structure allows it to be optimized in an online

manner. Furthermore, by the use of dimensionality reduction and variational dropout,

this model prevents overfitting.

It can account for the effect of regressors of any kind, without requiring to precisely

set the relation that ties these regressors to the parameters. Yet, it provides useful

information about the parameter values: since the quality of the fit can be expected to

be high for a wide range of datasets, the precise estimation of the trial-wise parameters

value allows the user to adequately interpret the parameters fit a posteriori, based on the

trial-to-trial changes in input regressors. This contrasts with classical, non data-driven

modeling approaches, where the model structure has to be set beforehand, fitted and

then interpreted based on the quality of fit. Therefore, the RAE-DDM compromises

informativeness of the model with assumptions about the model specifications.

Importantly, we do not claim that informative models should not be used. We suggest

that, if an informative model needs to be tested, which will still be desirable in most



129

0

2

Re
al

va
lu

e

a

0

2

RA
E-

DD
M

0

2

iid
-V

B
Fu

ll
iid

-V
B

Cl
as

sic
al

0

2

HM
C

Fu
ll

0 100 200 300 400 500
Trials

HM
C

Cl
as

s
0

2

0

2

0

2

0

2

0

2

0 200 400
0

2

2

0

2

w

2

0

2

2

0

2

2

0

2

2

0

2

0 200 400
2

0

2

0.2

0.3

0.2

0.3

0.2

0.3

0.2

0.3

0.2

0.3

0 200 400

0.2

0.3

Figure 2.12: Randomly selected subject parameter values, and fit for each model.
The RAE-DDM estimated the parameter trace with a high accuracy. We emphasize
that the fit of the drift (corrected for motion direction in the figure) followed the motion
direction pattern that was used to generate the data with a high accuracy, even though
this was not directly instructed in the model. Also, other parameters did not follow
this pattern, meaning that the algorithm was able to discriminate which parameter
value did and did not depend upon the motion direction without explicit user input.
This contrasts with the four other methods, where the effect of motion direction was
explicitly implemented in the model. It is noteworthy that beside their lack of capacity
to account for the pattern of variation of the parameters, the four other methods also

failed to provide a good estimate of the parameter variance in this example.

instances, the universality of the RAE-DDM can provide a benchmark of the parameters

fit and an upper bound to the model evidence that can be compared with the informative

model fit, with closer fits between the two approaches providing empirical evidence in

favour of the grounds of the informative model.

It is noteworthy that, contrary to previous approaches [364, 8, 456, 9, 458, 459, 472,

442], here we did not omit any parameter when modelling the trial-by-trial variability.

An important contribution of the present paper is indeed to show that the threshold

variability can, and hence should, be included in the model trial-to-trial autocorrela-

tions are included in the model. The present method is the first, to our knowledge, in

which this specific feature, previously regarded as unidentifiable, has been implemented.

Despite the inclusion of this feature in our algorithm, we observed a better fit of the

whole set of parameters, showing that its addition did not compromise, but actually

improved the identifiability of our model.
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Also, while testing the inclusion of the threshold in the models in several datasets fit-

ted with the i.i.d.-VB and MCMC approach, we found that not only the RAE-DDM

was able to uncover the value of the threshold variability, but that the versions of the

HMC or i.i.d.-VB models that accounted for threshold variability did not perform worse

than others in recovering the parameters of the model. This simple observation should

motivate researchers to take with more caution the a-priori statement that the thresh-

old variability should be discarded. However, we acknowledge the fact that the exact

similarity between the true generative model and the fitted model specifications may

have biased these results: as it has been shown by [385], the choice of a different prior

distribution for ζ and w would probably have lead to different, less accurate results.

Nevertheless, Bayesian Model Selection and (cross-)validation should be used to assess

the quality of the fit.

The first innovation of our models is the use of VB to solve the Full DDM problem.

Recent advances in VB have made it nearly as precise as MCMC [107, 103, 505, 486],

easy to use [101, 102, 490] and adapted to potentially very large problems [76, 482, 105].

We used these advantages of VB to solve two challenging problems: the first one being

to recover the DDM parameter variability from trial to trial [9] with a fast algorithm ;

the second being to recover an estimate of the trial-to-trial cross-correlation of the DDM

parameters and related behavioural data.

Another key feature of the RAE-DDM is its ability to make inference at the trial level,

which should be a central required feature of future models cognitive neuroscience [506].

The applications of this feature are countless. For instance, one could assess how param-

eters change over time following pharmacological or neurophysiological intervention (e.g.

dopamine modulation [507] or sub-thalamic nucleus stimulation [384]). It also makes

it possible to determine the relationship between neurophysiological data (EEG, fMRI)

and trial-by-trial values of DDM parameters, similarly to previous studies in which the

post-error slowing phenomenon was related to Frontal Theta bands and the decision

threshold was shown to correlate with this signal [508, 384, 509]. The present methods

open the door to a more precise study of such phenomena, by allowing precise estimation

of the generative parameters in a data-driven manner.

The highly generic structure of the RAE-DDM opens the door to many further devel-

opments. A potential improvement of the present approaches would be to broaden the

models to other sequential sampling models. Many of them have a closed-form FPT den-

sity function formula [510], allowing our models to extend to these other frameworks.

Applicable models include the Collapsing Barrier DDM [430, 416] or the Time-varying

Ornstein-Uhlenbeck model [511, 512, 435, 328].
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Box 2.4.1| From RAE-DDM to RAE-SSM

As noted in Paragraph 1.1.2.2.10, inference can be made about implicit mod-

els, where data generation methods exist but a probability density function is

not available or hard to compute. Unfortunately, the random variable generator

function of SSM is not differentiable, precluding the use of Automatic Variational

ABC, which is based on the reparameterization trick. IVI [128] can be used

instead. The same logic could be applied here: the value of the ratio

pφ(yj,n, z̃j,n,k | hj−1)

qρ(z̃j,n,k | yj,n,hj−1))

in Equation (2.10) can be replaced by an estimator

exp {rχ(yj,n, z̃j,n,k; hj−1)} , pφ(yj,n, z̃j,n,k | hj−1)

qρ(yj,n, z̃j,n,k | hj−1))

whose parameters χ would be optimized according to Equation (1.29).

Because each and every SSM enjoys the property of being simulable up to a

certain accuracy level, an RAE algorithm based on IVI could constitute a highly

generic generative model for the SSM models. This is important, because it will

ultimately allow us to model tasks more complex and more relevant than TAFC

tasks [403].

Also, many appealing features could be implemented with the RAE-DDM to model

neurophysiological measures together with behavioural data. Similarly to [14], we could

set the physiological measure (e.g. ERP, pupil measure, fMRI measure) to be the output

of the generative model.

Finally, the model we propose is scalable at the trial level, but the subject-specific

latent variables ζn approximate posterior still needs to be fitted independently. Scalable

inference at the subject level (such as the one proposed by [513]) would probably greatly

improve the performance and efficiency of the model.

The assumptions of the RAE-DDM should be discussed here. The first and most obvi-

ous assumption is that the parameters and the behavioural results are cross-correlated

between trials in a forward manner. As discussed above, many behavioural observations

are known to reflect complex psychological biases, which justifies the use of previous

parameter values as regressors for the current one. A classical way to test which param-

eter of the DDM is impacted by the previous behaviour would be to explicitly model the

supposed cross-dependency among parameters [384]. Thanks to its generic and flexible

form, the RAE-DDM automatically selects the model configuration that explains the
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most variance up to a predefined degree of complexity (represented by the length of the

latent variable z). The results we provide show that the presence of this cross-correlation

does not harm the fit, but constrain it adequately, as only very few parameter sequences

will explain a specific behavioural pattern across the whole experiment.

The second assumption of the model is that the parameters covary at the trial level

in a complex way. In the RAE-DDM, this can be observed by the fact that the latent

variable z is mapped onto ωj,n with a complex non-linear function. This, again, contrasts

with most approaches where the variance of the DDM parameters is assumed to be

independent. We think that this latter assumption is likely to be incorrect: for instance,

after an error, a subject will likely modify both his bias and threshold value, and therefore

these two parameters variability should not reasonably be considered as independent.

Once more, the richness of the method we propose does improve rather than impair the

fit quality by constraining parameter values to lie within a certain correlated subspace.

In summary, we present a VB-backed hierarchical, sequential and data-driven implemen-

tation of the DDM that can retrieve relevant information of the data-generating process

at each level. We focused our attention on the possibility of modelling the trial-to-trial

dependency of parameters through the development of Recurrent Auto-Encoders. We

show that this model is highly flexible, scalable and much more precise than other clas-

sical approaches provided that there exists some form of auto-correlation in the values

of the parameters and/or data.

2.5 Appendix

2.5.1 Normal prior for the DDM parameters

If we are to put a normal prior on the DDM parameters, it is important to transform

the threshold, starting point and non-decision time such that they lie in an unbounded

space. Consider the set of bounded parameters {ζ, ξ, z0, τ} where ζ ∈ R+ , f−1(ζ ′), z0 ∈
[0; 1] , g−1(z′0), τ ∈ [−∞;RT ] , h−1(τ ′) and {ζ ′, ξ, z′0, τ ′} ∈ R. We can construct a

distribution

Wiener′(y|ζ ′, ξ, z′0, τ ′) ,Wiener(y|ζ, ξ, z0, τ)

that satisfies this condition for ζ, z0 and τ by choosing appropriate transforms f , g and

h. A natural choice for f and g are respectively the exponential or softplus function –

the latter being more advantageous since its gradient is bounded to one, which avoids

numerical overflow for samples with large values of the threshold – and some sigmoid

function such that σ(z′0) : R→ [0; 1].
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2.5.2 Full DDM as an Empirical Bayes problem

If we are to use the MLE method for the Full DDM for a set of N subjects with J trials

per subject, we therefore need to solve the following optimization problem:

Θ∗ = arg max
Θ

p(Y; Θ)

= arg max
Θ

1

NJ

N∑
n=1

J∑
j=1

`(y;θ)

where `(y;θ) = log

∫
Wiener(y;ωj,n)p(ωj,n;θ)dωj,n

(2.11)

For simplicity, we will consider that the DDM parameters all lie in an unbounded

space, so that their prior probability can be formulated as a Gaussian with parame-

ters θ = {µn,σ2
nI}, with I being the identity matrix (see Section 2.5.1 for justification

and implementation).

In Equation (2.11), we have used the average log-likelihood with the purpose of showing

that, for a sufficiently large number of samples NJ , this average log-likelihood takes the

form of a sample of the true expected log-likelihood function:

1

NJ

N∑
n=1

J∑
j=1

`(y;µn,σ
2
n) ≈ E

[
`(y;µn,σ

2
n)|y

]
= ˆ̀(µn,σ

2
n).

(2.12)

Since the integral in Equation (2.11) has no analytical form for ζ,z0 and τ , and since

we need to evaluate it for every trial [8], finding the MLE of {µn,σ2
n} will require us to

compute the gradient of each trial using numerical integration over three dimensions (or

two in the classical version of the Full DDM), which we can expect to be computationally

expensive.

We now show how Bayesian Statistics arise as a natural way to deal with this problem.

The maxima of the likelihood function are located where the value of the gradient of the

expression in Equation (2.12) is equal to 0:

{µn∗,σ2
n
∗} = arg max

µn,σ
2
n

1

NJ

N∑
n=1

J∑
j=1

`(y;µn,σ
2
n)

⇔ 1

NJ

N∑
n=1

J∑
j=1

∇µn,σ2
n
`(y;µn,σ

2
n)
∣∣∣
µn=µn

∗,σ2
n=σ2

n
∗ = 0

(2.13)
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We can unpack this expression for each trial and make use of the Fisher’s identity [514]

to show that:

∇µn,σ2
n

log

∫
Wiener(y|ωj,n)p(ωj,n|µn,σ2

n)dωj,n

=

∫ p(ωj,n|µn,σ
2
n)∇µn,σ

2
n

log p(ωj,n|µn,σ
2
n)︷ ︸︸ ︷

∇µn,σ2
n
p(ωj,n|µn,σ2

n) Wiener(y|ωj,n)dωj,n∫
Wiener(y|ωj,n)p(ωj,n|µn,σ2

n)
dωj,n

=

∫
∇µn,σ2

n
log p(ωj,n|µn,σ2

n)
Wiener(y|ωj,n)p(ωj,n|µn,σ2

n)∫
Wiener(y|ωj,n)p(ωj,n|µn,σ2

n)dωj,n
dωj,n

=

∫
∇µn,σ2

n
log p(ωj,n|µn,σ2

n)
Wiener(y|ωj,n)p(ωj,n|µn,σ2

n)

p(y|µn,σ2
n)

dωj,n

=

∫
∇µn,σ2

n
log p(ωj,n|µn,σ2

n)p(ωj,n|y,µn,σ2
n)dωj,n

= Ep(ωj,n|y,µn,σ2
n)

[
∇µn,σ2

n
log p(ωj,n|µn,σ2

n)
]

(2.14)

where we have used the Leibniz rule, the log-derivative trick and finally the Bayes

theorem p(ωj,n|y) =
p(y|ωj,n)p(ωj,n)∫
p(y,ωj,n)dωj,n

. Equation (2.14) shows that the DDM problem can

be solved if we can compute (or approximate) the posterior probability p(ωj,n|y,µn,σ2
n).

Indeed, since the gradient formulated in Equation (2.14) must be zero at the mode, we

can expand this formula and apply it to all trials to show the following:

1

NJ

N∑
n=1

J∑
j=1

Ep(ωj,n|y,µn,σ2
n)

[
∇µn,σ2

n
log p(ωj,n;µn,σ

2
n)
]

= 0

⇔


1
NJ

∑N
n=1

∑J
j=1 Ep(ωj,n|y,µn,σ2

n)

[
− (µn−ωj,n)

σ2
n

]
1
NJ

∑N
n=1

∑J
j=1 Ep(ωj,n|y,µn,σ2

n)

[
(µn−ωj,n)2

σ3
n

− 1/σ2
n

] = 0.

(2.15)

Solving for µn and σ2
n, we have:

µn
∗ =

1

T

T∑
t=1

Ep(ωj,n|y,µn,σ2
n) [ωj,n]

σ2
n
∗

=
1

T

T∑
t=1

Ep(ωj,n|y,µn,σ2
n) [ωj,n]2 + Varp(ωj,n|y,µn,σ2

n) [ωj,n]− (µn
∗)2.

(2.16)

This can be viewed as an Empirical Bayes problem [515, 78] where a MLE of the prior

distribution N (µn,σ
2
n) has to be retrieved from the data. Using a Hierarchical Bayesian

terminology, ωj,n is the latent (or local) variable and {µn,σ2
n} are the prior or global

parameters (Figure 2.3).

Equation (2.16) shows that µn
∗ and σ2

n
∗

will have a closed form formula as long as

we can estimate the first and second moments of p(ωj,n|y,µn,σ2
n) for each trial. If

the posterior probability of ωj,n were easy to estimate, this cross-dependency between

the posterior probability over ωj,n and the value of µn
∗ and σ2

n
∗

could suggests an
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expectation maximization (EM) algorithm: we could iteratively estimate the posterior

p(ωj,n|y,µn,σ2
n) under the current belief of µn and σ2

n, and then, we could estimate

µn
∗ and µn

∗ using Equation (2.16), until some convergence criterion is reached. This

posterior probability does not, however, have a closed-form: additional work is therefore

necessary to infer the value of the posterior probability.

2.5.3 Approximate posterior Specification

2.5.3.1 Approximate posterior shape and reparametrization trick

Sampling the first three parameters of the DDM is trivial if these are distributed ac-

cording to a (possibly diagonal) Gaussian distribution. Let {µωj,n, Lωj,n} be the mean and

lower-Cholesky decomposition of the amortized approximate posterior Gaussian distri-

bution q(ωj,n | y,θ;χ), where {µωj,n, Lωj,n} = f(y,θ;χ), then:

ω̃j,n,k = µωj,n +Lωj,n ε with ε ∼ N (0, 1).

One can easily see that this expression is differentiable and therefore suited for SGVB

or IWAE.

Sampling the non-decision time is more tricky: whereas the domain of the prior is

unbounded (τj,n ∈ [−∞;∞]), the domain of the approximate posterior we would wish to

derive is not (τj,n ∈ [−∞; tt]), as an unbounded probability distribution would generate

samples that might give a gradient of 0 to the ELBO, which would in these case take a

value of −∞.

One solution to this problem would be to use a Truncated Gaussian (N−∞,t(µτj,n, στj,n))

distribution, where the upper bound would be set to the RT of interest, and the lower

bound would be set to −∞. Two main reasons might discourage us from adopting this

strategy: the first would be that efficient random number generation algorithms for

the truncated Gaussian are not differentiable, because they rely on acceptance-rejection

algorithms [516]. However, as the cumulative density function (CDF) of the univariate

truncated Gaussian can be computed efficiently, we can compute an estimator of the

gradient ∇µτj,n,στj,ng(ε;µτj,n, σ
τ
j,n) as [99]:

∇µτj,n,στj,ng(η;µτj,n, σ
τ
j,n) =

∇µτj,n,στj,nP (τj,n | µτj,n, στj,n)

p(τj,n | µτj,n, στj,n)
(2.17)

where P is the CDF of N(−∞,t](µ
τ
j,n, σ

τ
j,n) and p the PDF. We refer to the code avail-

able online for the derivation of this gradient. Note that, whereas for the multivariate
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Gaussian, the gradient and random numbers were computed at the same time, here, one

must first generate the random number and then, on this basis, compute the gradient

estimator of g given the sample that has been drawn.

The second issue why not to use a univariate truncated Gaussian distribution for τ might

be found in the strong mean-field assumption that it requires. Using a multivariate

truncated Gaussian is, however, much more challenging that factorizing q(τ) from the

other parameters of the DDM, as the CDF of this distribution is extremely hard to derive

and expensive compute. Moreover, current implementations of this function are not

differentiable wrt the distribution parameters (see for instance [517]). We will introduce

how this issue can be solve by the use of Normalizing Flows short after.

2.5.3.2 Normalizing Flow

If the deterministic mapping from the datapoint to the approximate posterior shape

described in Section 2.2.4.3 facilitates the optimization of the ELBO by reducing the

size of the problem, it does not make the approximate posterior more flexible. Here,

we used a Normalizing Flow (NF) to transform an initial approximate posterior (typi-

cally a Gaussian or uniform distribution) through a sequence of deterministic invertible

mappings so that its shape gets closer to the true shape of the posterior [103]. The core

idea of Normalizing Flows is quite simple: it consists in defining an arbitrarily complex

approximate posterior q0(ωj,n | δ,χ), where both δ and χ are the trial and subject-wise

outputs of the inference network.

Consider an initial approximate posterior distribution q(ω0). We would like to trans-

form this probability distribution with a deterministic mapping ωK = f(ω0,χ) with K

successive transformations, where χ = {χk for k ∈ 1 : K} are the parameters control-

ling how f changes the shape of q. In order to keep the volume of q(ω0) so that it still

integrates to 1 over ωj,n after the sequence of transformations, the resulting probability

density function must be multiplied by the absolute value of the determinant of the

Jacobian of the inverse transform wrt ωK , or alternatively divided by the absolute value

of the determinant of the transform wrt ω0:

q(ω1) = q(ω0)

∣∣∣∣det
δf−1

δω1

∣∣∣∣ = q(ω0)

∣∣∣∣det
δf

δω0

∣∣∣∣−1

(2.18)
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and similarly for the following transformations. After K transformations, the ELBO to

the model evidence looks like

L(q(ωK)) = Eq(ωK) [log p(y,ωK)]− Eq(ωK)

[
log q(ω0) +

K∑
k=1

log

∣∣∣∣det
δfk
δωk−1

∣∣∣∣
]

where ωK = fK ◦ fK−1...f1(ω0)

(2.19)

For the sake of simplicity, we chose to use a series of planar transforms with parameters

χk = {uk,wk, bk}:

fχk(ωk−1) = ωk−1 + uk tanh(wT
k ωk−1 + bk).

This mapping is only valid if fk(ωk−1) is invertible. This can be easily achieved if u and

w respect specific conditions, which can be found in [103].

2.5.3.2.1 DDM parameters correlation The issue of accounting for posterior

correlation between τ and the other parameters of the DDM finds a convenient solution

with the use of planar NF. To account for the covariance between the parameters, we

sampled the parameters {ζ, ξ, z0} according to a diagonal Gaussian distribution, and τ

according to a truncated Gaussian distribution as stated above. We then transformed

the shape of this factorized distribution by a series of planar transformations constituted

of expansions and contractions around the initial draw of the parameters ω̃j,n,k. The

important point here is that every parameter except τ can be transformed in such a way,

but always with τ as an input for the transformation:

ωk+1 = ωk + ukψ
(
wk

Tωk + bk
)

where uk and wk are two four dimensional vectors, respectively, which are the output

of the inference network, with the notable exception that the component of uk corre-

sponding to τ is equal to 0, which ensures that τ lies in the space bounded by the RT.

Invertibility of this transformation can still be ensured by the algorithm provided by

[103]. This form of approximate posterior proved to be efficient in retrieving covariance

between τ and the other parameters.

2.5.3.3 FIVO and non-decision-time sampling

The use of the FIVO lead to a convenient sampling algorithm in which we were able to

deal with τ̃j,n falling above the RT tj,n.



138

It might however still be the case that each particle of the FIVO was a degenerated sam-

ple. To deal with this problem, we artificially modified the gradients of the encoder and

decoder parameters by adding a component to the samples of the ELBO such that, if all

particles were degenerated at a trial j, then the SGD optimizer was instructed to correct

the network weights to counter this effect. In practice, the ELBO was transformed to

look like:

L (q(z | y,hj−1)) ≈ 1

JS

J,S∑
j,n

log
1

K

∑
k

exp
{

log pφ(y, z̃j,n,k | hj−1)

− log qρ(z̃j,n,k | y,hj−1))− 1

2
max(0, τ̃k − tj,n)2

}
(2.20)

where τ̃k is the sampled non-decision time of the k particle. This is a simple case of

the use of Lagrange multipliers for constraint optimization: in the case where τ̃k > t

for some but not all particles k, then the weight of these particles was set to 0 because

log pφ(y, z̃j,n,k | hj−1) → −∞. Therefore, the Lagrange correction had no impact on

the gradient estimate. The only case where this correction had an impact was therefore

when all particles satisfied the above condition, in which case the weights were all set to

1/K and the gradient used for backpropagation was set to:

∇ρ,φ {L (q(z | y,hj−1))} ≈ 1

JS

J,S∑
j,n

log
1

K

∑
k

∇ρ,φ
{

exp
{
− log qρ(z̃j,n,k | y,hj−1))− 1

2
max(0, τ̃k − tj,n)2

}}
.

(2.21)

2.5.4 Euclidean Distances

We report here the Euclidean distances between the true values of the DDM parameters

and their model estimates.

Overall, the RAE-DDM performed better or equally than the HMC approach at the

trial and subject level.

At the population level (Figure 2.13), the mean and variance estimates of the RAE-DDM

were slightly more biased than the HMC estimates. This confirms the results shown in

Figure 2.9 that the RAE-DDM had a low discrimination power between datasets.

At the subject level, however, the RAE-DDM performed equally well or better than the

HMC Figure 2.14. The same was true at the trial level Figure 2.15.

We also report here the corresponding correlation plot Figure 2.16 of the example subject

trace in 2.12.
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Figure 2.13: Population true to estimate (log-)Euclidean distances.

Figure 2.14: Subject-wise true to estimate (log-)Euclidean sum of distances.
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Chapter 3

The HAFVF

This work has been published in the Proceedings of the 35th International

Conference of Machine Learning (ICML).

A common problem in Machine Learning and statistics consists in detecting whether the

current sample in a stream of data belongs to the same distribution as previous ones,

is an isolated outlier or inaugurates a new distribution of data. We present a hierar-

chical Bayesian algorithm that aims at learning a time-specific approximate posterior

distribution of the parameters describing the distribution of the data observed. We

derive the update equations of the variational parameters of the approximate posterior

at each time step for models from the exponential family, and show that these updates

find interesting correspondents in Reinforcement Learning (RL). In this perspective, our

model can be seen as a hierarchical RL algorithm that learns a posterior distribution

according to a certain stability confidence that is, in turn, learned according to its own

stability confidence. Finally, we show some applications of our generic model, first in

a RL context, next with an adaptive Bayesian Autoregressive model, and finally in the

context of Stochastic Gradient Descent optimization.

3.1 Introduction

Learning in a changing environment is a difficult albeit ubiquitous task. One key is-

sue for learning in such context is to discriminate between isolated, unexpected events

and a prolonged contingency change. This discrimination is challenging with conven-

tional techniques because they rely on prior assumptions about environment stability.

When assuming fluctuating context, past experience will be forgotten immediately when

an unexpected event occurs, but if that event was just noise, this erroneous forgetting

141
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might be very costly. In less variable contexts, model parameters will tend to change

more gradually, thus sometimes missing fluctuations when they happen faster than ex-

pected. Most models cover one of the two possibilities, and either gradually adapt their

predictions to the new contingency or do it abruptly, but not both.

One classical solution to the problem of change detection is to compare the likelihood

of the current observation given the previous posterior distribution with a default prob-

ability distribution [518], representing an initial, naive state of the learner. Usually, the

mixing coefficient (or forgetting factor) that is used to weight these two hypotheses is

adapted to the current data in order to detect and account for the possible contingency

change. This mixing coefficient can be implemented in a linear or exponential manner

[519]. We will focus here on the exponential case.

In the past decade, several Bayesian solutions to this problem based on the aforemen-

tioned strategy have been proposed [520, 521, 522]. However, they usually suffer from

several drawbacks: many of them put a restrictive prior on the mixing coefficient, e.g.

[520, 523], and cannot account for the fact that an unexpected event is unlikely to be

caused by a contingency change if the environment has been stable for a long time.

We propose the Hierarchical Adaptive Forgetting Variational Filter (HAFVF). The core

idea of the model is that the the mixing coefficient can be learned as a latent variable

with its own mixing coefficient. It is inspired by the observation that animals tend

to decrease their flexibility (i.e. their capacity to adapt to a new contingency) when

they are trained in a stable environment and that this flexibility is inversely correlated

with the training length [225]. We suggest that this strategy may be beneficial in many

environments, where the stability of the system identified by a learner is a variable

that can be learned as an independent variable with a certain confidence: in certain

environments, contingency changes are inherently more less than in others. Although

this assumption may not hold in every case, we show that it helps the algorithm to

stabilize and discriminate contingency changes from accidents.

Accordingly, we frame our algorithm in a RL framework [162]. We explore how the

forward learning algorithm can be extended to the forward-backward case. We show

three applications of our model: first in the case of a simple RL task, next to fit an

autoregressive model and finally for gradient learning in a Stochastic Gradient Descent

(SGD) algorithm.
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Figure 3.1: Directed Graph of the HAFVF. Our contribution with respect to previous
works is to consider that the forgetting factor w has a mixture prior with forgetting

factor b which acts on w as w acts on z.

3.2 Hierarchical Model

Let x = {xt }Tt=1 be a stream of data distributed according to a set of N distribu-

tions p = {p1(x1:n1 | z1), ..., pN (xnN−1+1:nN | zN )}, where the change trials n :=

{n1, n2, ...nN ≤ T} ∈ Z+ are unknown and unpredictable. We make the following as-

sumptions:

Assumption 1. Let {t1, t2} ∈ T and nx < t1 < t2, then p(t2 ∈ n) ≤ p(t1 ∈ n).

Corollary 3.1. If m(xt, pn) is a measure of the relative probability that xt belongs to pn

wrt p0, and if x2 = x1, then m(x2, pn) ≥ m(x1, pn).

Assumption 1 and Theorem 3.1 state that the probability of seeing a contingency change

decreases with time in a steady environment. This might seem counter-intuitive or

even maladaptive in many situations, but it is a key assumption we use to discriminate

artifacts from contingency change: after a long sequence, the amount of evidence needed

to switch from the current belief to the naive belief is greater than after a short sequence.

This assumption will lead us to build a model where, if the learner is very confident in

his belief, it will take him more time to forget past observations, because he will need
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more evidence for a contingency change. Therefore, in this context, the learner aims not

only to learn the distribution of the data at hand, but also a measure of the confidence

in the volatility of the environment.

Assumption 2. In the set of probability distributions p, all elements have the same

parametric form that belongs to the exponential family (EF) and have a conjugate prior

that is also from the EF:

pn ∈ p =⇒ pn(xt| zn) = h(xt) exp
{
zTn T(xt)−A(zn)

}
and pn(zn) = exp

{
T(zn)T θ−B(θ)

}
.

We now focus on the problem of approximating the current posterior distribution of

znx given the current and past observations. For clarity, we will make the n subscripts

implicit in the following. Let us first focus on the problem of estimating the posterior

distribution of z in the stationary case. After t steps, and given some prior distribution

p(z |θ0), the posterior distribution can be formulated recursively as:

p(z |xt,x<t) =


p(xt| z)p(z |x<t)

p(xt|x<t) for t > 1
p(xt| z)p(z |θ0)

p(xt)
otherwise.

Given the restriction imposed by Assumption 2, this posterior probability distribution

has a closed-form expression and can be estimated efficiently.

We enrich this basic model by first formulating the prior distribution of z at t as a

mixture of the previous posterior distribution and an arbitrary prior:

pt(z | x<t;θ0, w) =
pt−1(z | x<t)wp(z | θ0)1−w

Z(w,x<t,θ0)
. (3.1)

Following Assumption 2, the conjugate distribution pt−1(z | x<t) is also from the EF

and reads

pt−1(z |x<t) := exp
{

zT θξ −θη A(z)−B(θ)
}

where we have expanded T(z), where θ = {θξ,θη}. θη is the part of θ that indicates

the effective (prior) number of observations. If p0 has the same form as pt−1(z | x<t),
then the log-partition function Z can be computed efficiently [524]:

Z(w,θt−1,θ0) = exp
{
− wB(θt−1)− (1− w)B(θ0)+

A (w θj−1 +(1− w)θ0)
}
.

Note that this result simplifies when combined with the numerator of Equation (3.1):
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p( z | θt−1,θ0, w) = exp
{
T(z)T ϑ−B(ϑ)

}
(3.2)

where ϑ := w θt−1 +(1 − w)θ0. The latent variable w ∈ [0; 1] weights the initial prior

with the posterior at the previous trial. We incorporate this variable in the set of

the latent variables, and, we put a mixture prior on w with a weight b: following this

approach, the previous posterior probability of w conditions the current one (similarly

to z), together with a prior that is blind to the stream of data up to now. Assuming

that x, z and w each can be generated by changing distributions, the joint probability

now reads:

p(xt, z, w, b|x<t;θ0,φ0,β0, γ) := p(xt | z)×
pt−1(z | x<t)wp(z | θ0)1−w

Z(w,x<t,θ0)
×

pt−1(w | x<t)bp(w | φ0)1−b

Z(b,x<t,φ0)
×

pt−1(b | x<t)γp(b | β0)1−γ

Z(γ,x<t,β0)

(3.3)

where we have assumed that the posterior probability p(z, w, b|x) factorizes (Mean-Field

assumption), and where {θ0,φ0,β0} are the parameters of the naive, initial prior dis-

tributions over {z, w, b} respectively. The model presented in Equation (3.3) is not

conjugate anymore, and the posterior probability does not generally have an analytical

solution. We therefore introduce a variational posterior to approximate the posterior

probability p(z, w, b | x). In short, Variational Inference [525] works by replacing the pos-

terior by a proxy of an arbitrary form and finding the configuration of this approximate

posterior that minimizes the Kullback-Liebler divergence between this distribution and

the true posterior. This is virtually identical to maximizing the Expected Lower-Bound

to the log-model evidence (ELBO).

For simplicity, we use a factorized variational posterior qt(z, w, b) = qt(z | θt)qt(w |
φt)qt(b | βt) where each factor has the same form as the prior distribution of its latent

variable. Assuming that qt−1(·) ≈ pt−1(·) Equation (3.3) conveniently simplifies to:

p(xt, z, w, b|x<t;θ0,φ0,β0, γ) ≈ p(xt | z)×
p(z | w(θt−1−θ0) + θ0)×
p(w | b(φt−1−φ0) + φ0)×
p(b | γ(βt−1−β0) + β0).

(3.4)

This model is shown in Figure 3.1. In what follows, we will restrict our analysis to the

case where w and b are Beta distributed, meaning that the approximate posterior we
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will optimize for these two variables will also be a Beta distribution.

3.2.1 Update equations

3.2.1.1 Notation

We first define the following notation: dθ := θt−1−θ0 is the difference between the

previous approximate posterior and the initial prior. We use ϑ := w θt−1 +(1−w)θ0 as

the weighted prior parameters, and ϑ̂ as the expectation of ϑ under q(w). Similarly, ϕ

and ϕ̂ are the weighted prior over w and its expectation under q, respectively. Also, we

will often abbreviate the summary statistics of z as T(z) :=

[
z

−A(z)

]
.

We now focus on the problem of finding the approximate posterior configuration that

maximizes the ELBO. Various techniques have been developed to solve this problem:

whereas Stochastic Gradient Variational Bayes [88] and Stochastic Variational Bayes

[76] work well for large datasets, more traditional conjugate [69] or non-conjugate [70]

Variational Message Passing (VMP) algorithms are better suited for our problem. This

technique indeed allows us to derive closed-form update equations that can be sequen-

tially applied to each of the nodes of the factorized posterior distribution until a certain

convergence criterion is met. We interpret these results in a Hierarchical Reinforcement

Learning framework, where each level adapts its learning rate (LR) as a function of

expected log-likelihood of the current observation given the past.

Fortunately, under the form of the approximate posterior we chose and using Conjugate

VMP, the variational parameters of the posterior over the latent parameters z have a

simple form given the current value of φt and βt. For a number of J observations

observed at time t, we have:

θξt = ϑ̂
ξ

+

J∑
j=1

T(xtj) (3.5)

θηt = ϑ̂
η

+ J (3.6)

Equation (3.5) finds an interesting correspondent in the RL literature [162]. Consider

the limit case where θ0 = 0 and J = 1 (which is still analytically tractable following

Equation (3.2)). As the expectation of a distribution of the EF has the general form

Ep(x|z) [T(x)] = dA(z)/d z, one can derive a similar posterior expectation of z [526]:

Eq(z,w) [z] =
ϑ̂
ξ

+ T(xt)

ϑ̂
η

+ 1
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Now, replacing 1
ϑη +1 by α, the above expression becomes [527]

Eq(z,w) [z] = Q+ α(T(xt)−Q) (3.7)

where Q :=
θξt−1

θηt−1
is the average z at the time of the previous observation and α is

the LR, whose value is inversely proportional to the effective memory θξt−1 and to the

current expected value of the forgetting factor Eq(w) [w]1. Equation (3.7) is a classical

incremental update rule in single-stage RL [212], and our algorithm can be viewed as a

special case of such algorithms where the LR is adapted online to the data at hand.

The update equations of φt is, however, not as simple to derive as θt, because p(z |
θt−1,θ0, w) is not conjugate to its Beta prior p(w | φt−1,φ0, b). To solve this problem, we

used a Non-Conjugate VMP approach [70]. Briefly, NCVMP minimizes an approximate

KL divergence in order to find the value of the approximate posterior parameters that

maximizes the ELBO. In order to use NCVMP, the first step is to derive the expected

log-joint probability of the model, which we will need to differentiate wrt φt (or, in

the case of the approximate posterior update rule for b, βt). It quickly appears that

part of this expression does not always have an analytical form for common exponential

distributions: indeed, the expected value of Eq(w) [B(ϑ)] is, in general, intractable and

needs to be approximated. Expanding the Taylor series of this expression around ŵ =

Eq(w) [w] up to the second order and taking the expectation, we have:

Eq(w) [B(ϑ)] ≈ B(ϑ̂) +
1

2
Eq(w)

[
(w − ŵ)2

]
O2
ŵB(ϑ̂) (3.8)

Notice that the second term of the sum in Equation (3.8) can be expressed as 1
2Varq(w) [w] dθ

T C(T(z)|ϑ̂) dθ,

where C(T(z)|ϑ̂) is the prior covariance of T(z). Hence, this penalty term becomes im-

portant when the product of the following factors increase: the distance between the

previous posterior and initial prior dθ, the posterior variance of w and the prior covari-

ance of T(z). This has the effect of favoring values of φt and w that have a low variance,

especially when the two proposed distributions, qt−1 and p0, are very distant from each

other.

1One can easily see that Eq(w) [w] dictates the memory of the learner. If J = 1 and assuming that
Eq(w) [w] is stationary, we have: limt→∞ θηt = θη0 + 1

1−Eq(w)[w]
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We now derive the update equation for the approximate posterior of w. Let us first

define

δL :=
d

dŵ
Eq(z)

[
log p(z | ϑ̂)

]
δC := −1

2
Varq(w) [w]×

d

dŵ
dθ

T C(T(z) | ϑ) dθ

δV := −1

2
dθ

T C(T(z) | ϑ̂) dθ ×

C(logw | φ)−1∇φVarq(w) [w] .

(3.9)

We obtain the following result:

Proposition 3.2. Using Algorithm 1 of [70], the update equation for φt has the form:

φαt = ϕ̂α +K(φαt , φ
β
t ) δL +K(φαt , φ

β
t ) δC + δV

α

φβt = ϕ̂β −K(φβt , φ
α
t ) δL︸ ︷︷ ︸

u1

−K(φβt , φ
α
t ) δC︸ ︷︷ ︸

u2

+ δV
β︸︷︷︸

u3

(3.10)

where K(x, y) :=
Mx+ L(y)y

(L(x)L(y)−M2)(x+ y)2
> 0

L(x) := ψ1(x) +M

M := −ψ1(φαt + φβt )

and ψn(·) is the nth order polygamma function.

Proof. Follows directly from Algorithm 1 in [70]2.

The update equation in Equation (3.10) can be easily transposed for βt.

In Theorem 3.2, we show that the update of φt can be decomposed in four terms: the

first is the (weighted) prior ϕ, which acts as a reference for the update.

The second term, u1, depends upon δL, the derivative wrt ŵ of the expectation of the

log probability p(z | ϑ̂) over z, times a constant K(·, ·). δL has a simple form:

Lemma 3.3. The derivative of the first order Taylor expansion of the expected log

probability log p(z) := log p(z | ϑ̂) around ŵ has the form

δL :=

((
Eq(z) [T(z)]− Ep(z) [T(z)]

)T
dθ

)
.

2The full development can be found in the supplementary materials.
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The proof is given in the supplementary materials. The expression of δL is easily under-

stood as a measure of similarity between the current update of the variational posterior

qt(z) and the previous posterior dependent prior p(z). Note that a rather straightforward

result of Equation (3.11) is that limθηt→∞ δL = 0: as the posterior becomes stronger, the

relative change that one can expect tends to zero, and the impact of δL on the update

of φ can be expected to decrease. This is the behaviour we aimed at: a very strong

posterior probability becomes more and more difficult to change as the training time

increases.

Note also the opposite sign of the δL related increment in Equation (3.10) for φαt and

φβt . This implies that if δL > 0, then uα1 > 0, and the update of φαt will tend to increase.

The opposite is true for φβt , showing that the posterior of w effectively deals with the

similarity between the current observation and the previous ones.

The third and fourth term of Equation (3.10), u2 and u3, are conditioned by the posterior

variance of w and the prior variance of T(z). In brief, they push the update of φ in a

direction that lowers the variance of both θt and φ. We will show in the next section a

simple example of the relative contribution that each of these terms has in the update.

An important consideration to make is that the value of φ must be > 0, which implies

that u1 +u2 +u3 > −ϕ, a restriction that may be violated in practice, especially for low

values of ϕ. In such cases, we reset the value of φt to some arbitrary value (typically

φ� 0) where the above inequality holds, and resume the update loop until convergence

or until a certain amount of iterations is reached. Note that NCVMP is not guaranteed

to converge, but, as suggested by [70], exponential damping can improve the convergence

of the algorithm.

3.2.2 Example: Binary distribution learning

In order to understand better the relative contribution of u1, u2 and u3 to the variational

update scheme, we generated a sequence of 200 binary data distributed according to a

binomial distribution, whose probability was switching between 0.8 and 0.2 every 40

trials. This distribution can be modelled as a hierarchy of beta distributions, where the

first level is a Bernoulli distribution with a conjugate, Beta approximate posterior, and

the one or two levels above are both Beta distributions measuring the stability of the

level below. We simulated the learning process in three cases:

• A two-layer HAFVF model, where only the posterior over z could be forgotten

(incremental).
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Figure 3.2: Binary learning with a single level of forgetting. Incremental (Left) and
fixed-decay (Right) posterior learning of w. A. First level learning. The learner looses
its capacity to forget as data are observed, because the expected effective memory (B.)
tend to grow indefinitely when no decay was assumed. C. Trial-wise increment caused
by u1, u2 and u3. The effects of contingency changes decreased when no decay over w

was considered.

• A two-layer HAFVF model, where the posterior of w was being forgotten at a

fixed rate (i.e. b fixed to 0.75).

• A three-layer HAFVF model, where the posterior of β was being forgotten at a

rate of γ = 0.999.

In each of these examples, we used the following implementation: the beta prior of the

first level was set to θ0 = 1. The value of φ0 was set to {0.9, 0.1}, which showed to be

a good compromise between informativeness and freedom to fit the data. If applicable,

the top-level was set to β = {0.75, 0.25}.
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Figure 3.3: Binary learning with two levels of adaptive forgetting (w and b) and a
third fixed level γ. D. is similar to C. for the third level updates q(b).

In the first case, the fitting rapidly degenerated, as the memory grew at each trial. Fig-

ure 3.2, left column, gives a hint about the reason of this behaviour: each observation

decreases the prior covariance C(T(z) | ϑ), which results in a positive increment for

both φαt and φβt through u3. This can be viewed as a form of confirmation bias: because

the posterior over w and z are confident about the distribution of the data, they tend to

reinforce each other and loose flexibility. Consequently, the impact of the contingency

changes decreases as learning goes on. This might seem undesirable (and, in this patho-

logical case, it is indeed the case), but in the case of datasets with outliers it can be

very beneficial: a longer training in a stable environment will require a longer and/or

stronger sequence of outliers to reset the parameters.

Adding a forgetting factor to the posterior of w can moderate the effect of overtraining.

In the case of a fixed-forgetting for the posterior probability of w Figure 3.2, right

column, the fitting is much more stable: the model is able to learn and forget the

current distribution efficiently with a memory bounded at approximately 5 trials (i.e.

Eq(w) [w] ≈ 0.8). This shows that adding a forgetting over the posterior of w effectively

provides the flexibility we aim at: the contingency changes are efficiently detected, and

the drop of δL (through u1) triggers a resetting of the parameters in the following trials.

In the last case (Figure 3.3), the first level of the model acquires a higher memory than

in the second example, due to the ability of the model to adapt the forgetting factor of
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w, which relaxes its bound. It is, however, more flexible than the first example. Long-

term and flexible learning of the posterior probability of w therefore requires at least

two more levels of forgetting (b and γ).

Box 3.2.1| Impact of outliers on learning

To show the how the HAFVF dealt with the presence of noisy obser-

vations, we simulated the learning process of a full, 3 levels HAFVF

with an uniformative optimistic prior on the environment stability learn-

ing a steady signal with one outlier situates at a certain distance of

x standard deviation (SD) from the true mean at the observation y.
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Figure 3.4

The distance x was increasing from 6 to 15 SD. The time of occurrence of the

unlikely observation ranged between 400 and 1800. The reinstatement length

shows the time it took for the learner to reach back the same memory as before,

in number of trials. The forgetting gap shows the maximum number of trials

forgotten because of the outlier. Results are shown in term of effective memory

and efficient memory of both w and b.

The first conclusion we can draw from the simulation we conducted is that the

later the unexpected observation occurred, the more it important it had to be to

impact learning: this can be seen by the fact that the mode of the distribution of

both the reinstatement length and the forgetting depth shifted progressively to

higher distances as the training length grew. The second observation is that the

hierarchical structure of the HAFVF effectively accounted for the fact that the

effect we have just described vanished for higher values of outliers (i.e. forgetting

propensity has an bell shape): this can be explained by the fact that, when an

event was extremely unlikely, the model had more difficulty to consider that such
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a contingency change had occurred.

Overall, these results show that the HAFVF was able to cushion the effect of

outlier, especially when these events followed a long training length and/or when

they were extremely unlikely given the previously learned posterior distribution.

3.2.3 Forward-Backward algorithm

Let us consider the conjugate posterior of the distribution p(x| z) from the EF p(z) when

the whole dataset has been observed. For a given t ∈ 1 : T , one can derive the posterior

probability of z given xt as:

p(z |xt,x¬t;θ0) =
p(xt | z)p(z | x<t,x>t;θ0)

p(xt | x<t,x>t)
(3.11)

Given Equation (3.2) and Equation (3.5), if p(z | θ0) is the conjugate prior of p(xt | x)

and is from the EF, we can substitute the prior p(z | x<t,x>t;θ0) by p(z | x̃<t, x̃>t;θ0),

where x̃<t and x̃>t are the effective samples retrieved from the forward and the backward

application of the HAFVF on the dataset, respectively. Formally, we have:

θξt = fθξt +bθξt −
J∑
j=1

T(xtj)− θξ0 (3.12)

θηt = fθηt +bθηt −J − θη0

where the f and b superscripts index the forward and backward pass, respectively. In

offline learning, this technique can increase the effective memory of the approximate

posterior distribution just before and after the change trials.

Box 3.2.2| Garbage collection and Automatic Relevance Determination

We briefly introduce two straightforward extensions of the HAFVF: the first is in

outlier discrimination and multiple interfering distribution fitting. The second is

in Automatic Relevance Determination for autoregressive models.

Garbage collection using linear mixture models The HAFVF presented

here above can still fit poorly the data if the model is unfit for the data at hand.

For instance, in finance, most of the data that are encountered are well mod-

elled by long-tail distributions, whereas this model applies well to distributions

belonging to the EF. We suggest that using a linear mixture model at the lower

level can cushion this effect. In the following example, we used the mean-field
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VI of a linear mixture model presented in [22] to account for two data streams:
A.

B.

Figure 3.5: A. The Hierarchical Gaussian Mixture Adaptive Forgetting Vari-
ational Filter accounts for outliers (evenly placed once every 50 observations)
by assigning them to a “garbage” collector, that becomes the target distribution
when the contingency changes. In B. it is shown that this learning process is

not compromised on the long run.

This approach is able to both detect contingency changes and adapt to them, and

to discriminate outliers from data generated by the target process.

Automatic Relevance Determination for AR models When using AR

models, it is most of the time not suitable to select arbitrarily the number of

components of the model. Selecting the best number of components can be dif-

ficult. We develop an Automatic Relevance Determination (ARD) procedure to

find the posterior distribution of each order in an online fashion. We define the

model

p(xt, δ, A, σ
2, z, w, b | x<t) =

∏n
i=1 p(xt | Aixi, σ2)zi

Z(xt, z,x, A, σ2, )
(3.13)

p(A, σ2, z | x<t)wp(A, σ2, z)1−w

Z(x<t)
(3.14)

p(w | x<t)bp(w)1−b

Z(x<t)
p(b | x<t) (3.15)

for a strictly incremental posterior over b, where (A, σ2) is Matrix-Normal-Inverse-

Gamma distributed, x is the vector of regressors and z is Dirichlet-distributed.

The weights zi can be roughly interpreted as the probability that the ith compo-

nent is necessary to predict the current observation.
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Let η be the natural parameters of the normal distribution, i.e. η :=

[
µ
σ2

− 1
2σ2

]
.

Then the expected log of the first part of (3.13) looks like

Eq
[
log p(xt | A, σ2, z)

]
= Eq

[
n∑
i=1

ziη
TT(xt)−A

(
n∑
i=1

ziη

)]
.

For the univariate normal, we can expand this expression:

Eq
[
ziη

TT(xt)
]

= Eq [zi]Eq
[
ηT
]
T(xt)

Eq

[
A

(
n∑
i=1

ziη

)]
= −Eq

( n∑
i=1

ziη1i

)2
Eq

[
1

4η2

]
− 1

2
Eq [log−2η2]

The expected log-normalizer is quadratic wrt A and z, and requires some tedious

developments

Eq

( n∑
i=1

ziη1i

)2
 = Eq


zn


A1

...

An


T 

x1

...

xn

+

zn−1


A1

...

An−1


T 

x1

...

xn−1

+ . . .+ z1A1 x1


2


and given that by definition

n∑
i=1

zi = 1

= Eq

[(
znAn xn +

n∑
i=n−1

ziAn−1 xn−1 +

n∑
i=n−2

ziAn−2 xn−2 + . . .+A1 x1

)2]

let c(z) =


1
...∑n

i=n−1 zi

zn

 be the cumulative sum of z

= Eq
[(
AT (c(z)� x)

)2]
=
∑

c(Eq [z]Eq [z]
T

+ Varq [z])�
(
µAµA

T
+ ΣA

)
� x xT

where the c(·) operator is applied to each of the dimensions of the input square

matrix. As the three factors of the quadratic product in the last expression

are symmetric matrices, it has many other formulations, from which the most
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economical is probably

xT
(
c(Eq [z]Eq [z]T + Varq [z])�

(
µAµA

T
+ ΣA

))
x

The full expected log-joint probability at the lower level then reads

Eq
[
log p(xt | x;A, σ2, δz)

]
= −1

2

(
log 2π + log βσ − ψ(ασ)+

βσ

ασ

x2
t − 2µA

T
(c(Eq [z])� x)xt + Eq

( n∑
i=1

ziη1i

)2
 .

The update equation of the Normal-Matrix-Inverse-Gamma approximate poste-

rior distribution are

θt =

[
θξt +

∑n
i=1 ziT(xt)

θχt +1

]

⇔



Kt = K̂(w) + Eq
[
c(z)c(z)T

]
� xxT

αt = α̂(w)

µt = K−1
t (ŵKt−1µt−1 + (1− ŵ)K0µ0 + xtc(Eq [z])� x)

βt = β̂(w) + 1
2

(
(µt−1 − µt)TKt−1(µt−1 − µt)+

(µ0 − µt)TK0(µ0 − µt)+
(xt − (c(z)� µt)T x)2 + xT

(
Varq [c(z)]� (µtµ

T
t )
)
x

)
where Eq

[
c(z)c(z)T

]
= c(Eq [z]Eq [z]T + Varq [z])

The following figure shows an example of this mean-

field ARD for a one-dimensional autoregressive model:
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Figure 3.6: A. Combining the HAFVF-AR model with an Bayesian ARD
algorithm shows that the model was able to account for the change of frequency
of a synthetic dataset. B. The value of z (y axis), reflecting the importance each
of the components shows that components of higher order were more relevant

when the frequency was high than when it was low.

3.3 Related work

Change detection is a broad field of research, where no optimal and general solution

exists [528]. Consequently, assumptions about the structure of the system can lead to

very different algorithms and results.

The Kalman Filter (KF) [529] is a special case of Bayesian Filtering (BF) [530] that has

had a large success in the Signal Processing literature due to its sparsity and efficiency. It

is, however, highly restrictive and its assumptions need to be relaxed in many instances.

Specifically, we are here interested in cases where the evolution of the environment is

unpredictable, in contrast with Hidden Markov Models and KF which explicitly give a

structure to these changes [22, 522]. One can discriminate two main approaches in order

to deal with this problem: the first approach is to use a global approximation of BF

such as Particle Filtering (PF) [531, 521, 532], which enjoys a bounded error but suffers

from a lower accuracy than other local approximations. The second class of algorithms

comprises the Stabilized Forgetting (SF) family of algorithms [528, 522, 533], from which

our model is a special case. SF suffers from an unbounded error, but it usually has a

greater accuracy for a given amount of resources [531]. Note that SF has been shown to

be essential to reduce the divergence between the true posterior and its approximation

in recursive Bayesian estimation [534]. As we apply the SF operator to estimate the

posterior of z and the mixture weight w (through the b weighted mixture prior), we

ensure that the divergence is reduced for both of these latent variables.

Box 3.3.1| HAFVF and KF

To highlight the specifics of the HAFVF, it might be worth comparing it to the

the KF approach to dynamic system modelling.

The basic version of the KF assumes that the distribution of the observed data x

evolves both stochastically and deterministically:

xt ∼ N (Cθt,Σ)

θt ∼ N (Aθt−1,Γ)
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The “flow matrix” G models the deterministic evolution of the (unknown) state

parameters, and the state covariance Γ models the stochastic evolution these

parameters as a random walk. It is then assumed that the observations are drawn

from a normal distribution with mean Cθt with some transformation matrix C

and known covariance matrix Σ.

Under the assumption that {Σ,Γ} are known, the posterior distribution of θ

has a closed form formula, and the problem of inferring θ and predicting future

values of x is tractable. In most cases, some of the variables (flow matrix, state

noise, transformation matrix or observation noise) are unknown. In these cases,

a maximum likelihood estimate of these matrices can be obtained online, using

Expectation Maximization for instance [22].

Also, in its original flavour, the KF assumes that the state noise is constant: with

an identity flow matrix, the state evolves with a Gaussian random walk.

The HAFVF relaxes many of these assumptions: crucially, it does not assume

that the stochastic evolution of the environment state has a constant noise: it can

dynamically adapt to newly observed volatility (either at the observation level –

Σ – or at the state level – Γ) and forget about past ones.

Also, it does not assume that some parameters are known and others are not.

Instead, it makes the implicit assumption that given some initial prior distribu-

tion over the state variables (mean and variance of the observations for instance)

and the environmental volatility one can derive an approximate inference algo-

rithm that outputs the posterior distribution of the state variables under the past

history.

Finally, the KF subordinates the problem of estimating the posterior covariance

to the problem of estimating the observation and state volatility. The HAFVF

estimates all of these quantities at the same time, but subordinates this process

to a prior belief of the environmental evolution.

It might be argued that both models require some prior knowledge: the KF

requires prior knowledge of the observation and state noise, the HAFVF requires

a prior probability distribution of the state value and noise and environmental

volatility. There is, however, a crucial difference between those two algorithms,

which is that the HAFVF is able to forget (i.e. to reset its posterior belief to its

prior distribution), whereas the KF is not.

Even though our model is described as a Stabilized Exponential Forgetting [519] algo-

rithm and is well suited for signal processing, it can be generalized to models where

there is no prediction of future states (e.g. smoothing of a signal, temporal difference

learning etc.) Also, it overcomes other methods in several following ways:
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First, it uses a Beta prior on the mixing coefficient. This is unusual (but not unique

[535]), as most of previous approaches used a truncated exponential prior [536, 523] or

a fixed, linear mixture prior that account for the stability of the process [521]. In Linear

SF, a Bernoulli prior with a Beta hyperprior has been proposed for the mixture weight

[533]. Our approach is designed to learn the posterior probability of the forgetting

factor in a flexible manner. We show that this posterior probability depends upon

its own (and possibly a mixture of) prior distribution and upon the prior covariance

of the model parameters C(T(z) | ϑ̂). This makes the change detection more subtle

than an all-or-none process, as one might observe with a Bernoulli distribution. It also

enables us to accumulate evidence for a change of distribution across trials, which can

help to discriminate outliers from real, prolonged contingency changes. This is, to our

knowledge, an entirely novel feature in the adaptive forgetting literature.

The second important novelty of our model lies in its hierarchical learning of the envi-

ronment stability. This is somehow similar to the Hierarchical Gaussian Filter (HGF)

[537, 538]. The present model is, however, much more general, as the generic form we

provide can be applied to several members of the EF. Also, although the KL divergence

(error term) of our model is not bounded in the long run, it can be efficiently applied to

a large subset of datasets and models, whereas the HGF often fails to fit processes that

are highly stationary, with many datapoints and/or with abrupt contingency changes.

3.4 Experiments

The HAFVF was coded in the Julia language [502] using a Forward automatic differen-

tiation algorithm [539] for the NCVMP for the RL and AR parts of this section, and

using an analytical gradient for the SGD part.

3.4.1 Smoothing

We first look at the behaviour of the model in the simple case of estimating the current

distribution of a random variable sampled from a moving distribution. We simulated two

sequences of 2x200 datapoints where each pair of points was generated according to the

same multivariate normal distribution with mean µ1 = {−2,+2} and µ2 = {+2,−2}.
We then added an independent random walk to these means.

We applied the Forward-Backward (FB) version of the HAFVF to these datasets. We

used the same Normal Inverse Wishart prior for both of these results (µ0 = 0, κ0 = 0.1,

η0 = 3, Λ0 = I). The prior over w was manipulated to include a high confidence (φαt = 9,
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Figure 3.7: Experiment 1. Left column: weak prior over w. Right column: strong
prior over w. Shaded areas represent the 95% posterior confidence interval. See text

for more comments.

φβt = 1) or a low confidence (φαt = 0.9, φβt = 0.1) about the average value of w. Note

that both of these priors had the same expected value. To avoid overfitting of early

trials (which may happen using weak priors) while keeping the distribution flexible, we

used a flat prior over b: β0 = 1. The top level forgetting was ignored (γ = 1). Results

are shown in Figure 3.7.

As the first setting had a weak prior over w, it had more freedom to adapt the posterior

distribution to the current data. The effective memory trace (measured with the pa-

rameter κt) was greater when the environment was stable, and changed faster after the

contingency change than when the prior was more confident, where the adaptation was

slow and the effective memory did not increase much above the prior-defined threshold

10 (or 20 for the FB algorithm).

The behaviour of both models after the contingency change is informative about the ef-

fect that the prior had on the inference process: the weak-prior forgetting factor dropped

immediately after an unexpected observation was made, which can be advantageous

when sudden changes are expected, but maladaptive in the presence of outliers. The

strong-prior model behaved in the opposite way, and handled the change more slowly

than its weak-prior counterpart.

It is interesting to note that the posterior probability distribution of b (not shown in

the figure) was also more flexible in the first model fit than in the second, because the
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observations in the level below were also more variable, due to less confident prior over

w: this had the effect of increasing the gain in precision over w, which increased the

strength of the posterior over b (through u2 and u3 in Equation (3.10)).

3.4.2 Autoregressive model

We fitted the HAFVF to a simulated a non-stationary sinusoidal signal of 400 datapoints

issued from two separate systems with a low and high frequency. These signals were

randomly generated as the sum of five sinusoidal waves, with the scope of observing

whether the algorithm was able to adapt to the abrupt contingency change.

Because we also aimed at a more informative view on the performance of the algorithm

in the presence of artifacts, we altered this signal by adding two impulses of 2 a.u. at

t = 100 and t = 300.

We studied a single implementation of the model, with a relatively strong prior over w

(φ = {4.5, 0.5}) and a flat prior over b, (β = {1.0, 1.0}). The Forward-backward version

of the algorithm was applied. We arbitrarily chose a forward and a backward order of

10 samples. Figure 3.8 shows the results of this experiment.

3.4.3 Stochastic Gradient Descent

SGD is a popular technique to find the minimum of (often computationally expensive)

loss-functions over large datasets [540] or involving intractable integrals [88] that can be

sampled from. However, SGD can be unstable, especially with recurrent neural networks

[477] where an isolated, highly noisy sample in the sequence can lead to a degenerate

sample of the gradient over the whole sequence. This effect is further magnified when

the sample size is low.

We implemented a slightly modified version of the HAFVF in a SGD framework, in-

tended to be similar to the Adam optimizer3 [493]. In short, we used two specific decays

w1 and w2 for the posterior of the means and variances of the gradients, respectively,

while ensuring that w1 < w2. We modelled these posteriors as a set of Normal-Inverse-

Gamma distributions. Each set of weights and biases of the multilayer perceptron was

provided with its own hierarchical decay, to take advantage of the fact that some groups

of partial derivatives might be more noisy than others. We used this algorithm with

a strong prior over w1 and w2 (φ1 = {9, 1} and φ2 = {9.5, 0.5}), to limit the effect of

degenerated gradients on the approximate posteriors.

3More details can be found in the supplementary materials
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Figure 3.8: Experiment 2: Autoregressive model with a weak prior over w. A.
Observations and simulated response of the models. The zoomed windows show the
effect of the artifacts on the estimated mean value. B. Effective memory (the ”effective
number of observations” parameter of the posterior θt: namely κt) of the three parts
of the algorithm (plain lines), and corresponding expected effective memory: 1/(1 +
Eq(w) [w] (dashed lines). Outliers had a limited impact on learning in both cases. C.
Value of the AR mean weights through time. The model dealt adequately with the
outliers (as the value of the parameters did not change substantially) and with the

contingency change (as the values were adapted to the two different signals).

This algorithm was tested with a variational recurrent auto-encoding regression model

inspired by [541], where the output probability density was a first passage density of a

Wiener process [1]. The simulated dataset was composed of 64 subjects performing a

500 trials long two alternative forced choice task [542], where choices and reaction times

were the model was aiming to predict. At each step of the SGD process, 5 subjects were

sampled, for a total of 2500 trials.

Figure 3.9 compares the results of the AdaFVF SGD optimizer with the Adam optimizer,

executed with the default parameters (α = 0.001, β1 = 0.9, β2 = 0.999)4. The AdaFVF

showed to be less affected by degenerate samples than Adam, as can be seen from the

ELBO trace and from the heat plots of the expected memories, for an estimated average

negative ELBO of 1.08 for Adam and 0.85 for AdaFVF at the iteration 10000.

4The AdaFVF we propose adapts β1 and β2 (or at least their posterior distribution) to the data at
hand. Optimization of α is proposed by [543] for instance. Future work might elucidate how this kind
of online hyperparameter tuning could be framed in the current context.
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Figure 3.9: Experiment 3: SGD with the HAFVF. A. ELBO for the Adam optimizer
and for the AdaFVF SGD. After an outlier was sampled, the AdaFVF forgot the
gradient history, and reset its belief to the naive prior, thereby decreasing the relative
contribution of this sample. B. Expected memory of the variance posteriors. The

impact of outliers is highlighted by the zoomed windows.

3.5 Limitations, perspective and conclusion

Our algorithm has the following limitations: first, the exponential form we have given to

the mixture distributions restricts the mixture prior to have a single mode. A linear form,

similar to [533] could however also be implemented, at specific levels of the hierarchy

of the whole model. It may also be difficult to choose adequate level-specific priors.

A generic feature in adaptive forgetting is that the naive prior of the lower level p0(z)

is usually crucial but hard to specify. For the two top levels, we propose as a rule of

thumb to use a weak prior in situations where abrupt contingency changes are expected.

Such configurations will usually provide a higher memory to the model but are, however,

more affected by outliers than stronger priors. Performing updates using mini-batches

of datapoints should mitigate this effect. If the environment is meta-stable (i.e. change

points occur at a given frequency), derivation of an online type II maximum likelihood

optimization algorithm of the prior parameters could improve the algorithm efficiency.

The HAFVF and variants could lead to many promising developments in RL related

fields, where they might help to prevent unnecessary forgetting of past events during

exploration, in signal processing and more distant fields such as deep learning, where

they could be used to prevent the occurrence of catastrophic forgetting.
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In conclusion, we present a new generic model aimed at coping with abrupt or slow

signal changes and presence of artifacts. This model flexibly adapts its memory to the

volatility of the environment, and reduces the risk of abruptly forgetting its learned

belief when isolated, unexpected events occur. The HAFVF constitutes a promising

tool for decay adaptation in RL, system identification and SGD.

3.6 Appendix

3.6.1 Proof of Proposition 1

Proof. To apply the NCVMP algorithm [70], we first need to compute the inverse pos-

terior covariance of the sufficient statistics of the beta distribution:

C(T(w) | φ) =

[
ψ1(φα)− ψ1(φα + φβ) −ψ1(φα + φβ)

−ψ1(φα + φβ) ψ1(φβ)− ψ1(φα + φβ)

]

Next, we need to take the derivative of the expected log-joint probability wrt. φ. Noting

that Eq(w) [w] = φα

φα+φβ
and that Eq(w) [w] intervenes twice in the expression of the ELBO

(in Eq
[
log p(z | ϑ̂)

]
) and in C(T(z) | ϑ̂)), we can use the chain rule and write:

C(T(w) | φ)−1Oφ

{
Eq(z)

[
log p(z | ϑ̂)

]
+ Eq(w) [log p(φ | ϕ̂)]− 1

2
Varq(w) [w]C(T(z) | ϑ̂)

}
=

C(T(w) | φ)−1
(
OφEq(w) [w] δL +

[
ϕα
(
ψ1(φα)− ψ1(φα + φβ)

)
− ϕβψ1(φα + φβ)

ϕβ
(
ψ1(φβ)− ψ1(φα + φβ)

)
− ϕαψ1(φα + φβ)

]
+

1

2

(
Oφ
{
Varq(w) [w]

}
C(T(z) | ϑ̂) + Varq(w) [w]Oφt

{
Eqt(w) [w]

} d

dŵ
C(T(z) | ϑ̂)

))
Expanding this final expression gives back the expression in proposition 1.

Corollary 3.4. For a given value of δL and δC, φαt > φβt implies that φαt is more affected

(positively or negatively) than ψβt by δL and δC, and conversely.

Proof. This directly follows from the fact that

φαt > φβt ⇔ Cφαt +Bφβt > Cφβt +Aφαt

.

Note also that, for a given value of φα1 , K(φβ, φα) → 0 if φβt → 0, and conversely for

K(φα, φβ).
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3.6.2 Proof of Lemma 1

Proof. Let g
ϑ̂

, O
ϑ̂
p(z | ϑ̂) be the score function of the prior distribution and ŵ ,

Eqt(w) [w]. We want to solve the following equality wrt δL:

Oφt
{
Eqt(z)

[
g
ϑ̂

]}
≈ Oφtŵ δL

Which has the following solution:

Oφtŵ δL = Oφt{ŵ}
d

dŵ
Eqt(z)

[
g
ϑ̂

]
= Oφt{ŵ}×

Eqt(z)

[
zT (θξt−1−θξ0)−A(z)

(
θηt−1−θη0

)
− dϑ̂

dŵ
O
ϑ̂
B
(
ϑ̂
)]

= Oφt {ŵ}×(
Eqt(z) [z]T (θξt−1−θξ0)− Eqt(z) [A(z)]

(
θηt−1−θη0

)
+

− dϑ̂

dŵ
O
ϑ̂
B
(
ϑ̂
))

(3.16)

As p(z) is assumed to be from the exponential family, the derivative of the log-partition

function B(·) wrt the natural parameter θ(w) is equal to the expected value of the

sufficient statistics:

dϑ̂

dŵ
O
ϑ̂
B
(
ϑ̂
)

=

[
θξt−1−θξ0
θηt−1−θη0

]T [
Ep(z) [z]

Ep(z) [−A(z)]

]

which can be plugged into Equation (3.16) to retrieve the expression of Lemma 1.

We see that the value of δL depends on two elements: the first being whether the sign of

Eq(z) [z]−Ep(z) [z] matches the sign of θt−1−θ0, and if the difference of the expected log-

partitions under the posterior q and prior p is negative (because θηt−1 is always greater

than θη0). The first summand can therefore be understood as a measure of how much

the new observations T (xt), which conditions qt matches the observed difference between

the previous posterior qt−1 and the initial prior p0: if it does (i.e. both differences are

negative / positive) then there is evidence that w should increase (because δL will grow,

see below). The second summand somehow measures whether the new posterior qt will

on average decrease the entropy of the model p(x | z), which is linearly determined by

A(z).



166

3.6.3 AdaFVF implementation

Following [493], we propose a scheme similar to the Adam optimizer where the mean

gradient and preconditioner are optimized according to the HAFVF. We will consider the

problem of inferring the vectors m and v2, i.e. the vectors of first and second moments

of the gradient. We will use a slightly different notation than [493]: the decays β1 and

β2 will be replaced by w1 and w2 respectively, for the sake of coherence.

Let us consider that the partial derivative at the iteration t follows a normal distribution

with mean and covariance mt, st. The conjugate prior of this distribution is a Normal

Inverse Gamma distribution with parameters θ , {µ0, κ0, α0, β0}. One could already

apply the HAFVF to this model, with the restriction that w1 = w2. To keep the

constraint w1 < w2, we assume a fully factorized posterior, and factorize the joint

probability defined in the paper (equation 3) to:

p(dt,mt, s
2
t , w1, w2, b|x1:t−1) ≈ p(dt | mt, s

2
t )×(

qt−1(mt | mt−1, s
2/κt−1)w1p(s2

t | αt−1, βt−1)
)w2

Z(w,θt−1,θ0)
×(

p(mt | m0, s
2/κ0)

1−w1w2
1−w2 p(s2

t | α0, β0)

)1−w2

Z(w,θt−1,θ0)
×

q(w1 | φ1t−1)bp(w1 | φ10)b−1

Z(b,φ1t−1,φ10)

q(w2 | φ2t−1)bp(w2 | φ20)b−1

Z(b,φ2t−1,φ20)
×

p(b | βt−1)

(3.17)

where θ is defined as the prior or approximate posterior parameters at the trial 0 or t−1,

respectively. This new formulation ensured that the decay of m was equal to w1 ∗ w2.

For a set of N partial derivatives, the natural implementation of the joint probability

presented here before for multiple, univariate gaussians would be

p(d,m, s, w, b) =

N∏
i=1

p(di | mi, si)p(mi, si | ϑi)p(w1, w2 | ϕ)p(b | β)

but this model is hard to fit in practice, because the posterior over w is highly sensitive

to the dimensionality of the data at the level below (see Proposition 1). In order to

deal with this, we modified the above equation by taking the Nth radical of the joint

probability p(di,mi, si). The normalized log-joint probability then reads:

log p̃(d,m, s, w, b) =

∑N
i=1 log p(di | mi, si) + log p(mi, si | ϑi)

N
+log p(w1, w2 | ϕ)+log p(b | β).
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Algorithm 9: AdaFVF algorithm. Lj(q(m, s2, wt, bt)) stands for the ELBO value,

d̂ is the vector of expected first moment of the partial derivatives, and d̂2 the vector
of expected second moments. η is the step size.

1 Input: noisy function f(z) with parameters z = {zj ∈ RDj} for j = 1 : J ,
hyperparameters {θ0,φ0,β0}, learning rate η;

2 Return: Optimum z∗;
3 Initialize randomly z1;
4 for t = 1 to T do
5 get dt = Oztf(zt);
6 for j = 1 to J do
7 set i← 0;
8 set Lj(q(mt, st, wt, bt))← −∞;
9 while i < 100 and δLj(q(mt, st, wt, bt)) > 0.001 do

10 i += 1 update:

11 θjt s.t. q(mt, s
2
t |θjt ) =

expEq(w1t,w2t,bt))
[log p̃(d,m,s2,w1,w2,b]
Z ; // see CVMP

12 {φjt ,βjt} = arg max
φjt ,β

j
t
Lj(q(m, s2, wt, bt)) ; // see NCVMP

13 compute Lj(q(m, s2, wt, bt));

14 end

15 update zjt+1 = zjt − η ∗ d̂/d̂2;

16 end

17 end

An important consideration to make is that we fitted the HAFVF to each of the sets of

weights and biases independently: this ensured that the decays were adapted to the scale

of each of these gradients independently. For instance, the extreme layers of a neural

network usually have a wider distribution of partial derivatives than the intermediate

layers: the HAFVF can account for this and adapt accordingly. Also, unlike other

approaches, our method does not deal with degenerate samples by ignoring the step,

but by decreasing their relative importance: in this way, the algorithm can discriminate

which layer should be ignored (or better, reset) and which should not.

The full algorithm is given in Line 9.

Considering the fact that the function f is supposedly computationally expensive, the

computational cost of this approach comparatively not much higher than the one of other

SGD algorithms: update of the variational posterior over m, s is virtually identical to

the update achieved by Adam, and most of the cost comes from the (possibly grouped)

computation of the expected log-joint probability and its gradient. Expensive function

in the ELBO include mostly the logarithm of the rate parameter of the prior log β(w)

and approximate posterior log β which appear in the Gamma log-likelihood and in the
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expectation of the log-variance, respectively5. This evaluation is the step with the

highest computational burden.

A final point to emphasize it that AdaFVF requires a careful choice of prior distribution

over m, s2, w1, w2 and b. As stated in the main text, we used high and confident prior

over w1 and w2 to ensure that these parameters did not increase too much (so that they

kept following the current distribution of gradients) and also to ensure that, after an

degenerate gradient was observed, these parameters quickly came back to a value close

the prior initially chosen. For m, s2 the value of θ was set to θ0 = {µ0 = 0, κ0 = 0, α0 =

2, β0 = 10−5}. The gradient over b was set to a highly informative value (β = 20): this

had the effect of allowing the posterior over w to change slowly, and helped stabilizing the

algorithm. This configuration worked well across the few models we tested, regardless

of the sample size or the complexity of the problem. Future theoretical and practical

research should, however, be dedicated to explore in which way these choices impact the

performance of the algorithm.

Although the proof of convergence of [88] does not hold anymore with our formulation,

we observed that this algorithm was less sensitive to noise in the gradient than Adam,

and performed at least equally well for problems ranging from simple auto-encoding

variational inference to complex neural network training.

5the full expression of the latter is Eq
[
log s2

]
= log β − ψ(α), from which only the log function need

to be computed for every sample, as the effective number of observations α is supposedly identical for
all the elements of zj



Chapter 4

The AC-HAFVF

This work is currently under review for a publication in Plos Computational

Biology, with co-authorship with Alexandre Zénon.

Agents living in volatile environments must be able to detect changes in contingencies

while refraining to adapt to unexpected events that are caused by noise. In Rein-

forcement Learning (RL) frameworks, this requires learning rates that adapt to past

reliability of the model. The observation that behavioural flexibility in animals tends

to decrease following prolonged training in stable environment provides experimental

evidence for such adaptive learning rates. However, in classical RL models, learning

rate is either fixed or scheduled and can thus not adapt dynamically to environmental

changes. Here, we propose a new Bayesian learning model, using variational inference,

that achieves adaptive change detection by the use of Stabilized Forgetting, updating

its current belief based on a mixture of fixed, initial priors and previous posterior be-

liefs. The weight given to these two sources is optimized alongside the other parameters,

allowing the model to adapt dynamically to changes in environmental volatility and to

unexpected observations. This approach is used to implement the “critic” of an actor-

critic RL model, while the actor samples the resulting value distributions to choose

which action to undertake. We show that our model can emulate different adaptation

strategies to contingency changes, depending on its prior assumptions of environmental

stability, and that model parameters can be fit to real data with high accuracy. The

model also exhibits trade-offs between flexibility and computational costs that mirror

those observed in real data. Overall, the proposed method provides a general framework

to study learning flexibility and decision making in RL contexts.

169
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4.1 Introduction

Learning agents must be able to deal efficiently with surprising events when trying to

represent the current state of the environment. Ideally, agents response to such events

should depend on their belief about how likely the environment is to change. When

expecting a steady environment, a surprising event should be considered as an accident

and should not lead to updating previous beliefs. Conversely, if the agent assumes the

environment is volatile, then a single unexpected event should trigger forgetting of past

beliefs and relearning of the (presumably) new contingency. Importantly, assumptions

about environmental volatility can also be learned from experience.

Here, we propose a general model that implements this adaptive behaviour using Bayesian

inference. This model is divided in two parts: the critic which learns the environment

and the actor that makes decision on the basis of the learned model of the environment.

The critic side of the model (called Hierarchical Adaptive Forgetting Variational Filter,

HAFVF) discriminates contingency changes from accidents on the basis of past environ-

mental volatility, and adapts its learning accordingly. This learner is a special case of

Stabilized Forgetting (SF) [528]: practically, learning is modulated by a forgetting factor

that controls the relative influence of past data with respect to a fixed prior distribution

reflecting the naive knowledge of the agent. At each time step, the goal of the learner

is to infer whether the environment has changed or not. In the former case, she erases

her memory of past events and resets her prior belief to her initial prior knowledge.

In the latter, she can learn a new posterior belief of the environment structure based

on her previous belief. The value of the forgetting factor encodes these two opposite

behaviours: small values tend to bring parameters back to their original prior, whereas

large values tend to keep previous posteriors in memory. The first novel contribution of

our work lies in the fact that the posterior distribution of the forgetting factor depends

on the estimated stability of past observations. The second and most crucial contribu-

tion lies in the hierarchical structure of this forgetting scheme: indeed, the posterior

distribution of the forgetting factor is itself subject to a certain forgetting, learned in a

similar manner. This leads to a 3-level hierarchical organization in which the bottom

level learns to predict the environment, the intermediate level represents its volatility

and the top level learns how likely the environment is to change its volatility. We show

that this model implements a generalization of classical Q-learning algorithms.

The actor side of the model is framed as a full Drift-Diffusion Model of decision making

[364] (Normal-Inverse-Gamma Diffusion Process; NIGDM) that samples from the value

distributions inferred from the critic in order to select actions in proportion to their

probability of being the most valued. We show that this approach predicts plausible
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results in terms of exploration-exploitation policy balance, reward rate, reaction times

(RT) and cognitive cost of decision. Using simulated data, we also show that the model

can uncover specific features of human behaviour in single and multi-stage environments.

The whole model is outlined in Line 8: the agent first selects an action given an (ap-

proximate) Q-sampling policy, which is temporally implemented as a Full DDM [364]

with variable drift rate and accumulation noise, then learns based on the return of the

action executed (reward r(sj , aj) and transition s′ = T (sj , aj)). Then, the critic updates

its approximate posterior belief about the state of the environment qj ≈ p.

Algorithm 10: AC-HAFVF sketch. a represents actions, r stands for rewards, s
stands for state and x stands for observations. µr is the expected value of the reward.
q represents the approximate posterior of the latent variable z and θ0 stands for the
prior parameter values of the distribution of z.

1 for j = 1 to J do
2 Actor: NIGDM Section 4.2.5;
3 select aj ∼ p (aj = arg maxa µ

r(sj ,a) | x<j);
4 Observe xj = {r(sj , aj), sj+1};
5

6 Critic: HAFV F Section 4.2.3.1;
7 update qj(z(sj , aj)) ≈ p (z(sj , aj) | xj ; x<j ,θ0);

8 end

We apply the proposed approach to Model-Free RL contexts (i.e. to agents limiting

their knowledge of the environment to a set of reward functions) in an extensive manner.

We explore in detail the application of our algorithm to Temporal Discounting RL, in

which we study the possibility of learning the discounting factor as a latent variable of

the model. We also highlight various methods for accounting for unobserved events in

a changing environment. Finally, we show that the way our algorithm optimizes the

exploration-exploitation balance is similar to Q-Value Sampling when using large DDM

thresholds.

Importantly, the proposed approach is very general, and even though we apply it here

only to Model-Free Reinforcement Learning, it could be also extended to Model-Based

RL [256], where the agent models a state-action to state transition table together with

the reward functions. Additionally, other machine-learning algorithms could also benefit

from this approach (Chapter 3).

The paper is structured as follows: first (Section 4.1.1) we review briefly the state of

the art and place our work within the context of current literature. In Section 4.2, we

present the mathematical details of the model. We derive the analytical expressions

of the learning rule, and frame them in a biological context. We then show how this

learning scheme directly translates into a decision rule that constitutes a special case
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of the Sequential Sampling family of algorithms. In the result section Section 4.3, we

show various predictions of our model in terms of learning and decision making. More

importantly, we show that despite its complexity, the model can be fitted to behavioural

data. We conclude by reviewing the contributions of the present work, highlighting its

limitations and putting it in a broader perspective.

4.1.1 Related work

The adaptation of learning to contingency changes and noise has numerous connections

to various scientific fields from cognitive psychology to machine learning. A classical

finding in behavioural neuroscience is that instrumental behaviours tend to be less and

less flexible as subjects repeatedly receive positive reinforcement after selecting a certain

action in a certain context, both in animals [225, 544, 234] and humans [545, 324, 261,

546]. This suggests that biological agents indeed adapt their learning rate to inferred

environmental stability: when the environment appears stable (e.g. after prolonged

experience of a rewarded stimulus-response association), they show increased tendency

to maintain their model of the environment unchanged despite reception of unexpected

data.

Most studies on such automatization of behaviour have focused on action selection.

However, weighting new evidence against previous belief is also a fundamental problem

for perception and cognition [252, 547, 548]. Predictive coding [404, 549, 330, 550, 551,

552] provides a rich, global, framework that has the potential to tackle this problem, but

an explicit formulation of cognitive flexibility is still lacking. For example, whereas [552]

provides an elegant Kalman-like Bayesian filter that learns the current state of the envi-

ronment based on its past observations and predicts the effect of its actions, it assumes

a stable environment and cannot, therefore, adapt dynamically to contingency changes.

The Hierarchical Gaussian Filter (HGF) proposed by Mathys and colleagues [537, 538]

provides a mathematical framework that implements learning of a sensory input in a

hierarchical manner, and that can account for the emergence of inflexibility in various

situations. This model deals with the problem of flexibility (framed as expected “volatil-

ity”) by building a hierarchy of random variables: each of these variables is distributed

with a Gaussian distribution with a mean equal to this variable at the trial before and

the variance equal to a non-linear transform of the variable at superior level. Each level

encodes the distribution of the volatility of the level below. Although it has shown its

efficiency in numerous applications [553, 554, 555, 556, 48, 557], a major limitation of

this model, within the context of our present concern, is that it makes the assumption

that the volatility of the environment depends deterministically on the variance of the
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observations. Crucially, this model cannot forget past experience after changes of con-

tingency, but can only adapt its learning to the current contingency. Consequently, the

HGF model will not be able to account for environments whose volatility change over

time, i.e. where changes in contingencies occur sometimes abruptly, sometimes progres-

sively. Moreover, HGF will have difficulties accounting for changes in the variance of

the observations. These caveats limit the applicability of the HGF to a narrow range of

datasets.

As will be shown in detail below, in the model proposed in the present paper, volatility

is not only a function of the variance of the observations: if a new observation falls

close enough to previous estimates then the agent will refine its posterior estimate of

the variance and will decrease its forgetting factor (i.e. will move its prior away from

the fixed initial prior and closer to the learned posterior from the previous trial), but if

the new observation is not likely given this posterior estimate, the forgetting factor will

increase (i.e. will move closer to the fixed initial prior) and the model will tend to update

to a novel state (because of the low precision of the initial prior). In Section 4.3.1, we

show that our model outperforms the HGF in such situations. Another, more technical,

limitation of the HGF comes from the non-conjugate form of the generative model,

which makes the use of mean-field VB challenging, and requires reliance on numerous

approximations. For instance, the quadratic approximations on which the HGF relies

are only valid for large n [74], but the HGF is practically applicable only to small

datasets because the parameters sub-space where updates are possible varies widely

with the data, such that optimization fails in many instances and especially for large

datasets. The model we provide, on the contrary, has no such constraint, and can

be generalized to many combinations of exponential family models (e.g. Bernoulli or

multivariate Gaussian distribution at the first level) without tedious derivations.

In Machine Learning and in Statistics, too, the question of whether new unexpected

data should be classified as outlier or environmental change is important [25]. This

problem of “denoising” or “filtering” the data is ubiquitous in science, and usually

relies on arbitrary assumptions about environmental stability. In signal processing and

system identification, adaptive forgetting is a broad field where optimality is highly

context (and prior)-dependant [528]. Bayesian Filtering (BF) [530], and in particular

the Kalman Filter [522] often lack the necessary flexibility to model real-life signals

that are, by nature, changing. One can discriminate two approaches to deal with this

problem: whereas Particle Filtering (PF) [531, 521, 532] is computationally expensive,

the SF family of algorithms [528, 533], from which our model is a special case, usually

has greater accuracy for a given amount of resources [531] (for more information, we refer

to [522] where SF is reviewed). Most previous approaches in SF have used a truncated

exponential prior [536, 523] or a fixed, linear mixture prior to account for the stability
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of the process [521]. Our approach is innovative in this field in two ways: first, we use

a Beta prior on the mixing coefficient (unusual but not unique [535]), and we adapt

the posterior of this forgetting factor on the basis of past observations, the prior of this

parameter and its own adaptive forgetting factor. Second, we introduce a hierarchy of

forgetting that stabilizes the learning when the training length is long.

We therefore intend to focus our present research on the very question of flexibility. We

will show how flexibility can be implemented in a Bayesian framework using an adaptive

forgetting factor, and what prediction this framework makes when applied to learning

and decision making in Model-Free paradigms.

4.2 Methods

4.2.1 Bayesian Q-Learning and the problem of flexibility

Classical RL [212], or Bayesian RL [162, 208] cannot discriminate learners that are more

prone to believe in a contingency change from those who tend to disregard unexpected

events and consider them as noise. To show this, we take the following example: let

p(ρ|r≤j) = Beta(α, β) be the posterior probability at trial j of a binary reward rj ∼
Bern(ρ) with prior probability ρ ∼ Beta(α0, β0). It can be shown that, at the trial

j = vj + uj , where vj is the number of successes and uj the number of failures, the

posterior probability parameters read {αj = α0 + vj , βj = β0 + uj}. This can be easily

mapped to a classical RL algorithm if one considers that, at each update of v and u, the

posterior expectation of ρ is updated by

E [ρ|r≤j ] =
vj−1 + rj

vj−1 + rj + uj−1 + (1− rj)

=
j − 1

j
E [ρj−1] +

rj
j

= E [ρj−1] + η(rj − E [ρj−1])

where η ,
1

j

which has the form of a classical myopic Q-learning algorithm with a decreasing learning

rate.

The drawback of this fixed-schedule learning rate is that, if the number of observed

successes outnumbers greatly the number of failures (v � u) at the time of a contingency

change in which failures become suddenly more frequent, the agent will need v − u+ 1

failures to start considering that p(rj = 0|r≤j) > p(rj = 1|r≤j). This behaviour is

obviously sub-optimal in a changing environment, and Dearden [162] suggests adding a
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constant forgetting factor to the updates of the posterior, making therefore the agent

progressively blind to past outcomes. Consider the case in which

E [ρ|r≤j ] =
wvj−1 + rj

wvj−1 + rj + wuj−1 + (1− rj)

with w ∈ (0; 1) being the forgetting factor. We can easily see that, in the limit case

of α0 = 0 and β0 = 0, αj + βj → 1
1−w as j → ∞. We can define 1

1−w as the efficient

memory of the agent, which provides a bound on the effective memory, represented by

the total amount of trials taken into account so far (e.g. αj+βj in the previous example).

This produces an upper and lower bound to the variance of the posterior estimate of

p(ρ|r≤j). This can be seen from the variance of the beta distribution Var [ρ | r≤j ] =
(αj)(βj)

(αj+βj)2(αj+βj+1)
which is maximized when αj = βj , and minimized when either αj = α0

or βj = β0. In a steady environment, agents with larger memory are advantaged since

they can better estimate the variance of the observations. But when the environment

changes, large memory becomes disadvantageous because it requires longer time to adapt

to the new contingency. Here, we propose a natural solution to this problem by having

the agent erase its memory when a new observation (or a series of observations) is

unlikely given the past experience.

4.2.2 General framework

Our framework is based on the following assumptions:

Assumption 3. The environment is fully Markovian: the probability of the current ob-

servation given all the past history is equal to the probability of this observation given

the previous observation.

Assumption 4. At a given time point, all the observations (rewards, state transitions,

etc.) are i.i.d. and follow a distribution p(x | z) that is issued from the exponential

family and has a conjugate prior that also belongs to the exponential family p(z | θ0).

For conciseness, the latent variables z (i.e. action value, transition probability etc.) and

their prior θ will represent the natural parameters of the corresponding distributions in

what follows.

Assumption 5. The agent builds a hierarchical model of the environment, where each of

the distributions at the lower level (reward and state transitions) are independent, i.e.

the reward distribution for one state-action cannot be predicted from the distribution

of the other state-actions.

Assumption 6. The agent can only observe the effects of the action she performs.



176

4.2.3 Model specifications

We are interested in deriving the posterior probability of some datapoint-specific measure

zj , where j indicates the point in time, given the past and current observations x≤j and

some prior belief θ0. Bayes theorem states that this is equal to

p(z | x) =
p(z | θ0)

∏J
j=1 p(xj | z)∏J

j=1 p(xj)
. (4.1)

We now consider the case of a subject that observes the stream of data and updates

her posterior belief on-line as data are gathered. According to Assumption 4, one can

express the posterior of z given the current observation xj

p(z | xj ,x<j) =
p(xj | z)p(z | x<j)

p(xj | x<j)
. (4.2)

It appears immediately that the prior p(z | x<j) has the same form as the previous

posterior, so that our posterior probability function can be easily estimated recursively

using the last posterior estimate as a prior (yesterday’s posterior is today’s prior) until

p(z | θ0) is reached. Assumption 4 implies that the posterior p(z | xj ,x<j) will be

tractable: since p(x | z) is from the exponential family and has a conjugate prior p(z |
θ0), the posterior probability has the same form as the prior, and has a convenient

expression:

θj =

[
θξj

θηj

]
=

[
θξ0 +

∑j
i=1 T(xi)

θη0 + j

]
(4.3)

where T(xi) is the sufficient statistics of the ith sample, and where we have made explicit

the fact that θ0 = {θξ0, θη0} can be partitioned in two parts, from which θη0 represents the

prior number of observations. Consequently, θηj is equivalent to the effective memory

introduced above.

This simple form of recursive posterior estimate suffers from the drawbacks we want to

avoid, i.e. it does not forget past experience. We therefore introduce a two-component

mixture prior where the previous posterior is weighted against the original prior belief:

p(z | x<j ;θ0) ,
p(z | x<j)wp(z | θ0)1−w

Z(w,x<j ,θ0)

with w ∈ [0; 1].

(4.4)

The exponential weights on this prior mixture allow us to easily write its logarithmic

form, but it still demands that we compute the normalizing constant Z(w,x<j ,θ0) =∫
p(z | x<j)wp(z | θ0)1−wd z. This constant has, however, a closed-form if both the prior
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and the previous posterior are from the same distribution, issued from the exponential

family.

In Equation (4.4), we assume that the forgetting factor is unknown and that the learner

needs to infer it from the data at hand. We therefore put a beta prior on this param-

eter, and under the assumption that the posterior probability factorizes (Mean-Field

assumption), the joint probability at time j reads:

p(xj , z, w|x<j ;θ0,φ0) = p(xj | z)
p(z | x<j)wp(z | θ0)1−w

Z(w,x<j ,θ0)
p(w | x<j ,φ0) (4.5)

where φ0 is the vector of the parameters of the beta prior of w. The model in Equa-

tion (4.5) is not conjugate, and the posterior is therefore not guaranteed to be tractable

anymore.

4.2.3.1 Hierarchical Filter

Let us now analyze the expected behaviour of an agent using a model similar to the one

just described, in a steady environment: if all x ∈ x≤j belong to the same, unknown

distribution p(x | z), the value of Eqj(z) [z] will progressively converge to its true value

as the prior (or the previous posterior) over w will eventually put a lot of weight on the

past experience (i.e. it favours high values of w), since the distribution from which x is

drawn is stationary. We have shown that such models rapidly tend to an overconfident

posterior over w (Chapter 3). In practice, when the previous posterior of w is confident

on the value that w should take (i.e. has low variance), it tends to favor updates that

reduce variance further, corresponding to values of pj(w | x≤t) that match pj−1(w | x<t),
even if this means ignoring an observed mismatch between pj−1(z | x<t) and pj(z | x≤t).
In order to deal with this issue, we enrich our model by introducing a third level in the

hierarchy.

We re-define the prior over w as a two-component mixture of priors:

pj(w | x<j ; b,φ0) ,
p(w | x<j)bp(w | φ0)1−b

Z(b,x<j , α0)

and the full joint probability has the form

p(xj , z, w, b|x<j ;θ0,φ0,β0) = p(xj | z)
p(z | x<j)wp(z | θ0)1−w

Z(w,x<j ,θ0)

p(w | x<j)bp(w | φ0)1−b

Z(b,x<j ,φ0)
p(b | x<j ,β0).

(4.6)
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4.2.3.2 Variational Inference

Two classes of methods can be used to estimate the posterior probability at the previous

time step needed in Equation (4.6). Simulation-based algorithms [22] such as importance

sampling, particle filtering or Markov Chain Monte Carlo, are asymptotically exact but

computationally expensive, especially in the present case where the estimate has to be

refined at each time step. The other class of methods, approximate inference [488, 525],

consists in formulating, for a model with parameters y and data x, an approximate

posterior q(y), that we will use as a proxy to the true posterior p(y | x). Roughly,

approximate inference can be partitioned into Expectation Propagation and Variational

Bayes (VB) methods. Let us consider in more detail VB, as it is the core of our learning

model. In VB, optimizing the approximate posterior amounts to computing a lower-

bound to the log model evidence (ELBO) L (q(y)) ≤ log p(x | x<j), whose distance from

the true log model evidence can be reduced by gradient descent [490]. Hybrid methods,

that combine sampling methods with approximate inference, also exist (e.g. Stochastic

Gradient Variational Bayes [558] or Markov Chain Variational Inference [505]). With

the use of refined approximate posterior distributions [88, 107, 103], they allow for highly

accurate estimates of the true posterior with possibly complex, non-conjugate models.

We define a variational distribution over y with parameters υ: q(y | υ), which we

will use as a proxy to the real, but unknown, posterior distribution p(y | x). The two

distribution match exactly when their Kullback-Leibler divergences are equal to zero,

i.e.

DKL

[
q(y)

∣∣∣∣p(y | x)
]

= 0

⇔ DKL

[
p(y | x)

∣∣∣∣q(y)
]

= 0

⇔ p(y | x) = q(y)

where we have omitted the approximate posterior parameters υ for sparsity of the ex-

pressions. Given some arbitrary constraints on q(y), we can choose (for mathematical

convenience) to reduce DKL

[
q(y)

∣∣∣∣p(y | x)
]

wrt q(y). Formally, this can be written as

q∗(y) = arg min
q(y)

DKL

[
q(y)

∣∣∣∣p(y | x)
]

= arg min
q(y)

∫
q(y) log

q(y)

p(y | x)
dy

= arg min
q(y)

∫
q(y) log q(y)dy −

∫
q(y) log p(y | x)dy.



179

We can now substitute log p(y | x) by its rhs in the log-Bayes formula

DKL

[
q(y)

∣∣∣∣p(y | x)
]

=

∫
q(y) log q(y)dy −

∫
q(y)

(
log p(x,y)− log p(x)

)
dy

⇔ log p(x) =

∫
q(y) log p(x,y)dy −

∫
q(y) log q(y)dy︸ ︷︷ ︸

L(q(y))

+DKL

[
q(y)

∣∣∣∣p(y | x)
]
. (4.7)

Because log p(x) does not depend on the model parameters, it is fixed for a given

dataset. Therefore, as we maximize L(q(y)) in Equation (4.7), we decrease the di-

vergence DKL

[
q(y)

∣∣∣∣p(y | x)
]

between the approximate and the true posterior. When

a maximum is reached, we can consider that 1) we have obtained the most accurate

approximate posterior given our initial assumptions about q(y) and 2) L(q(y)) provides

a lower bound to log p(x). It should be noted here that the more q(y) is flexible, the

closer we can hope to get from the true posterior, but this is generally at the expense

of tractability and/or computational resources.

The ELBO in Equation (4.7) is the sum of the expected log joint probability and the

entropy of the approximate posterior. In order for the former to be tractable, one must

carefully choose the form of the approximate posterior. The Mean-field assumption we

have made allows us to select, for each factor of the approximate posteriors, a distribution

with the same form as their conjugate prior, which is the best possible configuration in

this context [489].

Applying now this approach to Equation (4.6), our spherical approximate posterior looks

like:

q(z, w, b) , q(z | θ)q(w | φ)q(b | β).

In addition, in order to recursively estimate the current posterior probability of the

model parameters given the past, we make the natural approximation that the true

previous posterior can be substituted by its variational approximation:

p(z | x<j) ≈ qj−1(z) (4.8)

and similarly for p(w | x<j) and p(b | x<j). The use of this distribution as a proxy to

the posterior greatly simplifies the optimization of qj(z, w, b).
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The full, approximate joint probability distribution at time j therefore looks like

p(xj , z, w, b|x<j ,θ0,φ0) ≈ p(xj | z)
qj−1(z | θj−1)wp(z | θ0)1−w

Z(w,θj−1,θ0)

qj−1(w | φj−1)bp(w | φ0)1−b

Z(b,φj−1,φ0)
q(b | βj−1)

where θj−1, φj−1 and βj−1 are the variational parameters at the last trial for z, w and

b respectively. A further advantage of the approximation made in Equation (4.8) is that

the prior of z and w simplifies elegantly:

p(xj , z, w, b|x<j) ≈ p(xj | z)p(z | w(θj−1−θ0) + θ0)×
p(w | b(φj−1−φ0) + φ0)p(b | βj−1)

(4.9)

(see Section 4.5.1 for the full derivation).

A conjugate distribution for p(w) is hard to find. Šmı̀dl and Quinn [559] propose a uni-

form prior and a truncated exponential approximate posterior over w. They interpolate

the normalizing constant between two fixed value of w, which allows them to perform

closed-form updates of this parameter. Here, we chose p(w | φ0) and q(w | φj) to be

both beta distributions, a choice that does not impair our ability to perform closed-form

updates of the variational parameters as we will see in Section 4.2.4.1.

In this model (see Figure 4.1), named the Hierarchical Adaptive Forgetting Variational

Filter, specific prior configurations will bend the learning process to categorize surprising

events either as contingency changes, or as accidents. In contrast with other models [520],

w and b are represented with a rich probability distribution where both the expected

values and variances have an impact on the model’s behaviour. For a given prior belief

on z, a confident prior over w, centered on high values of this parameter, will lead to

a lack of flexibility that would not be observed with a less confident prior, even if they

have the same expectation.

Box 4.2.1| The HAFVF as a model of automaticity: intuition from

neurobiological models

The HAFVF recalls the theory of Hebbian learning, which assumes that synaptic

connexions are strengthened when a pre-synaptic activation efficiently provokes

a post-synaptic activation. We re-frame the HAFVF in this perspective, align-

ing it with the two-factor cortico-cortical model of categorization automaticity

learning [560]. This model – which is a subpart of a larger model (SPEED) that

encompasses both dopamine mediated striato-cortical learning and dopamine in-

dependent cortico-cortical learning – assumes that cortico-cortical synapses are
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Figure 4.1: Directed Acyclic Graph of the HAFVF model. Plain circles represent ob-
served variables, white circles represent latent variables and dots represents prior distri-
bution parameters. Dashed circles and dashed arrows represent approximate posteriors
and approximate posterior dependencies. A weighted prior latent node is highlighed.

strengthened whenever a supra-threshold activation occurs:

vj+1 = vj + αA(1− vj) [E − τNMDA]+ + βAvj [E − τNMDA]−

where A is the total activation over the course of the trial, E is the total activation

in premotor unit, τNMDA is the activation threshold and [·]+ and [·]− are rectified

linear activation units for positive and negative inputs, respectively (i.e. [x]+ =

x × 1(x > 0)). The parameters α and β have a fixed value. This equation

states that the strength of a synapse vj ∈ [0; 1] grows when an efficient activation

occurs. This recalls the HAFVF, where the effective memory κj ≥ κ0 > 0 is the

counterpart of the synapse strength.

For the exponential family, the HAFVF predicts that the memory is incremented

(or decremented) when new observations are made by the following equation:

κj+1 = Eq [w]κj + (1− Eq [w])κ0 + 1.



182

The condition for the effective memory κj to increase is that

κj − κ0 <
1

1− Eq [w]
.

Recalling that 1
1−Eq [w] is the efficient memory, we see that the value of w dic-

tates whether a connection should be strengthened (Long term potentiation) or

weakened (long-term depression). The former will occur if the current measure of

stability tells the model (i.e. the synapse) that it is on the right track and should

keep learning from past events. The latter occurs when the efficient memory is

lower than the number of items kept in memory: this signal tells the model that

it is overconfident about the quality of its predictions.

Coming back to the model of [560], we see that w plays the role of the activation

pre-synaptic activation: when w is sufficiently high, the connection is strength-

ened, when it is too low it is weakened. There is, however, a crucial difference

between the predictions of the HAFVF as a model of Hebbian learning and the

other model outlined here, which is that the HAFVF can (and ultimately will in

stable environment) stabilize its learning to some value of κ̂J = 1
1−EqJ [w] , whereas

SPEED assumed that the strength of the synapse will either grow towards 1 or

decrease towards 0. Therefore, the HAFVF allows for more flexibility by allowing

local connections to reflect the true confidence they have in the model.

4.2.4 The critic: HAFVF as a Reinforcement Learning Algorithm

Application of this scheme of learning to the RL case is straightforward, if one considers

xj as being the observed rewards and z as the parameters of the distribution of these

rewards. In the following, we will assume that the agent models a normally distributed

state-action reward function xj = r(s, a), from which she tries to estimate the poste-

rior distribution natural parameters z , η (µ(s, a), σ(s, a)) where η(·) is the natural

parameter vector of the normal distribution. In this context, an intuitive choice for the

prior (and the approximate posterior) of these parameters is a Normal Inverse-Gamma

distribution (NG−1): for the prior, we have

µ(s, a) ∼ N
(
µµ0 (s, a),

σ2(s, a)

κµ0 (s, a)

)
σ2(s, a) ∼ G−1 (ασ0 (s, a), βσ0 (s, a))

and the approximate posterior can be defined similarly with a normal componentN
(
µµj (s, a), σ

2(s,a)
κµj (s,a)

)
and a gamma component G−1(ασj (s, a), βσj (s, a)).
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4.2.4.1 Update equation

Even though the model is not formally conjugate, the use of a mixture of priors with

exponential weights makes the variational update equations easy to implement for the

first level. Let us first assert a few basic principles from the Mean-Field Variational

Inference framework: it can be shown that, under the assumption that the approximate

posterior factorizes in q(y1y2) = q(y1)q(y2), then the optimal distribution q∗(y1) given

our current estimate of q(y2) is given by

q∗(y1) = exp
(
Eq(y2) [log p(x,y)]− logZ(x)

)
(4.10)

where logZ is some log-normalizer that does not depend on y. Equation (4.10) states

that each set of variational parameters can be updated independently given the current

value of the others: this usually lead to an approach similar to EM [22], where one

iterates through the updates of variational posterior successively until convergence.

Fortunately, thanks to the conjugate form of the lower level of the HAFVF, Equa-

tion (4.10) can be unpacked to a form that recalls Equation (4.3) where the update of

the variational parameters of z reads:

θj =

[
ϑ̂
ξ

+ T(xi)

ϑ̂η + 1

]
(4.11)

where ϑ̂ , Eq(w) [w] (θj−1−θ0) + θ0 is the weighted prior of z (see Section 4.5.1). This

update scheme can be mapped onto and be interpreted in terms of Q-learning [212] (see

Section 4.5.2). Again, ϑ̂η + 1 is the updated effective memory of the subject, which is

bounded on the long term by the efficient memory 1/(1− Eq [w]).

More specifically, for the approximate posterior of a single observation stream x =

{xj∀j ∈ 1 : J} with corresponding parameters {µµj+1, κ
µ
j+1, α

σ
j+1, β

σ
j+1}, we can apply

this principle easily, as the resulting distribution has the form of a NG−1 with parame-

ters:
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µµj =
ŵ κµj−1µ

µ
j−1 + (1-ŵ) κµ0µ

µ
0

κµj
+

xj
κµj

κµj = ŵ κµj−1 + (1-ŵ) κµ0 + 1

ασj = ŵ ασj−1 + (1-ŵ) ασ0 +
1

2

βσj = ŵ βj−1 + (1-ŵ) βσ0 +
1

2

(
ŵ κj−1(µµj − µ

µ
j−1)2 + (1-ŵ) κ0(µµj − µ

µ
0 )2 + (xj − µµj )2

)
(4.12)

where we have used ŵ = Eq(w) [w].

Deriving updates for the approximate posterior over the mixture weights w and b is

more challenging, as the optimal approximate posterior in Equation (4.10) does not

have the same form as the beta prior due to the non-conjugacy of the model. Fortu-

nately, non-conjugate variational message passing (NCVMP) [70] can be used in this

context. In short, NCVMP minimizes an approximate KL divergence in order to find

the value of the approximate posterior parameters that maximize the ELBO. Although

NCVMP convergence is not guaranteed, this issue can be somehow alleviated by damp-

ing of the updates (i.e. updating the variational parameters to a value lying in between

the previous value they endorsed and the value computed using NCVMP, see [70] for

more details). The need for a closed-form formula of the expected log-joint probability

constitutes another obstacle for the naive implementation of NCVMP to the present

problem: indeed, computing the expected value of the log-partition functions logZ(w)

and logZ(b) involves a weighted sum of the past variational parameters θj−1 and the

prior θ0, which are known, with a weight w, which is unknown. Expectation of this

expression given q(w) does not, in general, have an analytical expression. To solve this

problem, we used the second order Taylor expansion around ŵ (see Section 4.5.1).

4.2.4.2 Counterfactual learning

As an agent performs a series of choices in an environment, she must also keep track

of the actions not chosen and update her belief accordingly: ideally, the variance of

the approximate posterior of the reward function associated with a given action should

increase when that action is not selected, to reflect the increased uncertainty about its

outcome during the period when no outcome was observed. This requirement implies

counterfactual learning capability [561, 562, 563].

Two options will be considered here: the first option consists in updating the approxi-

mate posterior parameters of the non-selected action at each time step with an update



185

scheme that pulls the approximate posterior progressively towards the prior θ0, with a

speed that depends on w, i.e. as a function of the belief the agent has about environment

stability. The second approach will consist in updating the approximate posterior of the

actions only when they are actually selected, but accounting for past trials during which

that action was not selected. The mathematical details of these approaches are detailed

in Section 4.5.3.

4.2.4.2.1 Continuous Updating When an action is not selected, the agent can

infer what value it would have had given the observed stability of the environment. In

practice, this is done by updating the variational parameters of the selected and non-

selected action using the observed reward for the former, and the expected reward and

variance of this reward for the latter.

This approach can be beneficial for the agent in order to optimize her exploration/exploitation

balance. In Section 4.5.3.1, it is shown that if the agent has the prior belief that the

reward variance is high, then the probability of exploring the non-chosen option will

increase as the lag between the current trial and the last observation of the reward

associated with this option increases.

4.2.4.2.2 Delayed Updating Even though the agent learns only actions that are

selected, it can adapt its learning rate as a function of how distant in the past was the

last time the action was selected. Formally, this approach considers that if the posterior

probability had been updated at each time step and the forgetting factor w had been

stable, the impact of the observations n trials back in time would currently have an

influence that would decrease geometrically with a rate ω , wn. We can then substitute

the prior over z by:

p(z|x<j , δj) ,
pj−1(z | x<j)ωp(z | θ0)1−ω

Z(ω,x<j ,θ0)
(4.13)

which is identical to Equation (4.4) except that w has been substituted by ω.

We name this strategy Delayed Approximate Posterior Updating, and present the ex-

pected results with this scheme in Section 4.3.

4.2.4.3 Temporal Difference Learning

An important feature required for an efficient Model-Free RL algorithm is to be able to

account for future rewards in order to make choices that might seem suboptimal to a
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myopic agent, but that make sense on the long run. This is especially useful when large

rewards (or the avoidance of large punishments) can be expected in a near future.

In order to do this, one can simply sum the expected value of the next state to the current

reward in order to perform the update of the reward distribution parameters. However,

because the evolution of the environment is somehow chaotic, it is usually considered

wiser to decay slightly the future rewards by a discount rate γ. This mechanism is

in accordance with many empirical observations of animal behaviours [564, 565, 566],

neurophysiological processes [567, 568, 569] and theories [570, 571, 572].

As the optimal value of γ is unknown to the agent, we can assume that she will try to

estimate its posterior distribution from the data as she does for the mean and variance

of the reward function. Section 4.5.4 shows how this can be implemented in the current

context. An example of TD learning in a changing environment is given in Section 4.3.4.

We now focus on the problem of decision making under the HAFVF.

4.2.5 The actor: Decision Making under the HAFVF

4.2.5.1 Bayesian Policy

In a stable environment where the distribution of the action values are known pre-

cisely, the optimal choice (i.e. the choice that will maximize reward on the long run)

is the choice with the maximum expected value: indeed, it is easy to see that if

E [r(s, a1)] > E [r(s, a2)], then E [
∑

n rn(s, a1)] > E [
∑

n rn(s, a2)] (here and for the next

few paragraphs, we will restrict our analysis to the case of single stage tasks, and omit

the s input in the reward function). However, in the context of a volatile environment,

the agent has no certainty that the reward function has not changed since the last time

she visited this state, and she has no precise estimate of the reward distribution. This

should motivate her to devote part of her choices to exploration rather than exploitation.

In a randomly changing environment, there is no general, optimal balance between the

two, as there is no way to know how similar is the environment wrt the last trials.The

best thing an agent can do is therefore to update her current policy wrt her current

estimate of the uncertainty of the latent state of the environment.

Various policies have been proposed in order to use the Bayesian belief the agent has

about its environment to make a decision that maximizes expected rewards in the long

run. We review briefly Q-value sampling (QS) [186]1. Our framework can also be

1Here, we use the terminology Q-value sampling in accordance with Dearden [162, 186], but one
should recall that QS is virtually indistinguishable from Thompson sampling, see Paragraph 1.2.3.1.1.
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connected to another algorithm used in the study of animal RL [198, 573], based on the

Value of Perfect Information (VPI) [162, 208, 574], which we describe in Section 4.5.5.

QS [186] is an exploration policy based on the posterior predictive probability that an

action value exceeds all the other actions available:

p(a) , p(a = arg max
a

µ(a)) = Ep(µ(a))

[
p
(
µ(a) > µ(a′)∀a′¬a

)]
. (4.14)

The expectation of Equation (4.14) provides a clear policy to the agent. The QS ap-

proach is compelling in our case: in general, the learning algorithm we propose will

produce a trial-wise posterior probability that should, most of the time, be easy to

sample from.

The policy dictated by QS is optimal provided that the subject has an equal knowledge

of all the options she has. If the environment is only partly explored, the value of some

actions may be overestimated (or underestimated), in which case QS will fail to detect

that exploration might be beneficial. QS can lead to the same policy when two actions

(a1 and a2) have similar uncertainty associated with their reward distribution (σ1 = σ2)

but a different reward (µ1 > µ2), and when one action has a much larger expected reward

(µ1 � µ2) but also larger uncertainty (σ1 � σ2) (see [162] for an example). This can be

sub-optimal, as the action with the larger uncertainty could lead to a higher (or lower)

reward than expected: in this specific case, choosing the action with the largest expected

reward should be even more encouraged due to the lack of of knowledge about its true

reward distribution, which might be much higher than expected. A strategy to solve

this problem is to correct the policy by a factor, the Value of Perfect Information, that

reflects the ratio between the potential information gain that will follow the selection of

an action with the reward cost of this choice. This approach, and its relationship to our

algorithm, is discussed in Section 4.5.5.

4.2.5.2 Q-Sampling as a Stochastic Process

Let us get back to the case of QS, and consider an agent solving this problem using

a gambler ruin strategy [350]. We assume that, in the case of a two-alternative forced

choice task, this agent has equal initial expectations that either a1 or a2 will lead to

the highest reward, represented by a start point z0 = ζ/2, where ζ will be described

shortly. The gambler ruin process works as follows: this agent samples a value
∼
r (a1) ∼

p (r(a1) | x<j) and a value
∼
r (a2) ∼ p (r(a2) | x<j) and assess which one is higher. If

∼
r (a1) beats

∼
r (a2), she computes the number of wins of a1 until now as z1 = z0 + 1,

and displaces her belief the other way (z0 − 1) if a2 beats a1. Then, she starts again

and moves in the direction indicated by sign(r(a1)− r(a2)) until she reaches one of the
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two arbitrary thresholds situated at 0 or ζ that symbolize the two actions available. It

is easy to see that the number of wins and looses generated by this procedure gives a

Monte Carlo sample of p(r(a1) > r(a2) | x<j). We show in Section 4.5.6.1 that this

process tends to deteministically select the best option as the threshold grows.

So far, we have studied the gambler ruin problem as a discrete process. If the inter-

val between the realization of two samples tends to 0, this accumulation of evidence

can be approximated by a continuous stochastic process [350]. When the rewards are

normally distributed, as in the present case, this results in a Wiener process, or Drift-

Diffusion model (DDM, [1]), since the difference between two normally distributed ran-

dom variables follows a normal distribution. This stochastic accumulation model has a

displacement rate (drift) that is given by

d
z

dt
∼ N (µ(a1)− µ(a2), σ2(a1) + σ2(a2)) see [575].

Crucially, it enjoys the same convergence property of selecting almost surely the best

option for high thresholds (see Section 4.5.6.2).

4.2.5.2.1 Sequential Q-Sampling as a Full-DDM model This simple case of

a fixed-parameters DDM, however, is not the one we have to deal with, as the agent

does not know the true value of {µ(a),σ2(a)∀a ∈ a}, but she can only approximate

it based on her posterior estimate. Assuming that the approximate posterior over the

latent mean and variance of the reward distribution is a NG−1 distribution, and keeping

the original statement dXdt = r(a1)− r(a2), we have

d
X

dt
∼ N (

∼
µ1 − ∼µ2,

∼
σ

2
1 +

∼
σ

2
1)

where
∼
µi,
∼
σ

2
i ∼ N (µµi , σ

2
i /κ

µ
i )G−1(ασi , β

σ
i ) for i = {1, 2}

⇔ ∼
µ1 − ∼µ2 ∼ N (µµ1 − µµ2 ,

σ2
1

κµ1
+

σ2
2

κµ2
)

∼
σ

2
1 ∼ G−1(ασ1 , β

σ
1 )

∼
σ

2
2 ∼ G−1(ασ2 , β

σ
2 )

(4.15)

and where, for the sake of sparsity of the notation, the indices are used to indicate the

corresponding action-related variable.

To see how such evidence accumulation process evolves, one can discretize Equation (4.15):

this would be equivalent to sample at each time t a displacement

∆x = ∆t
∼
ξ +
√

∆t
∼
ς ε (4.16)
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where ∆x stands for xt−xt−1. The drift
∼
ξ in Equation (4.16) is sampled as the difference

between two sampled means
∼
µ1 − ∼µ2 and the squared noise

∼
ς

2
is sampled as the sum of

the two sampled variances
∼
σ

2
1 +

∼
σ

2
2. At each time step (or at each trial, quite similarly

as we will show), the tuple of parameters {∼µ1,
∼
µ2,
∼
σ

2
1,
∼
σ

2
2} is drawn from the current

posterior distribution.

Hereafter, we will refer to this process as the Normal-Inverse-Gamma Diffusion Process,

or NIGDM.

4.2.5.3 NIGDM as an exploration rule

Importantly, and similarly to QS, this process has the desired property of selecting

actions with a probability proportional to their probability of being the best option. This

favours exploratory behaviour since, assuming equivalent expected rewards, actions that

are associated with large reward uncertainty will tend to be selected more often. We show

that the NIGDM behaves like QS in Section 4.5.6.3. There, it is shown (Theorem 4.4)

that, as the threshold grows, the NIGDM choice pattern resembles more and more the

QS algorithm. For lower values of the threshold, this algorithm is less accurate than QS

(see further discussion of the property of NIGDM for low thresholds in Section 4.5.5).

Box 4.2.2| Biasing decisions before accumulation: the role of starting

point

A constellation of studies have suggested that decisions are not made based solely

on the current observation, but also on some conditioning that ensues from past

experience. It is indeed well known that the brain works not only by reacting

to the current contingency, but also by predicting upcoming events [576, 577,

578]. For instance, model-based RL itself is based upon the assumption (and

observation) that neural population simulate upcoming events to make a decision

[259]. Also, it has been shown that assuming that action sequences can be selected

as macro can explain the emergence of inflexible behaviours with training without

recurring to a clear-cut dual component learning model (we refer the reader to

the discussion of deciding in POMDPs in Box 1.2.10). Here, we suggest that

the bias in decision (the starting point in DDM terms) reflects how some prior

knowledge about state transitions can guide decisions when no data is available

yet: by adapting its starting point, an accumulator can deal with the urgency

associated with decision making and make use of all the time available between

the end of an action and the presentation of the successive state.

Here, we assume that the agent has some knowledge of the transition probability of

state to state given a certain action. We also assume that following some decision
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rule, the agent is able to observe its own policy and learn it in a state-action

pairing paradigm. Formally, in a mean-field framework and without forgetting,

this posterior learning of the decision contingency takes the form of a multinomial

distribution with a Dirichlet approximate posterior. Each time an agent takes a

decision ajk ∈ a in state sji ∈ s, it updates the approximate posterior q(α | δ) over

the decision probability p(a | α) according to

δjk = δj−1
k + 1.

As soon as an action has been selected in j − 1, the agent can start simulating a

range of possible next states given its transition belief, and from there simulate

possible actions based on the past observed policy. Evidence can therefore be

accumulated in favour of each action available before observations are provided

to the agent: at t = 0, the accumulation process is already biased toward some

preferred actions. Because this policy was outcome or reward-driven, this strategy

will lead to select rewarded actions after some training.

The advantage of this decision scheme becomes clear in the context of Semi-MDP

(Box 1.2.1) and when time pressure is high: it might be the case that not enough

observations can be retrieved from the environment to clearly discriminate the

current state. Therefore, one needs to take advantage of past observed transitions

to make a decision when the current state is ill-defined. When sensory evidence

is provided, the decision scheme resembles to a POMDP posterior evaluation

of the current state (or action) conditioned on transitions and observations. If

the transitions are highly predictable, sensory information can be discarded and

decisions can be anticipated, giving rise to a chunking of action sequences.

The proposed decision framework is based upon the observation that human de-

cisions are conditioned on past experience in a way that is compatible with a

change of starting point [380]. It is also compatible with intracerebral recordings

showing that the hippocampal pre-activation facilitates decision making in pre-

dictable environments [579] and that RT are usually shorter when pre-activation

is high. Finally, it recalls the various neurocomputational theories that argue for

a critical role of policy learning in decision making [580, 581, 582] where stimuli

are paired directly with actions, with or without recurring to value learning [246,

583].
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4.2.5.4 Cognitive cost optimization under the AC-HAFVF

Algorithm 11 summarizes the AC-HAFVF model. This model ties together a learning

algorithm - that adapts how fast it forgets its past knowledge on the basis of its as-

sessment of the stability of the environment - with a decision algorithm that makes full

use of the posterior uncertainty of the reward distribution to balance exploration and

exploitation.

Importantly, these algorithms make time and resource costs explicit: for instance, time

constraints can make decisions less accurate, because they will require a lower decision

threshold. Figure 4.2 illustrates this interpretation of the AC-HAFVF by showing how

accuracy and speed of the model vary as a function of the variance of the reward esti-

mates: the cognitive cost of making a decision using the AC-HAFVF is high when the

agent is uncertain about the reward mean (low κj) but has a low expectation of the

variance (low βj). In these situations, the choices were also more random, allowing the

agent to explore the environment. Decisions are easier to make when the difference in

mean rewards is clearer or when the rewards were more noisy.
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Figure 4.2: Policies for the AC-HAFVF as a function of reward variance βj and
number of effective observations κj , for a fixed value of posterior mean rewards (µ1 =
−µ2 = 1), shape parameter α1 = α2 = 3 threshold ζ = 2, start point z0 = ζ/2 and
τ = 0. A. Choices were more random for more noisy reward distributions (i.e. high
values of βj) and for mean estimates with a higher variance (i.e. with a lower number
of observations κj). B. Decisions were faster when the difference of the means was
clearer (high κj) and when the reward distributions was noisy (high β). Subjects were
slower to decide what to do for noisy mean values but precise rewards, reflecting the

high cognitive cost of the decision process in these situations.

Besides the decision stage, the computational cost of the inference step can also be

determined. To this end, one must first consider that the HAFVF updates the variational

posterior using a natural gradient-based [77] approach with a Fisher preconditioning

matrix [584, 70, 76]: to learner computes a gradient of the ELBO wrt the variational

parameters, then moves in the direction of this gradient with a step length proportional

to the posterior variance of the loss function. Because of this, the divergence between the
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true posterior probability p(z | x≤j) and the prior probability p(z) (i.e. the mixture of

the default distribution and previous posterior) conditions directly the expected number

of updates required for the approximate posterior to converge to a minimum DKL

[∣∣∣∣]
(see for instance [585]). Also, in a more frequentist perspective and at the between-

trial time scale, convergence rate of the posterior probability towards the true (if any)

model configuration is faster when the KL divergence between this posterior and the

prior is small [586]: in other words, in a stable environment, a higher confidence in past

experience will require less observations for the same rate of convergence, because it will

tighten the distance between the prior and posterior at each time step.

These three aspects of computational cost (for decision, for within-trial inference and for

across-trial inference) can justify the choice (or emergence) of lower flexible behaviours

as they ultimately maximize the reward rate [198, 587]: indeed, such strategies will lead

in a stable environment to faster decisions, to faster inference at each time step and to

a more stable and accurate posterior.

Algorithm 11: AC-HAFVF. For simplicity, the NIGDM process has been dis-
cretized.
input: prior belief {θ0,φ0,β0}

1 for j = 1 to J do
2 Actor: NIGDM ;

input: Start point z0, threshold ζ, non-decision time τ
3 k ← 0;

4 sample
∼
µi,
∼
σ

2
i∼ N (µµi , σ

2
i /κ

µ
i )G−1(ασi , β

σ
i ) for i = {1, 2};

5 while 0 < zk < ζ do
6 k += 1;

7 sample δz ∼ N
(
∼
µ1 − ∼µ2,

∼
σ

2
1 +

∼
σ

2
2

)
;

8 move zk += δz;

9 end

10 select aj ←
{

1 if zk ≥ ζ
2 otherwise

;

11 Get reward rj = r(sj , aj), Observe transition sj+1 = j(sj , aj);
12

13 Critic: HAFV F ;
14 ELBO ← −∞;
15 while |δL| ≤ 10−3 do
16 update θj(sj , aj) = arg maxθj(sj ,aj) L(q(θj(sj , aj),φj ,βj)) using CVMP;

17 update {φj ,βj} using NCVMP;

18 δL ← L(q(θj(sj , aj),φj ,βj))− ELBO;

19 ELBO ← L(q(θj(sj , aj),φj ,βj));

20 end

21 end
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Box 4.2.3| Adapting the threshold to posterior variance

In Section 1.3.1.3, we suggested that the observation that the tonic dopamine

level was associated with less random responses and faster RTs (which is equiva-

lent to a lower exploration/exploitation trade-off) was compatible with the view

that the tonic dopamine level linked the measure of the posterior variance to a

corresponding decision threshold. However, in the simulations we have ran in this

chapter, the threshold was kept constant throughout the experiment, as explo-

ration/exploitation adaptation to learning was not the primary aim of this study.

Additional experiments should be conducted to investigate the possibility that

the threshold response is indeed adapted proportionally to the posterior variance.

4.2.6 Fitting the AC-HAFVF

So far, we have provided all the necessary tools to simulate behavioural data using the

AC-HAFVF. It is now necessary to show how to fit model parameters to an acquired

dataset. We will first describe how this can be done in a Maximum Likelihood framework,

before generalizing this method to Bayesian inference using variational methods.

The problem of fitting the AC-HAFVF to a dataset can be seen as a State-Space model

fitting problem. We consider the following family of models:
Ωj,n = f(Ωj-1,n,Ω0,n,xj−1,n)︸ ︷︷ ︸

HAFV F

yj,n ∼ Ep(µ1,µ2,σ2
1 ,σ

2
2 |Ωj,n)

[
Wiener

(
µ1 − µ2,

√
σ2

1 + σ2
2, ζn, z0n, τn

)]
︸ ︷︷ ︸

NIGDM

where Ωj,n = {µµ,κµ,ασ,βσ,φ,β}j,n
and yj,n = {t, a}j,n

(4.17)

and tj,n stands for the reaction time associated with the state-action pair (s, a) of the

subject n at the trial j. Unlike many State-Space models, we have made the assumption

in Equation (4.17) that the transition model Ωj,n = f(Ωj-1,n,Ω0,n,xj−1,n) is entirely

deterministic given the subject prior Ω0,n and by the observations x<j , which is in

accordance with the model of decision making presented in Section 4.2.52.

2The Bayesian procedure we will adopt hereafter is formally identical to considering that the drift
and noise are drawn according to the rules defined in Section 4.2.5, making this model equivalent to:

yj,n ∼Wiener(
∼
ξ ,
∼
ς , ζn, z0n, τn)

∼
ξ ,
∼
ς ∼ f(Ωj-1,n,Ω0,n,xj−1,n)
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Quite importantly, we have made the assumption in Equation (4.17) that the threshold,

the non-decision time and the start-point were fixed for each subject throughout the

experiment. This is a strong assumption, that might be relaxed in practice. To simplify

the analysis, and because it is not a mandatory feature of the model exposed above, we

do not consider this possibility here and leave it for further developments.

We can now treat the problem of fitting the AC-HAFVF to behavioural data as two

separate sub-problems: first, we will need to derive a differentiable function that, given

an initial prior Ω0,n and a set of observations xn produces a sequence θn = {Ωj,n ∀j ∈
1 : J}, and second (Section 4.2.6.1) a function that computes the probability of the

observed behaviour given the current variational parameters.

4.2.6.1 Maximum A Posteriori Estimate of the AC-HAFVF

The update equations described in Section 4.2.4.1 enable us to generate a differentiable

sequence of approximate posterior parameters Ωj,n given some prior Ω0,n and a sequence

of choices-rewards x. We can therefore reduce Equation (4.17) to a loss function of the

form

log p(yj,n | x≤j,n; Ω0,n, ζn, z0n, τn)

whose gradient wrt Ω0,n can be efficiently computed using the chain rule:

∇Ω0,n {log p(yj,n | x; Ω0,n, ζn, z0n, τn)} =

∇Ω0,n {f(Ω0,n,x≤j)}T ∇Ωj,n
{log p(yj,n | Ωj,n, ζn, z0n, τn)}

where Ωj,n = f(Ω0,n,x≤j).

Recall that ∇Ω0,n {f(Ω0,n,x≤j)}T is the jacobian (i.e. matrix of partial derivative) of

Ωj,n wrt each of the elements of θ0 that are optimized, and∇Ωj,n
{log p(yj,n | Ωj,n, ζn, z0n, τn)}

is the gradient of the loss function (i.e. the NIGDM) wrt the output of f(·).

As the variational updates that lead to the evaluation of Ωj,n are differentiable, the use

of VB makes it possible to use automatic Differentiation to compute the Jacobian of

Ωj,n wrt Ω0,n.

The next step, is to derive the loss function log p(yj,n | Ωj,n, ζn, z0n, τn). In this log-

probability density function, the local, trial-wise parameters

χj,n ,
{
ξj,n, λ

−1
(
σ2
j,n(a1)

)
, λ−1

(
σ2
j,n(a2)

)}
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have been marginalized out. This makes its evaluation hard to implement with conven-

tional techniques. Variational methods can be used to retrieve an approximate Maximum

A Posteriori (MAP) in these cases (Chapter 2). The method is detailed in Section 4.5.7.

Briefly, VB is used to compute a lower bound (`j,n ≤ log p(yj,n | Ωj,n, ζn, z0n, τn)) to

the marginal posterior probability described above for each trial. Instead of optimizing

each variational parameters independently, we optimize the parameters ρ of an inference

network [110] that maps the current HAFVF approximate posterior parameters Ωj,n and

the data yj,n to each trial-specific approximate posterior. This amortizes greatly the cost

of the optimization (hence the name Amortized Variational Inference, AMI), as the non-

linear mapping (e.g. multilayered perceptron) h(yj,n;ρ) can provide the approximate

posterior parameters of any datapoint, even if it has not been observed yet. We chose

qρ(χj,n | yj,n) to be a multivariate Gaussian distribution, which leads to the following

form of variational posterior:

qρ(χj,n | yj,n) , N (µχj,n ,Σχj,n)

where µχj,n , Lχj,n = h(yj,n;ρ);ρ)
(4.18)

and Lχj,n is the lower Cholesky factor of Σχj,n . Another consideration is that, in order

to use the multivariate normal approximate posterior, the unbounded variances sample

λ−1
(
σ2
j,n(ai)

)
, i = 1, 2 must be transformed to an unbounded space. We used the

inverse softplus transform λ , log (exp (·)− 1), as this function has a bounded gradient,

in contrasts with the exponential mapping, which prevents numerical overflow. We

found that this simple trick could regularize greatly the optimization process. However,

this transformation of the normally distributed λ−1(·) variables requires us to correct

the ELBO by the log-determinant of the Jacobian of the transform [103], which for the

sofplus transform of x is simply log |δ λ(x)
δx | = − log (1 + exp(−x)).

The same transformation can be used for the parameters of θ0 that are required to

be greater than 0 (i.e. all parameters except µ0), which obviously do not require any

log-Jacobian correction.

In Equation (4.18), we have made explicit that we used the three latent variables: the

drift rate and the two action-specific noise parameters. This is due to the fact that,

unfortunately, the distribution of the sum of two Inverse-Gamma distributed random

variables does not have a closed form formula, making the use of single random variable

ς2
j,n = σ2

j,n(a1) + σ2
j,n(a2) challenging, whereas it can be done easily for ξj,n = µj,n(a1)−

µj,n(a2), which is normally distributed (see Equation (4.15)).

The final step to implement a MAP estimation algorithm is to set a prior for the parame-

ters of the model. We used a simple L2 regularization scheme, which consists trivially in

a normal prior N (0, 1) over all parameters, mapped onto an unbounded space if needed.



196

Algorithm 12 shows how the full optimization procedes.

Algorithm 12: MAP estimate of AC-HAFVF parameters.

input: Data x = {rj,n,yj,n for j = 1 to J , n = 1 to N}
1 initialize Ωn = {θ0,φ0,β0}n for n = 1 to N and IN§ weights ρ;
2 repeat
3 set L← 0;
4 for n = 1 to N do

5 Set
∼∇ρ,Ω0,n,ζn,z0n,τn ← 0;

6 for j = 1 to J do
7 Learning Step: HAFV F ;
8 Get Ωj,n = f(Ωj-1,n,Ω0,n,xj−1,n)
9 and Jacobian wrt Ω0,n: ∇Ω0,n {f(Ω0,n,x≤j)} using FAD∗;

10 Decision Step: HAFV F ;

11 Get ELBO `j,n of log p(yj,n | Ωj,n, ζn, z0n, τn) using AVI†;

12 and corresponding gradient ∇ρ,Ωj,n,ζn,z0n,τn {`j,n} using RAD‡;

13 Increment L += `j,n;
14 Compute gradient wrt Ω0,n using the chain rule:

15
∼∇Ω0,n += ∇Ω0,n {f(Ω0,n,x≤j)}∇Ωj,n

{`j,n};
16 Increment gradient of DDM and IN parameters

17
∼∇ρ,ζn,z0n,τn += ∇ρ,ζn,z0n,τn {`j,n};

18 end
19 L2-norm regularization:
20 L += −1

2‖{Ω0,n, ζn, z0n, τn}‖22;

21
∼∇Ω0,n,ζn,z0n,τn += −{Ω0,n, ζn, z0n, τn};

22 end

23 Perform gradient step ρ,Ω0,n, ζn, z0n, τn += η
∼∇ρ,Ω0,n,ζn,z0n,τn for a small η;

24 until Some convergence criterion is met ;

§ IN=Inference Network, ∗ FAD=Forward Automatic Differenciation, †

AVI=Amortized Variational Inference, ‡ RAD=Reverse Automatic Differentia-
tion (i.e. backpropagation).

4.3 Results

We now present four simulated examples of the (AC-)HAFVF in various contexts. The

first example compares the performance of the HAFVF to the HGF (REF) in a simple

contingency change scenario. The second example provides various case scenarios in a

changing environment, illustrating the trade-off between flexibility and the precision of

the predictions (Section 4.3.2), including cases where agents fail to adapt to contingency

changes following prolonged training in a stable environment, as commonly observed

in behavioural experiments [225]. The third example shows that the HAFVF can be

efficiently fitted to a RL dataset using the method described in Section 4.2.6. The
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Figure 4.3: HAFVF and HGF performance on the same dataset. Shaded areas rep-
resent the ±3 standard error interval. A. Observations, mean and standard error of
the mean estimated by both models. B. The variance estimates show that the HAFVF
adapted better to the variance in the first part of the experiment, reflected better the
surprise at the contingency change and adapted successfully its estimate when the envi-
ronment was highly stable. The HGF, on the contrary, rapidly degenerated its estimate
of the variance, and did not show a significant trace of surprise when the contingency
was altered. C. The value of the effective memory of the HAVFV is represented by the
approximate posterior parameter κµ, and the maximum memory (efficient memory, see

Section 4.2.1) allowed by the model at each trial.

fourth and final example shows how this model behaves in multi-stage environments,

and compares various implementations.

4.3.1 Adaptation to contingency changes and comparison with the

HGF

In order to compare the performance of our model to the HGF, we generated a simple

dataset consisting of a noisy square-wave signal of two periods of 200 trials, alternating

between two normally distributed random variables (N(1, 0.33) and N(−1, 0.33)). We

fitted both a Gaussian HGF and the HAFVF to this simple dataset by finding the MAP

parameter configuration for both models. The default configuration of the HGF was

used, whereas in our case we put a normal prior of N(0, 1) on the parameters (with

inverse softplus transform for parameters needing positive domains).

This fit constituted the first part of our experiment, which is displayed on the left part

of Figure 4.3. Comparing the quadratic approximation of the Maximum Log-model

evidence [73] of both models, we found a value of -186.42 for HAVFV and -204.73 for

the HGF, making the HAVFV a better model of the data, with a Bayes Factor [273]

greater than 8 ∗ 107.
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The second part of the experiment consisted in adding to this 400-trial long signal a

1200-trial long signal of input situated at y = 5, and simulate learning with the MAP

fitted parameter with the whole signal for both algorithms (Figure 4.3, right part).

Our aim was to see how the two models would behave in such case. An optimal agent

in such a situation should first account for the surprise associated with the sudden

contingency change, and then progressively reduce its expected variance estimate to

reflect the steadiness of the environment.

The HGF was unable to exhibit the expected behaviour: it hardly adapted its estimated

variance to the contingency change and did not adjust it significantly afterwards. This

contrasted with the HAFVF, in which we observed initially an increase in the variance

estimate at the point of contingency change (reflecting a high surprise), followed by

progressively decreasing variance estimate, reflecting the adaptation of the model to the

newly stable environment.

Together, these results are informative of the comparative performance of the two al-

gorithms. The Maximum Log-model Evidence was larger for the HAFVF than for the

HGF by several orders of magnitude, showing that our approach modelled better the

data at hand than the HGF. Moreover, the lack of generalization of the HGF to a simple,

new signal shows that this model tended to overfit the data, as can be seen from the

estimated variance at the time of the contingency change.

4.3.2 Learning and flexibility assessment

In the following datasets, we simulated the learning process of four hypothetical subjects

differing in their prior distribution parameters φ0,β0, whereas we kept θ0 fixed for all

of them (Table 4.1). The choice of the subject parameters was made to generate limit

and opposite cases of each expected behaviour. With these simulations, we aimed at

showing how the prior belief on the two levels of forgetting conditioned the adaptation

of the subject in case of contingency change (CC, Experiment 1) or isolated expected

event (Experiment 2).

In both experiments, these agents were confronted with a stream of univariate random

variables from which they had to learn the trial-wise posterior distribution of the mean

and standard deviation.

In Experiment 1, we simulated the learning of these agents in a steady environment

followed by an abrupt CC, occurring either after a long (900 trials) or a short (100 trials)

training. The signal r = { ri }ni=1 was generated according to a Gaussian noise with mean

µ = 3 before the CC and µ = −3 after the CC, and a constant standard deviation σ = 1.



199

Subjects µ0 κ0 α0 β0 φ10 φ20 β10 β20

(1) LL

0 0.1 1 1

4.5 0.5 4.5 0.5
(2) SL 0.5 4.5 4.5 0.5
(3) LS 4.5 0.5 0.5 4.5
(4) SS 0.5 4.5 0.5 4.5

Table 4.1: This table summarizes the parameters of the beta prior of the two forgetting
factors w and b used in Section 4.3.2, as well as the initial prior over the mean and
variance. A low value of initial number of observations κ0 was used, in order to instruct
learner to have a large prior variance over the value of the mean. Each subject will be
referred by its expected memory at the lower and higher level (i.e. L = long, S = short
memory). For instance, the subject number 3 (LS) is expected to have a long first-level
memory, but a short second-level memory, which should make her more flexible than
subject 2 (SL) after a long training, whom has a short first-level memory but a long

second-level memory.

Figure 4.4 summarizes the results of this first simulation. During the training phase, the

subjects with a long memory on the first level learned the observation value faster than

others. Conversely, the SS subject took a long time to learn the current distribution.

More interesting is the behaviour of the four subjects after the CC. In order to see which

strategy reflected best the data at hand, we computed the average of the ELBOs for

each model. The winning agent was the Long-Short memory, irrespective of training

duration, because it was better able to adapt its memory to the contingency.

The two levels had a different impact on the flexibility of the subjects: the first level

indicated how much a subject should trust his past experience when confronted with a

new event, and the second level measured the stability of the first level. On the one hand,

subjects with a low prior on first-level memory were too cautious about the stability of

the environment (i.e. expected volatile environments) and failed to learn adequately the

contingency at hand. On the other hand, after a long training, subjects with a high

prior on second-level memory tended to over-trust environment stability, compared to

subjects with a low prior on second level memory, impairing their adaptation after the

CC.

The expected forgetting factors also shed light on the underlying learning process oc-

curring in the four subjects: ŵ grew or was steady until the CC for the four subjects,

even for the SL subject which showed a rapid growth of ŵ during the first trials, but

failed to reduce it at the CC. In contrast, the LS subject did not exhibit this weakness,

but rapidly reduced its expectation over the stability of the environment after the CC

thanks to her pessimistic prior belief over b.

In Experiment 2, we simulated the effect of an isolated, unexpected event (rj = −3)

after long and short training with the same distribution as before. For both datasets, we

focused our analysis on the value of the expected forgetting factors ŵ and b̂, as well as

the effective memory of the agents, represented by the parameter κµ. As noted earlier,
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Experiment 1

Dataset LL SL LS SS

1 -1.719 -1.657 -1.62 -1.863
2 -1.526 -1.649 -1.519 -1.866

Experiment 2

LL SL LS SS

-1.459 -1.652 -1.501 -1.863
-1.453 -1.648 -1.495 -1.866

Table 4.2: Average ELBOs for Experiment 1 and 2. Higher ELBOs stand for more
probable models.

Figure 4.4: HAFVF predictions after a CC. Each column displays the results of a
specific hyperparameter setting. The blue traces and subplots represent the learning
in an experiment with a long training, the orange traces and subplots show learning
during a short training experiment. A. The stream of observations in the two training
cases are shown together with the average posterior expected value of the mean µµj .
The box line width illustrates the ranking of the ELBO of each specific configuration
for the dataset considered, with bolder borders corresponding to larger ELBOs. For
both training conditions, the winning model (i.e. the model that best reflected the
data) was the Long-Short memory model. This can be explained by the fact that the
first two models trusted too much their initial knowledge after the CC, whereas the
Short-Short learner was too cautious. B. Efficient memory (defined as 1/(1 − Eq [·]))

for the first level (ŵ, plain line) and second level (̂b, dashed line).

the value of ŵ sets an upper bound (the efficient memory) on κµ, which represented the

actual number of trials kept in memory up to the current trial.

Figure 4.5 illustrates the results of this experiment. Here, the flexible agents (with a

low memory on either the first or second memory level, or both) were disadvantaged

wrt the low flexibility agent (mostly LL). Indeed, following the occurrence of a highly

unexpected observation, one can observe that the LS learner memory dropped after

either long or short training. The LL learner, instead, was able to cushion the effect

of this outlier, especially after a long training, making it the best learner of the four to

learn these datasets (Table 4.2).
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Figure 4.5: HAFVF predictions after an isolated unexpected event. The figure is
similar to Figure 4.4. Here, the winning model was the one with a high memory on the

first and second levels.

4.3.3 Fitting the HAFVF to a behavioural task

The model we propose has a large number of parameters, and overfitting could be

an issue. To show that inference about the latent variables of the model depicted in

Section 4.2.6 is possible, we simulated a dataset of 64 subjects performing a simple one-

stage behavioural task, that consisted in trying to choose at each trial the action leading

to the maximum reward. In any given trial j ∈ 1 : 1000, the two possible actions (e.g.

left or right button press) were associated to different, normally distributed, reward

probabilities with a varying mean and a fixed standard deviation σ2
1,2 = 1: for the first

action (a1) the reward had a mean of 0 for the first 500 trials, then switched abruptly

to +2 for 100 trials and then to −2 for the rest of the experiment. The second action

value was identically distributed but in the opposite order and with the opposite sign

(Figure 4.6). This pattern was chosen in order to test the flexibility of each agent after

an abrupt CC: after the first CC, an agent discarding completely exploration in favour

of exploitation would miss the CC. The second and third CC tested how fast did the

simulated agents adapt to the observed CC.

Individual prior parameters Ωj ,
{
NG−1 prior θ0,n, Beta priors φ0,n,β0,n

}
and thresh-

olds ζn were generated as follows 3: we first looked for the L2-regularized MAP estimates

3With a negligible loss of generality, the prior mean µ0 was considered to be equal to 0 for all subjects
for both the data generation and the fitting procedures.
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of these parameters that led to the maximum total reward:

Ω∗, ζ∗ = arg max
Ω,ζ

J∏
j=1

p(aj = arg max
aj

rj |r<j ,a<j ,Ω, ζ)p(Ω, ζ)

using a Stochastic Gradient Variational Bayes (SGVB) [88] optimization scheme.

We then simulated individual priors centered around this value with a covariance matrix

arbitrarily sampled as

ΣΩ,ζ ∼ W−1
10




1 0 . . . 0

0 1
...

...
. . . 0

0 . . . 0 0.1




where W−1

n (·) is an inverse-Wishart distribution with n degrees of freedom. This choice

of prior lead to a large variability in the values of the AC-HAFVF parameters, except

for the NIGDM threshold whose variance was set to a sufficiently low value (hence the

0.1 value in the prior scale matrix) to keep the learning performance high.

This method ensured that each and every parameter set was centered around an unknown

optimal policy. This approach was motivated by the desire of preventing any strong

constrain on the data generation pattern while keeping a behaviour that was, on average,

close to be optimal, as it might be expected with a healthy population. The other DDM

parameters, νn and τn, were generated according to a Gaussian distribution centered on

0 and 0.3, respectively. Importantly, simulated subjects with a performance lower than

70% were rejected and re-sampled to avoid irrelevant parameter patterns.

Learning was simulated according to the Continuous Learning strategy (see Section 4.2.4.2),

because it was supposed to link more comprehensively the tendency to explore the envi-

ronment with the choice of prior parameters Ω. Choices and RT where then generated

according to the decision process described in Section 4.2.5 using the algorithm described

by [8]. Figure 4.6 shows two examples of the simulated behavioural data.

The behavioural results showed a clear tendency of subjects with large expected variance

in action selection to act faster and less precisely than others. This follows directly

from the structure of the NIGDM: larger variance of the drift-rate leads to faster but

less precise policies. More interesting is the negative correlation between the expected

stability and the reward-rate and average reaction time: this shows that the AC-HAFVF

was able to encode a form of subject-wise computational complexity of the task. Indeed,

large stability expectation leads subjects to trust more their past experience, thereby

decreasing the expected reward variance after a long training, but it also leads to a lower
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Figure 4.6: Simulated behavioral results. A. The values of the two available rewards
are shown with the dotted lines. The average drift rate µ1 − µ2 is shown in plain lines
for two selected simulated subjects n1 and n2, and population average. Subject n1

was more flexible than subject n2 on both the first and the second level, making her
more prone to adapt after the CCs, situated at trials 400, 500 and 600. This result is
highlighted in the underlying zoomed box. B. The subjects’ expected variance (blue,
log-valued) correlated negatively with the mean RT. The same correlation existed with
the expected stability on the first level (orange, logit-valued), but not with the second
level, which correlated positively with the average RT (green, logit-valued). Pearson
correlation coefficient and respective p-values are shown in rounded boxes. C. Similarly,
subjects with a higher expected variance and first-level stability had a lower average

accuracy. Again, second-level memory expectation had the opposite effect.

capacity to adapt to CCs. For subjects with low expectation of stability, the second level

memory was able to instruct the first-level to trust past experience when needed, as the

positive correlation between accuracy and upper level memory shows.

4.3.3.1 Fitting results

The fit was achieved with the Adam [493] Stochastic Gradient Descent optimizer with

parameters s = 0.005, β1 = 0.9, β2 = 0.99, where s decreased with a rate
√
di/1000e

where i is the iteration number of the SGD optimizer. We used the following annealing

procedure to avoid local minima: at each iteration, the whole set of parameters was

sampled from a diagonal Gaussian distribution with covariance matrix 1/i. This simple

manipulation greatly improved the convergence of the algorithm.

The MAP fit of the model is displayed in Figure 4.7. In general, the posterior estimates

of the prior parameters were well correlated with their true value, except for the prior

shape parameter α0. This lack of correlation did not, however, harm much the fit of

the variance (see below), showing that the model fit was able to accurately recover

the expected prior variability of each subject, which depended on α0. The NIGDM

parameters were highly correlated with their original value.
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Figure 4.7: Correlation between the true (x axis) and the posterior estimate (y axis)
of the parameters of the prior distributions across subjects. The first row displays the
correlations between true value and estimated θ0. The second row focuses on φ0 and
β0, whereas the third row shows the correlations for the NIGDM parameters (threshold,
relative start-point and non-decision time). Correlation coefficients and associated p-
value (with respect to the posterior expected value) are displayed in blue boxes. All
parameters are displayed in the unbounded space they were generated from. Overall,

all parameters correlated well with their true value, except for the α0(a).

We also looked at how the true prior expected value of w and b and variance correlated

with their estimate from the posterior distribution. All of these correlated well with their

generative correspondent, with the notable exception of the expected value of the second-

level memory Eq [b] (Figure 4.8). This poorer fit of Eq [b] was, however, compensated by

the good correlations of the generative parameters β0.

4.3.4 TD learning with the HAFVF

To study the TD learning described in Section 4.2.4.3, we built two similar Markov

Decision Processes (MDP) which are described in Figure 4.9a and Figure 4.9b. In brief,

they consist of 5 different states where the agent has to choose the best action in order

to reach a reward (r = 5) delivered once a specific state has been reached (hereafter,

we will use “rewarded state” and “rewarded state-action” interchangeably). The task

consisted for the agent to learn the current best policy during a 1000-trial experiment

where the contingency was fixed to the first MDP during the first 500 trials, and then

switched abruptly to the second MDP during the second half of the experiment.
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Figure 4.8: Correlation between true and expected values of the variances and for-
getting factors. All the fitted values (y axis) are derived from the expected value of
θ0 (A., variance) and {φ0,β0} (B., forgetting factors) under the fitted approximate
posterior distribution. Each dot represents a different subject. A. True (x-axis) to
fit (y axis) correlation for the reward (blue) and mean reward (red) variance. Both
expected values correlated well with their generative parameter, although the initial
number of observations of the gamma prior α0 did not correlate well with its generative
parameter. B. True (x-axis) to fit (y axis) correlation for the first (blue) and second

(red) level expected forgetting factor.

The same prior was used for all subjects: the mean and variance prior was set to

µ0 = 0, κ0 = 0.5, α0 = 3, β0 = 0.5. The forgetting factors shared the same flat

prior αw,b0 = 1, βw,b0 = 1. The priors on the discounting factor were set to a high

value αγ0 = 9, βw,b0 = 1 in order to discourage myopic strategies. The policy prior (see

Section 4.5.4) was set to a high value (π0 = 5.) in order to limit the impact of initial

choices on the computation of the state-action value.

Results are displayed in Figure 4.10. In both experiments, agents had a similar behaviour

during the first phase of the experiment: they both learned well the first contingency

by assigning an accurate value to each state-action pair in order to reach the rewarded

state more often. As expected, after the contingency change, the agents in experiment

(i) took a longer time to adapt than they took to learn the initial contingency, which can

be seen from the steeper slope of the reward rate during the first half of the experiment

wrt the second. This feature can only be observed if the agent weights its belief by some

measure of certainty, which is not modelled in classical, non-Bayesian RL.

In experiment (ii), the CC changes less the environment structure than the CC in ex-

periment (i). The agents were able to take this difference into account: the value of the

effective memories dropped less, and so did the reward rate.

An important feature observed in these two experiments is that the expected value of

γ adapted efficiently to the contingency: although we used a prior skewed towards high

values of γ, its value tended to be initially low as the agents had no knowledge of the

various action values. Also, this value increased afterwards, reflecting a gain in predictive

accuracy. The drop of Eq [w] had the effect of pushing Eq [γ] towards its prior, which
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Figure 4.9: Rewarded states are displayed in green. Each action had a probability of
90% to lead to the end state indicated by the red and black arrows (respectively left
and right action). The remaining 10% transition probabilities were evenly distributed
among the other states. For clarity, the thick arrows show the optimal path the agent
should aim to take during the two contingencies. Note that the only difference between
experiment (i) and (ii) is the location of the rewarded state after the CC (state 2 for

(i) and 5 for (ii)).
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Figure 4.10: Behavioural results in the first (left, Figure 4.9a) and second experiments
(right, Figure 4.9b). A. and B. Heat plot of the probability of visiting each state and
selecting each action for the 64 agents simulated. (i) Agents progressively learned the
first optimal actions (left action in state 3-4-5) during the first half of the experiment,
then adapted their behaviour to the new contingency (right action in states 1-4-2). (ii)
Similarly, in the second experiment, agents adapted their behaviour according to the
new contingency (left action in 1-3-5). C. Efficient memory on the first and second
level, and foreseeing capacity. Since the CC was less important in (ii) than in (i),
because the left action in state 3 kept being rewarded, the expected value of w dropped
less. The behaviour of the foreseeing capacity (1/(1 − Eq [γ]) and, therefore, of the
expected value of γ, is indicative of the effect that a CC had on this parameter: when
the environment became less stable, Eq [γ] tended to increase which had the effect of
increasing the impact of future states on the current value. D. (i) Reward rate dropped
after the CC, whereas the RT increased. The fact that subjects made slower choices
after the CC can be viewed as a mark of the increased task complexity caused by the
re-learning phase. Along the same line, RT decreased again when the subjects were
confident about the structure of the environment. (ii) The CC had also a lower impact

on the reward rate and RT in experiment (ii).
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in this case increased the posterior expectation of γ. At the same time, the uncertainty

about γ increased, thereby enhancing the flexibility of this parameter.

4.4 Discussion

In this paper, we propose a new Bayesian Reinforcement Learning (RL) algorithm aimed

at accounting for the adaptive flexibility of learning observed in animal and human sub-

jects. This algorithm adapts continuously its learning rate to inferred environmental

variability, and this adaptive learning rate is optimal under some assumptions about

statistical properties of the environment. These assumptions take the form of prior dis-

tributions on the parameters of the latent and mixing weight variables. We illustrate

different types of behaviour of the model when facing unexpected contingency changes

by taking extreme case scenarios. These scenarios implemented four types of assump-

tions on the tendency of the environment to vary over time (first-level memory) and on

the propensity of this environmental variability to change itself over time (second-level

memory). This approach allowed us to reproduce the emergence of inflexible behaviour

following prolonged experience of a stable environment, similar to empirical observations

in animals. Indeed, it has long been known that extensive training leads to automati-

zation of behaviour, called habits [588, 249, 545, 589], or procedural “system 1” actor

([590, 249]), which is characterized by a lack of flexibility (i.e. failure to adapt to contin-

gency changes) and by reduction of computational costs, illustrated by the capacity to

perform these behaviours concomitantly to other tasks [279, 255, 253]. These automatic

types of behaviour are opposed to Goal-Directed behaviours ([255, 236, 253]) and share

the common feature of being inflexible, either in terms of planning (for Model-Free RL

for instance) or in terms of adaptation in general.

Regarding the actor part, we implemented a general, Bayesian decision-making algo-

rithm that reflects in many ways the Full-DDM proposed by [364], as it samples the

reward distribution associated to each action and selects at each time step the best op-

tion. These elementary decisions are integrated until a decision boundary is reached.

Therefore, the actor maps the cognitive predictions of the critic onto specific behavioural

outputs such as choice and reaction time (RT). Importantly, this kind of Bayesian evi-

dence accumulation process for decision making is biologically plausible [386, 387], well

suited for decision making in RL [591, 434, 592, 593] and makes predictions that are

in accordance with physiological models of learning and decision making [5]. Other

noteworthy attempts have been made to integrate sampling-based decision-making and

RL [11, 12] using the DDM. However, the present work is the first, to our knowledge,

to frame the DDM as an optimal, Bayesian decision strategy to maximize long-term
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utility on the basis on value distributions inferred from a RL algorithm. We show that

this RL-DDM association, and especially in the framework of the Full DDM [364], finds

a grounded algorithmic justification in a Bayesian perspective, as the resulting policy

mimics the one of an agent trying to infer the best decision given its posterior belief

about the reward distribution.

Interestingly, under some slight modifications (i.e. assuming that the sampled rewards

are simulated from inverse causal mappings of samples drawn from the subject memory

[594, 109, 378]), it can recall similar to the model recently proposed by Bornstein et

al. [298, 420]. Similarly, while our decision making scheme used a heuristic based on

the asymptotic property of MCMC, the scheme of decision making proposed by Born-

stein and colleagues might recall other approximation techniques such as Approximate

Bayesian Computation (ABC [595]). Following this approach, data samples are gen-

erated according to some defined rule, and only the samples that match the actual

previous observations are kept in memory to approximate the posterior distribution or,

in our case, to evaluate the option with the greatest reward. This simple trick in the

decision making process keeps the stochastic nature of the accumulation process, while

directly linking the level of evidence to items retrieved from memory. We will discuss

the advantages of this decision scheme in Section 5.3.

One major advantage of our model is that its parameters are easily interpretable as

reflecting hidden behavioural features such as trial-wise effective memory, prior and

posterior expected stability, etc. We detail how model parameters can be fitted to data

in order to recover these behavioural features at the trial, subject and population levels.

This approach could be used, for instance, to cluster subjects in high-stability seeking

and low-stability seeking sub-populations, and correlate these behaviours to health con-

ditions, neurophysiological measures or training condition (stress, treatment etc.) We

show that, for a simulated dataset, the fitted posterior distribution of the parameters

correlate well with their original value. Moreover, each of the layers of the model (learn-

ing, first level memory and second level memory) have interesting behavioural correlates

in terms of accuracy and RT. These results show that the model is identifiable and that

there is a low redundancy in the various layers of the model. Moreover, different priors

over the expected distribution of rewards and environment stability led also to different

outcomes in terms of reward rate and RT: subjects whom assumed large environmental

stability were likely to act faster, but also to be less flexible and to gain less on average,

than subjects whom assumed high likelihood of contingency changes. This finding also

resonates with the habitual learning literature, in which decreased flexibility is also typ-

ically associated with short average RT, reflecting lower cognitive cost (see also [198]).

The second-level memory had different effect, in the sense that large memory tended to
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be associated with flexible or inflexible behavior, depending on whether past experience

corresponded to volatile or stable environment, respectively.

Finally, we extended our work to MDP and multi-stages tasks. More than adding a

mere reparametrization of TD learning, we propose a framework in which the time

discount factor is considered by the agent as a latent variable: this opens the possibility

of studying how animals and humans adapt their long-term / short-term return balance

in different conditions of environmental variability. We show in the results that deep CC

provoke a reset of the parameters, and lead subjects to erase their acquired knowledge

of the posterior value of γ. We also show that this ability to adapt γ to the uncertainty

of the environment can also be determinant at the beginning of the task, where nothing

is known about the long term return of each action, and where individuals might benefit

of a low expectation of γ that contrasts with the high expectation of subjects that have

a deeper knowledge of the environment.

The present model is based on forgetting, which is an important feature in RL that should

be differentiated from learning. In signal processing and related fields where online

learning is required, learning can be seen as the capacity to build on previous knowledge

(or assess a posterior probability distribution in a Bayesian context) to perform inference

at the present step. Forgetting, on the contrary, is the capacity to erase the learning

to come back at a naive, initial state of learning. The algorithm we propose learns a

posterior belief of the data distribution and infers how likely this belief is to be valid

in the next time step, on the basis of past environmental stability. This allows the

algorithm to decide when and how much to forget its past belief in order to adapt to

new contingencies. This feature sets our algorithm apart from previous proposals such as

HGF, in which the naive prior looses its importance as learning goes on, and where the

learner has no possibility of coming back to his initial knowledge. This lack of capacity

to forget implies that the agent can be easily fooled by its past experience, whereas our

model is more resistant in such cases, as its point of reference is fixed (which is the

common feature of SF algorithms, see above). We have shown in the results that our

model outperforms the HGF both in its fitting capability and its capacity to learn new

observations with a given prior configuration. The AC-HAFVF should help to flexibly

model learning in these contexts, and find correlates between physiological measures,

such as dopaminergic signals [596, 597], and precise model predictions in term of memory

and flexibility.

The SF scheme we have used, where the previous posterior is compared with a naive prior

to optimize the forgetting factor, is widely diffused in the signal processing community

[518, 528, 519, 536, 531, 535, 521, 522] and finds grounded mathematical justifications

for error minimization in recursive Bayesian estimation [534]. However, it is the first
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time, to our knowledge, that this family of algorithms is applied to the study of RL in

humans. We show that the two algorithms (RL and SF) share deep common features: for

instance, the HAFVF and other similar algorithms ([520]) can be used with a naive prior

θ0 set to 0, in which case the update equations reduce somehow to a classical Q-learning

algorithm (Chapter 3 and Section 4.5.2). Another interesting bound between the two

fields emerges when the measure of the environment volatility is built hierarchically: an

interesting consequence of the forgetting algorithm we propose is that, when observations

are not made, the agent erases progressively its memory of past events. This leads

to counterfactual learning schedule that favors exploration over exploitation at a rate

dictated by the learned stability of the environment (see Section 4.5.3 for a devlopement).

Crucially, this updating scheme, and the consecutive exploration policy, flows directly

from the hierarchical implementation of the SF scheme.

This work provides a tool to investigate learning rate adaptation in behaviour. Previ-

ous work has shown, for instance that the process of learning rate adaptation can be

decomposed into various components that relate to different brain areas or networks

[598]. Nassar and colleagues [599] have also looked at the impact of age on learning rate

adaptation, and found that older subjects were more likely to have a narrow expecta-

tion of the variance of the data they were observing, impairing thereby their ability to

detect true CC. The AC-HAFVF shares many similarities with the algorithm proposed

by Nassar and McGuire: it is designed to detect how likely an observation is to be

caused by an abrupt CC, and adapts its learning rate accordingly. Also, this detection

of CC depends in both models not only on the first and second moment of the obser-

vations, but also on their prior average and variability. We think, however, that our

model is more flexible and biologically plausible than the model of Nassar and McGuire

for three reasons. First, it is fully Bayesian: when fitting the model, we do not fit an

expected variance of the outcome observed, but a prior distribution on this variance.

This important difference is likely to predict better the observed data, as the subjects

performing an experiment have probably some prior uncertainty about the variability of

the outcome they will witness. Second, we considered the steadiness of the environment

as another Bayesian estimate, meaning that the subjects will have some confidence (and

posterior distribution) in the fact that the environment has truly changed or not. Third,

we believe that our model is more general (i.e. less ad hoc) than the model of Nassar,

as the general form of Equation (4.9) encompasses many models that can be formulated

using distributions issued from the exponential family. This includes behavioural mod-

els designed to evolve in multi-stage RL tasks, such as TD learning or Model-Based RL

[600].

It is important to emphasize that the model we propose does not intend to be universal.

In simple situations, fitting a classical Q-learning algorithm could lead to similar or
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even better predictions than those provided by our model. We think, however, that our

model complexity makes it useful in situations where abrupt changes occur during the

experiment, or where long sequences (several hundreds of trials) of data are acquired.

The necessity to account for this adaptability could be determined by comparing the

accuracy of the HAFVF model (i.e. the model evidence) to the one obtained from a

simpler Bayesian Q-Learning algorithm without forgetting.

The richness and generality of the AC-HAFVF opens countless possibilities of future

developments. The habitual/goal-directed duality has been widely framed in terms of

Model-Free/Model-Based control separation (e.g. [256, 283, 601, 589, 291, 602, 603,

261, 293]). Although we do not model here a Model-Based learning algorithm, we think

our work will ultimately help to discriminate various forms of inflexibility, and complete

the whole picture of our understanding of human RL: the current implementation of

the AC-HAFVF can model a lack of flexibility due to an overconfidence in the volatility

of the environment, whereas adding a Model-Based component to the model might

help to discriminate a lack of flexibility due to the overuse of a Model-Free strategy4

that characterize the Model-Free/Model-Based paradigm. In short, implementation of

Model-Based RL in an AC-HAFVF context might enrich greatly our understanding of

how the balance between Model-Based and Model-Free RL works. This is certainly a

development we intend to implement in the near future.

In conclusion, we provide a new Model-Free RL algorithm aimed at modelling be-

havioural adaptation to continuous and abrupt changes in the environment in a fully

Bayesian way. We show that this model is flexible enough to reflect very different be-

havioural predictions in case of isolated unexpected events and prolonged change of

contingencies. We also provide a biologically plausible decision making model that can

be integrated elegantly in our learning algorithm, and completes elegantly the toolbox

to simulate and fit datasets.

4Overconfidence in a Model-Free controller means that the subject will need to go through the same
sequences of state-action transitions over and over to downweight actions situated early in a sequence.
This contrasts with Model-Based control, which can immediately adapt its policy when an action situated
far from the current state is devaluated [266].
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4.5 Appendix

4.5.1 Normalizing constant of the exponential mixture prior distribu-

tion

Let us consider a prior distribution from the exponential family of the form

f(z | θ) = h(z) exp(θT(z)−A(θ)). (4.19)

Assuming that the approximate posterior q(z | θj−1) has the same form as the prior

distribution (which arises naturally in the VB scheme we are using), we are interested

in deriving

Z(w,θj−1,θ0) =

∫
f(z | θj−1)wf(z | θ0)1−wd z

=

∫
exp

(
w

(
θj−1 T(z) + log h(z)−A(θj−1)

)
+ (1− w)

(
θ0 T(z) + log h(z)−A(θ0)

))
dz

=

∫
h(z) exp

(
w

(
θj−1 T(z)−A(θj−1)

)
+ (1− w)

(
θ0 T(z)−A(θ0)

))

× exp

(
A (w θj−1 +(1− w)θ0)−A (w θj−1 +(1− w)θ0)

)
d z

=

∫
h(z) exp

((
w θj−1 +(1− w)θ0

)
T(z)−A (w θj−1 +(1− w)θ0)

)
d z︸ ︷︷ ︸

=1

× exp(−wA(θj−1)− (1− w)A(θ0) +A (w θj−1 +(1− w)θ0))

= exp(−wA(θj−1)− (1− w)A(θ0) +A (w θj−1 +(1− w)θ0)).

(4.20)

This result simplifies when combined with the numerator of Equation (4.4):

p(z | θj−1,θ0, w) =

h(z) exp

((
w θj−1 +(1− w)θ0

)
T(z)− wA(θj−1)− (1− w)A(θ0)

)
exp(−wA(θj−1)− (1− w)A(θ0) +A(w θj−1 +(1− w)θ0))

= h(z) exp

((
w θj−1 +(1− w)θ0

)
T(z)−A (w θj−1 +(1− w)θ0)

)
(4.21)

which has the form of a distribution from the exponential family where the natural

parameters of the two parts of the mixture are weighted according to w and 1− w.

If we are to find an analytical form to the lower bound L(q(z, w)) = Eq(z,w) [log p(x, z, w)− log q(z, w)],

we also need to compute the expected log-partition function given the approximate pos-

terior q(z, w): −Eq(z,w) [A (w θj−1 +(1− w)θ0)]. This expectation has usually not a
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closed-form expression, but it can be approximated efficiently if we consider its second

order Taylor expansion. Indeed,

A (w θj−1 +(1− w)θ0) = A (w0 θj−1 +(1− w0)θ0)

+∇w0A (w0 θj−1 +(1− w0)θ0) (w − w0)

+
O2
w0
A (w0 θj−1 +(1− w0)θ0)

2
(w − w0)2 +O

(
|w0 − w|3

)
.

(4.22)

If we replace w0 by the expected value of w under the approximate posterior w0 ,

Eq(w) [w] = ŵ, and given that Eq(w) [(w − ŵ)] = 0, the expected value of the log-partition

function can be approximated with

Eq(w) [A (w θj−1 +(1− w)θ0)] ≈ A (ŵ θj−1 +(1− ŵ)θ0)

+
1

2
∇2
ŵA (ŵ θj−1 +(1− ŵ)θ0)Varq(w) [w]

with ŵ = Eq(w) [w] .

(4.23)

4.5.2 HAFVF update equations correspondence in classical RL

The update equations of Equation (4.12) have a simple correspondence in classical fre-

quentist Q-learning. Let us first consider the case of the mean update in Bayesian

Q-Learning without adaptive forgetting where we have

µµj =
κµj−1µ

µ
j−1 + xj

κµj−1 + 1
(4.24)

= (1− η)µµj−1 + ηxj

where η =
1

κµj−1 + 1

= µµj−1 + η (xj − µµj−1)︸ ︷︷ ︸
RPE

.

We can see that the Reward Prediction Error (RPE) of the Rescola-Wagner (RW) update

emerges naturally in one considers that the learning rate η is equal to the inverse of the

sum of the number of trials observed plus the prior observation belief κµ0 (meaning that

the learning rate decreases each time an observation is made by a factor
κµ0+n

κµ0+n+1
).
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We can now look at the update of the expected value of the mean reward. It can be

reformulated as

µµj =
ŵ κµj−1µ

µ
j−1 + (1-ŵ) κµ0µ

µ
0 + xj

κµj

=
ŵ κµj−1

κµj
µµj−1 +

(1− ŵ )κµ0
κµj

µµ0 +
xj
κµj
.

Without loss of generality, we can consider that the prior mean reward is equal to 0,

which simplifies the above equation:

µµj =
ŵ κµj−1

κµj
µµj−1 +

xj
κµj
.

One can easily see that, in this context, we can recover the classical RW update term:

µµj = (1− η)µµj−1 +
η

(1− ŵ )κµj−1 + 1
xj

= µµj−1 + η

(
xj

(1− ŵ )κµj−1 + 1
− µµj−1

)
︸ ︷︷ ︸

RPE

where η =
(1− ŵ )κµj−1 + 1

κµj
.

The current observation xj is decayed by a factor proportional to the product of the

previous effective memory κj−1 and the trust allowed to the prior 1 − ŵ . This means

that the agent learns less trials that need to be discarded (as they are more likely to

be generated by the prior distribution than the previous posterior), especially when the

agent has a high memory. This account for the fact that an accident is less likely after

a long than a short steady training.

4.5.3 Counterfactual learning update equations

4.5.3.1 Continuous Updating

We consider that the agent adopts some update policy based on a family of inferred

update distributions
∼
xj+1∼ f

(
θj(s, a),θ0(s, a),φj ,φ0,β0

)
. As our notation suggests,

this update distribution is either a function of the previous approximate posterior θj , of

the prior θ0 or both.

If
∼
xj+1∼ f(θj(s, a)), we are in the presence of an optimistic limit case where the agent

does not consider that the environment will change anymore when she has selected an
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action: once some rτ (s, a) with τ ∈ 1 : j is observed, the resulting posterior predictive

distribution is used to update the variational parameters in the next trials until a is

selected again.

Conversely, the pessimistic model of evolution of
∼
xj+1 considers that the upcoming

values of r(s, a) are extremely variable, and that the agent should not trust anything

more than its broad, initial marginal prior p(
∼
xj+1| θ0).

A third case of update distribution can be used: the agent can actually consider that

the new value of
∼
xj+1 would likely be drawn from a mixture of the prior and posterior

approximate marginal distributions, similar to the distribution implemented in Equa-

tion (4.5) (and possibly Equation (4.9)):

∼
xj+1 ∼ p(∼xj+1| z)

z ∼ p(z |w(θj(s, a)− θ0(s, a)) + θ0).
(4.25)

The next section details the update equation in these three cases.

4.5.3.2 Approximate posterior updating of non-selected actions

In order to develop the update equations of the variational parameters in the case of

counterfactual learning, one must first derive an ELBO for this specific case. Recall

that, if xj+1 were observed, the ELBO would have the form:

Lj+1(q(µ, σ, w, b)) = E(µ,σ,w,b) [log p(xj+1, µ, σ, w, b|θj+1,θ0)− log q(µ, σ, w, b)] .

In the case of an unobserved datapoint, we take the expected value of the ELBO under

some model of the evolution of xj+1 ∼ f(θj ,θ0)

Ef [Lj+1(q(µ, σ, w, b))] = Ef
[
E(µ,σ,w,b) [log p(xj+1, µ, σ, w, b|θj+1,θ0)− log q(µ, σ, w, b)]

]
.

One can easily see that the update of the variational parameters of the action not taken

under the optimistic assumption that the environment will not change takes the form
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of:

µµj+1 =
ŵ κµj µ

µ
j + (1-ŵ) κµ0µ

µ
0

κµj+1

+
x̂j+1

κµj+1

κµj+1 = ŵ κµj + (1-ŵ) κµ0 + 1

ασj+1 = ŵ ασj + (1-ŵ) ασ0 +
1

2

βσj+1 = ŵ βσj + (1-ŵ) βσ0 +

1

2

(
ŵ κµj+1(µµj+1 − µ

µ
j )2 + (1-ŵ) κµ0 (µµj+1 − µ

µ
0 )2 + (x̂j+1 − µµj+1)2 + Var [xj+1]

)

where x̂j+1 = Eq [Ep [xj+1]]

= µµj

and Var [xj+1] = Eq
[
Ep
[
x2
j+1

]]
− Eq [Ep [xj+1]]2

=
βσj

ασj − 1
+

βσj
κµj (ασj − 1)

.

Note that the posterior predictive variance of xj+1 is equal to the sum of the expected

variance and the variance of the mean. A similar update paradigm can be used for the

opposite limit case where it is assumed that the distribution of xj+1 is totally undeter-

mined (i.e. that it has come back to the marginal prior distribution p(xj |θ0)):

x̂j+1 = Eq [Ep [xj+1]]

= µµ0

Var [xj+1] = Eq
[
Ep
[
x2
j+1

]]
− Eq [Ep [xj+1]]2

=
βσ0

ασ0 − 1
+

βσ0
κµ0 (ασ0 − 1)

.
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Finally, the mixed approach consist in considering that the value xj+1 is a weighted

average of the two given the learned mixing coefficient:

x̂j+1 = µµ∗

Var [xj+1] =
βσ∗

ασ∗ − 1
+

βσ∗
κµ∗ (ασ∗ − 1)

where

µµ∗ =
ŵ κµj µ

µ
j + (1-ŵ) κµ0µ

µ
0

κµ∗

κµ∗ = ŵ κµj + (1-ŵ) κµ0

ασ∗ = ŵ ασj + (1-ŵ) ασ0

βσ∗ = ŵ βσj + (1-ŵ) βσ0 +

1

2

(
ŵ κµj (µµ∗ − µµj )2 + (1-ŵ) κµ0 (µµ∗ − µµ0 )2

)
.

Using this update scheme, the agent erases his memory of the posterior distribution at a

rate dictated by the stability of the environment, and θj → θ0 as j →∞. Together with

the decision algorithm presented in Section 4.2.5, this result shows that, as the posterior

distributions broadens and approaches the initial prior, the likelihood of choosing this

action will also increase because the expected random noise of the evidence accumulation

process will also increase.

4.5.3.3 Delayed approximate posterior updating

Another approach for the agent to consider the evolution of the environment when

selecting an action whose outcome has not been seen for a long time is to simulate the

expected waning of the previous update across the elapsed interval of time.

Let us consider the case where the agent has chosen an action (e.g. left) at the trial

j, and then the opposite action (right) for n trials. We assume that, during these n

trials, she has been updating only the value of the right action, leaving the approximate

posterior over the distribution parameters of the value of the left action untouched.

When selecting left at the trial j + n, she considers that the weight of the posterior

component of the prior distribution has decreased exponentially for n trials. The prior

then looks like:
p(z |θj−n)w

n
p(z |θ0)1−wn

Z

In order to compute the NCVMP update of the approximate posterior parameters over

w, we then need to compute the expected value of wn. If qj(w) is set to be a beta
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distribution with parameters φj = {φ1j , φ2j}, we have

Eqj(w) [wn] =
Γ(φ2j)Γ(φ1j + n)

B(φ1j , φ2j)Γ(φ1j + ω2j + n)
(4.26)

where B(a, b) = Γ(a)Γ(b)
Γ(a+b) . The expected value of the squared decay w2n (used to compute

the variance in the expected value of the second order Taylor expansion of the log-

partition function.

Unlike the previous method, the shape parameter of the gamma distribution over the

variance does not need to be greater than 1 here, as we do not need to simulate the

variance of the non-selected action value. However, this is true only for the single stage-

case, as the multi-stage case also bases its value updates on expected squared values of

rewards, thereby requiring ασ0 > 1 too.

4.5.4 Discount factor inference

4.5.4.1 Model specification

The main idea we will try to develop here is that the discount factor γ can be considered

as a latent random variable, so that inference is made about its value in order to get the

most precise estimate of the posterior predictive distribution of the long term return of

an action p(V (s, a) | x≤j).

For practical reasons, it is easier to model separately the factorized distribution of the

current, immediate state-action reward p(r(s, a)) and the discounted value of the future

state p(γv(s′ | s, a)). In this notation, γv(s′ | s, a) is a random variable representing the

discounted long-term value of taking the action a in state s minus the value of the reward

received while performing this action r(s, a):

V (s, a) = r(s, a) + γv(s′ | s, a)

Following this logic, we define the following factorized distribution:

p
(
r(s, a), v(s′ | s, a)

)
= p
(
r(s, a) | µr(s, a), σr(s, a)

)
p
(
v(s′ | s, a) | µv(s, a), σv(s′ | s, a), γ

)
where r(s, a) is normally distributed and v(s′ | s, a) is distributed according to the fol-

lowing modified Gaussian distribution:

p
(
v(s′ | s, a) | µv(s, a), σv(s, a), γ

)
= γ

exp
{

(µv(s,a)−γv(s′|s,a))2

2σv(s,a)2

}
√

2π σv(s, a)
.
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It becomes clear that this distribution integrates to 1 over v(s′ | s, a), and that it corre-

sponds to a Normal distribution over γv(s′ | s, a). Therefore, the probability distribution

of V (s, a) = r(s, a) + γv(s′ | s, a) can be written as:

p(V (s, a)) = N (µr(s, a) + µv(s, a), σr(s, a)2 + σv(s, a)2).

This joint probability distribution encodes, for each state-action pair the probability

distribution of the associated long-term, discounted return.

We naturally define the prior probability of the discounting factor γ ∈ [0; 1] at j = 1

as a Beta distribution with parameters B(αγ0 , β
γ
0 ), and a NG−1 prior over the Gaussian

parameters {µr(s, a), σr(s, a), µv(s, a), σv(s, a)}.

4.5.4.2 Learning from observed transitions and rewards

We now tackle the question of how to estimate the value of the state that has been

reached v(s′ | s, a). Indeed, this value, contrary to the reward, is not directly observed

but must be inferred from the state of arrival s′. We consider the following state-value

inference model:
v(s′ | s, a) = Eπ(a′|s′)

[
V (s′, a′)

]
= Eπ(a′|s′)

[
r(s′, a′) + v(s′ | s, a)

]
.

(4.27)

Equation (4.27) stated that the agent assumes that the expected value of the next state

is equal to the average of the various state-action values available, weighted by the

probability of selection the corresponding action (the observed policy π(a′ | s′)). We

assume that the agent does not have a direct access to the complete description of the

policy (meaning that, whereas she can make a decision efficiently, she cannot retrieve the

summary statistics of this policy). This assumption is in accordance with the decision

process described in Section 4.2.5. This policy can, however, be learned similarly to

r(s, a) using a multinomial distribution with a Dirichlet (or Beta in the case of Two-

Alternative Forced Choice tasks) prior and approximate posterior: at each trial, the

agent observes the action she has performed, and update her belief of the current policy.

Let us now consider how the expected log-joint probability of v(s′ | s, a) would appear

in the ELBO if this value was observed under the mean-field assumption:

Eqj+1(µv(s,a),σv(s,a)2,γ)

[
log p(v(s′ | s, a)|µv(s, a), σv2, γ)

]
= −1

2
Eqj+1(σv(s,a)2)

[
log σv(s, a)2

]
− 1

2
Eqj+1(µv(s,a),σv(s,a)2)

[
(γv(s′ | s, a)− µv(s, a))2

σv(s, a)2

]
+ Eqj+1(γ) [log γ] + cst.

(4.28)
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Once the agent reaches the next state ŝ′, inference of the value E
[
v(s′ | s, a) | s′ = ŝ′

]
can be achieved by using the posterior predictive expectation of this formula:

E
[
v(s′ | s, a) | s′ = ŝ′

]
= Ep(v|x≤j)

[
v(ŝ′ | s, a)

]
≈ Eqj(z)

[
Ep(V,π|z)

[
Eπ
[
V (ŝ′, a′)

]]]
= Eqj(z)

[
Ep(r,v,π| z)

[
Eπ
[
r(ŝ′, a′) + γv(s′′|s′, a′)

]]]
= Eqj(z)

[
Ep(r,v,π| z)

[∑
a′∈A

π(a′ | ŝ′)(r(ŝ′, a′) + γv(s′′|ŝ′, a′))
]]

=
∑

a′∈a1,a2

δπj (ŝ′, a′)∑
a∈A δ

π
j (ŝ′, a)

(µrj(ŝ
′, a′) + µvj (ŝ

′, a′))

(4.29)

where A is the set of actions available, and where we indexed with j each variational

parameter to emphasize the fact that this expectation is made with respect to the

previous posterior belief.

Equation (4.28) being linear and quadratic wrt v(s′ | s, a), we also need to solve the

expected value E
[
v(s′ | s, a)2 | s′ = ŝ′

]
:

Ep(v|x≤j)
[
v(s′ | s, a)

2
]
≈

Eqj(z)

[
Ep(r,v,π| z)

[( ∑
a′∈A

π(a′ | s′)(r(s′, a′) + γv(s′′|s′, a′))
)2]]

.
(4.30)

The expression in Equation (4.30) can be computed iteratively (Algorithm 13):

using the following equivalences

Eqj−1

[
Ep(r|µr,σr) [r]

]
= µrj−1 (4.31)

Eqj−1

[
Ep(r|µr,σr)

[
r2
]]

= µrj−1
2 +

βrj−1

(αrj−1 − 1)κrj−1

+
βrj−1

(αrj−1 − 1)
(4.32)

Eqj−1

[
Ep(v|µv ,σv ,γ) [γv]

]
= µvj−1 (4.33)

Eqj−1

[
Ep(v|µv ,σv ,γ)

[
(γv)2

]]
= µvj−1

2 + σvj−1
2 (4.34)

Eqj−1

[
π(a|s)2

]
=

(
δ
π(a|s)
j−1

δ0

)2

+
δ
π(a|s)
j−1 (δ0 − δπ(a|s)

j−1 )

δ2
0(δ0 + 1)

(4.35)

Eqj−1

[
π(a|s)π(a′ | s)

]
=
δ
π(a|s)
j−1 δ

π(a′|s)
j−1

δ2
0

−
δ
π(a|s)
j−1 δ

π(a′|s)
j−1

δ2
0(δ0 + 1)

(4.36)

with δ0 =
∑
a′∈A

δπ(a′|s)

where we have dropped several state-action indices for clarity.
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Algorithm 13: Ep(v(s′|s,a)|x≤j)

[
v(s′ | s, a)2|s′ = ŝ′

]
iterative computation

input: Factorized approximate posterior distribution qj−1, state reached at trial j

ŝ′

1 Results: Posterior predictive estimate ν = Ep(v(s′|s,a)|x≤j)

[
v(s′ | s, a)2|s′ = ŝ′

]
2 ν = 0
3 for a ∈ A do
4 for a′ ∈ A do
5 if a == a′ then
6 ν += Eqj−1

[
π(a|s′)2

]
× // Eq 4.35

7
(
Eqj−1

[
Ep
[
r(s′, a)2

]]
+ Eqj−1

[
Ep
[
(γv(s′′|s′, a))2

]]
// Eq 4.32,Eq 4.34

8 +2Eqj−1 [Ep [r(s′, a)]]Eqj−1 [Ep [γv(s′′|s′, a)]]
)

// Eq 4.31,Eq 4.33

9 else
10 ν += Eqj−1 [π(a|s′)π(a′ | s′)]× // Eq 4.36

11 (Ep [r(s′, a)] + Eqj−1 [Ep [γv(s′′|s′, a)]])× // Eq 4.31,Eq 4.33

12 (Ep [r(s′, a′)] + Eqj−1 [Ep [γv(s′′|s′, a′)]]) // Eq 4.31,Eq 4.33

13 end

14 end

We can now take the expectation of Equation (4.28) under Equation (4.29) and Equa-

tion (4.30).

This formula has the advantage that the learning of the current distribution of V (s, a)

takes into account the uncertainty about the policy, about the reward distribution at

the next trial and about the long-term discounted return of the actions in the next state.

4.5.5 VPI

VPI [162, 208, 198, 574, 573] solves this problem by giving a positive bonus to each

action value corresponding to the potential payoff of selecting this action given the

current uncertainty about its value distribution. Formally, this bonus is computed as

the posterior expectation of the gain of performing an action given the belief we have of

the value taken by the other actions:

V PI(a) =

∫
p(µ(a) | x<j)Gaina(µ(a)) dµ(a)

where Gaina(µ(a)) =


E [µ(a2)]− µ(a) if a = a1 and µ(a) < E [µ(a2)]

−E [µ(a1)] + µ(a) if a 6= a1 and µ(a) > E [µ(a1)]

0 otherwise

(4.37)
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and where we have used the convention that a1 and a2 are the actions with the highest

and second highest reward respectively. Section 4.5.5 shows that the bonus of a given

action is proportional to the expected gain of discovering that this action leads to a

higher reward than all the others when it was thought to be sub-optimal, plus the

expected gain of discovering that this action is sub-optimal when it was thought to be

optimal.

Interestingly, low threshold of the NIGDM Section 4.2.5 favor choices that would have

been also favored by the VPI approach: if an action has currently the highest estimate,

it will be more encouraged if its variance is wide than if it is narrow, and conversely for

punished action with a high variance.

Moreover, the evidence accumulation process can be enriched to incorporate the expected

gain of performing an action: as the agent samples the means of the two action values

given its current belief, she can add the difference in the gain bonuses computed as in

Section 4.5.5. The resulting process can still be modelled as a Wiener process using the

Stochastic Gradient Variational Bayes approach described in Section 4.2.6.

4.5.6 NIGDM properties

4.5.6.1 Discrete convergence property

Importantly, as for every Monte Carlo estimate, this estimate becomes more accurate

(i.e. less entropic) as the expected number of iterations (absorption time) grows. In the

previous example, this happens when the distance between the absorbing boundaries

(threshold) is larger, in which case the agent is more likely to select the optimal option.

To see this, consider the case where p (r(a1) | x<j) and p (r(a2) | x<j) are both Gaussian

distributions with a known mean and variance, and where µ(a1) > µ(a2). We then

introduce the following result:

Lemma 4.1. The probability of hitting the upper boundary ζ tends to 1 as the threshold

grows, and the average displacement δ̂z concomitantly approaches the true probability

that a1 is more rewarded than a2: δ̂z = Ep(r(a1)|x<j),p(r(a2)|x<j) [z − z0] → p(r(a1) >

r(a2) | x<j).

4.5.6.2 Continuous convergence property

The DDM has interesting properties that make it a good candidate to model decision

making in Bayesian Reinforcement Learning. We first introduce the following result,

which is a generalization of Theorem 4.1 to the continuous case:
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Proposition 4.2. If the DDM parameters (threshold ζ, relative start point ν , z0/ζ,

drift rate ξ and noise ς) are fixed within and between trials, the probability of hitting the

boundary pointed by the drift approaches 1 as the distance between the boundaries grows.

To show this, one can first start by showing that the Error Rate probability

P =
exp(−2ξζν/ς2)− exp(−2ξζ/ς2)

1− exp(−2ξζ/ς2)
(4.38)

is monotonically increasing wrt ξ. This can be easily seen from the differential equation

of this formula. Next, since ξ dPdξ = ζ dPdζ , and since dP
dξ > 0∀ξ ∈ ∇, then sign

(
dP
dζ

)
=

sign(ξ)∀ξ ∈ ∇, ζ ∈ ∇+ and, therefore, P is monotonically increasing wrt ζ if ξ > 0 and

decreasing if ξ < 0.

4.5.6.3 NIGDM similarity to QS

In order to show that the NIGDM mimics a QS algorithm for high thresholds, we need

to consider example choices and reaction times generated by this process.

To this end, we first introduce an important result:

Proposition 4.3. If a data collection is generated according to a classical Wiener Dif-

fusion process where the drift and squared noise are sampled at each trial following

some distribution
∼
ξ,
∼
ς

2∼ p(ξ, ς2 | θj), then this dataset cannot be distinguished from a

dataset where the drift and noise are sampled similarly within trials.

This can be proven trivially by considering the moment generating function of these two

distributions. For the trial-by-trial process, we have:

E [t, a | ξj , ςj , ζ] =
∑

i∈{1,2}

elai
∫
eltp(t, ai | ξj , ςj , ζ, τ, ν)d t

∣∣
l=1

(4.39)

where t and a are the reaction time and choice, respectively. Now, as ξ and ς are unknown

to us, we marginalize over their prior distribution (i.e. the current approximate posterior

of θj):

E
[
t, a
∣∣ θj , ζ] =

∑
i∈{1,2}

elci
∫
elt
∫∫

p (t, ai | ζ, ξj , ςj) p
(
ξj , ς

2
j | θj

)
dvj dς

2
j dt

∣∣
l=1
.

One can see that this expression can be re-arranged into the moment generating function

of the within-trial process. Because the two distributions have the same moments and
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the moment generating function exist for the DDM [359, 469], the two distributions are

equal [604].

Theorem 4.3 is important because it states that, if we are able to generate from the

NIGDM or fit this probability distribution to a dataset under the assumption of a

between-trial variability, then this fit will also be valid in the case of a within-trial

variability.

We will show in Section 4.2.6 how this model can be optimized in a Maximum Likelihood

and a Bayesian context.

We can now use Theorem 4.2 and Theorem 4.3 to show that this process does not

automatically hit the current best estimate when the boundaries are distant enough

from each other. During some trials, the difference between the sampled means
∼
µ1 and

∼
µ2 will have a sign opposite to the sign of the current estimate of µµ1 −µµ2 , and the agent

will choose the action with the lowest value. More formally:

Proposition 4.4. Under the NIGDM, the proportion of choices p(a1) tends to the pos-

terior predictive probability p(µ1 > µ2 | x<j) as the threshold tends to infinity.

This can be shown by considering Theorem 4.3 and Theorem 4.2 in the fixed-parameters

case, and then considering that the expected probability of hitting the positive (or

similarly the negative) boundary has the following distribution when ζ tends to infinity:

lim
ζ→∞

E [p(a1) | θj , ζ] =

∫∫∫∫
1 [sign(µ1 − µ2) = +1]× (4.40)

p (µ1, µ2, σ1, σ2 | θj) dµ1 dµ2 dσ
2
1 dσ

2
2

= p(µ1 > µ2 | θj)
where θj = {µµ,κµ,ασ,βσ} (4.41)

where 1[x] is an operator that takes the value of 1 if its condition x is met and zero

otherwise.

4.5.7 Sampled Drift Optimisation

Under the assumption that decisions are made according to the scheme described in

Section 4.2.5, the HAFVF can be optimized using a simple, informative model. Indeed,

we can express the First Passage Time probability density function (and similarly the

cumulative distribution function) as

p(yj |θj , ζ, ν, τ) =

∫
p(yj |aj , µj , wj , τj , σ2

j ) p(µj , σ
2
j |θj)dµj , σ2

j . (4.42)
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The central idea of the Sampled Drift Optimisation technique is to use the joint distri-

bution (and not the marginal) in a VB framework. Considering that θj = f(θ0, x<j),

we can write the posterior probability of the DDM parameters at the trial j as:

p(θ0, µj , σ
2
j |yj , ζ, ν, τ) =

p(yj |ζ, ν, τ, µj , σ2
j )p(µj , σ

2
j |f(θ0, x<j))

p(yj , ζ, ν, τ)
. (4.43)

Let us now consider the posterior predictive probability density of the difference between

the value of two action values at a specific trial. In the case of a single step task

(i.e. without temporal discounting), the posterior predictive distribution of the reward

difference is:

p(R1 −R2|x1:j−1) ≈
∫
p(R1 −R2| zj)q(zj |θj−1)d zj

with Ri = r(s, ai), zj = {µr1, µr2, σr12, σr2
2}

=

∫∫
p(φ+R2|µr1, σr12)p(R2|µr2, σr22)dR2 q(zj |θj−1)d zj

where φ = R1 −R2

=

∫
p(φ|µr1 − µr2, σr12 + σr2

2)q(zj |θj−1)d zj

. (4.44)

We see that we can express the posterior predictive probability of the difference of

the Reward values as a normal distribution of mean µr − µr and standard deviation√
σr2 + σr2, marginalized over these parameters given their posterior value at the present

trial. We can plug the result of Equation (4.44) into Equation (4.42) and then into

Equation (4.43) to get:

p(θ0 |yj) =
p(yj |ζ, ν, τ, zj)p(zj |f(θ0, x<j)p(ζ, ν, τ)

p(yj)
. (4.45)

This model is easy to optimize using SGVB provided that we can estimate the Jacobian

∇θ0f(θ0, x<j).



226

It can also be applied to the discounted value V (s, a) in multistep tasks:

p
(
V (s, a)− V (s, a′)|x1:j−1

)
≈
∫
p
(
V (s, a)− V (s, a′)| zj

)
q(zj |θj−1)d zj

=

∫∫
p
(
φ+ V (s, a′)|µR1 + µv1, σ

R
1

2
+ σv1

2
)
×

p
(
V (s, a′)|µR2 + µv2, σ

R
2

2
+ σv2

2
)
dr(s, a′) q(zj |θj−1)d zj

where φ = V (s, a)− V (s, a′)

=

∫
p

φ ∣∣∣ ∑
u∈{r,v}

µu1 − µu2 ,
∑

u∈{r,v}

∑
a∈A

σua
2

 q(zj |θj−1)d zj

.

(4.46)



Chapter 5

Future Directions and Discussion

It is a very exciting time to be working in cognitive neuroscience and in machine learn-

ing: each day, significant steps toward the understanding of the brain are made. The

increasing number of collaborations between the various fields of machine learning indi-

cate that the field is sufficiently mature to provide real answers to concrete questions.

Statisticians, mathematicians, engineers and neuroscientists now realize how powerful

are each of their studies for solving problems that might have appeared unrelated to

their area of expertise. From the point of view of a neuroscientist, it is extremely en-

couraging to see that several influential milestones of the recent models and theories

proposed in machine learning have been first proposed in neuroscience or psychological

research journals [605, 606, 607, 608, 609, 151, 109].

In this chapter, we follow the same line of thought as before: we will first summarize and

link the results of our three studies. Then, we will expand some of the ideas we have

developed and propose some further studies (theoretical or experimental) that could

unify the methods and theories we propose to other related concepts in neuroscience

and machine learning presented in the introduction.

5.1 The quest of a unifying theory of learning and decision

making

It should be clear for the reader by now that our aim is not to propose new testable

and groundbreaking theories of brain functioning, but rather to unify at the computa-

tional and algorithm level several apparently disjoint and somehow contradictory findings

about human behaviour. This is what we call the quest of a unifying theory of learning

and decision making.

227
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Biologically speaking, learning is useless by itself, if it is not aimed at acting on the

knowledge acquired. But acting requires knowledge: this recalls RL, which we introduced

as a family of algorithms aimed at make the interplay between acting and learning as

efficient as possible.

If the actions we make are the prerequisite and the purpose of learning, then it makes

little or no sense to assume that actions are independent: if we limit ourselves to this

interplay between learning and decision making, the only way an action sequence can

be considered as i.i.d. is if these actions are independent when conditioned on auto-

correlated processes such as learning. However, behavioural optimality is limited [610,

611] and the rules underlying decision making in stable and/or changing environments

can be difficult. In Chapter 2, we have proposed a general algorithm to unveil the

local (trial-wise) parameters of decision making that compromises a data-driven (i.e.

assumption-free) approach with an informative distribution of the behavioural data (the

Drift-Diffusion Model, DDM).

We have also seen that VI can be used to fit the full DDM to behavioural data with a

reliable and scalable algorithm.

We identify three further expected improvements of the RAE-DDM: first, this algorithm

should include a whole set of recent advances in VAE, such as optimization of the sample

size for the inner and outer expectation of the FIVO algorithm [119, 120], guarantee of an

optimized mutual information between the latent and the observed variables [123], high

exploration of the latent space [524], sparsified networks through the use of Variational

dropout [410] etc. However, it is unclear how these various approaches can be linked

together, especially in the case of a recurrent model such as ours. Second, this model

should be extended to other behavioural models, including those that do not enjoy a

tractable likelihood (see Box 2.4.1). This is certainly a work that should be conducted

thoroughly in an independent study, as the technical challenges to solve are numerous:

for instance, many SSM have a closed form first passage time density that involves an

infinite sum [354], which obviously needs to be truncated [351]. It is unclear how this

kind of approaches would compete with the IVI approach detailed in the introduction.

Finally, uninformativeness of the RAE-DDM model constitutes both its strength and

weakness: taking the best of both worlds may constitute an important breakthrough in

behavioural modelling: a Bayesian model averaging approach could be able to inform

the user on the amount of behavioural variability that is explained by her model. In this

perspective, the holy grail of such paradigms would be to be able to assess how much a

dataset is explained by an informative model somehow nested in an uninformative one.

Next, we then presented the HAFVF as a general memory-shaping algorithm (Chap-

ter 3): we proposed a learning algorithm that actively learns forgets the stability of
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the environment in order to cushion the effect of surprising events. We proposed sev-

eral applications of this algorithm, for smoothing data, for system identification and for

stochastic gradient descent.

A major challenge with this model is to find an optimal prior for the three layers of the

model: the first layer prior should be broad enough (i.e. weak) to be “more likely” to

explain surprising events that the current posterior, but also not too large: if the entropy

of the reference prior is extremely high, it makes little or no sense to consider that a

specific value the the latent variable is more likely given this prior whose probability

density is very close to zero everywhere. The same applies to the two levels above: the

prior over the stability w or meta-stability b requires some a priori knowledge of the

environment structure and of what one should consider as a change point. The first

issue would trivially consist in defining what we intend by “optimal”: is an approach

optimal if it can detect the better the change points? Should the emphasis be put on

the capacity to maximize the model evidence? We see that the problem needs to be

defined adequately, as different formulations may lead to different answers.

Intuitively, online optimization of the hyperparameters will be challenging because it

will not be easy to derive an unbiased estimate of the gradient using the law of large

numbers, as the data will not be i.i.d. by assumption. Offline learning, however, made

on a representative training dataset, could probably be achieved efficiently in some

instances.

A second challenge with the HAFVF would be to relax the mean-field assumption while

keeping the convenient update scheme of (N)CvMP. Using a multivariate normal ap-

proximate posterior over {z, σ−1(w), σ−1(b)} (for some σ−1 : (0, 1) 7→ R) could solve

this problem. However, it requires us to set a normal prior1 over z, whatever it encodes

(for instance discrete or strictly positive variables). A non-linear transformation might

be used, but we immediately see that we would then need to compute the gradient of

an intractable expectation in order to apply a NCVMP update scheme. Also, the ad-

vantage of the HAFVF is that once the algorithm has been derived for one member of

the EF, it can easily be mapped to other members, which would not be the case with a

Gaussian approximate posterior. Intuitively, it may seem to make sense to apply EP to

the HAFVF to retrieve an upper bound on the estimate of the posterior variance and

covariance of the parameters. It is however unclear how EP might be applied to this

kind of model that is hard to factorize wrt z, w and b.

In Chapter 4, we have used the HAFVF and coupled it with a theory of optimal decision

making known as SPRTs. We have shown that this model was able to reflect various

1A normal reference prior is required if we want to be able to compute the normalizing constant of
the mixture prior.
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levels of sensitivity to overtraining, that it could be mapped to TD(0) learning and that

it could be optimized using SGD. As it constitutes the core theoretical contribution of

this thesis, we will discuss in what follows the implications of this learning and decision

making framework.

5.2 The AC-HAFVF in an active inference perspective

In Section 1.1.3, we have presented active inference as a general theoretical framework

for the organization of cerebral functioning. It might not be obvious to think of the

AC-HAFVF as a particular instance of this theory of brain organization. Here, we use

a slightly different formulation of active inference in order to frame it as a SPRT.

Let us assume that the agent has a prior probability that defines the level of homeostasis

to reach: for instance, when an agent at rest experiences that the nutritive reserves are

exhausted (observations), the prior probability of the unknown state (some level of

satiety) is distant from the state that is inferred based on current and past observations

(utility of the actions undertaken), and the KL divergence between posterior and prior

becomes important. These observations lead to hunger, which will possibly drive the

agent to reach a new state of equilibrium by taking some actions leading to satiety.

Given the model that this agent has of the environment, it will compare various models

(each conditioned on a specific actions) and select the one that is the most likely. We

will see that actions leading to satiety will be more likely in a Thompson sampling (and

similarly SPRT) sense.

We sketch the model on the following assumptions: the agent has some model of the

distribution of observations given a state (inferred from past observations)

p(o | s, a) , p(o | µ(s, a), σ(s, a))

a fixed prior of the state of equilibrium

p0(s) , N (0, 1)

and some policy

p(a | s).

Based on past observations, the agent has established the current state

qj(s) ≈ p(s | o≤j , a≤j).
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Actions are selected if they maximize the posterior predictive probability of new ob-

servations. We make the assumption that the agent is able to achieve some form of

cross-validation test of seing a new observation given the current belief and some action:

log p(ok | o≤j , a) = log

∫
p(ok | s, a)qj(s)ds.

Deriving an ELBO for the above expression, we see again that the minimum description

length principle is respected when the expected likelihood of the observation compensate

for the complexity of the model:

log p(ok | o≤j , a) ≥ Eqk(s) [log p(ok | s, a)]︸ ︷︷ ︸
Likelihood

− DKL

[
qk(s)

∣∣∣∣qj(s)]︸ ︷︷ ︸
Complexity (least effort)

. (5.1)

Algorithm 14 details an SPRT test based on this measure. and returns a1 if z > ζ and

Algorithm 14: Active Inference SPRT decision algorithm

1 Set z = 0;
2 while −ζ < z < ζ do
3 Select an action a ∼ U({a1, a2});
4 Draw a memory trace ok ∈ o≤j with k ∼ U(1 : j);
5 Compute qk(s) and respective ELBO L (qk) ≤ log p(ok | o≤j , a);
6 if a = a1 then
7 c=1;
8 else
9 c=-1;

10 end
11 z+ = c ∗ L (qk);

12 end
13 Observe oj ∼ p(o | s, a);
14 Update qj+1(s) given oj ;

a2 otherwise.

Note that the distribution of the observations is unstable: for instance, utility of doing

nothing – i.e. not getting food – decreases over time, so that it finally becomes

negative. Hence the approximate posterior changes with time, and as a consequence,

the prior never really looses its impact on the complexity term in Equation (5.1) (see

Chapter 3). Therefore, at some point, a threshold is crossed: the evidence (negative

surprise) associated with the action “doing nothing” becomes lower than the evidence

for gathering food. This mechanism prevents the organism to continuously look for a

reward if doing nothing does no improve the model sufficiently. It also strengthen the

will to reach a state of equilibrium when the posterior and prior have a high mismatch.

Finally, because they suppose that forgetting of past states is necessary for updating the
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inference, they explain why overtrained behaviours (where the posterior belief are too

strong) would fail to adapt to new observations, such as satiety.

5.3 Amortized inference, memory coresets and Bayesian

decison making

The AC-HAFVF in its original flavour makes decisions based on pure simulations from

the posterior predictive distribution. In the previous section, we have suggested that the

brain could use past events to perform a Bayesian probability ratio test of two alternative

hypothesis (actions) that may bring him to a state of better homeostasis. Similarly, in

Section 4.4, we have proposed that recent events might be recalled by the agent in order

to derive some similar but noisy posterior samples that might be used to accumulate

evidence in favour of the preferred option (in accordance with [298, 420]).

Here, we give an informal account of how this might be achieved in the brain at the

computational level. There are several reasons why this might be a good strategy: using

memory traces of past events allows for inference about unseen events at a lower cost

(a recognition network, similar to the one used in Chapter 2, can be used to map new

events to latent cause readily). Similarly, it makes the inference process incremental:

if an observation is slightly different but related to another (when the same object is

seen from two different point of views for instance), a previous inference attempt can

be used as a starting point for the new one [109]. Finally, it allows the learning to be

shaped to current believes: if a distant memory trace is stored in memory, it can be

re-interpreted by a new recognition network when needed. Moreover, the weight of this

distant memory can be re-evaluated, which predicts drastic differences with behaviours

that would be just guided by mere summary statistics of past experience. In other

words, one may classify a distant episode differently as time goes on, and re-interpret

this memory in light of recent events. In the same vein, classifying once and for all the

summary statistics of event is not optimal, as it does not allow the recognition model

to adapt.

Scalability of memory-driven amortized inference More in detail, using memory

traces to guide inference (instead of mere summary statistics of the posterior distribution

only) can make the inference scalable: as we have seen in Paragraph 1.1.2.2.9, the

posterior distribution is essentially determined by observations and observations only.

Once a mapping from observation to approximate posterior configuration has been set,

it can be reused at will given any set of observations. Here, we give a conceptual account
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of a model of decision making that makes use of the concept of amortized inference [594,

109, 378] in the context of changing environment.

Specifically, we assume that the brain keeps trace of a recognition mapping fρ(·) s.t.

z ∼ qρ(z | x) for a set of data x = {xi }Ni=1 that allows it to adapt to new data

distributions with a few samples when needed (e.g. after entering in a new environment).

Following this inference scheme, it becomes clear that the context (i.e. the global variable

z posterior probability) can be determined by looking at a set of relevant data. Now

one needs to ask what can be understood as “relevant”.

Relevance of past observations Note that relying on all datapoints available to

make inference may not be necessary, and that inference can be carried out at a lower cost

if data points are assigned with a certain weight u(x) ≥ 0 where ideally N � ||1[w > 0]||
s.t. the difference of the model likelihoods |Lu − L| is minimized. A dataset where

data are weighted in such a way is named a Bayesian coreset. Several methods exist

for building Bayesian coresets [612, 613, 614, 615]. It is likely that the brain uses a

similar mechanism to store only memories that may prove to be relevant for future

inference [616]: all observations made in the past may not be relevant per se to make a

decision. For instance, it is useless to remember every instance of the episode “parking

the car”: the last one is probably the only relevant one to find it back (which is known

as recency effect). Similarly, it is likely that an individual will keep a stronger memory

of winning the lottery than of all the non-winning episodes that preceded: remembering

vaguely a few of these (or just the first one, which is known as primacy effect) with a

weight proportional to the utility of these events (given the model of the environment)

is sufficient.

Now let us come back to the problem of making inference about the optimal policy in

a changing environment. First, note that the stability measure w in Chapters 3 and 4

should be proportional to the weight given to memories stored (the memory trace u)2.

Therefore, when forgetting the past contingency, an amortized version of the HAFVF

might also reset the memory trace of distant event to 0. On average, recent events

will have a higher importance (recency effect), because they are more relevant to make

inference about the current contingency.

In this context, decision making with a SPRT (or in general with any SSM) will be

carried on by repeatedly accumulating evidence up to some threshold with the following

program: (1) retrieving memories based on their weight for the whole set of available

2Of course, other forms of utility of past memory might be used to build the coreset, which are
less relevant to the present discussion. As mentioned above, the whole advantage of memory-guided
amortized inference with coreset would be that the utility of past events can be re-assessed, if these
events have not been assigned a utility of 0.



234

actions, (2) inferring an approximate posteriors from these, (3) drawing samples from

these approximate posteriors and (4) comparing the expected return of each of these

samples. The first posterior estimate does not need to be optimal (otherwise the mapping

from memory samples to latent space would take a considerable amount of time): similar

to the scheme proposed in [345], inference can be further amortized if successive memory

samples refine dynamically the form of q.

This sketch of a decision making algorithm recalls many recent findings and theories

about value-based decision making: it has been proposed for instance that accumulation

of evidence for value-based choices is guided by memory [395] and that these choices also

require the intervention of the mediotemporal lobe [397] for both memory retrieval and,

importantly, simulation and planning [617, 270]3.

We stress that the idea presented in this section and outlined in Figure 5.1 is more a

working plan than a mature and testable hypothesis about inference mechanisms in the

brain. Several mathematical steps will need to be made to reach a feasible inference

algorithm that would perform the kind of computations proposed here above. A crucial

algorithmic challenge for a precise mathematical derivations of the ideas presented in this

section is to find a scalable amortized inference paradigm that might work with subsets

of data in an efficient way: for instance, Li and Mandt [513] propose an algorithm where

each set of variables (for instance each and every trials belonging to a single participant in

Chapter 2) are mapped to the relative global latent space. This is suboptimal for several

reasons: (1) it requires us to look at all the data to find the approximate posterior. For

computer vision for instance, in a set of images with the same label, some might be darker

than others, or nearly exactly identical to many others, so that their information content

about the global identifier is reduced. (2) In their implementation of this amortized

inference scheme, the neural network mapping images to their latent space require the

exact same amount of data for each inference process that is conducted, which obviously

prevents online and/or amortized inference.

It might be useful for both the neuroscience and machine learning communities to un-

derstand how we can derive algorithms for approximate inference with Bayesian coresets

that would be amortized, scalable and applicable online.

3Interestingly, the idea of using the DDM as a model of memory-based choices was the core idea of
the seminal work of Ratcliff [1]. There, it is assumed that memory probes are retrieved and compared,
and that each of these evidence pieces is integrated up to a threshold. Here, we extend this process to
the problem of inference.
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Figure 5.1: Use of memory coresets for amortized inference. After completing an
action, observations are gathered and used to classify the current state, which in turn
retrieves memory traces of similar events with a given weight (alpha level). These events
are then used to infer an approximate posterior distribution which is used to simulate
new events for the various actions available: these are then compared according to the
decision scheme described in Chapter 4 to reach a final decision. Once an action has
been taken and a reward retrieved, the generative and recognition models are adapted
(learning), stability is measured based on the discrepancy between the observation and
the current belief (Chapter 3) and a memory trace is stored. VS stands for ventral
striatum, OFC is orbitofrontal cortex, MLT is mediotemporal lobe, WM stands for

working memory and EM episodic memory.
The SPRT is shown as an end-point of the inference process, but this should be thought
in a more dynamic way, where classification, retrieval, inference, simulation and value
comparison interplay during the course of the evidence accumulation. For simplicity,
we do not show cross-trial amortization of the inference process, but the simulation of
future events achieved at trial t can of course bias (and optimize in a POMDP sense,

see Section 1.3.1.1) inference at the successive trial.
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5.4 The path to Bayesian model-based decision making

In Chapter 4, we have focused our attention of the problem of bandit tasks and TD

learning, leaving the model-based problem aside.

We individuate quite a few challenges that need to be solved before being able to fully

implement a model-based version of the HAFVF.

First, thinking of model-based prospective exploration as a process executed at decision

time only makes little sense from an amortized inference perspective [109], as the policy

resulting from a simulation at trial j could be re-used for future decision in upcoming

states. Think for instance of a chess player re-running the same mental exploration of the

environment each time she starts to play, and not re-using the previous simulation after

observing a transition to a predicted state. This would obviously be a waste of resources:

inference during previous games and previous moves should be used and refined each

time a new action is undertaken. A good model-based model of decision making should

be able to make use of past inference in a way similar to the one proposed in [423]. In

Bayesian Model-based RL, this problem is the one that makes the model so difficult to

implement: as the approximate posterior model is refined each time a new observation

is made, re-elaborating the whole decision tree and exploration/exploitation balance at

each time step is a difficult problem.

Another issue will be to derive some precise weighting mechanism between the various

controllers (model-based, model-free and successor representation). We have seen in

Section 1.2.4.2 that early implementations were simply assuming that the two models

were competing based on their uncertainty, and that more synergistic approaches have

been proposed (Box 1.2.10).

The use of a precise Bayesian model allows for more refined Bayesian model averaging

methods [260]. However, as the two controllers work on essentially different observations

and random variables (one on reward and transitions, the other on state-action values),

it is unclear how model comparison can be implemented in this setting. Moreover,

Bayesian model averaging requires the two models to be fully assessed: this would

imply that execution of value-based decisions would require to merge the predictions

of the two systems still working in parallel, but that does not put at rest any of these

controllers. Therefore, cost minimization will only be achieved with more refined and

symbiotic procedures (e.g. [618, 319, 172, 174] and [619, 620] for a review). Also, model

comparison based on model evidence only is flawed by the fact that it does not really

assessed how each model may predict new data. To do so, items stored in memory

should be compared ot assess the posterior predictive capacity of the various models. A
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similar algorithm might be used in the brain, but, to our knowledge, this hypothesis has

not been explored so far.

A final question to answer will be to know whether the various models measure the

model stability jointly or separately (i.e. can the model-based adapt independently of

the model-free).

In general, Bayesian model-based RL is a difficult – but nonetheless exciting – prob-

lem that requires a deep understanding of POMDPs, but offers interesting possibilities

of conducting optimized exploration/exploitation policies, balancing competing model,

estimating model accuracy etc.

5.5 Concluding remarks

We conclude this thesis by some general comments about what we think that should

define a good algorithm from a machine learning and from a neurocomputational point

of view, both at the level of the modelling and at the level of the implementation. This

will hopefully give to the reader the intuition of what we have tried to accomplish in

this work, and of what grounds we hope that this work will provide for future research.

In general, the ultimate criterion for any model should be its capacity to predict and

explain new data. This requires the model to know which subsets of data belong to the

same distribution. Following this idea, in changing environment, causal models have to

trade between flexibility and robustness of the inference process they rely on, and this

is the problem we have addresses in Chapters 3 and 4. This quest for a universal theory

of mind should also inspire research in cognitive sciences. From the point of view of the

neuroscientist, we believe that it makes less sense to design a model that can explain one

dataset generated to test it (through an ad-hoc experiment) as it is usually done, but

one should aim at explaining a set of (ideally ecological) benchmark datasets first, as it

is done in machine learning. We believe that the approach of designing an experiment

to test a hypothesis is sound for scientific fields where there is a grounded knowledge of

the mechanisms in play and where knowledge is highly incremental, such as physics and

chemistry. In neuroscience and psychology, it is more important for a new causal model

to be able to account better for old data than explain new ones: we can hope that the

emergence of open-science will bring more collaborations and sharing of experimental

datasets.

Next, a model should not repeat the same computation more than necessary. We believe

that amortized inference can solve both of these problems. Many recent works in VI

have shown that amortized inference cannot be implemented naively, and that the cost
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of grouping items under the same recognition model cannot be overlooked. We believe

that it is very likely that the brain uses similar mechanisms to make decisions: the

same state (position in space etc.) is never presented in the same way, but inference

must be mostly conducted similarly. Answers to the question of how this mechanism is

implemented in the brain remain elusive. Similarly, the optimal way to implement this

in machine learning still suffers from the accuracy cost mentioned before.

Finally, an algorithm should be sufficiently simple and general to be applicable to many

problems: at the end of the day, an model that needs to be tuned specifically for a single

problem and dataset contradicts the first requirement stated in this section. This was the

aim pursued in Chapter 2. But there is more to it. We have introduced in Box 1.3.4 the

idea that the brain and its components are a sets multiplexing transduction and inference

machines: several signals of various nature can pass through the same structures and

lead to different results. This is a great challenge for the machine learning community:

most models can only handle one type of data (vision, speech, financial data) but even

the largest neural networks so far cannot handle a variety of tasks similar to what the

brain can do. It might be argued that the computer is the centralizer of all the skills

provided by the coded models, but, again, the brain achieves all this work in a synergistic

manner.

Moreover, the human brain can flexibly join information gathered from many different

senses. To drive a car, we rely on visual and auditory perception, but also on sensory

feedback about the actions undertaken. If audition is missing, the system can go on

working, and other sensory organs can take the relay to solve the problem at hand: for

instance, attention can be redirected. On the contrary, most machine learning algorithms

can handle the data they have been programmed to handle, but not less and not more.

We believe that understanding better how inference is carried on in the brain will help

to build better models, models that we will be able to cross information, use the all

the needed information when available, and optimize the way resources are allocated

to make better decisions at a lower cost. Similarly, we hope that advances in machine

learning will bring new ideas and methods to the neuroscience community in order to

develop robust models of brain functioning, and to bring concrete solutions to the many

challenges that neurology, psychology and psychiatry face.
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