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On Persistence of Some W;-Endotactic
Chemical Reaction Networks

Xiaoyu Zhang““, Chuanhou Gao

Abstract—Motivated by the concept of the endotactic
network, a kind of special geometric structure in chemical
reaction networks developed for persistence analysis, we
propose a new notion, named VW;-endotactic network. The
corresponding network set is a larger class of set than
the endotactic network, let alone the weakly reversible net-
work. Based on an energy-like function, we prove that all 1-
dimensional mass-action YW;-endotactic networks are per-
sistent. Furthermore, we prove some higher dimensional
network systems also to support persistence if the system
is composed of a series of 1-dimensional YV;-endotactic
networks. We discuss two cases for the subsystems with
and without intersecting species, and present the corre-
sponding sufficient conditions to capture persistence. Fi-
nally, we use some examples including abstract and real
biochemical reaction networks to illustrate our results.

Index Terms—w-limit point, boundary points, chemical
reaction network (CRN), mass-action kinetics, persistence,
Wr-endotactic network.

NOMENCLATURE
n-dimensional nonnegative real space, n-
dimensional positive real space, respectively.
Zo: n-dimensional nonnegative integer space.

n n .
>00 >0 *

Vi avt 2 [T, 2", where z,y., € R"™.

Ln(x): Ln(z) £ (Ina1,...,Inxz,)", where z € RZ.

supp Support set, defined by supp z = {i|x; #
0}, Vo € RZ,.

supp® x: Complementary set of support set, defined by
supp® © = {i|z; = 0}, Vo € RZ,,.

0,: n-dimensional vector with each element to be
Zero.

0°: Result is defined by 1.
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X: Cartesian product, defined by
{(a,b)]la € Aand b € B}.
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[. INTRODUCTION

ERSISTENCE is a concept from population processes that
P can be interpreted as nonextinction [1], [2]. A system of
species interactions is said to be persistent if initial present
species are not allowed to approach or asymptotically approach
extinction. There is a great deal of practical examples that
can be modeled by population processes [3], such as animal
populations, the spread of infectious diseases, and the evolution
of biochemical reaction systems. The species in these examples
might correspond to types of animals, infected and noninfected
individuals, and chemical reactants and products, respectively.
Persistence is, thus, a property of central practical interest [4],
[5], [6], [7]. Also, it is of major theoretical interest since from a
mathematical perspective persistence means that the w-limit set
of any trajectory starting in the interior of the positive orthant
does not intersect the boundary of the positive orthant [8]. In
this work, we focus on the persistence of mass-action systems
(MASs) with special network structure, i.e., chemical reaction
networks (CRNs) with mass-action kinetics.

Mass-action CRNs often give rise to a family of ordinary
differential equations that lie at the limits of what we can
treat with the current tools of dynamical systems. Although the
past 40 years have witnessed the fast development of chemical
reaction network theory (CRNT) since the pioneering work of
Horn and Jackson [9], [10], and Feinberg (see, e.g., [11], [12]), it
still poses a great challenge to determine the qualitative property
of the trajectory of MASs, like persistence, etc. The meaning
of persistence in CRNT is analogous to that in population
processes. Namely, none of the chemical species in a MAS can
be completely “used up” in the course of the reaction if every
species has a nonzero initial concentration. Mathematically, it
measures if any trajectory in a MAS will tend to the boundary
of RZ,. Therefore, for a bounded MAS, studying persistence is
equivalent to analyzing whether the boundary points of MAS and
limit sets of trajectories have intersections. A famous conjecture
around persistence presented by [11] says that any weakly
reversible MAS is persistent. A further result is that persistence
coupled with complex balancing will guarantee global conver-
gence to equilibria in complex balanced (CB) MASs (an impor-
tant subnetwork of weakly reversible networks) [4], [13]. Due
to the theoretical research value on CRNs and their application
value in practical biochemical systems, there has been much
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activity aimed at the persistence of CB systems (see, e.g., [3], [5],
[14]). Angelietal. [8] and Anderson [4] proved thatif aboundary
point is the w-limit point, then the species set I in which every
species has zero concentration must be a semilocking set. So
Anderson and his coauthors [3], [4], [S] made a systematic study
on the persistence of CB systems by analyzing the structure of
semilocking boundaries of MAS. They said that if all semilock-
ing boundary points of each stoichiometric compatibility class
are at most discrete [4], this CB MAS is persistent. Also, if
for each semilocking set, the codimension of the set of the
corresponding boundary points is one relative to stoichiometric
compatibility class [3], the CB MAS is persistent. And all CB
MASSs with a single linkage class are persistent [5]. Craciun [15]
stated that each CB MAS is persistent, but this result is still under
verification.

The studies related to persistence even go beyond the structure
of weakly reversible MASs [8], [16], [17], [18], [19]. Angeli
et al. [8], [17] used the relationship between species brought
by the form of reactions to exclude the corresponding points of
each semilocking set. They reported that the global conservative
CRNss with each semilocking set having a conservation relation
between some species in it are persistent. In addition, they ob-
tained that the global conservative CRNs with some semilocking
sets without local conservation relation in it are persistent if the
following two conditions are true: 1) the semilocking sets are dy-
namically nonemptiable; 2) there are no nested distinct locking
sets without local conservation relation in the network. Johnson
et al. [20] extended this result by putting forward that bounded
networks with all weak dynamical nonemptiable semilocking
sets have persistence. Some scholars proposed a class of network
larger than the weakly reversible network called endotactic
network [16], [19] based on the geometry structure of the re-
action network. This kind of network has a strong geometric
meaning, and become a focus for persistence study. Pantea [19]
proved that any 2 d (this means the stoichiometric subspace of
the network is 2) endotactic MAS with bounded trajectories is
persistent. Craciun et al. [16] stated that any endotactic MAS
with two species is persistent, and Gopalkrishnan et al. [18]
further asserted that any strongly endotactic MAS is persistent
where the strong endotactic MAS is a special kind of endotactic
network.

The abovementioned discussion means that it is very popular
to define special topological structures for CRNs to perform
persistence study, such as weakly reversible and endotactic net-
works as two kinds of typical representatives of structure. In line
with the same logic, this article also tries to define a kind of new
structure of networks, called YWr-endotactic networks, which is
based on the notion of endotactic network but induces a larger
network set than the latter and let alone the weakly reversible
network. We succeed in capturing the persistence of any 1d W;-
endotactic MAS, and that of some higher dimensional MASs
composed of more than one 1d WWr-endotactic subnetworks.
We discuss two cases of higher dimensional MASs according
to whether there are common species between the intersecting
species set of all subnetworks and the nontrivial semilocking set
(note that the trivial semilocking set is namely the species set

of the network) of the network. The main contributions may be
summarized as follows.

1) We prove that all 1d WWy-endotactic systems are persistent
regardless of the reaction rate constants, and moreover,
any MAS composed of a series of 1d Wr-endotactic sub-
networks or persistent subnetworks without intersecting
species among subnetworks is persistent;

2) Inthe case of a MAS composed of some 1d VWy-endotactic
subnetworks but with intersecting species among sub-
networks, we prove that if there is no common species
between the intersecting species set and any nontrivial
semilocking set of the network, then the MAS is per-
sistent; also, we give the sufficient condition that the
composed MAS is persistent if there are common species
between them.

Since Wr-endotactic network induces a larger set than endo-
tactic network and weakly reversible network, the abovemen-
tioned results also apply to the latter two kinds of networks.
This means that the proposed method may address the issue of
persistence for more networks than the previous methods for
endotactic networks and weakly reversible networks. Arguably,
for the examples in the context, if they are identified by W;-
endotactic network, but not endotactic network, then they cannot
be dealt with on persistence analysis using the previous methods.

The rest of this article is organized as follows. Section II
introduces some preliminaries about CRN. This is followed
by the definition of YWr-endotactic system, and its persistence
in the 1d case is also shown in Section III. Section IV presents
the persistence of higher dimensional WW;-endotactic systems.
Finally, Section V concludes this article.

Il. PRELIMINARIES

In this section, some fundamental concepts about the
CRN [11] and its dynamics [16] are reviewed.

A. Chemical Reaction Networks

Consider a CRN containing n chemical species, denoted by
S1, S9,. .., 5, that take part in  chemical reactions with the ith
reaction R; (i = 1,...,r). Each reaction can be expressed as

D Sy — > S, (1
=1 =1

where the nonnegative integers v;; € R%, and v’ ; € R are
stoichiometric coefficients. Organize v ; = (v1 4, ...,vpn;) and
o'y = (V) 45,0}, ;)" termed by complexes. Let S, C, R be the
set of species, complexes, and reactions, respectively. Then, each
CRN can be determined by a triple N' = (S,C,R). v/; —v,;
is called the reaction vector of the ith (i =1,...,r) reaction
v; — v/,. The linear space spanned by all reaction vectors
is named as the stoichiometric subspace, denoted by . =
span{v/; —v.q,...,v,. — v, }.

Definition 2.1 (Stoichiometric Compatibility Class): For an
N = (8,C,R), the sets

S (wo) & {wo + £|€ € S}, 10 € RE,. 2)

Authorized licensed use limited to: Denis Dochain. Downloaded on July 12,2024 at 09:32:15 UTC from IEEE Xplore. Restrictions apply.



7422

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 68, NO. 12, DECEMBER 2023

S (x9) NRZy and .7 (x9) N RZ are called the stoichiometric
compatibility classes, nonnegative stoichiometric compatibility
classes, and positive stoichiometric compatibility classes of x,
respectively.

A CRN can be also viewed as a directed graph where vertices
represent complexes and directed edges correspond to reactions.
A connected component of the graph is called a linkage class. In
the following, we shall introduce several networks with special
structures.

Definition 2.2 (Reversible and Weakly Reversible CRN): An
N = (8,C,R) is called

1) reversible if v.;, — v/, € R whenever v/, — v.; € R;

2) weakly reversible if for any reaction v.; — v/; € R there
exists a series of reactions starting from ¢/, and ending
withv,,ie.,v, = v, €R,.. v, = V,ER, m <7T.

A reversible CRN is necessarily a weakly reversible CRN, but
the converse is not true.

Utilizing the geometric property of CRNs, Craciun et al. [16]
defined the concept of endotactic CRN, which serves closely the
purpose of addressing the persistence issue. They also stated that
the class of endotactic networks is larger than the well-known
class of weakly reversible networks. Instead, Gopalkrishnan
et al. [ 18] redefined this concept using algebraic language. Their
redefinition begins with defining a partial order relation in R".

Definition 2.3 (w-Preorder [18]): Let w be a vector in R™.
The w-Preorder on R"”, denoted by <,,, is defined by

Y1 Sw Y2 < <w7 y1> S <’LU, y2> (3)

where y1,y2 € R™, and (-, -) represents standard inner product.
We write y1 <4 Y2 if (w,y1) < (w,ya2).

Definition 2.4 (<,,-maximal, <,,-minimal Elements [18]):
Letw € R” and Y C R". The element y,. € Y is said to be a
<,,-maximal element in Y if

(w,yp) > (w,y) VyeY. “)

The element y; € Y is called a <,,-minimal element in Y if

(w,y) < (w,y) VyeY. (5)

When applying this definition to an ' = (S,C, R), a com-
plex is called leftmost relative to w if it is <,,-minimal in C, and
rightmost relative to w if it is <,,-maximal in C.

Definition 2.5 (Endotactic CRN): An N = (S,C,R) is

1) w-endotactic with respect to a certain w € R"™ if for the
set of all reactants such that the reaction vectors are not
orthogonal to w, any rightmost reactant (<,,-maximal)
v, in this set point to the left, and each leftmost reactant
(<-minimal) point to the right. Namely,

(w,v/; —v;) <0, wis <, -maximal;

(w,v); —v;) >0, wis <, -minimal (6)
2) an endotactic network if it is w-endotactic with respect to
any w € R™.
Geometrically, a network is w-endotactic if the projection of
this network to the line to which w belongs is endotactic, and a

network is endotactic if its projection on any line in phase space
is endotactic [16].

Example 1: Consider the following network A/ with two
species and four reactions

51:52
S1+ Sy — 255 — 25,

the network is a 1d (1-dimensional) CRN and contains two
linkage classes. It is obviously an endotatic network as for any
line L not orthogonal to its stoichiometric subspace, all the
reactions with the leftmost (rightmost) reactants of the projected
network point to right (left).

The geometric representation of this network is shown in
Fig. 1. A red point in the figure denotes a reactant complex
and the green point is the complex that is only in the set
of the product complex. Also, Fig. 1 presents the endotactic
structure of above network: (b) and (c) project network N into
four different representative lines L, Lo, L3, L4. Red plus and
green plus signs indicate the corresponding projected reactant
and product complex, respectively. And orange vectors are the
projected reactions with the leftmost or the rightmost reactant
complex. It is clear that the projected reactions with a leftmost
and rightmost complex point to each other. Thus, this network
N is an endotactic network.

But for the subnetwork N;

Sl — SQ
252 — 251

By projecting the subnetwork A/; to the horizontal line contain-
ing w = (1,0)", as can be seen in Fig. 1, the leftmost reactant
complex 252 points to right and the rightmost reactant complex
S1 points to left. Hence, this network is at least a w-endotactic
network where w = (1,0)". We further project it into the line
L5 containing another w, and the projection is shown to be not
endotactic. Fig. 1(d) expounds the details.

It is not easy to check whether a network is endotactic or
not due to the arbitrariness of w. [16] presented the sufficient
and necessary conditions for a 2-species endotactic network
while [21] developed a computation algorithm for endotactic
network checking.

B. Mass-Action Systems

The dynamics of a CRN system capturing the change of
concentration of every species S; (j = 1,...,n), identified by
x;, i1s given once the reaction rate is specified as a function
V :RZ, — RL, of & = (x1,...,2,) . The most frequently-
used model to specify the reaction rate is mass-action kinetics,
under which the reaction rate V;(z) of the ith reaction v.; — v/,
is evaluated by

Vi(z) = kg™ &k [ [ 27 )
j=1
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25,
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Fig. 1.

25,

Lg S 25,

.’.

(@

(a) Complexes, reactions, and the reactant complexes polytope of the network A/ in Example 1 in the phase space. (b) and (c) Directions of

leftmost and rightmost reactions of each projected network of A on the four different representative lines Li, La, L3, Ly4. (d) Projects the subnetwork

N1 into Ls and Lg.

where k; € R+ is the reaction rate coefficient.

Definition 2.6 (MAS): An N = (S,C,R) equipped with
mass-action kinetics is called a MAS, which is usually repre-
sented by the quaternary (S,C, R, k).

The dynamical equation of an M = (S, C, R, k) can be writ-
ten as

Definition 2.7 (Equilibrium): For an M = (8,C,R, k), a
concentration vector z* € RZ, is called an equilibriumif & (¢) =
0 at x = z*, and a complex balanced (CB) equilibrium if

Z k‘i(l‘*)v‘i: Z k’,(.’t*)vl

{v;=C} {v;=C}

vCecl. (9

A CB equilibrium must be an equilibrium, but not vice versa.
A MAS admits a (CB) equilibrium is called (complex) balanced
MAS. If there exists a CB equilibrium in a MAS, any other
equilibrium (if exists) in this MAS is also a CB equilibrium [10].

Persistence is an important property of a MAS. In a chemical
reaction system, persistence means that none of the concen-
trations of species can tend to zero if they are not zero at the
beginning of reactions. Mathematically, it is defined as follows.

Definition 2.8 (Persistence): An M = (S,C,R,k) de-
scribed by (8) is called persistent if any forward trajectory
x(t) € RZ, with positive initial condition z:(0) € RZ satisfies

1i%ninij(t) >0 forallje {1,...,n}.
—00

The abovementioned definition works for all cases, including
the cases of bounded trajectory and unbounded trajectory. In
the case of bounded trajectory, the definition may be reduced to
describe its w-limit point.

Definition 2.9 (Persistence for Bounded Trajectory): For an
M = (§,C, R, k) with bounded trajectory, it is persistent if

w(z(0)) NOREL, = @ v z(0) € RY, (10)
where w-limit set w(x(0)) is the set of w-limit points for the
trajectory xz(t) with positive initial condition (0) € R” at a
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certain time subseries {¢y }, defined as
w(x(0)) == {zr € RY, | 2(ty) — =, for some sequence
(11

Remark 2.10: Given a boundary point z, let I represent the
set of species with 0 concentration in . We define the set of
boundary points with the same [ as

— 00}.

LI:{xERgdxi:OforSi e I; x; > 0for S, ¢I}

Thus, L; is one boundary of Rgo and

oR% = J L.
Ics

For each stoichiometric compatibility class .77, the boundary
of .7, is denoted as F1 = . (xo) N L;.

The following concept plays an important role in character-
izing the persistence of a MAS.

Definition 2.11 (Semilocking set and Locking Set [3], [8]):
Consider an N = (S,C,R). A nonempty set I C S is said to
be a semilocking set or siphon if one species of [ is in a product
complex v/;, there must exist a species of I in the reactant
complex v.;. If for any reaction v.; — v/; there exists an S; € I
in reactant complex v.;, then I C S is called a locking set.

Angeli et al. [8] also reported a necessary and sufficient
condition to suggest a semilocking set, that is, as follows.

Proposition 2.12: A nonempty set I CS in an N =
(8,C, R)isasemilocking setif and only if the face F is forward
invariable for the dynamics (8).

The physical explanation of this proposition is easily caught
as the concentrations of species in I are always zero and every
reaction induced by the species in I will stop once the trajectory
enters into F7.

Based on the concepts of semilocking set and endotactic
network, some checkable criteria have been reported for persis-
tence, as stated in Section I. In this article, we continue to follow
this project, but define another kind of network and analyze the
persistence of these networks by using the combination.

I1l. Wr-ENDOTACTIC NETWORKS AND PERSISTENCE IN
CASE OF 1d STOICHIOMETRIC SUBSPACE

In this section, we will define YWr-endotactic network and
prove that all 1d WW;-endotactic networks are persistent.

A. Wr-Endotactic Network

We first give the definition of VV;-endotactic network.
Definition 3.1: Given a reaction network N' = (S,C, R), let
I represent a semilocking set attached to this network. Define

wy € {0,1}° as
1, jel
w ;=
s {o, il
and Wy = {wy|I is any semilocking set attached toA'}, then

N is called Wr-endotactic if for every w; € Wy this network is
wr-endotactic.

12)

The comparison of this definition to Definition 2.5 might
reveal that an endotatic network must be YV;-endotactic. How-
ever, the converse does not hold. An example of V-endotactic
network is given as follows.

Example 2: For a network like

251 — S1 + 259
St + 45, — 35;

it can be seen from Fig. 2(a) that this network is not endotactic
since its projection onto the straight line L, fails to support
the endotactic property. However, we can easily verify it to
be Wr-endotactic. The entire semilocking sets attached to this
network are { S} and {51, Sz}, then we get wyg,y = (1,0) and
wys,,s,} = (1,1). Also from Fig. 2, the projected networks onto
the lines where wyg,) and wyg, s, lie, respectively, both show
to be wy-endotactic. So this network is VW;-endotactic.

B. Persistence of 1d W;-Endotactic System.

A Wr-endotactic network (S,C,R) is a 1d Wr-endotactic
network if dim.” = 1, which is our main concern in this section.
Let b denote the base of the stoichiometric subspace ., b; = 0
means that the concentration of the corresponding species .S
always remains unchanged with the occurrence of the reactions,
ie., z;(t) = z;(0) > 0 for all ¢. Therefore, these species may
not need to be considered in the persistence analysis. Therefore,
for the sake of simplicity, in the 1d system studied in this section,
we agree that the only basis vector b does not contain zero
elements, namely, b; # 0 for all species 5.

Note that the persistence analysis using means of the w-limit
set requests that the trajectories in the MAS are bounded. The
following properties for 1d MASs will help our following anal-
ysis.

Lemma 3.2: Consider a 1d M = (S,C, R, k). Let x(0) €
RZ, be any initial point of the system. Then, for arbitrary tra-
jectory x(t) € RZ, originating from z(0), if the concentration
of one species tends to infinity as time runs to infinity, so do the
concentrations of other species S; with b; # 0 where b is the
basis of stoichiometric subspace of M.

Proof: From dim. =1, let b € R™ be a group of a base in
this 1d MAS, then there exists a real function a(t) satisfying
x(t) — x(0) = a(t)b. Also, denote the positive/negative terms
index set of b by P,/N;,. Without loss of generality, suppose
l € Pyandlim;_, x;(t) = oo, whichmeanslim; ., a(t) = oo,
soVj € Pywehavelim; . z;(t) = cowhileVj € N, wehave
limy_,, x;(t) = —oc. The latter is apparently not true. Thus, we
obtain IV, = &. Therefore, either P, or N;, must be empty under
the given conditions. The result is thus true. |

Then, we can catch the boundedness of trajectories in 1d wgs-
endotactic networks, where wg follows (12) and is, thus, n-
dimensional satisfying ws = (1,...,1)".

Lemma 3.3: Any trajectory in an 1d wg-endotactic MAS
(S,C, R, k) is bounded.

Proof: We use the proof by contradiction to reach the re-
sult. Assume a trajectory z(t) in the 1d wg-endotactic MAS
(S,C, R, k) is unbounded as time runs to infinity. From Lemma
3.2, we know that the concentration x; () of every species X
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(a)

Fig. 2.

455

Lj

25,

(®)

Schematic diagram of network in Example 2, and the corresponding projections on some straight lines. (a) Graph of network structure and

its projected network on L. (b) Graph of network structure and its projected networks on Lo and Ls.

withb; # Osubjecttolim o z;(t) = 0o, ¥V .S; € S. Using the
same variables as used in the proof of Lemma 3.2, like x(0), b,
a(t), etc., and setting all nonzero entries in b to be positive for
simplicity but without loss of generality, we get

o i) z;(0) +a(t)b; _ by

= fim DT 05y v e
T () T (0) Fa)b by 7 <

This means 3 77, 3;, 3; > 0 such that when ¢ > T, there is

Bj < iigg <Bj VS;eS8.
i.e.,
ﬂ”"‘a:<1v“”‘9> <g¥i < B”ixﬁ”'i’w” Vo; €C (13)
where 8= (B1,...,8n) ", B=(B1,-..,B,)", S is naturally a

semilocking set,andws = (1,...,1) " following Definition 3.1.

Further define the set composed of all <,,,-maximal reac-
tant complexes by C,, i.e., Vv, € C, and V v.; € C\C,, there
is (v, ws) > (v.;, ws). Then, utilizing the explosiveness of the
exponential function, and the fact that ¥ and B Vi are constants,
we get 3 75 > 0 such that when ¢ > T5 there is

Bv,im<1v-i7w5> < Bv.l‘r(lv-lywé‘).

Combining the abovementioned inequality with (13) yields that
when ¢ > max {17, T}, we have

L < Bv_ixgv_,;,ws) < 61),11‘%11.17105) < 2V

forV v, € C,,v.; € C\C,. For the same reasons as above, there
must exist 75 > 0 such that when ¢ > max {7}, T, T}, we
have

kix?t > kja¥t Yoy € Cpryvy € C\Cy

and 3 Ty > 0 such that when ¢ > max {7}, T», T3, T4} we fur-
ther have

Z kit > Z k;xt.

v.,€C, v.;€C\Crr

(14)

Note that the network under consideration is 1d wgs-endotactic,
and also wg is not orthogonal to . (due to (wg, by # 0), from
Definition 2.5, we, thus, get

(W, —viws) <0 Yu,; €C,
which combines (15) to yield m; < 0.

The abovementioned results are used to rewrite the dynamics
of the network, which gives

z(t) = i k¥ (v, — vy)
i=1

{i|v.;¢Cy} {ilv.;€Cy}
= Z kix”"i m;b — Z k:ia:“”‘ \ml|b
{jlm;>0} {ilm; <0}

Again, by using the explosiveness of the exponential func-
tion and (14), we obtain that 37 > 0 satisfying when ¢ >
max {17, T, T3, T4}, every entry of Z{j‘mi@} kix¥i|m;|b is
larger than that of ;.. o) kiz”m;b. As a result, there is
&j(t) < 0ift > max {7, T>,T5, T4}, V S;. This is contrary to
the assumption that z(¢) is unbounded as t — oo. Therefore, the
result holds. u

Remarkably, the result given in [4] implies that we only
need to consider semilocking boundary points in the subsequent
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analysis as each boundary point cannot be the w-limit point of
each trajectory for arbitrary chemical reaction MAS.

Proposition 3.4: Each semilocking boundary point in a 1d
M = (S,C, R, k) is a boundary equilibrium point.

Proof: Ina 1d M = (S,C, R, k), any reaction vector may
be expressed as

v, —vi=mib Vi=1,...,r (15)
where b € R” \{0,} is a base in . and m; € Z\{0} is the
corresponding coefficient. Let £ € R% represent a semilock-
ing boundary point in the 1d MAS under consideration, i.e.,
I = supp® 7 is a semilocking set, then any reaction v.;, — v/; in
(S8,C, R, k) does not support supp v.; C supp Z and supp v/; ¢
supp 7.

Assume that there is a reaction v; — v/, in (S,C, R, k) sup-
porting supp v.; € supp Z and supp v/; C supp Z. Then, V j €
I we have v;l —vj = 0, which together with (15) suggests
bj = 0. This result conversely shows that there is no change
on the concentration of species S;, V j € I, within all reac-
tions in (S,C, R, k). We may naturally ignore these species in
persistence analysis since they are requested to have nonzero
concentrations in the beginning and will not affect the per-
sistence property of the system. Hence, we only need to be
concerned with those species whose concentrations will change
within reactions. We suppose all species concentrations will vary
during the reaction process, i.e., every entry of b is not zero. This
means that among all reactions it is impossible to have a reaction
v, — v/, supporting supp v,; C supp Z and supp v/, C supp Z.

Based on the above obtained results, every reaction v.; — u’i
in a 1d MAS does not support supp v.; C supp Z. The network
can only include reactions satisfying supp v.;  supp Z. As a
result, I is a locking set as well as a semilocking set. Therefore,
Z is a boundary equilibrium point. |

Also, for a 1d MAS with positive equilibria, the following
function proposed in [22] is dissipative.

Lemma 3.5 (see[22]): For a 1d M = (S,C, R, k) modeled
by (8) admitting an positive equilibrium, the function defined by

(z)
Flz) = /07 ma(y'(z) + 7b)dr (16)

is dissipative along all trajectories, i.e., f (z) < 0. In the above
f(z), @ is the nonzero solution of h(x,u) = 0 and h(x,u) is
defined by

m;—1
h(z,u) = Z (kizV?) Zuj
{ilm;>0} j=0
+ Z (kiavi) | — Z ul (17)
{ilm; <0} Jj=m;

beR™\{0,} is a base of the stoichiometric subspace ..
y'(x) € €2(R2y; RZ,) is the unique solution with respect to x
of J(y) = 0 in each positive stoichiometric compatibility class

S (x) NRZ, where J(y) : .7 (x) NRZ, — R is defined as

[iep, vi — jen, vis Po, No # 0
[jep,vi—1, Po#0,Ny=0
[lien, 95— 1, No#0,P, =10

J(y) =

and Py, N, share the same meaning as those in the proof of
Lemma 3.2. y(z) € €%(R%; R), which together with y'(z), is
constrained by

=y () +y(x)b and (z+0b) =~(z)+5 V5 ER.

Remark 3.6: Note that Proposition 3.5 holds on the premise
of the existence of a positive equilibrium in the 1d MAS. The role
is to ensure the terms in (17) neither {i|m; > 0} nor {ijm; <
0} is empty [22], which will further guarantee that there exists
a unique % € €2 supporting h(x,@(x)) = 0. Clearly, 1d Wy
endotactic networks admit the result that neither {|m; > 0} nor
{ilm; < 0} is empty. Hence, for a 1d WW; endotactic network,
@ € €2 is unique to support h(z,@(x)) = 0, and the function
f(zx) given in (16) is dissipation.

Proposition 3.4 tells us that in the case of 1d MASs, the
concerning semilocking boundary points are all boundary equi-
libria. We, thus, use the above f to derive that each boundary
equilibrium is not an w-limit point of some trajectory for the 1d
Wir-endotactic MAS. Before giving the main theorem, we first
introduce two important lemmas.

Lemma 3.7: ForaMAS (S,C, R, k) givenby (8)and f € ¢!
defined as (16), if Z is the local maximal point for f(z), namely,
f(z) orlim,,_,; f(x) reaches the local maximum, then Z is not
an w-limit point.

Proof: We also use rebuttals of evidence to conduct proof.
Assume that Z is an w-limit point of some trajectory with an
initial point 2(0) € R%, N . (z). Namely, there exists a time
series {¢n} such that Z € w(xz(0)). Also, V € > 0, 3 a moment
te <ty — 400 such that z(t.) € N(Z), where N (Z) is a
e-neighborhood of Z. Note that f(x) < 0, so it is impossible
that f(z) (f(z) can be defined at z = ) or lim, .z f(x) (f(z)
cannot be defined at x = Z) is local maximal. Therefore, Z is
not an w-limit point. |

Lemma 3.8: For a 1d W;-endotactic MAS (S,C, R, k), let
Z € RZ, represent any semilocking boundary point, and z¢ €
(%) NRZ, represent any initial point in this MAS. Without
loss of generality, assume that I = supp Z belongs to the positive
terms index set of the base b in .¥. Then, the function f, given
by (16), is constrained by lims_,o+ @(Z + db) < 1.

Proof: Based on Proposition 3.5, the positive function
@(x) emerging in the solution f(z) of (16) should satisfy
h(z,a(x)) = 0, i.e., (17) becomes

mifl
Y (k) | Y ()
{i|m; >0} =0
1
= Y (k") | Y w(x) (18)
{i|m; <0} J=m;
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It is clear that I £ supp® 7 is a semilocking set. Without loss

of generality, I is set as {S1,...,Sy,, } in the following proof,
T

wherel <ny; <n,thenz = (0,...,0,Zp,41,...,%Tn and
N—_——

ni

T

wr=|{1,...,1,0,...,0 according to (3.1). Also we
define a set1 C; of <,,-minimal reactant complexes, i.e.,
(v —v4wr) <0, Vo, €Cand Vv, €.

Since I £ supp® Z belongs to the positive terms’ index set of
the base b, 3 @ > 0 such that Z = 2(0) — @b. For those z(t) €
7 (Z) near T, there exists a real function a(t) such that z(t) =

2(0) — a(t)b. We, thus, get

zi(t) b
== VS;el
a(t;r—{l(’r Q?1(t) by J

VS €S\

lim z;,=2;
a(t)—sa-? J

The first equation means that 3 71,0, H_j > 0 such that when
a — a(t) < 7 there exists
z1(t)
Therefore, for any reaction v. — ¢/, in (S,C, R, k) we have
ex(lv.i,wl) S H «xj” S e—w(lv,i,uq)
Sj el

Séj

VSjEI.

where 6 =[] ;07" and 6 =[[g ., 0;"" are two positive
constants. Utilizing the property of the exponential function and
C; being the set of <,,,-minimal reactant complexes, we know
that Vv, € Cj, v; ¢ C;, 172 > 0 such that when a — a(t) <
min{7y, 72}, i.e., z1 < min{z1(0) — (@ — 71)b1,21(0) — (@ —
Tg)bl}, there is

H x?jl > é)xﬁ”'““’” >> éxﬁv”"’w” > H x;’”.
SjEI SJ‘EI

19)

This, together with the facts that «; (S; ¢ I) is positively
bounded and every reaction rate coefficient is a positive constant,
means that 3 73 > O such thatwhena — a(t) < min{7y, 72, 73},
the inequality k;z"* > k;x"¢ holds. For the same reason, 3 74 >

0 supporting
S katt>> Y kit
{ljv,eC} {ilv.igCi}

when @ — a(t) < min{r, 72,73, 74 }.

Again, since I = supp® Z belongs to the positive terms index
set of the base b, wy is not orthogonal to .#, i.e., w; not
orthogonal to any reaction vector v/; — v.;. We then get

(20)

(W, —viwr) >0 Yo, €C

which is further combined with v/, — v.; = m;b to yield m; >
0, YV v; € C;. Therefore, (20) may be rewritten as

Z k;x¥t > Z k;xve.

{i|m;>0} {zlm; <0}

ey

Therefore, in order to make (18) hold, there must exist a(x) <
1 when = € RZ; and a — a(t) is enough small. This implies
limg_,o+ a(Z 4 6b) < 1. [ |

From the proof of the abovementioned lemma, we can obtain
the following proposition which will be used in Section IV.

Proposition 3.9: Consider a generalized 1d W;-endotactic
system M=(S,C,R, k), where every reaction rate constant
ki(t) for v; — o', i =1,...,r, is no longer invariant but a
bounded function about ¢, i.e., satisfying M} < k;(t) < M}
with M é > (0 and Mi > 0. Furthermore, without loss of gen-
erality, we suppose I 2 supp® Z belongs to the positive terms
index set of the bas~e b, and = and T are close enough. Then, for
arbitrary bounded k;(t) > 0 we have

Z ];z (t)m”'f > Z l;:i(t)x”i.

{ilm;>0} {ilm; <0}

(22)

Proof: Since I is a semilocking set of M and the reaction rate
constants do not influence the structure of the network, (19) holds
when the trajectory is close enough to each boundary point =
with supp®z = I.Because k;(t) > 0is bounded for all reactions,
namely, M} < k;(t) < M., there also exists a small enough
7 > 0 supporting M'z¥t > Mizi for v; € C; and v; ¢ C;
where @ — a(t) < 7. Therefore, k;(t)z"! > k;(t)z"+. Further
from the same proof of Lemma 3.8, we can obtain that (22)
holds. |

Finally, we present our main result as follows.

Theorem 3.10: Each 1d Wy-endotactic MAS (S,C, R, k) is
persistent.

Proof: Letx € RY be any semilocking boundary pointin the
MAS under consideration. Define I £ supp® z and w; follow-
ing (3.1), so I is a semilocking set and the network in the study is
a 1d Wr-endotactic network, in which the trajectory originating
any initial point is naturally bounded, as suggested in Lemma
3.3. We, thus, can apply Lemma 3.7 to analyze persistence for
this MAS. The function f(z) given in (16) is a solution of its
Lyapunov function PDEs.

Forany z € .#(z) N RZ near Z, there must exist 6 > 0 such
that x = x + b, where b is the base of ., and is set with its
positive terms index set including /. For convenient usage, we
denote the functions in (16) evaluated at x — Z by

@(®) = lim @z + 0b) and £(z) = lim_(z + ob).

Then, we have

611%1‘*' 0
1 [(@ten)
= 513(% 5 [y(z) Iy’ (z) + 7b)dr
| @+
= 513& 5 o Ina(y'(z) + 7b)dr
iy (@) + (@)
=Inua(z)
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Fig. 3. (a), (b), (c), (d) According to the combination method described in Section IV, the combined system shows persistence regardless of

whether the subsystems have intersecting species or not. (a) Evolution of the concentration of species in the system of Example 2. (b) Evolution
of the concentration of species in the system M of Example 4. (c) Evolution of the concentration of species in the system M of Example 5.
(d) Evolution of the concentration of species in the system M of Example 8.

From Lemma 3.8 that says 0 < u(Z) < 1, we get

- f(@)

po F@400) — f(@)
6—0+ )

0.
§—0t ) <

Hence, Z is alocal maximum point for the function f(z). Further
based on Lemma 3.7, we obtain the result that each 1d W;-
endotactic MAS (S,C, R, k) is persistent. [ |

Example 3: We use Example 2 to exhibit an application of
Theorem 3.10. Assume that kqy, ko > 0 are the reaction rate
constants of the first and second reactions in this network, re-
spectively. As said in Example 2, the network is Wr-endotactic.
Also, from the stoichiometric matrix

-1 2
()
the network is, thus, a 1d YWr-endotactic network. Furthermore,
the application of Theorem 3.10 yields that this system is persis-
tent. Fig. 3(a) shows the evolution of each species concentration
starting from (1,3)".

IV. PERSISTENCE OF SOME HIGHER DIMENSIONAL
W;-ENDOTACTIC MASS

This section focuses on the persistence of higher dimensional
Wr-endotactic MASs by utilizing the method of combination.
Consider an M = (S,C,R,k) as a combination of some
Id Wis-endotactic  subsystems M ®) = (S®) ) RE)
E®), p=1,...,L For the pth subsystem MP), it contains
ny, species and r;, reactions. v ;) and v’ are the reactant

and product complex of the ith reaction of system M®),
respectively. The system M = {S,C,R,k} composed of n
species and r reactions can be expressed by

S = CJS(IJ); C = OC(I’) — U U{U(p) .'i(P)}

p=1i=1
R = UR(;D) U U{U(P) *)1}/ (P)}
p=1 p=1li=1
L — Uk(p) U U{k@)}
p=1 p=1i=1
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where

o) {sz“’)v if S; € W L) U}N’)’ if S; € W
i 0S¢ SW T ) 0, if S ¢ S,

(23)
In order to analyze the persistence of the combined system M,
we need to consider the relation between semilocking sets of M
and M®),

Lemma 4.1: For an M = (§,C, R, k) composed of some
subsystems ~ M®) = (S®) cP) RW) kP)) p=1,... ¢,
each semilocking set of M is a union of the semilocking sets
of subsystems M ().

Proof: Suppose I is a semilocking set of M that is not the
union of semilocking sets of subsystems M (). Namely, there
exists some subsystem M@ such that I® £ 1N S® is not
a semilocking set of the subsystem M (). In this case, at least

one reaction v — v Z.(p ) that satisfies

suppv/;” (1 1) £ 0 and suppv,, @ N 1P = @

can be found in subsystem M), This reaction is also in
system M and IP) C I, so suppvfi(p ‘NI = (). Further from
the definition of 1), we have (I —I?))NS®) = (). Thus,
suppv.;(P) N I = (). This contradicts the fact that I is a semilock-
ing set. Thus, we can conclude our result. |

The following theorem guarantees that the combined system
is still a Wr-endotactic system.

Theorem 4.2: An M = (S,C, R, k) composed of some 1d
Wr-endotactic subsystems M®) p=1,... ¢, is also a Wy-
endotactic system.

Proof: Let I denote any semilocking set of the system M,
now we research the reactions with <,,,-maximum and <, -
minimal reactant complex.

Each I can be written as I = Upe{phm)m} I®) where 1) =

INS® and {py,...,p2} denotes the set of p such that I N
S(P) £ (). From the Lemma 4.1, each I(?) is a semilocking set
of subsystem M (P)_ Let P denote the set {py, ..., o}, the cor-
responding w; of semilocking set I in M and and w;),p € P
of semilocking set (") in M(P) are defined as (12) and w; () =
0,,» forp ¢ P.Thus, all the reactions v.(ip) — 0, p¢ Pare
orthogonal to w;. So we just need to consider the reactions in
M®) where p € P. Y®) denotes the reactant complex of the
subsystem M) and Y € Uper Y (), Further from

<’LU[, ,U(l;l’)> = <wI(P) y U i) >

we can obtain the rightmost leftmost) reactants for w; of system

M is must be rightmost (leftmost) reactants for some w?’ ) in

subsystem M(®). Let C, and C; denote <., -maximal reactants
and <,,,-minimal reactants, respectively, then

<w[’ U-/i(p) B U(f))> = <U)I<P) ’ U{i(z}) - v.i(P)> <0 V’U_(zp) €C,

(24)
Also
(wr, o, —0P) = (Wi, V) —v,m0) >0 WP e
(25)

The inequality of (24), (25) is derived from the fact that all
subsystems M ™) are W;-endotactic systems. (24) and (25)
reveal that M is also a VWr-endotactic system. |

The following three sections provide the persistence of several
types of higher dimensional YWr-endotactic systems through
different types of combinations of subsystems.

A. CRNs Composed of a Series of 1d W;-Endotactic
CRNs With Nonintersecting Species

This section focuses on higher dimensional WW;-endotactic
system M composed of some 1d WWr-endotactic subsystems
M ®) but with no-intersecting species between any two subsys-
tems, i.e., S®) N SP2) =@ for any py,ps = 1,...,¢. In this
case, n = 22:1 Ny, r = 22:1 7p, and the dynamics follow

4

L Tp
b= 3 S P ) - @

p=11i=1

where x and () denote the state of systems M and M),
respectively. We present an example to illustrate this case.
Example 4: Consider an M taking

MO 28 kg4,

M: 28 25 81 4285, ! S, 4+ 45, "2 35,
Sy +48; 22 39,
255 2% S5+ 5, |

25, + S5 &4 35, | MP 1 255 % 8545

25, + S5 T4y 38,

which is 2d with . = span{(—1,2,0,0)",(0,0,—1,1)"}. It
can be clearly thought to be composed of M) and M®).
Moreover, these two subsystems are both 1d WW;-endotactic
networks and there are no intersecting species between them.
For MASs like Example 4, we have the following
Theorem 4.3: Foran M = (S,C, R, k), if it is composed of
a series of 1d Wr-endotactic subsystems M (P) (p=1,...,90
with nonintersecting species among them, then M is persistent.
Proof: The result derives obviously from Theorem 3.10 and
the fact that each ; of M is the same as that in MP)s, |
The direct application of Theorem 4.3 to Example 4 reveals
that M is persistent. Fig. 3(b) displays the trajectory of each
species starting from (1,3, 1,2.5)". Actually Theorem 4.3 can
be further extended to any MAS consisting of some persistent
subsystems without intersecting species among them.
Corollary 4.4: A MAS is persistent if it consists of some per-
sistent subsystems and there is no intersecting species between
any two subsystems.

B. CRNs Composed of Some 1d W;-Endotactic CRANS
With Intersecting Species Just in Nonsemilocking Set

We continue to consider the composed WW;-endotactic net-
works but with intersecting species among 1d WWr-endotactic
subsystems, which means that for some pi,po=1,...,¢,
SP1) N SP2) £ () Let S, denote the set of intersecting species
that appear in more than one subsystem. We begin with a
relatively simple case of S. N I = () to discuss persistence of the
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composed Wr-endotactic MASs, where [ ;Cé S represents any
nontrivial semilocking set, i.e., no intersecting species appear-
ing in any nontrivial semilocking set. The following example
exhibits the current case under consideration.

Example 5: An M = (S,C, R, k) is composed of two 1d
W;-endotactic subsystems M (1) and M®) following

MO
25; £ Sy 428,
St + 455 k—2> 351,

M : é
25, £ 5y + 25, |
Sy +48, 7239, 1

. M(Z) . SC = {SQ}
253 — S5+ S, 253 534-527

kg
252+53—>3S3.. 2S2+53—>353.
The set of intersecting species between two subsystems is
S, = {S2}. There include three nontrivial semilocking sets [; =
{S1},Io = {Ss} and Is = {S1, S3}. We can see that S, N I; =
() forj =1,2,3.

The abovementioned example is obviously very different
from Example 4 with the latter being a decoupled system. Note
that the dynamical evolution of species in the semilocking set
is the key to the study of persistence while the dynamics of
species in nonsemilocking sets can be ignored. We are, thus,
only concerned with the evolution of part species of a MAS
under study. For this purpose, we define a reduced version of
MAS as follows.

_Definition 5.5: For an M = (S,C, R, k) described by (8),
M =(S,C,R,K) is a reduced system of M if M just con-
siders the dynamics of part species in S, i.e., S C S. From

z'ﬂi (t) 5

the view of M, the reaction rate of each reaction v, —= v,

. . ]{?1 . . .
(corresponding to reaction v; — v’; in M) is written as

ki(t) X% = kv (1) (26)

where k;(t) = k; ] 5,48 %; %7 (t), and X represents the state of

M.

For the semilocking set /3 = {S1, Sz} in Example 5, we set
it as the part species set to induce a reduced system M, whose
dynamics is

T = —kll'% + 2];2(15)11
— N
T3 = —k‘gl’g + 2]{34(t>$3

2 4
xr1 = —klfL'l + 2k2$11’2,
L k 2 2
T3 = —ksx3 + 2ksx5x3.

The abovementioned dynamics can be seen as induced by the
following generalized MAS:

kl(t)

25, 51,51 351

TRLLION

— 53, S3 395.

A look at this generalized MAS might suggest M consists of
two decoupled subsystems. Hence, it is possible to utilize the
previous result, such as Corollary 4.4, to analyze its persistence.
Also, since only the species in semilocking set needs to be cared
for persistence analysis, the strategy of generating the reduced
system from maximum semilocking set(s) of M may provide a

solution to catch the persistence of MASs like Example 5. We
affirm this interference through the theorem as follows.

Theorem 4.6: Consider a conservative system M composed
of some 1d VWr-endotactic subsystems MW@ p=1,... ¢ with
nonempty intersecting species set S, among subsystems. Sup-
pose for each semilocking set [ g Sthereis I NS, = (. Then,
M is persistent.

Proof: The system M is conservative, so all the trajectories
of M are bounded. At the same time, conservation ensures that
the trajectory from the positive starting point will not tend to
the origin. Let n(?"") denote the number of the species that only
exist in the subsystem M () and n.. is the number of intersecting
species in more than one subsystem. Thus, Zf;:l nP") 4, =

n. Now we reorder the species set S as S = ®£:1 SP) RS,

where S(°") is the set of the species only in M (?).

1) If n. = n, any species is the intersecting species, namely,
S. = S. As each intersecting species does not exist in a
semilocking set except S, M only has one semilocking
set S and one semilocking boundary point 0,,. Further
from the conservation, 0,, is not an w-limit point for
any trajectory with a positive starting point. Thus, M
is persistent.

2) If 0 <n. <n, we consider a reduced system M=
@éRKmm

S— ®S(pnc)’ C = { "F) /(PM)}

p=1 p=1 i=1
N o) L) _y o )
R=Q{o0" =, }
p=11i=1
~ ¢ i ¢ (Pc)
p=1i=1 p=1i=1
where v(p m), v’i(p ") are v( ) 1( ?) restricted to the set

S®™) and v(pC) is U(p) restrlcted to the set S,.. Let X =

®p L ®"(p x; o) denote the state of system M.
BecauseanytwoS P NSEE) =0, pr,pe =1,..., 4,
M is composed of 1d M®) = (S(p)f(p),ﬁ(p), f((p))
with nonintersecting species where M®) is a reduced
system of M), Further from each I C S contained in
S, we can obtain that M, M®) are a]l Wr-endotactic
generahzed MASs. And the dynamical equation of M is
X = ® X (P) where X () denote the state of system
M@,

Suppose some semilocking boundary point z of M,
namely, I £ supp®Z is a semilocking set, is an w-limit
point of some trajectory x(t) starting from a positive
point. Now we analyze the sign of &;(¢),j € I where
2(t) in a small enough 7-neighbourhood of Z by using
the reduced system M. Aseach I ; S is contained in S ,
x; 1s in the state variable X of M. Also, we can obtain

that 7 is a semilocking set in M and it can be denoted as
I=Q,_ 1P p=1,... (where [® =INSPisa

Authorized licensed use limited to: Denis Dochain. Downloaded on July 12,2024 at 09:32:15 UTC from IEEE Xplore. Restrictions apply.



ZHANG et al.: ON PERSISTENCE OF SOME W;-ENDOTACTIC CHEMICAL REACTION NETWORKS

7431

semilocking set of the subsystem M®) M is a conser-
vative system with the concentration of each species is
bounded. When z(t) in te e-neighborhood of Z, for each
S; ¢ I,S;(t) is bigger than a positive constant and also
bounded. Thus, each k; (t) in the reduced system satisfies

M} < ki(t) < M

where M7, M are all positive constants. Without loss
of generality, we suppose 1(?) £ supp®Z belongs to the
positive terms index set of the base b(®), Proposition 3.9
reveals that for p = 1, ..., ¢, there exists a small enough
71 such that

S (ROXPT) > 3 (Rmx O,

{ijm{" >0} {ilm!{™ <0}
(27)

Thus, when x(¢) enters into the 71 -neighborhood of
there exists

W= > RHXD mP)

{ilmP >0}

- Y ROXP M)

{ilm{ <0}

>0 Vs el (28)

From the definition of the reduced system, the dynamics
of species Sj(p ) denoted as x'§p ) for SJ(»p ) € Tis exactly its
dynamics in M.

If z is an w-limit point of some trajectory z(t) of M,
then for arbitrary small enough 7 > 0, we can find some
t1 such that z(t1) € RZ is in the 7-neighborhood of Z.
Butwhen 7 < 7, thereexists ; > Oforany S; € I.This
means that the trajectory will be far away from z. This
contradicts the assumption that Z is an w-limit point of
some trajectory with a positive starting point. Thus, we
can conclude the persistence of M. |

Let us go back to Example 5. It is obvious that all the
conditions in the abovementioned theorem hold, and the system
is, thus, persistent. Fig. 3(c) shows the trajectory of each species
starting from (1,3,1)".

Remark 4.7: Note that for any coupled MAS M as defined
in Theorem 4.6, as long as every coupled species among 1d
Wr-endotactic subsystems is not in any nontrivial semilocking
set of M, the persistence of every subsystem readily derives
from M. Also, the system is requested to be conservative in this
theorem. The main purpose is to request each trajectory of the
system to be bounded. Then, we can use the w-limit set to get
the persistence of the system. Note that this is just a sufficient
condition. There are obviously nonconservative systems that
have bounded trajectories. It may be a point of our future study.

The abovementioned combination pattern can be further
extended to combine more persistent MASs from 1d W;-
endotactic networks.

Proposition 4.8: For a conservative system M = (S,C, R,
k) composed of some 1d Wr-endotactic subsystems M (P) =
(8@ ¢ R®) E®) p=1,...,¢ and any other form of

subsystems M@ = (@ @) R k@) g=0+1,... 0,
but constrained by S (@) C U£:1 S®, if S. denotes the
nonempty set of intersecting species of all subsystems and
satisfies S, N I = () for any nontrivial semilocking set I of the
network, then M is persistent.

Proof: The system M is a conservative system, so each
trajectory cannot tend to the origin, i.e., the origin cannot be
the w-limit point of any trajectory of M starting from a positive
point. Also, the concentration of each species is bounded.

Now we consider the semilocking boundary point Z # 0,
where I = supp®Z is a semiloking set. Each species in S(9), ¢ =
£+1,... ,gis contained in S.., from S. N I = (), we can obtain
that all species in S(?) are not in semilocking set I. Thus, I C
Uf,:1 S®). And each species in I only exists in one subsystem.
By using the reduced system of M and the same method in
Theorem 4.6, we also obtain that z; > 0 for each j € I. Thus,
the corresponding boundary point z cannot be the w-limit point
of each trajectory starting from a positive point. So we conclude
the persistence of system M. |

Example 6: Consider the following system M = (S,C, R,
k), itis composed of two 1d W;-endotactic systems M (1) M (2)
and a system M () that converges to its boundary

MO
251 + 81 5 Sy + 285,
Sy + 485 22 35, + 28,
M3 .
285 2% Sy + Sy,
2S5 + S5 4 385,

M :
251+ 9,4 LN S1 4+ 29,,
Sy +48, 7239, +28,,
9285 £ Syt Sy,
2S5 + S5 X4 38,

25, ¥4 g, ME)
25, X5y G,
S, = {85, 85}

The nontrivial semilocking sets [ g S of the system M are
I = {S1}, I = {51, S4}, respectively. And the intersection of
S. and I, I, are all empty sets. Utilizing Theorem 4.6, we can
only obtain that the coupled system M) U M(?) is persistent.
But Proposition 4.8 further demonstrates that the persistence
of the newly combined system M also holds, despite adding a
subsystem M () that converges to the boundary.

C. CRNs Composed of Some 1d W;-Endotactic CRNs
With Intersecting Species in Semilocking Set.

We further consider the previous coupled MASs with coupled
species in semilocking set. We also give an example to illustrate
the current case.

Example 7: An M = (S,C, R, k) follows

MO
28, 2 ) 1 28,,
Sy + 48, 22 35,
M2 .
251 22 ) + 8,
Sy + 285 £ 39,

M i
25, £ ) +28,, |
Sy +48, £ 38, | Se = {51}
251 % Sy + S, |

Sy + 285 £ 39,
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where M), M) are two subsystems and S. = {S} is
the set of intersecting species. The semilocking sets of the
system M are 1 = {S1}, o = {S1,52},Is = {51, 55}, 14 =
{S1,S2,S3}.Itis obvious that S. N I; # (). We need to find new
conditions to support persistence for this class of MASs.

Lemma 4.9: Consider a conservative system M = (S,C, R,
k). It is composed of some ld W;-endotactic subsystems
M®) p=1,... ¢ Let S, denote the set of all intersecting
species. If for some semilocking set I & S, I = {S;, } where
S, € S.,eachsemilocking boundary point x where I = supp“z
is a semilocking set cannot be an w-limit point of each trajec-
tory with positive starting point of M and S, shares the same
meaning as that in Theorem 4.6.

Proof: We suppose that there exists a boundary point z # 0,
with supp®Z = I is an w-limit point for some trajectory x(t)
starting from the positive point. Then, for each small enough 7 >
0, we can find some ¢; such that x(¢;) is in the 7-neighborhood
of . Now we consider the dynamics of species S;, denoted
as %, . Because each species is bounded, the reduced system
M = (S,C, R, K) of the system M is described as Definition
4.5 where S = S, and K;,i=1,...,7in K is

K = ki(t) = ki H i (£)".
J#Fi1
We can obtain that the reduced system Mis a single-species
generalized MAS and each K; is bounded.

Each reaction R; of R is reduced by R; in some subsystem
M(P)_ Suppose there are ( subsystems containing S}, then the
reduced system M is composed of /\;1(5)7]5 =1,... ,57. Each
reduced subsystem M®) s a generalized 1d Wr-endotactic
system. Thus, similar to the proof of Theorem 4.6, we can
get that there exists :c(p ) > 0 when x(t) enters into the 7()-

neighborhood of z for some small enough constant 7(7) > 0 by
using Proposition 3.9. The dynamics of x;, can be written as

l
s . (D)
Tj = ijl
p=1

and #;, of the reduced system M is equal to that in M.
Thus, choosing 7 = min{7(?)}, we obtain #,(¢) > 0 when the
trajectory x(t) enters into T-neighborhood of boundary point z.
This is a contradiction to the assumption that Z is an w-limit
point of some trajectory x(t) starting from the positive point.
Thus, we conclude our result. |

Now we consider the case I is not a single species set but any
two species in I are not in one reaction.

Lemma 4.10: M is a MAS composed of some 1d W;-
endotactic subsystems M@ p=1,... ¢ If for some
semilocking set I ={Sj,,...,S;,} &S where any two
species in I do not participate in one reaction R; of M, then
the boundary points  with supp®z = I cannot be an w-limit
point of arbitrary trajectory starting from the positive point.

Proof: We consider the reduced systemM with S = I. Then,
the reduced system M is composed of m single species subsys-
tems with nonintersecting species. If some S} in I is in S, from

(29)

Lemma 4.9, we can obtain that &:; > 0 when x approaches to Z.
Otherwise the S only exists in one 1d VWr-endotactic network,
thus, also @; > 0 when x approaches to Z. Therefore, we can
conclude our result. |

The following lemma is devoted to the case of semilocking
set I where species in [ can interact with each other.

Lemma 4.11: Consider an M = (S,C, R, k) composed of
some 1d W;p-endotactic subsystems M) p=1,... (. Let
I={5;,5),} & S be a semilocking set of M where S;, €
Se,S;j, ¢ Sc and the boundary points Z with supp®z = I. If
S;,, S, bothexist in some subsystem M (P1)  let 5(P1) denote the
basis of stoichiometric subspace .7 (P1) satisfying b;f . b;é’ )<
0. Then, the boundary point  with I = suppZ cannot be an
w-limit point of arbitrary trajectory starting from a positive point.

Proof: If there is no M(P1) such that S, , S;, are both within
M1 then the result can be derived directly from Lemma
4.10. Now we consider the case that there exists the subsystem
M PV containing both S;, and Sj,. As S;, € S., S;, ¢ S
is contained in more than one subsystems and S}, is only in
M(Pl).

1) If bgf v 0, the reaction in M®) takes place without
changing the concentration of S;,. So in this case, S,
does not affect the concentration of .S;,. The concentra-
tion of S, does not tend to zero from proof of Lemma
4.9.

2) If bg V= 0, this means the concentration x;, is always
the same, namely, &;, = 0. Thus, each trajectory starting
from a positive point will not tends to T as Z;, = 0.

3) Ifb;fl) . bgl) < 0and we assume that Z with supp°z = I
is an w-limit point of some trajectory x(¢) starting from a
posmve point. We consider the reduced system M with

={Sj,,S;,}. The dynamics of the reduced system is

i = Y @)+ (i

PFP1

i.j2 = (‘izjz)(pl)

)(Pl)
(30)

where (,)(”) denotes the evolution of z;, brought by
the reactions of subsystem M) (If S;, not in some
MW@ (3;,)P) = 0). The first part of the first equation
of (30) denoted as >_ . (i:4,) is the dynamics of
the system composed of the subsystem containing S},
except p1. From Lemma 4.9, we can deduce that there
existsasmallenough7 > Osuchthat}_ , (25,)® >0
once the trajectory enters into the 7-neighborhood of z.
Z is an w-limit point of the trajectory x(t), so for the
e >0, we can find x(t.) in this e-neighborhood of Zz.
And z(t.) +b = where b= Zf,:l 5,0 is a linear
combination of () and b;, < 0,b;, < 0. S}, is only in
M(Pl), o)

3y, b7 < 0, but 6,0 > 0.

P1¥jo

Because Z is an w-limit point, the trajectory x(t) will
further move from x(t.) to Z. Therefore, the concen-
tration of species S;,,5;, denoted as x;, ,x;, are all
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decreasing. The decreasing of z;, is only due to the CXCR-4[23].
reactions in M (1) thus, the reaction of M®1) results : MO .
in an increase of x;, from 6p1b§-’1) )'> 0. From this, the _ k ’
decreasing of z;, is due to the reaction in M®) p # D1, klM ' 2E = kE +EP,
namely, > (i;, (t))®) < 0. It is obviously contra- iE — Lk "}; EP, EP = E, S. = {EP}.
diction to the fact that ) . (i;,)®) >0 for all z(t) E «—— EP VTL\ EPP. /\;l(Q) :
in the e-neighborhood of z. Thus, the T cannot be an 3 ! EP == EPP
! ks

w-limit point for any trajectory with the positive starting
point. |

From the abovementioned three lemmas, we can derive the
persistence of some kind of MAS M.

Theorem 4.12: M = (S,C, R, k) is a conservative MAS,
and it is composed of some 1d WWr-endotactic subsystems
M®) p=1, ... ¢ LetS,denote the nonempty set of intersect-
ing species of all subsystems. For each semilocking set I ; S,
if I is one of three forms in Lemmas 4.9, 4.10, 4.11, M is
persistent.

Proof: From Lemmas 4.9, 4.10, and 4.11, each boundary
point  where I = supp®Z is a semilocking set cannot be an
w-limit point of each trajectory starting from a positive point.

Example 8: Now we use results derived in this subsec-
tion to check the persistence of the system in Example
7.

1) For semilocking set 1, each boundary point z with
supp“x = I; cannot be the w-limit point of each trajectory
with the positive starting point from Lemma 4.9.

2) For semilocking set o, I3, the corresponding boundary
points of I, I3 cannot be w-limit points from Lemma
4.11.

3) For semilocking set I, the corresponding boundary point
of I, is the origin. It also cannot be the w-limit point as
the system M is conservative.

From the Theorem 4.12, the system M is persistent.
Fig. 3(d) shows the evolution of the species concentration of
M.

Remark 4.13: From the proof of the persistence of systems
introduced in this article, for each boundary F7, we can find a
proper threshold value such that ©; > 0 for some S; € I once
the concentration is below this threshold value (in other words,
the trajectory will move toward the direction away from the
boundary). Thus, by using these thresholds, we can easily find
a compact set such that any trajectory from a positive initial
point eventually converges to this compact set. Therefore, we
can generalize the persistence of these systems to permanence
directly.

D. Applications to Some Real Biochemical Reaction
Networks.

In this section, we will use the proposed results to derive the
persistence of biochemical reaction systems. These systems are
all composed of 1d Wr-endotactic networks but some are not
endotactic networks that are studied before, like the first model
of Examples 9 and 10.

Example 9: Now we consider the PAK-1 network, which
plays a vital role in reducing the expression of proteins involved
in cancer proliferation and progression such as E-cadherin,

We can see both M), M?) are 1d Wy-endotactic systems.
The intersecting species FP does not belong to any of the
semilocking sets except the species set S = {F, EP, EPP}.
Thus, the system M is persistent from Theorem 4.6.

If the reaction vector of each reaction remains un-
changed but the reaction rates of the reactions in M are
kiz%, kox% p, ksz% p and kyx pp px g p, respectively. Then, the
PAK-1 system can be expressed by

°oF ¥ B+ EP,
E+EP <" opp 22 EPP + EP.

kg

M

It is composed of the following two subsystems:

MDY op P Ep L EP
9EP ¥ B EP
M. 2Ep 2. EPP+EP

ka

In this case, the set of intersection species is also S, = {EP}.
It is contained in the semilocking set {E, EP} with E ¢ S,
and EP € S.. Also, E, E P satisfy bg) . bgl)) < 0 where bV =
(—1,1,0)". Lemma 4.11 and Theorem 4.12 reveal that the
second model of PAK-1 is persistent too. Of course, this version
is also an endotactic network, thus its persistence can be achieved
by the existing results in [16].

Example 10: The following system is an autocatalytic system
that can be applied in several interdisciplinary fields, such as a
high-density model for decision-making processes in swarms of
agents and ants [24], [26]

M(l) : 251,

s

S1+ 5o

&
2527

k1
51\?527251-‘1-52 k—3>351,51+252 k—4>352. 31)

This system is a 1d Wr-endotactic system. The following
system is a nonweakly-reversible system with deficiency 1 and
also a 1d Wr-endotactic system

M@ 8 + 83 = 28,
k

2

mSy + 2S5 £ (m +1)S; + Ss. (32)
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The system M) corresponds to a slight modification of motif
F of [25]. When we combine subsystems MDD and M@,
the intersecting species set S, = {51} does not belong to any
nontrivial semilocking set, so the combined system M is also
persistent from Theorem 4.6. This result is very important for
biochemical networks, as the purpose of synthetic biology is to
combine submodules without affecting the properties of sub-
modules.

V. CONCLUSION

This article defines a class of new networks called W;-
endotactic networks, which include common weakly reversible
networks, endotactic networks of special geometric structure,
etc., to reach the persistence of CRNs. Through the energy
function available for all of 1d networks, we prove any 1d W;-
endotactic network is of bounded trajectory and has persistence.
Based on these, we construct higher dimensional networks that
are composed of a series of 1d Wr-endotactic networks and
prove them to be also of WWr-endotactic structure. Furthermore,
we discuss the persistence of the combined higher dimensional
Wr-endotactic networks according to two cases for subnetworks
with and without intersecting species. Some sufficient condi-
tions are developed for each case. The results, on the one hand,
enrich greatly the networks to support persistence; on the other
hand, they suggest a challenging way how to combine without
destroying the original properties of subnetworks in practical
applications. For example, in synthetic biology, biologists often
need to use a modular approach when faced with the design of
complex biochemical systems. The ideal state is that when these
modules are combined, their properties will not change.
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