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Preface

This book constitutes the proceedings of the 21st International Conference on the Inte-
gration of Constraint Programming, Artificial Intelligence, and Operations Research
(CPAIOR 2024). The conference was held as an in-person event in Uppsala, Sweden at
the Uppsala University campus, May 28–31, 2024.

The conference received a total of 104 paper submissions of original unpublished
work, which were reviewed by at least three Program Committee members in a single-
blind process. The reviewing phase was followed by an author response period and an
extensive discussion period carried out by the Program Committee. At the end of the
review period, 42 regular papers were accepted for presentation during the conference
and were published in this volume. In addition, the conference received 17 extended
abstract submissions, containing either original unpublished work or a summary of
work, which were reviewed for appropriateness for the conference, and 12 abstracts
were accepted for a short presentation and a poster at the conference. Of the regular
papers accepted to the conference, the paper “Assessing Group Fairness with Social
Welfare Optimization” by Violet Chen, John Hooker and Derek Leben was selected
for the Best Paper Award, and the paper “Probabilistic Lookahead Strong Branching
via a Stochastic Abstract Branching Model” by Gioni Mexi, Somayeh Shamsi, Mathieu
Besançon and Pierre Le Bodic was selected for the Best Student Paper Award. The
selection was completed by a 3-member Best Paper Committee.

The conference program also included three keynote talks. Elina Rönnberg
(Linköping University, Sweden) gave a keynote on “Decomposition to Tackle Large-
Scale Discrete Optimisation Problems”. Giacomo Nannicini (University of Southern
California, USA) gave a keynote on “Optimization and Machine Learning on Quan-
tum Computers: Yes/No/Maybe?”. Tias Guns (KU Leuven, Belgium) gave a keynote
on “Decision-Focused Learning: Foundations, State of the Art, Benchmarks and Future
Opportunities”. The conference program also included a Master Class on “Quantum
Computing for CP, AI, and OR, and vice-versa” with invited talks by Carleton Cof-
frin (Los Alamos National Laboratory, USA), Ashley Montanaro (University of Bristol,
UK), Tamás Terlaky (LehighUniversity, USA), HarshaNagarajan (LosAlamosNational
Laboratory, USA), Andreas Bärtschi (Los Alamos National Laboratory, USA), Zachary
Morrell (Los Alamos National Laboratory, USA), Xiaodi Wu (University of Maryland
College Park, USA), and David Bernal Neira (Purdue University, USA).

The organization of this conference would not have been possible without the help of
many individuals.Wewould like to thank the ProgramCommitteemembers and external
reviewers for their hard work. We are also very grateful to the Master Class chair Car-
leton Coffrin (Los Alamos National Laboratory, USA), Sponsorship chair Thiago Serra
(Bucknell University, USA), the Publicity chair María Andreína Francisco Rodríguez
(Uppsala University), Sweden and Diversity, Equity, and Inclusion (DEI) chair Amira
Hijazi (Georgia Institute of Technology, USA). Special thanks go to the conference
general chairs Pierre Flener, María Andreína Francisco Rodríguez, and Justin Pearson
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(Uppsala University, Sweden), whose support has been instrumental inmaking this event
a success.

Lastly, we want to thank all sponsors for their generous contributions. At the time of
writing, these include Artificial Intelligence Journal (AIJ), OptalCP, QuantumTechnolo-
gies Group at Carnegie Mellon University’s Tepper School of Business, Coupa, Asso-
ciation for Constraint Programming, Google, Boeing, Uppsala municipality, nextmv,
Gurobi, MERL, The Optimization Firm, SOAF, COSLING, INQA, Uppsala University.

April 2024 Bistra Dilkina
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Online Optimization of a Dial-a-Ride
Problem with the Integral Primal Simplex

Elahe Amiri1,2,3(B) , Antoine Legrain1,2,3 , and Issmäıl El Hallaoui1,3

1 Polytechnique Montréal, Montréal, QC H3T 1J4, Canada
{elahe.amiri,antoine.legrain,issmail.el-hallaoui}@polymtl.ca

2 CIRRELT, Montréal, QC H3T 1J4, Canada
3 GERAD, Montréal, QC H3T 2A7, Canada

Abstract. This paper focuses on developing a real-time dispatching
system for a ride-sharing service. The primary goal is to address the
dynamic dial-a-ride Problem, aiming to minimize waiting times while
ensuring service quality by limiting ride duration. We introduce a rolling
horizon-based framework, involving the division of the time horizon into
small epochs, batching requests within each epoch, and re-optimizing the
problem for the batch of requests. Unlike prior studies that restart opti-
mization for each period from scratch, we leverage the strength of integral
primal simplex to reuse effectively the previously computed solutions as a
warm start, extending current routes with new incoming requests. More-
over, using integral primal methods allows us to provide an algorithm
that is tractable in real-time and scales effectively to handle thousands
of customers per hour. Experiments using historic taxi trips in New York
City, involving up to 30,000 requests per hour, illustrate the efficacy and
potential advantages of the method in effectively managing large-scale
and dynamic scenarios.

Keywords: Real-time dial-a-ride · integral column generation ·
integral simplex using decomposition

1 Introduction

In recent years, the rise of Commercial ride-sourcing services like Uber and
Lyft has revolutionized urban mobility by offering on-demand transportation
through mobile applications. Despite the theoretical advantages of these services
in mitigating congestion and pollution, their rapid expansion has introduced new
challenges and worsened the situation. Promoting shared alternatives like ride-
sharing can alleviate this issue by utilizing vehicles more efficiently. However,
its implementation comes with various challenges including the high degree of
dynamism and the large amount of trip requests to handle. Therefore, advanced
optimization techniques are rarely used in practice which limits the potential
benefits of these systems. Alonso-Mora et al. [1] was the first who demonstrate
the potential of systematic ride-sharing, revealing that 98% of ride requests in
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
B. Dilkina (Ed.): CPAIOR 2024, LNCS 14742, pp. 1–16, 2024.
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New York City (NYC) could be served using 15% of the taxi fleet, with an
average waiting time of 2.8 min.

From a mathematical point of view, ride-sharing is modeled as a dial-a-ride
Problem (DARP) which involves planning a set of vehicle routes to transport
people between their origins and destinations. In these systems, dispatching deci-
sions are made online without prior knowledge of trip requests, necessitating
the solution of the DARP in a dynamic mode to adapt the dispatching plan
in real-time. Traditional approaches, typically employ a rolling horizon strat-
egy, attempting to batch requests to take advantage of the optimization [1,2].
However, these methods restart the optimization for each new batch without uti-
lizing the previous solution. This paper introduces an innovative re-optimization
framework, denoted as F-ICG, using the strength of primal methods to reuse
previously computed solutions as a warm start. To be more precise, the F-ICG
divides the time horizon into short periods, termed epochs, and frequently re-
optimizes the static DARP for the requests batched within these epochs, employ-
ing the Integral Column Generation (ICG). Utilizing primal methods involves
decomposing the problem into smaller subproblems, thereby simplifying their
resolution by reducing density. Importantly, the solution consistently remains
feasible, enhancing the real-time tractability of the algorithm.

The paper is organized as follows. Section 2 presents related work and sum-
marizes our main contributions. Then, in Sect. 3 we describe the problem.
Section 4 gives an overview of the solution approach. The computational results
are reported in Sect. 5, and finally, Sect. 6 concludes the paper.

2 Related Work

Over the past few decades, DARPs have been widely studied and attracted
lots of interest in operations research. Cordeau et al. [3] proposed a three-index
formulation known as Standard DARP and conducted a comprehensive review of
various formulations of the DARP since 2003. The reader is also referred to [4,5]
for a thorough survey on the DARP, classification of the problem variants, the
solution methodologies, and references to benchmark instances. Our focus lies
specifically in the field of dynamic DARP, which has received comparatively less
attention than its static counterpart.

Most of the studies in the literature on dynamic DARP have focused on
heuristics to find fast solutions and metaheuristics for further optimization. The
typical two-step approach involves assigning new requests with fast insertion
heuristics initially and refining the solution during idle periods using another
heuristic or metaheuristic. Regarding the first step, some insertion heuristics add
the new request to the dispatching plan without relocating previously assigned
ones [6], while some others allow for relocation of requests that are scheduled
but not served yet [7]. To enhance solutions during idle times between request
arrivals, many studies have suggested metaheuristics. For example, [8] enhanced
solutions by reinserting unserved requests, while [6] introduced a regret heuristic,
assessing the benefit of transferring requests between vehicles.
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While most research has focused on heuristics and metaheuristics, a few
studies have also developed exact solutions for the dynamic DARP. These meth-
ods are mainly based on re-optimizing the static version of the problem within a
rolling horizon framework. In this regard, Bertsimas et al. [9] proposed a backbone
algorithm and discussed methods to simplify optimization-based approaches for
large-scale taxi routing problems without ride-sharing. Riley et al. [2] considered
a large-scale ride-sharing system modeled as a DARP, which guarantees to serve
all the requests. They utilize a rolling horizon strategy for request batching with
the epoch length of 30 s and proposed a solution based on column generation
(CG) to optimize operations. Their objective is to minimize the average waiting
times of customers while constraining ride durations. A key difference of their
work compared to prior studies, is their commitment to serve all the requests. In
order to meet the real-time requirements, they employ an iterative pricing algo-
rithm that generates routes of increasing lengths. They evaluate their algorithm
on real data from NYC dataset [10] with up to 32,869 requests per hour and out-
performed the achievements of [1] in terms of the waiting times. In a follow-up
study [11], their approach was enhanced with a model predictive control for idle
vehicle relocation, resulting in a significant 30% improvement in average waiting
time compared to their previous work.

Note that the algorithms proposed in [2] and [11] are based on the branch-
and-price algorithm which combines CG and branch-and-bound and is placed in
the class of dual fractional methods. The methods in this class maintain opti-
mality as well as the feasibility of the linear model and terminate when reaching
integrality. Although these methods are generally effective, certain limitations
can hinder their ability to provide timely solutions in real-time scenarios. Explor-
ing a branch-and-bound tree to achieve integrality, and restarting optimization
from scratch are two such limitations. Another class of algorithms for integer
programs are Integral Primal methods that maintain feasibility (and integral-
ity) throughout the process and terminate when optimality is achieved. These
approaches offer advantages such as avoiding combinatorial branching to reach
integrality, utilizing existing solutions as a warm start, and having a feasible
integer solution available at any point, allowing early termination whenever the
quality is satisfactory or the time is running out. Despite these advantages, an
examination of state-of-the-art showed that exact primal methods had received
very little attention in the literature compared to dual-fractional ones.

The first primal approach was introduced by [12] for Set Partitioning Prob-
lems (SPP), but was limited to small instances. Zaghrouti et al. [13] later intro-
duced Integral Simplex Using Decomposition (ISUD) to tackle large SPPs. ISUD
involves decomposing the problem into a Reduced Problem (RP) to improve the
current solution, and a Complementary Problem (CP), to find descent directions
qualified as integer. Several strategies have been proposed to improve the perfor-
mance of ISUD such as adding primal cuts to eliminate fractional directions [14],
the multi-phase strategy which solves the CP in a sequence of phases [13], and
Zooming method which explores the neighbourhood around fractional directions
to find an integer descent direction [15].
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Recently, Tahir et al. [16] embedded primal ISUD in CG and introduced
ICG to solve SPPs. Their computational results on large-size instances with up
to 2000 constraints indicate that this method outperforms two popular CG-based
heuristics. They also indicated that ICG can be adopted even on SPP with side
constraints [17]. Messaoudi et al. [18] examined the performance of ICG on a
realistic multi-attribute Rich Vehicle Routing Problem with the instances reach-
ing 140 customers. The capability of ISUD and ICG algorithms in using warm
start for re-optimization and their ability to provide solutions at any time makes
them worth pursuing. We believe that such methods have to be evaluated in a
real-time optimization framework. The research conducted in [2] serves as the
foundational benchmark for our study and we share a common mathematical
framework for modeling DARP, and utilize the same rolling horizon strategy for
batching request. However, our approach diverges significantly in the methodolo-
gies employed for addressing the pricing subproblems and the Master Problem
(MP). Our main contributions are summarized as follows:

1. We introduce the first implementation of a primal algorithm based on integral
simplex for a Set Covering Problem within the context of the DARP.

2. We conduct a thorough assessment of primal-based methods within a real-
time optimization framework.

3. Our approach demonstrates robust scalability, handling up to 30,000 requests
per hour, and outperforms prior studies in terms of average waiting time.

3 Problem Statement

The notations presented in Table 1 are used to formulate the problem. We bor-
rowed the model proposed in [2] which guarantees the service of all requests.
The primary objective is the minimization of average waiting time while making
sure that the ride duration and capacity limitations are met.

Our proposed strategy centers around the use of ICG, a methodology that
combines a primal approach with CG. In this setup, variables are defined as the
vehicle routes. The model itself is comprised of a MP, dedicated to selecting the
optimal routes, and Pricing Subproblems, which are solved to generate feasible
routes. A route r ∈ Rv starts from the departure stop of the vehicle v, and visits
a sequence of pickup and drop-off nodes while satisfying the following constraints
to ensure feasibility:

1. Each request i ∈ P should be picked up and dropped off by the same vehicle.
2. Each request i ∈ P can only be visited after its desired pickup time ei.
3. Travel time for the passengers of each request i ∈ P should not deviate too

much from the shortest possible time ti. Constants α and β are considered to
determine the permitted deviation from the shortest path as max{αti, β + ti}

4. Each vehicle v ∈ V is constrained by its specified carrying capacity Qv.
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Table 1. Definition of the parameters and variables

symbol type description

P – Set of pickup nodes; P = {1, · · · , n}
D – Set of drop-off nodes; D = {n + 1, · · · , 2n}
V – Set of vehicles

Rv – Set of feasible routes for vehicle v

R – Set of all feasible routes (R = ∪v∈V Rv)

cr real Total waiting times of customers served along the route r

pi real Penalty for not serving request i in the current period

ei real Earliest possible pickup for request i

qi real Number of passengers for request i

ti real Shortest travel time from the origin of request i to its destination

Qv integer Capacity of the vehicle v

ari binary Parameter that equals to 1 if customer i is served by route r

yr binary Variable that equals to 1 if route r is selected

zi binary Variable that equals to 1 if request i is not served

The MP is formulated as an SPP presented by formulation (1)–(5). The
objective (1) minimizes the waiting time of customers that are planned to be
served and the penalties for the unserved customers. Constraints (2) ensure that
variable zi is set to 1 if its corresponding request i ∈ P is not served by any
of the selected routes. Constraints (3) ensure that exactly one route is assigned
to each vehicle. And finally, constraints (4) and (5) restrict the domain of the
decision variables.

Z∗
MP = min

∑

r∈R

cryr +
∑

i∈P

pizi (1)

s.t.

(
∑

r∈R

yra
r
i

)
+ zi = 1 ∀i ∈ P (πi) (2)

∑

r∈Rv

yr = 1 ∀v ∈ V (σv) (3)

zi ∈ {0, 1} ∀i ∈ P (4)
yr ∈ {0, 1} ∀r ∈ R (5)

To generate feasible routes, the subproblems are modeled as a shortest-path
problem with resource-constrained (SPPRC) aiming to minimize the reduced
cost. Let πi and σv be dual variables associated to constraints (2) and (3). The
reduced cost associated with route r ∈ R is calculated as cr − ∑

i∈P ar
i πi − σv.
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4 Solution Method

This section gives an overview of our real-time optimization approach for a
large-scale ride-sharing system. Our solution method involves re-optimizing the
static DARP with all known ride requests periodically. The stages of the overall
approach are illustrated schematically in Fig. 1 and is described in this section.

Fig. 1. Schematic representation of the stages in the overall approach

4.1 Online Re-optimization Architecture

Our re-optimization strategy is motivated by the work of [2,11] who suggested
using a rolling horizon scheme. This involves dividing the time into small epochs,
each lasting 30 s, and periodically updating the departure plan. Let � denote
the length of each epoch. Let define time intervals as [ 0, �), [ �, 2�), · · · where
[ τ�, (τ +1)�) corresponds to epoch τ . For each epoch τ , inputs are computed as:

– Batch the requests arrived in epoch τ − 1 into a set Pτ

– Determine the departing stop and departure time of the vehicles based on
the solution in τ − 1. It is defined as the first stop falling within the interval
[ (τ+1)�,∞) if it exists. If a vehicle was idle at the current epoch, its departing
stop would be its last stop and its earliest departure time would be (τ + 1)�.

– Determine the set of unserved requests up to τ − 1 and update penalties.
– Initialize the dual variables πi and σv using the solutions from the preceding

epoch τ −1. For the new arrival requests, πi is set to their respective penalties.

To calculate the penalties for unserved requests, the function proposed in [2]
is employed: pc = ρ2(T�−ec)/10�, where ec represents the earliest possible pickup
time for request c, and ρ serves as the parameter intended to encourage the
scheduling of a request in the earliest possible epoch. Once the inputs are deter-
mined, the static DARP is re-optimized and the system advances to the next
epoch, iterating the entire process again.
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4.2 Integral Column Generation

ICG is a sequential procedure comprising three stages that utilizes ISUD to solve
the MP inside the CG method. The conventional CG involves two primary steps.
Initially, the linear relaxation of the MP restricted to columns generated (called
RMP) is solved. Subsequently, the subproblems are defined based on the duals
associated with the constraints of the RMP and are solved to generate columns
with negative reduced costs. In ICG, instead of solving the linear relaxation of
the RMP, ISUD is directly applied to the RMP which is an integer problem. The
goal is to produce a feasible (integer) solution at each iteration which is a key
advantage in online applications. This approach introduces an additional level
of decomposition, breaking down the RMP into an RP and a CP for resolution
using ISUD.

Pricing Subproblems. As mentioned in Sect. 3, the subproblems are mod-
eled as SPPRC which involves determining the shortest route within a network
starting from a source node and ending at a sink node while meeting specific
constraints related to a set of resources. We consider the following resources in
our method:

– The capacity resource indicating the accumulated load in the vehicle
– The time resource specifies available travel time for onboard passengers based

on the max permitted deviation from the shortest path.

To solve the subproblems, we implemented a modified version of the label
setting algorithm proposed in [19]. The labeling method builds labels that are
partial paths originating from the source node. It starts with an initial label
at the source node, and through an extension function, recursively extends it
to successor nodes while updating the reduced cost and resources consumption.
The extension function also examines the path’s feasibility based on resource
limitations and eliminates labels related to infeasible paths. Dominated labels
that cannot provide a Pareto-optimal path can also be identified and removed
during the labeling process to speed up the algorithm. This procedure continues
until all labels have been extended in all feasible ways or discarded.

We also use two acceleration techniques to speed up the process. The first,
known as truncated labeling [19], involves retaining only a limited number of
labels at each node for a potential extension. In our case, this limit is set to 15
labels. Another technique is to avoid extending labels to pick up nodes if their
corresponding partial paths have already visited a drop-off node. Additionally, we
have established a maximum limit on the number of pickups on the path, which
significantly reduces the total number of labels generated during the process.
For real-time optimization tractability, rather than solving the subproblems for
each vehicle in every epoch, we selectively solve a subset of the subproblems,
matching the number of requests. The selection process identifies the vehicle
that can serve each request sooner based on departing time and location. This
policy, along with other heuristics, enhances scalability in real-time optimization.
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Master Problem. After solving the subproblems, generated routes are stored
in a pool of columns. We applied ISUD to solve the RMP with some modifi-
cations to better scale in real-time. ISUD is one of the most promising primal
methods that have been notably applied to SPPs, which adhere to the Trubin
theory [20]. Trubin proved that every edge of the convex hull of the feasible
set of an SPP corresponds to an edge of its linear relaxation. This implies that
integer solutions (extreme points) can be reached through linear programming
pivots in SPPs. To apply ISUD, the preliminary stage involves constructing the
RP and the CP models. This necessitates the computation of the Incompatibility
Degree for the generated columns.

Let
(
y0, z0

)
be the initial feasible integer solution (warm start), where Py =

supp
(
y0

)
and Pz = supp

(
z0

)
are index sets of positive value variables related to

our initial solution. Each vehicle v is planned to serve a subset of requests Tv ⊆ P
in the current solution, referred to as a cluster. These clusters are disjoint (i.e.,
∩v∈V Tv = ∅). Each request i ∈ P belongs to exactly one cluster or is not planned
to be served (i.e., i ∈ Pz). We define the compatibility concept as follows:

Definition 1. A column yr is deemed compatible concerning P = Py ∪ Pz, if
its corresponding route r ∈ Rv encompasses all the requests of its cluster Tv as
well as the union of one or more cluster, along with any requests of Pz, without
breaking existing clusters. Otherwise, it is declared incompatible and its degree
of incompatibility is equal to the minimum number of times that current clus-
ters must be subdivided to ensure compatibility of yr with the resulting clusters.

Reduced Problem. In a standard ISUD approach, the RP model is defined the
same as the MP formulation considering the set of compatible columns. Pivoting
on a compatible column with negative reduced cost leads to an improved integer
solution. The RP is then redefined with the new basis, and repeated until no more
such columns are found. Inspired from the multi-phase strategy developed in [13],
we modify our RP model. Rather than solely focusing on compatible columns, we
consider RC includes both compatible columns and those incompatible ones with
incompatibility degree of one. Using the prior solution as a warm start, coupled
with the limited number of stops in the routes, resulted in fewer compatible
columns during the RP construction. Consequently, this refinement helps to
achieve a more balanced composition of the problem and reduces the number
of CP iterations. The RP model is then defined as depicted in Eqs. (6)–(10).
The objective function and constraints of the formulation are almost the same
as the MP (formulation (1)–(5)); However, the feasible region is restricted to
RC . Following each iteration of solving the RP, dual values are updated based
on the linear relaxation of the RP solution. Subsequently, the reduced cost and
incompatibility degree of the columns in the pool are updated. The RP is refined
iteratively by adding eligible columns with negative reduced costs from the pool.
The process continues until no further improvement is detected, then is the time
to build the CP model.
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Z∗
RP = min

∑

r∈RC

cryr +
∑

i∈P

pizi (6)

s.t.

(
∑

r∈RC

yra
r
r

)
+ zi = 1 ∀i ∈ P (πi) (7)

∑

r∈Rv
C

yr = 1 ∀v ∈ V (σv) (8)

zi ∈ {0, 1} ∀i ∈ P (9)
yr ∈ {0, 1} ∀r ∈ RC (10)

Complementary Problem. The CP searches for descent directions to enhance the
solution. A descent direction is a subset of the incompatible column whose linear
combination is compatible and has a negative reduced cost. To Build CP, we
consider incompatible columns and formulate the CP by Eqs. (11)–(16). In this
formulation, νr and μi serve as weight variables defining the linear combination of
incompatible columns, while λr and γi define the linear combination of columns
in the current solution.

Z∗
CP = min

ν,λ

∑

r∈RI

crνr +
∑

i∈P\Pz

piμi −
∑

r∈Py

crλr −
∑

i∈Pz

piγi (11)

s.t.
∑

r∈RI

νra
r
r + μi −

∑

r∈Py

λra
r
r = 0 i ∈ P\Pz (12)

∑

r∈RI

νra
r
r −

∑

r∈Py

λra
r
r − γi = 0 ∀i ∈ Pz (13)

∑

r∈RI

ωrνr +
∑

i∈P\Pz

ωiμi = 1 (14)

νr ≥ 0 ∀r ∈ RI (15)
μi ≥ 0 ∀i ∈ P\Pz (16)

The objective (11) minimize the reduced cost. Constraints (12) and (13)
ensure the compatibility of the direction, and constraint (14) is the normaliza-
tion constraint that bounds the feasible region. As suggested in [21], we used
the incompatibility degree of the columns as normalization weights ω to encour-
age finding integer directions. The density of the constraint coefficient matrix
in the RP and the CP can be reduced by removing the redundant constraints
during the pre-processing and considering the linearly independent rows. Con-
sequently, both the CP and the RP are computationally faster than the original
problem [13,21]. If the solution satisfies Z∗

CP ≥ 0, or the CP is infeasible, then
the current solution is proved to be optimal [13]. Otherwise, the solution of the
CP form a descent direction d = (ν, μ, λ, γ, 0) which is integer if it consists of
pair-wise row-disjoint columns. In such cases, the solution can be refined by
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introducing variables yr with νr > 0 and variables zi with μi > 0 into the basis,
while simultaneously removing variables yr with λr > 0 and variables zi with
γi > 0 from the basis. After each iteration of solving the CP, the reduced costs
of the columns in the pool are adjusted according to the dual values obtained
from the CP. The main steps of our ICG approach is presented in Algorithm 1
(For each set (e.g., V and R), using the symbol overline denotes the set within
the current iteration).

Algorithm 1: ICG Algorithm for the DARP
0 build an initial feasible integer solution

(
y0, z0

)
, initialize dual values π0, σ0

1 R ← ∅ ; k ← 0
2 while true do

Step 1: Generate Columns

3 V ← Select a subset of vehicles

4 for all vehicle v ∈ V do

5 R
v ← Solve the subproblem for vehicle v

6 R ← R ∪ R
v

7 if R = ∅ then

8 return current solution
(
yk, zk

)

9 R ← R ∪ R
10 k ← k + 1

Step 2: Solving RMP

11
(
yk, zk

)
, πk, σk ← ISUD(yk−1, zk−1, R)

Function ISUD
(
yk−1, zk−1, R

)

12 while an improved solution is found do
13 for all routes r ∈ R do
14 Calculate Incompatibility Degree

15 RC ← Columns r ∈ R with degr ≤ 1 and negative reduced cost

16
(
yk, zk

)
, πk, σk ← Construct and solve RP based on RC

17 RI ← Incompatible Columns in R
18 d ← Construct and solve CP to find a descent direction
19 if Z∗

CP < 0 and d is integer then

20
(
yk, zk

)
, πk, σk ← update the current solution using d

21 Go to line 12

22 else

23 return current solution
(
yk, zk

)

5 Experimental Results

Instance Description and Algorithmic Setting. We assessed the efficiency
of our method using 24 instances from [11], derived from real data in NYC [10].
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These instances cover a two-hour horizon each day during peak hours (7–9
AM) for two days per month, from July 2015 to June 2016. Instances are classi-
fied into three groups according to their customer count, varying from 19,276 to
59,820, and averaging 48,100 customers. In accordance with [2,11], Manhattan
was divided into a grid consisting of cells of 200 square meters which serve as
pickup or drop-off points. The reader is referred to [2,11] for additional details on
instance creation. All experiments were carried out using the following parame-
ters unless otherwise specified: α = 1.5, β = 240 s, and ρ = 420 s, and � = 30,
and a fleet of 2000 vehicles with capacity of 4, initially evenly distributed across
all stop locations. We have implemented our algorithm in C++ language and
utilized version 22.1 of the IBM ILOG CPLEX Optimization Studio to solve
RPs and CPs. All tests were conducted on a Linux machine, using 16 CPU cores
of 2.7 GHz and 32 GB of RAM.

Numerical Results. Table 2 provides an overview of the computational per-
formance of our method across the 24 instances, with a focus on key performance
metrics. The columns labeled WT/Req. and TD/Req. present the average wait-
ing time and average trip delay, respectively, measured in minutes per request.
The subsequent pair of columns display the number of ISUD iterations per epoch,
and the average time spent for re-optimizing the problem during epochs. Accord-
ing to the table, as instance size grows, the algorithm tends to spend more time
solving the subproblems, as well as conducting more iterations to re-optimize
the solution using ISUD. This signifies that the algorithm allocates more time
to re-optimize the problem, a trend that is evident in the increasing epoch run
times. Furthermore, the average runtime per epoch stands at approximately 13 s,
constituting 40% of the available time of 30 s.

Table 2. Computational results of F-ICG

Number of

Customers

WT/Req. TD/Req. #ISUD

Iter./epoch

Epoch

Runtime

% in MP

Time

% in Total

Time

RP CP MP SP

<40,000 1.69 1.25 11.93 1.51 32.3% 65.4% 65.6% 34.4%

40,000–50,000 2.43 2.07 23.14 11.63 30.9% 68.3% 46.4% 53.6%

50,000< 2.51 2.21 23.73 17.19 31.2% 68.0% 42.1% 57.9%

Total Average 2.33 1.99 21.17 12.99 31.4% 67.5% 47.7% 52.3%

The last four columns detail the runtime distribution across solution app-
roach components. As per the table, approximately 47.7% of the total runtime
is devoted to solving the MP, while the remaining 52.3% is utilized for generating
routes through the solutions of the subproblems, indicating a balanced distri-
bution of computational effort. Within the time dedicated to solving the MP,
roughly 31.4% is dedicated to enhancing the solution through the RP, while the
rest addresses the CP. This allocation strategy reflects a significant adjustment
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in our approach, incorporating a subset of incompatible columns with a degree
of one in modelling the RP. This modification contributes to achieving a more
balanced problem composition and efficiently manages the runtime budget. Con-
sequently, it facilitates a balanced and effective treatment of both the RP and
the CP during the re-optimization process.

Wait Times. Figure 2 illustrates the distribution of waiting times for all cus-
tomers in a large-size instance (R40567). In this case, F-ICG achieves an average
waiting time of 2.53 min with a standard deviation of 1.39.

(a) Log Scale

(b) Normal Scale

Fig. 2. Histogram of waiting times Fig. 3. Distribution of Waiting Times

Figure 3 depicts the distribution of waiting times across six instances, includ-
ing two small-sized (R12858, R14091), two medium-sized (R34544, R30749), and
two large-sized (R40474, R37367) instances. The figure suggests that the median
wait time appears to remain relatively stable across all categories, with no sig-
nificant increase, signifying that despite the instance size, the median service
efficiency is maintained. Nevertheless, there is a noticeable increase in outliers,
especially in the large-sized instances, pointing to a greater variability in the
waiting times experienced by customers within these instances.
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Comparison with Prior Studies. This section conducts a comparative anal-
ysis between our primal-based approach (F-ICG) and the CG-based approach
in [2], denoted as M-RTRS. As mentioned in Sect. 2, M-RTRS utilizes a rolling
horizon strategy for batching requests and applies the CG method to optimize
the solution iteratively. An iterative algorithm that generates routes of increasing
lengths is employed to address the pricing subproblems, thereby generating fea-
sible paths. To ensure a fair comparison, we utilized the same instances and tried
our best to replicate the simulation environment, although it remains uncertain
if the algorithms are evaluated in exactly the same manner. The values presented
in Table 3 correspond to those in [11].

Table 3. Average Waiting Times by Instance Size

Number of Customers 2000 vehicles 1800 vehicles

M-RTRS F-ICG RF-ICG RF-ICG

<40,000 2.22 1.69 1.29 1.33

40,000–50,000 3.83 2.43 1.72 1.91

50,000< 3.78 2.51 1.87 2.19

Notably, the study’s outcomes underscore the superior performance of the
F-ICG algorithm compared to M-RTRS, showcasing a substantial 33% reduc-
tion in average waiting time, lowering it from 3.78 to 2.51 min, particularly in
large instances. The last two columns, consider a scenario wherein idle vehicles
(i.e., the vehicles whose recent stop occurred in the preceding epoch and have
no scheduled visit in the current epoch) relocate to their initial locations, a
simplistic approach to reposition vehicles without employing complicated meth-
ods. Termed RF-ICG, this strategy is applied to both 2000 and 1800 vehicles.
As shown in the table, we managed to employ 10% fewer vehicles while still
surpassing M-RTRS results by an impressive 40%. These results clearly sug-
gest the advantages of using primal approaches for re-optimization, emphasizing
the effectiveness of F-ICG and the benefits of strategic assumptions to achieve
significant improvements in average waiting times and resource utilization.

Figure 5 displays the total optimization time and the time required to solve
the MP across sequential epochs in the optimization process for a large-size
instance (R40567). We emphasize that our re-optimization process is a time-
constrained process, where a limit of 30 s is set for batching requests and resolv-
ing the problem. This figure may reflect the algorithm’s responsiveness to varying
problem complexities or sizes over time, where certain epochs require more com-
putational resources, potentially due to more complex routing configurations or
larger data batches.

Figure 4 illustrates the relationship between the number of customers and the
overall time dedicated to optimization per instance. Here, the total optimization
time, accounted for over an hour to provide a point of comparison to Fig. 12
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in [2]. While [2] reported an approximate total processing time of 800 s for larger
instances, our findings indicate an average of around 1800 s similar cases. Despite
the apparent increase in total run time in comparison to their findings, it is
critical to note that our re-optimization times consistently remain within the
30-s limit, a fact that is also corroborated by Fig. 5. The allocation of additional
optimization time has been employed to enhance the quality of the optimization
outcomes. As a result, our methodology has led to markedly better performance
regarding waiting times, demonstrating the effective application of the available
optimization time to refine the solutions.

Fig. 4. Optimization Times Fig. 5. Optimization Times per Epoch

Impact of the Fleet Size. Figure 6 evaluates the impact of fleet size on the
waiting time and trip delay, considering the assumption of repositioning idle
vehicles as outlined. The investigation specifically focuses on the consequences
of reducing the number of vehicles from 3000 to 1500 across varying customer
counts.

(a) The Impact on Wait Times (b) The impact on Trip Delay

Fig. 6. Impact of the Fleet Size on the Average Waiting Times and Average Trip Delay
across all instances
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As anticipated, a reduction in the number of vehicles correlates with an
increase in both average waiting time and trip delay. Nevertheless, even with a
fleet size of 1500, the average waiting time remains below 3 min, and the average
trip delay stays below 2 min. This suggests the method’s potential to alleviate
congestion in large cities while maintaining customer satisfaction.

6 Conclusion

This paper introduces F-ICG, to address the dynamic DARP within the con-
text of a large-scale ride-sharing system. F-ICG utilizes a rolling horizon-based
framework and incorporates a primal-based algorithm embedded with CG to
re-optimize the dispatching plan. Employing the integral primal methods allows
us to provide a tractable algorithm in real-time and scale effectively to handle
thousands of customers per hour. The evaluation of F-ICG on instances from the
NYC dataset, reveals that adopting primal approaches for re-optimization can
considerably improve the average waiting time. Results showcase the superiority
of the F-ICG, demonstrating a reduction of about 33% across all tests compared
to prior methods. Additionally, using the strategy of returning idle vehicles to
their initial point, resulted in an additional 18% improvement. Given that the
underlying mathematical model is an SPP, the proposed re-optimization frame-
work can be adapted to a variety of dynamic operation management problems,
promising significant operational benefits. Future research will be devoted to
enhancing the performance of the method by using machine learning techniques
to adjust the parameters of the CP in ISUD.
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Günlük, O., Mahjoub, A.R. (eds.) ISCO 2020. LNCS, vol. 12176, pp. 286–296.
Springer, Cham (2020). https://doi.org/10.1007/978-3-030-53262-8 24

19. Ghilas, V., Cordeau, J.-F., Demir, E., Van Woensel, T.: Branch-and-price for the
pickup and delivery problem with time windows and scheduled lines. Transp. Sci.
52(5), 1191–1210 (2018). https://doi.org/10.1287/trsc.2017.0798

20. Trubin, V.: On a method of solution of integer linear programming problems of a
special kind. Sov. Math. Dokl. 10, 1544–1546 (1969)

21. Rosat, S., Elhallaoui, I., Soumis, F., Chakour, D.: Influence of the normalization
constraint on the integral simplex using decomposition. Discrete Appl. Math. 217,
53–70 (2017). https://doi.org/10.1016/j.dam.2015.12.015

https://doi.org/10.1016/j.trpro.2017.12.131
https://doi.org/10.1016/j.trpro.2017.12.131
https://doi.org/10.1287/opre.2018.1763
https://doi.org/10.1287/opre.2018.1763
https://www1.nyc.gov/site/tlc/about/tlc-trip-record-data.page
http://arxiv.org/abs/2003.10942
https://doi.org/10.1287/opre.2013.1247
https://doi.org/10.1287/opre.2013.1247
https://doi.org/10.1007/s10107-017-1123-x
https://doi.org/10.1007/s10479-018-2868-1
https://doi.org/10.1007/s13676-019-00145-6
https://doi.org/10.1007/s13676-019-00145-6
https://doi.org/10.1287/ijoc.2022.1174
https://doi.org/10.1007/978-3-030-53262-8_24
https://doi.org/10.1287/trsc.2017.0798
https://doi.org/10.1016/j.dam.2015.12.015


A Constraint Programming Model
for the Electric Bus Assignment Problem

with Parking Constraints
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Abstract. Electric buses serve as a key leverage in mitigating the transporta-
tion sector’s carbon footprint. However, they pose a challenge, requiring transit
agencies to adapt to a new operational approach. In particular, the assignment
of buses to trips is more complex because it must consider the planning of the
recharging activities. Unlike diesel buses, electric buses have less autonomy and
take longer to refuel. In this paper, we address the assignment of electric buses
to trips and the scheduling of charging events, taking into account parking con-
straints at the depot (a novelty in the literature). These constraints are particularly
relevant in countries such as Canada where the buses are parked indoors to shelter
them from harsh winter conditions. This problem, called the electric Bus Assign-
ment Problem with Parking Constraints (eBAP-PC), is a feasibility problem. We
propose a Constraint Programming model to solve it and compare it to mixed-
integer linear programming approaches. In particular, we show its benefits for
solving this problem with a one-day horizon and minimum end-of-day charge
level constraints.

1 Introduction

There is no doubt Climate Change is the century’s biggest challenge for humanity. It
has followed the phenomenon of globalization, which has brought far-flung regions into
economic proximity. The transportation sector plays a crucial role in a globalized world
but also bears the responsibility for an important share of greenhouse gas emissions: it
accounted for 20.2% of the global CO2 emissions in 2021 (www.statista.com).

One avenue to decrease CO2 emissions is the electrification of public transporta-
tion. However, replacing diesel buses with electric buses (EBs) is complex because it
requires deploying a charging infrastructure and scheduling charging events. In addi-
tion, the strategies to assign buses to trips must also be deeply reviewed, because of
two fundamental differences between EBs and diesel-powered buses. First, diesel buses
can be fully refueled in a few minutes whereas, EBs may take hours to charge. Sec-
ond, diesel buses can operate a whole day without refueling, but EBs often need to be
charged during the day.
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One strategy to plan operations with an electric fleet is to assign EBs to trips one day
at a time, as before with diesel buses, solving an electric Vehicle Scheduling Problem
(eVSP) that inserts a minimum number of charging events in the bus schedules. After
this assignment, one has to schedule the night charging events to ensure each EB can
perform all the trips of the following day. In such a restrictive context where charging
is only allowed at night, the idea of multi-day planning was recently shown to bring
potential benefits [25]. We consider here a more flexible strategy in which we allow to
reoptimize the charging events occurring at the depot during the day. We study multi-
day planning and one-day planning with minimum end-of-day charge level constraints.

To the best of our knowledge, parking constraints for EBs such as those considered
in this paper have not been addressed yet in the literature. These constraints are par-
ticularly relevant in countries such as Canada where the buses are parked indoors to
shelter them from harsh winter conditions. They can severely restrict solution feasibil-
ity. Indeed, a typical bus depot is composed of identical lanes that operate as queues
because backing up is forbidden for security reasons. Consequently, the assignment
must respect the first-in, first-out policy (FIFO), i.e., it ensures that the arrival order in
a lane is the same as the departure order.

In this paper, we study the electric Bus Assignment Problem with Parking Con-
straints (eBAP-PC). Given a set of trips (more precisely, sequences of trips or STs)
starting and ending at the depot, a set of identical EBs, a set of available chargers at the
depot, and a set of identical parking lanes in the depot, the problem consists in i) assign-
ing an EB to each trip and ii) a lane to each EB completing a trip, and iii) scheduling
potential charging events at the depot such that the FIFO policy is satisfied, each EB
respects its battery’s limits, and the depot charging capacity is never exceeded.

As the goal is to find a feasible solution (there is no objective function), we consider
a Constraint Programming (CP) approach. To assess our model, we use data provided by
our industrial partner GIRO Inc., a world-leading developer of optimization solutions
for public transit.

The rest of this paper is organized as follows. Section 2 reviews the related literature.
Section 3 formally defines the eBAP-PC before presenting our CP model in Sect. 4.
Section 5 describes the computational experiments and their results. Finally, concluding
remarks are presented in Sect. 6.

2 Literature Review

The electrification of public transport has sprung numerous optimization problems in
the last decade. Indeed, it is necessary to review the daily operations of public trans-
port, including the planning of charging events, and to build new infrastructures, which
questions the number and the location of charging stations. [8] and [22] surveyed the
problems studied in the literature.

The eVSP has already been widely studied. The modeling of the charging func-
tion and the consideration of charging capacity constraints are the main issues. Early
modeling considered constant-time charging events and full recharges [1,7,17,23]. For
instance, [7] developed a genetic algorithm where batteries can be exchanged in 15 min
at the depot. Then, several authors consider a linear charging time and the possibility
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of partially charging batteries. For instance, this is possible by discretizing time and
considering the charging power on a time step as a decision variable for the problem.
[24] used this approach with 15-minute discretization steps for a mixed fleet composed
of diesel and electric buses. More recently, many articles studied the eVSP with a linear
charging rate. For example, [11,12,26] proposed heuristics based on local search. How-
ever, the charging time of batteries is logarithmic with respect to the state-of-charge
(SoC) variation, not linear. [19] demonstrated the significance of taking this aspect
into account. eVSP models with non-linear charging functions have since multiplied
[1,13,20].

There may be constraints on the charging capacity of the depot such as the number
of parking slots equipped with a charger and the power available from the grid. To take
these into account, [2] proposed a Benders decomposition to solve the eVSP with a lin-
ear charging time, a continuous time horizon, and these capacity constraints. The master
problem considers the assignment of buses to trips and the subproblem checks whether
the assignment is energetically feasible. Other articles considered time discretization
[17,24,27] to deal with these capacity constraints.

A few authors studied parking constraints for diesel buses. Given a sequence of bus
arrivals of known types and a sequence of morning departures with known requested
types, the Bus Dispatching Problem (BDP) consists in assigning a parking slot to each
bus such that the FIFO policy is respected and the type of the morning departures is
matched. The BDP is often infeasible, so it is generally solved by minimizing the num-
ber of “mismatches” (i.e., wrong bus type assignments). [9,10] showed that the BDP
is NP-complete and proposed two mixed-integer linear programming (MILP) formula-
tions for two problem variants that can be solved using a commercial MILP solver.

[18] studied a problem that, like in our paper, considers parking constraints for
EBs, but in a very different way. On the one hand, the authors consider an arbitrary
depot configuration and an objective function. They minimize first the number of EBs
used and second the time-dependent charging costs. On the other hand, there are a few
simplifications concerning the characteristics that make up the complexity of the eBAP-
PC. Indeed, they first assume that an EB is assigned to a single parking slot during a stay
at the depot, i.e., the EBs cannot be moved forward in a lane. Then, the time horizon
is discretized in 15-minute periods compared with one minute in our paper. Finally, the
authors used instances where the number of parking slots largely exceeds the number
of EBs and the number of STs per EB used is around 1.3. During our computational
experiments, the instances used consider a number of parking slots practically equal to
the number of EBs and the number of STs per EB is around 3. All in all, [18] introduced
a fast three-step MILP heuristic that is not applicable to our real-life context.

While for the most part mathematical programming-based approaches have been
used to solve the eVSP, a few authors proposed CP models to solve problems close to
the eVSP. [6] proposed two CP approaches to solve the electric vehicle routing problem
with time windows. One uses alternative resources and the other uses an augmented
horizon. [5] also proposed a model to solve a robot tasks allocation problem with the
scheduling of charging activities. [4] studied a range-constrained variant of the multi-
ple Unmanned Aerial Vehicles (UAVs) target search problem as well. In this problem,
UAVs are used in tandem with ground-based mobile recharging vehicles that can travel,
via the road network, to meet up with and recharge a UAV.
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Even if this paper focuses on modeling parking constraints, our problem has other
features: partial charging, linear charging time, and charging capacity constraints. As
mentioned above, they have been studied in the literature but, to the best of our knowl-
edge, considering all these features simultaneously in a problem is new. Note that in our
problem there is no objective function, the fleet is homogeneous and the FIFO policy is
respected throughout the time horizon, not only during the night.

3 Problem Statement

Consider a set of EBs E = {b1, b2, . . .} with identical charging function and battery
capacity. The SoC of an EB corresponds to the energy in the battery expressed as a per-
centage of the battery capacity. It increases with the charging operations and decreases
as trips are performed. At the beginning of the time horizon, the SoC of EB b starts
at SoCinit

b and must remain between SoCmin and SoCmax at all times. We assume a
linear charging function with a rate λ ∈ N+.

Between two parking events at the depot, an EB performs a sequence of trips with-
out any charging operation. These STs are predefined and are part of the input data. We
denote by S = {s1, s2, . . .} the set of STs. With a ST s ∈ S is associated a net energy
consumption es, a departure time from the depot hS

s , and an arrival time at the depot
hE
s . Each ST is performed by a unique EB from E and the EBs can only perform one

ST at a time.
In between STs, an EB is parked at the depot. The latter is made up of L identical

lanes, each with one entrance and one exit, that must respect the FIFO policy. We denote
by L = {1, . . . , L} the set of lanes and assume that they are independent, i.e., there are
no precedence constraints between them. Each lane features V parking slots, denoted
V = {1, . . . , V }. All the parking slots are identical so an EB can be parked anywhere in
the depot. We assume that the depot is large enough to park all the EBs, i.e. L ·V ≥ |E|.
At the beginning of the horizon, some EBs may be performing STs: we associate with
each EB b ∈ E a time hb when it enters the depot for the first time.

We consider a depot with an identical charger at each parking slot so that an EB
may charge wherever it is parked. However all chargers cannot be used at the same
time because the power consumed by the depot, which is proportional to the num-
ber of chargers in simultaneous use, has physical limitations. Transit companies also
wish to avoid consumption peaks because in commercial electricity rate plans, there
is a fixed cost, the so-called facility-related demand, that depends on the maximum
power registered over the billing period [21]. We therefore introduce an upper limit
C ∈ {1, 2, . . . , L · V } on the number of chargers used simultaneously.

Figure 1 shows a depot with 4 lanes, 3 slots per lane, and C = 3. By examining the
top and bottom numbers in each occupied slot, we see that the FIFO policy is respected
in all lanes. Under each EB ID, there is the current SoC and the energy consumption of
its next ST. Assuming that SoCmin = 0%, EBs b2, b5, b7, and b8 do not have enough
energy to perform their next ST and need to be charged. In this example the depot may
operate at most 3 chargers at a time, so only EBs b2, b7, and b8 are currently charging
(See EBs in green in the figure).
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Fig. 1. Example of a depot at time t = 14. EBs in green slots are charging. (Color figure online)

We are now ready to define our problem formally. The eBAP-PC consists in assign-
ing to each ST ∈ S an EB ∈ E and a lane ∈ L where this EB will be parked and possibly
charged after completing the ST. When an EB is charging, it uses one charger. These
assignments must be carried out in such a way that the EBs do not run out of energy,
the number of chargers used simultaneously never exceeds C, and the FIFO policy is
respected. EBs can be moved forward when parked in a lane and in this case charging
is assumed to continue with a negligible interruption. Note that there is no objective
function to optimize: our goal is only to find a feasible planning. The notation used is
summarized in Table 1, which also includes notation used in the next sections.

4 Constraint Programming Formulation

In this section, we introduce a CP formulation for the eBAP-PC. CP mainly relies on
logical inferences from each constraint, removing from the domain of variable values
that are locally inconsistent with the satisfaction of some constraint. It is particularly
appropriate to solve satisfaction problems and has had a lot of success on scheduling
problems. So it is a natural candidate for the eBAP-PC. We describe next the main
concepts [14,15] we use in our model:
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Table 1. Sets and parameters used in the model.

Sets

E Set of EBs

S Set of STs

L = {1, . . . , L} Set of parking lanes in the depot

V = {1, . . . , V } Set of parking slots in a lane

Parameters

hS
s Starting time of ST s

hE
s Ending time of ST s

hb Starting horizon of EB b

es Net energy consumption along ST s

SoCinit
b Initial SoC of EB b

SoCmax Maximum battery SoC

SoCmin Minimum battery SoC

C Maximum number of simultaneous charging operations

λ Charging rate

H End of the planning horizon

– Interval variables v are defined by three fields: a boolean PRES(v) indicating the
presence of the variable v, and two integers START(v) and LENGTH(v) indicating
the interval start and duration.

– Sequence variables are sets of interval variables on which we want to apply specific
constraints. For example, we can enforce that there is no overlap or impose a certain
order between variables with the constraints NOOVERLAP and PREVIOUS.

– Cumulative functions can be used to sum the contributions of interval variables to a
more global variable. They are particularly useful for modeling resources consumed
or produced by interval variables. For example if expression STEPATSTART(v, d) is
present in the definition of a cumulative function f , then f has an increment of d
units at the start of v. Alternatively the expression PULSE(v, d) indicates that f has
an increment of d units at the start of v and a decrement of d units at the end of v.

Our CP model focuses on the three different activities which are modeled by interval
variables: STs, charging, and parking. We will consider optional activities to determine
the assignment to EBs and to lanes.

4.1 Variables

To define the constraints that determine the assignment of the activities to the EBs, we
use the following variables:

– x̄s: interval variable which represents ST s, ∀s ∈ S. It is always present, starts at hS
s

and ends at hE
s .
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– xb,s: optional interval variable representing ST s if it is performed by EB b, ∀s ∈ S,
∀b ∈ E . It is present if and only if s is performed by b. It starts at hS

s and ends at hE
s .

– cb,s: optional interval variable representing the charging activity on EB b after com-
pleting ST s, ∀s ∈ S, ∀b ∈ E . It is present if and only if b performs s.

– yb,s: optional interval variable representing the parking activity for EB b after com-
pleting ST s, ∀s∈ S, ∀b ∈ E . It is present if and only if b performs s. It starts at
hE
s .

We use the following variables to deal with the initialization of the planning, i.e.,
the first charging activity and the first parking activity:

– cb: interval variable representing the first charging activity of EB b at the beginning
of the horizon, ∀b ∈ E . It is always present.

– yb: interval variable representing the first parking activity at the beginning of the
horizon of EB b, ∀b ∈ E . It is always present and starts at hb.

Next we use two sequence variables:

– πchg
b : sequence variable of all the interval variables xb,s, cb, cb,s ∀s ∈ S, ∀b ∈ E . It

represents the planning of STs and charging activities for each EB b.
– πpark

b : sequence variable of all the interval variables xb,s, yb, yb,s ∀s ∈ S, ∀b ∈ E .
It represents the planning of STs and parking activities for each EB b.

Finally, to determine the assignment of the EBs to lanes after completing a ST, we
use the following variables:

– y
s
: interval variable representing the parking activity after ST s, ∀s ∈ S. It is always

present and starts at hE
s .

– ȳs,l: optional interval variable representing the parking activity after ST s in lane l,
∀s ∈ S, ∀l ∈ L. It is present if and only if the EB assigned to s is parked in lane l.
It starts at hE

s .
– ȳb,l: optional interval variable representing the parking activity at the beginning of

the horizon of EB b in lane l, ∀b ∈ E , ∀l ∈ L. It is present if and only if b is parked
in lane l at the beginning of the horizon. It starts at hb.

All in all, there are |E| duplicates of interval variables representing each ST and its
following charging activity, and there are |E| + L duplicates of the interval variables
representing each parking activity.

4.2 Constraints

In this section, we break down the presentation of constraints in two parts: one on
energy constraints and the other on parking constraints.



24 M. Azéma et al.

Energy Constraints

ALTERNATIVE(x̄s, {xb,s}b∈E) ∀s ∈ S (1)

PRES(xb,s) = PRES(cb,s) ∀b ∈ E ,∀s ∈ S (2)

NOOVERLAP(πchg
b ) ∀b ∈ E (3)

PREVIOUS(πchg
b , xb,s, cb,s) ∀b ∈ E ,∀s ∈ S (4)

FIRST(πchg
b , cb) ∀b ∈ E (5)

STARTOF(cb) ≥ hb ∀b ∈ E (6)

Qb = STEPATSTART(cb, SoCinit
b + λLENGTH(cb))

−
∑

s∈S
STEPATSTART(xb,s, es)

+
∑

s∈S
STEPATSTART(cb,s, λLENGTH(cb,s))

∀b ∈ E (7)

ALWAYSIN(Qb, [0,H], [SOCmin, SOCmax]) ∀b ∈ E (8)

C =
∑

b∈E
PULSE(cb, 1) +

∑

s∈S,b∈E
PULSE(cb,s, 1) (9)

ALWAYSIN(C, [0,H], [0, C]) (10)

Constraints (1) ensure that each ST s is assigned to a unique EB. Constraints (2)
ensure that each charging activity is assigned to the EB which performed the associ-
ated ST. Constraints (3)–(6) ensure a correct order between trips and charging activi-
ties. Constraints (7)–(8) enforce the bounds of batteries’ energy. Indeed, the cumula-
tive function Qb represents the SoC of the EB b throughout the horizon, whose end is
denoted H . Constraints (9)–(10) ensure not to use more chargers than available.

Parking Constraints

PRES(xb,s) = PRES(yb,s) ∀b ∈ E ,∀s ∈ S (11)

FIRST(πpark
b , yb) ∀b ∈ E (12)

NOOVERLAP(πpark
b ) ∀b ∈ E (13)

STARTOFNEXT(πpark
b , yb) = ENDOF(yb) ∀b ∈ E (14)

STARTOFNEXT(πpark
b , yb,s) = ENDOF(yb,s) ∀b ∈ E ,∀s ∈ S (15)

ALTERNATIVE(y
s
, {yb,s}b∈E) ∀s ∈ S (16)

ALTERNATIVE(y
s
, {ȳs,l}l∈L) ∀s ∈ S (17)

ALTERNATIVE(yb, {ȳb,l}l∈L) ∀b ∈ E (18)

Kl =
∑

s∈S,l∈L
PULSE(ȳs,l, 1)

+
∑

b∈E,l∈L
PULSE(ȳb,l, 1)

∀l ∈ L (19)
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Fig. 2. Planning of STs and charging activities

ALWAYSIN(Kl, [0,H], [0, V ]) ∀l ∈ L (20)

ENDOF(ȳsi,l) ≤ ENDOF(ȳsj ,l) ∀l ∈ L,∀(si, sj) ∈ S2 s.t. hE
si ≤ hE

sj

(21)

ENDOF(ȳb,l) ≤ ENDOF(ȳs,l) ∀l ∈ L,∀b ∈ E ,∀s ∈ S (22)

Constraints (11) ensure that each parking activity is assigned to the EB which per-
formed the associated trip. Constraints (12)–(15) define the end of each parking activity.
Constraints (16)–(18) assign each parking activity to only one parking lane. Constraints
(19)–(20) ensure to respect the number of parking slots in each parking lane. Indeed,
the cumulative function Kl indicates the number of EBs parked in lane l throughout
the horizon. A parking activity in lane l produces one unit of the resource Kl whose
maximum capacity is V . Constraints (21)–(22) enforce the FIFO policy for each lane.

We illustrate our model with three EBs, four STs, and a depot with V = L = 2.
Figures 2 and 3 provide a simplified illustration of the assignment of STs to EBs and
the scheduling of the charging and parking activities. In reality, all the STs and the
charging and parking activities have different lengths and overlaps are possible. In these
two figures, a frame means the interval variable is present. Then, in this example, EB
b1 is assigned to ST s2, EB b2 is assigned to STs s1 and s4, and EB b3 is assigned to
ST s3. This implies that the subsequent charging and parking activities are also present.
Finally, Fig. 4 represents the assignment of the parking activities to the parking lanes.
For each lane, the parking activities are distributed according to start times, and above
there is a representation of EBs parked in the lane throughout the horizon. For example,
at the beginning of the horizon, lane 2 contains only EB b2, then it is empty, then it
receives EB b1, and then it receives EB b2. At the end, EB b1 is represented above EB b2
because it is the case in the depot. We note that this representation uses the assignment
of STs to EBs made in Figs. 2 and 3. For instance, the ST s2 is performed by the EB
b1 which will then be parked in lane 2. Thus, we can see in this example that the FIFO
policy is well respected throughout the horizon. We can also see that the capacity of
each lane (V = 2) is respected.
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Fig. 3. Planning of STs and parking activities

5 Computational Experiments

Our implementation uses IBM ILOG CPLEX 22.1.1 to solve the instances with CP
Optimizer. To assess the performance of our model, we conducted computational exper-
iments on instances built from real-world data provided by our industrial partner, GIRO
Inc., one of the world-leading optimization software providers for public transit compa-
nies. All computations were performed on a 64-bit computer equipped with an Intel R©
Core i7-12700 (2.10 GHz), 65 GB of RAM, running on CentOS Linux 9.2. In the
remainder of this section, we first describe the instances and we then report and dis-
cuss our results.

5.1 Instance Generation

GIRO Inc. provided us with two real-world instances. The first is composed of 98 STs,
30 EBs, and a depot with 30 parking slots and 6 lanes. The second is composed of 125
STs, 42 EBs, and a depot with 42 parking slots and 6 lanes. The two instances are input
for a 1-day eBAP-PC, and the STs are repeated every day if we want a multi-day eBAP-
PC. The SoC of the EBs must remain between SoCmin = 1500 (for 15%) and SoCmax

= 10000 (for 100%). The linear charging rate is λ = 22/min.
For a more comprehensive assessment of our model, we used these data to create

other instances identified using the following convention B/τ/V/D/γ, where B is the
number of EBs, τ is the ratio between the number of STs per day and the number of
EBs, V is the ceiling of the ratio between the number of EBs and the number of lanes in
the depot, D is the number of days in the planning horizon, and γ is the ratio between
the number of chargers and the number of EBs. To create an instance B/τ/V/D/γ,
we randomly draw �B · τ� STs among the 223 provided by Giro Inc. and we make D
copies of each of them separated by 24 h. Then, we set C = �γ · B�, L = 	B · V 
 and
each lane contains V parking slots. The instances denoted by real 30/V/D/gamma
and real 42/V/D/gamma represent the real ones with different values of V , D, and
γ. Moreover, for all the following tests, we assume that all EBs have the same initial
SoC, SoCinit, at the beginning of the horizon and are parked in the depot. Considering
the depot as a table, we fill it from left to right, then from top (exit) to bottom (entrance)
at the beginning of the horizon. For example, for 30 EBs and a depot with 7 lanes and 5
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ȳb1,1
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ȳb2,2 ȳs2,2
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Fig. 4. Planning of parking activities in the depot

parking slots per lane, 2 lanes are full and the others contain 4 EBs. This initial filling
is made by adding the following constraints to Model (1)–(22):

PRES(ȳbi,i%L) = TRUE ∀i ∈ {1, . . . , |E|} (23)

LENGTH(ybi) ≤ LENGTH(ybi+1) ∀i ∈ {1, . . . , L − 1} (24)

LENGTH(ybi) ≤ LENGTH(ybi+L
) ∀i ∈ {1, . . . , |E| − L} (25)

Constraints (23) impose in which parking lane the EB b is initially parked. Con-
straints (24) break symmetries between the parking lanes. Constraints (25) impose an
initial order between the EBs in each parking lane.

5.2 Solution Methods

While developing our CP approach, we also designed a competing MILP model [3]. The
model developed is based on a three-graph representation for assigning STs to EBs, and
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Table 2. Computational times in seconds of the real instances for three-day planning.

Instance CP CP-searchPhase MILP-decomp MILP

real 30/5/3/0.5 643 396 13 X

real 30/6/3/0.5 287 X 41 X

real 30/7/3/0.5 X 2047 8 X

real 42/5/3/0.5 286 X 447 X

real 42/6/3/0.5 X X 176 X

real 42/7/3/0.5 X 2972 212 X

their assigned EBs to lanes and to chargers. The last assignment to chargers ensures that
the constraint on the maximum number of chargers used simultaneously is respected.
In these three graphs, nodes are the STs and a path represents the STs assigned to
either an EB or a lane or a charger. Thus, the model can be seen as a combination
of three flow models (STs assignment, parking, charging) with additional constraints
linking them. From this representation, the search space is reduced through a heuristic
deletion of arcs in each graph. For example, it considers that an EB cannot stay in the
depot for too long, and that it has to perform STs regularly. This reduces the set of next
possible STs an EB can perform. Second, this MILP model adds an objective function
encouraging the use of likely arcs in order to guide the solution process. More precisely,
it assumes that estimators of the average parking time and the average time between two
arrivals in a lane are known. The objective function minimizes the deviation from these
estimators. Two variants from this MILP model are considered. MILP solves the model
as a whole. MILP-decomp solves it in two steps: the first one assumes that there are
as many chargers as EBs and determines the assignment of STs to EBs and lanes; the
second one determines the assignment of STs to chargers.

In the spirit of that decomposition postponing the consideration of chargers, we con-
sider two variants for our CP model, denoted CP-searchPhase and CP. CP-searchPhase
adds a search phase with the variables xb,s, x̄s, yb, ȳb,l, yb,s, ȳs,l, and y

s
, ∀b ∈ E ,∀s ∈

S,∀l ∈ L, meaning that these variables have priority over the charging variables. There
is no search phase for CP.

5.3 Three-Day Horizon

The first series of instances considers 141 instances (= 6 + 3 × 3 × 3 × 5) where
B ∈ {30, 40, 50}, τ ∈ {2.5, 3, 3.5}, V ∈ {5, 6, 7}, D ∈ {3}, and γ ∈ {0.5}. For
each combination of B, τ and V values, we generated five instances. We assume that
the EBs are fully charged at the beginning of the horizon, SoCinit = 10000. To avoid
instabilities, we fixed the variables cb such that ∀b ∈ E , STARTOF(cb) = ENDOF(cb) =
hb = 0. Table 2 provides the computation times in seconds of the real instances by
each solution method. Figure 5 shows for each solution method the number of instances
solved in less time than the one displayed on the x-axis.

We observe that there is no significant advantage between CP and CP-searchPhase
on this series. Approximately half of all instances have been solved by both variants.



A CP Model for the Electric Bus Assignment Problem with Parking Constraints 29

100 101 102 103
0

50

100

150

Time (s)

N
um

be
ro

fi
ns
ta
nc
es

so
lv
ed

CP-searchPhase
CP
MILP-decomp
MILP

Fig. 5. Performance graph comparing the four solution methods for multi-day planning

In particular the most difficult ones, B/τ =3.5/V/D/γ, are not solved. Nevertheless,
the easiest instances (B/τ = 2.5/V/D/γ) are solved much faster by CP-searchPhase
than CP (about three times faster). Moreover, we see a strong dependence between
computational times and the parameter B for CP-searchPhase. Between the instances
with B = 30 and B = 50, the computational times are multiplied by about ten. It
is the same order between instances with τ = 2.5 and τ = 3, while there is no sig-
nificant dependence for parameter V . Still this is much better than the MILP variant
which also considers directly the whole problem, as it only solves 5 instances. However
the two-step variant MILP-decomp manages to solve every instance with very steady
computation times, with the exception perhaps of the second real-world instance. In
particular, we observe that the dependence of the computational time on parameter τ is
much less. Between the instances with τ = 2.5 and τ = 3.5, the computational times
are only multiplied by about three.

5.4 One-Day Horizon with Minimum End-of-Day Charge Level Constraints

Because the same STs are repeated from one day to the next (typical on weekdays),
another approach to solving the eBAP-PC is to consider a single day while ensuring
that at the end of it EBs are sufficiently charged to repeat the solution on the following
day or at the very least to successfully resolve it if this can be done quickly.

We investigate this approach by adding the following target energy constraints to
Model (1)–(25):

ALWAYSIN(Qb, [H,H], [β · SoCinit
b , SoCmax]) ∀b ∈ E (26)

ALWAYSIN(
∑

b∈E
Qb, [H,H], [α ·

∑

b∈E
SoCinit

b , |E| · SoCmax]) (27)
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Table 3. Computational times in seconds of the real instances for one-day planning.

Instance α CP CP-searchPhase MILP-decomp MILP

real 30/6/1/0.5 0.8 3 1 4 2839

real 30/6/1/0.5 0.9 3 1 3 X

real 30/6/1/0.5 1 9 3 14 1257

real 42/6/1/0.5 0.8 8 3 41 X

real 42/6/1/0.5 0.9 8 3 62 X

real 42/6/1/0.5 1 7 3 51 X
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Fig. 6. Performance graph comparing the four solution methods for one-day planning

Constraints (26) impose a minimum SoC at the end of the planning for each EB b.
Constraint (27) imposes a minimum for the average SoC of the fleet at the end of the
planning.

The second series of instances considers 141 instances (= 6+3× 3× 3× 5) where
B ∈ {30, 40, 50}, τ ∈ {2.5, 3, 3.5}, V ∈ {6}, D ∈ {1}, γ ∈ {0.5}, α ∈ {0.8, 0.9, 1},
and β = 0.5. For each combination of B, τ and α values, we generated five instances.
We assume that the EBs are partially charged at the beginning of the horizon, SoCinit =
8000. The horizon starts at 240 and ends 24 h later at H = 1680. Table 3 provides the
computation times in seconds of the real instances by each solution method. Figure 6
shows for each solution method the number of instances solved in less time than the
one displayed on the x-axis.

Except for MILP, all the solution methods solved most of the instances: 104 for CP,
124 for CP-searchPhase, and 129 for MILP-decomp. If CP did not solve the hardest
instances, the addition of the search phase allows CP-searchPhase to solve twenty more
instances and to solve most instances in a very short time. In particular, we see that
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it solves the instances much faster than MILP-decomp. The real-world instances are
solved in a few seconds by CP-searchPhase whereas MILP-decomp required up to a
minute. This difference may seem insignificant for planning purposes, but in reality our
instances represent the current situation of public transport with only part of the large
fleet being replaced with electric buses. In a few years, there may be instances with 150
buses to consider and the time savings will become more essential. Moreover, except for
instances B/τ =3.5/α=1, the computational times for CP-searchPhase do not show
any dependence on the parameters of the instances, which is not the case for MILP-
decomp and CP. This dependence corresponds to increasing computational times from
around 10 s (B = 30, τ = 2.5) to 300 s (B = 50, τ = 3.5) for each α ∈ {0.8, 0.9} for
MILP-decomp. In addition to computational times, this dependency affects the number
of instances solved for CP. For instance, it did not solve any of the instances with
τ = 3.5. In the specific case of B/τ = 3.5/α= 1 instances, we hypothesize that with
such a combination, the energy part of the problem becomes very hard: chargers must
be used almost without interruption. The objective function of MILP-decomp in the
first step drives EBs to stay parked long enough to recharge according to the number
of chargers available in the second step. In contrast, the CP methods may waste time
exploring insufficient parking durations.

6 Conclusion

We presented the eBAP-PC and introduced a CP model to solve it with CP Optimizer.
We proposed two solution methods differentiated by the addition of a search phase
focusing on parking constraints. We assessed the solution methods with multi-day plan-
ning instances and one-day planning instances with target energy constraints. For multi-
day planning, we obtained good results for slightly easier instances than reality for both
CP solution methods. However, the one-day planning tests showed a real benefit of the
CP-searchPhase solution method, even compared to a sophisticated MILP approach.
Indeed, most of the instances were solved in a few seconds.

One interesting avenue to explore for the multi-day problem is a hybrid approach
based on Benders decomposition. We would get our inspiration from a recent previous
work on electric vehicle routing where a branch-price-and-cut approach finds vehicle
routes and ensures their feasibility with respect to energy consumption and charging
station capacity by solving a subproblem modeled and solved with CP [16].

Possibilities for extending this work include the consideration of a heterogeneous
EB fleet in terms of charging capacity, a non-linear charging rate, differentiated parking
slots or chargers, and trip duration uncertainty. Even though in our context the number
of buses (and drivers) is fixed and recharging costs are constant, this may not be the
case in other settings and adding an objective function may then be advisable.
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19. Montoya, A., Guéret, C., Mendoza, J., Villegas, J.: The electric vehicle routing problem with
nonlinear charging function. Transp. Res. Part B Methodol. 103, 87–110 (2017)

20. Olsen, N., Kliewer, N.: Scheduling electric buses in public transport: modeling of the charg-
ing process and analysis of assumptions. Logist. Res. 13, 4 (2020)

21. Pelletier, S., Jabali, O., Laporte, G.: Charge scheduling for electric freight vehicles. Transp.
Res. Part B Methodol. 115, 246–269 (2018)

https://doi.org/10.1007/978-3-030-19212-9_9
https://doi.org/10.1007/978-3-642-01929-6_12
https://doi.org/10.1007/978-3-030-31140-7_15


A CP Model for the Electric Bus Assignment Problem with Parking Constraints 33

22. Perumal, S., Lusby, R., Larsen, J.: Electric bus planning & scheduling: a review of related
problems and methodologies. Eur. J. Oper. Res. 301(6), 395–413 (2022)

23. Reuer, J., Kliewer, N., Wolbeck, L.: The electric vehicle scheduling problem: a study on time-
space network based and heuristic solution. In: Proceedings of the Conference on Advanced
Systems in Public Transport (CASPT), pp. 1–15 (2015)

24. Sassi, O., Oulamara, A.: Electric vehicle scheduling and optimal charging problem: com-
plexity, exact and heuristic approaches. Int. J. Prod. Res. 55(2), 519–535 (2017)
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Abstract. Over time, power network equipment can face defects and
must be maintained to ensure transmission network reliability. Once a
piece of equipment is scheduled to be withdrawn from the network, it
becomes unavailable and can lead to power outages when other adjacent
equipment fails. This problem is commonly referred to as a transmis-
sion maintenance scheduling (TMS) problem and remains a challenge
for power utilities. Numerous combinatorial constraints must be satisfied
to ensure the stability and reliability of the transmission network. While
most of these constraints can be naturally formalized in constraint pro-
gramming (CP), there are some complex constraints like transit-power
limits that are challenging to model because of their continuous and non-
linear nature. This paper proposes a methodology based on active con-
straint acquisition to automatically approximate these constraints. The
acquisition is carried out using a simulator developed by Hydro-Québec
(HQ), a power utility to compute the power-flow of its transmission net-
work. The acquired constraints are then integrated into a CP model to
solve the HQ network’s TMS problem. Our experimental results show the
relevance of the methodology to approximate transit-power constraints
in an automated way. It allows HQ to automatically schedule a mainte-
nance plan for an instance that remained intractable until now. To our
knowledge, it is the first time that active constraint acquisition has been
used successfully for the TMS problem in an industrial setting.

Keywords: Transmission maintenance scheduling · Electric power
network · Constraint programming · Constraint acquisition

1 Introduction

Hydro-Québec (HQ) is a power utility, responsible for the generation, transmis-
sion and distribution of electricity in the province of Québec, Canada. In order to
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deliver sustainable and reliable energy to its customers, HQ has to maintain its
electrical assets (lines, power transformers, breakers, switches, etc.) and replace
them when they reach the end of their service life. Recently, the International
Electrotechnical Commission (IEC) highlighted the importance for power utili-
ties of having a robust and specialized approach to asset management [18]. In
response to this challenge, and following similar initiatives around the world [1],
in 2019 HQ started a project aiming to develop an integrated decision sup-
port system including predictive modelling methods for identifying and priori-
tizing the replacement and maintenance of electrical equipment [12]. Given the
complexity of this project, it is divided into sub-modules, such as cloud data
warehouses, asset behavior, reliability simulator, transmission network simula-
tor, risk and optimization. In the scope of this paper, we are interested in the
reliability simulator module and more particularly in the scheduling aspect of
maintenance operations. In fact, equipment needs to be periodically withdrawn
for maintenance or replacement purposes and no outages must be experienced
by customers. To achieve this, the withdrawal must be done without violating
constraints that guarantee power network stability during maintenance. Such
constraints are commonly referred to as transit-power constraints. Currently,
this task is performed in most utilities by the network control center, which uses
a contingency approach to ensure that energy is not interrupted [27]. In addi-
tion, traditional scheduling constraints (e.g., respecting a hard deadline) must
be taken into account. In the related literature, the maintenance scheduling task
refers to two well-known NP-hard problems: generator maintenance scheduling
(GMS) and transmission maintenance scheduling (TMS). Efficiently solving both
problems is crucial to automatically generate a coherent maintenance plan that
ensure the stability of the transmission network. Although several approaches
have been proposed for solving the GMS (see for instance the survey proposed
by Froger et al. (2016) [11]), the TMS problem is less studied in the literature.

The objective of TMS is to create an annual maintenance plan for elec-
tric power transmission equipment while preserving the stability of the network
and ensuring uninterrupted power supply for customers. It is important to note
that the TMS is confined to transmission equipment and excludes distribution
equipment. This decision is deliberate, as a majority of distribution assets are
typically operated on a run-to-fail basis, necessitating a distinct resolution pro-
cess. Pandz̃ić et al. (2012) [19] propose a bi-objective mathematical model to
solve the TMS problem. The main idea is to achieve a balance between power
network transmission capacity and customer impact. This is achieved by refor-
mulating the initially non-linear problem into a mixed integer linear program
(MILP), and solving it by a branch-and-cut algorithm. In addition, Mei et al.
(2021) [16] propose another MILP for maximizing the number of devices main-
tained while preserving stability constraints. A specific feature of this approach
is the use of machine learning to speed up the processing time. However, a major
limitation is that it is based on relatively simple IEEE 24-bus and IEEE 30-bus
systems, and is thereby not representative of real networks involving complex
electrical constraints. Rocha et al. (2021) [25] proposed a MILP to solve the
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TMS problem on a more realistic network. The problem is solved with Benders’
decomposition [24]. However, advanced constraints, related to the limitations of
the energy flow in the network, are still not taken into account. To handle the
power-flow constraints, Coffrin et al. propose to relax them, either linearly [10]
or as a quadratic convex program [9]. Also, software libraries were introduced to
facilitate the exploration of power-flow formulations [8]. In the field of constraint
programming (CP), Popovic et al. (2022) [20] proposed a scheduling model to
solve the TMS problem on a real transmission network. The transit-power con-
straints were not modeled but partially handled thanks to expert knowledge
injected in the search phase as heuristics. This approach was able to come up
with a compliant schedule inside the HQ power grid infrastructure for some
interface (i.e., a strategic point of the power grid infrastructure) but failed for
the most challenging interface.

Because of their continuous and non-linear nature, handling arbitrary transit-
power constraints inside a scheduling problem is still a challenge today and is
an open-question in the research community. This paper proposes to tackle this
issue by introducing a new methodology based on active constraint acquisition.
Briefly, the goal of constraint acquisition is to induce, from examples, constraints
that adequately represent the target problem [7,22]. Algorithms are commonly
referred to as passive, when we are only provided with a pool of examples [4,21],
or active, where we can dynamically issue requests to the algorithm [2,17,29].
Our idea is to approximate the transit-power constraints thanks to an active
interaction with QUACQ2 [5], a framework for active constraint acquisition,
and an industrial power-flow simulator, able to detect if a proposed mainte-
nance schedule is compliant with the transit-power constraints. By doing so,
such constraints do not have to be manually encoded into the CP model but are
dynamically acquired instead. A few successful applications of constraint acqui-
sition are available [3,26] but none were used for solving the TMS problem. Our
experiments are carried out on a real power grid infrastructure that involves
more than 200 pieces of electrical equipment and 300 withdrawal requests. This
is the same situation as Popovic et al. (2022) [20]. The computational results
show that we obtained a maintenance schedule plan complying with all the con-
straints for each strategic point. Specifically, the most constrained strategic point
was still unsolved by Popovic et al. (2022) and by experts from HQ. In practice,
field experts from HQ had to accommodate this situation with a schedule that
does not respect the constraints.

The paper is structured as follows. The next section introduces the TMS
problem and propose a formalization of it. Our methodology is then presented in
Sect. 3, which presents how constraint acquisition is used for our purpose, and in
Sect. 4, which describes our global framework for solving the TMS. Experimental
results and related analyses are presented in Sect. 5.

2 Problem Description

The transmission maintenance scheduling problem consists in designing a main-
tenance plan for all withdrawal requests that are scheduled during a given
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period (e.g., a year). As proposed by Popovic et al. (2022) [20], we formalize
this problems as a constraint-based scheduling problem and use time-interval
variables, cumul, and state functions [13,14]. In our context, a cumul function
fc
1 : N × N × E → N gives the number of piece of equipment withdrawn, from

a set E, during a discretized period between a start and an end time. A cumul
function fc

2 : N×N× E → N gives the summed charge of equipment withdrawn
during a discretized period between a start and an end time. On the other hand,
a state function fs : N × N × E → State gives a state to each time step. The
state depends on the equipment that is currently withdrawn. Let W be the set of
planned withdrawal requests within the planning horizon, and let E be the set of
electrical transmission equipment. Fulfilling a request w ∈ W requires removing
a subset Ew of equipment from E. For HQ, withdrawal requests are permitted
for 246 consecutive days within a year, between d0 and d245. This corresponds to
a period spanning roughly from March to October, and excludes the winter. To
ensure the stability and availability of the power network, every year, HQ must
solve every year the TMS formalized below. This formalization is inspired by
the model of Popovic et al. (2022) [20], which we refer to for additional insights
concerning this model. A running example is also proposed in Fig. 1.

satisfy
s. t. alwaysIn(fc

1 , da, db, 0, h) ∀fc
1(a, b, S), h ∈ F c

1 (1)
alwaysIn(fc

2 , d0, d245, 0, θ) ∀fc
2(0, 245, S), θ ∈ F c

2 (2)
alwaysEqual(fs, Si, i) ∀Si ∈ Λ,∀fs, Λ ∈ F s (3)
transitPower(γ,Wd, d) ≥ minPower(γ, d) ∀d ∈ [d0, d245],∀γ ∈ Γ (4)

Constraint 1. This constraint limits the simultaneous withdrawal of related
equipment. Formally, it involves a set F c

1 of cumul functions (fc
1) and their

related maximum value (h). Each function monitors the number of piece of
equipment from a set S ⊂ E withdrawn during the period between da to db.
Then, the constraint enforces that at most h pieces of equipment can be with-
drawn at the same time during this period. The restriction is modelled using the
alwaysIn(f, dmin, dmax, hmin, hmax) constraint [14]. The constraint enforces the
accumulated consumption of f to be between the value hmin and hmax for the
period from dmin to dmax.

Constraint 2. This constraint states that the sum of the electric load of the
withdrawn equipment from a set S ⊂ E must always be below θ during the
complete planning horizon (d0 to d245). Internally, the cumul function uses a
function ch : E → N giving the load associated to a piece of equipment. It
is expressed by a set F c

2 of cumul functions (fc
2 ) and their related maximum

load (θ).

Constraint 3. Let Λ = {S1, S2, . . . , SK} be a set containing K sets of equip-
ment Sk ⊂ E. This constraint ensures that equipment associated with a set Si

and those with a set Sj , such that i �= j, cannot be withdrawn together. We
model this constraint by means of state functions and the alwaysEqual(fs, a, v)
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constraint [14]. The constraint maps the value v to the function fs when equip-
ment a is withdrawn and enforces that fs cannot take more than one value at
a time. We simplify the notation with alwaysEqual(fs, S, v) that maps the same
value v to s whenever a piece of equipment from S is withdrawn. It is expressed
by a set F s of state functions (fs) and their associated sets of equipment (Λ). We
note that this formalization is a minor improvement from the model proposed
by Popovic et al. (2022) [20], which used noOverlap constraints instead.

Constraint 4. This constraint, commonly referred to as a transit-power con-
straint, ensures that each interface impacted by the withdrawn equipment, has
a sufficient transit-power generation during each day of the planned horizon.
Handling this constraint is the main challenge of the TMS, as it involves con-
tinuous, differential, non-linear equations and cannot be easily integrated inside
the model. Intuitively, each withdrawal causes a loss in the transit power and
this loss is amplified when subsets of equipment are withdrawn at the same
time. The challenge is that the relationship between withdrawals and related
losses is not known. Let Γ be the set of interfaces of the power grid. Let
transitPower : Γ × 2E × D → R be the generated transit power obtained at
an interface when removing a set of equipment on a single day within an horizon
D. Let minPower : Γ × D → R be the minimal requirement on transit power for
each day of the horizon. Finally, let Wd be the set of withdrawn equipment at
day d in a specific solution. The constraint ensures sufficient transit power for
each interface during the complete maintenance horizon.

3 Handling the Transit-Power Constraint

As we do not have a closed-form for the transit-power constraint, we are still
unable to solve this problem. However, the satisfaction of this constraint can be
easily checked thanks to a simulator that mimics the impact of a maintenance
schedule on the real power network. Popovic et al. (2022) [20] introduced a
search heuristic to generate diverse solutions and used this simulator to check if
the maintenance schedule obtained is compliant with the constraint. By doing
so, a schedule complying with four interfaces from the power grid was obtained.
However, the fifth interface, determined to be very challenging to comply with by
field experts, was still unsolved. In this paper, we propose a new methodology
based on active constraint acquisition with partial queries [5] to approximate
the transit-power constraint in an automated way. The idea is to issue partial
withdrawal requests to the simulator and to check if the transit-power is still
satisfied. By leveraging the output of the simulator, we will be able to infer
constraints mimicking the real transit-power dynamics. This section describes
how active constraint acquisition is leveraged for this task.



Acquiring Constraints for a Non-linear TMS Problem 39

(a) Scheduling. (b) Transit-power constraint.

Fig. 1. This figure shows a valid example of the TMS with five pieces of equipment (e1
to e5), one interface, and few constraints. The maintenance schedule obtained is rep-
resented on the left. First, Constraint 1 is enforced with S = {e1, e2, e3}, fc

1 (0, 245, S)
and h = 2. This shows that e1, e2 and e3 cannot be withdrawn together during the
whole planning horizon. Second, Constraint 3 is enforced using Λ = {S1, S2} with
S1 = {e1, e5} and S2 = {e4}. It shows that e1 and e5 cannot be withdrawn if e4 is
withdraw. Finally, a possible transit-power constraint is shown on the right. The red
curve represents the transit power while the blue curve shows the minimal requirement
on transit power. Each withdrawal causes a drop of the transit power, but the exact
dynamics are not known. (Color figure online)

3.1 Preliminaries on Active Constraint Acquisition

Active constraint acquisition features two distinct processes interacting and shar-
ing common knowledge from the situation they have to learn [7]. Formally, let
〈X,D〉 be a vocabulary, where X is a set of variables and D is the set of cor-
responding domains. The first process, referred to as the learner, generates and
sends candidate solutions, called queries, to the second process, referred to as the
user. A candidate solution simply consists of an assignation of variables with val-
ues from their domain. The learner starts from a predetermined vocabulary and
its goal is to acquire a set of constraints over this vocabulary. As there exist an
infinite number of constraints, the acquisition is commonly restricted to a set of
constraints, defined as the language. Only constraints belonging to the language
can be acquired. When a language is instantiated to a specific vocabulary, we
have a set B of eligible constraints (referred to as the bias) that can be obtained
for our specific problem. Upon the reception of a query, the user replies with a
positive or a negative answer. A positive answer indicates that no constraint is
violated by the query and the learner can remove some constraints from bias B.
For instance, if the solution 〈x = 1, y = 1〉 is accepted, the constraint x �= y is
no longer eligible. On the other hand, a negative answer indicates that at least
one constraint was violated by the query. On the learner side, this constitutes
new information that can be used to acquire new constraints that are recorded
in a set L (referred to as the learned network). This interaction is carried out
iteratively until no more information can be added (B = ∅).



40 H. Barral et al.

The challenge is to efficiently identify which constraints from B are violated;
there exist several framework for that, such as Conacq.2 [6]. In this paper,
we propose to leverage QUACQ2 [5], an acquisition framework based on par-
tial queries [5]. This variant allows the learner to issue queries involving partial
assignations (i.e., all the variables do not have to be assigned). The motivation is
that partial queries allow for easier identification of violated constraints for the
learner. Specifically, QUACQ2 is able to find a constraint in a logarithmic num-
ber of queries after a negative example and converges in a polynomial number
of queries.

3.2 Redefining the Transit-Power Constraint

Our first step is to redefine the transit-power constraint into a formulation more
amenable to constraint acquisition. From a combinatorial point of view, satis-
fying this constraint turns in knowing which set of equipment can be withdrawn
together without generating a power loss exceeding the threshold. Let xe be a
binary variable indicating that equipment e ∈ E is withdrawn. Let F be the set
of all forbidden simultaneous withdrawals, i.e., a set of equipment that, when
withdrawn together, violates the transit-power constraint. A configuration is
given by solving the following subproblem. Constraint 5 states that when a set
of n pieces of equipment is forbidden, we can only remove n − 1 pieces of equip-
ment from this set at the same time.

satisfy

s. t.
∑

e∈F

xe < |F | ∀F ∈ F (5)

xe ∈ {0, 1} ∀e ∈ E (6)

Although the model is simple, the challenge is that we do not know what the
forbidden sets in F are. Our idea is to acquire the constraints depicted in Eq. (5).
When found, the resulting constraints are integrated into the main model defined
in Sect. 2 instead of the transit-power constraint. It is important to note that
there is currently no temporal aspect involved in this subproblem. Specifically,
a forbidden set does not change over the planning horizon. This aspect will be
handled later in our methodology.

4 Acquiring the Forbidden Sets

The benefit of the constraints in Eq. (5) is that we can control their arity by
setting the maximum size of the forbidden sets in F . This characteristic makes
them amenable to be learned by efficient acquisition algorithms. Figure 2 gives
a high-level overview of our framework to acquire such constraints. Each com-
ponent is explained in the next subsections.
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Fig. 2. Illustration of the interactions within the framework.

4.1 Learner Behavior

The vocabulary is defined as the set of all the variables of the subproblem (xe

with e ∈ E) with their binary domain. The bias B is the set of all the con-
straints in Eq. (5) involving at least l, and at most m pieces of equipment. This
restriction is required to control the arity of the acquired constraints. Thanks to
preliminary tests, we set l to be either 1 or 2, and m to 5. Finally, we enriched
the learner with expert knowledge K, i.e. sets of equipment that are known to be
incompatible for a simultaneous withdrawal. This knowledge was obtained from
HQ’s field experts. Provided with this information, the learner carries out queries
(i.e., a partial assignation of variables with values) to find new constraints or to
eliminate candidates [5]. The bias is then reduced. This mechanism is referred
to as Find Constraint in Fig. 2. The query is determined thanks to heuristics
bdeg for variable ordering and maxv for value ordering [29] and must also comply
with the known and acquired constraints at each generation. This mechanism
is referred to as Query generator in Fig. 2. Once a constraint is acquired,
it is removed from the bias, and the learner has converged when the bias is
empty (B = ∅).

4.2 Simulation of Withdrawals

Let q = {e1, . . . , en} be the query sent by the learner, consisting of a set of
n pieces of equipment to withdraw together. We use the same simulator as
Popovic et al. (2022) [20] to analyze the impact of these withdrawals on the
power grid. Briefly, the simulator is based on complex differential power-flow
equations and was developed internally at HQ. It simulates power flow thanks
to PSS/E software. The impact is measured in terms of the quantitative power
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loss on five geographical areas that divide the entire power grid infrastructure
into strategic points (i.e., the interfaces). The output of the simulator is then a
vector λ : [λ1, λ2, λ3, λ4, λ5] corresponding to the five losses. Note that this can
be extended to an arbitrary number of interfaces, without any loss of generality.

4.3 Acquisition of Constraints

Provided with loss vector λ, the next step is to assess whether this stationary
power is acceptable for maintaining the stability and availability of the power
network, i.e., if it is above the threshold minPower for each interface in Con-
straint 4 during the whole planning horizon. From this information, we propose
to acquire two types of constraints: (1) constraints that are relevant for the
whole planning horizon, from day 0 to day 245, and (2) constraints that are
relevant only for a specific period (e.g., a month). We refer to these constraints
as permanent constraints and temporary constraints, respectively.

Permanent Constraints. To acquire permanent constraints, we first built a
machine learning model dedicated to predicting whether loss vector λ is com-
pliant for the five interfaces during the whole planning horizon. The model was
trained through a set of historical data curated by field experts from HQ. In total
we had a dataset of 2201 entries. Each entry i corresponded to a loss λ(i) gener-
ated when a set of equipment was withdrawn together, plus a label y(i) = {0, 1}
indicating whether the loss violated the transit-power constraint. This was a rel-
atively small dataset, and we therefore opted for a lightweight model based on
a decision tree of depth 4 [23]. A proportion of 15% of the dataset was used for
validation while the remaining constituted the training set. The tree accuracy
on both sets was 86%. Once trained, the model achieved an accuracy of 85%
for recovering known constraints in the background knowledge K. This level of
performances were considered sufficient for our goal. Note that building the best
model was not the goal pursued in this paper. The constraint acquisition was
then carried out by the internal algorithm of QUACQ2 from the answer given
by the model. We only allowed the acquisition of constraints involving at least
two pieces of equipment (l = 2) as a constraint with a single piece of equip-
ment would forbid this withdrawal for the whole planning horizon, which is not
desirable.

Temporary Constraints. These constraints were acquired directly using the
minPower(γ, d) threshold. We recall that this function depends on the interface
γ and on the day d. Let d[a,b] be a sequence of days, referred to as an interval,
where the threshold does not change between day a and b on any interface. This
information is available from internal data of HQ, and nine intervals matching
this condition have been determined. Temporary constraints were defined and
acquired for each interval separately. Let I be the set of intervals. Let [ai, bi]
be the bound for interval i ∈ I. Let μλ

i ∈ {0, 1} be the answer if the loss λ
is acceptable for interval i. Let Ψγ be the stationary power regime on interface
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γ ∈ Γ when no equipment is withdrawn. The answer is formalized in Eq. 7. For
a given interval, it consists of verifying for each interface that the power flow
does not drop below the threshold.

∀i ∈ I : μλ
i =

{
1 if Ψγ − λγ ≥ minPower(γ, dk) ∀γ ∈ Γ,∀k ∈ {ai, . . . , bi}
0 otherwise

(7)
The QUACQ2 algorithm is then executed nine times to obtain the temporary
constraints associated with each interval.

4.4 Accelerating Convergence by Leveraging Dominances

While the approach described can already be used for acquiring the transit-power
constraint through the forbidden sets, we integrated an additional improvement
to speed up the convergence of the acquisition algorithm. If two equipment e1
and e2 cannot be removed together, it follows that we will not be able to remove
larger sets that include both e1 and e2. In such cases, we have a dominance
relation, which is defined as follows:

Definition 1 (Dominance). Let c be a constraint from Eq. 5 with an arity of
kc, and let Ec be the set of equipment involved by this constraint. A constraint
c′ is dominated by c if and only if kc′ > kc and if Ec′ ⊇ Ec.

In other words, any superset of an invalid configuration of withdrawals is
dominated by it. As a dominated constraint does not bring new information to
the model, we modified the acquisition algorithm to prevent the acquisition of
constraints which will be dominated by existing ones.

5 Application on a Real Power Grid

This section applies our methodology to schedule the maintenance of a real power
network in Québec, Canada. The application is the same as the one analyzed
by Popovic et al. (2022) [20]. In total, 359 withdrawal requests are considered
and 271 pieces of electrical equipment are involved. This data corresponds to the
year 2020. Each withdrawal request involved at most eight pieces of equipment,
yielding a maximum of 2872 activities in the model, and there are five interfaces
in the grid. Each interface has its own transit-power constraints. Concerning
the grid topology, the production infrastructures are all located in the northern
Québec while most of the load centers are in the South (e.g., Montréal). Four
interfaces were successfully solved by Popovic et al. (2022) [20], but the last
one, which was highly challenging, was still unsolved, even by field experts. The
goal of the experiments was to assess the relevance of our methodology to learn
relevant transit-power constraints, and to provide a schedule that is compliant
with this last interface, which we did successfully. All experiments are executed
on an Intel i7-11850H processor (2.5GHz) with 64 GB of RAM. The CP model
was implemented in C++ using CP Optimizer 20.1. Constraint acquisition was
carried out with QUACQ2 [5].
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5.1 Characteristics of Interfaces

Each interface has its own subproblem formalized in Sect. 3.2. In other words,
there is specific transit-power constraint (i.e., a set of permanent and tempo-
rary constraints) to be acquired for each interface. An interface γ uses a set of
equipment Eγ ⊂ E, but it is possible that the same equipment is used by several
interfaces. This explains why each interface cannot be considered separately in
the main problem of Sect. 2. Table 1 shows relevant characteristics for the five
interfaces. Recall that the background knowledge K corresponds to constraints
that are known before the acquisition, thanks to expert knowledge, and that
l is the minimal arity of the constraints that can be acquired. The maximal
arity is set to m = 5. The size of the bias is computed as the sum of combina-
tions involving {l, . . . , m} equipment among Eγ . We limit ourselves to specific
pieces of equipment that are known by field experts for their significant impact
on transit-power loss once withdrawn to decrease the size of bias B. Interest-
ingly, we observe that the proportion of background knowledge in relation to
the number of pieces of equipment involved is smaller for the fifth interface (i.e.,
the challenging one). This observation stands even if all the equipment for all
interfaces are involved.

Table 1. Characteristics of the five interfaces, with m = 5.

Interface (Γ ) 1 2 3 4 5

No. of pieces of equipment (Eγ) 18 28 18 24 12
Background knowledge (K) 83 184 70 110 21
Bias (B) with l = 2 3008 46705 3021 25859 510
Bias (B) with l = 1 3026 46733 3039 25883 522

5.2 Result: Magnitude of the Acquisition

Table 2 presents statistics about the acquisition of permanent and temporary
constraints. Specifically, for each interface, we record the number of constraints
acquired (L), the number of constraints acquired that are not redundant with
background knowledge (L\K), the number of QUACQ2 queries required to
converge, and the execution time in seconds for permanent constraints and in
minutes for temporary constraints. First, we observe that we are always able
to infer new constraints that are not redundant with the background knowl-
edge. Second, for most interfaces, we acquire more temporary constraints than
permanent ones. This is expected as the acquisition is executed on nine inter-
vals, providing a higher opportunity for acquisition. Finally, the most interesting
result is that we have significantly more constraints that are learned for the fifth
interface compared to their respective bias size. This shows that non trivial
knowledge could be acquired for this interface.
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Table 2. Statistics of constraint acquisition for the five interfaces.

Interface (Γ ) 1 2 3 4 5

Permanent constraints
# constraints acquired (|L|) 134 318 130 147 27
# new constraints (|L\K|) 51 134 60 37 6
Number of queries 125 340 146 231 56
Runtime (seconds) 18 518 17 210 4
Temporary constraints
# constraints acquired (|L|) 89 4565 86 176 106
# new constraints (|L\K|) 6 4381 16 66 84
Number of queries 458 12227 778 6317 412
Runtime (minutes) 6.45 859 9.73 255.18 0.83

5.3 Result: Solving the TMS with Acquired Constraints

To evaluate our acquired constraints, we generated 100 different and diverse
maintenance schedules with data related to the year 2020 using the CP model
from Sect. 2 and the acquired constraints. The acquired constraints were added as
new tuples of cumul functions and maximal values to the set Fc

1 of Constraint 1
from Sect. 2. The 100 schedules were obtained with a multi-point restart strategy
mechanism and 4 parallel workers [14]. As a baseline, we generated schedules
using the same objective functions as Popovic et al. (2022) [20]: balancing the
withdrawal requests inside the planning horizon and maximizing the number of
overlapping withdrawals of the same equipment. We refer to Popovic et al. (2022)
for an extended explanation about these heuristics. We set a total timeout of
1500 s for each restart. We monitored the number of days in the schedule (245
days in total) where the transit-power went below the allowed threshold for each
interface. Specifically, we highlight that if multiple interfaces went below the
threshold during the same day, we accumulate these has multiple days (e.g. if
two interface went bellow their threshold the same day, we counted them has
two days). This value is referred to as exceeded days (ED).

Table 3 shows the results for the 100 schedules generated, for the baseline
model of Popovic et al. (2022) and ours with the acquired constraints (perma-
nent, temporary, and both). Results reported are the number of times a feasible
schedule was found, statistics on the number of exceeded days among the 100
schedules generated, and the execution time to build the 100 schedules. First,
we observe that our approach has always been able to find at least one feasible
schedule among the 100 executions, which was not the case for the baseline pro-
posed by Popovic et al. (2022) [20]. The solution found by the baseline still has
two exceeded days at best, and 30.30 days on average. In our case, having both
the permanent and temporary constraints provides the best results: 40 schedules
compliant with all the constraints, 7.40 exceeded days on average, and the lowest
variance. The only downside is the execution time which increases from 8h for
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the baselines to 15 h for our best model. However, this increase has no practical
impact, as the schedule needs only to be built once per year.

Table 3. Results of 100 generated schedules on withdrawal requests for year 2020.

Approaches Baseline [20] Our approach with acquired constraints
Permanent Temporary Both

# feasible schedules (/100) 0 4 12 40
Minimum ED 2 0 0 0
Total ED 3030 2059 1205 740
Average ED 30.30 20.59 12.05 7.40
Standard deviation ED 13.57 14.11 10.59 10.20
Runtime (hours) 8 9 17 15

5.4 Analysis: Visualizing the Transit-Power on the Fifth Interface

Figure 3 presents the maintenance schedule with the transit-power curves for
the fifth interface. The left plot shows the schedule obtained by Popovic et
al. (2022) [20] and the right one illustrates the schedule we obtained with both
permanent and temporary constraints. We can see that there are few conflicting
days with the Popovic et al. (2022) and none with ours. Note that this interface
was still unsolved by Hydro-Québec and by Popovic et al. (2022). This paper
provides a solution to it for the first time.

5.5 Analysis: Distribution of the Exceeded Days

Figure 4 shows the distribution of the exceeded days depending on the approach
considered. The distribution is computed using the sum of the exceeded days of
the 100 schedules. Interestingly, the more constraints are added, the more the
distribution shifts to the left, meaning that there are fewer exceeded days.
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(a) Popovic et al. (2022) [20]. (b) With acquired constraints.

Fig. 3. Comparison of two schedules obtained for the fifth interface. The red curve is
the transit-power computed by the simulator as a function of the proposed maintenance
schedule and the current day. The blue curve represents the transit-power lower bound.
The x-axis is the planning horizon, and the y-axis reports the related transit-power.
The exact values are hidden for confidentiality purposes. (Color figure online)

(a) No transit-power constraint. (b) Only permanent constraints.

(c) Only temporary constraints. (d) Both constraints.

Fig. 4. Distribution of exceeded days for 100 generated schedules (year 2020).

5.6 Analysis: Discussion of Limitations

The main limitation is the prior knowledge required to set the maximum arity of
constraints desired for the acquisition (value m, which we set to 5 in our case).
The size of the bias can grow significantly depending on this value, meaning
that acquisition algorithms, such as QUACQ2 will take more time to remove
unnecessary constraints. On the other hand, a value that is too low will prevent
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the acquisition of constraints involving more equipment, which will impact the
quality of the solutions obtained. Note that background knowledge has been used
to speed up acquisition. A second limitation is that our constraints are valid for
a specific power-grid and cannot be easily transferred to other situations, e.g.,
another power-grid or a reshaping of the grid that changes the power loss of the
withdrawn equipment. Although our methodology can be reused, new types of
constraints considered for acquisition may need to be identified.

6 Conclusion

The transmission maintenance scheduling problem is a combinatorial problem
that consists of creating an annual maintenance plan for electric power trans-
mission equipment while preserving the stability of the network and ensuring
uninterrupted power supply for customers. A challenging aspect of this problem
is accommodating transit-power constraints. This paper proposes a methodol-
ogy based on active constraint acquisition to automatically formalize these con-
straints in a combinatorial fashion. The acquired constraints are then added to
a standard CP model to solve the problem. With this approach, we obtained a
maintenance schedule complying with all the constraints for each strategic point
of Hydro-Québec’s power grid. Prior to our work, the most constrained strategic
point on Hydro-Québec’s grid was unsolved both by Popovic et al. (2022) and
by experts from Hydro-Québec. Our methodology therefore provides a success-
ful application of constraint acquisition. Further improvements could be made
to increase the number of pieces of equipment considered during acquisition [28]
and to include other types of constraints in the model (e.g., thermic constraints)
through other learning paradigms, such as empirical decision model learning [15].
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Abstract. Constraint programming (CP) has become increasingly
prevalent in recent years for performing pattern mining tasks, particu-
larly on binary datasets. While numerous CP models have been designed
for mining on binary data, there does not exist any model designed for
mining on numerical datasets. Therefore these kinds of datasets need to
be pre-processed to fit the existing methods. Afterward a post-processing
is also required to recover the patterns into a numerical format. This
paper presents two CP approaches for mining closed interval patterns
directly from numerical data. Our proposed models seamlessly execute
pattern mining tasks without any loss of information or the need for pre-
or post-processing steps. Experiments conducted on different numerical
datasets demonstrate the effectiveness of our proposed CP models com-
pared to other methods.

Keywords: Constraint Programming · Pattern Mining · Numerical
Data

1 Introduction

Pattern mining is a crucial task in data mining. The constraint-based pattern
mining task [15] embraces a wide range of queries and methods aimed at extract-
ing characterized patterns from data. These patterns can be interpreted by
domain experts or serve as inputs for downstream tasks such as classification
or clustering [5].

Datasets commonly encountered in many application domains often comprise
a variety of value types, including binary, discrete, numerical or mixed values.
There are a plethora of pattern mining methods on binary data, sequences or
graphs [15] but few methods address numerical [8,18] or mixed values [4]. A
simple approach to cope with numerical data is to reuse existing methods by
first converting data into a binary representation [6]. However, it is well-known
that the binarization process often leads to a loss of information. Considering the
example of interval patterns defined by numerical values, MinIntChange [8] is
a method aiming to mine such patterns directly from numerical data. However
it is devoted to closed interval patterns and cannot deal with other data mining
tasks.
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B. Dilkina (Ed.): CPAIOR 2024, LNCS 14742, pp. 51–67, 2024.
https://doi.org/10.1007/978-3-031-60597-0_4

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-60597-0_4&domain=pdf
https://doi.org/10.1007/978-3-031-60597-0_4


52 D. Bekkoucha et al.

The aim of our work is to propose a comprehensive declarative framework to
efficiently tackle numerical data. Our work is guided by two principles. First, we
keep the whole original information expressed by the numerical data. Second,
we choose to set our approach in a declarative paradigm, the Constraint Pro-
gramming (CP) framework. The declarative paradigm enables to specify pattern
mining tasks in an easy way by using general constraint primitives. In the last
few years, many declarative constraint-based methods were proposed for mining
tasks on binary data or sequences [5,9,16], to the best of our knowledge, so far,
there is no declarative method tackling numerical datasets. The core of our con-
tribution is a declarative method to mine the complete set of closed interval pat-
terns from numerical data without any discretization process. A closed pattern
is essential in data mining tasks as it captures the maximum amount of similar-
ity within a dataset. These patterns have crucial properties and are widely used
in data mining applications. Moreover the whole set of interval patterns can be
regenerated following the principle of the pattern condensed representations [2].
Our CP models go beyond interval patterns by combining primitives to write
queries addressing complex mining tasks on numerical data. As an illustration,
we combine the no overlapping between patterns and the cover of the set of the
mined patterns to perform the conceptual clustering task.

Our contributions are the following. We define two CP models to mine the
complete set of closed interval patterns. The first model, called cp4cip, is based
on reified constraints and offers a general encoding of the closure relation to
mine closed patterns. In CP, global constraints can capture hidden relations
between a set of variables to improve the efficiency. We design a global constraint,
called gc4cip, using new specific filtering rules, and we give a second CP model
enhancing the mining efficiency. We provide an extensive empirical evaluation
comparing the efficiency of our CP models with respect to other declarative
methods and the ad hoc method MinIntChange. Finally, we illustrate the
interest of the declarativity by using gc4cip in a scenario of data processing
chain to find conceptual clustering from numerical data.

Section 2 introduces notations and basic concepts. Section 3 is devoted to
related work. Section 4 presents our first CP model based on reified constraints.
Section 5 and Sect. 6 depicts our second CP model based on global constraints.
Section 7 provides an extensive empirical evaluation on benchmark datasets and
Sect. 8 concludes.

2 Preliminaries

2.1 Interval Pattern Mining

Numerical Dataset. A numerical dataset N is defined by a set of objects G
where each object is described by a set of attributes M. Each attribute m ∈ M
has a range Nm which is a finite set containing all the possible values of m in N .
An object g ∈ G is defined by a vector of numerical values < vg,m >m∈{1,...,|M|}.
A dataset where the values of all attributes are binary Nm = {0, 1},∀m ∈ M,
is a special case of a numerical dataset and referred as a binary dataset.



Efficiently Mining Closed Interval Patterns with Constraint Programming 53

Table 1. A running example of a numerical dataset N

m1 m2 m3

g1 2 8 130

g2 4 12 102

g3 3 7 91

g4 2 9 101

g5 6 12 110

Example 1. Table 1 shows a running example of a numerical dataset containing
5 objects G = {g1, g2, g3, g4, g5}, each object is described by 3 attributes M =
{m1,m2,m3}.

Closed Interval Pattern. Patterns in numerical datasets can be represented
in many ways, we use the notion of Interval Pattern [8] which is defined as a
vector of intervals V = 〈[wm, wm]〉∀m∈M, where wm, wm ∈ Nm. Each dimension
of the vector V corresponds to an attribute following a canonical order on the
set of attributes M. We denote B[g] = 〈[vg,m , vg,m ]〉m∈{1,...,|M|} as the vector of
intervals corresponding to an object identified by g. An object g is an occurrence
of the interval pattern V if each interval in the vector B[g] is included in the
interval of V , i.e. B[g] � V ⇐⇒ [vg,m , vg,m ] ⊆ [wm, wm],∀m ∈ {1, ..., |M|}.
The cover of V in N is the set of objects g ∈ G occurring in V, i.e. cover(V) =
{g ∈ G | B[g] � V}.

Example 2. From Table 1, V = 〈[3, 4], [7, 12], [91, 130]〉 is an interval pattern cov-
ering the objects {g2, g3}. B[g2]= 〈[4, 4], [12, 12], [102, 102]〉 is the vector of inter-
vals identified by the object g2 and an occurrence of V.

The frequency of V is the cardinal of its cover, i.e. freq(V) = |cover(V)|.
Given a minimum frequency threshold θ, the interval pattern V is frequent
if and only if freq(V) ≥ θ. A description of a subset of objects G ⊆ G is
an interval pattern V where for each g ∈ G, g is an occurrence of V,
i.e. desc(G) =< [am, bm] >m∈{1,...,|M|} such that am = min({vg,m | g ∈
G}) and bm = max({vg,m | g ∈ G}).

Exact pattern condensed representations (such as the closed patterns [19])
enable to reduce the large number of patterns extracted from the datasets with-
out loss of information [2]. The key idea of pattern condensed representations
is to take advantage of the redundancy of a collection of patterns to construct
a concise representation of the patterns instead of mining all patterns. A closed
interval pattern (CIP) is defined by the closure of an interval pattern that is the
vector of intervals of its cover (i.e. close(V) ⇐⇒ desc(cover(V)) = V).

Example 3. From Table 1, the set of objects {g2, g3} is described by the interval
pattern V = desc({g2, g3}) = 〈[3, 4], [7, 12], [91, 102]〉. The interval pattern V = 〈
[3, 4], [7, 12], [91, 102]〉 is closed since desc({g2, g3}) =〈[3, 4], [7, 12], [91, 102]〉 and
the cover(〈[3, 4], [7, 12], [91, 102]〉) = {g2, g3}.
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2.2 Problem Statement

Our goal is to discover all frequent closed interval patterns (FCIP). More for-
mally, given a numerical dataset N and a minimum frequency threshold θ, the
closed frequent interval pattern mining problem is the problem of finding all
interval patterns V such that freq(V) ≥ θ and close(V).

There are a few things one should note about this statement. First, the search
space contains

∑|G|
k=1

(|G|
k

)
candidates. This size is gigantic and a naive search

that consists of enumerating and testing the frequency of all interval pattern
candidates is not practical.

Second, mining FCIP can be solved by the following process: transform the
numerical data using Interordinal Scaling (IS) technique to get binary data,
mine closed itemsets from the binary data and post-processing closed itemsets
to obtain closed interval patterns [8]. Results are equivalent because IS preserve
all the information of the original data by creating pairs of binary attributes of
the following form: m ≤ vg,m and m ≥ vg,m,∀m ∈ M, g ∈ G. Each element of
these pairs is then used as a binary attribute on the set of objects. The value of
the attribute on each object is set to 1 if the condition holds, otherwise the value
is set to 0. However, this approach produces a large dataset having

∑
m∈M 2|Nm|

items. Moreover, the post-processing step is highly expensive. For each itemset
found, it needs to determine the interval of each attribute by calculating the
minimum and the maximum values that are present in the itemset. The time
complexity of the post-processing is in the worst case O(C · |M| · U) where C is
the total number of mined closed itemsets and U is the number of distinct values
for each attribute.

Finally, using the declarative paradigm easily enables us to combine CIP
with other constraints such as the overlapping or the cover of the set of returned
patterns [3,7,9]. We illustrate the use of these constraints with our CP models
in Sect. 7.3.

2.3 Constraint Programming

A CSP consists of a set of variables X = {x1, . . . , xn}, a set of domains D
mapping each variable xi ∈ X to a finite set of possible values D(xi), and a set
of constraints C on X. A constraint c ∈ C is a relation specifying the allowed
combinations of values for its variables X(c). An assignment on a set Y ⊆ X
of variables is a mapping from variables in Y to values in their domains. A
solution is an assignment on X satisfying all the constraints. CP solvers typically
use backtracking tree search to explore the search space of partial assignments
and attempts to extend them to consistent ones with the objective of finding
solutions. The main technique used to speed-up the search is the constraint
propagation by a filtering algorithm. Each constraint filtering should remove as
many variable domain values as possible by enforcing local consistency properties
like domain or bound consistency. Global constraints are constraints capturing
a relation between a fixed number of variables. These constraints provide the
solver with a better view of the structure of the problem. Dedicated filtering
algorithms are designed to achieve better time complexity.
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3 Related Work

Mining patterns in numerical data started with quantitative association rule
mining [18]. A lot of work is discussed in [17]. Many of them are based on a
natural approach where each numerical attribute is discretized according to some
interest functions, e.g. support, class values. Then patterns are mined from the
discretized data. This family of approaches leads to a loss of information. More
recently, in the field of subgroup discovery, a very common kind of patterns in
modern pattern mining, Nguyen et al. [14] creates a discretization process with
the goal to maximize the average quality of the patterns. [12] provides a thorough
comparison of existing methods to deal with numerical attributes in subgroups.
By considering the notion of closed interval patterns, OSMIND [13] finds optimal
subgroups according to an interestingness measure in purely numerical data. Our
work takes advantage of the principle of the closed interval patterns and it is
not limited to subgroups.

Approaches based on Minimum Description Length are used for discovering
useful patterns and returning a set of non-redundant overlapping patterns with
well-defined boundaries [11,20]. In order to design relevant intervals on the fly
based on numerical data, MinIntChange [8] introduces a framework that enu-
merates all closed interval patterns starting with the largest one, then explores
the search space through minimal changes on the interval bounds. The principle
has been reused to search for patterns corresponding to convex polygons [1] but
the technique is limited to two dimensions. All these methods are dedicated to
specific patterns and require to rewrite algorithms when the problem at hands
changes.

There are many declarative methods for constraint-based mining tasks
under declarative frameworks for binary data or sequences [5,9,16]. CP-based
approaches have been proposed to mine closed itemsets in a binary context as
cp4im [16] by using reified constraints or the global constraint closedPattern [10].
However, to the best of our knowledge, there is no declarative method to discover
patterns directly from numerical data without requiring pre and post processing
steps.

4 First Model Using Reified Constraints

This section starts by presenting the variables used to model interval patterns
and their associated domains. Then, we describe our first model named cp4cip.

4.1 Variables and Domains

The bounds of an interval pattern are modelled by introducing two variables xm,
xm for each attribute m ∈ M. These variables represent respectively the lower
bound and the upper bound. The domains of these variables is the set of values
Nm in the dataset, i.e. D(xm) = D(xm) = Nm.
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Additionally, we introduce another set of variables, denoted by Y , to capture
the coverage of an object by an interval pattern. The variable yg ∈ Y is associated
to the object g ∈ G and has a binary domain, i.e. D(yg) = {0, 1}. The variable yg

takes the value 1 if and only if the object g is covered by the candidate interval
pattern. A FCIP is found by setting the variables xm and xm to a value in Nm

and yg to 0 or 1.

Example 4. From Table 1, the interval pattern 〈[3, 4], [7, 12], [91, 102]〉 is mod-
elled by the following assignment {x1 = 3, x1 = 4, x2 = 7, x2 = 12, x3 =
91, x3 = 102, y1 = 0, y2 = 1, y3 = 1, y4 = 1, y5 = 0}.

4.2 Reified Constraints

Coverage Constraints. An object is covered by a FCIP iff all values of its
attributes are found in the intervals. To formulate the cover of a FCIP, we
introduce in our model Boolean variables Bg,m, for each value m and each object
g in the database such that:

Bg,m = 1 ⇐⇒ xm ≤ vg,m ≤ xm, ∀m ∈ M,∀g ∈ G (1)

The following constraint exploits the variables Bg,m to enforce the cover on
each object. An object g ∈ G is covered iff the value of each attribute m for the
object g is bounded by the interval [xm, xm]. We can thus process the frequency
of the interval pattern by summing the yg variables such that the sum must be
greater or equal than a minimum support θ (i.e.

∑
g∈G yg ≥ θ).

yg = 1 ⇐⇒
∑

m∈M
Bg,m = |M|, ∀g ∈ G (2)

Proof. Let V be a candidate interval pattern. The variable yg models the cover
of object g ∈ G by V. The cover of V is given by the following: yg = 1 ⇐⇒
xm ≤ vg,m ≤ xm,∀ m ∈ M. Since, Bg,m = 1 ⇐⇒ xm ≤ vg,m ≤ xm. So, yg =
1 ⇐⇒ Bg,m = 1,∀m ∈ M. It follows that yg = 1 ⇐⇒ ∑

m∈M Bg,m = |M|.

Closure Constraints. The closure requires that each interval associated to
each attribute should contain all the values of the covered objects while each
value of an uncovered object should be outside of the interval. Let N ↑

m (resp. N ↓
m)

be the maximum (resp. the minimum) value over the objects on the attribute
m, the closure relation can be expressed in our model by introducing the new
variables Hg,m and Hg,m, where D(Hg,m) = {vg,m}∪{N ↑

m+1}, and D(Hg,m) =
{vg,m} ∪ {N ↓

m − 1}. The upper value {N ↑
m + 1} (resp. lower value {N ↓

m − 1})
is added in the domain of Hg,m (resp. Hg,m) in order to avoid selecting the
minimum (resp. maximum) on the uncovered objects.

Lower Bound Closure. To capture the minimum value of covered objects, we use
for each attribute m ∈ M a minimum constraint on the set variables {Hg,m,∀g ∈
G}. The variables Hg,m of uncovered objects have value greater than all the
values in the data. Thus, the minimum cannot be selected on uncovered objects.
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∀g ∈ G,m ∈ M, yg = 1 =⇒ Hg,m = vg,m (3)

∀g ∈ G,m ∈ M, yg = 0 =⇒ Hg,m = N↑
m + 1

(4)
∀m ∈ M, xm = min(H1,m, H2,m, ..., H|G|,m)

(5)

∀g ∈ G,m ∈ M, yg = 1 =⇒ Hg,m = vg,m (6)

∀g ∈ G,m ∈ M, yg = 0 =⇒ Hg,m = N↓
m − 1

(7)
∀m ∈ M, xm = max(H1,m, H2,m, ..., H|G|,m)

(8)

Upper Bound Closure. Similarly, to find the maximum value on the covered
objects, we use for each attribute m a maximum constraint on the set of variables
{Hg,m,∀g ∈ G}. The variables Hg,m of uncovered objects have value smaller than
all the values in the data. Thus, the maximum cannot be selected on uncovered
objects.

Example 5. Table 2 shows the values taken by the closure variables Hg,m (left)
and Hg,m (right) to find the closed interval pattern 〈[3, 4], [7, 12], [91, 102]〉.
Proof. Consider the subset G of objects covered by the interval pattern
〈[am, bm]〉∀m∈M . According to the closure definition, the lower bound can be
expressed as ∀m ∈ M, am = min({vg,m | g ∈ G}). This is equivalent to
∀m ∈ M, am = min({vg,m | ∀g ∈ G, yg = 1}). Consequently, we deduce that
∀m ∈ M, am = min({v | ∀g ∈ G, (yg = 1 =⇒ v = vg,m) ∧ (yg = 0 =⇒ v =
N ↑

m + 1)}). The proof of the upper bound is similar to lower bound.

Table 2. Values of closure variables Hg,m and Hg,m for the running example.

yg Hg,1 Hg,2 Hg,3

g1 0 7 13 131

g2 1 4 12 102

g3 1 3 7 91

g4 0 7 13 131

g5 0 7 13 131

min: 3 7 91

yg Hg,1 Hg,2 Hg,3

g1 0 1 6 90

g2 1 4 12 102

g3 1 3 7 91

g4 0 1 6 90

g5 0 1 6 90

max: 4 12 102

CP4CIP Model. FCIP mining can be modeled by the conjunction of the cover-
age constraints (cf. Eq. 1 and Eq. 2) and the closure constraints (Eqs. 3 to 8). This
model uses 2.|M| variables for interval representation, |G| variables for objects
coverage, and 3.|G|.|M| variables. It involves |G|.|M| inclusion constraints, |G|
coverage constraints, and 4.|G|.|M| + 2.|M| closure constraints. The main limi-
tation of such a model lies in its number of variables and constraints leading to
scaling challenges on large datasets.

5 Second Model Using a Global Constraint

Similarly to Sect. 4.1, this second model uses the sets of variables X and X to
represent the lower bounds and the upper bounds of an interval pattern. The
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GC4CIPN ,θ(X, X) global constraint holds if and only if V is closed, i.e. close(V)
and V is frequent, i.e. freq(V)) ≥ θ. In the following, we describe the new specific
filtering rules associated to closure and frequency of an interval pattern.

5.1 Closure Filtering Rules

Let V∗ = 〈[min(D(x1)),max(D(x1))], . . . , [min(D(x|M|)),max(D(x|M|))]〉 be
the largest interval pattern from the domains. Proposition 1 states that values
occurring only in objects non covered by V∗ must be removed.

Proposition 1. Let V∗ = 〈[min(D(x1)), max(D(x1))], . . . , [min(D(x|M|)),
max(D( x|M|))]〉. Let m ∈ M, g ∈ G,

{
vg,m /∈ D(xm),

vg,m /∈ D(xm)
if :

⎧⎪⎨
⎪⎩

∃ m′ ∈ M, m 	= m′, v
g,m

′ < min(D(xm′ )) ∨ v
g,m

′ > max(D(xm′ ))
∧
∀g′ ∈ G, g 	= g′ such that g′ is covered by V∗, vg,m 	= v

g
′
,m

(9)

Proof. Let m, m′ ∈ M and m �= m′. Suppose that vg,m ∈ D(xm) and
vg,m′ < min(D(xm′)) or vg,m′ > max(D(xm′)). If vg,m′ < min(D(xm′))∨vg,m′ >
max(D(xm′)), this means that g is not covered by V∗, i.e. g /∈ cover(V∗). Thus
following the closed interval definition in Sect. 2.1, xm = min({vg′ ,m | g′ ∈
cover(V∗)}). If there does not exist g′ ∈ G where g′ is covered and vg′ ,m = vg,m ,
then vg,m will never be a bound in V∗, therefore vg,m /∈ D(xm) which contradicts
the assumption. The proof for the upper bound is similar.

Example 6. Consider the dataset in Table 1, and the following domains: D(x1) =
{4, 6}, D(x1) = {4, 6}, D(x2) = {7, 8, 9, 12}, D(x2) = {7, 8, 9, 12}, D(x3) =
{91, 101, 102, 130}, D(x3) = {91, 101, 102, 130}. Since the values 2 and 3 for the
attribute m1 are not in D(x1) and D(x1), the objects g1, g3 and g4 are not
covered. Therefore, the values 7, 8, 9 will be removed from D(x2) and D(x2)
because 7 appears in g3, 8 appears in g1 and 9 in g4, and these values do not
occur in any covered object.

For defining the next filtering rule, we first consider the joint between the
domains of two attributes m and m′. For each value vg,m in D(xm), we consider
the objects g having such a value for attribute m, i.e. Im = {g | g ∈ G, vg,m ∈
D(xm)}. Then, for each object g in Im, we determine its value for the attribute
m′ So, join(xm′ , xm) = {vg,m′ | vg,m′ ∈ D(xm′), g ∈ Im}. Then, every value
outside the bounds of this set has to be removed.

Proposition 2. Let m,m′ ∈ M, m �= m′. For simplicity, we denote by xm as
either a lower bound xm or an upper bound xm.

{
vg,m /∈ D(xm) if: vg,m > max(join(xm′ , xm))
vg,m /∈ D(xm) if: vg,m < min(join(xm′ , xm)) (10)
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Proof. Let m,m′ ∈ M and m �= m′. Suppose that vg,m ∈ D(xm) and
vg,m > max(join(xm′ , xm)). D(xm′) contains all possible lower bounds for the
attribute m′, therefore join(xm′ , xm) returns all the values which are potential
lower bounds for the attribute m. If vg,m > max(join(xm′ , xm)), there exists an
object g which is either uncovered or is strictly inside the closed intervals. In both
cases, all the values occurring in object g are not located in the closure’s lower
border. Consequently, the vg,m /∈ D(xm) which contradicts the assumption. The
proof for the upper bound is similar.

Example 7. Consider the database in Table 1 and the following domains:
D(x1) = {2, 3, 4, 6}, D(x1) = {4, 6}, D(x2) = {7, 8, 9, 12}, D(x2) = {7, 8, 9, 12},
D(x3) = {91, 101, 102, 110, 130}, D(x3) = {91, 101, 102, 110}. The objects
associated to D(x1) are g4 and g6. The values of these objects for attribute m3

are 102 and 110. So join(x1, x3) = {102, 110}. In the same way, join(x1, x3) =
{102, 110}. Following the filtering rules in 10, value 130 will be removed from
D(x3), because 130 > max(join(x1, x3)) and values 91, 101 will be removed
from D(x3) since 91 and 101 are smaller than min(join(x1, x3)).

5.2 Frequency Filtering Rules

Values not occurring in any frequent interval pattern have to be removed.

Proposition 3. Let m ∈ M, and Vp = 〈[min(D(xi)),max(D(xi))]〉1≤i	=m≤|M|
be a partial interval pattern.

{
am /∈ D(xm) if: freq(Vp ++ [am,max(D(xm))]) < θ
bm /∈ D(xm) if: freq(Vp ++ [min(D(xm)), bm]) < θ

(11)

Proof. We prove that am /∈ D(xm) if the candidate interval on the attribute m
using the maximum value as an upper bound will always lead to a frequency less
than θ. Suppose that am ∈ D(xm). We know that cover(Vp)∩ cover([am, bm]) =
cover(Vp ++ [am, bm]). Since Vp is a consistent partial solution, freq(Vp) ≥ θ. This
means that the frequency of the candidate interval pattern (Vp ++ [am, bm]) is
determined only by freq([am, bm]). Consequently, if freq([am,max(D(xm))]) < θ,
then the value am as a lower bound will always lead to infrequent candidate
interval pattern with current domains. Thus am /∈ D(xm) which contradicts
the assumption. The proof establishing the inconsistency of the value bm in the
upper bound domain is similar.

Example 8. Consider the dataset in Table 1, a minimum frequency threshold
θ = 2, and the following variable domains: D(x1) = {2}, D(x1) = {3},
D(x2) = {8, 9}, D(x2) = {8, 9, 12}, D(x3) = {91, 101, 102, 130}, D(x3) =
{91, 101, 102, 130}. Following the frequency filtering rule, and considering the
partial assignement Vp = 〈[2, 3], [91, 130]〉, the values 8 and 9 will be removed
from D(x2) and D(x2) respectively, since freq(Vp ++ [9,max(D(x2))]) < 2 and
freq(Vp ++ [min(D(x2)), 8]) < 2 (Eq. 11)

GC4CIP Model. Our global constraint gc4cipN ,θ(X, X) can be used with
additional constraints to handle more complex mining tasks (see Sect. 7.3).
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Algorithm 1: gc4cip coverage update
1 Function PushDown(T : tree, depth, n: current node, a: value in Nm, b: value in Nm,

Cov: coverage array)

2 if depth = maxdepth(T) ∧ (inf(n) < a ∨ sup(n) > b) then

3 inf(n) ←− + ∞; sup(n) ←− − ∞;
4 Cov[ObjectIndexFromLeaf(n)] ←− 0;

5 else

6 foreach c ∈ child(n) do

7 if inf(c) < a ∧ sup(c) > b then
8 PushDown(T, c, a, b, depth+1)
9 else if inf(c) < a then

10 PushDown(T, c, a, sup(c), depth+1)

11 else if sup(c) > b then
12 PushDown(T, c, inf(c), b, depth+1)

6 GC4CIP Filtering Algorithm

In this section, we introduce our algorithm designed to implement the filtering
rules outlined in Sect. 5, ensuring the domain consistency of the gc4cip con-
straint. Our filtering algorithm leverages an internal data structure to certify
candidate solutions and optimize the filtering process.

A Specific Data Structure. Consider a tree represented as T = (N, E, r,
inf, sup) where N is the set of nodes in T . Each node n ∈ N contains an interval
[an, bn] with an and bn being values returned by the operators inf(n) and sup(n)
respectively. The root node of T is r, and E is the set of edges in the tree. The
collection of such trees is called forest and denoted as F . In our algorithm, this
forest is represented as a list of trees, where each tree is associated with an
attribute m ∈ M from the dataset. Additionally, we introduce a Boolean array,
denoted as Cov, designed to compute the current coverage of the set of objects
(i.e. leaf nodes). For g ∈ G, Cov[g] is set to 1 if g can be covered, otherwise it
is set to 0. The synchronization of trees within the forest is maintained through
the coverage array.

Initially, for each attribute m and object g in the dataset, a leaf node n ∈ N
is created, such that n = [vg,m , vg,m ] where vg,m ∈ Nm. A parent node p is
created over a subset of leaf nodes, where inf(p) is set to the minimum an of
its children and sup(p) is set to the maximum bn of its children. The interval
[ar, br] associated with the root node of each tree establishes coherent bounds
for the variables corresponding to the attribute m ∈ M (i.e. xm and xm).

To maintain the trees and the coverage array with respect to changes in the
variables domains, we introduce a function PushDown(), see Algorithm 1. The
PushDown function allows to update leaves nodes having their intervals (i.e.
[vg,m , vg,m ]) not included in the interval of the root node, lines 3 and 12. If this
condition holds, the interval of the leaf node is set to [+∞,−∞], making the
corresponding object uncovered.
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Algorithm 2: gc4cip closure filtering
1 Input: XM = {x1, x2, ..., x|M|}, XM = {x1, x2, ..., x|M|}, θ :Frequency

threshold, xm′ : modified variable, F = [T1, ..., T|M|]: Forest corresponding to
databases’ attributes, Cov[|G|]:Coverage vector

2 Output: Consistent XM = {x1, x2, ..., x|M|} and XM = {x1, x2, ..., x|M|}
3 begin:

4 PushDown(F[m’],depth=0, r ∈ F[m], min(xm′ ), max(xm′ ))
5 foreach m ∈ M do

// synchronize the tree leaves

6 foreach leaf n ∈ F [m] do
7 if Cov[n] = 0 then

8 inf(n) ←− + ∞; sup(n) ←− − ∞

// update nodes intervals of the tree

9 level ←− Maxdepth(F [m]) − 1
10 while level ≥ 0 do
11 foreach n ∈ F [m] where depth(n) = level do

12 inf(n) ←− min({inf(c) | c ∈ child(n)})
sup(n) ←− max({sup(c) | c ∈ child(n)})

13 level ←− level − 1

// Maintaining interval coherence

14 D(xm) ←− D(xm) \ {v | v ∈ D(xm) ∧ v > sup(r)}
15 D(xm) ←− D(xm) \ {v | v ∈ D(xm) ∧ v < inf(r)}

// Closure filtering

16 D(xm) ←− D(xm) \ {v | v ∈ D(xm) ∧ ∀g ∈ G, v 	= vg,m where Cov[g] = 1}
17 D(xm) ←− D(xm) \ {v | v ∈ D(xm) ∧ ∀g ∈ G, v 	= vg,m where Cov[g] = 1}
18 if m 	= m′ then

19 D(xm) ←− D(xm) \ {v | v ∈ D(xm) ∧ v < min(join(xm′ , xm))}
20 D(xm) ←− D(xm) \ {v | v ∈ D(xm) ∧ v > max(join(xm′ , xm))}

// Frequency filtering

21 Vp ←− 〈[min(D(xi)),max(D(xi))]〉1≤i�=m′≤|M|
22 D(xm′ ) ←− D(xm′ ) \ {v | v ∈ D(xm′ ) ∧ freq(Vp ++ [v, max(xm′ )]) < θ}
23 D(xm′ ) ←− D(xm′ ) \ {v | v ∈ D(xm′ ) ∧ freq(Vp ++ [min(xm′ ), v]) < θ}

Implementing the Filtering Rules. Algorithm 2 applies the filtering rules
described in Sect. 5. When the domain of a bound variable of an interval xm

(i.e. xm or xm) changes, we first update the leaves through the PushDown()
function described in Algorithm 1. The leaves of all the trees within the forest
are then synchronized through the cover array such that each leaf corresponding
to a newly uncovered object is set to [+∞,−∞], lines 6 to 8 in Algorithm 2.
The new interval borders are updated using a bottom-up approach which sets
for each parent node a new lower and upper bound consisting respectively, of the
smallest value from its children’s lower bound and the highest value among its
children’s upper bound, lines 10 to 13. The intervals coherence is maintained in
lines 14 and 15 by filtering values that are greater than sup(r) and smaller than
inf(r) from both D(xm′) and D(xm′). Lines 16 and 17 implements Proposition 1
using the cover array by filtering values that appears only in uncovered objects.
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Afterward lines 19 and 20 are a straightforward application of Proposition 2
as they filter all the values greater than max(join(xm, xm′)) and smaller than
min(join(xm, xm′)). Finally, Lines 22 and 23 implements Proposition 3 since it
filters values that only leads to infrequent closed interval patterns.

Time Complexity Analysis. Algorithm 1 has a worst-case time complexity
of O(|G|), which correspond to the number of leaves in the tree. This is simplified
from O(SlogS |G|), where S is the maximal number of children of a parent node.
The time complexity of the Algorithm 2 in the worst case is given by O(|G| +
(|M| · |G|3 · logS |G|) + |G|). Consequently the complexity of gc4cip is bounded
by O(|M| · |G|3 · logS |G|).

7 Experiments and Results

The experimental evaluation is designed to address the following questions:

1. What are the results in terms of CPU time for our two models compared to:
(a) CP approaches such as cp4im and closedpattern outlined in Sect. 3

which require a pre and post processing step ?
(b) the ad hoc method MinIntChange described in Sect. 3?

2. Can our CP model be seamlessly extended to address other data mining
tasks on numerical data (e.g. clustering) while being competitive with ad hoc
approaches (e.g. K-Means)?

7.1 Benchmark Datasets

We selected several difficult numerical datasets for declarative approaches which
were used in [8]. We also selected two other datasets (Cancer and Yacht) from
the UC Irvine archive1. The names of datasets are given by standard abbrevia-
tions used in the database of Bilkent University. All the selected datasets come
in different sizes and types, most of them containing real values and one of them
negative values. Table 3 provides a comprehensive summary of dataset charac-
teristics, including the following key metrics: the number of objects denoted by
|G|, the number of items represented by |M|, the sum of distinct values which
is calculated by the formula

∑|M|
m=1 |Nm|, the count of binary attributes result-

ing from the process of interordinal scaling’s binarization denoted as |Binary
attributes| and the density of the binarized datasets. The dataset’s density, after
applying IS method, is always greater than 50%. This is a direct result of the
IS method which assigns for each numerical value at least one binary attribute
to 1.

The implementation of our approach was carried out using the OR-tools
solver v9.02. All experiments were conducted on an AMD Opteron 6174 with
1 https://archive.ics.uci.edu/datasets.
2 https://github.com/google/or-tools/.

https://archive.ics.uci.edu/datasets
https://github.com/google/or-tools/
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Table 3. Datasets characteristics

NT AP BK Cancer CH Yacht LW

|M| 3 5 5 9 8 7 10

|G| 130 135 96 116 209 308 189

distinct values 67 674 313 900 396 322 253

Interordinal scaled datasets

|Binary attributes| 134 1348 626 1800 792 644 506

density (%) 52.23 50.37 50.79 50.50 51.01 51.08 51.97

2,2 GHz of CPU and 256 GB of RAM. with a timeout of 12 h. For each dataset,
we decreased the (relative) frequency threshold until it is impossible to extract
all closed interval patterns within the allocated time/memory. The source code
and datasets are available at https://github.com/djawed-bkh/CPAIOR2024.

7.2 Mining CIP

Comparing with Other CP Approaches. Table 4 presents the computa-
tion time required to discover all closed interval patterns under different min-
imum frequency thresholds across various datasets. In these experiments, for
both the cp4im and closedpattern approaches, we provide the cpu-time of
pre-processing and post-processing steps for using itemset mining. The pre-
processing time is negligible compared to the post-processing time due to the
high number of closed itemsets found.

If we consider the two reified models, cp4cip and cp4im, we can observe that
cp4cip consistently outperforms cp4im across most of the selected datasets. In
terms of CPU times, an average speed-up of 8.36, 10.11, 14.12, and 32.64 is
observed for the BK, CH, Cancer, and AP datasets, respectively. For the LW,
and Yacht datasets, we observe a speedup of 1.26 and 2.17 respectively. Finally
in the NT dataset the results are more balanced as in the high frequencies
cp4im slightly overcome cp4cip whereas in low frequencies cp4cip is better.
This can be explained with the low number of distinct values, resulting in fewer
binary attributes generated with the IS method which enables cp4im to enhance
performance.

If we consider the use of global constraints gc4cip and closedpattern,
gc4cip consistently outperforms closedpattern across all datasets. Regard-
ing CPU times, an average speed-up of 1.20, 1.67, 3.98, and 4.83 is noted for
the NT, LW, Cancer, and BK datasets, respectively. For the Yacht, CH, and AP
datasets, a substantial speed-up of 10.70, 13.15, and 18.31 is observed, showcas-
ing the efficiency of gc4cip which emerges as the most efficient approach among
all the compared declarative methods. Its main competitor, closedpattern,
is consistently outperformed in the majority of instances, even when compar-
ing only resolution times (without including pre-processing and post-processing
times).

https://github.com/djawed-bkh/CPAIOR2024
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Table 4. Closed Interval Pattern Mining Methods vs Itemset Mining Methods with
Interordinal Scaling

N θ # Sol Time (s)

(%) (≈) (1) (2) (3) (1 + 3 ) (2 + 3) (4) (5)

B
K

80 106 1840.21 148.91 176.65 2016.86 325.56 271.10 89.63

70 107 15132.87 1457.99 1326.58 16459.45 2784.57 1770.22 655.63

60 107 TO 8643.34 6713.25 TO 15356.59 7311.24 2879.54

50 108 TO 28302.62 19307.70 TO 47610.32 18471.23 7780.65

20 108 TO TO TO TO TO TO 34598.10

C
a
n
ce
r

95 104 170.14 6.19 13.69 183.83 19.88 18.42 5.80

94 105 568.00 18.21 38.88 606.88 57.09 45.43 15.66

92 105 6944.07 294.14 542.82 7486.89 836.96 486.87 190.84

90 106 29787.19 1190.42 2348.45 32135.64 3538.87 1806.19 786.25

A
P

80 105 783.92 175.02 55.21 839.13 230.23 28.55 19.18

70 106 5909.86 189.30 415.76 6325.62 605.06 194.64 128.83

60 106 18479.87 7995.84 1275.85 19755.72 9271.69 548.12 373.01

50 107 TO 23252.89 2964.71 TO 26217.60 1223.79 770.83

20 107 TO 43199.73 3052.93 TO 46252.66 5129.20 2891.55

0 107 TO TO TO TO TO 5867.37 2343.98

C
H

95 106 25.59 1.16 29.93 55.52 31.09 5.98 1.60

90 105 608.94 36.58 224.70 833.64 261.28 89.81 38.42

85 106 4753.35 331.08 835.24 5588.59 1166.32 671.49 256.86

80 106 19154.96 1444.64 18009.40 37164.36 19454.04 2739.85 890.82

50 TO TO TO TO TO TO TO TO

L
W

80 106 1612.68 96.91 174.46 1787.14 271.37 1638.03 181.81

70 106 12904.12 757.02 1279.34 14183.34 2036.36 9886.90 1269.50

60 107 TO 3436.91 5236.91 TO 8673.82 33 148.24 4,965.20

50 108 TO 11060.23 15588.10 TO 26648.33 TO 14298.64

20 TO TO TO TO TO TO TO TO

N
T

80 103 0.87 0.06 0.07 0.97 0.13 1.80 0.13

50 104 7.08 0.41 0.50 7.58 0.91 11.01 0.91

20 104 28.13 1.53 1.83 29.96 3.36 28.77 2.89

10 105 41.75 2.51 2.61 44.36 5.12 32.50 4.02

0 105 62.48 2.88 3.13 65.61 6.01 33.72 3.81

Y
a
ch

t

80 104 40.12 2.03 83.20 123.32 85.23 90.92 2.45

50 106 7277.85 336.03 268.28 7546.13 604.31 4090.63 181.63

40 106 30519.66 1282.32 727.09 31246.75 2009.41 9380.16 501.52

30 107 TO 4265.71 1695.63 TO 5961.34 20464.22 1179.13

20 107 TO 12898.20 2874.08 TO 15772.28 33294.36 2487.68

0 107 TO TO TO TO TO TO 4116.60

(1): cp4im (2): closedpattern
(3): Preprocessing + Postprocessing (4): cp4cip (5): gc4cip
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Fig. 1. MinIntChange compared to declarative
approaches

Fig. 2. Cluster quality of gc4cip
and K-Means

Comparing with the Ad Hoc Approach MININTCHANGE. Figure 1 com-
pares CPU times of our two proposals with the adhoc method MinIntChange.
As expected, MinIntChange outperforms the declarative approaches across all
databases, with speedup between gc4cip and MinIntChange ranging from 2
for the NT database to 7 in Yacht. This outcome is due to the dedicated charac-
ter of MinIntChange, tailored specifically for the FCIP mining task. However,
in contrast to our generic declarative approaches, MinIntChange struggles to
adapt to other data mining tasks due to its need of rewriting the solving algo-
rithm. In the following section, we illustrate the genericity of our declarative
approaches by applying them to another data mining task.

7.3 Modelling a K-Clustering Problem Using GC4CIP

We demonstrate the genericity of our approach by considering a clustering task
as a use case. Our objective is to find a clustering which forms a partition over
the objects in the dataset as akin to K-Means method. Closed interval patterns
form the set of clusters, making this task known as conceptual clustering, where
each cluster is defined by a unique concept (i.e. closure property). This task
of finding k interval closed patterns {V1, ...,Vk} is formally described by the
following:

⎧
⎨

⎩

Closure close(Vi), ∀1 ≤ i ≤ k
No overlapping cover(Vi) ∩ cover(Vj) = ∅, ∀1 ≤ i < j ≤ k
Total coverage

⋃
1≤i≤k cover(Vi) = G

To carry this task, we extend our global constraint gc4cip to handle the
conceptual clustering directly from the numerical data. This involves adding
a new set of variables denoted Y as parameter in our global constraint i.e.
GC4CIPN ,θ(X, X, Y ). The set of binary variables Y = {y1, ..., y|G|} indi-
cates whether an object is covered by V or not. The filtering rules over the
variables Y in the global constraint are described in supplementary mate-
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rial https://github.com/djawed-bkh/CPAIOR2024. Our CP based k-Clustering
model requires three sets of variables. Xi and X

i
to represent each interval pat-

tern associated to a cluster and Y i to indicate whether an object is included
in a cluster. In term of constraints, our model requires the conjunction of three
distinct types of constraints. The first one is a closure constraint, represented
by gc4cipN ,θ(Xi, X

i
, Y i) which is applied k times to generate k closed interval

patterns each one representing a cluster. Then, to ensure the non-overlapping
coverage of our interval patterns, we introduce a partitioning constraint which
ensures that each object g ∈ G can be covered with at most one interval pat-
tern, thus guaranteeing that an object belongs to a single clustering at most (i.e.∑

1≤i≤k yi
g = 1). Finally, we introduce a constraint enforcing the k-clusters to

cover all the objects in the database (i.e.
⋃

1≤i≤k cover(Vi) = G).
In Fig. 2, we showcase the results of clustering on the NT database with 3,

4, and 5 clusters for both the K-Means and K-gc4cip approaches, with a 12 h
time-out. To measure the results quality we use the intra-cluster and inter-cluster
Euclidean distances. Notably, for cluster numbers 3 and 4, the K-gc4cip method
outperforms K-Means in both intra-cluster distance and inter-cluster distance
as the former is smaller and the latter is greater than the heuristic approach.
However, for a number of clusters of 5, we note that K-Means performed slightly
better than K-gc4cip in both measures, which can be explained by the timeout
of K-gc4cip, as it was unable achieve an exhaustive search within the allocated
time.

8 Conclusion

In this paper, we introduced two CP models (cp4cip and gc4cip) for mining
FCIP directly from numerical data without requiring any pre- or post-processing
step. We demonstrated the efficiency of gc4cip compared to existing declarative
methods and an ad hoc one. Finally, we illustrated the genericity of our approach
by combining gc4cip with other constraints to tackle the conceptual k-clustering
problem. The declarative nature of our contributions enables straightforward
combination with other declarative approaches. For example, combining gc4cip
with cp4im allows effortless mining of closed patterns from heterogeneous data,
where the former handles numerical data and the later focuses on binary data.
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Abstract. The reduced cost filtering is a technique that consists
in filtering a constraint using the reduced cost of a linear program
that encodes this constraint. Sellmann [16] shows that while doing a
Lagrangian relaxation of a constraint, suboptimal Lagrange multipliers
can provide more filtering than optimal ones. Boudreault and Quim-
per [5] make an algorithm that locally altered the Lagrange multipliers
for the WeightedCircuit constraint to enhance filtering and achieve
a speedup of 30%. We seek to design an algorithm like Boudreault and
Quimper, but for the AtMostNValue constraint. Based on the work
done by Cambazard and Fages [7] on this constraint, we use a subgradi-
ent algorithm which takes into consideration the reduced cost to boost
the Lagrange multipliers in the optimal filtering direction. We test our
methods on the dominating queens and the p-median problem. On the
first, we record a speedup of 71% on average. On the second, there are
three classes of instances. On the first two, we have an average speedup
of 33% and 8%. On the hardest class, we find up to 13 better solutions
than the previous algorithm on the 30 instances in the class.

Keywords: Global constraint · Lagrangian relaxation · N values

1 Introduction

Global constraints contributed to the success of constraint programming. These
constraints involve a non-fixed number of variables [2]. A filtering algorithm
prunes the values from the variable domains. To aid the filtering process, Foc-
caci et al. [9] introduced a technique called reduced cost filtering. It studies the
variation of the objective function after a consistent variable change of values.
There is also Lagrangian relaxation, which is a technique to rewrite the prob-
lem without some constraints while penalizing when they are violated. During
the process of Lagrangian relaxation, Sellmann [16] showed that the subopti-
mal Lagrange multipliers can provide better filtering than the optimal ones.
Boudreault and Quimper [5] proposed an algorithm for the WeightedCircuit
constraint where they locally alter the Lagrange multipliers to enhance the
filtering.
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Cambazard and Fages [7] treated the Lagrangian relaxation of the sub con-
straint AtMostNValue. We propose to augment their algorithm based on a
Lagrangian relaxation by locally altering the Lagrangian multipliers to enhance
the filtering. We use the dominating queens problem and the facility location
problem in order to test our algorithm.

Section 2 introduces the notation and defines the NValue constraint
leading to the starting point of this paper, the filtering algorithm of the
AtMostNValue constraint based on a Lagrangian relaxation. Section 2.5 pro-
poses an addition to the previous algorithm. Section 3 presents this addition
along with the theoretical justification. Section 4 presents the experiments.

2 Background

2.1 Notation

We note column and row vectors with the symbols v and v�. The vectors 0 and
1 are the vectors with only zeros and ones. The columns and rows of a matrix
A are noted acj and a�

ri respectively. So, ari is the column vector that, when
transposed, gives the i-th row of A. The components of A are written aij .

We note the gradient of a function f : Rn → R with ∇f . For a piece-wise
continuous linear function f : R

n → R, we note one of its subgradient with
∇̃f . Briefly, a subdifferential is the generalization of a derivative. For example,
the function f(x) = |x| is differentiable everywhere except at x = 0. Although,
the function f(x) = |x| does not admit a derivative at x = 0, it admits a
subdifferential at x = 0 labeled ∂f(0). ∂f(x0) is the set of all v that satisfies
f(x) − f(x0) ≥ v(x − x0); for f(x) = |x|, ∂f(0) = [−1, 1]. One may view an
ordinary derivative as a subdifferential with a unique value. The subdifferential
of f(x) at x0, ∂f(x0), is the set of all vectors v, the subgradients, that satisfies
f(x)−f(x0) ≥ v�(x−x0). The symbol ∇̃f(x) represents an element of this set.
If there is ambiguity on which variables the gradient (or subgradient) is taken,
we specify them with ∇x (or ∇̃x).

We use two types of variables that are fundamentally different while related.
There are constraint satisfaction problem (CSP) variables, written in uppercase
(X), and each has a set of values, called a domain (dom(X)). There are linear
program (LP) variables that we write as vectors (x).

2.2 The NValue Constraint

Definition 1. The NValue constraint bounds the number of distinct values
taken by a set of variables. It is written NValue([X1, . . . , Xn], N), where N is
the cardinality variable. The constraint is satisfied when N = |{X1, . . . , Xn}|.

Enforcing domain consistency on the NValue constraint is NP-hard [4]. The
constraint can be decomposed into two other constraints: AtLeastNValue and
AtMostNValue. Enforcing domain consistency on the former can be done in
polynomial time [4,14]. Enforcing domain consistency on the AtMostNValue
is NP-hard [4]. We will only consider this constraint. The AtMostNValue
constraint is satisfied when |{X1, . . . , Xn}| ≤ N .
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2.3 The LP of the AtMostNValue Constraint

Bessiere et al. [4] present three approaches to propagate the NValue constraint.
The first one, an algorithm proposed by Beldiceanu [1], enforces bounds consis-
tency and is based on interval graphs. The second approach is based on the
independence number of a graph. The third approach is a LP formulation of the
AtMostNValue constraint. Bessiere et al. show that the LP formulation offers
a better estimation of the lower bound of N .

In the CSP, each value j ∈ ⋃n
i=1 dom(Xi) = {1, ...,m} is paired with a

Boolean variable Yj . The CSP variable Yj encodes whether the value j belongs
to {X1, ...,Xn}. In the LP that encodes the AtMostNValue constraint, each
of the CSP variable Yj has an analog LP variable yj . If Yj is instantiated, then
yj takes the same value as Yj . Otherwise, the LP variables y are free and are
assigned while solving the LP of the AtMostNValue constraint:

min
y

h(y) = 1�y, s.t. Ay ≥ 1, y ≤ 1, y ≥ 0, (1)

where aij = 1 if j ∈ dom(Xi) and aij = 0 otherwise. The i-th row ari encodes
in a vector the set dom(Xi). These constraints ensure that for every variable Xi,
there is at least one value j ∈ dom(Xi) for which yj = 1.

2.4 The Propagator of the AtMostNValue Constraint

Cambazard and Fages [7] designed a propagator for the AtMostNValue con-
straint. The algorithm takes as input the domains of the following CSP vari-
ables: the integer variables {X1, ...,Xn}, the Boolean variables {Y1, ..., Ym} and
the cardinality variable N . This algorithm is based on a Lagrangian relax-
ation [8,11,13] of the LP (1) and estimates a lower bound on N .

A Lagrangian relaxation is a twofold process. First, there is a transfor-
mation from an initial constrained optimization problem P into another P ′. The
relaxed problem P ′ is defined on a subset of constraints C ′ ⊂ C. Each constraint
ci ∈ C \ C ′ is paired with a Lagrange multiplier in the new objective function, a
Lagrangian function, f ′(x,λ). The Lagrangian function depends on the original
objective function f(x) and each relaxed constraint weighted by its Lagrange
multipliers. The transformation of (1), done by Cambazard and Fages, is

min
y

h′(y,λ) = 1�y + λ�(1 − Ay), s.t. y ≤ 1, y ≥ 0, λ ≥ 0. (2)

The constraints that are relaxed in (2) are those that ensure that at least one
value from every domain dom(Xi) is selected.

The Lagrange multiplier λi associated to the i-th constraint must be positive
to penalize the function when the constraint ari

�y ≥ 1 is violated. Constraints
violation result in an increase of the Lagrangian function, which is opposite to
the original objective of minimization.

The second phase of a Lagrangian relaxation is the optimization of the
Lagrangian function, where one tries to solve maxλ(miny h′(y,λ)). This trans-
lates into trying to find the greatest lower bound of h′(y,λ). Before addressing
this phase, we must clarify what happens with miny h′(y,λ).
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The LP (2) is solved when the LP variables yj are fixed. We first need the
coefficients qj coupled with the LP variables yj . After rewriting the function
h′(y,λ) as h′(y,λ) = (1 − A�λ)�y + λ�1, the coefficient vector is:

q(λ) = 1 − A�λ. (3)

The coefficient qj(λ) is the reduced cost of yj , the next section explains the
meaning of the reduced cost. The LP variables yj can be fixed either from their
CSP variables counterpart Yj or the value of their coefficient in h′(y,λ):

if |dom(Yj)| = 1 then yj = Yj else, yj(λ) =
{

1 if qj(λ) < 0
0 otherwise (4)

The LP variables y associated with unfixed CSP variables Yj can be viewed as
functions of λ, because they depend on the sign of qj(λ). Afterwards the problem
miny h′(y,λ) is considered solved for the current λ. To enhance that the LP
variables y are fixed, we write the current solution as h′′(λ) = miny h′(y,λ).

The initial Lagrange multipliers λ generally need improvement to give the
greater relaxed lower bound on N and to respect the relaxed constraints. The λ
must be updated with care because ∇h′′(λ) is not continuous.

Definition 2. Lc(f) = {x | f(x) = c} is the level set c of function f .

Lemma 1. h′′(λ) is continuous ∀λ, but not ∇h′′(λ).

Proof. h′′(λ) = q(λ)�
y + 1�λ. The LP variables y depend on λ (4) and are

discontinuous functions of λ. The term qj(λ)yj is similar to a RELU function
(max{0, x}), which has no derivative at x = 0 (from the left the derivative is
0 and 1 from the right). The term qj(λ)yj has no derivative on L0(qj) (Defini-
tion 2). So each term in q(λ)�

y has no derivative on its L0(qj). Thus, h′′(λ) is
not derivable, but continuous, on

⋃m
j=1 L0(qj). �	

Hence the Lagrange multipliers are updated according to the subgradient of
h′′(λ) instead of the traditional gradient. For a given λ, ∇̃h′′(λ) = 1 − Ay is a
subgradient of h′′(λ) [10]. Then step-sizes αk are carefully chosen to update the
λ with the following equation

λ
(k+1)
i = max(0, λ

(k)
i + αk[∇̃h′′(λ)]i), (5)

Studies of step-sizes rules are listed here [3,6,10,15]. The max operator in (5)
ensures that λ ≥ 0. Here [∇̃h′′(λ)]i, which is equal to 1 − ari

�y, represents
the i-th constraint satisfaction. If the i-th component is 1, it means that the
CSP variable Xi has no value in its domain. This procedure is repeated until
the optimal solution is found or some other convergence criterion is satisfied.

Reduced cost filtering (introduced by Focacci et al. [9]) is a technique
to filter values from CSP variable domains based on their contribution in the
current state of the solution. In the LP (2), the contribution of the LP variable
yj to the solution is its coefficient qj(λ). When

h′′(λ) + |qj(λ)| = h′′(λ) + |1 − acj
�λ| > max(dom(N)) (6)
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Table 1. The three step-size rules and their parameters used in [7]. The denominator
in the Newton column is an analog of the squared norm of ∇̃λh(y, λ).

Harmonic Geometric Newton

αk = 1/k αk = 103(0.95)k αk = 5

2�k/10�
max(dom(N))−h′′(λ )k∑n

i=1 γi(∇̃h′′(λ )i)2

γi =

{
1 if λi > 0 ∨ ∇̃h′′(λ)i = 1

0 otherwise

the complementary value of the LP variable yj , 1 − yj , can be filtered from the
domain of the CSP variable Yj . This is because the LHS of (6) is the relaxed
lower bound on N , if the LP variable yj was fixed to the value 1 − yj . If, (6) is
satisfied, it means that 1 − yj leads to min(dom(N)) > max(dom(N)), which is
impossible. The |qj(λ)| is the reduced cost of the LP variables yj .

Algorithm 1, designed by Cambazard and Fages [7], filters the constraint
AtMostNValue. To perform the transformation from (1) to (2), the LP vari-
ables y (not the CSP variables Yj) and λ are initialized at line 1 of Algorithm 1.
On lines 2–14, the problem miny h′(y,λ) is solved by fixing the LP variables yj

according to (4). The relaxed lower bound on N , h′′(λ), is computed at line 8. On
lines 9–10 the reduced cost filtering phase is performed for each non-instantiated
LP variable yj . Line 10 flags the value for future filtering. As Sellman [16] explains
in Section A disturbing example, filtering values during a Lagrangian relaxation
lead to inconsistencies because the current problem, miny h′(y,λ), might change
too much between consecutive iterations k → k + 1. Thus, they are filtered at
the end of the Algorithm (line 16). Finally, the Lagrangian optimization is ended
if the maximum number of iterations is reached or if the change of λ between
two consecutive iterations is too small. This last condition represents a situation
where the algorithm converges to an optimal λ, for the current state of the CSP
variables at the start of Algorithm 1. Cambazard and Fages compared three
types of step-size (Table 1) to update the Lagrange multipliers in (5).

2.5 Which Lagrange Multipliers are the Most Effective?

Sellmann [16] presents a dichotomy between getting the best lower bound on LP
like (2) and filtering many values from the variables’ domain. The main result is
the Filtering Penalties theorem which justifies checking between iteration steps
of (5) for inconsistent values (Algorithm 1 lines 9–10).

From this result, Boudreault and Quimper [5] presented a new algorithm
for the WeightedCircuit constraint, where they model the constraint as a
LP, relax it using a Lagrangian relaxation, and locally modify the Lagrange
multipliers to augment the filtering. Their algorithm filters more values and is
faster than the state-of-the-art algorithm for this constraint.
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Algorithm 1: AtMostNValue LR-based propagator ({X1, . . . , Xn},
{Y1, . . . , Ym}, N , IterMax)
1 y ← [0, . . . , 0]︸ ︷︷ ︸

m

, λ ← [0.0, . . . , 0.0]︸ ︷︷ ︸
n

, q ← [0.0, . . . , 0.0]︸ ︷︷ ︸
m

, k ← 0

2 repeat

3 q ← 1 − A�λ
4 for j ← 1 to m do
5 if (min(dom(Yj)) = 1) or ((max(dom(Yj)) = 1) and (qj < 0)) then
6 yj ← 1
7 else yj ← 0

8 h′′(λ) ← q�y + 1�λ
9 for j ← 1 to m do

10 if (h′′(λ) + |qj | > max(dom(N))) then Flag value 1 − yj in dom(Yj)

11 ∇̃h′′(λ) ← 1 − Ay
12 Update αk // With Table 1

13 λ′ ← λ, λ ← max(0, λ + αk∇̃h′′(λ)), k ← k + 1

14 until k = IterMax or max1≤i≤n |λi − λ′
i| ≤ 0.0001

15 // The local alterations algorithm (Algorithm 2) is called here
16 Filter out all the flag values

3 Improving the Filtering of AtMostNValue

We present how Lagrange multipliers can be altered to increase the level of
filtering. First, we write the quantity h′′(λ) + |qj(λ)| as a function.

Definition 3. The forced lower bound function, associated with the LP
variable yj, is given in (7) and its (sub)gradient with respect to λ in (8)

ρj(λ) = h′′(λ) + |qj(λ)| = h′′(λ) + |1 − acj
�λ|, (7)

∇̃ρj(λ) = ∇̃h′′(λ) + ∇̃|qj(λ)| = 1 − Ay − sgn(qj(λ))acj . (8)

We introduce Algorithm 2 that locally alters the Lagrange multipliers in a
way to enhance the filtering of Algorithm 1 for the AtMostNValue constraint.
It performs several short Lagrangian optimization processes. Each Lagrangian
optimization process has a different forced lower bound function ρj(λ) as the
objective function. Only a subset of forced lower bound functions are chosen
for this second optimization process. The choice is based on how close ρj(λ) is
from max(dom(N)). If the difference is under a threshold τ , the algorithm is
triggered. We optimize the local Lagrange multipliers λ̄ with these steps

λ̄(k+1) = max(0, λ̄(k) + βk∇̃ρj(λ̄(k))), (9)

βk = ωk
(max(dom(N))+η)−ρj(λ̄

(k ))

||∇̃λ̄ρj(λ̄
(k ))||2 , ωk ∈ (0, 2), η > 0. (10)

We chose a Newton type for the step size βk with a constant coefficient ωk

as opposed to the variable coefficient of Table 1 where ωk = 5
2�k/10� . The sec-

ond parameter η prevents a null step size βk at the start of the optimization.
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Algorithm 2: Algorithm to enhance filtering
1 for j = 1..m if | dom(Yj)| �= 1 and max(dom(N)) − ρj(λ) < τ) do
2 y′ ← y, λ̄ ← λ, q′ ← q, h′′(λ)′ ← h′′(λ), k ← 0

3 ∇̃ρj(λ̄) ← 1 − Ay − sgn(qj(λ))acj

4 repeat
5 Update βk // With equation (10)

6 λ̄′ ← λ̄, λ̄ ← max(0, λ̄ − βk∇̃ρj(λ̄))
7 if (max |λ̄i − λ̄′

i| > 0.0001) then

8 q′ ← 1 − A�λ̄
9 for j′ ← 1 to m do

10 if (dom(Yj′) = {1}) or ((| dom(Yj′)| �= 1) and (qj′ < 0)) then
11 y′

j′ ← 1

12 else y′
j′ ← 0

13 h′′(λ̄) ← q�y′ + 1�λ̄
14 if (ρj(λ̄) > max(dom(N))) then Flag the value 1 − yj in dom(Yj)

15 ∇̃ρj(λ̄) ← 1 − Ay′

16 if ρj(λ̄) < max(dom(N)) then ∇̃ρj(λ̄) ← ∇̃ρj(λ̄) − sgn(qj(λ))acj

17 k ← k + 1

18 until k = numberOfSteps or max1≤i≤n |λ̄i − λ̄′
i| ≤ 0.0001 or

ρj(λ̄)) > max(dom(N))

It happens whenever ρj(λ̄(k)) = max(dom(N)). A certain number of steps
(numberOfSteps) is allowed to optimize the local Lagrange multipliers. Oth-
erwise, Algorithm 2 is very similar to Algorithm 1. The order of some operations
is different because we want to start by updating the λ̄. The other difference is
the line 16 of Algorithm 2. Here there is a choice of subgradient used to guide
the search. The details are explained in Sect. 3.1.

3.1 The Theory

This section justifies the process used in Algorithm 2. The algorithm overcomes
many difficulties and particularities of the problem. The forced lower bound
functions (7) are neither convex nor concave. The first term, h′′(λ), is concave
and the second term, |qj(λ)|, is convex. This is a problem because subgradient
methods converge to a local optimum. In Algorithm 1, the concavity of h′′(λ)
saved the situation; here the situation requires some creativity because ∇ρj(λ)
might not lead to a global optimal solution. Algorithm 2 overcomes this major
issue by choosing between two directions for the optimization of λ̄ (Algorithm 2
lines 15-16). To understand why this change overcomes the concavity issue, we
start by analyzing some propriety of ρj(λ) and |qj(λ)|.
Theorem 1. ρj(λ) is concave on both side of L0(qj).

Proof. Given two concave functions f1(x) and f2(x), the function f(x) = f1(x)+
f2(x) is concave. The function |qj(λ)| is a convex function, but on each side of
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L0(qj) it is a linear function, which is both convex and concave. Since the sum
of two concave function is concave, ρj(λ) is concave on each side of L0(qj). �	
Theorem 1 alone is not enough to justify the optimization of ρj(λ) with a sub-
gradient. From the perspective of Rn, there still exist two regions that provide
local maxima of ρj(λ), one on each side of L0(qj). But if a value can be filtered
from dom(Yj), then one of the two local optimal regions is a global maximum of
ρj(λ). The rest of this section is dedicated to explaining how the properties of
ρj(λ) and Theorem 1 can be used to find a global maximum of ρj(λ) and justify
a subgradient method on ρj(λ). In the following, we assume that it is possible
to filter one value from dom(Yj).

Before studying how to find a global maximum of ρj(λ), we introduce some
concepts. Since we consider both sides of L0(qj) and we assume that we can
filter one of the values from dom(Yj), we need to define a side of L0(qj) where
yj has the correct value and a side where it does not. We say that a vector λ
generates y if y is obtained from λ using (4).

Definition 4. y∗ is an optimal solution of the LP (1), given the current state
of the CSP variables at the start of Algorithm 1, but without insurance that y∗

can be generated by some λ in the LP (2).

In Definition 4, the optimal solution is optimal with regard to the original func-
tion h(y) and the current state of the CSP variables Yk. Meaning y∗ minimizes
the number of values used to cover the integer variables X1, ...,Xn. The following
lemmas show why there is no certainty, yet, that y∗ can be generated.

Lemma 2. Given y∗, if there is y∗
j = 1 and there exists another j′ 
= j with

acj ′ = acj , then y∗
j′ = 0.

Proof. If acj ′ = acj , with j 
= j′, it means that for every CSP variable Xi with
j in its domain, Xi also has j′. Because y∗

j = 1, the value j is used to cover a
subset of {X1, . . . , Xn}, and every variable with j and j′ in their domain will
either be fixed to j or another value in their domain, but never j′. Choosing j′

and j only increases the number of values used in the solution. Thus y∗
j′ = 0. �	

Lemma 3. If in y∗, there is y∗
j = 1 and there exists another j′ 
= j with acj ′ =

acj , then there exists no λ that generates this solution.

Proof. From Lemma 2, y∗
j′ = 0. Suppose there exist a λ that generates y∗. Then

for qj and qj′ the equations that generate y∗
j = 1 and y∗

j′ = 0 are 1 − acj
�λ < 0

and 1 − acj ′ �λ ≥ 0. Since acj ′ = acj , the system has no solution. �	
From Lemma 3, if we remove duplicated columns, we ensure that an optimal

solution y∗ can be generated by some λ. In practice, we did not observe that
phenomena often. From now on, we assume that the columns are unique and
that the optimal solution y∗ can be generated by some Lagrange multipliers λ∗.
We can compute the gradient of h′′(λ) in the region that produces y∗. We use
this gradient to explain why we can change the search direction in Algorithm 2
(line 16) and eventually get to a global maximum of ρj(λ).
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Definition 5. The vector ∇h′′(λ∗) = 1 − Ay∗ is the gradient of h′′ for y∗.

Normally the gradient of a function at an extremum is zero, but because of how
we assign values to the LP variable yk (4), it is not always the case.

Lemma 4. ∇h′′(λ∗) is not always 0.

Proof. Whenever a variable Xi has in its domain more than one value in common
with the values of the optimal solution |dom(Xi) ∩ {j | y∗

j = 1}| = ari
�y∗ > 1,

then the gradient at that index is non-zero [∇h′′(λ∗)]i = 1 − ari
�y∗ < 0. �	

Once the CSP variables X1, . . . , Xn are all fixed to a value, then ∇h′′(λ∗) =
0, but until that moment, it is not. We have all the information from the con-
tribution of h′′(λ) to ρj(λ). We analyze the last part of ρj(λ), which is |qj(λ)|.
Lemma 5. |qj(λ)| has no derivative on L0(qj) because for λ and λ′ on two
different sides of L0(qj) we have ∇|qj(λ)| = −∇|qj(λ′)|.
Proof. First, we note that ∀ λ′′ /∈ L0(qj), ∇|qj(λ′′)| = sgn(qj(λ′′))∇(1 −
acj

�λ′′) = − sgn(qj(λ′′))acj . Let qj(λ) < 0 and qj(λ′) > 0. Then, we have
∇|qj(λ)| = +acj and ∇|qj(λ′)| = −acj , which completes the proof. �	
From Lemmas 1 and 5, ρj(λ) inherits the same set of points as h′′(λ) where
∇ρj(λ) does not exist, namely

⋃m
j′=1 L0(qj′). Now we have all the tools to justify

the use of a subgradient method for ρj(λ).
Theorem 1 ensures that each gradient of ρj(λ) on either of the two sides of

L0(qj) points toward the local maximum of ρj(λ) of that side. On the side of
L0(qj) where yj = y∗

j , the optimal region of h′′(λ) is present. From the definition
of ρj(λ), for any λ we have the following relation ρj(λ) ≥ h′′(λ). Which means
that for any λ∗ in the optimal region of h′′(λ), we have ρj(λ∗) ≥ h′′(λ∗). In fact,
for any λ∗ /∈ L0(qj) we have ρj(λ∗) > h′′(λ∗) which means filtering whenever
h′′(λ∗) = max(dom(N)). The gradient of ρj(λ) on this side of L0(qj) points
toward a λ that maximizes ρj(λ) > h′′(λ∗).

For the case where yj 
= y∗
j , we need two other theorems to explain how we

can find a direction to leave this local maximum of ρj(λ) and move toward a
global maximum. We show that there exist a region on the side where yj 
= y∗

j of
L0(qj), for which the gradient of ρj(λ) is equal to the gradient ∇h′′(λ∗). This
region corresponds to the set of global maxima on this side of L0(qj).

Theorem 2. Given y∗, let λ∗ be one of the vectors that generates y∗, let λ be
one of the vectors that generates y where ∀k 
= j, yk = y∗

k and yj 
= y∗
j . Then

∇ρj(λ) = ∇h′′(λ∗).

Proof. We can write the vector y generated as y = y∗ + sgn(qj(λ∗))ûj , where
ûj is a unit vector with only the j-th entry equal to one and the other entries
equal to zero. For λ, the gradient of h′′ is

∇h′′(λ) = 1 − A(y∗ + sgn(qj(λ∗))ûj ) = 1 − Ay∗ − sgn(qj(λ∗))acj ,

= ∇h′′(λ∗) + ∇|qj(λ∗)| = ∇h′′(λ∗) − ∇|qj(λ)|
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where we change the last term of the second equation into a more intuitive
object. We use Lemma 5 to change the last term to −∇|qj(λ)|. The gradient of
ρj for λ is

∇ρj(λ) = (∇h′′(λ∗) − ∇|qj(λ)|) + ∇|qj(λ)| = ∇h′′(λ∗).

�	
Theorem 2 justifies when should Algorithm 2 change the subgradient on

line 16. From Theorem 1, ρj(λ) is concave on either side of L0(qj), therefore for
each of these two regions, the subgradient method converges to an optimal in
each region. If y∗

j can only be 0 or only be 1 in all possible optimal solutions,
then the value 1 − y∗

j must be filtered. The region of Lagrange multipliers that
generates y from Theorem 2 is the local optimal region of ρj(λ) on the side of
L0(qj) where yj 
= y∗

j . In the next theorem, we formally explain why Algorithm 2
uses two subgradients.

Theorem 3. If value 1−y∗
j needs to be filtered from dom(Yj), then in the region

where λ generates yj = 1 − y∗
j but every other yk = y∗

k, following ∇h′′(λ) bring
the next λ′ in the optimization closer to L0(qj) and the filtering zone.

Proof. The direction that brings yj 
= y∗
j to a sate yj = y∗

j is −∇|qj(λ)|,
Lemma 5. Since h′′(λ) is concave then every region that is not the optimal region
points toward this zone. So (−∇|qj(λ)|)�(∇h′′(λ)) ≥ 0. Hence the next λ in
the optimization is closer to L0(qj) and the optimal region. The optimal region
is in the filtering zone because, ∀λ we have ρj(λ) ≥ h′′(λ), we can conclude that
for any λ∗ which generates y∗ we have filtering. �	
Algorithm 2 can alternate between the two sides of L0(qj). This situation is due
to a step-size that is to big in (9). Eventually, when the step-size is small enough,
the algorithm stops cycling. We conclude that Algorithm 2 always approaches
the filtering zone.

4 Experimentations and Results

We implemented Algorithm 1, denoted LR0, based on the code that Cambazard
and Fages [7] shared to us. We implemented our approach which we denote LR+.
It consists of the implementation of Algorithms 1 and 2. The code is accessible
on GitHub1. We fixed the threshold to 0.4 and the number of steps to 40. The
experiments ran on a MacBook Pro with M2 chip and with 8 Gb of RAM.

We test the algorithms on two problems: the dominating queens problem
and the p-median problem. The instances for the second problem come from
the discrete locations problem library [12] ”instances with a large duality gap”.
There are three classes of instances (easier to harder): A, B and C. There are
thirty instances within each class.

For all the experiences, we have chosen our constant step-size for our exper-
iment: ωk = 1.97 and η = 0.0001 to determine the step size βk in Eq. (10).
1 https://github.com/frbert3/LocalAlterationsAlgorithmAtMostNValue.git.

https://github.com/frbert3/LocalAlterationsAlgorithmAtMostNValue.git
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Table 2. Dominating queens instances on n × n chessboards with v queens. If the
instance is feasible we wrote Y and if not N. The time is in seconds.

Harmonic Geometric Newton

n/v F Nodes Fails Iters Time Nodes Fails Iters Time Nodes Fails Iters Time

7/4 Y LR0 142 112 170k 0.165 166 135 84k 0.089 176 145 19k 0.026

LR+ 31 4 19k 0.024 31 4 6k 0.011 31 4 2k 0.005

8/5 Y LR0 267 225 329k 0.301 362 320 186k 0.197 283 241 33k 0.045

LR+ 41 6 26k 0.040 76 41 24k 0.028 41 6 3k 0.007

8/4N LR0 2k 2k 2.4M 3.497 3k 3k 1.6M 2.461 2k 2k 279k 0.765

LR+ 1.2k 1.2k 1.5M 2.066 1k 1k 698k 1.177 1k 1k 146k 0.362

9/5 Y LR0 1k 953 1.1M 2.188 1k 969 544k 1.315 956 909 113k 0.443

LR+ 490 443 576k 0.880 561 514 304k 0.556 441 394 57k 0.167

10/5 Y LR0 113k 113k 133M 300 195k 195k 107M 300 944k 944k 91M 300

LR+ 9.4k 9.4k 11M 26.9 761 725 471k 3.711 844 808 121k 2.59

11/5 Y LR0 32k 32k 38M 102.2 54k 54k 30M 83.1 83k 83k 7.34M 37.4

LR+ 4k 4k 5.6M 28.7 3.4k 3.4k 2.1M 11.6 4k 4k 461k 9.61

4.1 The Dominating Queens Problem

The dominating queens problem consists of placing the minimal number v of
chess queens on a chessboard of dimensions n × m in order that every square is
occupied or attacked by at least one queen. We focus on the case where n = m
which has more symmetries and is harder to solve.

We generate a chessboard with squares numbered from 1 to n2 from the
top-left corner to the bottom-right corner. We associate each square i with an
integer variable Xi whose domain is the set of squares a queen would be able to
attack from position i. We also associate a boolean variable Yi to each square,
representing whether there is a queen on the i-th square. The variable N has
for domain {0, . . . , v}. There are 2n2 + 1 variables in total. The objective is to
minimize N . Therefore the model is

Minimize N (11)
AtMostNValue(X ,Y, N) (12)

(Yj = 1 ⇔ ∃Xi ∈ X | Xi = j) ∀j ∈ {1, . . . , n2}, (13)

(12) ensures that all squares are covered by the N queens. (13) ensures that if
Yj = 1 then there is at least one variable with Xi = j. Branching on the variables
in X is performed lexicographically. A timeout of 300 s is fixed.

Table 2 contains the results of 6 instances of the dominating queens problem,
five are feasible and one is not. The 4 metrics are Nodes, the numbers of explored
nodes; Fails, the failures during the filtering, Time, the solving time in seconds;
and Iters, the number of iterations done in the Lagrangian relaxation.

LR0 does not find the solution for the 10/5 instance within the time limit.
This instance is excluded from the next averages. LR+ explores 71.8% fewer
nodes, does 77.7% fewer failures, does 73.3% fewer iterations in the Lagrangian



Local Alterations Algorithm for the AtMostNValue Constraint 79

relaxation, and is 71.2% faster than LR0. The local alterations algorithm sig-
nificantly reduces the number of explored nodes. For the three-step size rules,
the algorithm seems to reduce the nodes and fails metrics by closely the same
amount for a given instance. We use a Newton type of step size, so it is not
surprising that the additional filtering reduces those metrics in a similar way.

4.2 The p-Median Problem

The p-median problem is a variant of the facility location problem which consists
of opening at most p facilities on a territory to deserve n clients at a minimal
cost. In this variation, the problem focuses on disposing the p facilities in a way
to minimize the total transportation cost from the facilities to the clients.

We use the same model as Cambazard and Fages [7]. There are m candidate
facility locations. Each client Xi can be served by a subset of facilities, noted
P (i) ⊂ {1, . . . , m}. We associate a Boolean variable Yj to each facility location
j to represent if we open the facility j or not. The transportation cost of the
client Xi for the facility j is contained in the matrix Cn×m, with entries ∞ if
j /∈ P (i). The variables TCi represent the transportation costs for the clients Xi.
Their values are subject to an Element(Index, table, V alue) constraint, where
Index and V alue are variables and table are constants. This constraint ensures
that V alue = table[Index].

Minimize
∑n

i=1TCi (14)
AtMostNValue(X ,Y, N) (15)
Element(Xi, [ci1, ..., cim], TCi) ∀i ∈ {1, . . . , n} (16)
∑m

j=1Yj = N (17)

if ((cia < cib) ∨ ((cia = cib) ∧ (a < b)) then Ya = 1 ⇒ Xi 
= b (18)
Xi ∈ P (i), TCi ≥ 0 ∀i ∈ {1, . . . , n}, N ∈ [1, p] (19)

The constraints (18) (there is one for each facility) help to choose which clients
are served by which facility: the cheapest facility. We fix a timeout of 300 s.

We use two search heuristics: standard and cost. Both heuristics branch on
the facilities Yj first, because once these variables are fixed, the constraints (18)
filter the variables Xi. The heuristic branch on the client variables Xi second
applying the first fail principle, starting with the smallest value in the domains.

The standard heuristic follows the first fail principle for the facilities variables
starting with the smallest domain size.

The cost based heuristic, introduced by Cambazard and Fages [7], is also
based on the first fail principle. It branches on the facility variable Yj which
belongs to the client Xi who is served by the smallest number of facilities, the
minimum domain size. It breaks ties with the cheapest facility j in average,∑

i|j∈dom(Xi)
cij

|{i|j∈dom(Xi)}| .
Table 3 shows the results for the p-median problem. The column Optimal

reports the number of times the value of the optimal solution is found, without
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necessarily proving that the solution is optimal. The optimal value is given in
the benchmark. The column Proof optimal is the number of times the solution is
proven optimal. The column # of better solutions is the number of times that the
algorithm finds a solution with a smaller objective value than other algorithm
finds. The column Av. time gain of LR+ on LR0 is the average percentage
speedup by LR+ over LR0 for the instances proven optimal. The column Av.
node reduction from LR0 to LR+ is the average percentage of nodes not explored
by LR+ compared to LR0 for the instances on which we prove the optimality.

We see in Table 3 that for the easy instances class A, only LR+ achieves
to find all the optimal solutions. It is also on this class of instances that we
record the greatest speedup on instances for which both algorithms prove the
optimality. For class A, the speedups of the standard and cost-based heuristics
are 28.4% (in average 18 s) and 33.2% (in average 17 s).

Figure 1 presents a visual comparison of LR0 and LR+ on the time to solve
the instances from the classes A and B. Figure 1a shows the instances that LR0

and LR+ achieve the proof of optimality. Figure 1b displays all instances.
Figure 1a shows that for class A, LR+ is always faster than LR0. We stress

that LR+ finds solutions faster and with fewer nodes than LR0.
For instances of class B, both LR0 and LR+ find the same number of optimal

solutions and achieve, on the same instances, the proof of optimality. With the
standard heuristic, LR+ finds two better solutions than LR0 when neither can
find the optimal solution. The average speedup for the standard and cost-based
heuristics are 15.6% (in average 20 s) and 8.10% (in average 9 s).

Figure 1b shows that when using a more accurate search heuristic, as the
cost based heuristic, LR+ becomes less effective. In other words, LR+ wastes
time at filtering values for which the heuristic has no intention to branch on.
Nevertheless, LR+ is still faster than LR0 and explores 72.6% fewer nodes with
the standard heuristic (in average 94764 fewer nodes) and 71.3% fewer nodes
with the cost based heuristic (which represents in average 85251 fewer nodes).

On the hardest instances in class C, no algorithms are able to prove the
optimality within the time limit. Although, with both search heuristics, LR+

Table 3. Results of the three classes of problem of the facility location problem. Each
class has 30 instances and the solutions are known.

Problem Heuristics Optimal Proof

optimal

# of better

solutions

Av. time gain of

LR+ on LR0∗
Av. node reduction

from LR0 to LR+∗

LR0 LR+ LR0 LR+ LR0 LR+ [%] [%]

A standard 27 27 27 27 0 1 28.4 71.5

cost 29 30 27 27 0 1 33.2 72.0

B standard 28 28 18 18 0 2 15.6 72.6

cost 28 28 18 18 0 0 8.10 71.3

C standard 5 6 0 0 0 8 − −
cost 8 12 0 0 0 13 − −

∗On the instances for which we were able to prove the optimality.
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Fig. 1. Time comparison of LR0 and LR+

finds the optimal solution of more instances than LR0. Furthermore, LR+ finds
better solutions than LR0 for 8 and 13 instances.

Difference Between the Problems. The main difference between the results
on the dominating queens problem and the p-median problem is the average
speedup. The speedup is less significant in the latter. The p-median problem
is more complex than the dominating queen problem because there are more
constraints and more variables. Also, those are instances randomly generated,
the matrix A has no structure. In contrast with the very structured matrix A
in the dominating queens problem. This might affect the convergence of the
algorithm.

4.3 Determining Parameters

Experimental data helped us fix the parameters’ values. Figure 2 shows the solv-
ing time and number of nodes of four instances of the p-median problem (A7,
A25, B11 and B31) in function of the threshold and number of steps.

The solving time curves (Fig. 2a) follow the same trend. When the threshold
lies in [0, 0.25], the solving time diminishes because LR+ starts filtering values.
In [0.25, 0.5], LR+ filters even more values, but beyond 0.5 it considers too many
values and wastes time. All curves share a minimum around 0.50.

In Fig. 2b, we see that when the threshold augments, the number of explored
nodes decreases almost exponentially until it stops to a value. After 0.40, the
number of explored nodes starts to decrease much slowly.

In Fig. 2c, we see that the solving time stops decreasing after 40 steps. The
variation in time induced by the number of steps between LR0 (the first point)
and LR+ is less than the variation induced by the threshold. It is not surprising.
The threshold dictates when to trigger LR+ and the number of steps dictates
how much time is spent in LR+. We see that for a number of steps between
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Fig. 2. Variation of the threshold and number of steps parameters

1 and 15, the time increases, because we are not converging fast enough to a
maximum. We lose time by trying to filter values without enough steps.

In Fig. 2d, we see a tendency similar to the variation of the threshold. Again
the variation, induced by the number of steps, of the number of explored nodes
is less than the variation induced by the threshold. Nevertheless, we can infer
that a greater number of steps helps filtering more values.

5 Conclusion

We conceived a Lagrangian relaxation based algorithm for the AtMostNValue
constraint that uses local alterations of the multipliers to enhance the filtering.
This new filtering algorithm leads to an average speedup of 71% on the domi-
nating queens problem and average speedups of 33% and 8% on the instances of
class A and class B of the p-median problem.

Acknowledgement. We thank Hadrien Cambazard for sharing with us his code for
the AtMostNValue. It served as a thorough guide for the present work.
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Abstract. This paper presents new methods of encoding the multipli-
cation of a binary encoded integer variable with a constant value for
Boolean Satisfiability (SAT) solvers. This problem, known as the Single
Constant Multiplication (SCM) problem, is widely studied for its appli-
cation in hardware design, but its techniques are currently not employed
for SAT encodings. Considering the smaller and variable bit sizes and the
different cost of operations in SAT, we propose further improvements to
existing methods by minimizing the number of full/half adders, rather
than the number of ripple carry adders. We compare our methods to
simple encodings into adders, currently employed by SAT encoders, and
direct Boolean encoding using logic minimization tools. We show that
our methods result in improved solve-time for problems involving inte-
ger linear constraints. A library of optimal recipes for each method to
encode SCM for SAT is made available as part of this publication.

Keywords: Single Constant Multiplier · Boolean Satisfiability ·
Encoding constraints

1 Introduction

Boolean Satisfiability (SAT) is a powerful approach to solving combinatorial
problems, but in order use a SAT solver, we need to encode the problem into
clauses. One fundamental constraint is the constant multiplication y = c × x
of input and output integer variables x and y, and constant c. If x and y are
encoded using a binary representation, any such multiplication can be achieved
using a combination of additions, subtractions, and multiplications by a power of
two. For example, the multiplication 5×x can be decomposed into 4×x+1×x.
Since multiplication by a power of two in a binary encoding is a simple left-shift
operation, which does not incur any cost, this decomposition effectively turns
the multiplication into a sequence of additions.

The most basic decomposition for a multiplication c × x therefore simply
considers the binary representation of c and introduces one addend for every 1
in this binary representation – such as in the example of 5x = 1x + 4x above,
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
B. Dilkina (Ed.): CPAIOR 2024, LNCS 14742, pp. 84–98, 2024.
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or 117x = 64x + 32x + 16x + 4x + 1x. However, decompositions that reuse
intermediate results or use a combination of additions and subtractions can result
in fewer additions. For example, we could define 63x = 64x−x, 59x = 63x−4x,
117x = 2 × 59x − x. This only requires 3 additions/subtractions, compared to
the 4 in the original example.

In hardware applications such as ASIC and FPGA, it is important for the
performance and cost of the application to use small circuits, and therefore there
is considerable previous research on finding a circuit for a given constant that
minimizes the number k of additions and subtractions. This is known as the
Single Constant Multiplication (SCM) problem. SCM is NP-hard [7], and has an
upper bound of k ≤ �log2(c)/2� [3]. For many practical instances of the problem,
however, k is known to be much smaller.

When encoding constant multiplication for SAT, an approach similar to SCM
can be used since integer variables – like in hardware – are often encoded in a
binary representation [5]. Unlike hardware, the number of bits w to represent x
is not fixed, but depends on the domain of x (e.g., only w = 2 bits are required
to represent x ∈ [0, 2] with Boolean variables x0, x1).

Furthermore, the complexity of the SAT encoding of a single addition or
subtraction (using a ripple carry adder [17]) varies. The required number of full
(and half) adders is determined by the constant as well as the number of bits of
the inputs. In fact, the addition of x+4x = 5x requires no adders if x has two bits
x0, x1, since 5x would be represented using the existing bits x0, x1, x0, x1. If x
has three bits, multiple adders are required. Consequently, instead of minimizing
the number of additions/subtractions k, a better circuit for SAT minimizes the
total number of full/half adders a.

Example 1. Consider two circuits for c = 117: 17x = 16x + x; 19x = 2x +
17x; 117x = 8 × 17x(= 136x) − 19x and 63x = 64x − x; 59x = 63x − 4x; 117x =
2 × 59x(= 118x) − x. Both are minimal with respect to k = 3, but assuming
w = 4 bits for x ∈ [0, 7], the first requires a = 18 full/half adders, while the
second requires a = 31. Yet another circuit, 3x = 2x + x; 49x = 16 × 3x(=
48x) + x; 17x = 16x + x; 117x = 4 × 17x(= 68x) + 49x, requires only a = 12
full/half adders, even though it uses k = 4 additions/subtractions. For w = 4,
a = 12 is optimal for c = 117, but for different w the best circuit changes.

Note that if we constrain all intermediates to be represented in a fixed bit
width (common in hardware solutions), then this may change the answer. For
example, given fixed 12 bit width for intermediates the first recipe is not appli-
cable when x is a 5 bit number, since intermediate 136x is not guaranteed to fit
in 12 bits, while 117x does. ��

The main contribution of this paper is the application of the SCM
methodology in the context of SAT, the extension to the basic approach that
result in better SAT encodings by minimizing full/half adders, and a database
with pre-computed recipes of the SCM problem for a range of constants and bit
widths. Our database exhaustively covers the parameter space over 1 ≤ w ≤ 16
and 1 ≤ c ≤ 2047. We assume no fixed bit width restriction on intermediate
results.
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We present a set of recipes to compute c × x optimal in terms of number of
additions/subtractions for the general SCM problem, independent of the size of
x, assuming we can use any number of bits for intermediate results. Then, we
produce a set of recipes that minimize the number of full/half adders to compute
c×x. These recipes differ depending on the bit size of x. The SCM SAT encoding
database is available as part of the released implementation and benchmarks [8].

We evaluate the different SCM recipes in Sect. 4, where we use the pre-
computed circuits to encode problems which focus on constant multiplication.
We observe significant improvements in terms of the size of the final encoding
and the SAT solver performance. In Sect. 5, we discuss future work and conclude
our findings.

2 Preliminaries and Related Work

In this section, we give preliminaries on the Constraint Satisfaction Problem
(CSP) and SAT problem. We then formally define the SCM problem and discuss
existing approaches for solving it.

2.1 Constraint Satisfaction Problem

A CSP [15] instance, P = (X ,D, C), consists of a set of variables X , with each x ∈
X restricted to take values from some domain D(x). For this paper we assume
domains are ordered sets of integers, and denote by lb(x) and ub(x) the least and
greatest values in D(x). We will use interval notation [l, u] to represent the set of
integers {l, l+1, . . . , u}. A set of constraints C expresses relationships between the
variables. An assignment of a CSP instance is a mapping of variables to values.
An assignment that is consistent with the domains and constraints is a solution
to the instance. A Constraint Optimization Problem (COP) is a CSP with an
additional objective function f that assigns a value to each assignment. An
optimal solution to a minimization (maximization) COP is one that minimizes
(maximizes) f .

2.2 Boolean Satisfiability

A SAT problem can be seen as a special case of a CSP, where the domain for all
variables x is D(x) ∈ {0, 1}, representing the values false and true. A literal is
either a Boolean variable x or its negation ¬x. We extend the negation operation
to operate on literals, i.e., ¬l = ¬x if l = x and ¬l = x if l = ¬x. We use the
notation l = v where l is a literal and v ∈ {0, 1} to encode the appropriate form
of the literal, i.e., if v = 1 it is equivalent to l and if v = 0 it is equivalent to ¬l.
A clause is a disjunction of literals. In a SAT problem P , the constraints are in
Conjunctive Normal Form (CNF), which means that C is a set of clauses.

A general CSP can be mapped, or encoded, into SAT, by encoding each
integer variable into a set of Boolean encoding variables, and each constraint
into a set of clauses and additional auxiliary Boolean variables. There are a
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number of different ways of encoding integer variables [5], such as the direct and
order encodings. In this paper, we focus on the binary encoding.

Given an integer variable x with non-negative, possibly non-contiguous
domain D(x), the unsigned binary encoding method maps x to mx =
�log2 ub(x)	 + 1 encoding variables [[bit(x, i)]], 0 ≤ i < mx. The semantics of
the encoding can be expressed by the equation x =

∑mx−1
i=0 2i × [[bit(x, i)]]. For

example, for integer variables d with domain D(d) = [0, 127], an encoding with
md = 7 bits can be used. In an assignment with d = 117 = 0b1110101, we
would have [[bit(d, 0)]] = 1, [[bit(d, 1)]] = 0, [[bit(d, 2)]] = 1 and so on. If the initial
domain D(x) is non-contiguous, or has bounds that are not powers of 2, these
have to be enforced using additional constraints (clauses). The representation
can be extended in a straightforward way to support negative domain values,
by assuming a two’s complement encoding instead of a simple unsigned binary
encoding. For the rest of the paper, we will assume non-negative domains to
simplify presentation, and only discuss the general approach where required.

2.3 The Single Constant Multiplication Problem

The SCM problem can be formalized as follows. Given the multiplier target c,
we are to decide a sequence of up to n equations of the form c′ × x = 2sl × (cl ×
x) ± 2sr × (cr × x). The left argument cl × x is either a previously computed
multiple or cl = 1, and sl ≥ 0 is the left-shift of the left argument. Similarly,
cr × x is the right argument, and sr ≥ 0 is its left-shift.1 The final equation
should define c × x.

We can thus encode a recipe for c = ck as a sequence of k equations repre-
sented by tuples 〈cil, sil, cir, sir,#i, ci〉, where ci = (cil 
 sil) #i (cir 
 sir) such
that k ≤ n, #i ∈ {+,−}, {cil, cir} ⊆ {cj | j < i} ∪ {1} and sil, s

i
r ≥ 0.

Example 2. The first recipe for 117 of Example 1 is defined by the sequence
[〈1, 4, 1, 0,+, 17〉, 〈1, 1, 17, 0,+, 19〉, 〈17, 3, 19, 0,−, 117〉]. The second recipe is
defined by [〈1, 6, 1, 0,−, 63〉, 〈63, 0, 1, 2,−, 59〉, 〈59, 1, 1, 0,−, 117〉].

Usually, the goal of the SCM problem is to find the minimal k recipe for a
given c (knowing that it is bounded by k ≤ �log2(c)/2� [3]).

Related Work. The SCM problem has been studied extensively in the context
of hardware. Many approaches for finding optimal circuits have been proposed,
using graph based techniques [9], or using Integer Linear Programming (ILP)
solvers [11], SAT solvers [2,12], as well as heuristic approaches [2]. A generaliza-
tion of SCM is the MCM, which builds a circuit for multiple target constants.
Compared to SCM, this enables further sharing of intermediate results between
the circuits for different constants. Apart from minimizing the number of nodes

1 Some versions of SCM also allows right shifts, and while these are necessary for
optimal Multiple Constant Multiplication (MCM) solutions, we did not come across
any instances of SCM where they improved the solution.
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(additions and subtractions), some of these related works consider other objec-
tives such as minimizing the required surface area, delay, or power consumption
of the generated circuits. These metrics are obviously useful when generating
hardware circuits, but they are not directly relevant for SAT encodings. We are
not aware of approaches that minimize the number of full/half adders in the
resulting circuit. This metric is useful in the context of SAT solvers, since it
results in a smaller CNF in terms of the number of variables, clauses and liter-
als, as we shall see in Sect. 4. We briefly discuss MCM for SAT as future work
in Sect. 5.

Another difference with existing approaches is that the domains of intermedi-
ate results is left unbounded when solving SCM for SAT. Approaches that model
hardware circuits have a fixed bit width h for all results c′ ×x. We could modify
our approach easily by fixing the number of bits for the result (and intermedi-
ates) as well. Either we would allow overflow (computing (c × x) mod 2h), or
we would enforce the (intermediate) results to always fit in h bits. However, for
SAT we can consider arbitrary bit widths (up to mc×x bits) for the intermediate
results.

3 Applying Single Constant Multiplication to SAT

In this section, we present different approaches for solving the SCM problem.
We start with well-known, simple approaches, and then introduce an encoding
of SCM into COP. We discuss these approach with a particular focus on their
use in SAT encodings.

3.1 A Baseline Algorithm for Encoding y = c × x

In order to establish a baseline, we will first discuss a well-known, simple solution
to the SCM problem that does not optimize the resulting circuit at all.

Multiplication by a constant can always be represented using a combination
of shifts and additions. Suppose x is defined as a mx width binary encoded
integer. Then we know that c × x can be at most c × (2mx − 1), thus requiring
mc×x = �log(c × (2mx − 1))� bits to encode.

A basic shift-and-add algorithm will construct a solution to the above SCM
problem by decomposing c× x by a shifted term for every 1 in c’s binary repre-
sentation:

c × x =
∑

0≤i<mc

[[bit(c,i)]]=1

2ix

The number of additions required is equal to the number of 1 s in c’s binary
representation minus one, or at most �log(c)� − 1.
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3.2 Using Boolean Circuit Minimization to Tackle SCM

Another option for encoding SCM into SAT is to use algorithms such as the
Espresso [6] logic minimizer that directly produce small logic circuits based on
truth tables or similar representations of Boolean formulae. These algorithms are
remarkably powerful, and for small enough problems can produce a guaranteed
minimal size circuit for a formula without introducing auxiliary Boolean variables
for intermediate results.

Example 3. For example, we can construct a CNF encoding for y = 117×x with
x ∈ [0, 15] by feeding the following truth table between the x and y bits into
Espresso:

x y
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 1 1 1 0 1 0 1
2 0 0 1 0 0 0 0 1 1 1 0 1 0 1 0
3 0 0 1 1 0 0 1 0 1 0 1 1 1 1 1
4 0 1 0 0 0 0 1 1 1 0 1 0 1 0 0
5 0 1 0 1 0 1 0 0 1 0 0 1 0 0 1
6 0 1 1 0 0 1 0 1 0 1 1 1 1 1 0
7 0 1 1 1 0 1 1 0 0 1 1 0 0 1 1

x y
8 1 0 0 0 0 1 1 1 0 1 0 1 0 0 0
9 1 0 0 1 1 0 0 0 0 0 1 1 1 0 1
10 1 0 1 0 1 0 0 1 0 0 1 0 0 1 0
11 1 0 1 1 1 0 1 0 0 0 0 0 1 1 1
12 1 1 0 0 1 0 1 0 1 1 1 1 1 0 0
13 1 1 0 1 1 0 1 1 1 1 1 0 0 0 1
14 1 1 1 0 1 1 0 0 1 1 0 0 1 1 0
15 1 1 1 1 1 1 0 1 1 0 1 1 0 1 1

The circuit minimization of this truth table results in a CNF encoding with
15 variables (simply representing the bits of x and y) and 84 clauses.

Unfortunately as the width w of the input variable x and the size of the
constant c grows, the number of Boolean variables in the formula y = c × x
quickly becomes too large for logic minimization. However, for small widths
w and constants c logic minimization can generate the best SAT encoding for
y = c × x, as demonstrated by our experiments in Sect. 4.

3.3 Formulating SCM as a COP

We will now introduce a general method for solving the SCM problem, by for-
mulating it as a COP.

The following proposition shows that we only need concern ourselves with
generating SCM encodings for odd numbers c (since we can derive even multiples
by left shifts).

Proposition 1. Suppose c = 2ic′ where c′ mod 2 = 1 and i ≥ 1 then we can
compute c × x from c′ × x without any operations.

Given the above result we can reduce the possible forms of the equation to
just three:

Proposition 2. Given a k equation recipe to compute c×x, c mod 2 = 1 using
the general form above, then there is a k equation recipe using equations of the
form c′ = SPLUS(cl, s, cr): c′ = 2scl + cr, c′ = SMINUS(cl, s, cr): c′ = 2scl − cr,
and c′ = MINUSS(cl, s, cr): c′ = cl − 2scr.
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Proof. Given a k length list of tuples computing c, we show by induction we can
replace this by an equal length list of the new equation forms:

Suppose the first tuple not of these forms is 〈cl, sl, cr, sr,#, c′〉. If sr = 0
then we can rewrite this as either c′ = SPLUS(cl, sl, cr) if # = + or c′ =
SMINUS(cl, sl, cr) if # = −. If sl = 0 then we can rewrite this as either
c′ = SPLUS(cr, sr, cl) if # = + or c′ = MINUSS(cl, sr, cr) if # = −.

Otherwise, sl ≥ 1 ∧ sr ≥ 1. Suppose sl = sr, then we can rewrite the tuple
to either c′′ = SPLUS(cr, 0, cl) if # = + or c′′ = SMINUS(cl, 0, cr) if # = −, and
replace all later usages of c′ by c′′ by adding sl to the matching shift argument.
Suppose sl > sr then we can replace the tuple by recipe c′′ = SPLUS(cl, sl−sr, cr)
if # = + and c′′ = SMINUS(cl, sl − sr, cr) if # = −, and replace later uses
of c′ by c′′ adding sr to the shift argument similarly. Suppose sl < sr then
we can replace the tuple by recipe c′′ = SPLUS(cr, sr − sl, cl) if # = + and
c′′ = MINUSS(cl, sr − sl, cr) if # = −, and replace later uses of c′ by c′′ adding
sr to the shift argument similarly.

The requirement that c mod 2 = 1 means that one of the first two cases is
applicable to the last equation. ��
Example 4. Both recipes for 117 of Example 2 can be represented equiva-
lently as [17 = SPLUS(1, 4, 1), 19 = SPLUS(1, 1, 17), 117 = SMINUS(17, 3, 19)].
The second recipe is defined by [63 = SMINUS(1, 6, 1), 59 = MINUSS(63, 2, 1),
117 = SMINUS(59, 1, 1)].

A MiniZinc [13] model for solving SCM as a combinatorial optimization prob-
lem is shown in Listing 1. Note that it only makes use of the three recipes from
Proposition 2. Each equation is represented by its type ty, with NOP added for an
unused equation; the equation numbers defining its left (left) and right (right)
arguments, and the shift amount shift.2 We use equation number 0 to repre-
sent 1×x. The multiplier resulting from an equation is defined by mult. Line 14
sets the dummy equation multiplier to 1, and enforces the final result to be the
target. In lines 16–18 we enforce that all equations after used are NOPs, and
set their other components to dummy values. Line 19 enforces that equations
use only earlier defined multiples. The computation of the multiplier for each
equation (lines 20–27) follows the definition, where NOP just returns the previ-
ous multiplier. We minimize the number of used equations. Note that the model
“pre-computes” the powers of 2 in p2 (line 13), since solvers typically propagate
poorly for exponential expressions.

3.4 Encoding an SCM Recipe

Given a solution (e.g., Example 2) to the SCM problem, we can encode the shifts
and adds of each equation (c′ ×x) = 2sl × (cl ×x)±2sr × (cr ×x). We obtain the

2 The careful reader will note that we limit the maximum shift using the target.
Relaxing this restriction and never found better recipes (in terms of equations or
adders), but we have no formal proof for it.
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1 int: xbits; % number of bits to represent x

2 int: n; % max number of shift +- equations

3 set of int: EQ = 1..n;

4 set of int: EQ0 = 0..n; % equation number 0 = 1x

5 int: maxsh = ceil(log2(target)); % maximum left shift

6 int: target; % target multiplier

7 enum TYPE = { SPLUS , SMINUS , MINUSS , NOP };

8 array[EQ] of var TYPE: ty; % type of equation

9 array[EQ] of var EQ0: left; % left input equation numnber

10 array[EQ] of var EQ0: right; % right input equation number

11 array[EQ] of var 0.. maxsh: shift; % shift left applied

12 array[EQ0] of var 0.. infinity: mult; % multiplier value

13 array [1.. maxsh+xbits] of int: p2 = [2^i | i in 1.. maxsh+xbits ];

14 constraint mult [0] = 1 /\ mult[n] = target;

15 var EQ0: used; % number of equations used

16 constraint forall(e in EQ)(e > used <-> ty[e] = NOP);

17 constraint forall(e in EQ)(e > used ->

18 left[e] = 0 /\ right[e] = 0 /\ shift[e] = 1);

19 constraint forall(e in EQ)(left[e] < e /\ right[e] < e);

20 constraint forall(e in EQ)(mult[e] =

21 if ty[e] = SPLUS then

22 p2[shift[e]] * mult[left[e]] + mult[right[e]]

23 elseif ty[e] = SMINUS then

24 p2[shift[e]] * mult[left[e]] - mult[right[e]]

25 elseif ty[e] = MINUSS then

26 mult[left[e]] - p2[shift[e]] * mult[right[e]]

27 else mult[e-1] endif);

28 solve minimize used; % minimize equations

Listing 1. A MiniZinc model to find a recipe of at most size n for computing target

× x where x is represented by xbits bits.

binary encoding of the output z = (c′ × x) from the already computed binary
encodings of the inputs zl = (cl × x) and zr = (cr × x).

To apply a shift yl = zl 
 s (or equivalently, yl = 2szl) on the binary
encoding of zl (or to apply yr = zr 
 s), we simply extend its encoding by
[[bit(yl, i)]] = 0, 0 ≤ i < s and [[bit(yl, i)]] = [[bit(zl, i − s)]], s ≤ i ≤ mzl using no
additional variables or clauses.

After shifting both inputs, it remains to encode an addition of the form
z = yl + yr. Here, we can encode a ripple carry adder [17] which produces the
output (sum) bits [[bit(z, i)]], and auxiliary carry bits [[bit(c, i)]]. Inputs variables
yl, yr might contain fixed literals due to the applied shifts, which in turn leads
to output variables that are fixed, or that are equivalent to input bits, or their
negations. The initial carry bit is also fixed as [[bit(r, 0)]] = 0 (which is essentially
why a half-adder is used to add [[bit(yl, 0)]] and [[bit(yr, 0)]]). We optimize the
ripple carry adder encoding to account for this.

The current sum bit [[bit(z, i)]] is the result of the xor operation on up to
three input variables, [[bit(yl, i)]] ⊕ [[bit(yr, i)]] ⊕ [[bit(r, i)]], which we reformulate
more generically as ⊕([[[bit(yl, i)]], [[bit(yr, i)]], [[bit(r, i)]]]).
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We remove any fixed variables from the xor’s input, and compute the
sum of their values. Then, we apply the xor on the remaining non-fixed vari-
ables, negating the output if the fixed sum is odd. Given a list l of bits,
some of which are fixed, define fs(l) as the sum of the fixed bits in l and
vb(l) the list of unfixed (variable) bits in l. We can encode the [[bit(z, i)]] =
⊕([[[bit(yl, i)]], [[bit(yr, i)]], [[bit(r, i)]]]) as follows:

⊕(l) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

fs(l) mod 2, if vb(l) = []
b1, if vb(l) = [b1] ∧ fs(l) = 0
¬b1, if vb(l) = [b1] ∧ fs(l) = 1
b1 ⊕ b2 if vb(l) = [b1, b2] ∧ fs(l) = 0
b1 ⊕ b2 ⊕ 1 if vb(l) = [b1, b2] ∧ fs(l) = 1
b1 ⊕ b2 ⊕ b3 otherwise vb(l) = [b1, b2, b3]

If ⊕(l) is constant or a literal, we can just equate [[bit(z, i)]] with the result,
requiring no encoding clauses. Otherwise, [[bit(z, i)]] is equated to a ⊕ expres-
sion, which can be encoded using a single XOR clause if supported by the SAT
solver [16], or encoded with (standard) clauses in a well understood manner.

The next carry bit is set to true if at least 2 of its input variables are. In other
words, [[bit(r, i+1)]] is true if and only if the expression [[bit(yl, i)]]+[[bit(yr, i)]]+
[[bit(r, i)]] ≥ 2 is true. Again, we split off and sum the fixed variables, and com-
pute the carry by evaluating the generic version of the at-least-2 constraint as
follows:

(∑
(l) ≥ 2

)
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, if fs(l) ≥ 2
0 if vb(l) = [] ∧ fs(l) < 2
0, if vb(l) = [b1] ∧ fs(l) = 0
b1, if vb(l) = [b1] ∧ fs(l) = 1
b1 ∧ b2, if vb(l) = [b1, b2] ∧ fs(l) = 0
b1 ∨ b2, if vb(l) = [b1, b2] ∧ fs(l) = 1
(b1 ∧ b2) ∨ (b1 ∧ b3) ∨ (b2 ∧ b3) otherwise vb(l) = [b1, b2, b3]

If
∑

(l) ≥ 2 is constant or a literal, we can just equate [[bit(r, i+1)]] with the
result, requiring no encoding clauses. Otherwise, [[bit(r, i+ 1)]] is equated to the
CNF expression as normal.

To handle subtraction, we use the fact that ripple-carry adders directly han-
dle 2’s complement. So, yl + (−yr) = yl + (ȳr + 1) where the encoding of ȳr is
the complement of yr, i.e., [[bit(ȳr, i)]] = ¬[[bit(yr, i)]]. To offset the constant 1,
we can add an initial carry of 1.
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3.5 Minimizing the Number of Adders

The COP formulation of Sect. 3.3 minimizes the number of equations, k. How-
ever, we show in Sect. 3.4 how the true encoding complexity for each equation is
more closely related to the number of (full/half) adders. In this section, we for-
mulate an alternative objective which minimizes the number of adders a instead.

We are now required to consider the bit width w of the input x being multi-
plied as an additional parameter. Consider the addition c′ ×x = 2sl × (cl ×x) +
2sr × (cr × x). Assuming the left input cl × x is represented in mcl×x bits and
the right input cr × x is represented in mct×x bits, then the number of full/half
adders näıvely required for the addition is the width of the result mc′×x. How-
ever, we can omit full/half adders for low bits where one argument is guaranteed
0, and if the non-zero bits never overlap we need no adders. So the number of
full/half adders required is 0 if sl > mcr×x + sr or if sr > mcl×x + sl, otherwise
the number of adders required is max(mcl×x + sl,mcr×x + sr) − max(sl, sr).
For subtractions, the only bits not requiring adders are the low bits where both
operands are known to be 0, so we require mc′×x − min(sl, sr) full/half adders.

We can similarly show that we do not need the more general recipes, we
can restrict to the recipes of Proposition 2, since these also do not change the
number of full/half adders required.

Proposition 3. Given an a adder recipe to compute c × x, c mod 2 = 1 using
the general form of k equations, then there is an a adder recipe using equations of
the form c′ = SPLUS(cl, s, cr): c′ = 2scl +cr, c′ = SMINUS(cl, s, cr): c′ = 2scl −cr,
and c′ = MINUSS(cl, s, cr): c′ = cl − 2scr.

Proof. (Sketch) The proof follows that of Proposition 2. Note that if we shift both
addends right by the same amount, then we don’t change the number of adders
required since the low bits do not require adders. When we replace the addition
of c′ by c′′ shifted left by some amount s, we are simply computing the same
addition since c′ = 2sc′′ which does not change the number of adders required. ��

We can modify our MiniZinc model (see Listing 1) to keep track of the number
of bits required for the result of each equation, and count the number of full/half
adders used for each equation, and make that the new objective. The additions
to the model (and replacement objective) are shown in Listing 2. The number
of bits required for the result of each equation are defined by bits while the
number of full/half adders for each equation are given by adders. In lines 4–5
we compute the bit width directly from the multiple (the least power big enough
to hold the maximum result). We compute the number of adders required for
each recipe in lines 6–12. Finally, we minimize the sum of adders required.

Note that for minimizing the SAT model we only minimize a proxy for the
size of the resulting SAT model, the number of full/half adders. We experimented
with directly minimizing the number of clauses or literals (sum of size of clauses)
in the SAT encoding. The resulting models were much harder to solve, we usually
couldn’t prove optimality, and for the small examples where we could the result
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1 array[EQ] of var 0.. infinity: bits; % number of bits

2 array[EQ] of var 0.. infinity: adders; % number of adders

3 include "arg_max.mzn";

4 constraint forall(e in EQ)(bits[e] =

5 arg_max ([mult[e]*(p2[xbits ]-1) <=p2[i]|i in 1.. maxsh+xbits ]));

6 constraint forall(e in EQ)(adders[e] =

7 if ty[e] = SPLUS then

8 if shift[e] >= bits[right[e]] then 0

9 else max(bits[left[e]],bits[right[e]]-shift[e]) endif

10 elseif ty[e] = SMINUS then bits[e]

11 elseif ty[e] = MINUSS then bits[e]

12 else 0 endif);

13 solve minimize sum(adders); % minimize adders

Listing 2. Additions to the MiniZinc model of Listing 1 to optimize for the number
of full/half adders.

was rarely better than the SAT encoding resulting from minimizing full/half
adders. It remains interesting future work to see if this more direct approach to
encoding minimization could be improved.

4 Experimental Evaluation

To evaluate the effectiveness of the proposed approach, we compare the size of
the encoding of c× x for a range of constants c and bit widths for x in Sect. 4.1.
In Sect. 4.2 we apply our approach to a realistic benchmark, comparing both the
encoding size and solve times.

4.1 Constructing and Analyzing the SCM Databases

In this section, we compare the different SCM approaches in terms of the size
of their respective encodings. For each bit width 2 ≤ w ≤ 16, we average the
number of variables, clauses, and literals that are generated when encoding c×x
over 1 ≤ c ≤ 2047. The four methods are base (the baseline from Sect. 3.1),
espresso (using logic minimization with Espresso 2.3 from Sect. 3.2), min-k
(minimizing the number of ripple carry adders) and min-a (minimizing the total
number of adders). It becomes increasingly hard for Espresso to compute CNF
for all constants as the number of input bits grows, so for espresso we are
limited to w ≤ 12. The results are shown in Fig. 1.

It is clear that the naive decomposition of base produces by far the most
variables. In contrast, min-k achieves the same multiplication using fewer ripple
carry adders. Importantly, min-a has even fewer variables than min-k, indicating
that minimizing the number of adders serves as a proxy for avoiding additional
variables. The effect is stronger for smaller bit widths, presumably because then
there is more opportunity for completely free additions where one input is shifted
by the other input’s bit width. The number of variables for espresso is always
minimal, since no additional variables are ever constructed. In terms of clauses
and literals, we see a linear relationship between the other methods other than
espresso, which generates an exponential number of clauses and literals, min-a
better than min-k better than base.
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Fig. 1. Encoding size of c× x using different SCM approaches

4.2 Solving Multidimensional Bounded Knapsack Problem

To evaluate the different approaches, we adapt the approach from [10] to gen-
erate hard Multidimensional Bounded Knapsack Problem (MBKP) instances.
In MBKP, we decide for N item types how many xi to pack (up to B) such
that a minimum profit

∑N
i=1 xipi ≥ P is reached. Each item is restricted by M

dimensions of weight with
∧M

i=1

∑N
j=1 xjwi,j ≤ Wi. Instances can be generated

by first generating C coefficient sets for wi,j and pi, sampling uniformly from
[1, Q]. Then, for each coefficient set, we choose S capacity sets for 1 ≤ s ≤ S

with a capacity factor f = s
S : generating Wi = f

∑N
j=1 Bwi,j , 1 ≤ i ≤ M ,

and P = (1 − f)
∑N

j=1 Bpj . As f increases, the constraints become less strict,
and instances turn from unsatisfiable to satisfiable. To avoid an excess of triv-
ial instances on the lower and higher ends of f , we normalize f to be within
0.2 ≤ f ≤ 0.8. One instance set is generated for each B = 2w − 1, 4 ≤ w ≤ 16,
with parameters N = 15, M = 100, S = 100, C = 3.

In the SAT encoding of MBKP each integer variable xi is binary encoded
in the least number of bits required to represent its full domain. Each linear
constraint of the form

∑N
j=1 wi,jxj ≤ Wi is encoded by first constructing yj =

wi,j ×xj using the SCM method, and then computing y0 =
∑N

j=1 yj by repeated
use of ripple-carry adders, and finally constraining y0 ≤ Wi using a lexicographic
constraint.

To provide another control method, we encode the benchmarks using Picat-
SAT (version 3.5) [18], a state-of-the-art SAT encoder that uses the binary
encoding. The picat encodes SCM similar to base, but with additional ad-
hoc optimizations [19]. Note that for these problems with large coefficients and
domain sizes alternate encoding approaches, e.g., domain or order encodings are
non-competitive.

All encodings produced in our experiments are solved using the same binary
of the SAT solver CaDiCal (version 1.9.1) [4] with default parameters, 8 GB
memory limit and a time limit of 180 s. A PAR2 penalty applies to timeouts.

In Fig. 2, we compare the encoding sizes of the MBKP, similar to the results
from Sect. 4.1. picat matches min-a in the number of variables. However, for
clauses and especially for literals, larger bit widths result in larger encodings,
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closer to base. For unknown reasons, picat shows a temporary spike in clauses
and literals at w = 5 (for some constraints, picat also relies on Espresso; which
it perhaps uses in this case).
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Fig. 2. Encoding size of MBKP using different SCM approaches

Comparing solve times in Fig. 3, we observe that espresso performs best up
to a bit width of 10, after which its performance drops off drastically. Even if
pre-computing larger input bit widths would be tractable for espresso, we can
extrapolate that an encoding without auxiliary variables loses its effectiveness. In
contrast, min-k and min-a remain relatively constant, even though the instances
grow exponentially in size. Furthermore, min-a performs better than min-k,
which shows the benefit of minimizing adders over ripple carry adders, even if
some recipes have sub optimal length (such as in Example 1). Finally, picat
performs much better than base for smaller bit widths but similar for larger bit
widths, suggesting that picat is able to apply certain encoding optimizations in
the former case.
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5 Conclusion and Future Work

In conclusion, we have shown how to tackle and apply SCM specifically for
SAT in order to encode linear constraints. Encoding linear constraints is a key
challenge for SAT-based solvers [1]. To our knowledge, this is the first work that
adapts SCM circuits to encode linear constraints for SAT. Since ripple carry
adders are not uniformly encoded in the presence of partially fixed inputs, this
gives us the opportunity to develop different optimal circuits compared to the
traditional SCM problem. In the experimental evaluation, we have seen how this
approach significantly improves both the encoding size as well as the solver’s
performance. Finally, we have made the pre-computed SCM encodings freely
available.

In future work, we aim to extend our approach by applying MCM to SAT,
which – unlike SCM – cannot be comprehensively pre-computed. Instead, we
would first have to collect the target constants (e.g., through common sub-
expression elimination [14]) from a given instance and then dynamically solve
the MCM problem at encode time. This poses an interesting trade-off between
encode and solve time, but has the potential for additional improvements.

Acknowledgements. This research was partially funded by the Australian Gov-
ernment through the Australian Research Council Industrial Transformation Train-
ing Centre in Optimisation Technologies, Integrated Methodologies, and Applications
(OPTIMA), Project ID IC200100009.
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Abstract. In recent years, there has been a growing interest in using learning-
based approaches for solving combinatorial problems, either in an end-to-end
manner or in conjunction with traditional optimization algorithms. In both sce-
narios, the challenge lies in encoding the targeted combinatorial problems into a
structure compatible with the learning algorithm. Many existing works have pro-
posed problem-specific representations, often in the form of a graph, to leverage
the advantages of graph neural networks. However, these approaches lack gener-
ality, as the representation cannot be easily transferred from one combinatorial
problem to another one. While some attempts have been made to bridge this
gap, they still offer a partial generality only. In response to this challenge, this
paper advocates for progress toward a fully generic representation of combinato-
rial problems for learning-based approaches. The approach we propose involves
constructing a graph by breaking down any constraint of a combinatorial problem
into an abstract syntax tree and expressing relationships (e.g., a variable involved
in a constraint) through the edges. Furthermore, we introduce a graph neural net-
work architecture capable of efficiently learning from this representation. The
tool provided operates on combinatorial problems expressed in the XCSP3 for-
mat, handling all the constraints available in the 2023 mini-track competition.
Experimental results on four combinatorial problems demonstrate that our archi-
tecture achieves performance comparable to dedicated architectures while main-
taining generality. Our code and trained models are publicly available at https://
github.com/corail-research/learning-generic-csp.

1 Introduction

Combinatorial optimization has drawn the attention of computer scientists since the dis-
cipline emerged. Combinatorial problems, such as the traveling salesperson problem or
the Boolean satisfiability have been the focus of many decades of research in the com-
puter science community. We can now solve large problems of these kinds efficiently
with exact methods [2] and heuristics [14]. Heuristics are handcrafted procedures that
crystallize expert knowledge and intuition about the structure of the problems they are
applied to. While heuristics have found success and applications for the resolution of
combinatorial problems either as a direct-solving process or integrated into a search pro-
cedure, the rise of deep learning in many different fields [4,7,18,24] has attracted the
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B. Dilkina (Ed.): CPAIOR 2024, LNCS 14742, pp. 99–108, 2024.
https://doi.org/10.1007/978-3-031-60597-0_7

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-60597-0_7&domain=pdf
http://orcid.org/0000-0003-0233-4656
http://orcid.org/0000-0002-8742-0774
https://github.com/corail-research/learning-generic-csp
https://github.com/corail-research/learning-generic-csp
https://doi.org/10.1007/978-3-031-60597-0_7


100 L. Boisvert et al.

attention of researchers [5]. Among deep learning architectures, graph neural networks
(GNNs) [29] have proven to be a powerful and flexible tool for solving combinatorial
problems. However, as identified by Cappart et al. (2023) [8], it is still cumbersome
to integrate GNN and machine learning into existing solving processes for practition-
ers. One reason is that a dedicated architecture must be designed and trained for each
combinatorial problem. In addition to potentially expensive computing resources for
training, this also requires the existence of a large and labeled training set.

Building such a problem-specific graph representation has been the preferred choice
of most related approaches, such as NeuroSAT [30] leveraging an encoding for SAT for-
mulas, or approaches tightly linked to the traveling salesperson problem [16,27]. These
approaches suffer from a lack of generality as the architecture could not be trivially
exported from one combinatorial problem to another one (e.g., the representation in
NeuroSAT cannot be used for encoding an instance of the traveling salesperson prob-
lem). Few attempts have been realized to bridge this gap, but they still provide only
a partial genericity. For instance, Gasse et al. (2019) [13] proposed a bipartite graph
linking variables and constraints when a variable is involved in a given constraint.
However, this approach only encodes binary mixed-integer programs. Chalumeau et
al. (2021) [10] later introduced a tripartite graph where variables, values, and constraints
are specific types of vertices. This approach also lacks genericity as the method requires
retraining when the number of variables changes. To our knowledge, the last attempt in
this direction has been realized by Marty et al. (2023) [23] who leveraged a tripartite
graph allowing decorating each vertex type with dedicated features. Although any com-
binatorial problem can theoretically be encoded with this framework, some information
is lost with the encoding. For instance, it was not clear how the constraint 3x1 ≤ 4x2,
could be differentiated from the constraint 2x1 ≤ 5x2. On the one hand, both con-
straints can be represented as an inequality, but we lose information about the vari-
ables’ coefficients. On the other hand, both constraints can be encoded as two distinct
relationships, but in this case, we lose the fact that we have an inequality in both cases.
More formally, their encoding function was not injective. Different instances could have
the same encoding with no option to differentiate them. Besides, the experiments pro-
posed only targeted relatively pure problems (maximum independent set, maximum cut,
and graph coloring). Similar limitations are observed in the approach of Tönshoff et
al. (2022) [31].

Based on this context, this paper progresses towards a fully generic representation of
combinatorial problems for learning-based approaches. Intuitively, our idea is to break
down any constraint of a problem instance as an abstract syntax tree and connect sim-
ilar items (e.g., the same variables or constraints) through an edge. Then, we introduce
a GNN architecture able to leverage this graph. To demonstrate the genericity of this
approach, our architecture directly operates on instances expressed with the XCSP3
format [6] and can handle all the constraints available in the 2023 mini-track compe-
tition. Experiments are carried out on four problems (featuring standard intension, and
global constraints such as ALLDIFFERENT [28], TABLE [11], NEGATIVETABLE [33],
ELEMENT and SUM) and aims to predict the satisfiability of the decision version of
combinatorial problems. The results show that our generic architecture gives perfor-
mances close to problem-specific architectures and outperforms the tripartite graph of
Marty et al. (2023) [23].
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2 Encoding Combinatorial Problem Instances as a Graph

Formally, a combinatorial problem instance P is defined as a tuple 〈X,D(X), C,O〉,
where X is the set of variables, D(X) is the set of domains, C is the set of constraints,
and O (X → R) is an objective function. A valid solution is an assignment of each
variable to a value of its domain such that every constraint is satisfied. The optimal
solution is a valid solution such that no other solution has a better value for the objective.
Our goal is to build a function Φ : 〈X,D(X), C,O〉 �→ G(V, f,E), where G is a graph
and V , f , E are its vertex, vertex features and arc sets, respectively. We want this
function to be injective, i.e., an encoding refers to at most one combinatorial problem
instance. We propose to do so by introducing an encoding consisting in a heterogeneous
and undirected graph featuring 5 types of vertices: variables (VAR), constraints (CST),
values (VAL), operators (OPE), and model (MOD). The idea is to split each constraint as
a sequence of elementary operations, to merge vertices representing the same variable
or value, and connect together all the relationships. An illustration of this encoding is
proposed in Fig. 1 with a running example. Intuitively, this process is akin to building
the abstract syntax tree of a program. Formally, the encoding gives a graph G(V, f,E)
with V = VVAR ∪VCST ∪VVAL ∪VOPE ∪VMOD is a set containing the five types of vertices,
f = fVAR ∪ fCST ∪ fVAL ∪ fOPE ∪ fMOD is the set of specific features attached to each
vertex, and E is the set of edges connecting vertices. Each type is defined as follows.

Values (VVAL). A value-vertex is introduced for each constant appearing in P . Such
values can appear inside either a domain or a constraint. All the values are distinct,
i.e., they are represented by a unique vertex. The type of the value (integer, real,
etc.) is added as a feature (fVAL) to each value-vertex, using a one-hot encoding.

Variables (VVAR). A variable-vertex is introduced for each variable appearing in P . A
vertex related to a variable x ∈ X is connected through an edge to each value v
inside the domain D(x). Such as the value-vertices, all variables are represented by
a unique vertex. The type of the variable (boolean, integer, set, etc.) is added as a
feature (fVAR) using a one-hot encoding.

Constraints (VCST). A constraint-vertex is introduced for each constraint appearing in
P . A vertex related to a constraint c ∈ C is connected through an edge to each value
v that is present in the constraint. The type of the constraint (inequality, allDifferent,
table, etc.) is added as a feature (fCST) using a one-hot encoding.

Operators (VOPE). Tightly related to constraints, operator-vertices are used to unveil
the combinatorial structure of constraints. Specifically, operators represent modifi-
cations or restrictions on variables involved in constraints (e.g., arithmetic opera-
tors, logical operators, views, etc.). An operator-vertex is added each time a vari-
able x ∈ X is modified by such operations. The vertex is connected to the vertices
related to the impacted variables. The type of the operator (+, ×, ∧, ∨, etc.) is added
as a feature (fOPE) using a one-hot encoding. If the operator uses a numerical value
to modify a variable, this value is used as a feature (fOPE) as well.

Model ( VMOD). There is only one model-vertex per graph. This vertex is connected to all
constraint-vertices and all variable-vertices involved in the objective function. Its
semantics is to gather additional information about the instance (e.g., the direction
of the optimization) by means of its feature vector (fMOD).
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max x1

s.t. 3x1 ≤ 4x2

TABLE([x1, x2], [(1, 2), (2, 3)])

x1 ∈ {1, 2}
x2 ∈ {2, 3}

1 2 3

x1 x2

×3 ×4

lhs rhs

≤

t1 t2

. . . .

ext

M

Fig. 1. Encoding of a combinatorial problem instance presented as a running example. There are
3 value-vertices depicted (in green) and 2 variable-vertices (in red). As x1 contains values 1 and
2 in its domain, they are connected with an edge, and similarly for the domain of x2. There are
2 constraint-vertices (in blue), one for the inequality (≤) and one for the TABLE constraint (ext).
The figure’s gray area illustrates the constraint 3x1 ≤ 4x2, highlighted by operators (in orange)
and showing a multiplication (×, with feature 3) of x1 on the right-side (rhs) and another (×,
with feature 4) of x2 on the left-side (lhs). The rhs and lhs operators clarify equation sides,
essential for distinguishing between 3x1 ≤ 4x2 and 3x1 ≥ 4x2, and link to the associated
constraint (e.g., inequality ≤). The constraint TABLE([x1, x2], [(1, 2), (2, 3)]) is expressed in a
similar way. It involves two tuples t1 and t2. Finally, the model-vertex (in yellow) is connected to
the two constraints, and to variable x1, as it is part of the objective function. (Color figure online)

As a final remark, this encoding can be used to represent any combinatorial problem
instance in a unique way. To do so, a parser for each constraint, describing how a con-
straint has to be split with the involved operators and variables, must be implemented.
We currently support all the constraints formalized in XCSP3-CORE modeling format
[6] and used for the mini-solver tracks of the XCSP-2023 competition: binary inten-
sion, table, negative table, short table, element and sum. Our repository contains the
required documentation to build a graph from an instance in the XCSP3-CORE format
with a description of all the features considered.

3 Learning from the Encoding with a Graph Neural Network

To achieve the next step and learn from this representation, we designed a tailored graph
neural network (GNN) architecture to leverage this encoding. A GNN is a specialized
neural architecture designed to compute a latent representation (known as an embed-
ding) for each node of a given graph [29]. This process involves iteratively aggregating
information from neighboring nodes. Each aggregation step is denoted as a layer of the
GNN and incorporates learnable weights. There are various ways to perform this aggre-
gation, leading to different variants of GNNs documented in the literature [20,25,32].
The model is differentiable and can then be trained with gradient descent methods.

Let G(V, f,E) be the graph encoding previously obtained, and let h
[i]
t,v ∈ R

p be a
p-dimensional vector representation of a vertex v ∈ Vt (t refers to a vertex type from
T : {VAR, VAL, CST, OPE, MOD}) at iteration i ∈ {0, . . . , I}. The inference process
of a GNN consists in computing the next representations (h[i+1]

t,v ) from the previous
ones for each vertex. This operation is commonly referred to as message passing. First,
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we set h
[0]
t,v = ft,v for each type, where ft,v is the vector of features related to vertex

v ∈ Vt. Then, the representations at each iteration are obtained with LAYERNORM [3]
and LSTM layers [15]. The whole inference process is formalized in Algorithm 1. First,
the initial embedding of each vertex is set to its feature (line 5) and the hidden states of
the LSTM are initialized to 0 (line 6), as commonly done. Then, I steps of message-
passing are carried out (main loop). At each iteration i, a message (μ[i]

t1,v) is obtained
for each vertex. The computation is done in three steps (line 8): (1) the embedding of
each neighbor of a given type is summed up, (2) the resulting value is fed to a standard
multi-layer perceptron (MLPin

t1,t2), note that there is a specific module for each edge
type, (3) the messages related to each type are concatenated together (

⊕
) to obtain

the global message for each vertex. Notation Nt2(v) refers to the set of neighbors of
vertex v of type t2. The result is then given as input to an LSTM cell (line 9, one
cell for each type) and is used to obtain the embedding at the next layer. We note that
each LSTM has its internal state (γ[i]

t,v) updated. At the end of the loop, each vertex

has a specific embedding (h[I]
t,v). After the last iteration, we compute the vertex-type

dependent output by passing h
[I]
t,v through a standard multi-layer perceptron MLPout

t

(line 10). This produces the output embeddings for all nodes, which are then averaged
(line 11). Finally, the sigmoid function (σ) is used to obtain an output between 0 and 1.

Algorithm 1: Inference process of our GNN architecture.

1 � Pre: G(VVAR,CST,VAL,OPE,MOD, fVAR,CST,VAL,OPE,MOD, E) is the graph encoding.
2 � Pre: T : {VAR, VAL, CST, OPE, MOD} is the set of vertex-types.
3 � Pre: I is the number of iterations of the GNN.
4

5 h
[0]
t,v := ft,v ∀v ∈ Vt, ∀t ∈ T

6 γ
[0]
t,v := 0 ∀v ∈ Vt, ∀t ∈ T

7 for i from 1 to I do

8 μ
[i]
t1,v

:=
⊕

t2∈T
MLPin

t1,t2

( ∑

u∈Nt2 (v)
h
[i−1]
t2,u

)
∀v ∈ Vt1 , ∀t1 ∈ T

9 h
[i]
t,v, γ

[i]
t,v := LSTMt

(
μ
[i]
t,v, γ

[i−1]
t,v

)
∀v ∈ Vt, ∀t ∈ T

10 νt,v := MLPout
t

(
h
[I]
t,v

)
∀v ∈ Vt, ∀t ∈ T

11 ŷ := σ
(

1
|T |×|V |

∑

t∈T

∑

v∈Vt

νt,v

)

12 return ŷ

4 Experiments

This section evaluates our approach on combinatorial task, focusing on four problems:
Boolean satisfiability (SAT), graph coloring (COL), knapsack (KNAP), and the trav-
eling salesperson problem (TSP) with TSP-EXT (table constraint) and TSP-ELEM
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(element constraint) models. We trained models on the decision version of the prob-
lems, asking if a solution exists with costs under a target k. When there is no objec-
tive function, we have a plain constrained satisfaction problem (e.g., SAT). The aim
is not to find the solution but to determine its existence, aligning with recent studies
[19,21,27,30]. We compared our approach with problem-specific architectures and the
tripartite graph of Marty et al. (2023) [23]. For the latter, we extracted their graph rep-
resentation and used it in our GNN. The evaluation metric considered is the accuracy in
correctly predicting the answer to the decision problem. Details on experimental proto-
cols and implementations follow.

Boolean Satisfiability. Instances are generated with the random generator of Selsam
et al. (2018) [30]. Briefly, the generator builds random pairs of SAT instances of n
variables by adding new random clauses until the problem becomes unsatisfiable.
Once the problem becomes unsatisfiable, it changes the sign of the first literal of
the problem, rendering it satisfiable. On average, clauses have an arity of 8. Both
the satisfiable and unsatisfiable instances are included in the dataset. Still following
Selsam et al. (2018), we built a dataset containing millions of instances having 10
to 40 literals. The SAT-dependent architecture considered in our analysis has been
also introduced in the same paper. We used a training set of size 3,980,000 and a
validation set of size 20,000.

Traveling Salesperson Problem. Instances are generated with the random generator
of Prates et al. (2018) [27]. The generation consists in (1) creating n points in a
(
√
2/2 ×

√
2/2) square, (2) building the distance matrix with the Euclidean dis-

tance, and (3) solving them using the Concorde solver [1] to obtain the optimal
tour cost C∗. Two instances are then created: a feasible one and an unfeasible one
with target costs of 1.02C∗ and 0.98C∗, respectively. We build two TSP models: a
first one where the distance constraints are expressed with an extension constraint
(TSP-EXT), and a second one with an element constraint (TSP-ELEM). The moti-
vation is to analyze the impact of the model on the resulting graph encoding and the
performances. Still following Prates et al. (2018), we built the dataset with a num-
ber of cities n sampled uniformly from 20 to 40. The TSP-dependent architecture
considered in our analysis has been also introduced in the same paper. We used a
training set of size 850,000 and a validation set of size 50,000.

Graph Coloring. Instances are generated following Lemos et al. (2019) [19]. This
generator builds graphs with 40 to 60 vertices. For each graph, a single edge is
added such that the k-coloriability is altered. The instances are produced in pairs:
one where the optimal value is k and another one where it is higher. Our encoding
leverages a standard model of the graph coloring featuring binary intension ( �=)
constraints. The COL-dependent architecture has been also introduced in the same
paper. We used a training set of size 140,000 and a validation set of size 10,000.

Knapsack. We built instances containing 20 to 40 items and solved them to optimality
to find the optimal value V ∗. Then, we created two instances, a feasible one and an
unfeasible one with a target cost of 1.02V ∗ and 0.98V ∗, respectively. Our encoding
leverages a standard knapsack model featuring a SUM constraint. The KNAPSACK-
specific model was based on the model of Liu et al. (2020) [21]. We used a training
set of size 950,000 and a validation set of size 50,000.
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Implementation Details. All models were trained with PyTorch [26] and PyTorch-
Geometric [12] on a single Nvidia V100 32 GB GPU for up to 4 days or until
convergence. We selected the model having the best performance on the validation
set. To make the comparisons between specific and generic graphs fair, we trained
all our models using a single GPU, and we tuned each model by varying the num-
ber of hidden units in the MLP and LSTM layers. Concerning the problem-specific
architectures, we reused to same hyperparameters as described in their original pub-
lications. All models are trained with Adam optimizer [17] coupled with a learning
rate scheduler and a weight decay of 10−8. The main hyperparameters used for
our different models are detailed in the accompanying code. All our models are
expressed using XCSP3 formalism. We implemented a parser to build the graph
from this representation. Our code and trained models are publicly available.

4.1 Results: Accuracy of the Approaches

Table 1 summarizes the accuracy in predicting the correct answer on the validation set
for each problem and baseline. Interestingly, we observe that our approach achieves
similar or close performances as the problem-specific architectures for all the prob-
lems. We see it as a promising result, as our approach, thanks to its genericity, can be
directly used for all the problems without designing a new dedicated architecture. On
the other hand, the approach of Marty et al. (2023) [23], fails to achieve similar results
except for the graph coloring. This is because this representation does not preserve the
combinatorial structure of complex constraints (COL has only constraints like x1 �= x2).

Table 1. Prediction accuracy on holdout test set

Architecture SAT TSP-EXT TSP-ELEM COL KNAP

Problem-specific 94.3% 96.3% 77.0 % 98.8%

Tripartite [23] 50.0% 50.0% 84.6% 50.0%

Ours 94.4% 84.5% 91.4% 84.4% 97.9%

While TSP-ELEM achieves results close to the TSP-specific approach, TSP-EXT

falls short significantly. This highlights the importance of using an appropriate combi-
natorial model for the encoding. Specifically, the encoding TSP-ELEM has a size of
1841 vertices and 13042 edges, while TSP-EXT yields a graph of 5661 vertices and
28322 edges, for a same instance of 40 cities. This is consequently larger encoding,
which is not desirable as it makes the model harder to train.

4.2 Analysis: Generalization to Larger Instances

Figure 2 shows the generalization ability of the previous model, without retraining, on
new instances with 60, 80 and 100 variables (5000 instances for each size). We observe
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Fig. 2. Analysis of the generalization ability on larger instances.

that our generic representation provides a better generalization than the problem-
specific architecture for SAT and TSP. Notably, TSP-ELEM offers a far better gen-
eralization than TSP-EXT, confirming the impact of the input model and the size of the
graph. Interestingly, we observe a strong generalization ability of the specific architec-
ture for the knapsack. Our preliminary analysis indicates that this is achieved thanks to
a GNN aggregation function based on a weighted sum. Understanding in detail the root
causes of this generalization is part of our future work.

4.3 Discussion: Limitations and Challenges

Although the empirical results show the promise of this generic architecture, some lim-
itations must be addressed. First, the training time required to obtain such results is
prohibitive, although we have considered only relatively small instances so far. This is
mainly because our encoding generates large graphs. This opens the door to integrat-
ing compression methods, dedicated to shrinking the size of the encoding without los-
ing information. A parallel can be done with the SMARTTABLE [22] constraints, which
encodes tables more compactly. It also highlights the importance of having a good input
model, yielding a small embedding (e.g.,TSP-ELEM versus TSP-EXT). Besides, the
current task is restricted to solving the decision version of problems with an end-to-end
approach. The next step will be to integrate this architecture in a full-fledged solver,
such as what has been proposed by Gasse et al. (2019) for binary mixed-integer pro-
grams [13], and by Cappart et al. (2021) for constraint programming [9]. Finally, the
generalization ability of a model trained for a specific problem (e.g., on the TSP) to a
similar one (e.g., TSP with time windows) is an interesting aspect to investigate.

5 Conclusion and Perspectives

This paper introduced a first version of a generic procedure to encode arbitrary com-
binatorial problem instances into a graph for learning-based approaches. The encoding
proposed is injective, meaning that each encoding can be obtained by only one instance.
Besides, a tailored graph neural network has been proposed to learn from this encod-
ing. Experimental results showed that our approach could achieve similar results as
problem-specific architectures, without requiring the need to hand-craft a dedicated rep-
resentation. All the constraints involved in the 2023 mini-track competition of XCSP3
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are currently supported. Adding new constraints only requires the implementation of
a parser. Our next steps are to challenge the approach on bigger and more complex
problems, and on other combinatorial tasks (e.g., learning branching heuristics).
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(Canada) held by Quentin Cappart.This research received funding from the European Union’s
Horizon 2020 research and innovation program under grant agreement No 101070149, project
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Abstract. The Coherent Ising Machine (CIM) is a non-conventional
architecture that takes inspiration from physical annealing processes to
solve Ising problems heuristically. Its dynamics are naturally continuous
and described by a set of ordinary differential equations that have been
proven to be useful for the optimization of continuous variables non-
convex quadratic optimization problems. The dynamics of such Con-
tinuous Variable CIMs (CV-CIM) encourage optimization via optical
pulses whose amplitudes are determined by the negative gradient of the
objective; however, standard gradient descent is known to be trapped
by local minima and hampered by poor problem conditioning. In this
work, we propose to modify the CV-CIM dynamics using more sophis-
ticated pulse injections based on tried-and-true optimization techniques
such as momentum and Adam. Through numerical experiments, we show
that the momentum and Adam updates can significantly speed up the
CV-CIM’s convergence and improve sample diversity over the original
CV-CIM dynamics. We also find that the Adam-CV-CIM’s performance
is more stable as a function of feedback strength, especially on poorly
conditioned instances, resulting in an algorithm that is more robust, reli-
able, and easily tunable. More broadly, we identify the CIM dynamical
framework as a fertile opportunity for exploring the intersection of clas-
sical optimization and modern analog computing.

Keywords: Ising Model · Momentum · Analog Computing

1 Introduction

Optimization is a powerful and intuitive framework for expressing and reasoning
about the desirability of certain decisions subject to constraints. With diverse
applications ranging from supply chain management, vehicle routing, machine
learning, and chip design, it is difficult to overstate the ubiquity of optimization.
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In many contexts, casting a particular decision as an optimization problem–
deriving mathematical expressions for the costs and constraints–permits the
off-the-shelf application of commercial solvers as a satisfactory, general-purpose
resolution to the problem. However, even if a problem complies with a partic-
ular solver’s specifications, practical constraints, such as memory or time, may
bottleneck the size of problems that can be addressed or the quality of the solu-
tion obtainable. While computational power has increased exponentially in the
past few decades, according to Moore’s law, if it stagnates these bottlenecks will
persist, barring radical breakthroughs in computer engineering.

Quantum computing has emerged as an attractive and high-profile alterna-
tive to von Neumann computers based on its promise to accelerate specific com-
putational tasks. The past few years have seen significant commercial interest
in quantum computing, leading to the rapid development of prototype quantum
computers based on superconducting qubits [21], photonics [36], neutral atoms
[15], and trapped ions [5], encoding the gate-based model that underpins much of
the theoretical work on quantum complexity theory. However, due to the signif-
icant constant overhead induced by error correction, it is unlikely that quantum
computing will result in practical speed-ups for optimization, notably when the
best classical algorithms can be parallelized on specialized hardware, such as
graphics processing units (GPUs) [1]. A competing paradigm to the gate-based
model are quantum computers that can only solve particular forms of problems,
or “primitives”, including quantum annealers (which solve Ising problems) [14],
and Rydberg atom arrays (that encode the maximum independent set) [11].
While these are theoretically expressive primitives due to being NP-complete,
the number of additional variables and connections required to construct a reduc-
tion from other NP-complete problems to one of these forms may significantly
reduce the size of problems addressable on near-term hardware, despite only
being polynomial overheads [22,25]. It is against this backdrop that there has
been a recent surge of interest in non-quantum, yet non-conventional comput-
ing architectures for optimization based on coupled lasers [31], memristors [8],
polaritons [2,18], and optical parametric oscillators [26,27].

From an algorithmic perspective, the development of these architectures has
concurrently ushered in research on hybrid algorithms that explore how non-
conventional and classical computers should complement each other [9]. These
algorithms are typically developed with specific hardware abstractions in mind,
so their practical impact will depend heavily on which technologies prevail
in a highly dynamic field. In this paper, we pose a complementary question
of how classical optimization algorithms can inform the development of non-
conventional architectures. Despite their theoretical limitations, classical opti-
mization techniques have achieved impressive empirical success, even for diffi-
cult, non-convex optimization problems. Rather than discarding the innovations
developed in the context of classical optimization, we contend that these ideas
should be incorporated into future computing architectures. Crucially, much of
the discussion of these technologies has been couched in the language of physics
and optics, making it largely inscrutable for the optimization community and
obscuring the opportunities to incorporate well-known optimization techniques.
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This paper focuses on one such device, the Coherent Ising Machine (CIM),
which takes inspiration from the principles of thermalization to search for the
ground state of Ising problems heuristically. It was first prototyped in 2014
as a network of four optical parametric oscillators (OPOs) coupled by optical
delay lines [26]. Since then, the technology has rapidly developed, with prototype
devices reaching sizes of 100,000 spins [16]. One significant deviation in today’s
architecture versus the original architecture is the inclusion of a measurement-
feedback circuit implemented with a field programmable gate array (FPGA) [27].
Not only has this development enabled scalable all-to-all connections between
the OPOs, it has also enabled the implementation of more sophisticated feed-
back methods, which have primarily been focused on mitigating the “amplitude
heterogeneity” problem observed in early instantiations of the device [24]. This
paper focuses on the CIM because the measurement-feedback circuit allows for
modular modifications to the feedback term without otherwise affecting the oper-
ational principles of the device, making it a fertile opportunity for exploring the
intersection of classical optimization and analog computing.

Contribution: Our contribution hinges on the insight that all existing vari-
ations of the CIM rely on gradient descent to encourage the optimization of
a desired objective. In this paper, we contend that the feedback term should
be modularly swapped with more sophisticated optimization techniques, par-
ticularly the accelerated and adaptive optimizers that are tried and true for
large-scale non-convex optimization, such as neural network training. We con-
duct an extensive numerical evaluation of the proposed modifications to evaluate
the anticipated performance gains realizable in a physical device.

Organization: In Sect. 2, we will first define our notation and terminology.
We will then present a high-level overview of the CIM’s operational principles,
along with relevant developments, and conclude the section with a discussion of
the momentum and Adam optimizers. In Sect. 3, we will present the Gaussian-
state model of the CIM’s dynamics, highlighting opportunities to incorporate
other optimization techniques. We will also discuss the specific application of
the CIM to box-constrained quadratic programs, which we later use for bench-
marking. In Sect. 4, we present numerical experiments evaluating convergence
speed, diversity of solutions, and parameter sensitivity of the modified CIM
against its original dynamics.

2 Background and Related Work

In this section, we will first present our notation and terminology. We will then
provide a high-level overview of the CIM’s operational principles, discussing its
history and recent developments designed to improve optimization performance.
Finally, we will briefly introduce momentum and the Adam optimizer, overview-
ing some of their desirable properties, particularly for non-convex optimization.

2.1 Notation and Terminology

In this paper, we work with vectors and matrices defined over the real numbers
and reserve lowercase letters for vectors and uppercase letters for matrices. We
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will also follow the convention that a vector x ∈ R
n is to be treated as a column

vector, i.e., equivalent to a matrix of dimension n × 1. For a matrix M , we
use Mi,j to denote the entry in the ith row and jth column, Mi,∗ denotes the
entire ith row, and M∗,j denotes the entire jth column. An Ising problem is an
optimization problem of the form: minx∈{−1,1}n f(x) :=

∑
i,j Qi,jxixj +

∑
i cixi,

where Q ∈ R
n×n, c ∈ R

n are real coefficients and xi ∈ {−1, 1} are discrete
variables to be optimized over. We will use the convention that the discrete
variables are ±1, also known as spin variables.

2.2 Coherent Ising Machines

The Coherent Ising Machine (CIM) is an optical network of optical parametric
oscillators (OPOs) that was originally designed to heuristically search for the
solution (“ground state”) of Ising problems. At a high level, the CIM relaxes the
discrete variables to continuous variables and augments the Ising objective, f(x),
with a “double-well potential” of the form φ(x, a) :=

∑
i
1
4x4

i − a
2x2

i . The OPOs,
whose amplitudes represent the variables of the Ising problem, are encouraged to
optimize the Ising objective by evolving approximately in the negative gradient
direction of the augmented objective. At the same time, the parameter a (the
“pump term”) is gradually increased (“annealed”) during the device’s run. This
has the effect of deepening the wells of the potential and encouraging the OPOs
to take on the same magnitude. While this closely resembles the standard penalty
method (i.e., approximating constraints with a penalty term in the objective), it
also has the effect of gradually reshaping the energy landscape from a trivial form
to one that encodes the desired objective. Moreover, the wells of the potential
are at ±√

a, so the mapping from OPO amplitude to binary variables also varies
while the pump term is annealed.

The double-well potential is physically implemented using a pumped laser
and a periodically-poled lithium niobate (PPLN) crystal [26]. Early prototypes
encoded the objective with optical delay lines and only accommodated objectives
with linear gradients (i.e., quadratic functions), allowing the CIM to naturally
encode Ising problems, as its name suggests. Despite the simplicity of their func-
tional form, Ising problems are a rich class of problems encompassing Karp’s
NP-complete problems [25], and NP-hard problems such as job-shop scheduling
[38], vehicle routing [13], and community detection [28], to name a few.

While significant progress has recently been made towards deriving a theory
of the (fully classical) CIM’s performance on Sherington-Kirkpatrick spin glass
problems [41], a complete theory characterizing its performance on generic opti-
mization problems still remains elusive. Currently, the CIM is primarily bench-
marked by simulating a quantitative model of its behavior on different applica-
tions, such as MIMO detection [20] and compressed sensing [12]. Even though
this is a widely accepted approach, no single model of the CIMs dynamics exists.
Instead, different models have been constructed with varying degrees of fidelity
when modeling the quantum-mechanical effects.

In parallel with the theoretical developments, the hardware of the CIM has
matured considerably from the early prototypes [16]. Instead of implementing
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couplings between spins using optical delay lines, couplings are now implemented
using a measurement-feedback circuit designed to allow for scalable all-to-all
connections between OPOs [27]. This circuit consists of a measurement process
(optical homodyne detection) to determine the amplitudes of the OPOs, and a
feedback term based on these measurements computed on a field-programmable
gate array (FPGA). In this work, we propose to leverage the flexibility afforded
to us by the measurement-feedback circuit to modify the feedback computation.

While modifying the feedback term has been explored previously, efforts have
primarily been targeted toward heuristic resolutions to the “amplitude hetero-
geneity” problem. This occurs when the OPO amplitudes are not exactly ±√

a,
breaking the mapping between the CIM and Ising objectives. From an opti-
mization perspective, this can be seen as the infeasibility that may occur when
replacing a constraint with a penalty function. One such modification is the
amplitude heterogeneity correction proposed in [23], which introduced an auxil-
iary error correction variable that exponentially increases/decreases if the spin
amplitudes are greater/less than

√
a. These error variables modulate the relative

weights of the Ising objective and double-well potential and increase the latter
when the spins have different amplitudes. Later work extended this idea to addi-
tionally modulate the pump term, a, to encourage the CIM to continue exploring
the solution space within a single run rather than converging to a single solution
[17]. A fully optical implementation of the error correction mechanism was later
developed in [34], thus overcoming some of the downsides of having an electronic
component in the loop.

The focus on resolving the amplitude-heterogeneity problem has primarily
been motivated by problems whose complexity stems from optimizing over dis-
crete domains. This starkly contrasts the many applied works that artificially
discretize continuous variables to force them into the Ising form [3,10,30,39].
This encoding dramatically increases the number of OPOs mapped to a sin-
gle variable and may result in a significant skew in the coupling coefficients.
Recognizing the expressive power of continuous optimization problems, [19]
recently proposed embracing the naturally continuous nature of the OPOs to
solve box-constrained quadratic programs (BoxQPs), whose complexity stems
from non-convexity rather than discreteness–this modified device is called the
coherent continuous variable machine (CCVM). The CCVM does not funda-
mentally change the operational principles of the CIM but instead interprets the
OPO amplitudes as their native continuous values rather than projecting them
to binary values. While this primarily impacts how the resulting solution is inter-
preted, it can materially affect the dynamics of the device, as the feedback term
is also computed with the continuous values rather than their binary projection.
This modification was further supported by [4], who showed that BoxQPs are
an algorithmic primitive that enables copositive optimization, a broad class of
optimization problems that includes Ising problems.
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2.3 Accelerated and Adaptive Optimizers

Given an optimization problem, minx f(x), gradient descent is one of the most
primitive and fundamental algorithms one could use to solve it. It formalizes
the intuition that the optimization variable should be iteratively updated in the
direction of the greatest decrease in the objective. The variables are updated
according to x(t+1) = x(t) − γt∇f(x(t)), where γt > 0 are iteration-specific
step-sizes. Stochastic gradient methods replace ∇f(x(t)) with a cheap, unbiased
estimate, and are among the most popular methods for large-scale optimization
due to their broad applicability, simplicity, and efficiency.

One scenario known to cause slow convergence for gradient descent is when
the objective function is poorly-conditioned. Intuitively, the conditioning of an
optimization problem refers to the disparity in sensitivity of the objective func-
tion along different directions. A well-conditioned problem is one where the
objective function has roughly the same sensitivity in all directions. In contrast,
in a poorly conditioned problem, the objective is far more sensitive along some
directions than others. In the latter case, gradient descent exhibits oscillatory
behavior along the directions where the objective is most sensitive while making
little progress along directions of low sensitivity.

Momentum methods, named for the analogy to mechanical systems, have
been shown to improve convergence for poorly conditioned problems by updating
the variable with an exponentially decreasing weighted sum of all past gradients.
Mathematically, the updates are of the form

g(t+1) = θg(t) + (1 − θ)∇f(x(t)), (1)

x(t+1) = x(t) − γg(t+1), (2)

where θ ∈ [0, 1) is a damping parameter. In poorly conditioned problems, this
has the effect of smoothing out oscillations in the high sensitivity direction while
adding up contributions along the low sensitivity direction, thereby improving
convergence speed [33]. It is also effective for helping iterates escape saddle-points
and local minima, which can trap ordinary gradient descent methods.

In principle, if poor conditioning is a result of inconsistent scaling between
variables, it could be combated by using different step sizes per variable. How-
ever, this introduces additional challenges, as the step sizes must be individually
chosen for each variable. Instead, the Adam optimizer uses estimates of the
first and second moments of the gradient to adapt the step size for each vari-
able automatically. The complete algorithm is presented in Algorithm 1. Adam
is well-known for its empirical success on large-scale, non-convex optimization
problems, such as neural network training, for which it is often chosen as the
default optimizer.
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Algorithm 1: Adam optimizer updates
Input: f(·) function to be optimized; Parameters β1, β2 ∈ [0, 1);
Initial variable vector x(0)

Output: x(t) that approximately minimizes f(x)
t ← 0, m(0) ← 0, v(0) ← 0 ;

while x(t) has not converged do

g(t) ← ∇xf(x(t));

m(t) ← β1m
(t−1) + (1 − β1)g

(t);

v(t) ← β2v
(t−1) + (1 − β2)(g

(t))2;

m̂(t) ← m(t)

1−βt
1
;

v̂(t) ← v(t)

1−βt
2
;

x(t) ← x(t−1) − γ m̂(t)√
v̂(t)+ε

;

t ← t + 1
end

return x(t);

3 Dynamics of the CIM

In this section, we will present the Gaussian-state model of the CIM’s dynamics,
which will be the basis of our numerical experiments. While this is not a fully
quantum treatment of the device, as it only considers up to second-order quan-
tum correlations, it has been found to be consistent with experimental CIMs and
models important phenomena such as squeezing/anti-squeezing, measurement
uncertainty, and backaction, while maintaining the computational tractability
necessary to simulate large-scale systems [29]. Under this model, it is assumed
that each OPO pulse amplitude is a Gaussian distribution with mean μi and
variance σi that evolves according to the following dynamics [17]:

μ(t + Δt) = μ(t) +
[

(−(1 + jt) + pt − g2μ(t)2)μ(t) − λ∂f(μ̃(t))
]

Δt

+
[√

jt(σ(t) − 1/2)
]
Z(t)

√
Δt,

(3a)

σ(t + Δt) = σ(t) +
[

2(−(1 + jt) + pt − 3g2μ(t)2)σ(t) − 2jt(σ(t) − 1/2)2

+ ((1 + jt) + 2g2μ(t)2)
]

Δt,

(3b)

Zi(t) ∼ N (0, 1), μ̃(t) = μ(t) +
Z(t)√
4jtΔt

. (3c)

The remaining quantities in the above equations represent the normalized con-
tinuous measurement strength, jt, a normalized non-linearity coefficient, g, the
pump strength, pt, and feedback magnitude, λ (which is analogous to the step-
size in optimization algorithms). While these quantities are governed by the
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physical parameters of the device, in this work, we treat them abstractly as
hyperparameters that can be optimized to improve the performance of the CIM.
Following the treatment in [19], the hyperparameters jt and pt are indexed by t
to emphasize that they are modulated over the run of the device.

In Eq. (3a), the term (−(1 + jt) + pt − g2μ(t)2)μ(t) is the gradient of a
double-well potential with minima at ±

√
pt−(1+jt)/g. At each iteration (“round

trip”), the mean-field amplitude is measured using optical homodyne detection.
The measured amplitude, presented in Eq. (3c), may differ from its true value
by a finite uncertainty depending on the measurement strength. The measure-
ment also induces a shift in the mean-field amplitude, represented by the term√

jt(σ(t) − 1/2)Z(t)
√

Δt, through backaction. The feedback term, −λ∂f(μ̃(t)),
is computed based on the measured amplitudes. Crucially, for measurement-
feedback variants of the CIM, this term is computed on a field programmable
gate array (FPGA) rather than being implemented in optics and thus can be
modified modularly without otherwise altering the hardware.

Abstractly, this is represented by replacing the term ∂f(μ̃(t)) in Eq. (3a)
with an arbitrary update Φ({μ̃(t)}t). Because updates that are too complex
or compute-intensive may undermine the resource bottlenecks motivating the
CIM in the first place, we aim to design Φ to enhance the optimization perfor-
mance of the system defined by Eq. (3) while maintaining comparable complexity
to the feedback computations in the amplitude-heterogeneity-correction (AHC)
and chaotic-amplitude-control (CAC) variants of the CIM. In both variants, the
complexity of the update is dominated by the complexity of computing the gra-
dients, O(n3). At the same time, additional computations induce an additional
overhead of O(n), where n is the dimension of the decision variable x. Specifically,
the momentum and Adam updates from Eq. (1) and Algorithm 1, respectively,
satisfy these desiderata. In the remainder of the paper, we will refer to the CIM
with momentum or Adam updates as momentum-CV-CIM and Adam-CV-CIM,
respectively. The original CIM variant will be referred to as GD-CV-CIM to
emphasize that the updates are based on gradient descent.

3.1 Application to Box-Constrained Quadratic Programs

In this work, we will benchmark the proposed modifications of the continuous
CIM on box-constrained quadratic programs (BoxQP). These are optimization
problems of the form:

minimize
x∈Rn

x�Qx + c�x

subject to 0 ≤ x ≤ 1,
(BoxQP)

where there are no restrictions on Q ∈ R
n×n or c ∈ R

n. Equation (BoxQP)
has been shown to be NP-hard if Q is negative semi-definite or indefinite [32].
Furthermore, Eq. (BoxQP) is an expressive primitive that enables solving a
broader class of mixed-binary quadratic programs, including Ising problems [4].
In this work, we seek to evaluate whether momentum or Adam updates improve
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the convergence speed of the CIM dynamics, reducing the time needed to obtain
each sample from the device. Evaluating the CIM based on the continuous values
of the OPO amplitudes will allow us to detect mechanistic improvements to
convergence without the confounding and discontinuous process of projecting
OPO amplitudes to binary variables based on their sign.

While the double-well potential induces a bias for the amplitudes ±√
a (in Eq.

(3a), a = pT −(1+jT )/g2) we will map the entire domain of the OPOs, [−√
a,

√
a]n,

to the domain of Eq. (BoxQP). This is given by the transformation,

xi = max
(

min
(

1
2

(
μi√
a

+ 1
)

, 1
)

, 0
)

. (4)

Intuitively, this re-scales and shifts the range [−√
a,

√
a] to [0, 1] and projects any

infeasible variables to the feasible domain. We note that the double-well poten-
tial only softly confines the OPOs to this domain (akin to penalty functions),
so the OPOs may exceed the feasible region. It also introduces an extraneous
quadratic term due to its inception as an Ising solver rather than a continuous
optimization solver. While we expect this to degrade the performance of the
resulting solver, our objective is to assess the proposed modifications on already
realized instantiations of the CIM and thus should be reflected by the model.

4 Experiments

In Sect. 3, we presented a model of the CIM’s dynamics, highlighting an opportu-
nity to incorporate more sophisticated optimization techniques. In this section,
we aim to assess whether such substitutions have any performance benefit for the
CIM. The performance of quantum/quantum-inspired devices is often evaluated
on the time-to-target metric [35]. The time-to-target metric with s confidence
represents the number of repetitions to sample a state that achieves a partic-
ular “target” with probability s, multiplied by the time for a single run of the
algorithm, Tsingle, i.e.,

TTTs = Tsingle
log(1 − s)

log(1 − p̂succ)
. (5)

In the context of continuous optimization, the targets typically correspond to
achieving a particular relative optimality gap, i.e., gapf (x) := f(x)−f(x∗)

|f(x∗)| ≤ ε.
The time-to-target metric incorporates two figures of merit: the time to con-

vergence of a single run of the algorithm and the distribution to which the sam-
ples from the algorithm converge. If a particular method improves this metric,
it can be due to any combination of these two mechanisms. First, the samples
can converge to their final state more quickly, resulting in a decrease in the
multiplier Tsingle. Secondly, the method may change the distribution that the
samples converge to, effectively changing the probability of success p̂succ. Our
numerical experiments are intended to evaluate the performance of the modified
CIM against the original variant along these two metrics. In addition, we will



118 R. A. Brown et al.

evaluate the robustness of the different variants as a function of the feedback
strength. This is one component of the effort required for a practitioner to suc-
cessfully apply the CIM and its variants on an unseen problem instance; this is
an important, yet often neglected, factor in the practical applicability of a solver.

In this section, we report results on the standard benchmark instances from
[6,7,37], available at https://github.com/sburer/BoxQP instances. All code
required to replicate our experiments is available at https://github.com/SECQU
OIA/continuous-CIM.

4.1 Time to Optimality Gaps

The first experiment evaluates the relative convergence speed of the modified
CIMs versus the original dynamics. For each problem instance, we evaluate the
relative optimality gaps for the Xth percentile, with X = [5, 10, 25, 50], through-
out the CIM’s evolution and determine the best gap achieved by the Xth per-
centile of both variants (hereafter referred to as the target gap). We then evaluate
the roundtrip where each variant achieves the target gap for the first time. We
record the ratio of the faster variant’s roundtrip value to that of the slower vari-
ant, along with which one was faster. Figure 1 plots how this metric is calculated
for a single problem instance. Intuitively, the roundtrip fraction represents the
relative improvement in Tsingle.

We note that the roundtrip fraction metric does not capture whether a sam-
ple achieves its minimum optimality gap only transiently or if the dynamics
stabilize around that value. Consequently, this metric makes the most sense in
contexts where the optimality gaps are close to decreasing monotonically. In
this paper, we leave the OPO bounds to their “natural” values of [−√

a,
√

a],
with a = pT −(1+jT )

g2 .1 Setting the bounds to be significantly smaller than those
encouraged by the double-well potential means that the OPO amplitudes are
primarily evolving outside the feasible domain. This induces fast transients in
optimality gaps when a particular variable can be updated from one side of the
feasible domain to another within a single iteration. Because the roundtrip frac-
tion metric is designed to measure differences in mechanistic convergence to a
solution, the bounds are left to the natural domain of the OPOs, instead of the
aggressive clipping proposed in [19].

Figure 2 plots the histogram of roundtrip fractions, with the top row compar-
ing the Adam-CV-CIM to the GD-CV-CIM and the bottom row comparing the
momentum-CV-CIM to the GD-CV-CIM. We find that both the momentum-CV-
CIM and Adam-CV-CIM consistently reach the target gap before the GD-CV-
CIM does. However, for Adam-CV-CIM, the roundtrip fractions are normally
distributed around 0.5 (meaning the Adam-CV-CIM is ∼2 times faster), while for
the momentum-CV-CIM, the roundtrip fractions are more uniformly distributed
across the entire range of values with a slight peak in the 0–0.1 bucket (≥10 times
faster than the GD-CV-CIM). The difference between the momentum-CV-CIM

1 The remaining parameters are given by: T = 15000, dt = 0.0025, g = 0.01, λ =
550, pt = 2.5 t

T
, jt = 25 exp

(−3 t
T

)
.

https://github.com/sburer/BoxQP_instances
https://github.com/SECQUOIA/continuous-CIM
https://github.com/SECQUOIA/continuous-CIM
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Fig. 1. This figure shows how the roundtrip ratio is computed for a single problem
instance. We determine the best relative optimality gap achieved by the 5th percentile
of both CIM variants (8e−3 at the end of GD-CV-CIM’s evolution) and compare the
roundtrip numbers where the 5th percentile first reaches this gap (∼9500 for momen-
tum, 30000 for gradient descent). The roundtrip ratio is approximately 0.32, and we
indicate which variant achieves the target gap faster.

and ordinary CIM is most pronounced for the top percentiles of samples, while
it is less pronounced for the 50th percentile (i.e., median of samples). In con-
trast, the relative performance of the Adam-CV-CIM is more consistent across
percentiles.

4.2 Sample Distribution

Secondly, we sought to understand whether there was a difference in the distri-
butions found by the modified CIMs. Figure 3 depicts violin plots of the relative
optimality gaps for three representative instances. In all instances, we find that
the Adam-CV-CIM and momentum-CV-CIM achieve a greater diversity of sam-
ples with multi-modal distributions. In contrast, for the spar040-040-3 and
spar080-050-3 instances, all samples from the GD-CV-CIM achieve the same
optimality gap; they concentrate on the global optimum for spar040-040-3, but
only achieve a relative optimality gap of 0.003275 for spar080-050-3. For the
instance spar125-025-1, all variants result in multi-modal distributions, which
share peaks in optimality gaps. The momentum-CV-CIM has three peaks in its
distribution with relative optimality gaps of 0, 0.007, and 0.018. The GD-CV-
CIM shares two of these peaks at 0 and 0.018, while the momentum-CV-CIM
shares the peaks at 0 and 0.007.
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Fig. 2. This figure plots the histogram of roundtrip fractions, computed according
to the process illustrated in Fig. 1. The top row compares the Adam-CV-CIM to the
GD-CV-CIM, while the bottom row compares the momentum-CV-CIM to the GD-
CV-CIM. The data points are categorized depending on which CIM feedback variant
converged faster.

Fig. 3. This figure plots the relative optimality gaps for three representative instances.
In all instances, the Adam-CV-CIM and momentum-CV-CIM achieve a greater diver-
sity of samples with multi-modal distributions. For spar040-040-3, all samples from
GD-CV-CIM concentrate on the global optimum, while for spar080-050-3, all sam-
ples concentrate on a suboptimal solution. For spar125-025-1, all variants result in
multi-modal distributions with some shared modes between solvers.

We aggregate these metrics over all problem instances by computing the stan-
dard deviation in the relative optimality gap achieved by each sample. Figure 4
plots the histogram of optimality gap standard deviations for all CIM variants.
We find that the momentum-CV-CIM has the highest standard deviations, with
values roughly double that of the Adam-CV-CIM. In contrast, consistent with
the examples depicted in Fig. 3, the GD-CV-CIM has very low variation in opti-
mality gaps, with most instances having no variation. We note that the relation-
ship between the degree of variation and solver performance is not monotonic.
In the context of Eq. (5), if all samples converge to the same value, p̂succ will
be either 0 or 1, depending on the desired target. This means that the solver
will either achieve the target with a single sample or not at all. While this may
improve the time-to-target for problems that are particularly amenable to the
solver, it will result in a complete failure for problems that are not. This is con-
trary to the perspective of the CIM as a sampler, from which one may expect a
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diverse sample of high-quality, albeit sub-optimal, solutions. Instead, the solver
should strike a delicate balance between achieving a good diversity of samples
while still concentrating on those with good objective value.

Fig. 4. This figure plots the histogram of optimality gap standard deviations for all
CIM variants. The momentum-CV-CIM has the highest standard deviations, with val-
ues roughly double that of the Adam-CV-CIM. The GD-CV-CIM has very low variation
in optimality gaps, with most instances having no variation.

Fig. 5. This plot shows the likelihood of samples having a relative optimality gap ≤
0.1%. Adam-CV-CIM and momentum-CV-CIM consistently achieved this, while GD-
CV-CIM often met the target, except in 17 instances out of 99.

Figure 5 plots the probability that each variant finds samples with a relative
optimality gap of at most 0.1%. On the standard benchmarks, using default
parameters, both the Adam-CV-CIM and momentum-CV-CIM had non-zero
probabilities of finding a solution within a 0.1% gap on all instances. In con-
trast, the GD-CV-CIM frequently had all samples converging within a 0.1%
gap, however in 17 (out of 99 total) instances, the GD-CV-CIM failed to find
any solutions within a 0.1% gap.

4.3 Sensitivity to Feedback Strength

In Sects. 4.1 and 4.2, we found that all variants of the CIM had reasonable
performance on the standard benchmarks, even using default parameters. How-
ever, one commonly neglected factor is the degree to which solver performance
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Fig. 6. Each plot in the grid illustrates the convergence in relative optimality gaps
over roundtrips for varying combinations of κ and feedback strengths, λ. We plot the
kernel-density estimate of the best optimality gaps on the right axis of each subplot to
illustrate their distributions. Notably, the GD and momentum CV-CIMs show limited
consistency in successful feedback strengths with respect to problem size, while the
Adam-CV-CIM exhibits more consistent dynamics across instances of varying κ.

depends on its hyperparameters. Indeed, performance metrics are often reported
based on hyperparameters that have been meticulously hand-tuned, typically in
an opaque process that obscures the effort required for a practitioner to apply
the solver to a new problem. In this section, we introduce a new benchmark
set designed to test the CIM variants on problems with poor conditioning. At
a high level, these instances are generated to have a non-convex landscape and
are additionally parameterized by a constant κ ∈ R++, that dictates the skew
when re-scaling the objective along different axes.2

In this section, we evaluate the sensitivity of each of the variants to the
feedback strength, λ in Eq. (3a), analogous to step-size in classical optimiza-
tion. Figure 6 plots the convergence in relative optimality gaps for representative

2 Specifically, instances are constructed as M = D(κ)UΣ(n)U�D(κ), where U ∈
R

n×n is a random orthogonal matrix, Σ(n) ∈ R
n×n is a diagonal matrix with

Σ(n)ii = 1 if i ≤ n
2

and −1 otherwise (to induce a non-convex landscape), and
D(κ) = diag(1, 1 + κ−1

n
, . . . , κ).
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instances of dimension 20 with κ ∈ [1, 10, 1000, 1000] across feedback strengths
of λ ∈ [0.04, 326, 701, 1076]. We plot the kernel-density estimate of the best gap
per sample on the right axes. We note that absence of samples from an indi-
vidual plot indicates that the sample diverged, and the best gap is computed
until the point of divergence. We find that there is limited consistency in suc-
cessful feedback strengths as a function of problem size for the GD-CV-CIM
and momentum-CV-CIM; the step sizes required for converge on instances with
small κ lead to divergent behavior when κ is large. We expect that, much like
classical optimization, problem conditioning is a primary factor dictating stable
feedback strengths. While setting the feedback strength to be too small hampers
the convergence of the Adam-CV-CIM, its dynamics tend to be consistent as a
function of feedback strength, even across instances of varying κ. This is likely
because Adam regularizes the momentum updates using the second-moment
estimates, and is scale-invariant as a result. Moreover, the learning rate auto-
matically adapted per variable, allowing Adam to explicitly combat the poor
problem scaling when κ is large.

Surprisingly, momentum is more unstable than gradient descent, while it is
typically known for improving stability for poorly conditioned instances. This is
likely because the CIM relies solely on the double-well potential to enforce the
constraints, and they are not otherwise incorporated in the feedback calculation.
As a consequence, the momentum update continues to add up the contribution
from the gradients, even if they lead to constraints violation. This suggest that
the feedback term should also take constraints into account, similarly to the
approach taken by the AHC-CIM.

The purpose of this experiment is not to suggest that there are no values of λ
or re-parameterizations of the instances where the performance of the GD-CV-
CIM and momentum-CV-CIM are comparable to that of the Adam-CV-CIM.
In fact, a diagonal pre-conditioner that undoes the skew-inducing step in the
instance construction would suffice. However, parameter-tuning can be tedious
process that may result in disparate results depending on the expertise and per-
sistence of the user, particularly when differences in problem characteristics pre-
vent extrapolating good parameter settings from one set of instances to another.
While it is unlikely to make these solvers fully parameter-free, a solver that is
robust, reliable, and user-friendly will be accommodating of some user-error in
the parameter settings. These qualities are part of the reason for Adam’s wide
adoption in deep-learning, and we believe that adoption of non-conventional
optimization architectures will follow similar desiderata.

5 Discussion

In this work, we introduced the CIM and the Gaussian-state model of its dynam-
ics, highlighting clear opportunities to incorporate more sophisticated optimiza-
tion techniques in the feedback term. We benchmarked variants with the Adam
and momentum updates, replacing the standard feedback term. We found that
both the Adam-CV-CIM and momentum-CV-CIM greatly improved convergence
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speed over the GD-CV-CIM. While they did not consistently improve the proba-
bility of reaching specific optimality gap targets within our benchmarks, particu-
larly when all samples from the GD-CV-CIM converged to the global optimum,
they generally resulted in a greater diversity of samples. We also found that
the performance of the Adam-CV-CIM was significantly less sensitive to the
feedback strength parameter (analogous to step size in classical optimization),
resulting in one fewer parameter that needs to be meticulously tuned.

Many of the same benefits that Adam and momentum confer to classical
optimization also translate to the CIM. While this is unsurprising when the
exposition of the CIM is couched in the language of optimization, it typically is
not, obscuring the connections to classical optimization theory. Despite the limi-
tations of classical optimization algorithms running on von Neumann computers,
they have undoubtedly achieved impressive empirical success, including on dif-
ficult, non-convex optimization problems. Even if non-conventional computing
architectures are intended to address the limitations of von Neumann computers,
we contend that the lessons learned from classical optimization theory should be
re-purposed where appropriate. For example, some challenges identified by the
numerical experiments include: (1) better incorporation of the constraints in the
feedback computation, which could potentially be addressed with a Lagrangian-
inspired update, and (2) standardization of problem inputs to ease parameter
tuning, which could take inspiration from preconditioning.

This raises the question of how one should trade off the complexity of
Φ({μ̃(t)}t) and the performance of the solver as a whole. One can envision
increasingly complicated feedback terms, Φ({μ̃(t)}t), that start to resemble
higher-order optimization algorithms at the expense of more computational
effort. We expect a Pareto frontier of feedback terms with different trade-offs
between time/energy-per-iteration and the number of iterations required to reach
a desired optimization target. The optimal feedback term for a particular sce-
nario will likely depend on resource constraints, such as wall clock time or energy
usage.

In this work, we consider a discrete-time perspective of the dynamical system
for ease of simulation; however, the continuous-time dynamical systems perspec-
tive has recently had significant impacts on optimization theory [40]. Exploring
the continuous-time models of optimization algorithms will likely result in tighter
analogs with the continuous-time models often used to describe non-conventional
architecture, which we leave to future work.
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Abstract. Dealing with uncertainty in optimization parameters is an
important and longstanding challenge. Typically, uncertain parameters
are predicted accurately, and then a deterministic optimization problem
is solved. However, the decisions produced by this so-called predict-then-
optimize procedure can be highly sensitive to uncertain parameters. In
this work, we contribute to recent efforts in producing decision-focused
predictions, i.e., to build predictive models constructed to minimize a
regret measure on the decisions taken with them. We formulate the
exact expected regret minimization as a pessimistic bilevel optimization
model and then we reformulate it as a non-convex quadratic problem.
Finally, we show various computational techniques to achieve tractabil-
ity. We report extensive computational results on shortest-path instances
with uncertain cost vectors. Our results indicate that our approach can
improve training performance over the approach of Elmachtoub and Gri-
gas (2022), a state-of-the-art method for decision-focused learning.

Keywords: predict and optimize · pessimistic bilevel optimization ·
non-convex quadratics

1 Introduction

Decision-making processes often involve uncertain parameters. Commonly, a
two-stage approach is employed: firstly, training a machine learning (ML) model
to estimate the uncertain input, and secondly, using this estimate to tackle the
decision task. This approach overlooks how inaccurate predictions can lead to
decisions of poor quality, which has sparked the recent interest in decision-focused
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learning (DFL): here, prediction and optimization tasks are integrated into a
single model. The typical measure for a prediction quality in this setting is the
regret: the excess of cost in the task caused by prediction errors. We refer the
readers to the recent survey [6] for details about the algorithmic approaches and
models dealing with DFL.

In this work, we center on studying the mathematical object behind the
expected regret minimization in the context of DFL, in order to develop better
predictions and algorithms. The contributions of this work are the following:
1) we formulate the problem of minimizing the regret as a pessimistic bilevel
optimization problem; 2) we reformulate the bilevel pessimistic problem as a
non-convex quadratically-constrained quadratic program (QCQP), which can
be tackled by current optimization technology for moderate sizes; 3) we propose
heuristics to improve the solution procedure for the quadratic reformulation; 4)
we conduct a comprehensive computational study on shortest path instances.

1.1 Problem Setting

We consider a nominal optimization problem with a linear objective function:

P (c) : z∗(c) = min
v∈V

c�v (1)

In this work, we restrict V to be a non-empty polytope, i.e. a non-empty bounded
polyhedron. For a given c, we define V ∗(c) as the set of optimal solutions to (1).

In our setting, c ∈ R
n is unknown, but we have access to a dataset D =

{(xi, ci)}N
i=1 with historical observations of c and correlated feature vectors x ∈

R
K . Given these observations, we consider a parametric predictive model m(ω, x)

for the costs. For a fixed set of parameters ω, we can empirically measure the
sensitivity of the decisions given by the predictions using an average regret :

max
v

1
N

∑

i∈[N ]

(
ci�vi − z∗(ci)

)
, s.t. vi ∈ V ∗(m(ω, xi)) ∀i ∈ [N ] (2)

Here, we are comparing the true optimal value z∗(ci) with the value ci�vi, which
is the “true” cost of a solution that is optimal for the prediction m(ω, xi). To find
the values that minimize the regret (2), we must solve the following pessimistic
bilevel optimization problem.

min
ω

max
vi∈V ∗(m(ω,xi))

1
N

∑

i∈[N ]

(
ci�vi − z∗(ci)

)
(3)

In (3), three optimization problems are involved: i. the lower-level problem opti-
mizing m(ω, xi)�v over V ; ii. over all the possible optimal solutions of the latter,
take the one with the worst regret. This corresponds to the pessimistic version of
the bilevel formulation. iii. Minimize the pessimistic regret using ω as a variable.

In what follows, we use the notation ĉi(ω) := m(ω, xi).
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2 A Non-convex Quadratic Reformulation

In this section, we will apply duality arguments, supported by the assumption
that V in problem (1) is non-empty and bounded. Under this assumption, we
can assume (1) has the following form:

min
v

{c�v : Av ≥ b, 0 ≤ v ≤ 1} (4)

Our predicted costs have the form m(ω, x) for some feature vector x and parame-
ters ω (to be determined), and the terms z∗(ci) are constant. Thus, an equivalent
formulation of our (pessimistic) regret-minimization problem is:

min
ω

max
v

1
N

∑

i∈[N ]

(ci)�vi

s.t. vi ∈ arg min {m(ω, xi)�ṽi : Aṽi ≥ b, 0 ≤ ṽi ≤ 1}.

(5)

2.1 Duality Arguments

A common approach to solving optimistic bilevel problems involving convex
lower-level problems is to reformulate them by replacing the lower-level problems
with their KKT conditions (see [4]). Here, we follow the same type of argument
twice to achieve a single-level reformulation of the pessimistic problem (5).

Since the feasible region of the lower-level problem in (5) is a non-empty
polytope, which is unaffected by ω, we can apply LP duality and reformulate it
as:

min
ω

max
v,ρ,α

1
N

∑

i∈[N ]

(ci)�vi (6a)

s.t. Avi ≥ b ∀i ∈ [N ] (6b)

0 ≤ vi ≤ 1 ∀i ∈ [N ] (6c)

A�ρi + αi ≤ m(ω, xi) ∀i ∈ [N ] (6d)

ρi ≥ 0, αi ≤ 0 ∀i ∈ [N ] (6e)

m(ω, xi)�vi ≤ b�ρi + 1�αi ∀i ∈ [N ] (6f)

In this formulation (6b)–(6c) impose primal feasibility, (6d)–(6e) impose dual
feasibility, and (6f) imposes strong duality1.

The inner maximization problem of (6) is an LP, which is feasible for every
value of ω (it is a primal-dual system which always has a solution). More-
over, since the objective function in (6a) only involves the v variables which
are bounded, we know strong duality holds and we can take a dual again. This
yields the following reformulation of (5).

1 Strong duality is typically written as an equality constraint; however, the ≥ inequal-
ity always holds due to weak duality.
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min
ω

min
μ,θ,δ,γ

∑

i∈[N ]

(
b�μi + 1�θi + m(ω, xi)�δi

)
(7a)

s.t. A�μi + m(ω, xi)γi + θi ≥ 1
N

ci ∀i ∈ [N ] (7b)

Aδi − bγi ≥ 0 ∀i ∈ [N ] (7c)

− γi1 + δi ≤ 0 ∀i ∈ [N ] (7d)

δi, γi, θi ≥ 0, μi ≤ 0 ∀i ∈ [N ] (7e)

This is a single-level, non-convex quadratic problem.

2.2 Shortest Path as a Bounded Linear Program

In this work, and motivated by [2], we consider the shortest path problem with
unknown cost vectors. It is well known that this problem can be formulated as
a linear program using a totally unimodular constraint matrix. However, the
feasible region may not be bounded, as the underlying graph may have negative
cycles. To apply our framework, we need to assume no negative cycles exist
for every possible prediction m(ω, x). For this reason, we make the following
assumption.

Assumption 1. The underlying graph G defining the shortest path is acyclic.

Under this assumption, we can safely formulate the shortest path problem
as (4), and every extreme point solution will be a binary vector indicating the
shortest path. Additionally, the inner maximization problem in (6) always has a
binary optimal solution, as its feasible region is an extended formulation of the
optimal face of the lower-level problem. From this discussion, we can guarantee
that under Assumption 1, formulation (7) is valid for the shortest path problem
with uncertain costs.

3 Solution Methods

In this work, we focus on the case when m(ω, x) is a linear model. For this
reason, we will use as baselines the ordinary least square estimator for the linear
regression (LR) and the SPO+ loss function presented in [2].

Local Search. The intermediate reformulation presented in (6) can be seen
as an unrestricted optimization problem of the form minω F (ω). Here, F (ω) is
a function that for each ω returns the optimal value of the inner maximization
problem in (6). As mentioned above, for each ω, F (ω) is a feasible linear problem.
We propose the following local-search-based heuristic: Given an initial incumbent
solution ω0, we randomly generate T new solutions in a neighborhood of ω0,
evaluate the regret for each, and update the incumbent solution with the one with
the smallest regret. We repeat these steps during L iterations. The procedure is
detailed in Algorithm 1. In our experiments we used ε = 1, T = 5 and L = 20.
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Algorithm 1. Local-search based algorithm
1: Input Training data, Starting model parameters ω0.
2: Hyperparameters: size of neighbourhood ε, sample size T , maximum number of

iterations L.
3: Solve F (ω0)
4: for i = 0, . . . , N do
5: Sample T parameters in the neighbourhood of ωi: ωt ← ωi + ε · N (0, 1)
6: Compute F (ωt) ∀t ∈ {1, . . . , T}
7: Update ωi+1 ← argmint=1,...,T F (ωt)
8: end for

Penalization. Based on the ideas of [1], we propose the following related for-
mulation: we fix the variables γi in (7) to have all the same fixed value κ. This
transforms (7b) into a linear constraint. This parameter κ is set before opti-
mization and can be seen as a hyperparameter of the optimization problem.
This formulation corresponds to a restricted version, corresponding to a slice of
the formulation (7). Moreover, by adopting this approach, we solve an optimiza-
tion program with quadratic non-convex objective and linear constraints. In our
experiments we used κ = 0.1.

We remark that this approach results in a problem that is not a traditional
penalization (which typically yields relaxations) but rather a restriction of the
problem. The name “penalization”, which is used in [1], comes from a derivation
that follows a similar approach to the one described in Sect. 2. The difference
lies in penalizing (6f) using κ before taking the dual a second time.

4 Computational Experiments

4.1 Computational Set-Up

Data generation. We adapt the data generation described in [2,9]. We consider
a directed acyclic graph consisting of a grid of 5 × 5 nodes. The data consists
of {(xi, ci)}N

i=1 generated synthetically as follows. We consider values of N =
{50, 100, 200} split 70% for training and 30% for testing. Feature vectors are
sampled from a standard normal distribution. We generate cost vectors by fixing
the parameters ω, representing the true underlying linear model, and then using
the following formula:

ci
a =

[
1

3.5Deg

(
1√
K

( K∑

k=1

ωkxi
ak

)
+ 3

)Deg

+ 1
]

· ε

where i is the observation, a is the arc, Deg represents the model misspecification,
and ε is sampled from a uniform distribution in [0.5, 1.5].

Algorithms. In our experiments, we consider the following sequence of steps to
generate decision-focused predictions:
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1. Generate an initial solution using a common linear regression (LR) or the
SPO+ (S) method described in the previous section.

2. Improve the previous solution using Algorithm 1 (L).
3. Solve the Penalized model (P) described in Sect. 3 or (7) (E) using Gurobi [3]

with the previous solution as a warm start.

We note that each step is computationally more expensive than the previous.
In fact, Step 1 involves solving an LP (in the case of SPO+) or a simple linear
system (in the case of LR); Step 2 is a fixed number of LPs; and Step 3 is a
non-convex quadratic problem. For the latter, we use a one-hour limit.

This generates four different combinations that we test below, with their
names indicating the sequence: S-L-P, S-L-E, LR-L-P, and LR-L-E. To prevent
the solver from generating solutions with large coefficients in the non-convex
QCQPs, and since the lower-level optimization problem is invariant to scalings
of the objective, we added arbitrary bounds to the values of ω. Any bound is
valid, but we avoided small numbers to prevent numerical instabilities.

Additionally, to improve the performance of Gurobi, we included the follow-
ing valid inequality to (7):

∑

i∈[N ]

(
b�μi + 1�θi + m(ω, xi)�δi

) ≥ 1
N

∑

i∈[N ]

z∗(ci).

This is a dual cut-off constraint. Its left hand side takes the same value as
1
N

∑
i∈N (ci)�vi in (5), and thus, by optimality of z∗, the inequality holds. This

simple inequality provided considerable improvements in Gurobi’s performance.

4.2 Results

In this section, we compare the decision-focused predictions we obtained with
the aforementioned methods based on the regrets they achieve. To display values
of the regrets of the same magnitudes, and following [2], instead of reporting
the regret directly (as defined in (2)) we use the normalized regret defined as∑

i∈[N ] Regret(m(ω, xi), ci)/
∑

i∈[N ] z
∗(ci), where Regret(m(ω, xi), ci) is defined

as in (2), but for a single observation i. Henceforth, when we reference the regret,
we mean this normalized version.

In Table 1, we show the results obtained in the training set when running the
four sequences described before. We note that the penalized problem may reject
a warm start due to its nature, since we are strictly fixing the dual variables.
This can result in the penalized problem producing a worse solution. On the
contrary, the exact model always accepts the warm start and can only improve
the solutions. Table 1 shows that while SPO+ and LR have small regret, they
can still be considerably improved. In some cases, the regret decreases by 50% or
more. One notable and surprising result is that the penalized method performs
better than the exact method in general, even though it is a restricted version
of it. In a few cases, though, the penalized method worsened the regret; we note
that the two cases where the penalized method has its worse performance are



Decision-Focused Predictions via Pessimistic Bilevel Optimization 133

Table 1. Experiments showing regret improvements over SPO+ and LR in the training
set. Columns 1–3 indicate the parameters used to generate the instance. The column
labeled SPO (LR resp.) shows the regret obtained by the SPO+ (LR resp.). Columns 5–
7 (9–11 resp.) show the regret change compared to SPO (LR resp.). Entries in boldface
indicate the lowest regret.

N Deg Noise S S-L S-L-E S-L-P LR LR-L LR-L-E LR-L-P

50 2 0.0 0.004 0.0% 0.0% –50.0% 0.006 –50.0% –50.0% –66.7%

50 2 0.5 0.094 –20.2% –20.2% –20.2% 0.087 –10.3% –10.3% –10.3%

50 8 0.0 0.016 0.0% –12.5% –12.5% 0.027 –7.4% –7.4% –48.1%

50 8 0.5 0.123 –14.6% –14.6% –26.0% 0.12 –19.2% –21.7% –24.2%

50 16 0.0 1.767 0.0% 0.0% –69.3% 2.728 0.0% 0.0% –67.5%

50 16 0.5 0.734 –0.8% –0.8% –16.8% 0.735 0.0% 0.0% +336.9%

100 2 0.0 0.001 0.0% 0.0% 0.0% 0.002 0.0% 0.0% –50.0%

100 2 0.5 0.121 –7.4% –7.4% –9.9% 0.126 –14.3% –14.3% –13.5%

100 8 0.0 0.029 0.0% –3.4% –10.3% 0.038 –15.8% –18.4% –31.6%

100 8 0.5 0.116 0.0% 0.0% –7.8% 0.117 0.0% 0.0% –8.5%

100 16 0.0 0.251 –2.4% –2.4% –9.6% 0.257 –11.7% –11.7% –11.7%

100 16 0.5 0.574 –15.3% –15.3% +27.5% 1.296 –60.9% –60.9% –50.6%

200 2 0.0 0.002 0.0% 0.0% 0.0% 0.002 0.0% 0.0% 0.0%

200 2 0.5 0.116 0.0% 0.0% –4.3% 0.12 0.0% 0.0% –7.5%

200 8 0.0 0.031 0.0% 0.0% –12.9% 0.031 0.0% 0.0% –12.9%

200 8 0.5 0.161 –4.3% –4.3% –6.2% 0.162 –6.8% –6.8% –6.8%

200 16 0.0 0.141 –39.0% –39.0% –39.7% 0.138 –34.8% –34.8% –34.8%

200 16 0.5 0.442 –12.0% –12.0% –15.8% 0.44 –10.7% –10.7% –15.5%

high-degree cases. Overall, the results for both starting points (SPO+ and LR)
greatly align, although there are interesting differences. For example, for LR, the
local search method provides the best solution more often than for SPO+.

In Table 2, we perform the analogous analysis for the test set. Now, in the
case of SPO+, the results are more heterogeneous: the extra steps after SPO+
worsen the test performance more often. However, most instances are improved
(11 out of 18), and the improvements are quite significant in some cases. These
results both advocate for a good generalization in many of the SPO+ predictors
and show that improvements are possible in many cases.

In the cases where LR was the starting point, in 12 out of 18 instances,
LR provided the best performance, and our methods were not able to improve
these solutions. It is quite remarkable that in so many cases, no improvements
were found. This suggests that the “improvements” after LR lead to over-fitting.
However, we need to be careful before concluding that LR provides the best
overall test performance. If one compares both starting points in Table 2, one
can see that only in 6 cases LR provides a better regret than SPO+. Therefore,
regarding regret, the solutions starting from SPO+ performed better in the test
set. Interestingly, the LR solutions are, in some sense, worse, but they are not
improved by our methods. And on the contrary, the SPO+ solutions are good,
and our approach can further improve them.
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Table 2. Experiments showing regret improvements over SPO+ and LR in the test
set. Columns 1–3 indicate the parameters used to generate the instance. The column
labeled SPO (LR resp.) shows the regret obtained by the SPO+ (LR resp.). Columns 5–
7 (9–11 resp.) show the regret change compared to SPO (LR resp.). Entries in boldface
indicate the lowest regret for each starting point.

N Deg Noise S S-L S-L-E S-L-P LR LR-L LR-L-E LR-L-P

50 2 0.0 0.006 0.0% 0.0% 0.0% 0.007 0.0% 0.0% +28.6%

50 2 0.5 0.142 –10.6% –10.6% –10.6% 0.154 +10.4% +10.4% +10.4%

50 8 0.0 0.012 0.0% –16.7% –33.3% 0.024 +33.3% +33.3% –66.7%

50 8 0.5 0.17 –14.7% –14.7% –14.1% 0.112 +30.4% +30.4% +30.4%

50 16 0.0 0.581 0.0% 0.0% –71.6% 0.659 0.0% 0.0% –52.2%

50 16 0.5 0.292 0.0% 0.0% –12.0% 0.282 0.0% +3.5% +3235.5%

100 2 0.0 0.001 0.0% 0.0% +100.0% 0.002 0.0% 0.0% 0.0%

100 2 0.5 0.116 –19.0% –19.0% –19.0% 0.152 –33.6% –33.6% –37.5%

100 8 0.0 0.058 0.0% +1.7% +13.8% 0.061 +9.8% +4.9% +8.2%

100 8 0.5 0.113 0.0% 0.0% +15.0% 0.118 0.0% 0.0% +10.2%

100 16 0.0 0.418 +20.6% +20.6% +0.2% 0.415 +4.8% +0.7% +1.0%

100 16 0.5 0.951 –7.2% –7.2% –5.8% 0.88 –48.6% –45.7% –9.4%

200 2 0.0 0.002 0.0% 0.0% –50.0% 0.003 0.0% 0.0% 0.0%

200 2 0.5 0.117 0.0% 0.0% +10.3% 0.122 0.0% 0.0% +3.3%

200 8 0.0 0.052 0.0% 0.0% –1.9% 0.051 0.0% 0.0% 0.0%

200 8 0.5 0.147 +10.9% +10.9% +11.6% 0.146 +11.6% +11.6% +11.6%

200 16 0.0 0.076 –2.6% –2.6% 0.0% 0.077 –2.6% –2.6% –2.6%

200 16 0.5 0.335 +1.8% +1.8% –4.2% 0.344 +15.7% +15.7% –6.7%

5 Conclusions and Future Work

In this work, we have shown a framework that can generate high-quality decision-
focused predictions. Using known methods in tandem with a local search algo-
rithm and a non-convex quadratic reformulation, we can provide predictions
with a good performance in training and test sets for challenging shortest path
instances with unknown cost vectors.

Our current and future work involves the following challenges. Firstly,
improving scalability. So far, we have tried grids of up to 5 × 5 nodes and 200
observations. We would like to scale our approach further in these two dimen-
sions. Secondly, improving solver performance. The non-convex quadratic formu-
lations rarely finish with a provably optimal solution. We suspect many of these
solutions are optimal, but the solver has issues finding a matching dual bound
to prove so. We want to derive custom valid inequalities that can improve these
bounds and thus accelerate the convergence of the non-convex solver. Thirdly,
testing our methods in other nominal problems where this methodology can be
applied, for instance, bipartite matchings, and spanning trees. Finally, compar-
ing our methods with other state-of-the-art approaches in the literature, such as
[5,7,8,10].
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Abstract. Discrete Graphical Models (GMs) are widely used in Arti-
ficial Intelligence to describe complex systems through a joint function
of interest. Probabilistic GMs such as Markov Random Fields (MRFs)
define a joint non-normalized probability distribution while deterministic
GMs such as Cost Function Networks (CFNs) define a joint cost function.
A typical query on GMs consists in finding the joint state that optimizes
this joint function, a problem denoted as the Maximum a Posteriori or
Weighted Constraint Satisfaction Problem respectively.

In practice, more than one function of interest may need to be opti-
mized at the same time. In this paper, we develop a two-phase scalariza-
tion method for solving bi-objective discrete graphical model optimiza-
tion, with the aim of computing a set of non-dominated solutions—the
Pareto frontier—representing different compromises between two GM-
defined objectives. For this purpose, we introduce a dedicated higher-
order constraint, which bounds the value of one GM-defined objective
while minimizing another GM on the same variables. Discrete GM opti-
mization is NP-hard, and its bi-objective variants are even harder. We
show how existing GM global lower and upper bounds can be exploited to
provide anytime bounds of the exact Pareto frontier. We benchmark it on
various instances from Operations Research and Probabilistic Graphical
Models.

Keywords: bi-objective combinatorial optimization · graphical
model · constraint optimization · cost function network · exact methods

1 Introduction

Many real problems require considering more than one objective. In protein
design [2], one may look for the most probable (minimum energy) amino acid
sequence given a target structure that also minimizes the complexity of the
sequence [43], or which also optimizes its probability given another structure [42].
The same interest for multi-objective optimization exists in drug design [27,31].
In the uncapacitated warehouse location problem, it is desirable to minimize the
setup costs of all facilities while minimizing the serving costs from these facil-
ities [25]. In frequency assignment problems, one typically wants to minimize
the number of different frequencies used but also their span (the maximum dif-
ference in frequencies) [10]. In all these cases, one objective can be compactly
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
B. Dilkina (Ed.): CPAIOR 2024, LNCS 14742, pp. 136–152, 2024.
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represented as one Graphical Model [14]. But the existence of multiple objectives
makes discrete optimization challenging [20]. Even classical polytime problems
such as the shortest path or assignment problems become NP-hard (to find a
non-dominated solution) or even possibly #P-hard, when a set of states having
non-dominated costs (the so-called Pareto frontier) is sought [16].

The hardness of these problems means that they often cannot be exhaustively
solved. In a single objective minimization case, most algorithms will deliver an
incumbent solution and a global lower bound, providing a desirable a posteri-
ori optimality gap. In this paper, we are interested in providing similar services
when two objectives, each defined by a Graphical Model, need to be simultane-
ously optimized under hard constraints. To exploit the efficiency of existing GM
solvers [3], we reduce the problem of computing non-dominated states to a series
of single GM optimization problems.

Our approach lies in the family of two-phase methods [16,40,41], where a
first phase identifies all the solutions that can be found by solving a linear com-
bination of both objectives (called supported non-dominated states). This phase
reduces to a dichotomic series of optimization of a single objective combining the
two original objectives linearly [4] that can be directly solved by any discrete GM
optimization solver. To identify non-supported solutions that may exist inside
the convex envelope of supported solutions, a second phase requires to optimize
one objective while the other is bounded, an approach usually denoted as the
ε-constraint method [16]. In our algorithm, for a proper anytime behavior, every
single objective resolution is bounded in CPU time, as is the maximum number
of non-dominated states produced. In its first phase, the algorithm produces both
incumbent solutions defining an upper-bounding set and a set of lower-bounding
half-spaces. When this first phase finishes, the second phase enumerates non-
supported solutions as well as additional lower-bounding rectangular regions.
These two sets offer both incumbent solutions (in the upper bounding set) as
well as an optimality gap that can be represented graphically and computed as
a ratio of surfaces.

2 Background and Notations

Definition 1. A Bi-Objective GM (BO-GM) N is a tuple (X,D,F = F1

⋃
F2)

where X is the set of variables, D the finite domains of each variable and F
the set of potential functions. Each function fS ∈ F associates a cost c to every
assignment of the variables in its scope S ⊆ X. F1 and F2 define the two joint
functions (objectives) Fi(x) =

∑
fS ∈Fi

fS (x|S ) where x is a complete assign-
ment of X and x|S denotes the projection of x to variables S.

We assume that the functions fS ∈ F may take infinite values, represent-
ing forbidden states. In probabilistic GMs such as Markov Random Fields, a
joint function Fi(x) is used to define a joint probability distribution pi(X =
x) ∝ exp(−Fi(x)) and the cost Fi(x) is called an energy. Minimizing Fi(x) is
equivalent to maximizing pi(x) (infinite energies define zero probabilities).
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For any state x, we denote by F̈ (x) the pair of costs (F1(x), F2(x)). Given
two pairs of costs or bi-costs c = (c1, c2) and c′ = (c′

1, c
′
2), we say that c weakly

dominates c′, denoted as c � c′, iff ∀i, ci ≤ c′
i. c dominates c′, denoted as c ≺ c′

iff c � c′ and ∃i, ci < c′
i. This can be extended to states where x ≺ x′ iff

F̈ (x) ≺ F̈ (x′). We denote by P the set of all states with non-dominated bi-costs
or efficient assignments. The image F̈ (P ) is a set of non-dominated bi-costs of
states called the Pareto frontier. An efficient state x such that F̈ (x) = (c1, c2)
is said to be supported if ∃λ1, λ2 ∈ R

+2 such that ∀c′ ∈ F̈ (P ), λ1c1 + λ2c2 ≤
λ1c

′
1 + λ2c

′
2. The bi-costs of supported efficient assignments are known to lie

on the frontier of the convex envelope of F (P ). They are said to be extreme
when located at extreme points of the convex envelope. On the other hand, non-
supported efficient assignments have costs in the interior of this convex envelope.

The Bi-Objective GM Optimization Problem (BO-GMO) is to find a set E
of efficient states such that F̈ (E) = F̈ (P ). In the worst case, the set F̈ (P ) (and
therefore E) can have a size that grows exponentially with the number of vari-
ables. Finding a single efficient state is NP-hard while counting the number of
elements in F̈ (P ) is #P -hard [14,16]. Exploring the complete Pareto front is
therefore challenging and quickly infeasible. However, as in single GM optimiza-
tion, the Pareto front can be approximated by a lower and upper bound. The
global ideal cost, defined as the pair ι = (minx∈P F1(x),minx∈P F2(x)) defines
a bi-cost that weakly dominates the bi-cost of any state.

More generally, we define a lower-bound set L as any closed subset of R
2

such that all states have a cost that is weakly dominated by some element of L
and is dominated by some element of the interior of L. By definition, the union
of two lower-bound sets is also a lower-bound set. In this paper, we consider
lower-bound sets defined as the union of simple polygonal regions (half-spaces
or rectangles). An upper bound set is a set U of bi-costs such that any efficient
state weakly dominates some element of U .

3 A Two-Phase Method for Bi-objective GM
Optimization

Multi-objective optimization problems can be reduced to a series of single-
objective optimization problems, using so-called scalarization techniques. As our
method follows the two-phase scheme, it relies on two types of scalarizations. The
overall search algorithm is described as Algorithm 1 and its different phases are
outlined in Fig. 1 and presented in detail below.

3.1 First Phase

In the first phase, we focus on linear scalarization, which consists of aggregating
objectives into a weighted sum. This technique ensures that the optimal solution
of the resulting problem is a supported efficient solution for the original prob-
lem [16]. Moreover, as the linearly scalarized problem corresponds precisely to
a GM, it can be solved by ready-to-use solvers. We assume we have a discrete
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GM optimizer which is called by Solve (N,	, t) where N is a GM, 	 is a global
upper bound (the solver will only report solutions of cost lower than 	) and
t is a time-limit. In all cases, the solver returns a pair (x, lb) where x is the
best state identified in the time budget and lb is a global lower bound on the
joint function defined by N . The difference in cost between lb and the cost of x
defines a possibly non-zero optimality gap. When there is provably no solutions,
the solver returns x = ∅ and lb = 	.

Definition 2. Given a BO-GM (X,D,F = F1

⋃
F2) and two multipliers

λ1, λ2 ∈ R
2, its (λ1, λ2)-scalarized GM is a GM (X,D,F = λ1F1 + λ2F2)

with a single objective F = λ1

∑
fS ∈F1

fS + λ2

∑
fS ∈F2

fS .

When a linear scalarization of a given GM is solved, the single-objective
lower bound returned by the solver defines a half-space lower bound set over
feasible bi-costs, guaranteed to contain no feasible bi-cost. Let λ1, λ2 ∈ R

2 and
lb be a lower bound on the optimum of the (λ1, λ2)-scalarized GM, we know
that lb ≤ λ1F1(x)+ λ2F2(x) and the half-space λ1c1 + λ2c2 ≤ lb defines a lower
bound set.

To identify supported efficient states, we use the dichotomic enumeration
approach [4]. We maintain a heap Q1 of lexicographically sorted pairs of sup-
ported states. Q1 is initialized with a pair (x∗

1,x∗
2) containing extreme states

that respectively minimize F1 and F2. At each iteration, we extract a pair of
supported states (x1,x2) and check if a new improved (extreme) supported state
between x1 and x2 exists (see Fig. 1(a)) by solving the (λ1, λ2)-scalarization of
the BO-GM for λ1 = F2(x1)−F2(x2) and λ2 = F1(x2)−F1(x1) with an upper
bound of λ1F1(x1)+λ2F2(x1). To focus the exploration on the sparsest regions
of the Pareto frontier, we choose (x1,x2) such that ||F (x1) − F (x2)|| is max-
imum. An optimal solution x of the problem, if any, results in new supported
pairs (x1,x) and (x,x2) added in Q1 for further exploration (Fig. 1(b)). Whether
the new state is efficient or not, it is added in U as part of the upper bound set.
However, when there is provably no solution, (x1,x2) is stored for phase 2. In
all cases, the lower bound l found together with the multipliers λ1, λ2 represent
a lower bounding half-space which is stored as a triple 〈λ1, λ2, l〉 in a growing list
L1 (Fig. 1(c)). The algorithm proceeds until Q1 is emptied. If all sub-problems
have been solved to optimality, the convex envelope of P is determined.

3.2 Second Phase

The linear scalarization method, however, cannot identify non-supported effi-
cient states and may potentially miss supported non-extreme efficient solutions.
In two-phase algorithms, starting from the pairs of supported efficient states
pushed in Q2 during the first phase, the second phase explores all pairs to
identify possibly non-supported states that may exist in between. This requires
restricting the search to a polygonal region where we can optimize one objective
(say F1) and bound the other objective F2 to reside between F2(x2) and F2(x1).
Additionally, an upper bound requires F1 not to be worse than F1(x2). Contrar-
ily to the first phase, a lower bound l on the optimum of this constrained problem
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Fig. 1. (a, left) In phase 1, given two efficient solutions (x1, x2), obj = λ1F1 + λ2F2 is
minimized. (b, center-left) If a supported efficient solution x is found, one recursively
considers two new subproblems given by (x1, x) and (x, x2). (c, center-right) if no
solution is found, the half-space region depicted in light cyan defines a lower-bounding
space. (d, right) In phase 2, after (c), objective F1 is minimized with a bounding
constraint on F2 (i.e., efficient solutions are searched inside the rectangle given by x1,
x2 and their nadir point ν). Any lower bound l of this problem defines a forbidden
rectangle region (light gray). The union of half-space and rectangle regions defines
a lower bounding set. If an efficient solution x is found, then the method explores
the subproblem given by (x, x2). Each solution found defines a region of dominated
solutions. (Color figure online)

does not define a lower bounding half-space. It instead excludes all bi-costs in
the interior of the rectangle defined by 0 ≤ c1 ≤ l and F2(x2) ≤ c2 ≤ F2(x1).
This region is added as a triple (l, F2(x2), F2(x1)) to the set L2 of second-phase
lower-bounding regions. The new solution x, if any, is added to U . Moreover,
similarly to phase 1, when optimality has been proven, the remaining interval
pair (x,x2) is inserted in the list Q2 of pairs of efficient states for exhaustive
search (Fig. 1(d)).

In the end, the union of the lower-bounding regions in L defines a lower-
bounding polygon. Similarly, each upper-bound set defined by a bi-cost F̈ (u)
with u ∈ U excludes a top-right quadrant with a corner in F̈ (u) and their
union defines an upper-bounding polygon. All our polygons are quadrangles,
and their union can be computed in time O(n log n) where n is the number
of regions [33, Chapter 7]. The surfaces sL and sU of the lower and upper
bounding regions can be computed using the Shoelace formula [9]. Together
with the overall surface so of the rectangle defined by the global ideal point with
coordinates (F1(x∗

1), F2(x∗
2)) and the opposite (F1(x∗

2), F2(x∗
1)) they define a

Pareto optimality gap as 1 − sL +sU

so
. Eventually, the states in U with a bi-cost

that lies on the frontier defined by sL are known to be efficient.

Theorem 1. Algorithm 1 is correct and has a bounded time complexity.

Proof. Correctness follows from the exactly identified lower bounding regions,
found by an exact solving method (Solve) in phases 1 and 2. The algorithm
outputs a guaranteed Pareto optimality gap in time bounded by m × t (input
parameters m and t).
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Function TwoPhase(N, t, m)
L1 := ∅; L2 := ∅; U := ∅; Q1 := ∅; Q2 := ∅;
/* Solve F1 within time t, store upper & lower bound */

1 x∗
1, l1 := Solve((X, D, F1), ∞, t);

2 L1.push(〈1, 0, l1〉);
3 U.push(x∗

1);
/* Solve F2 within time t, store upper & lower bound */

4 x∗
2, l2 := Solve((X, D, F2), ∞, t);

5 L1.push(〈0, 1, l2〉);
6 U.push(x∗

2);
/* Proceed if F1 and F2 have been solved to optimality */
if x∗

1 �= ∅ ∧ x∗
2 �= ∅ ∧ l1 = F1(x∗

1) ∧ l2 = F2(x∗
2) then

Q1 := {(x∗
1,x∗

2)}
7 while Q1 �= ∅ and |L1| ≤ m do

/* Bisect by (λ1, λ2)-scalarization and store bounds */
(x1, x2) := pop-best(Q1);
λ1 := F2(x1) − F2(x2); λ2 := F1(x2) − F1(x1);
� := λ1F1(x1) + λ2F2(x1) ;

8 x, l := Solve((X, D, (λ1F1 + λ2F2)), �, t);
9 L1.push(〈λ1, λ2, l〉) ;

10 U.push(x) ;
/* Push in Q1 only if solved to optimality */
if x �= ∅ and l = λ1F1(x) + λ2F2(x) then

11 Q1.push((x1, x)) ; Q1.push((x, x2)) ;
/* Push in Q2 when there is provably no solution */
if x = ∅ and l = � then

12 Q2.push((x1, x2))
/* Phase 2 if all phase 1 problems solved to optimality */

13 if |Q2| �= |U | − 1 then return L1, L2, U14 while Q2 �= ∅ and |L1| + |L2| ≤ m do
(x1, x2) := pop-best(Q2);
/* Optimize F1 with a bounding constraint on F2 */

15 x, l := Solve((X, D, F1
⋃
(F2(x2) + 1 ≤ F2 < F2(x1))), F1(x2), t) ;

16 L2.push(〈l, F2(x2), F2(x1)〉) ;
17 U.push(x) ;
18 if x �= ∅ and l = F1(x) then Q2.push((x, x2))

return L1, L2, U

Algorithm 1: Two-phase method. N is the BO-GM to optimize, t is a max-
imum CPU-time for any execution of Solve and m the maximum number
of calls to Solve.

4 The Higher-Order GM Bounding Constraint

To optimize F1 while constraining F2, a dedicated bounding constraint needs
to be added to the discrete GM solver. The corresponding higher-order GM
bounding hard constraint takes as input a GM N = (X,D,F ) and two costs lb
and ub such that lb < ub. It enforces lb ≤ F (x) < ub for all assignments x of X.

To enforce this constraint during branch and bound search, since solving
N would be NP-hard, we rely on polynomial time convergent message passing
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algorithms, also known as equivalence preserving soft local consistencies [13,14].
We use soft local consistencies such as EDAC [13,19]. When enforced on a GM
N , soft arc consistencies produce a lower-bound lbN (xi, a) on the joint cost
F if variable xi is assigned state a, for every state a of every variable xi. To
enforce F (x) < ub, one can simply prune any state a for any variable xi such
that lbN (xi, a) ≥ ub. Since these lower bounds eventually become exact on fully
assigned GMs, this guarantees that no solution violating F (x) < ub will ever be
produced while pruning branches as soon as lower bounds allow for.

To enforce lb ≤ F (x), we build the GM denoted as −N = (X,D,−F )
simply by taking the opposite finite costs in every cost function, i.e., ∀fS ∈ F
of N , we have f ′

S ∈ −F in −N such that ∀x : f ′
S(x) = −fS(x) if fS(x) < ∞

else f ′
S(x) = ∞. To enforce lb ≤ F (x), we prune a state a for a variable xi

as soon as the lower bound lb−N (xi, a) ≥ −lb. For the same reason as above,
this guarantees that no solution violating lb ≤ F (x) will ever be produced while
pruning branches.

Interestingly, if N does not contain any infinite cost (∀fS ∈ F , fS(x) < ∞),
if the current lower bound of N is greater than lb and the current lower bound of
−N is strictly greater than −ub then the higher-order GM bounding constraint is
always satisfied and can be ignored. This is checked after every variable assign-
ment during branch and bound search. Notice that any state removal in the
subproblem N (resp. −N) is informed/channeled in −N (resp. N) and in the
main problem optimizing F1 and vice versa. By doing so, we synchronize domains
between the different GMs sharing the same variables.

When adding the higher-order GM bounding constraint, after having tried to
decompose all non-unary cost functions into a sum of unary cost functions [17],
we check if N contains only unary cost functions. In this case, the objective
is linear and the higher-order GM bounding constraint can be replaced by two
generalized linear constraints, without introducing any extra variables [30].

For variable ordering heuristics, we use the weighted-degree heuristic dom
wdeg [8].

For each higher-order GM bounding constraint, we maintain counters of conflicts
for all the non-unary cost functions inside the sub-problems N and −N . Their
sum gives a conflict weight associated with every variable in the scope of the
higher-order GM bounding constraint, used to compute the dom

wdeg heuristic.
It is important to note, as indicated in [23], that mono-objective preprocess-

ing techniques that do not preserve all optimal solutions cannot be used safely
in such a multi-objective optimization. This is the case for bounded variable
elimination [26] and dominance rules [18] which need to be deactivated when
the higher-order GM bounding constraint is processed.

5 Related Works

While systematic multi-objective optimization has been well explored in (inte-
ger) Linear Programming [16], there is far less algorithmic work for GMs. The
C-semiring framework with a partial order [7] can in principle represent such
problems, but algorithms are restricted to min-max instead of min-sum problems
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in MRFs and CFNs and no implementation is available. More closely to what
we propose, MO-MBE [35] is a multi-objective mini-bucket-elimination based
higher-order constraint that computes a set of non-dominated solutions. How-
ever, the algorithm requires initial upper bounds on the optimum and has space
complexity in O(edz−1

∏p−1
j=1(ubj)) and time complexity in O(edz

∏p−1
j=1(ub2j ))

with e cost functions, p objectives, maximum bucket size z and initial upper
bounds ubi. This limits the approach to problems with small known initial upper
bounds ubj . The algorithm is not incremental and is used as a constraint in a con-
straint programming context. In the same context, dedicated Pareto constraints
have been developed using either a support-based algorithm or a multi-valued
decision diagram to filter dominated solutions in a multi-objective branch and
bound [21,28]. Instead, our two-phase approach is based on single-objective B&B
and the bounding constraint helps to reason about costs.

The introduction of a bounding constraint on a function defined by a Graph-
ical Model, similar to our higher-order GM bounding constraint, has been
explored for stochastic GMs [34] but the proposed bounds are not used for exact
bi-objective search.

Compared to the original two-phase method [40,41], instead of depth-first
search, we used (hybrid) best-first branch and bound methods that offer any-
time global lower bounds [1], allowing to produce an anytime Pareto front gap
on difficult instances.1 The main novelty of our approach is to provide an any-
time Pareto front bounding within a generic two-phase method for (stochastic)
graphical models for the first time. The higher-order bounding constraint for
discrete GM optimization is another contribution.

6 Computational Experiments

We implemented the two-phase method and the higher-order GM bounding con-
straint in C++ using the GM optimization solver toulbar2, winner of several
medals in constraint programming (XCSP3 2022 and 2023) and probabilistic
graphical model (UAI’2022) competitions.2,3,4,5 We used the Hybrid-Best First
Search branch and bound method [1] with default parameters (function Solve in
Algorithm 1). Additional preprocessing techniques (Virtual Arc Consistency [13]
and Virtual Pairwise Consistency [29]) were also considered.

As a baseline competitive approach, we also implemented the two-phase
method replacing toulbar2 by the state-of-the-art commercial integer linear pro-
gramming solver cplex (version 22.1.1.0). We used default parameters except for

1 In phase 2, we did not use a combination of objectives as in Test 3 with u3 bound [41]
but used only one objective to optimize and prune search nodes (see Fig 1.d obj
arrow). A comparison of these two bounding approaches remains to be done.

2 https://forgemia.inra.fr/samuel.buchet/tb2_twophase in release branch.
3 https://github.com/toulbar2/toulbar2 in master branch from version 1.2.1 including

a dedicated linear constraint propagation method [30].
4 https://xcsp.org/competitions.
5 https://uaicompetition.github.io/uci-2022.

https://forgemia.inra.fr/samuel.buchet/tb2_twophase
https://github.com/toulbar2/toulbar2
https://xcsp.org/competitions
https://uaicompetition.github.io/uci-2022
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tolerance MIP gaps set to zero to ensure a complete search. The two objectives
were linearized using the local polytope [13] formulation (aka the tuple encoding
in [22], providing tighter bounds than a direct linear encoding):

min
∑

f{xi}∈F

a∈Di

f{xi}(a)xi:a +
∑

fS∈F,|S|>1
τ∈�(S)

fS(τ)yS:τ (1)

s.t. ∀xi ∈ X,
∑

a∈Di

xi:a = 1 (2)

∀fS ∈ F, |S| > 1, xi ∈ S, a ∈ Di,
∑

τ∈�(S)
τ |{xi}=a

yS:τ = xi:a (3)

where xi:a is a Boolean 0/1 variable taking value 1 if xi = a, similarly, yS:τ is a
non-negative continuous variable taking value 1 if tuple τ ∈ �(S) is chosen (�(S)
representing the Cartesian product of domains in S). The objective function (1)
minimizes the sum of the linear and nonlinear cost functions in one criterion
(F1 or F2), while constraints (2) enforce that each variable must be assigned
to exactly one value and constraints (3) enforce that the assignments of vari-
ables and tuples are compatible.6 After linearization, expressing the bounding
constraint on the second criterion becomes trivial. We just have to replace the
objective function (1) with two linear constraints using the lower and upper
bounds defined in TwoPhase (line 15).

Experiments were run on a single core of an Intel Xeon E5-2680 v3 2.5 GHz
processor with 128 GB of RAM, using Linux Debian 6.1.52-1 operating system.
The CPU time limit of Solve is t = 30 s per call (except for Protein where
t = 300 and SetCover where t = 3, 600) with a maximum number of Solve calls
m = 1, 000 (except for Knapsack where m = 2, 000). The total CPU time limit
is 1 h.

6.1 Benchmarks

We experimented on six benchmarks. We took four existing benchmarks from
the multi-objective literature in Operations Research. We added two benchmarks
coming from Graphical Models. The first five have at least one linear objec-
tive function (F1 or F2), allowing to replace the GM bounding constraint with
linear constraints. The last benchmark has nonlinear objective functions and
constraints. All benchmarks, sources, and results are made publicly available.7

6 Further simplifications are made on the model, as done in [22]. First, original GM
variables with a domain size of 2 are translated into a single Boolean 0/1 variable
and no constraint (2). Secondly, a more-compact direct encoding of hard constraints
is used. For every forbidden tuple τ in fS, we have

∑
xi∈S(1 − xi:τ |{xi}) ≥ 1.

7 https://forgemia.inra.fr/samuel.buchet/tb2_twophase (release branch).

https://forgemia.inra.fr/samuel.buchet/tb2_twophase
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Bi-objective Vertex Cover Problem. In the weighted vertex cover problem
(VertexCover), the aim is to select a subset of vertices with a minimum total
weight in order to cover at least one extremity of every edge in a given graph.
We followed the same protocol as in [36], generating random graphs with N
vertices having two associated random costs ci

j ∈ [0, C], i ∈ {1, 2} for every
vertex j ∈ {1, . . . , N}, and E edges (randomly selected among N(N−1)

2 possible
ones). In the GM, there is a 0/1 variable xj for every vertex j and two cost
functions f i

j , i ∈ {1, 2} with f i
j(0) = 0, f i

j(1) = ci
j , representing the 2 objectives.

For every edge (k, l), a hard constraint enforces that xk or xl is equal to one. We
tested on 25 samples for every parameter combination of N ∈ {60, 70, 80, 90},
E ∈ {95, 250, 500, 950}, and C = 4, resulting in 400 bi-objective instances.

Bi-objective Set Cover Problem. A related problem is the weighted set cover
problem (SetCover). Here, the aim is to select a subset of elements with mini-
mum total weight such that all the sets of a given list are covered by at least one
of the selected elements. We took 120 randomly-generated instances from [24]
composed of 5 instances for each combination of the following parameters: num-
ber of elements N ∈ {100, 150, 200}, number of sets M ∈ {20, 40, 60, 80}, fixed
set cardinality C ∈ {5, 10}.89 The integer cost values were chosen uniformly at
random in the range [1, 100]. In the GM, there is a 0/1 variable xj for every
element j and two cost functions f i

j , i ∈ {1, 2} with f i
j(0) = 0, f i

j(1) = ci
j , repre-

senting the 2 objectives. A hard constraint/clause is used to represent the fact
that at least one element is selected in every set.

Bi-objective Knapsack Problem. The Knapsack problem is to select a sub-
set of items such that the total weight of the selected items is less than a given
capacity and the total profit associated to the items is maximized. Following [41],
we generated 20 bi-objective instances with N = 300 items; weights wj and
profits pi

j (uncorrelated) being randomly chosen in [1, 100], and the capacity

W =
∑N

j=1 wj

2 . In the GM, there is a 0/1 variable xj for every item and two
cost functions f i

j , i ∈ {1, 2} with f i
j(0) = pi

j , f
i
j(1) = 0, representing the 2 objec-

tives in minimization. A hard linear constraint is added to enforce the capacity
constraint.

Bi-objective Warehouse Location Problem. The goal of the uncapacitated
warehouse or facility location problem (Warehouse) is to open a subset of N
warehouses to fulfill the demands of M stores. Each store must be served by
one warehouse. Following [5], in every objective i ∈ {1, 2}, we add a random
cost oi

j ∈ [C, 2C] for opening warehouse j. In the first objective, the cost c1jk for
serving store k by warehouse j is the Manhattan distance between k and l, stores

8 https://bitbucket.org/coreo-group/bioptsat.
9 The current version of toulbar2 could not tackle large cardinality sets occurring in

the fixed element probability set benchmark (SetCovering-EP) of [24].

https://bitbucket.org/coreo-group/bioptsat
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and warehouses being randomly placed in a square of side C. In the 2nd objective,
the corresponding cost c2jk is randomly chosen in [1, C]. In the GM, there are N
0/1 variables for the warehouses and M variables with domain size N indicating
which warehouse serves each store. Hard constraints ensure consistency between
the two sets of variables [19]. Bi-objective linear cost functions associated with
warehouses (resp. stores) are f i

j with f i
j(0) = 0, f i

j(1) = oi
j (resp. f i

k with f i
k(j) =

ci
jk). We tested on 20 samples for N = 6,M = 30.

Bi-objective Computational Protein Design Problem. Our main moti-
vation is to solve the bi-criteria problem (Protein) of designing a protein with
minimum energy and a minimum number of different amino acid types, as done
heuristically in [43]. We used a data set of 109 protein backbones from [32,38,43]
for benchmarking. The first objective is defined by a Deep Learned decompos-
able protein design scoring function [15] and the second one is the number of
different values used (a straightforward decomposition of NValue [6] as a GM
using one extra Boolean variable Ba per value a, constrained to take value 1—
with associated cost 1—if one variable uses a). This benchmark contains 109
instances with n ∈ [42, 100] amino acid positions, d = 20 domain values, and
e ∈ [643, 2275] (non-linear) cost functions.

Bi-objective UAI’2022 Benchmark. Last, we experimented with UAI’2022
Final Evaluation MMAP benchmark (UAI2022).10 From the initial 100
instances, we kept those that were solved by toulbar2 in less than 600 s. As
in [34], the second objective of each instance is obtained by adding Gaussian
noise N (μ = 0, σ = 0.1) to the original functions (in the exponential/probability
domain), truncating to non-negative numbers.11 After the removal of instances
with no solution, we obtained 26 instances with n ∈ [225, 1997] variables,
d ∈ [2, 21] domain size, e ∈ [578, 3334] cost functions per objective, and max.
arity 5.

6.2 Experimental Results

We present a summary of our comparative results in Table 1.12 The comparison
measure is the number of instances completely solved per class of benchmark.
The solving task is to find a single representative state for each point of the
exact Pareto front. To break ties when all the instances are solved, we use the
average CPU-time.

10 https://www.ics.uci.edu/~dechter/uaicompetition/2022/FinalBenchmarks/MMAP.
zip.

11 Zero probabilities lead to forbidden tuples after the required − log(·) transform.
12 Detailed results are available in Supplementary Materials. See https://forgemia.inra.

fr/samuel.buchet/tb2_twophase/-/tree/release/results/supplementals.pdf.

https://www.ics.uci.edu/~dechter/uaicompetition/2022/FinalBenchmarks/MMAP.zip
https://www.ics.uci.edu/~dechter/uaicompetition/2022/FinalBenchmarks/MMAP.zip
https://forgemia.inra.fr/samuel.buchet/tb2_twophase/-/tree/release/results/supplementals.pdf
https://forgemia.inra.fr/samuel.buchet/tb2_twophase/-/tree/release/results/supplementals.pdf
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Table 1. For each of the 6 benchmark classes, number of solved instances per method
(in parenthesis, average CPU-time in seconds when all instances have been solved).
Tested methods are toulbar2: two-phase method using toulbar2; tb2 no kp: two-phase
method using toulbar2 without transforming the GM bounding constraint into linear
constraints; tb2 no pre: two-phase method using toulbar2 without extra preprocessing
techniques; cplex: two-phase method using cplex; RL: results from [36]; J: from [24]; C:
results from [11]; BS: from [5]. N/A: method not applicable or result not available.

Benchmark # toulbar2 tb2 no kp tb2 no pre cplex RL/J/C/BS

VertexCover 400 400 (3.1 s) 400 (0.5 s) N/A 400 (1.6 s) RL: 400 (10.2 s)
SetCover 120 44 N/A N/A 120 (47.3 s) J: 40
Knapsack 20 0 N/A N/A 20 (40.2 s) C: 20 (41.7 s)
Warehouse 20 20 (2.5 s) 20 (33.6 s) N/A 20 (4.8 s) BS: 20 (186.0 s)
Protein 109 66 69 46 0 N/A
UAI2022 26 26 (23.8 s) N/A 18 21 N/A

We compare our two-phase method (TwoPhase using toulbar2) with the same
method using cplex and with other approaches when directly available:

– for VertexCover, a multi-objective depth-first branch and bound (MO-BB)
using multi-objective minibucket elimination (MO-MBMOMBE) (experiments
were made on a Pentium IV at 3 GHz with 2 GB) [36];

– for SetCover, a Max-SAT based hybrid method between core-guided and SAT-
UNSAT search methods (MSHybrid) [24] (experiments made on Intel Xeon
E5-2670 at 2.6 GHz with 64 GB and 1.5-h CPU-time limit);

– for Knapsack, a two-phase method including dedicated instance preprocessing
and where the second phase is a branch and bound with an adaptive branching
heuristic (UCB) [11,12] (experiments made on Intel Xeon E5620 at 2.40 GHz
with 6 GB);

– for Warehouse, a multi-objective hybrid branch and bound combined with
scalarization and using Bensolve/GLPK for solving the linear relaxations
(M2.1.1.2) (experiments made on an Intel i7-8700 at 3.2 GHz with 32 GB) [5].

Notice that some reported experimental results (VertexCover, Warehouse) were
performed on older machines, so the comparison should be taken with caution.

For two of the Operations Research benchmarks, TwoPhase using toulbar2
has similar performance as TwoPhase using cplex, toulbar2 being twice faster
(resp. slower) on Warehouse (resp. VertexCover). However, it is clearly domi-
nated by cplex on SetCover and Knapsack. Still, it remains faster than dedi-
cated multi-objective branch and bound approaches, being 3.3 (resp. 74) times
faster than MO-MBMOMBE (resp. M2.1.1.2) on VertexCover (resp. Warehouse).
It also solves more SetCover instances than Max-SAT MSHybrid in less CPU-
time (we set a 1-hour limit instead of 1.5 h for MSHybrid to compensate for
the difference in CPU frequencies). On Knapsack, TwoPhase using cplex is as
efficient as a dedicated multi-objective branch and bound (UCB B&B [11]).
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For Graphical Model benchmarks, TwoPhase using toulbar2 got much supe-
rior performance than with cplex. It solves 63% of the Protein benchmark
whereas none were solved by cplex in less than 300 s per internal Solve call.
The largest solved instance by our approach contains 99 amino-acids.13 The GM
bounding constraint allows us to solve all the 26 UAI’2022 selected instances
within the local 30-second CPU-time limit. In comparison, TwoPhase using cplex
could solve only 21 instances. Using a longer 300-second time limit (detailed
results in supplementary materials), TwoPhase using cplex was able to solve all
the 26 instances requiring x7 more time (166.1 s) than with toulbar2 (23.8 s)
on average. We noticed that cplex can still be faster (up to 2.7 times) than
toulbar2 for 6 instances (Grids_26, or_chain_8/22/41/60, pedigree1) showing
that both approaches can be worthwhile for this benchmark.

Impact of the GM Bounding Constraint. We tested the impact of remov-
ing the transformation of the GM bounding constraint into linear constraints
when one of the original objectives is linear.14 The fourth column in Table 1
shows the effect. Surprisingly, it improves the results on VertexCover (being
x6.2 faster with x11.75 fewer search nodes in Phase 2) and Protein (solving
optimally 3 more instances) whereas it significantly deteriorates on Warehouse.
This behavior shows the complex interactions between the cost functions on the
performance of the solver.

Impact of the Preprocessing. We also tested the impact of preprocess-
ing techniques. In the Protein benchmark, applying virtual arc consistency
(VAC) [13] in preprocessing was shown to be effective [39]. It solves 66 instances
instead of 46 without enforcing VAC.15 Another stronger preprocessing already
used in the UAI’2022 competition is to apply virtual pairwise consistency
(VPWC) with additional zero-cost ternary cost functions [29] (options -A -pwc
= −1 −t = 1). Because this preprocessing can be quite time-consuming (2×0.48
seconds on average for UAI2022, up to 5.3 s on or_chain_41), we applied it on
every objective only once before the two-phase method starts.16 On UAI2022,
using VPWC allows to solve 8 more instances than without it. We applied these
preprocessing techniques on the GM benchmarks in the following part.

Two-Phase Method Analysis and Anytime Pareto Fronts. In Table 2 we
report a more detailed analysis of TwoPhase using toulbar2. We compared the
first and second phases in terms of CPU-time spent, number of Pareto assign-
ments found, and number of Solve calls. The ratio of supported efficient states
13 2pko_0009_multi having 15 states in the Pareto front found in 1,723 s with 37 Solve

calls.
14 We could not test it for SetCover and Knapack due to a limitation in toulbar2.
15 We also tested running VAC (option -A) in preprocessing at every Solve, instead of

only once on the quadratic objective before running the two-phase method, but it
solved optimally one less instance (65).

16 CPU-times reported in Tables 1 and 2 do not include this preprocessing time.
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Table 2. For each of the 6 benchmarks, number of tested instances, average CPU-time
(seconds) and fraction spent in phase 1, average number of efficient states and fraction
found in phase 1, average number of calls to Solve and fraction in phase 1, number of
problems solved to optimality (full Pareto front) and after phase 1 (supported Pareto
front), and final optimality gap.

Benchmark # Time (s) p1% Sols p1% Solve # p1% opt opt1 gap%

VertexCover 400 3.1 5.6 8.0 57.2 16.0 59.8 400 400 0.000
SetCover 120 2411.1 5.6 28.9 38.5 46.3 46.3 44 119 1.462
Knapsack 20 2040.7 0.1 486.1 10.6 669.4 15.4 0 20 0.276
Warehouse 20 2.5 3.0 97.8 17.8 135.5 25.1 20 20 0.000
Protein 109 1334.5 82.5 12.7 84.6 32.1 67.9 66 73 14.766
UAI2022 26 23.8 6.8 14.0 45.5 24.9 47.8 26 26 0.000

was around 50% except for Warehouse (17.8%), Knapsack (10.6%), and Protein
(85%). Knapsack had also the largest total number of efficient states (up to 851
for n = 300 items, average optimality gap of 0.276).

Protein is the only benchmark class where phase 1 takes more time and Solve
than phase 2 (which finds two non-supported efficient states on average). The
Pareto front of real protein dpbbss_multi (solved in 244.3 s by our approach)
is given in Fig. 2 (Left). Two solutions of dpbbss_multi with F2 = 6 or 5 look
very attractive compared to the F2 = 7 identified in [43]. Figure 2 also shows the
pareto front boundings of an UAI Promedas instance solved to optimality (Cen-
ter) and partially (Right), highlighting the anytime behaviour of the method.

Fig. 2. Three examples of Pareto front bounding: (Left) Protein dpbbss_multi (opti-
mal front), (Center) UAI2022 Promedas or_chain_60.fg.Q0.5.I3 (optimal), and
(Right) UAI2022 Promedas or_chain_60.fg.Q0.5.I3 (optimality gap of 5.164%).

7 Conclusion

In this paper, motivated by the resolution of bi-objective protein design prob-
lems [43], we introduce an original anytime multi-objective two-phase method
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for solving discrete probabilistic and deterministic Graphical Models optimiza-
tion problems. Our algorithm relies on a new higher-order GM bounding con-
straint exploiting Soft Arc Consistencies, a family of convergent message passing
algorithms initially introduced for solving the Weighted Constraint Satisfaction
Problem [13,37]. Our experimental study, using a variety of real protein design
problems as well as Operations Research and UAI’2022 evaluation benchmarks
shows that our approach can outperform the state-of-the-art ILP solver CPLEX.
At the crossroad of Probabilistic Reasoning and Operations Research, our algo-
rithm offers a first effective answer to bi-objective discrete Graphical Model opti-
mization, a family of problems that could possibly further benefit from additional
multi-objective OR technology [20].
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Abstract. In computer networks, swift recovery from failures requires
prompt detection and diagnosis. Protocols such as Bidirectional For-
warding Detection (BFD) exists to probe the liveliness of a path and
endpoint. These protocols are run on specific nodes that are designated
as network monitors. Monitors are responsible for continuously verifying
the viability of communication paths. It is important to carefully select
monitors as monitoring incurs a cost, necessitating finding a balance
between the number of monitor nodes and the monitoring quality. Here,
we examine two monitoring challenges from the Boolean network tomog-
raphy research field: coverage, which involves detecting failures, and 1-
identifiability, which additionally requires identifying the failing link or
node. We show that minimizing the number of monitors while meeting
these requirements constitutes NP-complete problems. We present inte-
ger linear programming (ILP), constraint programming (CP) and Maxi-
mum Satisfiability (MaxSAT) formulations for these problems and com-
pare their performance. Using 625 network topologies, we demonstrate
that employing such exact methods can reduce the number of monitors
needed compared to the existing state-of-the-art greedy algorithm.

Keywords: Integer linear programming · Constraint Programming ·
MaxSAT · Boolean tomography · Network supervision

1 Introduction

Computer networks form the backbone of modern digital communication, and
their reliability is crucial for maintaining seamless connectivity across various
sectors. Failures within these networks can have significant consequences, leading
to service disruption and potential financial loss. As such, it is essential to develop
efficient and accurate methods for detecting and diagnosing network failures,
enabling swift recovery and minimizing the impact on end users.

Various protocols enable to monitor the liveliness of Internet paths from
the well-known ping utility present in most operating systems, and used by
measurement infrastructures such as RIPE Atlas [23], to more recent protocols
such as BFD [15]. In addition to fasten link failure detection when deployed
on adjacent routers, BFD enables to quickly detect failures along a path, such
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
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ability being leveraged in Software Defined Networks (SDN) to quickly detect
and report failures to a network controller.

In this study, we focus on Boolean network tomography, a research field that
holds great promise for enhancing the resilience of networks. Boolean network
tomography combines end-to-end measures, performed with ping or BFD, for
example, with inference algorithms to estimate the state of different elements
in the network. Its advantage is that it only requires a subset of nodes to be
monitors and supervise an entire network. With this approach, monitors send
messages to each other through measurement paths. When a failure occurs on a
node, all paths that cross it fail. Thus, the failure can be detected by observing if
some measurement paths are not working. If the set of failed measurement paths
forms a unique signature, then it is even possible to identify the failed node.

In the remaining of the paper, we treat the case of node failures. Indeed,
we can easily account for edge-failure considerations by transforming the net-
work graph. Adding dummy nodes to represent each link, enables to transform
the node failure detection, respectively localization, problem, into detecting and
locating link failures, applying the approach in this paper.

Our investigation focuses on minimizing the number of designated monitor
nodes while ensuring some level of quality of network monitoring. This is crucial
for minimizing monitoring costs without compromising the network’s overall
health and performance. We explore two critical monitoring challenges: the cover
problem, which seeks to detect failures, and the 1-identifiability problem, which
requires pinpointing the exact failing node. Figure 1 illustrates these concepts.

Fig. 1. Illustration of 1-identifiability: Each line style represents a different path. (1) All
nodes are covered but not 1-identifiable. (2) All nodes are 1-identifiable. In the situation
(1), the path linking nodes B and H is not a measurement path because H is not a mon-
itor. Each node is covered because they are all crossed by a path linking two monitors,
but if D or F fails, in each case the paths between A and G and between B and G will
both fail. The failure will be detected, but it would be impossible to know which of the
two nodes is the origin of the failure. The problem is the same with nodes E and H. In the
situation (2), H is a monitor, thus the path linking B and H is a measurement path (in
dashed orange). Hence each non-monitor node is now crossed by a unique set of paths: If
D fails, paths (A,G) and (B,G) will fail; if E fails it will be paths (C,G) and (B,H); if F is
not functional, paths (A,G), (B,G) and (B,H) will not work. By looking at which paths
are not working versus the alive paths, it is possible to infer without ambiguity which
node is the origin of the breakdown. (Color figure online)
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Conceptually, a node failure in a network results in the disruption of all paths
traversing it. These affected paths collectively constitute the symptom associated
with the failing node. A network is covered if there is a non-empty symptom
for each node. Additionally, a network is considered 1-identifiable if every node
possesses a unique, non-empty symptom, thereby serving as an identifier for
the node in the event of a failure. By compiling a comprehensive list of these
identifiers, one can efficiently diagnose a failure by simply observing the disrupted
paths and cross-referencing a precomputed table that maps the failed paths
(symptoms) to the corresponding node.

The 1-identifiability problem can be generalized as the k-identifiability prob-
lem for the localization of up to k simultaneous failures. Most precomputed
failure protection mechanisms today are tailored for single faults. With BFD
and our proposal, locating a single failure enables to use such protections with-
out waiting for the convergence of the routing protocol, speeding up recovery.
However, in case of multiple failures, the protections for recovery are usually not
in place. Hence, in this situation we are forced to wait for the routing protocol
to converge. We have thus limited benefits of quickly identifying k faults. In this
paper, we focus on selecting the smallest set of monitors ensuring that the entire
network is either covered or 1-identifiable. But our approach can theoretically
be extended to k-identifiability.

An important assumption of the considered networks in this study is that
the routes between any pairs of nodes are imposed by the routing protocol and
known by the planning tool that will select the monitors. A pair of monitors
is only able to verify the status of those routes. In practice network operators
usually configure link (IGP) weights to influence where the traffic flows in the
network assuming they follow shortest paths (see for instance [5] for optimizing
IGP weights). Alternatively, other protocols such as segment routing or MPLS
[8,9,17] make it possible to introduce deviations or explicit route set-ups between
pairs of nodes, deviating from shortest paths. For all these protocols, the mon-
itors are able to determine which data paths between them are affected by a
failure.

Our contributions can be summarized as follows.

– We formulate the optimal monitor placement problem for the cover and 1-
identifiability (Sect. 3);

– We demonstrate that the node cover and 1-identifiability problems are NP-
complete (Sect. 4);

– We introduce an exact model and its formulation for integer linear pro-
gramming (ILP), constraint programming (CP) and Maximum Satisfiability
(MaxSAT). We propose redundant constraints and reductions to shrink the
search space (Sect. 5);

– We also introduce a specialized version of the MNMP greedy algorithm [19],
tailored for 1-identifiability, to compare our exact methodologies with this
approach (Sect. 6).

– We evaluate their performance through a comparative analysis using 625
network topologies (Sect. 7).



156 A. Burlats et al.

Our findings reveal that the introduced models can reduce the amount of
monitor nodes compared to a greedy approach while maintaining coverage or
1-identifiability, paving the way for more robust and reliable telecommunication
networks.

2 Related Work

Various methods have been investigated to address the monitor placement issue
for failure detection, beyond utilizing exact methods. For example, the Max-
imum Node-identifiability Monitor Placement (MNMP) [19] is a greedy algo-
rithm that progressively adds monitors to achieve the desired k-identifiability
and subsequently removes any unnecessary monitors. Unfortunately, it does not
guarantee optimality for 1-identifiability problem. Bezerra et al. [3] suggest var-
ious improvements to this algorithm to decrease computational cost and enable
its use in wireless networks that experience more frequent changes. Our approach
here is different, as we use exact methods that allow us to reduce the number
of selected monitors, as shown in Sect. 7, and also because we are focusing on
coverage and 1-identifiability.

Stanic et al. [25] present an ILP model and a greedy algorithm for the monitor
placement for fault localization in transparent all-optical networks, which is an
analogous problem to ours. The main difference being that, in their context, each
measurement path requires only one monitor. Their model could be applicable
here by having monitors probing non-monitor nodes and waiting for their answer.
However, it requires the assumption that the routes are symmetrical which is not
necessarily the case in practice [12,14,26]. Here we consider routes that can be
asymmetrical; for them to be measurement paths, both of their two ends must
be monitors.

The dual version of the problem considered in this paper, where the number
of monitors is limited and the number of identifiable nodes or links needs to
be maximized has also been studied. Ren et al. [22] design a greedy algorithm
that chooses monitors such as the number of k-identifiable links is maximized.
Bartolini et al. provide in [1] an upper bound for the maximum number of iden-
tifiable nodes given a specific measurement path budget. Ma et al. propose the
Greedy Maximal identifiability Monitor Placement [18], an algorithm that incre-
mentally adds the monitors that maximize the number of identifiable links, until
the maximal budget of monitors is reached. Here, the definition of identifiable is
extended to all types of additive metrics (delays, packet delivery ratios, ...) and
not only the failure detection.

Related problems, involving tomography for monitoring, have also been
examined. He et al. [10] investigate, in the context of Network Function Vir-
tualization (NFV), the challenge of positioning services in a network with a
predetermined set of measurement paths to optimize their identifiability while
ensuring a high Quality of Service (QoS). Zhang et al. [27] adapt network tomog-
raphy techniques to supervise traffic in smart cities, which includes determining
the optimal placement for monitoring cameras. A possible approach to reduce
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the load of Boolean network tomography is to partition the network in multiple
areas and to locate failures in each area independently. Ogino et al. [20] offer a
procedure to divide the network in such areas and a scheme to manage them.
This partitioning can be run before the monitor selection, then, instead of deal-
ing with a single large instance of the problem considered in this paper, there
would be multiple smaller ones. We refer to chapters 5–6 of the book [11] for a
complete review of Boolean-Network Tomography.

3 Problem Formulation

The following two paragraphs formally introduce the problems addressed in this
paper, specifically the monitor cover and the 1-identifiability problems.

The Monitor Cover Problem. Assuming that the network topology is known,
it can be represented as a connected graph. We further assume that a given route
exists between every pair of nodes, but only the ones linking monitor nodes
are considered measurement paths. The symptom of a node is defined as the
collection of measurement paths passing through it. The objective of this problem
is to identify the minimum number of monitors from the network’s node set
such that every node is traversed by a minimum of one measurement path. The
problem can be formalized as follows. We consider an oriented graph G = (V,E)
where there is a cycle-free route between each pair of nodes (i, j) ∈ V 2. In this
problem the order in which nodes are crossed by a route does not matter, we
thus represent routes as unordered sets containing all the nodes crossed by these
routes and we denote P (i, j) = {i, . . . , j} the route linking i and j. Routes are
not necessarily symmetric; thus P (i, j) and P (j, i) don’t necessarily contain the
same nodes. The goal is to find the minimal set of monitors M ⊆ V such as
∪(i,j)∈M2P (i, j) = V .

The Monitor 1-Identifiability Problem. This problem adds one constraint
over the cover problem. If one node fails, we don’t only need the failure to be
detectable, but we also aim to be able to locate it without ambiguity. For the
failure to be identifiable, the symptom of the failure (set of failed measurement
paths) must be unique. The problem can be formalized as follows. We consider
the same oriented graph G = (V,E) and set of routes P as for the monitor
cover problem. For a set of monitors M , we denote by Si the symptom of node i:
Si = {(i′, j′) ∈ M2 | i ∈ P (i′, j′)}. The goal is to find the minimal set of monitors
M ⊆ V such that ∪(i,j)∈M2P (i, j) = V (cover) and ∀i �= j ∈ V 2, Si �= Sj (1-
identifiability).

4 Complexity of Optimal Monitor Placement

In this section we study the complexity of our two problems and show that they
are both NP-complete.

Theorem 1. The monitor cover problem is NP-complete.
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Proof. We reduce the set cover problem to the monitor cover problem as follows1.
Consider an instance of the set cover problem defined by (S = {S1, . . . , Sk}, U),
where S is a set of sets and U is the universe. For the monitor cover problem,
we construct a set of vertices V = S ∪U ∪{T}, including one vertex for each set
in S, one for each element in U , and a special vertex T , designated as a monitor
in every valid solution.

There is an edge between every pair of nodes (i, j) in V 2. The set of routes is
defined as follows. For each pair of nodes (i, j) in U2, the route between them is
direct, i.e., P (i, j) = {i, j} if i �= j. In addition to these routes, for each Si ∈ S,
an arbitrary route between Si and T contains all nodes in Si. Finally, a route
P (T, T ) arbitrarily passes through all nodes in S. This set of routes ensures that
in any optimal solution, only nodes in S plus the node T are monitors.

First, observe that T necessarily needs to be a monitor, as it is only traversed
by routes for which it is the origin or the destination. The simple selection of T
also ensures the coverage of all the nodes in S. Then, choosing a node Si ∈ S
as a monitor to cover a node Uj ∈ U is at least as cost-effective as choosing Uj

itself as a monitor. Since we ensured by construction that choosing a set vertex
Si ∈ S as a monitor covers all nodes in Si, the optimal solution to the set cover
problem can be retrieved from the set of nodes in S designated as monitors. ��
Example 1. As an example, Fig. 2 considers a set problem where U = {1, 2, 3, 4, 5}
and the collection of sets is S = {{1, 2, 3}, {2, 4}, {3, 4}, {4, 5}}. The correspond-
ing vertex set is V = S ∪ U ∪ {T} = {{1, 2, 3}, {2, 4}, {3, 4}, {4, 5}, 1, 2, 3, 4, 5, T}.
In our example, the path P ({1, 2, 3}, T ) includes nodes 1, 2, and 3 in an arbitrary
order and finishes at T . Similar paths are built from the other nodes in S. The path
P (T, T ) includes {1, 2, 3}, {2, 4}, {3, 4}, and {4, 5} in an arbitrary order. It is easy
to see that selecting {1, 2, 3} as a monitor is more cost-effective than selecting 1,
2, and 3 individually.

Theorem 2. The monitor 1-identifiability problem is NP-complete.

Proof. We reduce the monitor cover problem (known to be NP-complete from
Theorem 1) to the monitor 1-identifiability problem. Consider a monitor cover
problem instance (G = (V,E), P ), where G is the graph and P is the set of
routes. We construct a monitor 1-identifiability problem (G∗ = (V ∗, E∗), P ∗)
as follows. The set of vertices is V ∗ = V ∪ V ′ ∪ {T} where V is the set of
vertices of the monitor cover problem, V ′ is a set of companions vertices for
V (each vertex i ∈ V has its companion i′ ∈ V ′, thus |V | = |V ′|) and T is a
special vertex that is linked to each node in V . Nodes in V ′ will be designated
as monitors in every valid solution. The set of edges E∗ is composed of the edges
in E ∪ {(i, T ),∀i ∈ V } ∪ {(i, i′) ∈ V × V ′ such as i′ is the companion of i}.

1 A similar proof can be found here : https://mathoverflow.net/questions/440921/is-
it-np-hard-to-find-the-min-set-of-nodes-in-a-graph-so-that-the-set-of-paths-j.

https://mathoverflow.net/questions/440921/is-it-np-hard-to-find-the-min-set-of-nodes-in-a-graph-so-that-the-set-of-paths-j
https://mathoverflow.net/questions/440921/is-it-np-hard-to-find-the-min-set-of-nodes-in-a-graph-so-that-the-set-of-paths-j
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Fig. 2. Illustration of a monitor cover problem. (1) shows the instance with all major
paths (2-nodes paths and edges are not shown for readability). (2) shows the optimal
solution.

The routes connecting each pair of nodes (i, j) ∈ V 2 are inherited from the
monitor cover problem, i.e., P ⊂ P ∗. The other routes are represented by the
sets in P ′ = P ∗\P . For all nodes in V ′, the route linking them is defined as
P ′(i′, j′) = {i′, i, T, j, j′} ∀(i′, j′) ∈ V ′2. Every other routes in P ′ are segments of
those routes, e.g., the route linking a node i ∈ V to a companion node j′ ∈ V ′ of
another node j ∈ V is defined as P ′(i, j′) = P ′(j′, i) = {i, T, j, j′}, or the route
linking T to a companion node i′ ∈ V is P ′(i′, T ) = P ′(T, i′) = {i′, i, T}.

First, note that every node in V ′ is necessarily a monitor, as they are only
present at the extremities of routes. Their selection allows each node in V ∗ to
be covered. T is also 1-identifiable as it is the only node crossed by each of these
routes. The nodes in V are distinguishable from every other node in the exception
of their companion node. Choosing T as a monitor is not effective as the only
routes that cross nodes in V without necessarily crossing their companions (and
thus make them 1-identifiable) are the routes imported from the cover problem.
We ensured by construction that selecting a pair of node i, j ∈ V 2 enables 1-
identifiability for every node covered by P (i, j), hence the optimal solution to
the monitor cover problem can be retrieved from the nodes in V designated as
monitors in the 1-identifiability problem. ��
Example 2. As an example, consider a monitor cover problem where V = {A,B,
C,D,E} and E = {(A,B), (B,C), (C,D), (A,D), (C,E)}. Figure 3 presents the
corresponding topology in the 1-identifiability problem. A′, B′, C ′, D′ and E′ are
necessarily monitors, T is thus covered by all the paths connecting them and has
a unique symptom. A′ and A are both covered by every path starting or ending
from A′ (P ′(A′, B′), P ′(B′, A′), . . .). Their symptoms are equal but different from
each other node. Every node in V is in a similar situation, distinguishable from
all the other nodes except their companion. If P (D,B) = {D,A,B}, selecting
D and B as monitors allows covering A, B and D in the cover problem. In the
1-identifiability problem, it makes them 1-identifiability because P (D,B) does
not contain A′, B′ and D′.
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Fig. 3. Illustration of the transformation of a cover problem to an 1-identifiability prob-
lem. The routes are not represented. (1) shows the graph for the monitor cover problem.
(2) shows the corresponding graph for the monitor 1-identifiability problem, edges from
the graph (1) are identifiable by their colors.

5 Model for Optimal Monitor Placement

This section gives the model for the resolution of cover and 1-identifiability prob-
lems. We first present the ILP, CP and MaxSAT formulation of the model.
Then we introduce some reductions and redundant constraints of the problem
to tighten the formulation.

5.1 Model Definition

Integer Linear Programming Formulation. The problem is modeled with
two binary variable vectors: x is a vector of size |V | modeling the set of monitors
(xi is true iff node i is a monitor) and y is a vector of size |P | modeling the set of
measurement paths (yP (i,j) is true iff the route P (i, j) is a measurement path).
We denote by Si the subset of P containing all the routes crossing node i; we
also denote by Di,j the set of routes crossing node i without going by j and vice
versa, Di,j = (Si ∪ Sj) − (Si ∩ Sj). The ILP model is composed of the following
constraints:

minimize
∑

i∈V

xi (1)

subject to:
yP (i,j) ≤ xi ∀P (i, j) ∈ P (2)
yP (i,j) ≤ xj ∀P (i, j) ∈ P (3)
yP (i,j) ≥ xi + xj − 1 ∀P (i, j) ∈ P (4)

∑

P (i,j)∈Si′

yP (i,j) ≥ 1 ∀i′ ∈ V (5)

∑

P (i,j)∈Di′,j′

yP (i,j) ≥ 1 ∀i′, j′ ∈ V 2 (6)

Equation (1) expresses the objective function that is to minimize the number
of monitors. Equations (2)–(4) link the monitor selection to the measurement
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path variables. A route P (i, j) is considered a measurement path (yP (i,j) =
1) iff both its starting and ending nodes are monitors (xi = 1 and xj = 1).
Equation (5) models the cover constraints. For a node to be covered at least
one route among Si needs to be a measurement path. Thus, for each node i we
have the constraint (5). Finally, Eq. (6) models the 1-identifiability constraints. A
node is 1-identifiable iff it is distinguishable from each other nodes. Constraining
each node to be 1-identifiable is equivalent to constraint each pair of nodes to be
distinguishable. For two nodes to be distinguishable, it is sufficient that at least
one measurement path crosses one of the nodes without crossing the other. For
the 1-identifiability problem, it is important to keep the cover constraints from
(5), otherwise a solution with one uncovered node would be a valid solution,
as its symptom would be different from each other symptom. Notice that the
constraint (6) is defined for pairs of nodes, but the same idea can be applied
to all combinations of up to k nodes to model the k-identifiability constraints.
Unfortunately, the number of constraints grows exponentially with k.

Constraint Programming Formulation. The CP formulation uses the same
set of binary variables x and y than the ILP formulation. The reified constraints
(8) ensure that route P (i, j) is considered a measurement path (yP (i,j) = 1) iff
both its starting and ending nodes are monitors (xi = 1 and xj = 1). The sum
constraints ensuring the coverage and the 1-identifiability are replaced by logical
or constraints.

minimize
∑

i∈V

xi (7)

subject to:
yP (i,j) ≡ xi ∧ xj ∀P (i, j) ∈ P (8)

∨

P (i,j)∈Si′

yP (i,j) ∀i′ ∈ V (9)

∨

P (i,j)∈Di′,j′

yP (i,j) ∀i′, j′ ∈ V 2 (10)

Maximum Satisfiability Formulation. The translation to a MaxSAT formu-
lation is straightforward: there are two sets of literals, x and y, that correspond
to the binary variables of the CP formulation. The reified constraints in (8) are
translated in three sets of clauses defined by Eqs. (12)–(14). The clauses ensur-
ing the coverage and the 1-identifiability, in Eqs. (15) and (16), are inherited
from the or constraints. All the clauses defined by the Eqs. (12)–(16) are hard
constraints that must be satisfied. To translate the objective function we add
one weighted clause for each node i ∈ V . Each one of them only contains one
literal, xi, and their cost is fixed to −1. Hence, to maximize the sum of the sat-
isfied constraints’ weights, we need to minimize the number of nodes selected to
be monitors.
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maximize
∑

i∈V

−1 ∗ xi (11)

subject to:
xi ∨ ¬yP (i,j) ∀P (i, j) ∈ P (12)
xj ∨ ¬yP (i,j) ∀P (i, j) ∈ P (13)
¬xi ∨ ¬xj ∨ yP (i,j) ∀P (i, j) ∈ P (14)

∨

P (i,j)∈Si′

yP (i,j) ∀i′ ∈ V (15)

∨

P (i,j)∈Di′,j′

yP (i,j) ∀i′, j′ ∈ V 2 (16)

5.2 Problem Reductions and Redundant Constraints

To reduce the search space and thus the computation costs, one can add nodes
that must be monitors and redundant constraints to obtain a tighter model.

Detecting Monitors. The nodes that are only covered by paths originating
or ending in them must be monitors to be covered. We refer to these nodes as
leaf nodes = {i ∈ V | ∀i′, j′ �= i, i /∈ P (i′, j′)}. Clearly, nodes with degree one
are part of the set of leaf nodes. This can be observed in the case of node H in
Fig. 4.

Fig. 4. Illustration of bi-connected components. C1, C2 and C3 represents the 3 bi-
connected components. Components C1 and C2 are linked together by the articulation
node C. Removing this node would result in two connected parts: the first one only
composed of C1 and the other one composed of C2 and C3.

Redundant Constraints. A bi-connected component of a graph is a subgraph
in which every pair of vertices is connected by at least two disjoint paths, meaning
that the subgraph remains connected even if any single vertex or edge is removed.
These subgraphs are linked together by articulation points, nodes whose removal
would disconnect the total graph. For example, Fig. 4 shows a graph composed
of three bi-connected components. The bi-connected components and their artic-
ulation points can be identified in linear time with a depth-first search [13]. We
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denote by VC ⊆ V the subset of nodes in the bi-connected component C that
are not articulation points and AC ⊆ V the subset of articulation points in C.

Lemma 1. For a bi-connected component C with exactly one articulation point,
ensuring coverage implies that at least one node in VC must be a monitor.

Proof. Because routes are cycle-free, a component with only one articulation
point can’t be crossed by a route connecting two nodes outside of a component.
Otherwise, it would require the route to cross the articulation point at least
twice, resulting in the presence of a cycle. Thus, it requires at least one monitor
in the component to cover its nodes. As an example, in Fig. 4 component C1

contains only one articulation point (the node C). Because routes are cycle-free,
it is clear that if A and B are not monitors, then no measurement paths will go
through the component. We can thus add a constraint which enforces that at
least one node in such a bi-connected component must be a monitor. ��

We thus add the following constraints to the ILP formulation :
∑

i∈VC

xi ≥ 1 ∀ bi-connected(C) ∈ G with |AC | = 1 (17)

Their equivalents in the CP and the MaxSAT formulations are:
∨

i∈VC

xi ∀ bi-connected(C) ∈ G with |AC | = 1 (18)

6 A Greedy Algorithm for 1-identifiability

To position our model within the state-of-the-art, we compare them with the
greedy algorithm MNMP [19] (more specifically the MNMP-UP version). MNMP
is a generic algorithm introduced to solve the broader k-identifiability problem.
Its complexity is O(|P |2 ·|V |3) = O(|V |7), as |P | = |V |2 in our case. We introduce
a version dedicated to the 1-identifiability problem, as outlined in Algorithm
1, that reduces the complexity to O(|V |5). This is the version we use in our
experimental comparisons.

6.1 Description of the Algorithm

First, the set of monitors is initialized with the set of leaf nodes (i.e., nodes that
only are at extremities of routes) since it is the only way to cover them. Then the
first while loop iteratively adds monitors to the solution until each node in the
network is covered. During each iteration, the node selected for inclusion is the
one covering the maximum number of currently uncovered nodes, considering
the present set of monitors. In the pseudo-code, we denote by U the set of
uncovered nodes and Ψ(M) ⊆ V represents the set of nodes covered by the
union of all paths between each pair of nodes in M , i.e., Ψ(M) =

⋃
i,j∈M2 Pi,j .

If the objective is solely to cover the nodes, the algorithm halts at this point.
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Algorithm 1. MNMP Pseudo-Code for the Cover and 1-identifiability Problems
1: M ← leaf nodes
2: U ← V � Uncovered Nodes
3: U ′ ← V 2 � Indistinguishable pairs of Nodes
4: U ← U\Ψ(M) � Coverage
5: while U �= ∅ do
6: m ← arg maxw∈V \M |U ∩ Ψ(M ∪ {w})|
7: U ← U\Ψ(M ∪ {m})
8: M ← M ∪ {m}
9: end while

10: return M if goal is coverage
11: U ′ ← U ′\Ω(M)
12: while U ′ �= ∅ do � 1-identifiability
13: m ← arg maxw∈V \M |U ′ ∩ Ω(M ∪ {w}|
14: U ′ ← U ′\Ω(M ∪ {m})
15: M ← M ∪ {m}
16: end while
17: return M

Otherwise, the algorithm proceeds with the second ‘while’ loop, which is designed
to make each node 1-identifiable. Once again, the algorithm adds monitors in
an iterative manner. However, this time the criterion for adding monitors is the
number of pairs of currently indistinguishable nodes that the new monitor would
turn distinguishable, taking into account the current set of monitors. We denote
by U ′ the set of pairs of indistinguishable nodes. Ω(M) ⊆ V 2 contains the pair
of nodes that are distinguishable under the union of all paths between each pair
of nodes in M . The original MNMP algorithm contains a third loop where it
iterates on each monitors and test if it is redundant, i.e., if removing the monitor
would impact the coverage or the 1-identifiability. If the monitor is redundant, it
is then removed from the solution. However, we observed on our instances that
no monitors were removed during this loop. Thus, we removed this last loop.

6.2 Time Complexity

Cover Problem. Leaf nodes are detected in O(|V 3|). The set of uncovered nodes
U and the routes are represented as bit sets of size |V |, where the bit i is set
if node i is uncovered or if i is in the route. U and Ψ(M) are computed by
logical or and and operations on these bit sets in O(|V |). Therefore, line 4
requires O(|V | · |M |2) operation. For the monitor cover problem, the complexity
is dominated by the loop in lines 5–9. The most computationally demanding step
within the loop is line 6: computing |U ∩ Ψ(M ∪ {w}| for all w ∈ V \M requires
to compute for each route linking a monitor to a non-monitor node (O(|P |)) the
set of uncovered nodes that it crosses ((O(|V |)). If we assume that |P | = |V 2|,
the resulting complexity is O(|V 3|). The worst case is when O(|V |) monitors are
required to cover the graph. Hence, the while loop takes O(|V |4). The overall
time complexity of MNMP for the cover problem is O(|V |4).
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1-Identifiability Problem. Computing the set of pairs made distinguishable by
a route is done in O(|V |2). Thereby, computing Ω(M) requires O(|M |2 · |V |2)
and the reduction of U ′ in line 11 takes O(|V |2 · |M |2). Line 13 is very similar
to line 6. It requires to calculate the set of node pairs (O(|V |2)) that can be
distinguished by every route between a monitor and a non-monitor node. The
resulting complexity is O(V 4). In the worst case (i.e., the first while loop returns
O(1) monitors and O(|V |) monitors are required for 1-identifiability) the while
loop in lines 12 to 16 takes O(|V |5). Hence the time complexity of MNMP for
the 1-identifiability problem is O(|V |5) in the worst case.

7 Experimental Results

In this section we evaluate our different approaches.2 The ILP model relies on
Gurobi 10.0.1 [7]. We run the CP model on OR-Tools 9.7.2996 [21]. For the
MaxSAT approach, we use MaxHS 3.0 [2]. Experiences run on a SkyLake CPU
@ 2.3 GHz with up to 95 GB of memory. OR-Tools and Gurobi are limited to
one thread. For MaxHS, CPLEX has also been limited to one thread. Every test
is limited to a runtime of 3 min and is allocated 20 GB of memory.

Dataset. We run our model on topologies from Rocketfuel [24], Internet Topol-
ogy Zoo [16] and CAIDA’s ITDK (IPv4 and from February 2022) [4]. We assume
shortest hop-count paths with arbitrary tie breaking when multiple best paths
exist. For an even more realistic set of routes, we use topologies from Repetita
[6], which contain IGP weights. In non-connected topologies, we keep the largest
component. For the largest topologies, the solvers encountered memory issue
on the 1-identifiability problem. OR-Tools, Gurobi and MaxHS lacked memory
for respectively for 33, 38 and 16 instances. For 2 instances, MNMP reached
the timeout and thus returned an invalid solution. To ensure a fair comparison
between the solvers, we removed the instances for which at least one solver faced
memory issues. As a result, for the cover problem we have 625 topologies with up
to 960 nodes (the median number of nodes is 33). For the 1-identifiability prob-
lem, there are 587 instances with up to 330 nodes (the median being 31).

Results. Table 1 displays the number of instances where the returned solution
is the best among those obtained by different solvers, as well as the number of
instances for which the solvers proved the optimality of their solutions. Since
MaxHS established the optimality of its solutions for 100% of the instances,
the returned solution often corresponds to the optimal one. To compare solvers
when they don’t return the best solution, Fig. 5 shows the cumulative count of
instances for which each solver provides a solution below a given number of extra
monitors, compared to the optimal.

Comparison with MNMP. Table 1 shows that the greedy algorithm fails to find
the best solution for 5.60% of instances in the monitor cover problem and for
28.45% of instances in the monitor 1-identifiability problem. While all three exact

2 Source code available at https://github.com/BurlatsAuguste/MonitorPlacement.

https://github.com/BurlatsAuguste/MonitorPlacement
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Table 1. Number of solved instances for each model

Solver Goal Best solution found Optimality proven

Gurobi Cover 623 (99.68%) 621 (99.36%)

1-identifiability 583 (99.32%) 583 (99.32%)

OR-Tools Cover 624 (99.84%) 624 (99.84%)

1-identifiability 587 (100.0%) 585 (99.66%)

MaxHS Cover 625 (100.0%) 625 (100.0%)

1-identifiability 587 (100.0%) 587 (100.0%)

MNMP Cover 590 (94.40%) None

1-identifiability 420 (71.55%) None

solvers can find the best solution for a greater number of instances, especially for
the 1-identifiability problem (more than 96%). This highlights the effectiveness of
our approach, which have the ability to reduce the number of monitors required
in numerous scenarios. As we can see in Fig. 5, most of the time the improvement
represents 1 to 3 monitors. Each new monitor adds 2∗|M−1| measurement paths
that need to be regularly probed. Thus, in large topologies that require many
monitors, having some unnecessary monitors can strongly impact the traffic,
especially around the monitors, and congestion can occur. In a context where
minimizing the number of monitor is crucial, the exact solvers are a pertinent
choice, as they are able to offer better solutions than MNMP.

Fig. 5. Proportion of instances solved against the maximal distance on the objective
with the best solution found (in number of monitors). Because of the logarithmic scale,
the lines start with the proportion of instances for which the solver choose at most one
supplementary monitor.

Comparison of the Exact Solvers. The three exact solvers show similar perfor-
mances. For many instances, the different methods only explore just a few
nodes in their search tree. OR-Tools and Gurobi frequently solve the problem
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at the root node: Gurobi solves at the root node 619 and 577 instances for the
cover problem and the 1-identifiability problem respectively. OR-Tools solves 492
instances of the cover problem and 430 instances of the 1-identifiability problem
at its root node. MaxHS uses an ILP solver to select the set of soft clause that
should be satisfied in order to maximize the sum of weights and use a SAT solver
to check if the hard clauses allow satisfying these soft clauses. For 548 instances
of the cover problem and 367 instances of the 1-identifiability problem, the solver
requires 0 call to the ILP solver. The instances on which the solvers need to per-
form their search are instances presenting only a few or no leaf nodes in their
topologies. As explained in Sect. 5.2, because the routes are cycle-free, the leaf
nodes are monitors in every valid solution. These forced monitors simplify the
problem enough for the solvers to find the optimal solution with their presolv-
ing operations. Finally, for one particular instance of the cover problem, Gurobi
returns a solution with more than 600 supplementary monitors. What happens
is that the solver reaches the time limit before the end of Gurobi’s presolving.
For the 1-identifiability problem, for 3 instances Gurobi returns a solution con-
taining 50 more monitors than the best solution. The size of the instance is not
the problem. Indeed, they contain fewer than 100 nodes, when the solver is able
to find the optimal solution instances three times larger. Instead the diameter
of the graph is determinant here.

Scalability to Real-World Instances. The used topologies are frequently
employed by the networking community and are deemed realistic, with most
derived from probing actual networks. Regarding extending the results further,
while feasible, our model is highly demanding in terms of the required con-
straints. The number of paths rapidly increases, and real-world topologies with
several hundred nodes appear to be the limit of this modeling approach. The
approach scales to most of today’s Internet Service Provider networks. To scale
beyond this, a column-generation-like scheme would be necessary, where paths
and monitors are generated more lazily.

8 Conclusion

In this paper, we studied the placement of monitors in a network to ensure
coverage or 1-identifiability of all nodes. We demonstrated that the problem is
NP-complete for both objectives. We proposed an exact model with an Inte-
ger Linear Programming (ILP) formulation, a Constraint Programming (CP)
formulation and a Maximum Satisfiability (MaxSAT) formulation. Additionally,
we specialized and enhanced a state-of-the-art greedy algorithm. For most net-
work topologies, all our exact models were able to find the optimal placement
for both problems. Compared to the current state-of-the-art, an exact approach
proved to be valuable, often outperforming the MNMP greedy algorithm by
finding better solutions, frequently the optimal ones.
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Abstract. We introduce Monte Carlo Forest Search (MCFS), a class of reinforce-
ment learning (RL) algorithms for learning policies in treeMDPs, for which policy
execution involves traversing an exponential-sized tree. Examples of such prob-
lems include proving unsatisfiability of a SAT formula; counting the number of
solutions of a satisfiable SAT formula; and finding the optimal solution to a mixed-
integer program.MCFS algorithms can be seen as extensions ofMonte Carlo Tree
Search (MCTS) to cases where, rather than finding a good path (solution) within
a tree, the problem is to find a small tree within a forest of candidate trees. We
instantiate and evaluate our ideas in an algorithm that we dub Knuth Synthesis,
an MCFS algorithm that learns DPLL branching policies for solving the Boolean
satisfiability (SAT) problem, with the objective of achieving good average-case
performance on a given distribution of unsatisfiable problem instances. Knuth
Synthesis is the first RL approach to avoid the prohibitive costs of policy eval-
uations in an exponentially-sized tree, leveraging two key ideas: first, we estimate
tree size by randomly sampling paths and measuring their lengths, drawing on an
unbiased approximation due to Knuth (1975); second, we query a strong solver at
a user-defined depth rather than learning a policy across the whole tree, to focus
our policy search on early decisions that offer the greatest potential for reducing
tree size. We matched or exceeded the performance of a strong baseline on three
well-known SAT distributions, facing problems that were two orders of magnitude
more challenging than those addressed in previous RL studies.

1 Introduction

Silver et al. [61,62] took the world by storm when their AlphaGo system beat world
champion Lee Sedol at Go, marking the first time a computer program had achieved
superhuman performance on a game with such a large action space. Their key break-
through was combining Monte Carlo Tree Search (MCTS) rollouts with a neural
network-based policy to find increasingly strong paths through the game tree. This
breakthrough demonstrated that, with good state-dependent policies, MCTS can asym-
metrically explore a game tree to focus on high-reward regions despite massive state
spaces. MCTS rollouts avoid the exponential cost of enumerating all subsequent

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
B. Dilkina (Ed.): CPAIOR 2024, LNCS 14742, pp. 170–189, 2024.
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Fig. 1. A proof tree shows that any variable assignment to an unsatisfiable instance leads to a
conflict. Its size substantially varies with the choice of branching policy.

sequences of actions [12,30] and can be extremely efficient when leveraging (1) multi-
arm bandit policies to trade off exploration and exploitation [37] and (2) function
approximation of the policies and values from previous problems to provide priors that
further focus rollouts on promising paths [13,46,65]. MCTS is most useful in combi-
natorial spaces that have a natural hierarchical decomposition into a search tree. As
a result, most of the notable applications of MCTS were to search for good paths of
actions through game trees [3,5,12,58,71].

MCTS is also useful for searching for solutions to NP-hard combinatorial problems
where a solution is a path through a search tree [2,8,33,51]. However, many other com-
binatorial problems cannot be expressed as searching for a good path. Consider con-
straint satisfaction problems (CSPs): while solving a satisfiable problem corresponds
to finding a path (assigning variables sequentially and checking the solution), existing
methods for proving that no solution exists build out a proof tree demonstrating that all
possible variable assignments lead to a conflict. Rather than finding a high-reward path
within a single tree, an algorithm designer’s goal is to find a small tree within the forest
of possible trees (e.g., see Fig. 1). This difference matters because of the high cost of
evaluating each candidate policy: individual trees can be exponentially large.

This paper introduces Monte Carlo Forest Search (MCFS), a class of MCTS-
inspired RL algorithms for such settings. We leverage leverage Scavuzzo et al. [56]’s
recent concept of tree MDPs. When an action is taken in a tree Markov Decision Pro-
cess (MDP), the environment transitions to two or more new child states; each of these
new child states satisfies the Markov property in that each child only depends on its
state. Algorithms that recursively decompose problems into two or more simpler sub-
problems in a history-independent way can be represented as tree MDP policies. An
MCFS rollout is a policy evaluation in the tree MDP and hence builds out a tree rather
than a path, with the value of each node corresponding to the sum of rewards over its
descendants in the rollout tree. Similar to MCTS, MCFS is a broad class of algorithms
that can be adapted for different domains and problem sizes through choices in how
policies are evaluated, how actions are selected and how rewards are aggregated. For
example, an MCFS algorithm with complete policy evaluation (evaluating every child
in a rollout) would be sufficient for tree MDPs giving rise to extremely small policy
trees (e.g., log-linear trees in MergeSort). However, we are interested in tree MDP prob-
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⋮

Use existing 
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Fig. 2. Two keys ideas of Knuth Synthesis to avoid the prohibitive costs of exact tree-size policy
evaluations: (1) bounded-depth search and (2) Knuth samples.

lems where policies produce exponential-sized trees, making exact policy evaluation
prohibitive. We are not aware of any method that addresses this issue; existing work
using RL [19,39,41,49,56,68] require exact policy evaluation and have only been used
to train on very easy instances by industry standards (solvable on the order of 1000
decisions).

To solve this problem, we present Knuth Synthesis, an MCFS algorithm that allows
for cheaper policy evaluation and is tailored for pure-DPLL [15] algorithms, a popular
class of SAT algorithms that can straightforwardly be defined as tree MDPs.1 We use the
idea of Knuth sampling [36] to obtain linear and unbiased Monte Carlo approximations
of tree sizes, following Lobjois and Lemaître [44] who showed these can be effective for
cheaply comparing algorithms despite their high variance. Knuth samples correspond
to path-based rollouts, allowing us to integrate them with MCTS. Extensive follow-up
work has developed alternatives for approximating tree size (e.g., [10,11,34,52]), but
these estimates are not decomposable into path-based root-to-leaf rollouts, and would
require new ideas to be integrated into MCFS. Knuth Synthesis is designed to be used
offline to synthesize new solvers under the data-driven algorithm design paradigm [4],
where we optimize algorithm performance over a training set of instances. As is stan-
dard in the literature, we encode our policies using deep neural networks, which are
far more expensive to evaluate than standard heuristics. Such policies are too expen-
sive to evaluate at every node of the search tree. We mitigate this cost by limiting our
learned policy to the search tree’s most important nodes, querying some existing sub-
solver below a certain depth in the proof tree; this also substantially reduces the policy
space. To ensure that we find strong policies for online use, we enforce the same proce-
dure offline for constraining on which nodes to call the policy. Figure 2 illustrates the
two keys ideas for making policy evaluation tractable.

Knuth Synthesis is the first MCTS-like method that has been used to learn a branch-
ing policy for combinatorial search. We deviated from standard MCTS ideas as appro-
priate, notably making a novel change to the bandit algorithm to account for our tree
size cost function. Unlike AlphaZero, which uses MCTS both offline and online, we use
Knuth Synthesis only offline, as we cannot afford the computational overhead online;

1 Other more practically useful algorithms such as CDCL and Branch-and-Bound cannot easily
be represented as tree MDPs because they correspond to deeply history-dependent policies; we
are not aware of any RL methods that are tractable for learning policies for such algorithms.
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we only query our policy online. We evaluated our method on specific unsatisfiable
problem distributions where ≈ 100,000 decisions were required to solve problems dur-
ing training, a considerable leap beyond other prominent published work. We note that
focusing on either satisfiable or unsatisfiable instances in commonplace in SAT. There
are many examples of specialized algorithms targeting one of satisfaible or unsatisfiable
instances; indeed, there have been specialized tracks of the SAT competition for both
cases. For example, local search is a very well-studied class of algorithms that cannot
prove unsatisfiability. In practice, one can always use a portfolio strategy running spe-
cialized SAT and UNSAT algorithms in parallel and terminating when either returns an
answer.

First, we evaluated our method on uniform random 3-SAT at the solubility phase
transition, perhaps the best-studied SAT distribution (e.g., featured in the SAT Com-
petition [1] from 2002 to 2018). We matched the performance of kcnfs, which was
specifically designed to target this distribution. Second, we evaluated our method on the
sgen [64] distribution, which is notoriously difficult for its problem size. We improved
running time on sgen by 8% over kcnfs, which in turn is 3.2× faster on this distribu-
tion than the hKis solver that solved the most unsatisfiable instances in the 2021 SAT
Competition. Lastly, we evaluated our method on the satfc [20] distribution, consist-
ing of radio-spectrum repacking feasibility problems from an FCC spectrum auction,
improving running time by 28% over kcnfs. These results show the initial promise of
MCFS; through further scaling, we believe these ideas will lead to stronger industrial
solvers for specific applications.

2 Related Work

Tree search is a fundamental algorithm for combinatorial optimization that iteratively
partitions a search space, e.g., by choosing variables to branch on. At a high level, the
efficiency of tree search is measured by the product of (1) the number of branches and
(2) the time required to make each branching decision. The order in which variables are
assigned—the branching policy—has a dramatic effect on the size of the tree and the
corresponding time to solve the problem, so algorithm designers seek branching policies
that lead to small trees. In domains such as Mixed Integer Programming (MIP) solving,
a “smart and expensive” paradigm has won out, where entire linear programs are solved
to determine a branching decision. In other domains such as SAT solving, a “simple and
cheap” paradigm dominates: high-performance SAT solvers make very cheap branching
decisions that depend only superficially on subproblem state. After 20 years, Variable
State Independent Decaying Sum (VSIDS) [47] has remained among the state of the art
for Quantified Boolean Formula (QBF) and SAT; it is a simple heuristic that only keeps
track of how often a variable occurs in conflict analysis. Some interesting early work
developed more expensive heuristics [29], but these generally could not compete with
VSIDS in terms of running time. A few notable exceptions are: (1) look-ahead SAT
solvers, which have a similar concept of a lookahead as MCFS and choose a branching
variable after looking ahead at the resulting state for different possible branches [24,26];
(2) the bsh heuristic used in the kcnfs solver [16] which branches based on a measure
of how constraining the assignment of one variable is on the assignment of another; (3)
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Bayesian moment matching to initialize VSIDS per-variable scores for literals based on
how likely they are to be part of a satisfying assignment [17].

There is now a long history of machine learning being used for automated algo-
rithm design [6,9,27,38]. One might expect that machine learning could learn more
informative branching heuristics for tree search that are worth their cost, especially
for shallow-depth branches where branching decisions are most consequential. Two
approaches have shown promise for learning models to make branching decisions: imi-
tation learning and reinforcement learning. First, imitation learning works by learning
a cheap approximation of (1) an expensive existing heuristic [21,28,32,48] or (2) an
expensive feature that is a good proxy for a good branching decision [59,69]. Relevant
to SAT, Wang et al. [69] predict backdoor variables and integrate these predictions into
the VSIDS heuristic while Selsam and Bjørner [59] learned to approximate small unsat-
isfiable core computation and then branched on variables predicted to belong to a core.
Both report practical performance improvements. Second, it is tempting to use rein-
forcement learning to directly synthesize heuristic policies that are optimized for prob-
lem distributions of interest. This idea dates back to Lagoudakis and Littman [40], who
used TD-learning to train a policy to select between seven predefined branch heuris-
tics based on simple hand-crafted features. With the advent of modern deep learning
architectures, practitioners train models that take the raw representation of a problem
instance as the model input. Yolcu and Póczos [70] learned a local search heuristic
for SAT; Tonshöff et al. [67] built a generic graph neural network-based method for
iteratively changing assignments in CSPs; Lederman et al. [41] used the REINFORCE
algorithm to learn an alternative to the VSIDS heuristic for QBF that improved CPU
time within a competitive solver; and Vaezipoor et al. [68] used a black-box evolution-
ary strategy to learn a state-of-the-art branching heuristic for model counting. There are
also various applications of RL for learning to branch in MIP [19,49,56]. Finally, Kurin
et al. [39]’s work, which used Q-learning for branching in the CDCL solver Minisat, is
closest to our own. They trained on random satisfiable problems with 50 variables and
generalized online to 250 variables for both satisfiable and unsatisfiable instances and
improved Minisat running time. Instances in their training set required on the order of
100 decisions. The authors found that increasing the difficulty of the training set gen-
eralized poorly and training was less stable. They resolved the path/tree distinction by
treating a traversal through a tree as a path (which could be exponential in length) and
allowing backtracking state transitions. This, coupled with not incorporating the stack
of backtracking points into their state violates the Markov assumption when backtrack-
ing, which is necessary for proving unsatisfiability and is important for satisfiability for
all but the optimal policy.

We think that the problem of using RL to train a branching policy deserves study
even if the field remains a few steps behind practical relevance. The primary challenge
arising in this body of past work is scaling RL methods to more practical problems
requiring more decisions. Each of these RL methods do exact policy evaluation and
have only been trained with ≤1000 decisions and are therefore constrained to training
on easy instances. From the perspective of a modern SAT solver, many of these results
may appear trivial, but they nevertheless quantify the extent to which RL methods can
learn policies that improve on hand-tuned heuristics.

Scavuzzo et al. [56] were the first to cleanly pinpoint how the structure of tree-search
algorithm changes credit assignment in RL, introducing the concept of tree MDPs and
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formulate a policy gradient for tree policies. Much earlier, Lagoudakis and Littman [40]
recognized that the one-to-two state transition violated the MDP definition and resolved
this by cloning the MDP and creating one copy for each transition. A number of other
recent papers have also realized the inefficiency of credit assignment when treating an
episode as a path (rather than a tree) in a tree-search algorithm [19,49,63].

Various researchers have used MCTS as an algorithm to directly search for a satisfy-
ing solution to a CSP that lie somewhere between local search and DPLL [31,45,51,57].
In these cases, a rollout can be interpreted as a guess at a satisfying assignment. If an
unseen node is reached or a conflict is reached along a rollout path, a reward is assigned
based on some measure of how close the path is to being a satisfying assignment (e.g.,
number of satisfied constraints). We see two main differences between these approaches
and ours: (1) they use MCTS online to solve CSPs rather than as an offline procedure
for training model-based branching policies and (2) they are not designed for the unsat-
isfiable case where policies produce trees rather than paths.

3 Preliminaries

We now provide the required technical background for MCTS, the Boolean satisfiability
problem (our application area), the DPLL algorithm (the framework that defines our
policy space), and tree MDPs (the class of problems to which we apply MCFS).

3.1 Monte Carlo Tree Search

Monte Carlo Tree Search (MCTS) is a general-purpose RL algorithm framework for
MDPs. An MDP M(S,A, p, r) is defined by a set of states s ∈ S, actions a ∈ A,
transition distribution p(si+1|si, ai), and reward function r : S × A → R. For every
state si that is visited, MCTS stores a vector of counts ci ∈ Z

|A| and value estimates
vi ∈ R

|A|. A rollout θ is a sequence of state, action pairs ((s0, a0), ..., (sn, an)). MCTS
makes a series of rollouts starting from the current state s0 defined with the below four
steps. Our definition is more general than presented in Sutton and Barto [66] to help
us later define MCFS, notably the introduction of γ that separates the concepts of (1)
choosing an action from (2) terminating a rollout.

1. Selection. A tree policy α : s ∈ S, c ∈ R
|A|,v ∈ R

|A| �→ A selects an action based
on the action values v, counts c, and often a prior that depends on s. Then a step
policy γ : θ ∈ (S × A)n, a ∈ A, s ∈ S �→ A ∪ ∅ takes in the state si, action ai,
and the current rollout history ((s0, a0), ..., (si, ai)) and chooses to either play the
action selected by α or to play no action (∅), terminating the rollout at that state.

2. Expansion. Counts and value estimates are tracked for any state reached by our
selection step and together form a tree rooted at the current state. For any previously
unexplored state si along the path, we add a node with vectors ci and vi to our tree.

3. Simulation. rollout policy π : S �→ R then estimates the sum of rewards before
reaching terminal state of the MDP from the node where no action was played. π
is commonly a value network estimating the value of a path originating from the
node’s state.

4. Backup. Pass back rewards through the path of the MCTS tree, so that vi at si are
updated with the sum of rewards from its descendants: π(sn) + Σn−1

x=i+1r(sx).
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After a fixed number of rollouts, MCTS commits to the action at the root according to
accumulated statistics of the tree (e.g., for AlphaZero, the largest number of samples)
and the resulting state becomes the new root node. This procedure repeats until MCTS
finds a path to a leaf of the tree. It is then possible to train a policy network to approxi-
mate MCTS by using the counts ci and values vi of each node along this path as training
examples. It is common to use such a policy network within α to further focus rollouts
on promising paths.

3.2 Boolean Satisfiability

A Boolean satisfiability (SAT) instance S is defined by a set of clauses C =
{c1, . . . , cm} over a set of variables X = {x1, . . . , xn}. Each clause consists of a
set of Boolean literals, defined as either a variable xi or its negation ¬xi. Each clause
is evaluated as True iff at least one of its literals is true (i.e., the literals in a clause are
joined by OR operators). S is True if there exists an assignment of values to variables
for which all the clauses simultaneously evaluate to True (i.e., the clauses are joined
by AND operators). If such an assignment exists, the instance is called satisfiable; it
is called unsatisfiable otherwise. SAT solvers try to find an assignment of variables to
demonstrate that a problem is satisfiable, or to construct proofs showing that no setting
of the variables can satisfy the problem. We consider only unsatisfiable problems.

3.3 DPLL and Variable Selection Policies

Many SAT solvers rely on the Davis-Putnam-Logemann-Loveland algorithm (DPLL),
which assigns variables in an order given by some (potentially state-dependent) variable
selection policy.

Definition 1. Let S be a SAT instance or any subproblem within a larger instance. A
policy φ is a mapping φ : S → (v) that determines which variable v to assign in DPLL.

Given a policy, the DPLL algorithm selects a variable to branch on and recursively
checks both the True and False assignments in a tree-like fashion, performing unit prop-
agation at each step. Unit propagation assigns variables forced by single-variable (unit)
clauses; propagates them to other clauses; and repeats until no unit clauses remain. Each
recursive DPLL call terminates when a conflict (variable assignments form a contradic-
tion) is found, forming a proof tree (e.g., Fig. 1). There can be massive gaps in perfor-
mance between variable selection policies. For example, Fig. 1 shows a formula that
leads to a three-node proof tree if x6 is selected first by the policy (assigning x6 results
in x7 ∧ ¬x7, implying a contradiction), but a tree that could have as many as 2|X| − 1
nodes if x6 is selected last. This also illustrates how top-level decisions are much more
powerful; the proof tree doubles in size for every level at which a good branching deci-
sion (branch on x6) is not made. Another way that policies can affect tree size is through
DPLL’s unit propagation step: policies that cause more unit propagation earlier in the
search require fewer decisions overall and therefore yield smaller search trees.

For an instance S solved using variable selection policy φ, we denote the size of the
resulting proof tree as Tφ(S). For a given distribution over problems P, our goal is to
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find a policy φ∗ that minimizes the average proof tree size L(φ;P) = ES′∼P[Tφ(S′)].
Finding policies is computationally challenging; for an n-variable problem, there are
O(n3n

) possible variable selection policies (3n states representing each variable as
True, False, or unassigned, and n choices per state); and exact evaluation of Tφ(S) takes
O(2n) operations; Liberatore [42] showed that identifying the optimal DPLL branch-
ing variable at the root decision is both NP-hard and coNP-hard.2 If we assume that the
optimal variable selection policy, φ∗

P
= arg minφ′ L(φ′;P), is learnable by an appropri-

ate model family, we could in principle learn an approximation to the optimal policy,
φ̂∗, to use within our solver. The challenge is to design a procedure that efficiently min-
imizes L(φ;P) so that labeled training examples can be collected through rollouts of
learned policies. This is a challenging reinforcement learning problem. For a particular
variable selection policy, even evaluating the loss function on a single instance takes
time exponential in n, and the number of policies is doubly exponential in n.

3.4 Tree MDPs

Tree MDPs [56] are a generalization of MDPs with 1-to-many transitions. Similar to
the Markov property of MDPs, tree MDPs have a tree Markov property: each subtree
depends only on its preceding state and action. We show how the DPLL algorithm can
be represented with tree MDPs in Appendix.

Definition 2 (Scavuzzo et al. [56]). Tree MDPs are augmented MDPs tM = (S,A,
pinit, p

L
ch, pR

ch, r, l), with states s ∈ S, actions a ∈ A, initial state distribution pinit(s0),
left and right child transition distributions pL

ch(sL
chi

|si, ai) and pR
ch(sR

chi
|si, ai), reward

function r : S × A → R and leaf indicator l : S → {0, 1}. Each non-leaf state si

(i.e., such that l(si) = 0), together with an action ai, produces two new states sL
chi

(left
child) and sL

chi
(right child). Leaf states (i.e., such that l(si) = 1) are the leaf nodes of

the tree, below which no action can be taken.

4 Monte Carlo Forest Search

We define Monte Carlo Forest Search (MCFS) as a class of RL algorithms for learning
policies in tree MDPs. An MCFS rollout θ is a tree of (state, action) pairs structured
according to the underlying tree MDP where a parent node si shares edges with its
children sL

chi
and sR

chi
. The aggregation of rollout trees forms a forest, hence the name.

The Expansion step is defined the same as MCTS and so is the Simulation step with the
exception of being applied to many states rather than just one. We define the Selection
and Backup step for an MCFS rollout below. See Fig. 3 for a side-by-side illustration of
MCTS and MCFS in their most general forms and find pseudocode in Appendix.

Selection. When an action selected by α is played by γ at state si, the state transitions
to new states sL

chi
and sR

chi
from sampling pL

ch(sL
chi

|si, ai) and pR
ch(sR

chi
|si, ai). These

new states are added to a queue q. MCFS iterates over q, calling α and adding the
corresponding new states back to q if γ chooses to step and terminates when q is empty.

2 Liberatore [43] later showed the problem isΔp
2[log(n)]-hard i.e., at least poly time with log(n)

oracle queries to an NP problem.
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Fig. 3. Side-by-side comparison of MCTS and MCFS highlighted by the Selection, Expansion,
Simulation and Backup steps (Adapted from Sutton and Barto [66]).

Backup. The rewards are passed back through θ, so that the value estimate vi at si is
updated with the sum of rewards from its descendants in θ.

We can now see the importance of defining the step policy γ; it allows us to evaluate
any subset of the full proof tree in a rollout tree which is important when exact policy
evaluation is intractable. MCFS commits to the action a at the root in the same way
as MCTS does and the corresponding child nodes sL

ch0
, sR

ch0
become the roots of new

search trees and are solved sequentially. This procedure repeats until MCFS finds a tree
where every leaf si of the tree is a tree MDP leaf (l(si) = 1).

5 Knuth Synthesis

For tree MDP problems like DPLL for UNSAT or model counting, the tree depth can be
linear in the number of actions; therefore the tree size (and thus the cost of evaluating
a policy) can grow exponentially with the number of actions. Knuth Synthesis is an
MCFS implementation based on two key ideas that avoid the prohibitive costs of exact
policy evaluations (See Fig. 2). First, in the step policy we nest a sampling procedure
within a given Monte Carlo rollout, using a set of random paths through the rollout tree
to approximate tree size. Second, we bound the depth of our forest search; below this
point, we call out to a rollout policy that leverages existing SAT solvers. We describe
these ideas in the following subsections and then provide our full implementation.

5.1 Nested Monte Carlo Sampling

To obtain a Monte Carlo sample through our tree MDP and determine the associated
tree size Tα(S), we may need to visit O(2n) states. This is computationally expensive,
both because of the absolute number of states and because at each node in the tree we
need to query α to decide which variable to assign next (which is nontrivial when α is
parameterized by a neural network). To address this issue, we nest a sampling procedure
within a given Monte Carlo rollout sample, effectively Monte Carlo sampling a Monte
Carlo rollout of our tree policy. More precisely, we stochastically approximate Tα(S)
by using Knuth samples [36]. We first state the general version of Knuth’s theorem for
estimating the total weight of a weighted k-ary tree with a random path through the
tree.
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Theorem 1 (Knuth [36]). Let N be the set of nodes in a weighted k-ary tree T where
each node n ∈ N has weight w(n). The total weight of this tree is wT =

∑
n∈N w(n).

Let (n0, . . . , n�) be a path of nodes through the tree from root to leaf that is chosen
uniformly at random. Then, wT = E(n0,...n�)

∑�
i=0 kiw(ni).

In the case of binary trees where all nodes have weight 1, a simple corollary holds.

Corollary 1. Let �P be the length of a path P (n0, . . . , n�P
) where ∀i, w(ni) = 1

and sampled uniformly at random from a binary tree T with size sT . Then, sT =
EP [2�P+1 − 1].

Proof. When w(ni) = 1, sT = EP [k�P −1
k−1 ]. This is true because

∑n−1
0 ki = kn−1

k−1 .
Plugging in k = 2 (binary tree in UNSAT), we get sT = EP [2�P − 1].

For the tree T produced by α, we can use Theorem 1 to get an unbiased estimate
of Tα(S). In the context of a DPLL solver, a Knuth sample amounts to replacing a
complete traversal of the binary tree of all True / False assignments with a path through
the tree where assignments are chosen uniformly at random. We can take the length
of the resulting path, �, and update the tree size estimate of each node at depth d with
2�−d − 1 for the corresponding decision by α. The average of these estimates across a
set of paths yields an unbiased approximation of the tree size.

5.2 Bounding Policy Evaluations

Knuth Synthesis is an offline procedure for training a variable selection policy φ. At
test time, we want proofs of unsatisfiability rather than estimates of tree size, and so
cannot use Knuth samples. We represent φ using a deep neural network, which is far
more expensive to evaluate than conventional tree-search heuristics. This raises the risk
that the computational cost of evaluating φ will exceed its benefits via proof tree size
reductions, and indeed makes this risk a certainty for small enough subproblems, such
as those for which existing solvers are faster than single network calls. Any online
policy must therefore have a procedure for constraining the nodes at which φ will be
queried. As we saw earlier, decisions become more important the closer they are to
the root of an UNSAT search tree. We thus apply φ at states having depth ≤ �, after
which we either (1) at both test and training time, call a “subsolver” (a pre-existing
variable selection policy); or (2) at training time, sometimes instead call a value network
that more cheaply approximates the tree size of this fixed policy (see “Rollout Policy”
for details). Although we could potentially afford to explore larger � values at training
time, we do not do so; this ensures that the training phase identifies a policy that will
leverage the subsolver appropriately at test time. To determine the appropriate tree size
estimation, we add a weight of Tφsub

(S∗) to any node representing state S∗ at which
we call the subsolver policy φsub. This represents the additional tree size incurred from
the subsolver call at this node. For a given Knuth sample of length � that terminates at
S∗, we can use the weighted version of Knuth’s theorem to update the value of a node
at depth d along the path with 2�−dTφsub

(S∗) + 2�−d − 1.
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5.3 Implementation

Beyond changes to avoid exponential evaluation costs, Knuth Synthesis has a few other
noteworthy components. We alter the Action Selection step to account for the tree size
cost function that scales with node depth; we adapt the Simulation step to account for
an unreliable value network and a fixed policy; we use a model architecture to respect
the structural invariances of SAT; we use a graph-based state-transition data structure
to improve sample efficiency; and we share policy priors with child nodes to speed
up lookaheads. Find pseudocode in Appendix: https://www.cs.ubc.ca/labs/algorithms/
Projects/MCFS/appendix.pdf.

Tree Policy α.At every state s, α returns action a = arg mina′(Q(s, a′)−QdU(s, a′)).
Q(s, a) is the cost estimate of action a at state s, Qd is the running average tree size of
nodes at depth d, which is used to calibrate confidence intervals across different depths,

and U(s, a) = cPUCT P (s, a)
√∑

a′ N(s,a′)
1+N(s,a) is the corresponding confidence interval

[53,60]. The confidence interval is parameterized byN(s, a), the number of lookaheads
that branch on action a at state s, cPUCT , a constant that controls exploration, and
P (s, a), a prior distribution over the actions for a given state, predicted by the policy
network. N(s, a) is initialized to 1 and Q(s, a) is initialized with the tree size of the
first lookahead at that state. This provides an unbiased measure of the performance of
our incumbent policy (i.e., the first sample is exactly the neural network policy), which
we seek to improve upon. Because Q(s, v) scales exponentially with the depth of s, we
introduce Qd to calibrate confidence intervals. Since U(s, v) is independent of the scale
of costs (it is only a function of counts), we calibrate each depth withQd to keep U(s, v)
at the same scale as Q(s, v). Otherwise, the choice of the cPUCT would trade off tight
confidence intervals at shallow nodes against loose confidence intervals at deeper nodes.

Equivariant Architecture. SAT problems vary in size and are invariant to permutations
of their clauses and variables within clauses. We enforce these invariances using a per-
mutation equivariant architecture [23] that can handle input matrices of any size.

Sharing Prior with Child Nodes. Calls to the policy network tend to dominate running
time, so we save time by only computing P (s, a) once at the root of the MCFS forest
and passing down the prediction to its child nodes. A child state has a subset of the
action space of its parent state. For child state s′, we set P (s′, a) ← P (s, a), and
renormalize for the subset of actions remaining in s′.

Directed Acyclic Graph as Forest Search Data Structure. We improve sample efficiency
by changing our forest search data structure from a tree to a graph, which leverages the
fact that states are reached independently of the order of previous decisions [14].

Step Policy γ. An MCFS Step policy γ controls how much of the proof tree to evaluate
in a rollout. In order for γ to implement Knuth sampling, it should play actions along
a single path through the rollout tree, choosing actions uniformly at random. We must
therefore ensure that for every pair of newly visited states (sL, sR), γ only plays an
action at one of them. If γ is called at a state s and its sibling ssib has yet to be processed,
then γ chooses between α(s, ) and ∅ with uniform probability. If ssib has already been

https://www.cs.ubc.ca/labs/algorithms/Projects/MCFS/appendix.pdf
https://www.cs.ubc.ca/labs/algorithms/Projects/MCFS/appendix.pdf
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processed, then γ returns the opposite of the decision made at ssib. γ will also return ∅
if it encounters a state s at depth � or it encounters a leaf node (s s.t. l(s) = 0) i.e., a
conflict in the underlying SAT problem.

Rollout Policy π. At each state s, π can be described via two cases: (1) if s’s sibling
ssib played an action (i.e. γ(ssib) 
= ∅) then π(s) returns the cumulative reward at ssib,
ensuring that the reward estimates at any given node reflect the correct Knuth estimate ;
(2) no action was played at s or its sibling because s is at depth �. In this case our rollout
policy π is to call the subsolver at a state S∗ at depth � of our Knuth sample. Rather than
explicitly solving the subproblem at depth �, we use a value network to access a much
cheaper reward signal. This network is trained from an initial batch of subsolver calls
and then retrained as we collect new batches of data, so its accuracy varies across time
steps of a training run. We address the issue of an unreliable network by randomly decid-
ing between calling the subsolver or the value network, with the probability depending
on an online estimate of the value network’s accuracy. Specifically, we track the mean
multiplicative error ε of our value network over time by querying the value network
with every subsolver call. For a user-defined accuracy threshold parameter t (we use
t = 0.5), we sample the value network with probability 1 − min(1, ε/t), so that the
probability of calling the subsolver halves as the error halves.

6 Experimental Setup

6.1 Benchmarks

We targeted instance distributions that are well known and difficult for modern SAT
solvers. We controlled instance size so that (1) the size of the action space was simi-
lar to Go and (2) solving required ≈ 100,000 decisions. We did not consider industrial
SAT Competition instances, as they often contain millions of variables with state spaces
significantly larger than any deployed MCTS application of which we are aware. We
evaluated our approach on three distinct distributions: (1) a canonical random distribu-
tion: uniform random 3-SAT at the solubility phase transition (R3SAT), (2) a notori-
ously difficult crafted distribution (sgen [64]), and one real-world application: station
repacking problems from the 2016 FCC incentive auction (satfc [20]). For R3SAT,
we trained on 300-variable instances, for which calling a subsolver was quick (≈ 1 s
solving time), and filtered out satisfiable instances for training and testing. To evaluate
upward size generalization, we set aside 100 test instances at both our training size of
300 variables as well as at 350, 400, and 450 variables. For sgen, we trained on 65
variables; to evaluate upward size generalization we set aside 100 test instances at both
our training size of 65 variables as well as at 75, 85, and 95 variables. For satfc, we
trained on small (<2000-variable) instances from localized regions of the U.S. interfer-
ence graph, and filtered out satisfiable instances. We set aside 100 test instances of our
training distributions. For full details, see Appendix.

6.2 Baselines

Since Knuth Synthesis learns DPLL policies, we sought to evaluate against other purely
DPLL solvers rather than to make apples-to-oranges comparisons to clause learning
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(CDCL) solvers. We ultimately aim to integrate our MCFS ideas into the much richer
design space of CDCL solvers, but anticipate that this will require going beyond the
tree MDP formalism. To make our comparisons as fair as possible, we set our base-
line and subsolver to be the same: kcnfs [16], which is a pure-DPLL solver and is
specifically designed for and is among the strongest solvers for R3SAT. We used its
most recent competition submission at the 2007 SAT Competition [7], where it won the
silver medal in the Random UNSAT track and had previously won the gold medal in
the 2005 Random UNSAT track. The lookahead march solver [25] is ≈10% faster but
we chose kcnfs because it is a pure-DPLL solver. kcnfs is a much stronger baseline
than the minisat baseline which Kurin et al. [39] compare to (two orders of magnitude
faster on their benchmarks). We also evaluated a uni+kcnfs baseline on each dataset,
where we replaced Knuth Synthesis neural network calls with uniform-at-random deci-
sions and called the kcnfs solver for subproblems at the same user-defined depth.
We tried a purely random policy without calling kcnfs as a subsolver on 65-variable
sgen, which led to poor performance 40× slower than kcnfs.

6.3 Knuth Synthesis

We integrated our Knuth Synthesis algorithm into the CDCL solver Maple_
LCM_Dist_ChronoBT [55], which won the 2018 SAT Competition and is based on
the MiniSAT framework [18]. We removed all clause-learning components so that the
solver ran pure DPLL search. We trained our neural networks with PyTorch [50] in
Python and ported them to our C++ solver using tracing. Find our code here: https://
github.com/ChrisCameron1/MCFS.

Two important hyperparameters were (1) the constant for the level of exploration
cPUCT and (2) the number of lookaheads k. Using a coarse grid search, we selected
cPUCT = 0.5 and k = 100, 000, which found the best policies within a 48-h window.
We chose � = 5, 6, and 8 for the satfc, R3SAT and sgen distributions respectively,
based on the average tree size of Knuth Synthesis after 48 h for values between 2 and
10 over a few instances. We made decisions with Knuth Synthesis until depth �; each
MCFS decision yielded a training point consisting of a (state, policy vector, Q-value)
triple, where the policy vector represents normalized action counts from MCFS.

Before a good policy network is learned, Knuth Synthesis tends to be less efficient.
We pretrained our policy and value networks by running Knuth Synthesis with 10,000
lookaheads on 1,000 instances for R3SAT and sgen. We ran one iteration of Knuth
Synthesis with 10,000 lookaheads on 1,000 instances to further improve the policy and
value network, and then a final iteration with 100,000 lookaheads on 2,000 instances
to train our final model. Pretraining runs of Knuth Synthesis took approximately 24 h
per instance and were respectively run on 300-variable and 55-variable problems from
R3SAT and sgen. The subsequent iterations took approximately 48 h per instance. On
R3SAT and sgen, they were respectively run on 300-variable and 65-variable prob-
lems. For satfc, we pretrained with 10,000 lookaheads on 441 instances and ran a
final iteration using the prior with 100,000 lookaheads. The parameters and architec-
ture described in this paper are only for the last iteration of Knuth Synthesis. We made
several minor improvements across iterations.

https://github.com/ChrisCameron1/MCFS
https://github.com/ChrisCameron1/MCFS
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6.4 Model Training

We used the exchangeable architecture of Hartford et al. [23]. We represented a CNF
SAT instance with n clauses and m variables as an n × m × 128 clause-variable
permutation-equivariant tensor, where entry (i, j) is tv if the true literal for variable
i appears in clause j, fv if the false literal for variable i appears in clause j, and 0
otherwise. tv and fv are 128-dimensional trainable embeddings representing the true
and false literal. Following Hamilton et al. [22], we also added a node degree feature
to every literal embedding. We instantiated the permutation-equivariant portion of the
exchangeable architecture as four exchangeable matrix layers with 512 output channels,
with leaky RELU as the activation function. We mean pooled the output to a vector, with
each index representing a different variable.

We added three feed-forward heads: a policy head, aQ-value head, and a value head.
The policy and Q-value heads both had two feed-forward layers with 512 channels and
a final layer that mapped to the single output channel. The value head was the same,
except there was a final mean pool that output a single scalar. The policy head and
the Q-value head were trained to predict the normalized counts and Q-values of Knuth
Synthesis, respectively. We optimized cross-entropy loss for both the policy and Q-
value head. The purpose of the Q-value head was as an auxiliary task to help learn a
better shared representation for the policy head; we observed a 5% reduction in tree
size after adding the Q-value head. We trained the value network with mean-squared
error against the log2 tree size of subsolver calls at leaf nodes. The value head was
not backpropagated through the exchangeable layers. Using a shared representation
was important for training the value head; loss tended to double when using a network
trained with only a value head. We used the Adam optimizer [35], with a learning rate
of 0.0001 and a batch size of 1. We evaluated mean tree size on a held-out validation to
select a model.

Table 1. Mean tree size (1000 s of nodes) and running time (CPU+GPU seconds) comparing
Knuth Synthesis (Ours), kcnfs, and uni+kcnfs over 100 test instances from each distribution.
Reductions in decisions and running time are relative to kcnfs. In/Out denotes whether the
benchmark was in or out of the training distribution.

Size In/Out Tree size (1000 s) CPU+GPU time (s)

uni+kcnfs kcnfs Ours uni+kcnfs kcnfs Ours

R3SAT 300 In 44.3 8.9 8.6 (2%) 15.7 1.1 10.8

350 Out 215.7 43.3 42.7 (1%) 59.5 6.1 15.8

400 Out 1,103.5 226.9 223.5 (2%) 289.1 30.8 36.5

450 Out 5,207.9 989.7 994.9 1591.1 168.9 173.4

sgen 65 In 158.2 162.3 132.2 (23%) 8.5 2.1 8.0

75 Out 1,799.3 1,792.3 1,594.0 (12%) 26.6 23.1 26.1

85 Out 8,932.9 8,874.8 8,156.2 (9%) 115.0 114.4 105.6(8%)

95 Out 98,534.0 97,979.7 92,407.9 (6%) 1214.7 1272.2 1,178.7 (8%)

satfc In 631.3 250.1 67.1 (372%) 24.8 8.3 6.5 (128%)
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7 Results

We evaluated (1) search tree size and (2) running time for Knuth Synthesis against
the two baselines on each of our instance sets; the full results are presented in Table 1.
We measured running time as the cumulative CPU and GPU time with runsolver
[54]. Overall, we reduced tree size on each of the three training distributions as well
as 5/6 upward-size generalization distributions. This led to running time improvements
on 3/9 datasets where the neural network overhead was manageable. R3SAT was the
most challenging benchmark as kcnfs is an extremely strong solver specialized to this
distribution; it far surpassed random branching on top-level decisions (4–5× reduction
in tree size and walltime) and it was unclear whether it could be improved upon. Despite
the strength of kcnfs, we squeezed out performance improvements of 1–2% in average
tree size over kcnfs on up to 400 variables. Given the overhead of our neural network
calls, these reductions in tree size did not lead to improvements in running time. For
sgen, kcnfs was also very strong (see Appendix) however there is greater scope for
improvement since it was not optimized for sgen. We reduced average tree size over
kcnfs on our training distribution (65 variables) by 1.23×. Our model trained on the
65-variable distribution generalized well to larger problem sizes; it reduced tree size
even on 95 variables, which took ≈ 20 min to solve (700× more difficult). Our solver
incurred a roughly constant overhead that prevented us from improving running time on
65 variables and 75 variables. We were able to improve the running time over kcnfs
by 8% on 85 variables and 8% (≈1.5 min faster) on 95 variables. Even without using
a GPU for model queries, we improved running time by 8% at 95 variables (constant
policy-query overhead is swamped by tree-search time at higher running times). For
satfc, evaluating against kcnfs allowed us to evaluate the (more realistic) scenario
where there was no strong hand-tailored baseline. Such settings offer the likelihood of
large scope for branching policy improvements; we saw the question of whether Knuth
Synthesis discovered such policies as an important test. kcnfs ran ≈ 3× faster than
uni+kcnfs. We reduced tree size by 3.72× and reduced running time by 1.28× over
kcnfs. Find expanded results in Appendix including an experiment that shows the
infeasibility of an existing RL approach on our datasets.

7.1 Knuth Speed up

We evaluated howmuch quicker we could find good policies using Knuth samples. Each
d-bounded Knuth sample is in expectation 2d cheaper than evaluating the full proof tree
but the variance of the estimates can be high for unbalanced proof trees. We hoped vari-
ance would be sufficiently small that we would need much fewer than 2d samples to
distinguish between good and bad policies, allowing us to more quickly move to bet-
ter parts of the policy space. Figure 4 shows average tree size over time comparing
Knuth Synthesis to full-tree evaluation for our three training benchmarks. We normal-
ized tree size across instances by the per-instance minimum and maximum tree size
ever observed. In all cases, there was a clear efficiency improvement using Knuth sam-
ples. On R3SAT and sgen, Knuth sampling reached a given tree size approximately
an order of magnitude more quickly. The improvement on satfc was substantial but



UNSAT Solver Synthesis via Monte Carlo Forest Search 185

Fig. 4. Convergence rate improvements with Knuth samples. We normalize tree size across
instances by the per-instance minimum and maximum tree size ever observed. Shaded regions
represent 95% confidence intervals.

not as pronounced; we hypothesized this was because the satfc proof trees tended to
be less balanced, which resulted in higher-variance Knuth estimates.

8 Conclusions and Future Work

We presented MCFS, a class of RL algorithms for learning policies in tree MDPs. We
introduced an MCFS implementation called Knuth Synthesis that approximates tree
size with Knuth samples to avoid the prohibitive costs of exact policy evaluation that
existing RL approaches suffer from. We matched or improved performance over a
strong baseline in a diverse trio of distributions, tackling problems within these dis-
tributions that were two orders of magnitude more challenging than those in previous
studies. In future work, we would like to generalize MCFS to CDCL solvers. Most high-
performance industrial solvers use the CDCL algorithm, which adds a clause-learning
component to DPLL to allow information sharing across the search tree. This infor-
mation sharing means there is no straightforward way to encode the problem as a tree
MDP. Approximating the size of a CDCL search tree with Knuth samples is non-trivial:
unlike DPLL, single paths from the root to leaves cannot be evaluated independently to
approximate tree size.
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Abstract. Domain filtering techniques such as Generalized Arc Consis-
tency (GAC) are powerful tools to prune partially inconsistent assign-
ments in a branch-and-prune scheme. Although such techniques are usu-
ally applied to exact approaches, we show that metaheuristic algorithms
can benefit from domain filtering. In this paper, we propose a variation of
the well-known AC3 algorithm that iteratively approximates GAC over
the structural information of the constraint network. We integrate the
algorithm with an interval-based Differential Evolution (DE) to tackle
numerical constrained global optimization problems. Our method con-
sists of a hybrid approach: at first, the interval-based DE iteratively
explores the search space generating a population of interval boxes; then,
these boxes are pruned by the local consistency algorithm; at last, a real-
based DE is used as a local search within each box. The experimental
results, over a subset of COCONUT Benchmark instances with up to 100
dimensions, show that the use of the proposed domain filtering to prune
the boxes can improve the quality of the solutions by 37.15%, at the cost
of 7.82% in processing time. The results indicate the benefits of integrat-
ing constraint propagation techniques and metaheuristic algorithms to
tackle optimization problems.

Keywords: Generalized Arc Consistency · Metaheuristics · Global
Optimization

1 Introduction

In recent decades, many algorithms have been reported combining several com-
ponents from different areas of optimization research [5,28,33]. The primary
motivation for hybridization between algorithms is to explore their particu-
lar advantages and complementary nature. Among several different approaches,
some hybrid methods have been proposed integrating constraint programming
techniques, such as branch-and-prune, domain filtering, and constraint propaga-
tion, with metaheuristics [1,8,26,36]. Despite the promising results obtained by
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these hybridizations, there is a lack of studies evaluating the benefit of constraint
propagation in Differential Evolution (DE) metaheuristic, one of the most used
evolutionary algorithms to tackle global optimization problems.

A Numerical Constrained Global Optimization Problem (NCOP) consists of
finding an assignment of values to a set of variables {x1, x2, . . . , xD} that mini-
mizes an objective function f : IRD �→ IR subject to a set of numerical constraints
gj(xj1 , . . . , xjk) ≤ 0 and xi ∈ Xi ⊆ IR, where Xi is the domain of the variable xi.
An assignment of values that satisfies all constraints is called a feasible solution.
A feasible solution that minimizes the objective function is called an optimum
solution.

Since the late eighties, interval arithmetic [25] has been used to tackle NCOPs
by combining consistency techniques with Branch and Bound (B&B) algorithms
[2,19,22]. Generally, such methods are composed of three main phases that are
repeatedly applied until a solution is found:

– Pruning phase: domain filtering algorithms that guarantee some level of
local consistency are applied (e.g., AC3 [23]), excluding partial assignments
that surely do not constitute a feasible solution to the problem.

– Local search phase: cheap search methods are used to detect if the current
domain contains a feasible solution of the instance that can be used as an
upper bound for the optimum solution.

– Exploration phase: the current domain is partitioned to continue the search
recursively.

This paper proposes a hybrid optimizer where the exploration phase is done
by a stochastic method of domain segmentation. The search space is explored
through an interval-based DE [9] that generates a population of promising inter-
val boxes (a set of subdomains). Furthermore, we propose a variation of the
well-known AC3 algorithm [23] that iteratively approximates Generalized Arc
Consistency (GAC) over the structural information of the instance provided by
a decomposition of the constraint network called epiphytic decomposition [14].
This algorithm is used in the pruning phase to either detect that a subdomain
is inconsistent (i.e., there is no feasible solution within it) or narrow the search
space.

Finally, as a local search phase, we apply another DE, here called real-based
DE, which uses a population of points to explore the narrowed box of the sub-
domain. The best point found represents the box quality regarding constraint
violation and objective function values. If such point is a feasible solution, it can
be used to update the upper bound of the optimal solution that GAC will prop-
agate in the next pruning phase. Moreover, according to the interval-based DE
policy, the box’s quality is used in the next exploration phase to generate new
boxes. With this, we seek an appropriate compromise between solution quality
and reasonable computational time.

The experimental evaluation on 157 instances with up to 100 dimensions
extracted from the COCONUT Benchmark [29] demonstrates that the advan-
tages of incorporating a pruning phase based on GAC are not limited to
exact optimization scenarios. The addition of GAC domain filtering significantly
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improved the performance of our stochastic optimization method, as it directs
computational resources more assertively toward promising regions of the search
space.

The remainder of this paper is organized as follows: Sect. 2 lists some related
works. Section 3 contains basic definitions of constraint processing and local con-
sistency techniques. Section 4 provides details of the proposed GAC domain fil-
tering algorithm and the implementation of our hybrid approach. The experi-
mental analysis is presented in Sect. 5, and Sect. 6 concludes this work.

2 Related Works

Several optimizers that benefit from integrating rigorous methods and meta-
heuristics have been recently proposed. In combinatorial optimization, Cotta
and Troya [13] integrated a B&B algorithm into the recombination operation
of an evolutionary algorithm to select the optimal candidate solution. Similarly,
Ozkan et al. [26] proposed hybridizations involving B&B, Simulated Annealing
(SA), and Genetic Algorithms (GA) to repair infeasible solutions or improve
their quality.

Zhang and Liu [39] introduced a hybrid interval algorithm that combines
B&B with a GA. Similarly, Bunnag [8] presented combinations of B&B algo-
rithms and stochastic search for unconstrained numerical optimization prob-
lems, including hybridizations with SA and GA. In both cases, the approaches
collaborate to update the priority queue of boxes to be explored and exchange
information about the search domain and the optimal solution’s upper bound.

Handling the economic emissions load dispatch problem, Gupta and Ray [17]
introduced a DE method utilizing three-stage interval analysis. In the first stage,
interval arithmetic establishes the limits of the objective function. Second, an
interval B&B algorithm is applied to the instance domain until its boxes reach a
predefined minimum size. Then, the central points of these boxes are defined as
the initial population of the DE. In the third stage, a process to shrink the boxes
is applied to iteratively update the boundaries of the global optimum. Alliot et
al. [1] combined a GA with a B&B to exchange upper bounds and solutions
through a shared memory mechanism.

Vanaret et al. [36] proposed an exact hybrid solver in which a B&B cooper-
ates with a DE algorithm. The two independent algorithms run in parallel and
exchange bounds, solutions, and search space via message passing. The collabo-
ration process can be broken down into three stages: 1) whenever the DE finds a
new feasible solution, it can update the upper bound of the objective function;
2) whenever B&B finds a better point solution (e.g., the center of a box), it is
injected into the DE population; 3) an exploration strategy periodically reduces
the DE search space, then regenerates the population in the new search space.
To the best of our knowledge, this is the closest related work to the hybridization
presented in this paper.

In [10], we introduced the Interval Differential Evolution (InDE) solver to
integrate the DE metaheuristic with OGRe [14]. This method uses interval-based
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techniques and exploits structural information encoded in the instance’s con-
straint network. InDE extends typical DE operators to intervals, taking advan-
tage of OGRe’s core functionality to identify a critical subset of variables for
the search process, with the remaining variables evaluated through constraint
propagation. Furthermore, local consistency techniques are employed to prune
infeasible solutions.

More recently, we presented I2DE [9], an Improved Interval Differential Evo-
lution, which extends InDE and the operators supported by the OGRe multi-
interval core, which allowed us to tackle a greater diversity of NCOP instances.
Furthermore, we presented improved versions of three interval evolutionary oper-
ators and incorporated several heuristics from recent solvers. An experimen-
tal analysis performed on the COCONUT [29] and CEC2018 [37] benchmarks
revealed that our I2DE significantly outperforms InDE, OGRe, and a proposed
real-based version of I2DE. Such real-based DE obtained better results than
several recent state-of-the-art metaheuristic solvers.

3 Background

In this paper, we tackle NCOP instances which objective function and constraints
can be rewritten as a network of ternary constraints1 [16] of the form x = y◦z or
x = �y, where ◦ (�) is a well-defined binary (unary) operation. For example, the
NCOP instance min (x − 1)2 + (y − 1)2 s.t. {x + y ≤ 1, x ≥ 0} can be rewritten
by adding auxiliary variables: min z s.t. {z = a1 + a2, a1 = a3

2, a2 = a4
2, a3 =

x − 1, a4 = y − 1, c = x + y, x ∈ [0,∞), c ∈ (−∞, 1]}, where the new variable z
encodes the objective function in the constraint network.

An interval X is a continuous set of real numbers. For instance, X = [x, x] =
{x ∈ IR | x ≤ x ≤ x} is a closed interval, where x, x ∈ IR are the endpoints
of X. Given intervals X, Y and Z the interval extension of any binary (unary)
operation ◦ (�) well defined in IR is defined by:

X ◦ Y = {x ◦ y | x ∈ X, y ∈ Y and x ◦ y is defined in IR},

� Z = {�z | z ∈ Z and � z is defined in IR}.

It is possible to compute X ◦Y or �Z for all algebraic and common transcen-
dental functions only by analyzing the endpoints of X and Y or Z [18,25], e.g.,
[x, x] + [y, y] = [x + y, x + y], [x, x] · [y, y] = [min{xy, xy, xy, xy},max{xy, xy,

xy, xy}], 2[z,z] = [2z, 2z], etc.
The sets X ◦ Y and �Z can be intervals, empty sets or multi-intervals2. A

multi-interval X is an ordered set of disjointed intervals. Given multi-intervals
X , Y and Z, the operation X ◦ Y is the tightest multi-interval that contains
{X ◦ Y | X ∈ X , Y ∈ Y}, and �Z is the tightest multi-interval that contains

1 A constraint is said to be ternary if it involves at most three variables.
2 For example, [1, 2]/[−1, 1] = (−∞, −1] ∪ [1, ∞).
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{�Z | Z ∈ Z}. The hull of a multi-interval X is the tightest interval that contains⋃
X∈X X. A box is a tuple of (multi-)intervals.

In the constraint programming field, local consistency allows the narrowing of
variable domains by excluding values that can not satisfy the constraint network.
The most important of these consistencies, called (generalized) arc consistency
(GAC), guarantees that any valuation of a single variable can be extended to
other variables while satisfying a constraint [24]. In the continuous case, a ternary
constraint x = y ◦1 z is GAC w.r.t. a box (X,Y,Z) iff X ⊆ Y ◦1 Z, Y ⊆ X ◦2 Z
and Z ⊆ X ◦3 Y , where ◦2 and ◦3 are the inverse operations of ◦1 that hold the
condition (x = y ◦1 z) ⇐⇒ (y = x ◦2 z) ⇐⇒ (z = x ◦1 y).

If a ternary constraint is not GAC, this propriety can be achieved by com-
puting the intersection of each relevant domain with the respective projection
function:

GAC_revise(x1 = x2 ◦1 x3) :=

⎧
⎪⎨

⎪⎩

X ′
1 ← X1 ∩ (X2 ◦1 X3)

X ′
2 ← X2 ∩ (X ′

1 ◦2 X3)
X ′

3 ← X3 ∩ (X ′
1 ◦3 X ′

2).
(1)

The box (X ′
1,X

′
2,X

′
3) narrowed by (1) may contain multi-intervals. Relaxed

consistencies such as Hull Consistency [3] have been proposed to avoid deal-
ing with multi-intervals, since there is no consensus in the literature about the
performance of maintaining a multi-interval representation [11,15,30]. Our pro-
posal uses the multi-interval representation to improve effectiveness in pruning
inconsistent values from variable domains.

Many algorithms have been proposed to achieve GAC on the whole network.
The well-known AC3 algorithm [23] consists of iteratively applying GAC_revise
on the constraints according to a queue Q. Initially, all network constraints are
enqueued in Q. While Q is not empty, a constraint C is dequeued from Q and
GAC_revise(C) is called. If the domain of some variable x is narrowed, all the
other constraints over x are enqueued in Q. If the empty domain is generated,
an inconsistency is detected and AC3 returns.

Generally, this procedure may only terminate if a maximum number of
steps is imposed or the network holds specific structural properties [12,15]. For
instance, if the constraint network is acyclic3 then GAC can be achieved by
considering an ordering d = (C1, C2, . . . , Cm) of the constraints such that each
constraint Ci has at most one variable in predecessor constraints Cj<i; it suf-
fices apply GAC_revise backward and forward along d. We call such ordering d a
valuation ordering of the constraint network. Even if the network is not acyclic,
this procedure can be used if the solution is generated by search along d. In this
case, the network will be directionally arc consistent (DAC) along d.

3 The structure of a constraint network can be represented by a hypergraph in which
vertices are the variables, and for each constraint there is a hyperedge connecting
its respective vertices. Therefore, a network is acyclic if its hypergraph is Berge-
acyclic [4].
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4 A Hybridization of Constraint Propagation
and Metaheuristics

This work proposes hybridizing constraint propagation techniques and meta-
heuristic algorithms to tackle NCOP. Specifically, our objective is to evaluate
the ability of GAC domain filtering to improve the quality of solutions found by
a stochastic optimization method.

Our approach manipulates subdomains (boxes) of the search space by assign-
ing intervals to variables. Any point inside a box can be considered a candidate
solution for the instance. Initially, a predefined number of boxes are generated
through a recursive binary segmentation of the search space. As the initial boxes
are formed by the leaf nodes of the segmentation tree, full coverage of the search
space is guaranteed.

Inspired by the schemes used in the Branch-and-Prune algorithms, our app-
roach is divided into three repeatedly applied phases. The pruning phase involves
applying GAC over the ternary representation to prune suboptimal or infeasible
regions of the box domain. Next, we apply a real-based DE to find a point whose
objective function and constraint violation values represent the quality of the box
and may update the upper bound of the instance’s optimal solution. Finally, an
interval-based DE iteratively generates new boxes to be explored. These last two
phases are independent of the ternary representation of the instance. The pro-
cess stops when a predefined maximum number of evaluated solutions is reached.
Some details are discussed in the following subsections.

4.1 Pruning Phase

The GAC domain filtering we propose (Algorithm 1) uses structural information
of the constraint network to apply a combination of DAC and AC3. In [14] it was
proposed an epiphytic decomposition of a constraint network as a tuple (A, Ω, t),
where A is an ordered set of acyclic networks obtained by removing from the
network a set of constraints Ω, and t : Ω �→ VΩ is a function that associates each
constraint C ∈ Ω with one of its variables t(C) satisfying the following: if t(C)
belongs to the network Ai then the remaining variables of C belongs to previous
networks Aj<i and there is no other constraint C ′ ∈ Ω such that t(C ′) belongs
to Ai.

A constraint network may have many different epiphytic decompositions,
but it is desired |Ω| to be minimum [14]. We use a heuristic approach that tries
to maximize the size of the first acyclic network of the decomposition because
it is cheaper to enforce GAC in acyclic networks. Figure 1 shows an epiphytic
decomposition of the Rosenbrock function f(x, y) = 100(x − y2)2 + (1 − y)2

encoded as a ternary network, where Ω = {C7}.
First, the usual DAC pruning is applied in each acyclic network identified by

the epiphytic decomposition. Except for numerical errors due to float-pointing
arithmetic, GAC is efficiently achieved in all sub-networks since we maintain a
multi-interval representation of the box. However, the entire network may not
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Algorithm 1. GAC domain filtering
Require: Epiphytic decomposition (A, Ω, t) of the ternary constraint network, variable z that

encodes the objective function, upper bound u, box B and MAX number of steps.
Ensure: In any moment, if the empty interval is obtained returns conflict. Otherwise, B is nar-

rowed.
1 Dz ← Dz ∩ (−∞, u) � narrow the domain of z using the upper bound
2 for all Ai ∈ A do � directional GAC in Ai

3 let (C1, C2, . . . , Cm) be a valuation ordering of Ai

4 GACrevise(Cj , B), for each j = m . . . 1
5 GACrevise(Cj , B), for each j = 1 . . . m
6 end for
7 Create empty queue Q
8 for all Cj ∈ Ω do � process the Ω set of the decomposition
9 Q ← GACrevise(Cj , B) � enqueue variables that have been contracted

10 end for
11 k ← 0
12 while Q is not empty and k < MAX do � AC3-like algorithm
13 x ← dequeue(Q)
14 for all constraint Cj over x do
15 Q ← GACrevise(Cj , B)
16 end for
17 k ← k + 1
18 end while
19 return Hull(B)

A1 : z min z

C1 s. t.
a1 a2 C1 : (z = a1 + a2)

C2 C5 A2 : C2 : (a1 = 100 · a3)

100 a3 a6 2 2 C3 : (a3 = a4
2)

C3 C6 C7 C4 : (a4 = x − a5)
a4 2 1 y C5 : (a2 = a6

2)

C4 C6 : (a6 = 1 − y)
x a5 C7 : (a5 = y2)

Fig. 1. An epiphytic decomposition of the ternary encoded Rosenbrock function.

be consistent because the constraints in the Ω set of the decomposition were not
processed. Therefore, GAC_revise is applied to all these constraints, initiating
the queue Q of variables to be processed by AC3. Our AC3 implementation
uses a counter of processed variables: in each iteration all constraints over a
variable are processed. The total number of calls to GAC_revise depends on the
structure of the constraint network, since dense networks may have, in general,
more constraints per variable.

It is worth noting that Algorithm 1 takes an interval box as input, but during
the GACrevise process, it may generate multi-intervals4. We maintain the multi-

4 Considering the network x = y2 and y = [+1,+1]/[−1,+1], hull consistency narrows
the domains to y = (−∞,+∞) and x = [0,+∞), while our approach obtains a tighter
result y = (−∞,+∞) and x = [1,+∞). This is because during the algorithm, y is
represented by the multi-interval y = {(−∞, −1], [+1,+∞)}.
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interval representation over the entire process, but return an interval box where
each interval is the hull of the respective multi-interval domain. With this, we
simplify the operations of the interval-based DE in the exploration phase.

4.2 Local Search Phase

Using interval boxes to represent subdomains enables local search methods to
identify search space regions with feasible solutions. In our previous work, I2DE
[9], we initially enforced GAC on the boxes. Then, we tried to instantiate the
constraint network in a backtrack-free fashion, starting with the initial valuation
z ← z, where Z = [z, z] is the domain interval of the variable that encodes the
objective function. Although this instantiation provides suitable reference points,
local search methods that widely explore the box could provide more accurate
estimates of its quality.

In this way, we propose a local search phase that uses a real-based DE, a
populational metaheuristic inspired by the natural selection process. Storn and
Price [31] presented it primarily to solve global optimization problems in several
areas [27]. Due to its stochastic nature, DE does not guarantee the optimal
solution but usually finds good solutions in reasonable computational time.

The best point found by DE within a box is adopted as a representative
of the box’s quality, and its cost and constraint violation values are calculated
considering only the original variables of the instance. From this, it becomes
possible to define which boxes are most promising and should be better explored
in the search process. Furthermore, the cost values of the feasible points found
by DE are used as an upper bound of the optimal solution for the instance,
which tends to speed up the domain filtering process.

As an evolutionary metaheuristic, DE runs in a loop of G generations (iter-
ations) over a population of NP candidate solutions (individuals). The initial
population is randomly generated according to a uniform distribution over the
box domain. At each generation, NP new individuals are generated by applying
mutation, crossover, and selection operators. The most popular mutation oper-
ator is DE/rand/1 (Eq. 2), where each individual xi generates a new candidate
solution vi:

vi = r1 + F · (r2 − r3), (2)

where F is the scaling factor and r1, r2 and r3 are three mutually distinct
individuals randomly selected from the population. As proposed in IUDE [35],
we use other two mutation operators: DE-current-to-rand/1 [20] (Eq. 3) and
DE/current-to-pbest/1 [38] (Eq. 4).

vi = xi + s · (r1 − xi) + F · (r2 − r3), (3)
vi = xi + F · (rp − xi) + F · (r1 − r2), (4)

where s is a uniformly distributed random number between 0 and 1, and rp is
an individual randomly chosen from the p = [12.5, 25.0]% best solutions on the
current population.
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The crossover operator is employed on the solution vi to generate a novel
candidate solution ui utilizing a probability defined by the crossover rate CR.
An integer d ∈ [1,D] is the starting point, where D is the number of instance
dimensions. Another integer value l is also chosen from [1,D] with probability
P(l ≥ L) = CRL−1 for any L > 0 which denotes how many consecutive decision
variables are selected from vi starting at d position. Then, the final candidate
solution ui is generated as follows:

uij =

{
vij , if j ∈ {mD(d),mD(d + 1), . . . , mD(d + l − 1)},

xij , otherwise,
(5)

where mD(n) = 1 + ((n − 1) mod D) allows to iterate cyclically through the
solution dimensions. The values of the parameters F and CR are automatically
defined according to the heuristics proposed by [6,7,34].

Finally, a selection operator based on ε-constrained method [32] is performed
to define whether xi or ui will be selected for the next generation. ε-comparisons
are a lexicographic order in which constraint violation precedes the objective
function value. This precedence is adjusted by the ε-tolerance, which decreases
until the execution exceeds a predefined threshold. From this point forward, ε is
set to 0 to prioritize solutions with minimal constraint violation.

The population is sorted using the ε-method and subdivided into two sub-
populations A and B of size NP/2, allowing A to contain the best candidate
solutions. The three mutation strategies are systematically applied to prioritize
exploring these promising solutions and accelerate the convergence process. The
superior performance among the generated candidate solutions is compared with
the original solution during the selection operation. In sub-population B, an
adaptive scheme [35] is employed to select mutation strategies dynamically.

The mutation, crossover, and selection operators are executed until a max-
imum number of evaluated individuals is reached or if there is no solution
improvement over a predefined number of generations.

4.3 Exploration Phase

To explore the interval boxes that represent the subdomains of the instance, we
employ a version of DE that operates on a population of boxes. This interval-
based DE replaces the mutation and crossover operators with corresponding
interval versions. Since an interval X = [x, x] can be defined by its width ω(X) =
x−x and midpoint μ(X) = (x+x)/2, mutation operators can be applied to the
midpoints and extended to the widths of the intervals. The interval version of
DE/rand/1 (Eq. 2) combines the boxes r1, r2 and r3 to generate the candidate
box vi. The j-th dimension of vi is defined by:

μ(vij) = μ(r1j) + F · (μ(r2j) − μ(r3j)) , (6)

ω(vij) = ω(r1j) · (1 + F · ((ω(r2j)/ω(r3j)) − 1)) .
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The other two mutation operators are defined similarly. The interval version
of DE/current-to-rand/1 (Eq. 3) combines the box xi, of the current population,
with three other randomly selected boxes r1, r2 and r3. The new box is defined
by:

μ(vij) = μ(xij) + s · (μ(r1j) − μ(xij)) + F · (μ(r2j) − μ(r3j)) , (7)

ω(vij) = ω(xij) · (1 + s · ((ω(r1j)/ω(xij)) − 1)) · (1 + F · ((ω(r2j)/ω(r3j)) − 1)) ,

where s is a random number between 0 and 1. This strategy does not use a
crossover operator.

Finally, the interval version of DE/current-to-pbest/1 (Eq. 4) uses the box
xi and the randomly selected boxes r1 and r2, while rp is selected among the p
best boxes in the population:

μ(vij) = μ(xij) + F · (μ(rpj) − μ(xij)) + F · (μ(r1j) − μ(r2j)) , (8)

ω(vij) = ω(xij) ·(1 + F · ((ω(rpj)/ω(xij)) − 1)) ·(1 + F · ((ω(r1j)/ω(r2j)) − 1)) .

In the same way as in the local search phase, the values of the parameters
F and CR are automatically defined according to the heuristics proposed in [6,
7,34]. The crossover operator is an interval version of Eq. 5. The population of
boxes is kept sorted and subdivided into populations A and B of size NP/2, which
allows the search process to prioritize exploration around the most promising
boxes.

After generating each new box, GAC filtering is applied to prune (Sect. 4.1)
suboptimal or infeasible regions of the search space. It is important to note that,
unlike I2DE, the mutation and crossover operations are only applied to intervals
that represent the instance’s original variables, ensuring that the ternary repre-
sentation of the instance is restricted to the GAC domain filtering process. The
box’s objective function and constraint violation values obtained in the local
search phase guide the choice of which boxes should be further explored.

5 Experimental Results

Our experimental evaluation analyzes the impact of GAC domain filtering in
the hybridization of constraint propagation with a metaheuristic, focusing on
the quality of the solutions and processing time. Therefore, the first objective
is to evaluate the inclusion of GAC domain filtering (Algorithm 1) as an inter-
mediate level between manipulating interval boxes and the local search stage.
Additionally, an investigation is carried out into the maximum number of GAC
steps required to balance finding suitable solutions and the additional processing
time required by this task.

To ensure a fair comparison, all versions of our solver employ the same heuris-
tics described in Sect. 4. However, it is worth noting that the algebraic structure
of instances and their ternary representation are only explored during GAC
domain filtering. Therefore, in the case of experiments without a pruning phase,
our approach became a black-box solver.



200 M. R. S. Cassenote et al.

In this experimental evaluation, we explore 157 instances of COCONUT
Benchmark [29] Library 1 with up to 100 dimensions, different amounts of
equality and inequality constraints, and containing operators supported by our
multi-interval core [9]. This benchmark suite was chosen due to its wide use in
numerical optimization research and because it contains the AMPL (A Mathe-
matical Programming Language) description necessary to explore the structure
of instances in a white-box approach.

Due to the stochastic nature of the mutation and crossover operations, all
instances were tested in 25 independent runs with different random seeds. A
budget of function evaluations is defined for each run, corresponding to the max-
imum number of candidate solutions to be evaluated. This budget is consumed
with each call to Algorithm 1. Furthermore, the number of candidate solutions
explored by the local search DE is deducted from this budget. The execution of
our approach ends when the budget is completely consumed.

The tests include function evaluation budgets ranging from 1×106×D to 2×
107×D, where D is the number of variables (dimensions) of the NCOP instance.
The population size is 5×D interval boxes. A maximum of 2×103×D candidate
solutions are evaluated for each local search call on a box, and a population of
5×D candidate solutions is maintained. The local search prematurely terminates
if there is no improvement in the candidate solutions over 50 generations. The
parameters used to adjust the ε-tolerance were the same as those for I2DE [9].
The experiments ran on a computer with an Intel Xeon E5-4627v2 3.30GHz
processor, 256GB of RAM, and Debian Linux 11.7.

The first aspect to be considered is the quality of the solutions obtained
by our approach. All analyses of this experimental evaluation were based on the
average values obtained in each of the 25 runs. Solutions whose sum of constraint
violations was less than 10−8 were considered feasible. Similarly, instances with
an absolute error to the optimal objective function value lower than 10−4 were
considered optimal.

Figure 2 and Table 1 show the number of feasible and optimal solutions in
relation to different maximum numbers of GAC steps (parameter MAX on Algo-
rithm 1) and function evaluation budgets. The line “no pruning” means that
GAC domain filtering was not used, and the line “DAC + Ω” means that only
directional GAC was applied in the acyclic networks of the epiphytic decompo-
sition and GACrevise was applied in constraints of the Ω set (i.e., MAX = 0).
Observing the number of instances with feasible (92.99%) and optimal (32.48%)
solutions, it is evident that GAC domain filtering can significantly improve the
quality of solutions obtained by the version with no pruning (73.24% and 26.11%,
respectively). There is an increasing gain concerning the feasibility of the solu-
tions for the maximum number of GAC steps (103). Regarding the quantity of
optimal solutions, GAC steps of 102 and 103 exhibit superior performance.

We seek to estimate the improvement obtained by each maximum value of
the GAC steps given each function evaluation budget. Thus, we calculated the
percentage variation of the average absolute error of feasible solutions from runs
with and without GAC pruning. To this end, we have considered three cases:
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Fig. 2. Average number of feasible and optimal instances considering 25 runs.

1. given that both runs obtain feasible solutions, the variation is given by (E −
Egac)/Max{E,Egac}, where Egac and E represent the average absolute error5
of the version with and without GAC pruning, respectively;

2. if the solution obtained by the version with no pruning is feasible and the
solution with GAC pruning is infeasible, the variation is considered as −100%;

3. for cases with a solution that is infeasible when executed with no pruning
and feasible when executed with GAC pruning, the variation is considered as
+100%.

Figure 3 shows the improvement in the quality of solutions as the number
of GAC steps increases. Our approach benefits significantly from the domain
filtering process, even with small function evaluation budgets. However, this
gain appears more discreet from 102 GAC steps onwards, corroborating the
information presented in Fig. 2, and may indicate stagnation. It is possible that,
after a certain point, the pruning phase has less impact on the search for better
solutions or that a smaller number of steps is sufficient to prune suboptimal and
unfeasible values from the box.
5 The difference between the value of the objective function for the solution found and

the value of the optimal solution provided by COCONUT Benchmark.
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Table 1. For each budget and pruning configuration, the table shows the average num-
ber of instances with feasible and optimal solutions, the improvement in absolute error,
the sum of average processing times, the percentages of: additional time demanded by
GAC, inconsistent boxes discarded, average box contraction, and average consistent
box contraction, i.e., excluding the discarded ones.

Budget GAC Feas Opt Error
improv.
(%)

Time
(s)

Time
(%)

Inconsist.
(%)

Contract.
(%)

Contract.
consist. (%)

1× 106 no pruning 99 28 – 6786.54 – – – –
DAC + Ω 117 35 30.67 6966.16 4.97 14.63 71.74 12.98
101 steps 123 36 32.66 6985.22 5.71 16.11 67.88 14.38
102 steps 132 36 38.92 7234.04 8.53 16.55 68.36 14.78
103 steps 132 35 36.82 7370.23 12.80 17.06 69.26 14.13
104 steps 134 33 38.11 7459.68 16.80 16.78 69.58 13.84

2.5× 106 no pruning 102 39 – 13030.96 – – – –
DAC + Ω 120 42 29.21 13926.84 5.69 15.51 71.25 12.53
101 steps 128 43 33.43 13946.99 6.58 16.80 67.58 14.08
102 steps 136 45 38.97 14436.99 8.44 17.03 67.89 14.77
103 steps 136 45 38.76 14658.43 12.39 17.52 68.86 14.02
104 steps 137 44 39.49 15278.27 17.09 17.45 69.03 13.71

5× 106 no pruning 107 41 – 24406.10 – – – –
DAC + Ω 128 43 25.48 25152.30 4.37 15.85 71.17 12.50
101 steps 134 44 30.52 24951.21 5.20 17.38 67.47 13.91
102 steps 138 45 35.06 25491.43 6.48 17.31 67.64 14.93
103 steps 138 46 35.72 25896.27 11.09 17.51 68.67 14.31
104 steps 139 44 35.80 27881.36 16.01 17.45 68.83 13.91

7.5× 106 no pruning 110 41 – 37487.15 – – – –
DAC + Ω 127 48 26.56 38288.78 4.98 16.07 71.08 12.41
101 steps 133 44 31.62 38095.46 5.78 17.75 67.36 13.87
102 steps 141 47 38.07 38904.27 7.78 17.43 67.55 15.04
103 steps 139 47 36.25 39684.68 12.09 18.07 68.60 14.44
104 steps 140 45 37.25 41792.15 16.68 17.90 68.73 14.07

1× 107 no pruning 114 41 – 47996.11 – – – –
DAC + Ω 129 47 25.21 49560.77 4.97 16.25 71.15 12.48
101 steps 134 48 28.19 49385.20 5.63 17.95 67.35 13.92
102 steps 141 50 34.48 50569.65 7.69 17.63 67.52 15.15
103 steps 142 50 36.90 51272.04 12.10 18.18 68.62 14.59
104 steps 142 48 35.48 54263.11 17.04 18.11 68.65 14.21

1.5× 107 no pruning 113 40 – 71028.06 – – – –
DAC + Ω 130 47 23.88 72348.05 4.97 16.62 70.65 12.83
101 steps 136 48 27.94 72795.75 5.90 18.46 67.04 13.96
102 steps 142 51 35.74 73624.10 8.01 18.03 67.28 15.29
103 steps 142 52 36.67 74609.19 12.11 18.52 68.46 14.64
104 steps 144 50 37.44 78963.27 17.35 18.42 68.51 14.28

2× 107 no pruning 115 41 – 94381.01 – – – –
DAC + Ω 133 49 26.90 96732.07 5.27 16.68 70.37 12.90
101 steps 138 49 33.19 96781.30 6.38 18.80 66.81 14.07
102 steps 144 51 38.80 97982.04 7.81 18.26 67.11 15.63
103 steps 144 51 38.78 99162.37 12.27 18.81 68.29 14.82
104 steps 146 49 39.68 104035.78 17.17 18.60 68.35 14.43
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Fig. 3. Percentage of improvement in the absolute error of the objective function
obtained by applying GAC domain filtering.
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Fig. 4. Relationship between quality gain in the solution and processing time required
by GAC-based pruning.

Another critical aspect to be considered is the additional processing time
required by the domain pruning phase. Table 1 shows the sum of the average time
of 25 runs of each instance over each budget of function evaluations (Time(s)).
For a more precise observation, we also show the percentage of additional time
required by each value of GAC steps defined versus the implementation without
the pruning phase (Time(%)). The best results obtained by no pruning were
115 feasible and 41 optimal solutions, with a budget of 2 × 107 and a time of
94381.01 s. For the 1 × 107 budget, all variants with pruning have better values
for feasible and optimal, but with a time of 54263.11 s. Even almost doubling
the processing time (47,996.11 s to 94,381.01 s) with no pruning, the solutions
found are inferior. The same relation can be observed in other budget pairs.

Finally, to estimate the cost-benefit ratio among different maximum GAC
steps, we divided the improvement in the absolute error of the objective function
described in Fig. 3 by the increase in processing time required by the application
of GAC domain filtering, as depicted in Table 1 and Fig. 4. In general, all config-
urations of GAC steps exhibit a gradual performance improvement as the budget
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of function evaluations increases. However, the 102 GAC steps configuration was
the best cost-benefit ratio for most budgets.

Given the results obtained, we show that applying a GAC-based pruning
phase can significantly improve the results obtained by the proposed hybrid
approach. As depicted in Table 1, the domain filtering could discard, on average,
16.3% of the boxes by detecting inconsistency and contract 14.3% the size of the
remaining boxes on average. Considering that discarded boxes were contracted
100% (narrowed to the empty set), the total average of box contraction was
about 69.5%. By pruning suboptimal and infeasible regions of the boxes, the
local search phase focuses on the most promising regions of the search space,
which provides better estimates of the quality of the boxes and the upper bound
of the optimal solution for the instance. Furthermore, whenever the GAC pruning
finds a box that surely does not contain the optimal solution for the instance, it
is discarded from the evolutionary process before the local search is applied.

6 Conclusion

This study introduced a hybrid optimization approach combining an AC3-like
domain filtering algorithm with an interval-based DE and a real-based DE
designed to address numerical constrained global optimization problems. An
essential contribution of this research involves a modified version of the well-
established AC3 algorithm, which iteratively approximates GAC on the struc-
tural information derived from an epiphytic decomposition of the constraint
network of the instance. In our implementation, this algorithm eliminates sub-
optimal and infeasible values from the search space. We also employ a DE-based
local search to estimate the solution boxes’ quality and the optimal solution’s
upper bound for the given instance.

The experimental analysis on 157 instances with up to 100 dimensions
selected from the COCONUT Benchmark reveals that the benefits of using a
GAC-based pruning step are not restricted to exact optimization scenarios and
can significantly improve the performance of stochastic optimization methods.
The results showed that investing processing time in GAC filtering is more effec-
tive than increasing the stochastic search evaluation budget.

By pruning inconsistent and suboptimal regions, it becomes possible to direct
computational efforts to more promising regions of the search space. We obtained
92.99% and 32.48% of feasible and optimal solutions, respectively, and 39.68% of
maximum quality gain in the solution if compared to the solver version without
the pruning phase, with a processing time increase of 17.17%. Assuming that a
limit of 100 GAC steps is a good cost-benefit configuration, we have an average
quality gain of 37.15% and an increase in time of just 7.82%.

Some future works include exploring methods such as DIRECT [21] and
B&B for branching boxes to achieve complete and exact search space coverage.
Additionally, it is expected to add other constraint programming techniques to
prune the domain of instances efficiently without losing solutions.
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Abstract. Statistical parity metrics have been widely studied and
endorsed in the AI community as a means of achieving fairness, but
they suffer from at least two weaknesses. They disregard the actual wel-
fare consequences of decisions and may therefore fail to achieve the kind
of fairness that is desired for disadvantaged groups. In addition, they are
often incompatible with each other, and there is no convincing justifica-
tion for selecting one rather than another. This paper explores whether
a broader conception of social justice, based on optimizing a social wel-
fare function (SWF), can be useful for assessing various definitions of
parity. We focus on the well-known alpha fairness SWF, which has been
defended by axiomatic and bargaining arguments over a period of 70
years. We analyze the optimal solution and show that it can justify demo-
graphic parity or equalized odds under certain conditions, but frequently
requires a departure from these types of parity. In addition, we find that
predictive rate parity is of limited usefulness. These results suggest that
optimization theory can shed light on the intensely discussed question of
how to achieve group fairness in AI.

Keywords: Social welfare optimization · group parity in AI

1 Introduction

There is growing demand within industry and government for assurance that
machine learning (ML) models respect and promote equality of impact across
protected groups [18,25] and comply with legal requirements [17,42]. This con-
cern arises in contexts that range from hiring and parole decisions to mortgage
lending and credit ratings. One prominent method of satisfying these ethical
and legal goals is the use of statistical parity metrics [3]. For example, one might
assess two groups have equal approval rates (demographic parity), whether the
approval and rejection rates of qualified candidates are equal (equalized odds), or
whether the fraction of qualified candidates among those approved is the same
(predictive rate parity).

There are at least two problems, however, with reliance on statistical parity
as a measure of fairness. One is that parity metrics take no account of the actual
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
B. Dilkina (Ed.): CPAIOR 2024, LNCS 14742, pp. 208–225, 2024.
https://doi.org/10.1007/978-3-031-60597-0_14
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utility consequences of being selected or rejected. Presumably, group disparities
are viewed as unjust because different groups derive unequal benefits from the
selection process. Yet an assessment of these benefits requires consideration of
the actual welfare outcomes of selecting or rejecting individuals. For example,
rejecting a member of a disadvantaged group may have greater negative conse-
quences than rejecting a member of an advantaged group. The standard parity
metrics take account only of the number of individuals selected or rejected, not
the impacts of these decisions.

A second problem is that parity metrics are frequently incompatible with each
other [14,19,29] and, in particular, imply different trade-offs between fairness
and accuracy [5,29]. As a result, there is often no consensus on which metric
is appropriate in a given context. This is illustrated by the famous debate over
parole decisions between ProPublica and Northpointe (now Equivant) regarding
whether the latter’s COMPAS product is fair, with one side claiming that the
model is unfair because it fails to achieve equalize odds, and the other side
claiming it is fair because it achieves predictive rate parity [1,16]. Lacking any
further grounds for settling this dispute, the debate has (for now) reached a
stalemate. Ideally, one would justify (or reject) a parity metric by appealing to
a broader principle of justice.

In this paper, we explore an approach for evaluating group parity metrics via
their effects on the welfare of individuals in each group. The aim is to connect the
debate about group parity with the rich tradition of welfare economics, where
policies are evaluated by their effects on social welfare, as measured by a social
welfare function (SWF). Such a function can take into account the distribution
of utilities as well as overall welfare. We ask whether a selection policy that
optimizes social welfare, as measured by a SWF, results in some particular form
of group parity or requires departure from the standard parity measures. Our
underlying hypothesis is that insights obtained from optimization theory can
shed light on the vexing problem of fairness in AI.

As a first step in this research program, we investigate the parity implica-
tions of alpha fairness [36,43], a well-known family of SWFs parameterized by
a nonnegative real number α. Larger values of α indicate a stronger empha-
sis on fairness as opposed to maximizing total utility, the latter corresponding
to α = 0. Alpha fairness can therefore evaluate the trade-off of fairness and
accuracy, a perennial issue in machine learning. Other special cases include the
maximin (Rawlsian) criterion (α = ∞) and proportional fairness, also known as
the Nash bargaining solution (α = 1). We ask what are the parity implications
of a given level of fairness as indicated by α.

Our purpose here is not to defend alpha fairness as a fairness criterion, but to
explore the implications of a criterion that has already been extensively defended.
Alpha fairness in its various forms has been studied for over 70 years by investi-
gators that include two Nobel laureates (John Nash and J. C. Harsanyi). Nash
[38] gave an axiomatic argument for his bargaining solution in 1950, while Rubin-
stein, Harsanyi and Binmore [6,21,41] supplied bargaining arguments. Lan et.
al [30,31] provided an axiomatic derivation for general alpha fairness and pro-
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posed an interpretation of the α parameter. Bertsimas et al. [5] studied resulting
equity/efficiency trade-offs. Alpha fairness has also seen a number of practi-
cal applications, particularly in telecommunications and other engineering fields
[28,34,36,39,43].

After a brief survey of related work, we first establish a general solution to
the problem of maximizing alpha fairness subject to a constraint on the num-
ber of individuals selected. We then present a utility model that allows us to
relate group characteristics to the implications of alpha fairness. Following this,
we describe specific implications for demographic parity, equalized odds, and
predictive rate parity, and draw conclusions from these results.

2 Related Work

Statistical group parity metrics are the most widely studied approach to fairness
in AI and machine learning. Much of this research is surveyed in [10,35]. However,
a welfarist approach is beginning to receive recognition in AI fairness literature,
e.g. [4,8,11,13,15,23,24,33]. One motivation is pragmatic: social welfare can
provide a “common currency” with which one can justify the choice of parity
metric, when the typical justifications are incommensurate [20]. For example,
arguments for individual fairness appeal to procedural justice concerns, while
arguments for group fairness appeal to distributive justice [7,32]. When a model
cannot satisfy both of these values, it is necessary to justify one’s choice. Another
motivation for a welfarist approach is ethical: one may wish to strive for group
parity to make disadvantaged groups better off, rather than to achieve equality
for its own sake [9,37].

Social welfare functions have been used in optimization models for some
time, as surveyed in [13,27,40]. Aside from alpha fairness, SWFs that balance
equity and efficiency include Kalai-Smorodinsky bargaining [26] and threshold
functions [12,22,44].

Despite the large literature on SWFs and group parity metrics, we describe
here what is, to our knowledge, the first explicit connection between them.

3 The Basic Model

We address the task of selecting individuals from a population to receive a benefit
or resource, such as a mortgage loan or a job interview. Some individuals belong
to a protected group that is disadvantaged with respect to qualification status.
We define binary variables D,Y,Z to indicate whether an individual is selected
(D = 1), qualified (Y = 1), or protected (Z = 1). To simplify notation, we use
D to represent D = 1 and ¬D to represent D = 0, and similarly for Y and Z.

We have demographic parity when P (D|Z) = P (D|¬Z), equalized odds (in
the positive sense of equality of opportunity) when P (D|Y,Z) = P (D|Y,¬Z),
and predictive rate parity when P (Y |D,Z) = P (Y |D,¬Z). We interpret the
conditional probability P (D|Z) as the fraction of protected individuals who are
selected, and similarly for the other probabilities. The latter two types of parity
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are typically defined in terms of qualifications that are determined after the
fact, such as whether a mortgage recipient repaid the loan, a job interviewee was
hired, or a parolee committed no further crimes. In addition, calculation of the
odds ratio requires knowledge of how many rejected candidates are qualified.

To assess utilitarian outcomes, we suppose that an individual i experiences
expected utility ui = ai + bi if selected, and a baseline utility ui = bi if rejected.
We refer to ai as the selection benefit. It can be negative (indicating that selection
is harmful), but we assume that bi > 0 and ai + bi > 0 because alpha fairness is
not defined for nonpositive utilities. This assumption can be met by a positive
translation of the utility scale if necesssary.

We assess the desirability of a utility distribution u = (u1, . . . , un) with the
alpha fairness social welfare function, given by

Wα(u) =

⎧
⎪⎪⎨

⎪⎪⎩

1
1 − α

∑

i

u1−α
i , if α ≥ 0 and α �= 1

∑

i

log(ui), if α = 1
(1)

Alpha fairness is achieved by maximizing Wα(u) subject to a limit on the number
of individuals that can be selected.

We let binary variable xi = 1 when individual i is selected. The expected
utility gained by individual i is therefore aixi + bi. The social welfare resulting
from a given vector x = (x1, . . . , xn) of selection decisions, as measured by the
alpha fairness SWF, is

Wα(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1
1 − α

n∑

i=1

(aixi + bi)1−α, if α ≥ 0 and α �= 1

n∑

i=1

log(aix + bi), if α = 1
(2)

If m (< n) individuals are to be selected, one achieves alpha fairness for a given
α by maximizing Wα(x) subject to

∑n
i=1 xi = m. A maximizing vector x can

be deduced using a simple greedy algorithm. We first consider the case α �= 1.
The top expression in (2) can be written as

1
1 − α

n∑

i=1

b1−α
i +

1
1 − α

n∑

i=1

(
(aixi + bi)1−α − b1−α

i

)
(3)

Since the first term is a constant, we can maximize (3) by maximizing its second
term, which can be written as

1
1 − α

∑

i|xi=1

(
(ai + bi)1−α − b1−α

i

)
=

∑

i|xi=1

Δi(α) (4)

where we define

Δi(α) =
{

1
1−α

(
(ai + bi)1−α − b1−α

i

)
, if α ≥ 0, α �= 1

log(ai + bi) − log(bi), if α = 1
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The term Δi(α) is the increase in welfare that results from selecting individual
i (for a given α �= 1). We can maximize (4) subject to

∑n
i=1 xi = m by selecting

the m individuals with the largest welfare differential Δi(α). A similar argument
applies for α = 1. Thus we have

Theorem 1. If Δπ1(α) ≥ · · · ≥ Δπn
(α), where π1, . . . , πn is a permutation of

1, . . . , n, then one can maximize Wα(x) subject to
∑n

i=1 xi = m by setting xi = 1
for i = π1, . . . , πm, and xi = 0 for i = πm+1, . . . , πn.

At this point we can easily check whether achieving alpha fairness results in the
various forms of group parity by observing whether their definitions are satisfied
when individuals π1, . . . , πm are selected.

4 Modeling Protected and Nonprotected Groups

While Theorem 1 specifies an alpha fair selection policy for any given set of
individual utility parameters (a1, b1), . . . (an, bn), it yields limited insight into
how the utility characteristics of protected and nonprotected groups affect alpha
fair selections. In addition, the large number of parameters makes relationships
difficult to analyze in a comprehensible fashion.

We address these issues by supposing that the expected utilities in the two
groups occur on sliding scale. Specifically, we suppose that the selection ben-
efits ai in the nonprotected group are distributed uniformly on a scale from a
maximum Amax down to a minimum Amin(< Amax), and selection benefits in
the protected group vary uniformly from amax down to amin(< amax). A nonuni-
form distribution is more realistic, but it requires a complicated analysis that
is harder to interpret, while yielding basically the same qualitative results. To
further simplify analysis, we suppose that the base utility has the same value
B for all nonprotected individuals, and the same value b for all protected indi-
viduals. We assume that B > b and, consistent with the previous section, that
Amin + B > 0 and amin + b > 0. Finally, we suppose that the protected group
comprises a fraction β of the population, with 0 < β < 1.

We further assume that individuals within a given group are selected in
decreasing order of their selection benefit. Thus if a fraction S of nonprotected
individuals are selected, the last individual selected in that group has the selec-
tion benefit A(S) = (1 − S)Amax + SAmin and a social welfare differential of

ΔS(α) =

{
1

1−α

((
A(S) + B

)1−α − B1−α
)
, if α ≥ 0, α �= 1

log
(
A(S) + B

) − log(B), if α = 1

Similarly, if a fraction s of individuals are selected in the protected group, the
last individual selected has the selection benefit a(s) = (1− s)amax + samin and
the social welfare differential

Δ′
s(α) =

{
1

1−α

((
a(s) + b

)1−α − b1−α
)
, if α ≥ 0, α �= 1

log
(
a(s) + b

) − log(b), if α = 1
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We will suppose that the population is large enough that S and s can be treated
as continuous variables. This simplifies the analysis considerably without mate-
rially affecting the conclusions.

Since the social welfare differential is a monotone increasing function of the
selection benefit, selecting individuals in order of decreasing welfare differential
is, within each group, the same as selecting in order of decreasing selection bene-
fit. By Theorem 1, selection in order of decreasing welfare differential maximizes
the alpha fairness SWF subject to

∑
i xi = m if we select individuals until the

desired fraction σ = m/n of the population is selected. This occurs when

(1 − β)S + βs = σ, or s = s(S) =
σ − (1 − β)S

β
(5)

We first take note of the ranges within which S and s can vary, subject to
(5). Since we must have 0 ≤ S ≤ 1 and 0 ≤ s ≤ 1, S can vary in the range from
Smin to Smax, where

Smin = max
{
0,

σ − β

1 − β

}
, Smax = min

{
1,

σ

1 − β

}

and s can vary from s(Smax) to s(Smin). Now since Amax > Amin, ΔS(α) is
monotone decreasing in S. Similarly, Δ′

s(α) is monotone decreasing in s, so that
Δ′

s(S)(α) is monotone increasing in S. This means that we can consider three
cases, illustrated by Fig. 1:

(a) ΔSmin(α) > Δ′
s(Smin)

(α) and ΔSmax(α) ≥ Δ′
s(Smax)

(α).

(b) ΔSmin(α) ≤ Δ′
s(Smin)

(α) and ΔSmax(α) < Δ′
s(Smax)

(α).

(c) ΔSmin(α) > Δ′
s(Smin)

(α) and ΔSmax(α) < Δ′
s(Smax)

(α)

Fig. 1. Cases (a), (b), and (c) in the proof of Theorem 2

Theorem 2. Suppose that individuals are selected in decreasing order of their
selection benefit, and let S∗ and s∗ = s(S∗), respectively, be the fraction of the
nonprotected and protected groups selected at the end of the selection process.
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Then for a sufficiently large population, S∗ and s∗ achieve alpha fairness if and
only if

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(S∗, s∗) =
(
min

{
1,

σ

1 − β

}
,

σ

β

[
1 − min

{
1,

1 − β

σ

}])
, in case (a)

(S∗, s∗) =
( σ

1 − β

[
1 − min

{
1,

β

σ

}]
, min

{
1,

σ

β

})
, in case (b)

ΔS∗(α) = Δ′
s(S∗)(α), in case (c)

(6)

Proof. Recall that by Theorem 1, alpha fairness is achieved by selecting individu-
als in decreasing order of their welfare differential until S = s(S). We consider the
three cases separately. (a) Because ΔS(α) ≥ Δ′

s(S)(α) for all S ∈ [Smin, Smax],
we select entirely from the nonprotected group until it is exhausted, and then
move to the protected group if necessary to select a fraction σ of the population.
Thus we can set

S∗ = min
{

Smax,
σ

1 − β

}
= min

{
1,

σ

1 − β

}

where the first equality is due to the fact that we must have S∗ = σ/(1 − β)
in order to select a fraction σ if the population if σ ≤ 1 − β, and the sec-
ond equality is due to the definition of Smax. The expression given in (6) for
s∗ = s(S∗) follows directly from the definition of s(S∗), and it is easily checked
that smin ≤ s∗ ≤ smax using the definitions of smin and smax. (b) The argu-
ment is very similar to that of the previous case. (c) In this case, some but
not all individuals are selected in both groups. Let (S, s) be the fraction of
the nonprotected and protected individuals selected at any given point in the
selection process. We first show that ΔS(α) = Δ′

s(α) for a sufficiently large pop-
ulation. Let Δ0 and Δ1 be the welfare differentials of the last two nonprotected
individuals selected, and Δ′

0 and Δ′
1 the differentials of the last two protected

individuals selected. Their selection order is necessarily one of the following:
(Δ0,Δ

′
0,Δ1,Δ

′
1), (Δ0,Δ

′
0,Δ

′
1,Δ1), (Δ′

0,Δ0,Δ1,Δ
′
1), (Δ′

0,Δ0,Δ
′
1,Δ1). In each

case, |Δ1 − Δ′
1| is at most max{Δ0 − Δ1,Δ

′
0 − Δ′

1}. For a sufficiently large
population, Δ0 −Δ1 and Δ′

0 −Δ′
1 are arbitrarily small, and so |Δ1 −Δ′

1| is arbi-
trarily small. Thus we have ΔS(α) = Δ′

s(α) throughout the selection process,
and in particular at the end of the process, when (S, s) = (S∗, s∗). The theorem
follows. �

To explore how alpha fair selection policies depend on the utility charac-
teristics of protected and nonprotected groups, we define three scenarios that
represent qualitatively different practical situations.

Scenario 1. Protected individuals are somewhat less likely to benefit from being
selected, as when those selected for job interviews are less likely to be
hired due to less obvious qualifications. Here, [Amin, Amax] = [0.5, 1.5] and
[amin, amax] = [0.2, 1].

Scenario 2. Some protected individuals can benefit more than anyone else from
selection, as when talented but economically disadvantaged individuals are
admitted to a university. Here, [Amin, Amax] = [0.5, 0.8] and [amin, amax] =
[0.2, 1].
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Fig. 2. Alpha fair selection rates, assuming overall selection rate of 0.25

Fig. 3. Alpha fair selection rates, assuming overall selection rate of 0.6

Fig. 4. Alpha fair selection rates, assuming overall selection rate of 0.8
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Scenario 3. Significantly many protected individuals are likely to be harmed
by selection, as when failure to repay a mortgage results in eviction. Here,
[Amin, Amax] = [0.5, 1] and [amin, amax] = [−0.5, 1].

Plots of alpha fair selection policies in these scenarios appear in each of Figs. 2,
3 and 4. The three figures respectively assume overall selection rates of σ =
0.25, 0.6, 0.8. These selection rates are chosen to be less than, equal to, and
greater than a qualification rate of 0.6, which will be assumed for subsequent
plots of alpha fair odds ratios and predictive rates.

The plots show the relationship between alpha fair selection rates (S, s) and
the chosen value of α. As expected, larger values of α (indicating a greater empha-
sis on fairness) result in higher selection rates in the protected group (dashed
curves) and lower rates in the nonprotected group (solid curves). Scenario 1 calls
for lower section rates in the protected group than Scenario 2 because of the
greater utility cost of achieving fairness in Scenario 1; recall that alpha fairness
consider total utility as well as Rawlsian fairness. Both scenarios require select-
ing the entire protected group for sufficiently large α, except when σ = 0.25, in
which case the small number of selections does not exhaust the protected group.
In Scenario 3, by contrast, the protected group’s selection rate approaches 2/3
asymptotically, because only 2/3 of the group benefits from being selected in
this scenario.

5 Demographic Parity

Demographic parity is achieved when P (D|¬Z) = P (D|Z). In the above model,
this occurs when s = S = σ. As it turns out, cases (a) and (b) of Theorem 2 do
not apply, and we can achieve demographic parity only by choosing a value of α
(if one exists) dictated by case (c).

Theorem 3. An alpha fair selection policy for a given α results in demographic
parity if and only if there exists a selection rate S∗ that satisfies the equation
ΔS∗(α) = Δ′

S∗(α), in which case (S∗, S∗) is such a policy.

Proof. We first note as follows that neither case (a) nor (b) in Theorem 2 applies.
In case (a), demographic parity requires that

min
{
1,

σ

1 − β

}
= σ, or min

{ 1
σ

,
1

1 − β

}
= 1

This cannot hold, because β > 0 and σ < 1. Case (b) is similarly ruled out. We
are therefore left with case (c), wherein Theorem 2 implies that S∗ = s(S∗) if
and only if ΔS∗(α) = Δ′

S∗(α), as claimed. �

In Figs. 2, 3 and 4, demographic parity is achieved at the value of α where the
rising and falling curves for a given scenario intersect. For example, if the overall
section rate is σ = 0.6, parity is achieved in Scenario 1 when α = 0.833 (Fig. 3).
An important lesson in these plots is that a relatively small value of α frequently
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results in parity. That is, parity achieves a rather modest degree of fairness when
utilities are taken into account. Indeed, proportional fairness (α = 1), which is
something of an industrial benchmark, typically calls for selecting a significantly
greater fraction of the protected group than the nonprotected group. This is
not the case in Scenario 3, however, where parity requires selecting protected
individuals who receive minimal benefit and even harm from being selected. For
example, no value of α corresponds to parity when σ = 0.8 (Fig. 4) because alpha
fairness never endorses harmful choices.

Fig. 5. Values of alpha that achieve demographic parity

Figure 5 provides a fuller picture of the relation between the selection rate
σ and parity-achieving values of α. As σ increases, parity corresponds to larger
values of α because it becomes necessary to select protected individuals who
benefit little from selection. The curves for Scenarios 1 and 2 happen to meet
at σ = 1 in this example because Amin, amin, B, and b are the same in the two
scenarios. We also note that α → ∞ as σ → 2/3 in Scenario 3 because σ > 2/3
requires selecting individuals who are harmed by selection.

Interestingly, smaller values of α correspond to parity in Scenario 2 than in
Scenario 1, despite the fact that rejection can be quite costly to some members
of the protected group in Scenario 2 (due to their higher selection benefits).
This occurs because a purely utilitarian assessment already takes this cost into
account.

6 Equalized Odds

Equalized odds are achieved when P (D|Y,Z) = P (D|Y,¬Z). To define equal-
ized odds in the above model, we suppose that a fraction Q of nonprotected
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individuals are qualified, and a fraction q of protected individuals are qualified.
The a fraction (1 − β)Q + βq of the population is qualified. We also make the
reasonable assumption that the selection benefit is greater for qualified individ-
uals than unqualified individuals within a given group. Thus since ΔS(α) and
Δ′

s(α) are monotone decreasing as S and s increase, the qualified individuals in
the nonprotected group consist of the fraction Q with the largest welfare differ-
entials. The odds ratio for the nonprotected group is S/Q when S ≤ Q and 1
when S > Q, since in the latter case all the qualified individuals are selected.
Thus the odds ratio is min{1, S/Q} for the nonprotected group, and similarly
for the protected group. This means that we have equalized odds when

min
{ S

Q
, 1

}
= min

{s

q
, 1

}

This leads to the following theorem. It is convenient to define ρ to be the ratio
of the fraction selected to the fraction of the population that is qualified, so that

ρ =
σ

(1 − β)Q + βq

Theorem 4. An alpha fair selection policy (S∗, s(S∗)) for a given α results in
equalized odds if and only if one of the following holds:

S∗ = Qρ ≤ Q and s(S∗) = qρ ≤ q (7)
S∗ ≥ Q and s(S∗) ≥ q (8)

Proof. We consider four mutually exclusive and exhaustive cases:
(a) S∗ ≤ Q and s(S∗) ≤ q (c) S∗ > Q and s(S∗) ≤ q
(b) S∗ ≤ Q and s(S∗) > q (d) S∗ > Q and s(S∗) > q

In case (a), equalized odds is equivalent to S∗(α)/Q = s∗(α)/q, which implies
S∗ = Qρ and s(S∗) = qρ in (7) due to (5). Conversely, we can see as follows that
either of the conditions (7) and (8) implies equalized odds. Under condition (7),
the values for S∗ and s(S∗) in (7) imply S∗/Q = s(S∗)/q, and we have equalized
odds. Under condition (8), both odds ratios are 1, and we again have equalized
odds. In case (b), equalized odds implies S∗ = Q, in which case condition (8) is
satisfied. Conversely, the case hypothesis is consistent with only condition (8), in
which case both odds ratios are 1 and we have equalized odds. Case (c) is similar.
In case (d), one of the conditions (7)–(8) is necessarily satisfied (because the lat-
ter is satisfied), and we necessarily have equalized odds, because both odds ratios
are 1. �

To continue the example of the previous section, we suppose that the quali-
fication rates are (Q, q) = (0.65, 0.5), so that a fraction 0.6 of the population is
qualified. Figures 6 and 7, corresponding to σ = 0.25 and σ = 0.6, show alpha
fair odds ratios for various α. No plot is given for σ = 0.8 because nearly all of the
odds ratios are 1 due to the fact that considerably more individuals are selected
than are qualified. In the important special case where the number selected is
equal to the number qualified (Fig. 7), equalized odds is achieved only by an
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Fig. 6. Alpha fair odds ratios, assuming overall selection rate of 0.25.

Fig. 7. Alpha fair odds ratios, assuming overall selection rate of 0.6.

accuracy-maximizing solution: precisely the qualified individuals are selected in
both groups. This rules out any adjustment for fairness. The odds ratio is per-
haps more useful when limited resources compel one to reject significantly many
qualified individuals. In this event, somewhat smaller values of α are typically
necessary to achieve equalized odds than demographic parity (Fig. 6). In Sce-
nario 2, a purely utilitarian solution already achieves a higher odds ratio for the
protected group, since some of its qualified members derive more utility from
selection than anyone in the nonprotected group.

7 Predictive Rate Parity

Predictive rate parity is achieved when P (Y |D,Z) = P (Y |D,¬Z). The predic-
tive rate for the nonprotected group is Q/S when S ≥ Q and 1 when S < Q,
since in the latter case all the selected individuals are qualified. Thus the pre-
dictive rate is min{Q/S, 1} for the nonprotected group, and similarly for the
protected group. This means that we have predictive rate parity when
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min
{Q

S
, 1

}
= min

{q

s
, 1

}

This leads to the following theorem, whose proof is very similar to the proof of
Theorem 4.

Theorem 5. An alpha fair selection policy (S∗, s(S∗)) for a given α results in
predictive rate parity if and only if one of the following holds:

S∗ = Qρ ≥ Q and s(S∗) = qρ ≥ q (9)
S∗ ≤ Q and s(S∗) ≤ q (10)

Note that the expressions for S∗ and s(S∗) in (9) are the same as in (7).

Figures 8 and 9, corresponding to σ = 0.6 and σ = 0.8, show alpha fair
predictive rates for various α. There is no plot for σ = 0.25, because nearly all of
the predictive rates are 1. We also note that larger predictive rates correspond
to smaller values of α.

Fig. 8. Alpha fair predictive rates, assuming overall selection rate of 0.6.

Fig. 9. Alpha fair predictive rates, assuming overall selection rate of 0.8.
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8 Conclusion

Our aim in this paper has been to explore the extent to which social welfare opti-
mization can assess well-known statistical parity metrics as criteria for group
fairness in AI. Our focus on alpha fairness allows us to address parity ques-
tions by appealing to a well-studied concept of just distribution with theoretical
underpinning. We conclude in this section by recalling the two problems asso-
ciated with parity metrics and summarizing how they might be addressed from
an optimization perspective.

1. Accounting for welfare. The alpha fairness criterion allows us to take explicit
account of welfare implications, for various levels of fairness as indicated by the α
parameter. We find that for certain values of α and certain group characteristics,
an alpha fair selection policy can result in group parity of any of the three types.
Yet it can also call for significant statistical disparity in order to achieve an
acceptable distribution of utilities.

In particular, the alpha values that result in parity typically lie significantly
below that corresponding to proportional fairness (α = 1)—except when some
individuals in the protected group are actually harmed by being selected, in
which case larger values of α correspond to parity. Since proportional fairness is
the most widely defended and applied variety of alpha fairness, it is noteworthy
that it often requires, not parity, but higher selection rates for the protected
group than for the rest of the population. In addition, a lower level of fairness
(i.e., a smaller α) is necessary to achieve parity when rejection is more costly to
members of the protected group than the rest of the population, other things
being equal. This is because even a purely utilitarian accounting already takes
this cost into account.

2. Selecting and justifying parity metrics. We derive a number of conclusions
regarding the choice of parity metric. In general, we find that the implications
of alpha fairness depend heavily on how many individuals are selected relative
to the total number qualified, at least where equalized odds and predictive rate
parity are concerned.

To elaborate on this, we first suppose that the total number selected is the
same (or approximately the same) as the total number who are qualified in
the population as a whole. In this case, demographic parity follows the pattern
described above, in which relatively small values of α result in parity, except
when some protected individuals are harmed by selection. Yet equalized odds,
as well as predictive rate parity, are achieved if and only if the odds ratios
and the predictive rates are 1 in both groups. This corresponds to an accuracy
maximizing policy of selecting all and only qualified individuals. As a result,
neither equalized odds nor predictive rate parity reflects any consideration of
fairness beyond mere accuracy, and consequently neither is suitable as a fairness
criterion in this context.

We next suppose that the total number selected is significantly less than
the number qualified, presumably a common situation due to limited resources.
In this case, equalized odds is generally achieved for smaller values α than are
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required for demographic parity, considerably smaller when some protected indi-
viduals are harmed by selection. This indicates that demographic parity demands
a greater emphasis on fairness than equalized odds. This is consonant with the
fact that equalized odds is sometimes seen as more easily defended, perhaps on
grounds of equality of opportunity, than is demographic parity, which may reflect
a desire to compensate for historically unjust discrimination. As for the predic-
tive rate, it is almost always 1 when a significant number of qualified individuals
are rejected, since those who make it through the sieve are almost always qual-
ified. This means that predictive rate parity is likely to be achieved simply due
to the high rejection rate and is therefore of little value as a fairness criterion.

Finally, we suppose that the number selected is significantly greater than the
number qualified. Here, the odds ratio loses interest because it is almost always 1.
While predictive rate parity becomes meaningful in this case, decision makers
may be reluctant to select more individuals than are qualified. To the extent this
is true, predictive rate parity has limited usefulness. A possible exception arises
in the controversy over parole mentioned earlier. Predictive rate parity might
be defended on the ground that a lower recidivism rate in the protected group
(and therefore a higher predictive rate) may reflect stricter parole criteria than
for other inmates [2]. Greater fairness may therefore require a reduction in the
predictive rate of the protected group, which we have seen can be achieved by
choosing a larger value of α. If this is taken as justifying a practice of paroling
more individuals than are qualified (perhaps in order to reduce the predictive
rate of protected individuals without tightening the criteria for others), then
predictive rate parity could be a suitable criterion.

In summary, demographic parity can under certain conditions correspond
to an alpha fair policy, but it may result in less fairness than desired for the
protected group. Equalized odds can be a useful criterion when fewer individuals
are selected than are qualified to be selected, but it corresponds to an even lesser
degree of fairness. Predictive parity is a meaningful fairness measure only in the
perhaps rather uncommon situation when decision makers select significantly
more individuals than are qualified.

The foregoing conclusions regarding equalized odds and predictive rate par-
ity rest on the assumption that, within a given group, qualified individuals are
selected before unqualified individuals. This assumption might be defended on
the ground that (a) qualified individuals are likely to benefit more from being
selected, and (b) individuals who benefit more from being selected are selected
first in the group. Assumption (a) might be based on observations that less
qualified individuals pose a greater risk of defaulting on a mortgage, failing to
secure a job, committing a crime while on parole, and so forth, and therefore
have less expected benefit. As for (b), there is no apparent rationale, based on
either expected utility or fairness, for selecting individuals within a group in any
other order. It therefore seems reasonable to suppose (b) is true before assessing
fairness.

We believe these results suggest that there is potential in an optimization
perspective to inform fairness debates in AI. Further research could explore the
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parity implications of alternative social welfare functions, such as the Kalai-
Smorodinsky and threshold criteria cited earlier. A particularly interesting
research issue is the extent to which achieving fairness in the population as
a whole can result in a reasonable degree of parity across all groups. This would
obviate the necessity of selecting which groups to regard as protected, and how
to balance their interests.
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Abstract. Discrete optimization with decision diagrams is a recent
approach to solve combinatorial problems that can be formulated with
dynamic programming. It consists in a branch-and-bound algorithm that
iteratively explores the search space by compiling bounded-width deci-
sion diagrams. Those decision diagrams are used both to subdivide a
given problem into smaller subproblems – in a divide-and-conquer fash-
ion – and to compute primal and dual bounds for those. It has been pre-
viously shown that pruning performed during the compilation of those
decision diagrams can greatly impact the quality of the bounds, and con-
sequently the performance of the branch-and-bound algorithm. In this
paper, we study the integration of dominance rules inside the decision
diagram-based optimization framework. We propose a modeling language
for consistently formulating dominance rules for dynamic programming
models, and describe how they can be exploited to systematically detect
and prune dominated nodes during the search. Furthermore, we explain
how to combine this additional filtering mechanism with caching tech-
niques to further improve the performance of the algorithm. Dominance
rules are shown to significantly reduce the number of nodes expanded
and the running time of the algorithm on four optimization problems.

Keywords: Decision diagrams · Branch-and-bound · Dominance rules

1 Introduction

Discrete optimization with decision diagrams (DDs) [3] is a recent framework
for solving dynamic programming formulations of discrete optimization problems
through branch-and-bound (B&B). It relies on bounded-width DDs to subdivide
the problem into smaller subproblems and compute bounds for those. In par-
ticular, the compilation of restricted DDs generates feasible solutions in a beam
search fashion. Inversely, relaxed DDs automatically compute dual bounds by
means of a problem-specific state merging operator. As shown in [9,14], filtering
techniques that prune nodes a priori during the top-down compilation of approx-
imate DDs can greatly impact the performance of the B&B algorithm. On the one
hand, restricted DDs produce better solutions because they are guided towards
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promising parts of the search space. On the other hand, the pruning performed
inside relaxed DDs further shrinks the areas of the search space that effectively
needs to be explored, which facilitates the work of the B&B algorithm.

Dominance rules are another well-known ingredient that can reduce the size
of the search tree by filtering subproblems leading to redundant solutions. They
were first formalized in [19,20] in the general case of a B&B framework. Sev-
eral optimization paradigms successfully applied them, including MIP [12], CP
[8,23,25] and DP [4,7,16,31]. In any of those technologies, dominance rules play
a crucial role in facilitating the solving process when applicable. Therefore, it is
a very natural step to incorporate this ingredient inside DD-based B&B solvers.
This paper is, to the best of our knowledge, the first to fill this gap for this
particular field of research, although similar work has already been done for the
neighboring line of research on state space search for optimization [21]. After a
brief summary of the DD-based B&B algorithm in Sect. 2, it starts by provid-
ing general definitions about dominance rules within the context of DD-based
optimization in Sect. 3, and describe how dominance rules can be formulated for
DP models. Section 4 then explains how they can be exploited to systematically
detect and prune dominated nodes during the search. Next, a brief explana-
tion on how to combine this additional filtering mechanism with the caching
techniques proposed in [9] is given in Sect. 5. Finally, we present in Sect. 6 the
experimental evaluation of the integration of dominance rules for four different
optimization problems, and discuss the results before concluding.

2 Preliminaries

Dynamic Programming. The DD-based optimization framework introduced
in [3] manipulates a discrete optimization problem P through a DP model com-
posed of the following elements:

– a vector of control variables x = (x0, . . . , xn−1) with x ∈ D = D0×· · ·×Dn−1

and xj ∈ Dj for each j ∈ {0, . . . , n − 1}.
– a state space S partitioned into n + 1 sets S0, . . . ,Sn corresponding to the

successive stages of the DP model. In particular, we define the root – or initial
– state r̂, the terminal state t̂ and the infeasible state 0̂.

– a set of transition functions tj : Sj×Dj → Sj+1 with j = 0, . . . , n−1 encoding
the transition from one state sj to another sj+1, according to the decision d
made about variable xj .

– a set of transition value functions hj : Sj × Dj → R that specify the reward
of assigning some value d ∈ Dj to the variable xj for each j = 0, . . . , n − 1.

– a root value vr to model constant terms in the objective.

Given such a DP model, the optimal solution can be obtained by solving:

maximize f(x) = vr +
n−1∑

j=0

hj(sj , xj)

subject to sj+1 = tj(sj , xj), for all j = 0, . . . , n − 1, with xj ∈ Dj

sj ∈ Sj , s
j �= 0̂, j = 0, . . . , n.
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Decision Diagrams. DDs are used in a variety of domains to compactly encode
a set of solutions, and that also applies to those induced by a DP model. With
this specific application in mind, a DD B = (U,A, σ, l, v) is defined as a layered
directed acyclic graph with U the set of nodes and A the set of arcs. The state
function σ maps each node u ∈ U to a DP state σ(u) ∈ S. The set of nodes
U is partitioned into a set of layers L0, . . . , Ln that correspond to stages of the
DP model. Each transition between pairs of states sj ∈ Sj and sj+1 ∈ Sj+1

is materialized by an arc a = (uj
d−→ uj+1) that connects the corresponding

nodes uj ∈ Lj , uj+1 ∈ Lj+1, with σ(uj) = sj and σ(uj+1) = sj+1. The label
l(a) = d of each arc represents the assignment of decision d ∈ Dj to variable
xj , and its value v(a) captures the transition value. Both the first and last layer
– L0 and Ln – contain a single node, respectively the root r and the terminal
node t. Consequently, each r � t path p = (a0, . . . , an−1) that connects the root
and the terminal node through the arcs a0, . . . , an−1 encodes a solution x(p) =
(l(a0), . . . , l(an−1)) with value v(p) = vr +

∑n−1
j=0 v(aj). DD B is said exact if it

exactly represents the set of solutions of the corresponding problem, i.e. Sol(B) =
Sol(P) and v(p) = f(x(p)),∀p ∈ B, with Sol(B) = {x(p) | ∃p : r � t, p ∈ B}. We
denote by v∗(u | B) the value of the longest path that reaches node u within a
DD B, and define v∗(B) = v∗(t | B) for conciseness.

Example 1. Given a set of items N = {0, . . . , n − 1}, along with their weights
W = 〈w0, . . . , wn−1〉 and values V = 〈v0, . . . , vn−1〉, the goal of the 0–1 Knap-
sack Problem (KP) is to select a subset of items that maximizes the total value
while keeping the total weight under a given capacity C. In its well-known DP
formulation, each item j ∈ N is associated with a binary variable xj that decides
whether to include it in the knapsack. States simply contain the remaining capac-
ity of the knapsack. The state space is thus defined as S = [0, C], with the root
state r̂ = C starting at maximum capacity, and with root value vr = 0. The
transition functions are given by:

tj(sj , xj) =
{

sj − xjwj , if xjwj ≤ sj ,

0̂, otherwise,

meaning that the weight of item j is subtracted from the remaining capacity
when it is added to the knapsack. If the capacity constraint is violated, the tran-
sition is redirected to the infeasible state. Likewise, the transition value functions
hj(sj , xj) = xjvj add the value of item j if it is included in the knapsack.

Let us consider an instance of the KP with n = 4, C = 12, W = 〈6, 5, 6, 6〉
and V = 〈5, 6, 1, 6〉. Figure 1(a) shows the exact DD for that problem. The
longest path corresponds to the optimal solution x∗(B) = (0, 1, 0, 1) for a value
of v∗(B) = 12 and a total weight of 11.

DD Compilation. Algorithm 1 describes the top-down compilation of a DD
B for a given DP model. It takes a root node ur and a maximum width W as
input and recursively builds the DD by applying all valid transitions to the last
completed layer. When the number of nodes in the last completed layer exceeds
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Fig. 1. Exact, restricted and relaxed DDs for the KP instance of Example 1. The value
inside each node u corresponds to its state σ(u) – the remaining capacity – and the
annotation on the left gives the value of the longest path that reaches it v∗(u | B). For
clarity, only arc values are present. The longest path is highlighted in bold.

the parameter W at line 7, the algorithm compiles an approximate DD, as will
be detailed next. To create the next layer, the algorithm iterates over all nodes
of the last completed layer and applies all valid DP transitions to them at lines
10 to 14 before encoding them as arcs and nodes. Note that a single node is
created for each distinct state reached by the transitions. The last step of the
algorithm is to merge all nodes of the terminal layer into a single terminal node
t at line 15.

Approximate DDs. When the size of a layer exceeds the parameter W at line
7 of Algorithm 1, two procedures exist to reduce the number of nodes in the layer.
Restricted DDs adopt a simple strategy that consists in heuristically removing
the least promising nodes of the layer, as described by Algorithm 2. They thus
produce a subset of the solutions of the problem, which provide lower bounds on
the optimal solution. For a restricted DD B, we thus have that Sol(B) ⊆ Sol(P)
and v(p) = f(x(p)),∀p ∈ B. On the other hand, relaxed DDs over-approximate
the set of solutions of the problem by locally relaxing the problem by merging
surplus nodes together. To this end, state merging operators ensuring that no
feasible solutions are removed must be defined for each DP model. If M is the set
of nodes to merge and σ(M) = {σ(u) | u ∈ M} the corresponding set of states,
the operator ⊕(σ(M)) gives the state of the merged node. In Algorithm 2, this
operator is used at line 4 to create a single meta-node and at lines 5 to 6, the arcs
pointing to the merged nodes are redirected to it. A second operator denoted
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Algorithm 1. Compilation of DD B rooted at node ur with max. width W .
1: i ← index of the layer containing ur

2: Li ← {ur}
3: for j = i to n − 1 do

4: pruned ← ∅
5: perform dominance pruning using Algorithm 3
6: L′

j ← Lj \ pruned

7: if |L′
j | > W then

8: restrict or relax the layer to get W nodes with Algorithm 2
9: Lj+1 ← ∅

10: for all u ∈ L′
j do

11: for all d ∈ Dj do
12: create node u′ with state σ(u′) = tj(σ(u), d) or retrieve it from Lj+1

13: create arc a = (u
d−→ u′) with v(a) = hj(σ(u), d) and l(a) = d

14: add u′ to Lj+1 and add a to A
15: merge nodes in Ln into terminal node t

Algorithm 2. Restriction or relaxation of layer L′
j with maximum width W .

1: while |Lj | > W do
2: M ← select nodes from L′

j

3: Lj ← Lj \ M
4: create node μ with state σ(μ) = ⊕(σ(M)) and add it to Lj // relaxation only

5: for all u ∈ M and arc a = (u′ d−→ u) incident to u do

6: replace a by a′ = (u′ d−→ μ) and set v(a′) = ΓM(v(a), u)

ΓM can be defined to adjust the value of the arcs incident to the merged node at
line 6. For valid relaxation operators, a relaxed DD B verifies Sol(B) ⊇ Sol(P)
and v(p) ≥ f(x(p)),∀p ∈ B. Whereas restricted DDs only contain exact nodes,
relaxed DDs also contain relaxed nodes that are either merged nodes, or nodes
that are reached by at least one path that traverses a merged node.

Branch-and-Bound. The B&B algorithm introduced in [3] builds upon those
two types of approximate DDs to solve problems to optimality. Restricted DDs
are used to generate feasible solutions from any B&B node, while relaxed DDs
decompose the problem further and provide dual bounds for the subproblems
thus created. Indeed, in a relaxed DD, it is possible to identify a set of exact
nodes whose associated subproblems collectively represent the root problem,
and therefore solving them is equivalent to solving the root problem. The B&B
algorithm maintains a queue of such nodes to process, and uses restricted DDs
to try to improve the best solution found so far, and relaxed DDs to further
decompose the problem and prune unpromising subproblems. When the algo-
rithm terminates, all solutions have been either enumerated or pruned. For the
sake of conciseness, we do not detail here the additional filtering techniques that
have been proposed in [9,14] to speed up this process.
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Example 2. Figure 1(b) shows the result of compiling a restricted DD with max-
imum width W = 2, for the KP instance of Example 1. By applying the greedy
heuristic that deletes nodes with the lowest prefix values, the best solution that
the restricted DD obtains is x∗(B) = (0, 1, 0, 1) with a value of v∗(B) = 12. This
lower bound is actually the optimal solution to the problem.

To compile a relaxed DD for this problem, we first define a state merging
operator: ⊕(σ(M)) = maxs∈σ(M) s, which keeps the maximum remaining capac-
ity among the states to merge. The operator ΓM is the identity function here
since there is no need to modify the arc values. Given those operators, Fig. 1(c)
shows a relaxed DD compiled with W = 2. The longest path in this diagram
corresponds to the solution x∗(B) = (0, 1, 1, 1) for a value of v∗(B) = 13 and
a total weight of 17. This solution violates the capacity constraint, which can
happen because the state merging operator relaxes this constraint. Nevertheless,
it provides an upper bound for the problem. If we were to solve the problem to
optimality, a set of exact nodes to explore next would be extracted from the
relaxed DD. For instance, nodes a1 and a2 could be added to the B&B queue.

3 Dominance Rules for Decision Diagrams

Let us now define the concept of node dominance in the DD-based optimization
context. It only concerns exact nodes because relaxed nodes have both a relaxed
value and state representation, and thus do not produce valid dominance rela-
tions. In the following, the operator · denotes the concatenation of two vectors.

Definition 1 (Node Dominance). Let u1 ∈ B1 and u2 ∈ B2 be two exact
nodes respectively obtained in DDs B1 and B2 compiled for a problem P, and
whose states belong to the j-th stage of the corresponding DP model, meaning
that σ(u1), σ(u2) ∈ Sj. We say that u1 dominates u2 – written as u1 � u2

– if for any partial assignment (xj , . . . , xn−1) ∈ Dj × · · · × Dn−1 such that
x2 = x∗(u2 | B2) · (xj , . . . , xn−1) ∈ Sol(P), we also have that x1 = x∗(u1 |
B1) · (xj , . . . , xn−1) ∈ Sol(P) and either:

– σ(u1) �= σ(u2) and f(x1) ≥ f(x2),
– or, σ(u1) = σ(u2) and f(x1) > f(x2).

If we are interested in finding a single optimal solution to the problem and
that such dominance relation exists between nodes u1 and u2, then clearly the
exploration of node u2 can be avoided. For some DP models, dominance rules
that systematically identify scenarios where this kind of node dominance rela-
tion exists can be derived. That is, they provide a simple criterion to detect
dominated nodes without needing to expand them in the first place and deter-
mine algorithmically whether such dominance relation arises. We define such
dominance rules through two components:

– The dominance key operator κ : S → S ′ that maps each state of the state
space S of a DP model to a reduced state in a reduced state space S ′. This
operator partitions the state space S in equivalence classes S0, . . . ,SM such
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Fig. 2. Exact DD compiled from nodes a1 and a2 of Fig. 1(b) and exploiting the dom-
inance rule for this problem.

that ∀s1, s2 ∈ Sm : κ(s1) = κ(s2) for all m = 0, . . . , M . The dominance key
typically contains a subset of the original state definition and the equivalence
classes group states that are eligible for a dominance relation.

– Furthermore, the partial dominance utility operator ψ : S → R
k transforms

each state into a vector of k coordinates. Given a node u ∈ B, we also define
the dominance utility operator Ψ(u) = (v∗(u | B)) ·ψ(σ(u)) that concatenates
the node value with the partial utility vector, producing a vector in R

k+1 that
must characterize the utility of the corresponding node.

These modeling ingredients are similar, yet slightly more flexible than the
resource-based approach adopted in [21], since they allow reasoning over quanti-
ties other than state variables. The following definition formalizes the connection
between those operators and Definition 1, and the necessary condition for those
modeling components to constitute a valid dominance rule. It assumes that, given
two vectors x, y ∈ R

k+1, we write x ≥ y if xi ≥ yi for i = 0, . . . , k and x �= y.

Definition 2 (Dominance Rule). The operators κ and ψ define a valid domi-
nance rule for a given DP model if, for any two exact nodes u1 ∈ B1 and u2 ∈ B2

obtained in the j-th layer of DDs B1 and B2, having κ(σ(u1)) = κ(σ(u2)) and
Ψ(u1) ≥ Ψ(u2) implies that u1 � u2 holds.

Example 3. In the case of the KP, a node u1 having both higher value and
remaining capacity than another node u2 will always produce better solutions.
This dominance rule can be formulated through the following dominance key:
κ(s) = 0 for each state s, which is the zero-dimensional vector, since all states
of the same stage can be compared. The partial dominance utility is simply
ψ(s) = s so that for a node u ∈ B, the dominance utility operator compares the
value and the remaining capacity Ψ(u) = (v∗(u | B))·ψ(σ(u)) = (v∗(u | B), σ(u)).
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Figure 2(a) shows a DD compiled from node a2 of Fig. 1(c), obtained by perform-
ing dominance checks using the rule defined above during the compilation. Node
c3 is dominated by c2 since κ(c3) = κ(c2) = 0 and Ψ(c3) = (6, 0) ≤ Ψ(c2) =
(11, 1). It can thus be pruned, resulting in an exact DD even with W = 2.

4 Filtering the Search Using Dominance Rules

In this section, we explain how to systematically detect and prune dominated
nodes within the DD-based B&B algorithm, based on the modeling ingredients
previously defined. In this regard, we propose two strategies that both fall in the
category of memory-based dominance relations [26].

– The first is to perform dominance checks exclusively for nodes belonging to
the same layer of the same DD. This way, no extra memory is required and
the number of nodes for which dominance relations are checked is kept small.

– On the other hand, the second strategy maintains a persistent collection of
non-dominated nodes during the whole search algorithm, and exploits it to
also detect dominance relations across DD compilations.

Preliminary experiments convinced us to pursue the second strategy because
of its much stronger pruning capacities and relatively small – or even positive
– impact on the memory consumption of the algorithm, as will be discussed
in Sect. 6. This way of enforcing the dominance rules involves storing all non-
dominated nodes found at any stage of the B&B algorithm. We propose to use
a hash table denoted by Frontsj for each DP stage j. Each of these hash tables
stores key-value pairs of the form 〈κ, Front〉 that associate each dominance key
κ with a Pareto front denoted Front containing the set of non-dominated nodes.
The only addition to the DD compilation procedure given by Algorithm 1 is that
each layer is filtered through the dominance checks before expanding each of its
nodes. The pruned set collects the pruned nodes of the layer and is used to define
L′

j at line 6, a clone of the j-th layer from which the pruned nodes have been
removed. In the rest of the algorithm, the pruned layer L′

j is employed instead
of Lj to prevent generating any outgoing transition from the pruned nodes.

Algorithm 3 describes the actual dominance detection procedure, which also
takes care of updating the Fronts. It begins by sorting the nodes of layer in
reverse lexicographic order of dominance utilities Ψ at line 1. This ensures that
if there exist two exact nodes u1, u2 ∈ Lj such that u1 � u2, then u1 will be
processed before u2 since Ψ(u1) ≥ Ψ(u2). Then, the algorithm loops over all
nodes of the layer and first determines whether a front already exists for the
dominance key of the current node. If not, it is simply initialized at lines 18
and 20 as a front containing the utility of the current node only. Otherwise, the
existing front is retrieved as Front at lines 5 and 6 and the dominance check
with respect to this front is initiated. By comparing the utility of the current
node against those of the non-dominated nodes found so far, the node is declared
dominated or not. In the dominated case, it is added to the pruned set at line 15,
and otherwise to the Front at line 17. Along the way, every entry that the current
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Algorithm 3. Dominance-based filtering of layer Lj of a DD B.
1: sort nodes u in Lj in reverse lexicographic order of Ψ(u)
2: for all u ∈ Lj do
3: if u is relaxed then
4: continue
5: if Frontsj .contains(κ(σ(u))) then
6: Front ← Frontsj .get(κ(σ(u)))
7: dominated ← False
8: for all Ψ ′ ∈ Front do
9: if Ψ(u) ≤ Ψ ′ then // exit if Ψ(u) is dominated

10: dominated ← True
11: break
12: if Ψ(u) ≥ Ψ ′ then // remove entries that Ψ(u) dominates
13: Front ← Front \ {Ψ ′}
14: if dominated then
15: pruned ← pruned ∪ {u}
16: else // add to front if non-dominated
17: Front ← Front ∪ {Ψ(u)}
18: else // initialize if first with given key
19: Front ← {Ψ(u)}
20: Frontsj .insert(〈κ(σ(u)), F ront〉)

node dominates is removed from the Front with line 13 to keep its size as small
as possible. Note that this process is performed both for restricted and relaxed
DDs, meaning that both types of DD benefit from this filtering mechanism. In
addition, the exploratory nature of restricted DDs can help quickly find strong
non-dominated nodes, and thus generate a lot of pruning early in the search.

Example 4. Using this procedure, we can derive dominance relations between
nodes belonging to the DDs shown on Fig. 2. Let us assume that the Fronts have
already been filled with the utilities of the nodes reached by the exact DD of
Fig. 2(a). We thus have that Fronts3 = {〈0, {(5, 6), (11, 1)}〉}. Now if we consider
layer L3 of the exact DD given by Fig. 2(b), we can first compute the utility –
given by Ψ(u) = (v∗(u | B), σ(u)) – of each node: Ψ(c4) = (0, 12), Ψ(c5) =
(6, 7), Ψ(c6) = (1, 6) and Ψ(c7) = (7, 1), and then order the nodes by reverse
lexicographic order of those, which produces: 〈c7, c5, c6, c4〉.
– Node c7 with Ψ(c7) = (7, 1) is dominated by utility (11, 1) in the front and is

thus added to the pruned set.
– Node c5 with Ψ(c5) = (6, 7) is not dominated by any utility in the

front and is thus added to the front. Moreover, it dominates the utility
(5, 6), which is therefore removed from the front. This gives: Fronts3 =
{〈0, {(11, 1), (6, 7)}〉}.

– Node c6 with Ψ(c6) = (1, 6) is dominated by the utility that was just added
to the front and is inserted in the pruned set.

– Finally, node c4 with Ψ(c4) = (0, 12) is added to the front because it has the
largest remaining capacity and is therefore non-dominated. The final front is
given by Fronts3 = {〈0, {(11, 1), (6, 7), (0, 12)}〉}.
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5 Synergy with Caching

In [9], a caching mechanism was proposed to mitigate the number of repeated
expansions of DP states, which are reached by multiple approximate DDs dur-
ing the search. It includes a bottom-up procedure that computes an expansion
threshold for each exact state reached by a relaxed DD, and that exploits the
pruning inequalities of each filtering technique involved. Nodes are discarded
whenever their value is lower or equal to the threshold. To combine dominance
rules with this caching and pruning rule, we specify how expansion thresholds
are computed in case of dominance pruning. Given a relaxed DD B, an exact
node u ∈ B with σ(u) ∈ Sj and a utility Ψ ′ ∈ Frontsj [κ(u)] such that Ψ ′ ≥ Ψ(u),
the dominance pruning threshold of u is defined by, with Ψ ′ = (v′) · ψ′:

θp(u | B) =
{

v′ − 1, if ψ′ = ψ(u),
v′, otherwise.

Indeed, if u is dominated by a utility with the same partial utility, nodes with the
same DP state will always be pruned unless they have a value of v′ or higher. On
the other hand, if u is dominated by a utility with a better partial utility, then
nodes with the same DP state will always be pruned unless their value strictly
exceeds v′. As these thresholds are propagated bottom-up in the relaxed DDs,
dominance rules will also strengthen expansion thresholds for states of earlier
DP stages, and can thus also reinforce the cache-based pruning strategy.

6 Computational Experiments

In this section, we evaluate experimentally the impact of dominance rules within
the DD-based solver DDO [15]. To this end, four DP formulations were imple-
mented and applied to the associated benchmark instances. For all problems,
600 s were given to solve each instance to optimality on a single thread, with
the techniques described in [9,14] enabled by default. We first give a high-level
description of the DP models and dominance rules of each problem, and of
the benchmark instances and settings used before discussing the results of the
experiments. Whereas the given definition of the dominance utility assumes that
greater is better, the opposite rule is applied for minimization problems.

6.1 Experimental Setting

TSPTW. The Traveling Salesman Problem with Time Windows is a variant of
the well-known Traveling Salesman Problem where the cities are replaced by a
set of customers N = {0, . . . , n − 1} that must each be visited during a given
time window. The objective is to find a tour starting and ending at customer 0 –
the depot – and that visits all customers during their time window in the shortest
possible time. The DP model used in the experiments is the one presented in [13],
which extends the model introduced in [17] for the TSP. However, the present
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description omits state components that are not relevant for the dominance rule,
but are useful to tighten the relaxation of the problem.

– DP model: the state representation contains a tuple (c, t,M), where c ∈ N
and t respectively represent the customer and time of the last visit made
by the salesman. The set M ⊆ N contains the customers that still must be
visited. Starting from the root state r̂ = (0, 0, N), the transitions then model
the possible next visits of the salesman and the associated cost.

– Dominance rule: if two states represent the salesman at the same location
and having visited the same set of customers, then the one arriving earlier
is always preferred. This dominance rule can be expressed by specifying the
following dominance key: κ(s) = (s.c, s.M). Then, the utility of a state is given
by the elapsed time: ψ(s) = s.t. We could also simply have ψ(s) = 0 since
the elapsed time is also captured by the node value. However, the definition
given is also valid for the travel time version of the TSPTW.

All configurations of the DD-based solver were tested on a classical set of bench-
mark instances introduced in the following papers [1,11,22,28,30]. A dynamic
width was used, where the maximum width for layers at depth j is given by
n × (j + 1) × α with n the number of variables in the instance.

ALP. The Aircraft Landing Problem requires to schedule the landing of a set
of aircraft N = {0, . . . , n − 1} on a set of runways R = {0, . . . , r − 1}. The air-
craft have an earliest and latest landing time. Moreover, the set of aircraft is
partitioned in disjoint sets A0, . . . , Ac−1 corresponding to c aircraft classes. For
each pair of aircraft classes, a minimum separation time between the landings is
given. The goal is to find a feasible schedule for all the aircraft, which minimizes
the total waiting time – the delay between the earliest landing times and sched-
uled landing times – while respecting the latest landing times. The DP model
presented in [24] was implemented, with a slightly different dominance rule.

– DP model: states are pairs (Q,ROP ), with Q a vector that gives the remain-
ing number of aircraft of each class to schedule and ROP a runway occupation
profile: a vector containing pairs (l, c) that respectively give the time and air-
craft class of the latest landing scheduled on each runway. The root state
r̂ = ((|A0|, . . . , |Ac−1|) , ((0,⊥), . . . , (0,⊥))) corresponds to the total number
of aircraft to schedule for each class and an empty runway occupation profile,
and the transitions model the next possible landings for each aircraft class
and runway.

– Dominance rule: for a fixed remaining number of aircraft to schedule for
each class and a same aircraft class previously scheduled on each runway, it is
always better to have an earlier previous landing time if it comes with a better
or equal objective function. This is expressed by the following dominance key
and dominance utility vector: κ(s) = (s.Q, (s.ROP0.c, . . . , s.ROPr−1.c)) and
ψ(s) = (s.ROP0.l, . . . , s.ROPr−1.l).

A set of 720 random instances was generated, with n ∈ {25, 50, 75, 100} aircraft,
r ∈ {1, 2, 3, 4} runways, and c = 4 aircraft classes. The target landing times
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Fig. 3. Cumulative number of instances solved over time by DDO and DDO+D.

were generated by a Poisson arrival process with a mean inter-arrival time of
40/r, instances with more runways thus require producing denser schedules. An
arbitrary width of W = 100 is used for all experiments concerning the ALP.

LCS. The Longest Common Subsequence Problem considers a set of m strings
S = {S0, . . . , Sm−1} and asks for the longest subsequence that appears in all of
them. We reproduced the formulation presented in [18] almost identically.

– DP model: states are defined as tuples 〈p0, . . . , pm−1〉 that give the current
position in each string. The root state r̂ = 〈0, . . . , 0〉 corresponds to the begin-
ning of each string, and the transitions model the insertion of one character
at the end of the subsequence and adapt the current positions.

– Dominance rule: Given states with the same current position in string S0,
it is always better to have both lower other positions and a greater objective
value. This is expressed by the following dominance key and dominance utility
vector: κ(s) = 0 and ψ(s) = s.

We used the following classical benchmark instances: BB [6], BL [5], Rat, Virus
and Random [32], Poly and Abstract [27], but limited to instances with
m < 10. A fixed width of 100 is used for all experiments concerning the LCS.

KP. We solve the KP with all the ingredients presented in Examples 1 to 3.
In addition, variables are ordered so that the items are considered in decreasing
profit-to-weight ratios and the LP bound of [10] is used as an additional dual
bound. A set of benchmark instances consisting of a random selection of 2% of
the instances from [29] (636 instances) and 10% of the instances from [33] (530
instances). Again, a fixed width of 100 is used for all instances and configurations.

6.2 Results

Number of Instances Solved. Figure 3 shows the number of instances solved
by each solver and configuration with respect to the solving time. For all prob-
lems except the KP, DDO with dominance rules enabled – referred to as DDO+D
from now on – solves more instances than DDO, and by a large margin. As a
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Fig. 4. Comparison of the number of node expansions performed by DDO and DDO+D
for each instance solved by both configurations.

result, we can confidently say that the integration of dominance rules has a very
positive impact on the performance of the B&B algorithm. In the case of the
KP, this low performance gain can be attributed to the fact that, when using
the profit-to-weight ratio variable ordering and the LP bound, many unpromis-
ing partial solutions are quickly discarded and thus fewer dominance relations
arise.

Number of Node Expansions. The impact of the dominance rules can also
be measured in terms of the number of nodes expanded during the successive
approximate DD compilations. Figure 4 shows a pairwise comparison of this
measure for each instance solved by both configurations. It appears that solving
additional instances with DDO+D is made possible by a reduction in the number
of node expansions needed to close them. Moreover, it clearly shows the magni-
tude of the filtering brought by the dominance rules, since for many instances
that are unsolved by DDO, DDO+D requires only a negligible amount of node
expansions to close them. For the KP, however, it seems that the decrease in
node expansions is more significant than the decrease in time. This is probably
due to the formulation of the dominance rule that needs to perform dominance
checks for all pairs of nodes belonging to the same layer. For this kind of dom-
inance checks, it might be worth considering a more specialized data structure
than a simple list for the Fronts, such as k-d trees [2].

Quality of the First Solution. Another important dimension for a solver
is the quality of the first solution found, which captures its anytime behavior.
Figure 5 compares the value of the first solution found by DDO and DDO+D
for each instance, as well as the iteration – in terms of B&B nodes – at which
this solution is found for the TSPTW and the ALP. Indeed, those problems both
have time window constraints that can make it difficult to find feasible solutions.
This comparison allows us to make several observations for each problem:

– ALP: the quality of the first solution found by DDO+D is in general slightly
better than the one obtained by DDO – in 314 cases, while the opposite occurs
in 118 cases. Furthermore, there are 29 instances for which DDO does not
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Fig. 5. Comparison of the value of the first solution obtained for each instance by DDO
and DDO+D, and of the iteration at which it is found for ALP and TSPTW.

manage to find a single feasible solution to the problem, unlike DDO+D. In
addition, when comparing the iteration at which the first solution is found,
it appears that DDO+D finds a solution earlier than DDO for 235 instances,
whereas the opposite is true for only 26 instances.

– TSPTW: the quality of the first solution found is only moderately impacted
by the addition of dominance rules. Still, DDO+D finds a better first solution
than DDO in 32 cases, against 4 cases in the other direction. Moreover, when
looking at the iteration at which this first solution is found, we can see that
DDO+D obtains it slightly earlier in the search for 34 instances, whereas the
opposite is true for only 8 instances.

– LCS and KP: they are both maximization problems, so this time DDO+D
compares better for data points located above the diagonal line. Although it
is difficult to distinguish the solution values for the KP on Fig. 5, DDO+D
actually finds a slightly better solution than DDO in 229 cases, compared to
only 20 cases in the opposite direction. For LCS, this occurs for 201 instances,
whereas DDO finds a better first solution in 93 cases.

Integrating dominance rules therefore also contributes to quickly producing qual-
ity solutions by moving the compilation of restricted DDs away from parts of
the search space that are not worth spending time on.
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Fig. 6. Comparison of the peak amount of memory used for each instance by DDO
and DDO+D, shown in different colors depending on which configurations solved it.

Memory Consumption. Finally, we discuss the memory footprint of main-
taining the Fronts used to continually derive dominance relations with respect
to non-dominated exact nodes previously found. Figure 6 compares the peak
amount of memory used by both configurations for each instance. For all prob-
lems, we observe that a lower amount of memory is used by DDO+D for the
large majority of instances solved by both configurations or only by DDO+D.
Even for instances that both configurations fail to solve, DDO+D does not nec-
essarily require more memory than DDO – the only exception is the TSPTW,
although the maximum amount of memory used by DDO+D in those cases is
not much larger than that reached by DDO for some instances.

7 Conclusion

In this paper, we proposed a formalism for specifying dominance rules of DP
models. We then explained how they can be exploited within the DD compila-
tion algorithm, as well as for the B&B algorithm as a whole by introducing a
persistent data structure used to detect dominance relations across DD compila-
tions. In addition, we showed how to combine this filtering mechanism with the
caching procedure introduced in [9]. The modeling of the dominance rules was
illustrated on four optimization problems and its impact was evaluated through
extensive computational experiments. The results clearly highlight the interest of
this additional ingredient, which significantly reduces the number of node expan-
sions required by the algorithm to close the instances. This is directly reflected
by the corresponding solving times, and leads to the resolution of many instances
previously unsolved by DDO. Moreover, the experiments demonstrate the ben-
eficial effect that dominance rules have in the ability of the algorithm to quickly
find quality solutions, especially when the problem is highly constrained. Finally,
the proposed memory-based dominance filtering procedure was shown to reduce
the memory consumption of the solver in most cases.
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Abstract. We introduce ViolationLS, a Constraint-Based Local Search
(CBLS) solver for arbitrary MiniZinc models based on the Feasibil-
ity Jump Mixed-Integer Programming Heuristic. ViolationLS uses a
novel approach for finding multi-variable moves without requiring any
“implicit” or “one-way” constraints traditionally used by CBLS solvers.
It significantly outperforms other state-of-the-art CBLS solvers on the
MiniZinc challenge benchmarks, both with and without multi-variable
moves. We demonstrate that integrating ViolationLS into the parallel
portfolio framework of the state-of-the-art CP-SAT Lazy Clause Gener-
ation solver improves performance on more than half of the instances in
the MiniZinc challenge benchmarks suite. To our knowledge this is the
first instance of such an integration of CBLS and Lazy Clause Generation
inside the same solver.

1 Background

1.1 Constraint-Based Local Search

Constraint-Based Local Search (CBLS) [6] is an approach to local search that
takes inspiration from Constraint Programming. In particular, both exploit the
fact that many combinatorial sub-structures occur in many different problems
to build models using reusable “constraints” based on these structures.

A CBLS model consists of an objective function, a set of variables, and a set
of constraints. Constraints in CBLS each define a “violation” function given an
assignment to the variables that takes the value 0 if the constraint is satisfied, and
a positive value otherwise. A CBLS solver tries to find an assignment such that
all constraints have a violation of 0, while secondarily minimising the objective.

CBLS solvers typically either require explicit neighbourhoods to be provided
by the modeller, or provide “implicit constraints” [2] that act as neighbour-
hoods and define moves and initialisation logic that guarantee that the implicit
constraint is initially satisfied and remains satisfied after each move. To create
an overall neighbourhood from a set of implicit constraints, each variable may
participate in at most one implicit constraint, and any variable in an implicit
constraint must only be initialised and modified by moves generated by that
constraint.
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Additionally CBLS solvers usually use “one way constraints” [2], these must
form a Directed Acyclic Graph of functional definitions, used to reduce the
number of decision variables. These allow other soft constraints and the objective
to depend on the auxiliary variables while reducing the search space.

In order to support arbitrary models, CBLS solvers must define a “soft” ver-
sion of implicit constraints, as the structure of the problem may contain variables
that participate in multiple implicit constraints. Solvers must also provide a soft
version of all one-way constraints as arbitrary constraint graphs may contain
cycles that must be broken using soft constraints.

1.2 CP-SAT

The CP-SAT solver (also called CP-SAT-LP) [10] is a state-of-the-art Lazy
Clause Generation (LCG)-based solver [11]. CP-SAT has won multiple medals
in the MiniZinc Challenge [12] every year since it replaced the “CP” solver as
the OR-tools entry in 2013.

In its multi-threaded configuration, CP-SAT implements an information-
sharing portfolio of diverse subsolvers. There is a distinction between 3 different
kinds of subsolvers: “full” subsolvers; “first solution” subsolvers; and “incom-
plete” subsolvers.

“Full” subsolvers exist for the full duration of the solve. Most “full” work-
ers implement depth-first searches using various branching and restart heuris-
tics, using a Lazy Clause Generation propagation and explanation engine to
prune variable domains after each decision and avoid repeated search when back-
jumping.

“First solution” workers terminate as soon as the first solution is found, and
are replaced with “incomplete” workers. Most “first solution” workers are vari-
ants of one of the “full” workers, with additional randomness. Most “incomplete”
workers perform Large Neighbourhood Search (LNS), using various neighbour-
hoods. These neighbourhoods fix part of the solution to be the same as a base
solution sampled from a shared solution pool, and are then solved by creating a
new CP-SAT instance, presolving the smaller problem, and solving the problem
using a single-thread LCG worker.

CP-SAT expects there to be more incomplete solvers than threads to run
them, so whenever a thread becomes available, an incomplete subsolver is chosen
to generate and run a short-lived “task”. The incomplete subsolvers are chosen
in a round-robin pattern.

Workers share information between one another by periodically synchronising
with various thread-safe shared state classes. Two such classes are relevant to
this paper. First, the Shared Solution Manager, which maintains a small pool
of the best 3 solutions seen, and the upper and lower bounds on the objective.
Second, the Shared Bounds Manager, which allows full workers to share root-
level reductions of variable domains with other workers.

Another important component of CP-SAT is its presolver which runs before
any subsolvers start, modifying the model in various ways. A full description of
these transformations is beyond the scope of this paper, but they are summarised
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here. The presolver replaces some complex constraints with simpler ones (often
a set of linear constraints); adds symmetry breaking constraints; and substitutes
equivalent variables. The CBLS solvers we have implemented and described in
this paper all use CP-SAT’s presolver.

The presolver may act similarly to limited “one-way” constraints in this final
regard as many CP-SAT constraints accept affine transformations of the form
ax+b in place of a variable, where a and b are constants and x is a variable. This
allows some variables to be removed, but is still far more restrictive than the
general functional dependencies enabled by one-way constraints in other CBLS
solvers, which could for example remove the variable y in y = x2 from the set of
decision variables.

2 Violation Functions

Each constraint in a CBLS solver defines a violation that is 0 when the constraint
is satisfied and strictly positive otherwise. Our solver defines a decomposition or
violation function for every type of constraint supported natively by CP-SAT.

Constraints in our solver have a simple API, they need to be able to: compute
their initial violation given a new assignment; compute the violation delta when
a single variable changes value; and update their internal state when a single
variable changes value. We use the notation δG(v, j) to denote the function
returning a sparse vector containing the change in violation of each constraint
in the constraint graph G when variable v changes its value to j.

These three operations on linear constraints are identical to those in the
paper introducing Feasibility Jump [8] (modulo half-reification, explained below
[3]).

In the implementation tested in this paper all non-linear constraints com-
pute their violation delta by computing their violation, temporarily changing
the value of the variable in question, recomputing their violation from scratch,
then resetting the variable and returning the difference between the two viola-
tions. We expect significant improvements in performance on larger scheduling
and routing instances by improving this aspect of the implementation as the
computation of violation for these types of constraints in particular is expensive.

To maximise the benefit of making linear constraint violation efficient and
incremental to compute, many constraints in our implementation are partially
or fully decomposed into a set of linear constraints instead of or in addition
to defining a general constraint. Our implementation generally fully linearises
a constraint whenever a complete encoding of the constraint requires no new
variables and at-most a linear number of additional constraints. Additionally it
will partially linearise the violation function whenever doing so requires no new
variables, at most a linear number of new constraints, and the linear constraints
form a sparser constraint graph than the global would.

CP-SAT has native support for half-reified versions of many constraints. Half-
reified versions of the constraints defined below are the same, except have vio-
lation defined to be 0 if the constraint is disabled in the current assignment.
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Linear constraints define violation as in the original Feasibility Jump paper:
the absolute value of the difference between the left and right hand side of the
constraint if violated, or 0 if the constraint is satisfied.

Boolean constraints are transformed into equivalent linear expressions, except
XOR which is defined to have violation 0 if satisfied, and 1 otherwise.

Min (and max) constraints where t = min(xs) (t = max(xs)) define violation
by decomposing into a t ≤ x (t ≥ x) constraints for each variable x ∈ xs.
Thus the linear submodel enforces that t is a lower (upper) bound on the other
arguments, and we also add a non-linear constraint t ≥ min(xs) (t ≤ max(cs)).
This definition creates a sparser graph in the linear submodel, so fewer variables
will be considered when repairing its violation if few variables are close to t.

Circuit constraints in CP-SAT are slightly unusual compared to other CP solvers
in that they are defined in terms of a binary variable for each arc, rather than
a “next” array of integers. The violation of this constraint is decomposed into
the flow-conservation linear constraints (in-arcs and out-arcs for each node must
sum to 1), plus a subcircuit-elimination constraint. The subcircuit-elimination
constraint considers the graph containing only arcs whose controlling literals are
1. Its violation is defined to be 0 if all Strongly-Connected Components (SCCs)
are singletons (i.e. contain only a single node). Otherwise, the violation is the
number of non-singleton strongly connected components (SCCs), minus 1 (as
a valid circuit contains at most 1 non-singleton SCC), plus the number of non-
singleton SCCs that do not have an active arc from any node in that SCC to any
other node in a different non-singleton SCC, minus 1. An important property
of this definition is that removing arcs from a valid tour leaves the subcircuit-
elimination constraint satisfied (though flow constraints will become violated),
only introducing a second cycle causes it to become violated.

Route constraints are nearly identical to circuit constraints, but the subcircuit-
elimination constraint also adds 1 to its violation if the size of the SCC containing
the depot is one, unless there are no non-unit-size SCCs at all. Also the in and
out arcs at the depot must merely equal one another, rather than equalling
exactly 1.

Cumulative and Disjunctive constraints violations are defined to be the total area
of above the capacity of the cumulative (above 1 for Disjunctive constraints).

2D Packing constraints are implemented using a pairwise decomposition, and the
violation of each pairwise constraint is the area of overlap of the two rectangles.

3 Generalised Feasibility Jump

Our two closely-related CBLS solvers are both based on extending the Feasibility
Jump heuristic [8] designed for Mixed-Integer Programming to work with general
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constraints. Feasibility Jump is not described as nor compared to CBLS, we
believe only because CBLS is not well-known in the mathematical programming
community. For all intents and purposes Feasibility Jump is a type of CBLS
solver restricted to Linear Constraints.

Feasibility Jump is novel compared to existing CBLS solvers in that it does
not require constraints to define separate implicit, one-way, and soft versions. Nor
for the solver to have to choose which of these implementations each particular
instance of a constraint should use. In Feasibility Jump, all constraints are soft.
Using only soft constraints has been shown to have a significant negative effect
on the performance of another CBLS solver [2], but in Sect. 6 we show that our
Generalised Feasibility Jump outperforms other CBLS solvers by a significant
margin.

Generalised Feasibility Jump and ViolationLS both maintain very similar
state, to simplify presentation we define a state tuple that we use extensively
below and in our algorithm listings.

S = 〈G,X,W, V,Q, J〉

Where G is a constraint graph containing variables and constraint, Gc denotes
the set of variables in constraint c, and Gv is the set of constraints containing
variable v. Each variable v in G has a finite domain of possible values it may
take, denoted D(v). X is a valuation of the variables in G, where X[v] ∈ D(v).
W is a vector with a strictly positive weight for each constraint c. V is the subset
of constraints in G that are violated in the assignment X. Q the set of variables
that may be valid moves, and J is a “jump table” containing either a “jump
value” and “score” (explained below) or nil for each variable in G.

Feasibility Jump repeatedly selects a variable v and sets its value to the value
j ∈ D(v) (excluding the current value of v) that minimises the weighted sum of
violations over all constraints. This value j is called the variable’s jump value, and
is cached in J to maximise incrementality. The reduction in weighted violation
from assigning a variable to its jump value is the variable’s score, −W · δG(v, j).
Weights (W ) are initialised to 1, and the weights of violated constraints are
increased by 1 whenever no variable has positive score. We also implement a
variant where weights are decayed by ρ ∈ (0, 1) before weights are updated.

Note that our implementation of Generalised Feasibility Jump differs from
that described in the original paper [8] in 2 key ways when applied to a model
containing only linear constraints. First, we re-compute the jump values and
scores of a variable v whenever any variable that shares a constraint with v
changes, in the original, only v’s jump value would be recomputed, and others
would be recomputed at fixed point. Second, we apply the best jump of 5 with
positive score, whereas the original algorithm selects 25 random variables that
participate in a violated constraint, and if none have negative score then weights
of all violated constraints are increased.

To compensate for some of the extra work due to the first difference above, we
use the fact the jump value cannot change for binary variables to only consider
the constraints that have been updated when computing the score, using the
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same logic used for all variables in the original algorithm. For other variables, we
compute jumps and scores lazily, whenever a variable is updated in Algorithm
1 we invalidate the jump for adjacent variables, and recompute as needed in
Algorithm 2.

Feasibility Jump exploits the structure of linear constraints to compute a sub-
set of values for a variable that must include one with minimal score. This struc-
ture does not apply to general constraints, so in our generalisation we instead
assume a slightly weaker property: that each violation function is convex when
we change a single variable within its domain. This allows us to use a convex
minimisation algorithm like ternary search to compute a variable’s jump value
and score, since a positive-weighted sum of convex functions is convex.

Note that it does not actually impact the correctness of any of our algorithms
if violation functions are not in fact convex. The only difference is that the search
is more restricted, as we may incorrectly conclude that a variable has no good
jump values.

Our implementation maintains a set of variables to scan Q, initialised with
all variables participating in any violated constraint. The main loop repeatedly
samples from that set, setting variables with positive score to their jump value,
then adding any variable in any constraint touched by the changed variable into
the set to scan. When no more improving jumps can be found, it increases the
weights of all violated constraints by 1, re-initialises Q and repeats. This is a
type of Guided Local Search (GLS) [13], shown in Algorithm 3.

Our generalisation first finds a solution to the linear subset of constraints,
by performing the GLS using only the linear submodel, then applies the same
algorithm to the full model, starting from the solution found in the first phase.
This allows us to minimize the impact of relatively inefficient global constraint
evaluation. This simple algorithm alone finds a surprising number of solutions
to problems in the MiniZinc Challenge instances, as shown in Sect. 6.

4 Novelty Jump

Local-search solvers’ moves usually affect more than one variable at a time in
order to maintain desirable invariants (notably, maintaining the satisfaction of all
implicit constraints in CBLS). Many algorithms to generate such moves search
for a sequences of smaller component changes, where later components repair
invariants broken earlier in the sequence. The Lin-Kerighan TSP heuristic [5]
can be viewed as using a neighbourhood that chains dependent sequences of
changes. Similarly, the “Ejection Chain” family of heuristics explicitly attempt
to find sequences of changes [4].

To take advantage of the incremental updates used by Feasibility Jump, we
search for such sequences using a depth-first search, using modified constraint
weights to find values likely to allow chains to continue. Our approach to modi-
fying the weights used in the search is inspired by the concept of Novelty used
in AI planning [7], in particular Novelty Jump is very similar to a sequence of
calls to a depth-first variant of IW (1).
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Algorithm 1: UpdateVar(S, v)
Input:

S: A state tuple 〈G, X, W, V, Q, J〉
v: The variable to update

Output: S is modified
1 j, s ← J [v]
2 x0 ← X[v]
3 X[v] ← j
4 foreach c ∈ Gv do
5 Update the internal state of c with the new value of v
6 if v(X, c) > 0 then
7 V ← V ∪ {c}
8 else
9 V ← V \ {c}

10 foreach c ∈ Gv do
11 foreach v′ ∈ Gc \ {v} do
12 if v′ is binary and c is linear then
13 Update the score of v′ in J as in [8]
14 else
15 J [v′] ← nil

16 if V ∩ Gv′ �= ∅ then
17 Q ← Q ∪ {v′}

IW (1) performs a structured exploration of the state-space, requiring each
transition to set at least one state variable to a “novel” value not seen since the
current best state. Analogously in Novelty Jump, we use modified weights to
make it significantly cheaper to increase the violation of any constraint that has
not been violated since the best state seen so far.

These weights prioritise jump values that fix constraints that are initially
broken, in the hope that constraints that have not yet been broken can be fixed
later, by further changes. If backtracking is necessary, subsequent children will
prefer to avoid breaking the same constraints as were broken in prior exploration,
making the search more structured than a purely random exploration.

Novelty Jump initialises the weights of currently violated constraints to the
same value as used in the Guided Local Search metaheuristic, and sets non-
violated constraint weights to ε times the GLS weight (ε = 2−10 in our implemen-
tation). Whenever we take a move, the weight of any newly violated constraints
are set to the GLS weight. Jump values used in Novelty Jump are computed
using these “novelty weights”, to avoid confusion with scores using the original
weights we will use “score” to refer to the score with respect to the original
weights unless otherwise stated, and “novelty score” of a jump value to be the
score computed with the two weights.



250 T. O. Davies et al.

Algorithm 2: ApplyJump(S)
Input: S: A state tuple 〈G, X, W, V, Q, J〉
Output: S is modified, returns False if no move could be found.

1 v, j, s ← nil, nil, 0
2 n ← 0

// Sample 5 vars from Q and keep the one with the best score

3 while Q is not empty do
4 v′ ← a random variable from Q
5 if J [v′] = nil then
6 j′ ← ConvexArgMin

j′∈D(v′)
(W · δG(v′, j′))

7 J [v′] ← j′, −W · δG(v′, j′)

8 j′, s′ ← J [v′]
9 if s′ <= 0 then

10 Q ← Q \ {v}
11 continue

12 if s’ ¿ s then
13 v, j, s ← v′, J [v′], s′

14 n ← n + 1
15 if n ≥ 5 then
16 break

17 if v = nil then return False
18 UpdateVar(S,v)
19 return True

During depth-first search if we can’t find any way to extend the compound
move given the filtering mechanisms described below, we backtrack. When back-
tracking we revert the last assignment, but not the changes to any novelty
weights, which we update only when we fail to find any move at the root.

Note that whenever a constraint is violated, its novelty weight is equal to the
original weight. Thus reductions in violation of currently violated constraints
are responsible for all positive terms in the computation of a variable’s score.
Consequently the novelty score of a jump cannot be lower than its score, as only
the negative terms can have smaller weights. So long as the depth-first search
always explores at least one positive score move at the root (if one exists), any
state that is a local minimum for Novelty Jump must also be a local minimum
for Feasibility Jump.

Our preliminary investigation showed that exploring all moves with negative
novelty score explores too much, taking too long to detect a local minimum
and increase the GLS weights. To combat this, Novelty Jump limits exploration
in three ways. First, we do not change the same variable twice in the same
compound move.

Second we limit the number of backtracks along any path, once this is
exceeded we backtrack until we reach a node with remaining backtrack bud-
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Algorithm 3: GLS(G, X, W, M, ρ)
Input:

G: A bipartite graph of variables and constraints,
X: An assignment from variables to values
W: A weight per constraint
M: A “move” function that modifies X or returns False
ρ: A discount factor for weights

Output:
X, and W are modified

1 V ← {c | c(X) > 0, ∀c ∈ Constraints(G)}
2 Q ← ⋃

c∈V Gc

3 J [v] ← nil ∀v ∈ V ariables(G)
4 while effort limit is not reached do
5 if M(〈G, X, W, V, Q, J〉) = False then
6 if V = ∅ then
7 return FEASIBLE

8 W ← ρW
9 foreach c ∈ V do

10 W [c] ← W [c] + 1
11 foreach v ∈ Gc do
12 S[v] ← nil

13 return UNSOLVED

get b > 0. If we backtrack to the root, the limit is increased, to a maximum
of 2. If the search fails with its maximum limit, we increment weights like in
feasibility jump, re-initialise the novelty weights and continue.

Third, we track the cumulative score of individual moves along the path (sm),
and for each node on the stack we track the best score of any immediate child
move that has previously been explored (sc, initially 0). To be considered in the
search, a move must either have sufficient novelty that the novelty score plus sm
is positive, or the score is greater than the sc value of the current search node.
This is defined by the filter predicate F , used in Algorithm 5:

F (G,W,W ′, sm, sc, v, j) ↔ (sm − W ′ · δG(v, j) > 0) ∨ (−W · δG(v, j) > sc)

This definition allows 2 categories of move to be explored. The first criterion
allows chains of values to be swapped between variables. The second allows
multiple small changes to combine to repair a large change that was allowed by
the first criterion.

For example if the first criterion allowed search to explore x = 1 with a score
of –1, the constraint x → y + z = 0 would require at least 2 moves to repair if
y = z = 1, but these two moves would both have positive score so either jump
would be allowed at the first node, and the other would be allowed as a child
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of that node (assuming its score was still positive). However if the search later
backtracked over these moves, the sequence would not be explored again, as the
score would not be higher than the best score explored previously (sc).

The second criterion alone would obviously not be sufficient to perform explo-
ration as this would only explore positive score moves which would be immedi-
ately committed, making this algorithm nearly equivalent to Feasibility Jump.
However it does guarantee that Novelty Jump will always explore at least one
positive score move (if one exists) at the root node of the tree, ensuring its local
minima are at least as good as Feasibility Jump.

Another property of this filtering mechanism to note is that no two moves
causing the same violation delta can be explored as children of the same node.
After a move X[v] = j has been explored W ′ is updated so that W · δG(v, j) =
W ′ · δG(v, j), so the first criterion cannot apply to the new move if δG(v′, j′) =
δG(v, j), and the new move must also have the same score as the previously
explored move, so cannot have a better score than all previously explored moves,
thus the second criterion cannot apply.

If, at any point in the search, the sum of scores of single-variable moves on
the stack is positive, we commit the compound move, and reset the per-node
backtrack limit to 0. This resetting means that the algorithm limits exploration
further when moves are easy to find.

We provide pseudo-code for this algorithm in Algorithm 4, and the recursive
helper function shown in Algorithm 5. Our actual implementation is iterative,
with an explicit stack of moves instead of using the call stack, which is somewhat
more efficient, but more cumbersome to present.

Algorithm 4: ApplyNoveltyJump(S)
Input: S: A state tuple 〈G, X, W, V, Q, J〉
Output: S and W’ are modified, returns False if no move could be found.

1 b ← 0
2 while b ≤ 2 do
3 W ′ ← εW
4 foreach c ∈ V do
5 W ′[c] ← W [c]

6 while NoveltyJumpSearch(S, W ′, 0, b, ∅) do
7 if V = ∅ then return True
8 b ← 0

9 b ← b + 1

10 return False
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Algorithm 5: NoveltyJumpSearch(S, W’, sm, b, T)
Input:

S: A state tuple 〈G, X, W, V, Q, J〉
W’: A “novelty” weight per constraint
sm: The score of the partial move so far
b: The remaining backtrack limit for the search
T: The set of variables on the stack, not eligible for moves.

Output: S, and W’ are modified, returns False if no move can be applied.
1 if b < 0 then return False
2 sc ← 0
3 while Q ⊃ T do
4 while b ≥ 0 do
5 v ← Best of 3 sampled vars in Q \ T satisfying F (G, W, W ′, sm, sc, v, j)
6 if v = nil then return False
7 Q ← Q \ {v}
8 j ← ConvexArgMin

j′∈D(v′)
(W ′ · δG(v′, j′))

9 s ← −W · δG(v, j)
10 sc ← min(s, sc)
11 x0 ← X[v]
12 UpdateVar(S,v)
13 foreach c ∈ V ∩ Gv do
14 if W ′[c] �= W [c] then
15 W ′[c] ← W [c]
16 Q ← Q ∪ Gc

17 if sm + s > 0 then return True
18 if NoveltyJumpSearch(S, W ′, sm + s, b, T ∪ {v}) then
19 return True

20 J [v] ← x0, −s
21 UpdateV ar(S, v)
22 b ← b − 1

23 return False

5 ViolationLS

Our overall algorithm, ViolationLS (Algorithm 6) picks either Feasibility Jump
or Novelty Jump (in our experiments, with 50% probability each), and runs
it for a “batch”. The stopping criteria for a batch is complicated and is not
particularly scientifically interesting, as choosing a good value mostly depends
on the other solvers in the “incomplete” and “first solution” worker pools rather
than any property of the algorithm itself.

At the start of each batch, if there is a new best solution in the solution pool
or we have seen no solutions for 100 batches, we choose the algorithm again.
Otherwise we continue with the same algorithm as last batch, reusing the same
weights from the end of the last batch.
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In our experiments below, where we report the performance of “Feasibility
Jump”, we use a 100% probability of choosing Feasibility Jump in this algorithm.

Algorithm 6: ViolationLS(G)
Input: G: A bipartite graph of variables and constraints

1 W [c] ← 1 ∀c ∈ Constraints(G)
2 Initialize X to the value in each variable’s domain closest to 0
3 A ← RandomChoice({FJ, NJ})
4 while The problem is not solved do
5 if If a new best solution S is available in the shared pool then
6 X ← S
7 Tighten the RHS of the objective constraint.
8 W [c] ← 1 ∀c ∈ Constraints(G)
9 ρ ← RandomChoice({0.95, 1.0})

10 A ← RandomChoice({FJ, NJ})

11 if No new solutions found or imported for 100 iterations then
12 Perturb X, randomising each variable’s value with probability 0.1
13 W [c] ← 1 ∀c ∈ Constraints(G)
14 ρ ← RandomChoice({0.95, 1.0})
15 A ← RandomChoice({FJ, NJ})

16 if A = FJ then
17 G′ ← the linear submodel of G
18 if GLS(G’, X, W, ApplyJump, ρ) = FEASIBLE then
19 if GLS(G, X, W, ApplyJump, ρ) = FEASIBLE then
20 Add X to the Shared Solution Pool

21 else
22 if GLS(G, X, W, ApplyNoveltyJump, ρ) = FEASIBLE then
23 Add X to the Shared Solution Pool

24 Yield to allow other incomplete solvers to run

6 Experimental Results

We compare our Feasibility Jump and ViolationLS purely local search solvers
against 2 local search solvers that have previously won medals in the local
search category of the MiniZinc challenge: Yuck [9], and fzn-oscar-cbls [2]. In
addition we show the impact of adding our CBLS solvers to CP-SAT’s “first
solution” and “incomplete” subsolver pool by comparing several configurations
of CP-SAT with and without these algorithms. Each solver was run 5 times
with 5 different random seeds and a 5 min time limit, using 8 worker threads,
as CP-SAT is designed for multi-threaded solving, and 8 cores is the minimum
number of threads that CP-SAT recommends. Note that fzn-oscar-cbls is not
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multi-threaded, so can only take advantage of one core, but is included for com-
pleteness as it is better-described in the literature than Yuck. The experiments
were performed on 64-cores machines (n2d-standard-64 Google Compute Engine
instances), each running 8 solves concurrently.

In Table 1, we show the mean number of points scored by each solver, aver-
aged across 5 different random seeds for each solver and instance. A solver scores
a point for every other solver and instance where it solved that instance better
than the other solver. For the “Complete” column, the better solver either closed
the problem faster; found a better solution; or found the same quality solution
faster (if neither solver closed the problem). For the “Incomplete” column, the
better solver either found a better solution, or found the same quality solution
faster. The percentage columns show what percentage of the maximum possible
score each solver achieved.

Table 1. MiniZinc Challenge Scores, averaged over 5 random seeds

Solver Complete Incomplete

Points % Points %

CP-SAT+ViolationLS 5841.04 80.06% 5630.04 77.17%

CP-SAT+Feasibility Jump 5812.60 79.67% 5583.20 76.52%

CP-SAT (No LS) 5643.76 77.35% 5406.68 74.10%

ViolationLS 2632.60 36.08% 3003.92 41.17%

Feasibility Jump 1788.08 24.51% 2050.24 28.10%

Yuck 1180.92 16.19% 1200.08 16.45%

fzn-oscar-cbls 487.32 6.68% 511.76 7.01%

Figure 1 shows that while ViolationLS helps substantially more often than it
hinders time to prove optimality, the magnitude of improvement is often small,
and it can occasionally cause substantial slowdown. We suspect two possible
causes. First, some global constraints are slow to evaluate, this may cause CP-
SAT to allocate disproportionate CPU-time to ViolationLS that would be better
spent on LNS. Improving the incrementality of global constraints may mitigate
this, and is likely to lead to better performance generally, there is significant
room for improvement in our implementation.

Second, ViolationLS finds many (quite similar) solutions in quick succession.
We suspect the solution pool becomes full of similar solutions before LNS workers
have the opportunity to explore neighbourhoods around earlier solutions. How-
ever quickly finding nearby solutions is the goal of ViolationLS, so mitigating
this would require changes to encourage diversity in the solution pool.

Table 2 shows the average number of times that each of the pure local-search
solvers tested found a better solution faster than each other local-search solver.
Similarly, Table 3 shows how often adding the two local search algorithms intro-
duced in this paper outperformed the other CP-SAT configurations.
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Fig. 1. Shifted geometric mean time to optimality for CP-SAT with and without Vio-
lationLS on each the MiniZinc challenge benchmark instances, averaged over 5 seeds,
shifted by 10 s. The 609 instances (50.1%) above the diagonal are faster with Viola-
tionLS, and 397 (32.6%) below are slower, 209 (17.2%) were consistently unsolved by
either solver within 5 min. Dotted lines show 2x increase or decrease in solve time.

Table 2. Pairwise incomplete MiniZinc Challenge scores. Each cell shows the average
number of instances where the solver in that row was better than the other solver
in that column, using the “incomplete” definition of better. Averaged over 5 random
seeds. The highest score in each column is highlighted.

Solver ViolationLS Feasibility Jump Yuck fzn-oscar-cbls

ViolationLS – 650.6 652.28 734.64

Feasibility Jump 182.00 – 523.84 617.24

Yuck 209.52 268.96 – 435.72

fzn-oscar-cbls 101.96 135.36 147.6 –

Table 3. Pairwise complete MiniZinc Challenge scores for CP-SAT variants. Each
cell shows the average number of instances where CP-SAT plus the heuristic in that
row was better than CP-SAT plus the heuristic in that column, using the “complete”
definition of better. Averaged over 5 random seeds. The highest score in each column
is highlighted.

CP-SAT+ ViolationLS Feasibility Jump Baseline

ViolationLS – 609.20 659.04

Feasibility Jump 588.36 – 651.80

Baseline 538.32 545.48 –
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7 Conclusions and Further Work

Both our generalisation of Feasibility Jump and ViolationLS improve substan-
tially on the current state-of-the-art local search solver for general models
expressed in MiniZinc. ViolationLS finds better solutions faster compared to
“Yuck” more than 3x as frequently as Yuck outperformed ViolationLS.

Including these algorithms in the incomplete subsolver framework inside the
state-of-the-art CP-SAT improves performance in 20% more instances than it
degrades it. However, it does slow solve time significantly on some instances.
Mitigating this will make using ViolationLS more effective as a primal heuristic,
but further investigation into the causes and possible solutions is required. We
suspect improving the incrementality of global constraint violation computation
to improve this significantly.

Global constraints can also make the constraint graph more densely con-
nected, causing ViolationLS to needlessly recompute jumps for variables that
cannot have positive score because they do not actually participate in the vio-
lation detected by the global constraint. For example if 2 intervals overlap in an
otherwise satisfied Disjunctive constraint, there is no need to consider changing
the value of any variables in any other intervals (unless these variables partic-
ipate in other violations). It may be possible to extend the constraint API to
allow ViolationLS to cheaply skip computing jumps for such variables, or to skip
enqueing them entirely.

Another possible avenue for improvement would be to revisit the definition of
the violations of global constraints. The theoretical basis of jump values relies on
the convexity of violation functions, however several of our constraint definitions
are non-convex (notably scheduling constraints). While this has no impact on
correctness, there may be opportunities for improved or more consistent perfor-
mance if the violation definitions of more constraints were convex.

The parameters in ViolationLS were chosen based only on very limited pre-
liminary experiments. There will almost certainly be a benefit to automatically
tuning this during search based on which configurations find solutions faster on
a specific instance.

Finally, the Novelty Jump heuristic was inspired by treating the search for an
improving neighbour as a domain-independent planning problem. There may be
other promising avenues of research based on adapting other planning algorithms
to create other effective, problem-independent CBLS neighbourhoods.

8 Related Work

Previous work [1] has explored adding local-search to CP-based MiniZinc solvers.
This approach requires annotations to be written by the modeller to define the
neighbourhood, so cannot be used with an arbitrary MiniZinc model.
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Abstract. We study a complex planning and scheduling problem aris-
ing from the build-up process of air cargo pallets and containers, collec-
tively referred to as unit load devices (ULD), in which ULDs must be
assigned to workstations for loading. Since air freight usually becomes
available gradually along the planning horizon, ULD build-ups must be
scheduled neither too early to avoid underutilizing ULD capacity, nor
too late to avoid resource conflicts with other flights. Whenever possi-
ble, ULDs should be built up in batches, thereby giving ground handlers
more freedom to rearrange cargo and utilize the ULD’s capacity effi-
ciently. The resulting scheduling problem has an intricate cost function
and produces large time-expanded models, especially for longer planning
horizons. We propose a logic-based Benders decomposition approach that
assigns batches to time intervals and workstations in the master prob-
lem, while the actual schedule is decided in a subproblem. By choos-
ing appropriate intervals, the subproblem becomes a feasibility problem
that decomposes over the workstations. Additionally, the similarity of
many batches is exploited by a strengthening procedure for no-good cuts.
We benchmark our approach against a time-expanded MIP formulation
from the literature on a publicly available data set. It solves 15% more
instances to optimality and decreases run times by more than 50% in the
geometric mean. This improvement is especially pronounced for longer
planning horizons of up to one week, where the Benders approach solves
over 50% instances more than the baseline.

Keywords: Air Cargo · Unit Load Device · Build-Up Scheduling ·
Batch Scheduling · Logic-Based Benders Decomposition

1 Introduction

Getting air cargo off the ground is a complex operation that requires solving a
sequence of challenging optimization problems. Brandt & Nickel [7] identify four
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main problems: aircraft configuration, build-up scheduling, air cargo palletiza-
tion, and finally the weight and balancing problem. In this paper, we consider a
variant of the build-up scheduling problem with an additional batching objective.

Many flights contain stop-overs at which ULDs may be discharged. A single
flight hence services multiple connections, which we call its flight segments. ULD
build-up is the process of loading a pallet or container, collectively referred to as
unit load devices (ULD), with cargo for a single segment of an outbound flight.

These build-up processes must be performed on dedicated workstations,
which are blocked until the build-up is completed. As many outbound flights
compete for a limited number of workstations, a schedule of build-up processes
maximizing the amount of cargo delivered in time is sought. Cargo for a sin-
gle flight segment is not available at some specific release time, but gradually
becomes available in the days or hours leading up to the flight’s departure as
corresponding break-down processes for inbound ULDs release it to the airport’s
storage unit. Hence, scheduling a build-up process too early risks building up
ULDs with underutilized capacity, potentially leading to capacity problems for
shipments that are broken down later. Thus, it is usually beneficial to build up
ULDs as close to the flight’s departure time as possible [6].

Additionally, we aim to build up ULDs in batches, that is, sets of ULDs
that are built up at the same time and in spatial proximity. The rationale for
this is twofold. First, it offers cargo handlers more degrees of freedom in loading
shipments into ULDs, thereby utilizing freight capacity more efficiently. Second,
it reduces the cost incurred by the repeated transport of cargo from the stor-
age unit to the build-up area. Batch building is an operational objective, while
failing to actually transport cargo usually incurs contractual penalties. We com-
bine ULD in large batches only if it does not result in offloaded cargo or ULDs.
Batches, therefore, cannot be considered an input, but must be found as part
of the build-up scheduling problem. Build-up scheduling is hence a challenging
problem encompassing a machine assignment, a scheduling, and a set partition-
ing component. Additionally, we consider planning horizons of up to a whole
week of operations, which results in huge time-expanded models.

We address these difficulties with a logic-based Benders (LBB) decomposition
approach that assigns batches to time intervals and workstations in the master
problem, while the schedule is determined in a subproblem. Here, the main inno-
vation is an appropriate choice of the time intervals that allows the subproblem
to become a feasibility problem that decomposes over the workstations.

In the remainder of this section, we give a short literature review and for-
mally define the build-up scheduling problem with batching. In Sect. 2, we briefly
present a time-expanded formulation from the literature. The LBB approach is
introduced in Sect. 3. We evaluate both approaches computationally in Sect. 4
and conclude in Sect. 5.

Related Literature. Scheduling problems arising from ULD build-up processes
have been considered in the literature predominantly with a focus on crew
scheduling [16,20,22]. These models do not consider the scheduling of ULDs,
the assignment of freight to ULDs, or of ULDs to workstations.
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Cargo availability and workstation assignments were considered for the first
time by Brandt [6] who employed a rolling horizon approach to calculate heuristic
build-up schedules that minimized offloaded cargo and the number of crews
employed per shift. They also introduced the first publicly available data set for
build-up scheduling problems [5]. In contrast to [6], we aim to build up ULD
in batches. In our application, a fixed number of crews is provided by a staffing
agency. Therefore, the available workforce is known in advance and influences
our model only in so far as it determines the number of concurrently available
workstations. Heuristic methods for scheduling batch build-ups and personnel
have also been studied by Emde et al. [8]. They, however, do not take the loading
of ULDs with cargo into account. Instead, they aim to minimize the maximum
amount of workforce employed concurrently. Their batches are given as an input,
whereas in our model, they are part of the output.

The build-up scheduling problem studied here has previously been consid-
ered in [10], as part of a network design model that also incorporates break-down
scheduling. When considering only build-ups, the network flow reduces to sim-
ple inventory constraints. We restate this simplified network design model as a
scheduling problem in Sect. 2.

Logic-Based Benders decomposition (LBB) [13] generalizes Benders decom-
position [4] to cases in which the subproblem is no longer a linear program. Most
importantly, it allows the subproblem to be tackled by constraint programming
(CP) techniques, making it, besides constraint integer programming [1], one of
the main techniques for the integration of mixed integer programming (MIP) and
CP approaches. In contrast to classical Benders decomposition, efficient cuts for
the master cannot be derived from the LP dual, but must be handcrafted from
specific problem knowledge [15]. For a recent survey on applications of classical
Benders decomposition, see [19]; for an overview of LBB, see [14]. Early on, LBB
has been applied predominantly to scheduling problems [12], with the number
of applications ever-growing since [15]. Our approach is inspired by a common
technique for planning and scheduling problems by Hooker [12] in which jobs
are assigned to machines (planning) in a master problem, usually a MIP. The
scheduling of jobs is then shifted into one CP subproblem per machine that
provides feasibility and optimality cuts to the master problem.

Çoban and Hooker [23,24] present an LBB variant for single machine schedul-
ing problems, in which jobs are assigned to time intervals in the master problem.
While LBB has occasionally been applied to scheduling problems with batch-
ing [9], there is, to the best of our knowledge, no previous work applying it to
build-up scheduling problems.

Problem Definition. In the following, we formally define the build-up scheduling
problem with batching. In it, ULDs need to be built up for a set of flights K in
time for each flight’s k ∈ K departure time δk. Using the notational convention
[n] := {1, . . . , n}, the overall time horizon is hence T := [maxk∈K δk].

For simplicity, we do not distinguish between flights and their segments, as a
flight with multiple segments can easily be modeled as multiple flights. During
build-up, a ULD is loaded with available shipments for flight k. These shipments
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are modeled as an inflow of cargo volume with dkt denoting the cargo for flight
k arriving at time point t ∈ [δk]. A ULD can only be loaded with cargo that is
available at the start of the build-up process, and each volume unit of cargo that
is not loaded before the departure of flight k is not shipped at all. In this case,
an offload penalty θk has to be paid.

ULDs come in different types u ∈ U characterized by their capacity cu and
build-up time βu. The number of ULDs of each type u ∈ U planned per flight
k ∈ K, denoted by pku, is an input determined in the aforementioned aircraft
configuration phase. Occasionally, it might not be possible to build up all ULDs
for a given flight k. If this happens, a penalty φku applies per offloaded ULD
of type u. Each ULD build-up must be performed on a workstation that is
blocked during the build-up time. Build-up times are independent of the chosen
workstation. As all workstations are identical, we can partition them into disjoint
workstation groups W of workstations that are near each other in the cargo
terminal. The capacity cw of such a group w ∈ W is the number of workstations
it contains. In this framework, a batch is then defined as a set of ULDs of the
same type u, assigned to the same flight k starting the build-up process at the
same time point t ∈ T in the same workstation group w.

As ULDs of the same type are indistinguishable, it can be represented as a
five-tuple (k, u, w, t, n) with n being the number of ULDs in the batch. The aim
of build-up scheduling with batching is to minimize the sum of penalty terms for
offloaded cargo volume θk and offloaded planned ULDs φku and a flat penalty
ρ > 0 for constructing a batch, which incentivizes the build-up of large batches.
Batch building is a secondary objective, i.e., saving batches should never lead
to offloaded cargo or ULDs. The specific value of ρ is hence irrelevant as long
as it is chosen significantly smaller than the cargo and ULD offload penalties.
In contrast to many other batch scheduling problems [18], we do not conserve
resources by batch processing. It has an effect solely on the objective value.

2 Time-Indexed MIP Formulation

We present a time-indexed MIP formulation for build-up scheduling with batch-
ing. It is identical to the model in [10] if break-down decisions are fixed.

Let JB be an index set whose members j ∈ JB are four-tuples (k, u, w, t)
representing the start of the build-up of a batch of ULD type u for flight k in
workstation group w at time point t. The maximum number of ULDs that such
a batch can contain is Mj := min(pku, cw). For all j ∈ JB and n ∈ [Mj ], we
introduce a binary variable xjn representing the decision of building up batch j
comprised of n ULDs. Hence, xjn = 1 implies xjn′ = 0 for all n′ ∈ [Mj ]\{n′}.
The objective coefficient of xjn is the sum of the batch building and ULD offload
penalties, i.e., ρ − nφku. We also add variables lk,t for k ∈ K and t ∈ [δk],
representing the cargo volume for flight k in storage at time point t. The variable
lkδk contains the offloaded cargo, penalized with the objective coefficient θk.

For ease of notation, we treat JB as a selector function, e.g., we write
JB(w′) := {(k, u, w, t) ∈ JB : w′ = w} to denote all possible batches in work-
station group w and JB(k′, t′) := {(k, u, w, t) ∈ JB : k′ = k ∧ t′ = t} for all
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possible batches for flight k′ starting build-up at time point t′. With this, the
time-indexed model (TI) can be stated as follows.

(TI) min
∑

k∈K

∑

u∈U

∑

j∈JB(k,u)

∑

n∈[Mj ]

(ρ − nφku)xjn +
∑

k∈K

θklkδk (1a)

s.t.
∑

u∈U

∑

t′∈T :
t∈[t′,t′+βu)

∑

j∈JB(u,w,t′)

∑

n∈[Mj ]

nxjn ≤ cw ∀w ∈ W ∀t ∈ T (1b)

∑

j∈JB(k,u)

∑

n∈[Mj ]

nxjn ≤ pku ∀k ∈ K ∀u ∈ U (1c)

lkt−1 −
∑

u∈U

∑

j∈JB(k,u,t)

∑

n∈[Mj ]

cunxjn − lkt ≤ −dkt ∀t ∈ [δk] ∀k ∈ K

(1d)
∑

n∈[Mj ]

xjn ≤ 1 ∀j ∈ JB (1e)

xjn ∈ {0, 1} ∀n ∈ [Mj ] ∀j ∈ JB

(1f)
lkt ∈ Q ∀t ∈ [δk] ∀k ∈ K.

(1g)

Constraints (1b) ensure that workstation capacity is never exceeded on any work-
station group, while constraints (1c) guarantee that at most as many ULDs are
scheduled as planned. For each flight k ∈ K, constraints (1d) ensure that the
net freight change in storage between time points t − 1 and t is no larger than
the total capacity of all ULD built up at time point t. This ensures that lkδk

contains at least the amount of offloaded cargo volume for all k ∈ K. In any
optimal solution, it is precisely the offloaded cargo volume. Finally, constraints
(1e) force that for each flight k, ULD type u, workstation group w and time point
t, at most one batch is constructed. This constraint is not necessary since the
condition is already ensured by letting ρ > 0 in the objective. It serves, however,
to strengthen the model’s LP relaxation.

3 Logic-Based Benders Decomposition

The time-indexed formulation both exhibits a weak LP relaxation and leads to
large models. We therefore propose an alternative approach based on logic-based
Benders decomposition. The decomposition is specifically designed such that its
subproblem decomposes into one scheduling problem per workstation group.
These problems can then be solved independently. In planning and scheduling
problems, this is usually achieved by moving the planning, which here corre-
sponds to building batches and assigning them to workstation groups, into the
master problem [cf. 12].

In the case of build-up scheduling, this approach does, however, not suffice. A
ULD can only accommodate cargo that is in storage when the build-up process
begins. After the build-up is completed, it will be closed and never reopened.
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The contribution of a batch build-up to the objective value hence depends on the
amount of cargo in storage at the build-up start time, which, in turn, depends on
the cargo that has already arrived, and on the cargo capacity of all ULDs for the
same flight that were built up earlier, including build-ups in other workstation
groups. Hence, only assigning batches to workstation groups in the master prob-
lem does not result in subproblem that decomposes along W : Batches remain
linked across workstation groups via inventory constraints.

We make, however, the following observation: Shifting the start of a batch
build-up from time point t to t + ε can only influence the objective value if new
cargo becomes available in (t, t + ε]. By decomposing the planning horizon into
intervals based on the cargo arrival times, we therefore find that the objective
value of any schedule is not dependent on the precise scheduling of batches but
only on their assignments to time intervals. We use this observation to derive
our master problem: It decides on the number and size of batches and assigns
them to workstation groups and time intervals. The actual scheduling is then
delegated to a pure feasibility subproblem. As cargo assignments can already be
fixed in the master problem, the subproblem decomposes into |W | cumulative
scheduling problems with deadlines and release times.

3.1 Master Problem

For each flight k ∈ K, let tk1 < · · · < tkr−1 be the set of all time points t ∈ [δk]
for which dk,t > 0 and also let tk0 := 0 and tkr

:= δk. From these, we construct a
set of intervals Ik := {[tk0 , tk1), [tk1 , tk2), . . . , [tk2 , tk3), [tkr−1 , tkr

), [tkr
, tkr

+ 1)},
to which batches for k will be assigned in the master problem. This means that a
batch’s build-up start time lies in the interval but not necessarily the end time.
Note that any ULD assigned to interval [tk0 , tk1) must be empty, as no cargo
for k becomes available before tk1 . Such a build-up might still appear in an
optimal solution if workstation capacity is tight and φku > 0. Especially when
considering long planning horizons, this interval can be large while remaining
unlikely to contain build-ups. Aggregating it, therefore, removes many binary
variables that are very likely at zero in an optimal solution. Additionally, no
batch build-up can ever happen in [tkr

, tkr
+ 1); cargo assigned to this interval

counts as offloaded.
For any flight k, ULD type u and workstation group w, we can compute an

upper bound on the number of batches of size n ∈ {1, . . . , cw} that can be built
up in interval I = [t1, t2) ∈ Ik as

GkuwIn :=
min(� cw

n �,βu)∑

i=1

⌊
min (t2 + βu, δk + 1) − t1 − i

βu

⌋
. (2)

Here, GkuwIn is the closed form result of a simple Greedy procedure that sched-
ules as many batches in I and before δk as possible. This scheduling takes into
account, that, in an optimal solution, no two batches of the same flight and
type can be scheduled in the same workstation group at the same time, as the
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t1 t2 t3 δk t4

Fig. 1. Two examples of bounds on the maximum number of batches starting in an
interval, obtained by Greedy scheduling. We can schedule a maximum of five batches
of size two to start build-up in interval I1 = [t1, t2) (left) and a maximum of five
batches of size one in I2 = [t2, t3) (right). The fifth workstation on the right remains
unoccupied, as all feasible start times are already blocked.

objective value could be improved by merging them. Such schedules can be seen
in Fig. 1. Considering the number of planned ULDs, we get the stronger bound
MkuwIn := min

(
GkuwIn,

⌊
pku

n

⌋)
.

For long intervals and flights with many planned ULDs, MkuwIn can be quite
large. We hence further reduce the number of binary variables by introducing
O(log2 MkuwIn) variables xkuwInm representing the build-up of 2m−1 batches
for m = 1, . . . , �log2 MkuwIn� + 1. The objective coefficient of xkuwInm is hence
okuwInm = ρ − sjφku with sj := 2m−1n.

The index set JL of all binary variables is then

JL :=
⋃

k∈K

⋃

u∈U

⋃

w∈W

⋃

I∈Ik

cw⋃

n=1

�log2 MkuwIn�+1⋃

m=1

(k, u, w, I, n,m). (3)

The master problem (LBB) can now be stated as

(LBB) min
∑

j∈JL

ojxj +
∑

k∈K

θklk[δk,δk+1) (4a)

s.t.
∑

j∈JL(k,u)

sjxj ≤ pk,u ∀k ∈ K ∀u ∈ U (4b)

lkpred(I) −
∑

u∈U

∑

j∈JL(k,u,t)

cusjxj − lkI ≤ −dkI ∀I ∈ Ik ∀k ∈ K (4c)

∑

j∈C

xj ≤ |C| − 1 ∀C ∈ C (4d)

∑

j∈JL(w)

ejExj ≤ cw|E| ∀E ∈ E ∀w ∈ W (4e)

xj ∈ {0, 1} ∀j ∈ JL (4f)
lkI ∈ Q ∀I ∈ Ik ∀k ∈ K, (4g)

with pred(I) denoting the interval before I ∈ Ik in Ik. Constraints (4b) ensure
that no more ULDs are scheduled than have been planned; constraints (4c)
guarantee flow conservation of the inventory. For each flight k, lk[δk,δk+1) hence
contains the offloaded cargo volume, which is penalized in the constraints (4a)
with θk. Constraints (4d) apply all no-good cuts C obtained from the subproblem.
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Finally, constraints (4e) enforce an energetic reasoning-based relaxation of
the scheduling subproblem. Here, E is a set of intervals E ⊆ [T ] and ejE is a
lower bound on the minimum energy used by j = (k, u, w, I, n,m) in E. We let
E := {[t1, t2 − 1 + βu] : (k, u, w, I = [t1, t2), n,m) ∈ JL}. The rational is that
any batch for index j = (k, u, w, I = [t1, t2), n,m) must start and finish build-up
in [t1, t2 − 1 + βu]. The coefficient is hence maximized as ejE = sjβu. For all
other indices, a bound can be computed by Algorithm 1. It calculates a lower
bound on the minimum energy of an index j in E by left- and right-shifting the
corresponding batches to their earliest and latest start times. As no two batches
defined by j can be scheduled at the same time point in any optimal solution,
Algorithm 1 successively increases the left- and right-shift values.

Input: Index j = (k, u, w, I, n, m) with I = [t1, t2), Interval E = [τ1, τ2]
Output: Energy ejE

ejE ← 0;
rshift ← τ2 − min(t2 − 1, δk − βu);
lshift ← t1 + βu − τ1;
for i = 1 to 2m−1 do

ejE ← ejE + max(0, min(rshift, lshift, βu, τ2 − τ1));
if lshift < rshift then lshift ← lshift + 1 else rshift ← rshift + 1;

end
Algorithm 1: Lower Bound on Energy.

3.2 Subproblem

For any optimal solution (x∗, l∗) to (LBB), x∗ induces one cumulative scheduling
subproblem for each workstation group w ∈ W . Each variable x∗

j = 1 with
j = (k, u, w, I, n,m) and I = [tki

, tki+1) induces a set JS(k, u, w, I, n) of 2m−1

identical jobs. Each such job j ∈ JS(k, u, w, I, n) has a release time rj := tki
,

deadline dj := tki+1 +βu−1, processing time pj := βu and resource consumption
cj := n. We denote by JS the set of all jobs and follow the same convention
as for previous index sets, e.g., we write JS(k, u) to denote all jobs for some
k ∈ K and u ∈ U . Using the general constraints cumulative and alldifferent, the
subproblem (CS) on workstation group w ∈ W can then be stated as

(CS) rj ≤ yj ≤ dj − pj ∀j ∈ JS (5a)
cumulative(y,p, c, cw) (5b)
alldifferent(yj , j ∈ JS(k, u, w)) ∀k ∈ K,u ∈ U. (5c)

The variable yj indicates the starting time of job j. Constraints (5a) ensure that
all scheduled ULD build-up processes start in the correct time interval and do
not violate the corresponding flight’s departure time. Constraints (5b) guarantee
that no more ULDs are built up than there is workstation capacity available.
Constraints (5c) guarantee that no two batch build-ups for the same flight and
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ULD type are started at the same time in the same workstation group. Again,
they are redundant because two such batches could be combined to improve
the objective, thereby contradicting the optimality of (x∗, l∗). Their additional
domain reduction rules might, however, aid in detecting infeasibility faster.

The constraint program (CS) is a feasibility problem. If it is feasible for all
w ∈ W , the optimal master solution (x∗, l∗) is feasible. If it is infeasible for any
w ∈ W , the variables indexed by C := {j ∈ JL(w)|x∗

j = 1} can not all be set to
one. The infeasibility can be removed by introducing the standard no-good cut

∑

j∈C

xj ≤ |C| − 1. (6)

Note that the number of variables and constraints in both (LBB) and (CS)
does not depend on the chosen time discretization but rather on the number
of cargo arrival events. This is an important advantage over the time-indexed
formulation, allowing us to theoretically solve problems with arbitrary precision.
In practice, however, this will depend on the effectiveness of the CP solver’s
domain propagation rules, as finer discretization leads to larger variable domains.

3.3 Strengthening No-Good Cuts

Pure no-good cuts are commonly known to be weak, as they only remove few
solutions [14]. Instead, one strives to extract the reason for the infeasibility. Since
CP solvers provide no dual information, a usual strategy is to search for a reason
heuristically. To do so, we follow a procedure by Hooker [12] and strengthen a no-
good

∑
j∈C xj ≤ |C| − 1 by tentatively removing elements from C and resolving

(CS). If the result remains infeasible, the element is permanently removed from
C. We apply this procedure to every element of C, thereby solving |C| additional
subproblems. We then strengthen this cut again by adding back some variables.
Consider an index i = (k, u, w, I, n,m) ∈ C that is part of the reduced no-good
cut. It contributes to the infeasibility by introducing 2m−1 jobs that must start
build-up on w during I. Hence, replacing i in C with any index that assigns
more jobs that are of larger or equal size and duration to workstation group w
and any interval I ′ ⊆ I maintains the infeasibility. We thus let

Ci := {(k′, u′, w, I ′, n′,m′) ∈ JL(w)\{C}|
n′ ≥ n ∧ m′ ≥ m ∧ I ′ ⊆ I ∧ βu′ ≥ βu}. (7)

Theorem 1. Let C be a reduced no-good cut and i = (k, u, w, I, n,m) ∈ C. With
K := min (|Ci| + 1, �GkuwIn/2m−1�), a valid feasibility cut for (LBB) is given by

xi +
∑

j∈Ci

xj + K
∑

j∈C\{i}
xj ≤ K(|C| − 1). (8)

For a proof, see Appendix A. This technique can be applied only to a single j ∈ C.
To add the maximum number of variables, we hence choose i := argmaxj∈C |Cj |.
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Equation (8) defines the knapsack polytope

K(C) := conv

⎧
⎨

⎩z ∈ {0, 1}|C|×|Ci|
∣∣∣∣zi +

∑

j∈Ci

zj + K
∑

j∈C\{i}
zj ≤ K(|C| − 1)

⎫
⎬

⎭ .

(9)

For h ∈ Ci ∪ {i}, the set C\{i} ∪ h defines a minimal cover of K(C). Moreover,
if K ≥ 2,

∑
j∈C\{i} zj + zh ≤ |C| − 1 holds with equality for |C| + |Ci| affinely

independent points z ∈ K(C)∩{0, 1}|C|×|Ci|. These inequalities are hence facet-
defining for K(C). This indicates that, while Eq. (8) excludes more infeasible
solutions from (LBB), a reduced no-good of the form Eq. (6) provides a tighter
LP relaxation. In Sect. 4, we investigate which cut is more useful in practice.

4 Computational Experiments

We compared the performance of the logic-based Benders decomposition against
the time-indexed baseline model (TI) on an anonymized data set of real flights
and shipments. As the master problem (LBB) remains hard to solve, we imple-
mented not a classical logic-based Benders decomposition, but a Branch&Check
algorithm [2,21]. In Branch&Check, (LBB) is solved once using Branch&Bound.
When a solution (x∗, l∗) with x∗ integer is found, its feasibility is checked by
(CS). If (x∗, l∗) is infeasible, cuts are introduced to (LBB) and the current tree
node is resolved; if (x∗, l∗) is feasible, we terminate with an optimal solution.

Instances. Our experiments are based on the ACLPP data set used in the disser-
tation of Brandt [6]. It contains a real flight schedule of 82 flights with 158 flight
segments between 11/23/15 and 11/30/15. ULDs belong to one of four types
(three types of pallets and one container type). Cargo for each segment is given
as a list of shipments that were sourced from real booking data, anonymized and
randomly assigned to flight segments. For a description of the procedure, see [5].

The ACLPP data set contains three different scenarios: a scenario base where
no flight is overbooked (regarding the aircraft’s weight capacity), a scenario fast
that halves the time between the arrival of a shipment and its flight segment’s
deadline compared to base, and a scenario high that artificially overbooks all
flights. In the base scenario, all flight segments are assigned an average of 13.24
ULDs. This results in 299 ULDs per day on average. For scenarios fast and
high, these numbers are 13.05 (295) and 27.14 (613), respectively. In most, but
not all, instances, all cargo can be shipped. This is roughly similar to practice
where long-term planning is done to avoid frequent offloads. From each scenario,
we obtain 28 different planning horizons ranging from single days to the whole
week by considering all possible sequences of consecutive days. Combining each
planning horizon with one of two workstation setups results in 56 instances per
scenario and 168 instances in total. The parameters of each instance are derived
in the following way: Flight departures δk, planned ULDs pku, ULD break-down
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times βu and ULD capacities cu are taken directly from the ACLPP data. Fol-
lowing a recommendation in [6], we apply a factor of 0.66 to the ULD capacities,
accounting for the fact that full capacity utilization is unachievable in practice.
We calculate the cargo demand dk of a flight segment as the volume of all its
shipments. Cargo demand per flight and time point dkt is derived from the ship-
ments’ arrival times. The loss parameter θk per flight segment k is calculated
by taking the average of the shipments’ offload penalties normalized by their
volume. Following [6], the offload penalty per ULD of type u ∈ U for segment
k ∈ K is set to φku := θkcu. We chose a small batch penalty of ρ := 1 and hence
strongly prioritize the shipping of cargo, which is a contractual obligation, over
the operational benefits of batching. For each instance, we use a time discretiza-
tion of five minutes in accordance with the precision requirements of our industry
partner’s application. As [5] does not contain workstation data, we developed
two artificial but realistic setups: the first contains two workstation groups; the
second contains four workstation groups. Each workstation group contains six
workstations, resulting in a total of 12 and 24 workstations, respectively.

MIP Warm Starts. For (TI), we find that a large portion of the solver’s initial
progress is made via primal heuristics. These are far less effective for (LBB) as
they don’t take the subproblem into account, and hence often produce infeasible
solutions that are then discarded. We address this difficulty by first running an
initial round of (TI) with a time discretization of 30 min. This model is smaller
and easier to solve but provides only an upper bound, as the coarse discretization
might cut off the optimal solution. The discretization of 30 min was chosen as the
largest common divisor of the build-up durations of all ULD types. We applied
the warm start procedure to both (TI) and (LBB). It was run until either a gap
of under 2.5% or the time limit of 20 min was reached.

Computational Environment. All MIP models were solved using the Python
interface of Gurobi 9.5.2 [11]; the subproblem (CS) was solved using the CP-
SAT Solver in Google’s ortools 9.6 [17]. We addressed its C++ interface via
Cython [3] as it proved to be considerably faster than the Python interface. All
experiments were run on PowerEdge C6520 machines using Intel(R) Xeon(R)
Gold 6338 CPUs with 2.00 GHz. Each query was allocated 128 GB of RAM and
a run time limit of four hours. We used Gurobi with default settings, apart
from the following two changes: All root relaxations were solved using the dual
Simplex algorithm. Each call to Gurobi was allowed to allocate up to eight
threads. Both settings were chosen to conserve memory for (TI). Other settings
led to up to 33% of the instances violating the generous memory limit. Due to its
considerably smaller size, (LBB) did not exhibit any memory issues. For (TI), we
additionally set Gurobi’s parameter Presolve to conservative as the automatic
setting led to excessive time spent on presolving, thereby severely degrading the
overall performance. A similar effect could not be observed for (LBB).
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Table 1. Computational results. Reported are the number of instances solved (Opt),
the gap (Gap, %), the time spent on the algorithm (Time, s), the number of integer
variables and constraints (Vars, Cons), and, for (LBB), the time spent in the sub-
problem (SubT, s) and the number of cuts (Cuts). Parameters are warm starts (W ),
reduced no-good cuts (N ), and strengthened cuts (S).

Scen Works Method W N S Opt Gap Time Vars Cons SubT Cuts

Base 12 LBB ◦ • ◦ 16 3.56 1766 20296 6032 568 474

LBB • • ◦ 18 0.19 888 20296 6032 34 67

LBB • ◦ • 20 0.14 869 20296 6032 35 70

LBB • • • 21 0.11 784 20296 6032 29 119

TI ◦ – – 17 0.71 1859 398448 114986 – –

TI • – – 17 0.60 2503 398448 114986 – –

24 LBB ◦ • ◦ 28 0.00 251 40592 10098 8 48

LBB • • ◦ 28 0.00 455 40592 10098 0 2

LBB • ◦ • 28 0.00 453 40592 10098 0 2

LBB • • • 28 0.00 464 40592 10098 0 4

TI ◦ – – 23 0.31 1523 796894 166587 – –

TI • - – 25 0.19 1902 796894 166587 - -

Fast 12 LBB ◦ • ◦ 13 9.26 2580 17580 5471 815 421

LBB • • ◦ 19 0.17 1017 17580 5471 30 81

LBB • ◦ • 22 0.29 797 17580 5471 22 65

LBB • • • 21 0.13 916 17580 5471 30 148

TI ◦ - - 14 1.18 2620 324124 95157 – –

TI • – – 15 0.82 2889 324124 95157 – –

24 LBB ◦ • ◦ 27 0.18 308 35160 9054 12 78

LBB • • ◦ 27 0.00 468 35160 9054 1 3

LBB • ◦ • 27 0.00 459 35160 9054 1 2

LBB • • • 27 0.00 444 35160 9054 0 4

TI ◦ – – 23 0.52 1487 648248 138786 – –

TI • – – 24 0.33 2261 648248 138786 – –

High 12 LBB ◦ • ◦ 1 81.65 12727 51609 8300 1513 424

LBB • • ◦ 3 24.40 10504 51609 8300 433 454

LBB • ◦ • 3 24.67 10023 51609 8300 360 377

LBB • • • 4 24.27 9078 51609 8300 363 686

TI ◦ - - 5 4.16 10408 692966 226730 – –

TI • – – 3 1.20 11292 692966 226730 – –

24 LBB ◦ • ◦ 16 5.19 4514 103217 13655 114 339

LBB • • ◦ 16 0.19 5315 103217 13655 5 22

LBB • ◦ • 16 0.19 4789 103217 13655 4 20

LBB • • • 18 0.19 4463 103217 13655 4 40

TI ◦ - - 18 1.59 4261 1385931 293991 – –

TI • – – 19 1.20 4461 1385931 293991 – –

Total LBB ◦ • ◦ 101 4.52 1652 37345 8362 145 218

LBB • • ◦ 111 0.87 1486 37345 8362 13 29

LBB • ◦ • 116 0.89 1381 37345 8362 11 26

LBB • • • 119 0.83 1348 37345 8362 12 51

TI ◦ – – 100 1.15 2807 632577 154019 – –

TI • – – 103 0.68 3408 632577 154019 – –
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Fig. 2. Performance profile for the total run time and gap over all 168 instances. The
gap for all instances solved to optimality is plotted as 10−4. The dashed line represents
(TI); the continuous line represents (LBB). Each time, we compare (LBB) to the better
performing baseline, that is, we show (TI) without warm starts for the run time and
(TI) with warm starts for the gap.

Results. In Table 1, we summarize the computational results for the base, fast
and high scenarios for both workstation configurations. Experiments were con-
ducted with the time-indexed formulation (TI) and logic-based Benders decom-
position (LBB). For (LBB), we studied the effect of reduced no-good cuts (col-
umn N ), the strengthened cuts (S ) and a combination where both cuts were
added (N and S ). We also investigate the effect of the warm start procedure
(W ). All values, apart from the number of instances solved, are calculated as
the shifted geometric mean. For one instance, (LBB) produced huge gaps in the
high scenario, as the subproblem stalled in presolving and no meaningful lower
bound was produced. These gaps were truncated to a value of 100% to not skew
the results.

The strengthening procedure for no-good cuts improves slightly on the
reduced no-good cuts in terms of instances solved and run times, as fewer sub-
problems are solved. As expected, however, they provide weaker LP relaxations,
leading to a slightly larger gap. Adding both strengthened and reduced no-
goods, however, works best with 119 instances out of 168 solved to optimality,
compared to only 111 for the reduced no-goods. Additionally, both run times
and gap are the best among all experiments. We also see that warm starts sig-
nificantly improve the performance of (LBB). In the following, if we compare
(LBB) to the baseline, we always refer to the variant using both types of cuts
and warm starts.

Overall, (LBB) solves 16 instances more to optimality than the best time-
indexed variant, (TI) with warm starts, while reducing run times by over 52%.
The master problem (LBB) contains, on average, only 5.9% as many variables
and 5.5% as many constraints, including lazy cuts, as (TI). The average gap,
however, remains slightly higher. This somewhat unintuitive result is illuminated
by considering the scenarios individually. We find that (LBB) outperforms the
time-indexed formulations consistently and substantially in the base and fast sce-
narios on all metrics, including the gap. The difference is especially pronounced
in scenarios with 24 workstations, where all configurations of (LBB) were able to
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Table 2. Aggregated computational results for short (one to three days) long (four to
seven days) planning horizons.

Time Horizon Method W N S Opt Gap Time Vars Cons SubT Cuts

Short LBB ◦ • ◦ 74 2.65 837 25466 5722 97 139

LBB • • ◦ 82 0.70 716 25466 5722 8 19

LBB • ◦ • 86 0.68 629 25466 5722 7 17

LBB • • • 87 0.68 622 25466 5722 7 32

TI ◦ – – 84 0.34 1261 324138 79961 – –

TI • – – 82 0.14 1718 324138 79961 – –

Long LBB ◦ • ◦ 27 10.62 5612 74394 16552 301 492

LBB • • ◦ 29 1.21 5527 74394 16552 29 58

LBB • ◦ • 30 1.33 5676 74394 16552 27 56

LBB • • • 32 1.14 5417 74394 16552 30 111

TI ◦ – – 16 4.01 11854 2107671 501215 – –

TI • – – 21 2.33 11685 2107671 501215 – –

solve all but one instances to optimality, even when no warm start was applied.
On the high scenario with 24 workstations, (LBB) and (TI) achieve comparable
run times and solve roughly the same number of instances, while (LBB) is still
able to achieve a significantly better gap. This situation reverses when consid-
ering only 12 workstations. Here, (TI) achieves the best gap with 1.20%, while
the best gap we could achieve with an LBB approach jumps to 24.27%. Upon
closer examination, we find that the higher amount of cargo, combined with
fewer available workstations, leads to a considerable amount of offloaded cargo.
In contrast, there are no offloads in the base and fast scenarios and the objective
value is solely defined by the number of batches. In cases where offloads occur,
the incumbents produced by (LBB) are usually not far from those of (TI). The
issue lies instead in a weak dual bound. This indicates that either our subproblem
relaxation or the cuts are not strong enough to deal with extreme competition
for workstation resources. Figure 2 provides performance profiles that reveal that
the bad gap is indeed caused by a small set of instances.

Due to the aggregation of the planning horizon, we suspect that (LBB) per-
forms better on longer horizons. To investigate this effect, we separated our
instances into two sets: short contains 108 instances of a planning horizon of
up to three days, long contains 60 instances of between four and seven days.
All scenarios and workstation setups were included. The results are reported in
Table 2. We find (LBB)’s model size to be far less sensitive to changes in the
planning horizon. Between short and long, the number of variables and con-
straints increases less than threefold, whereas (TI) sees more than six times as
many variables and constraints. While (LBB) solves more instances than (TI)
for short and long planning horizons, the difference is far larger for the long hori-
zon where (LBB) solves 53% more instances compared to only 6% for the short
horizon. Also, (LBB) achieves a significantly tighter gap for long than (TI).
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Fig. 3. Left/Middle: Fraction of total run time spent on the subproblem for the high
scenario on twelve workstations by experiment (LBB) with both types of cuts and
warm starts, mapped against the achieved gap (left) and problem size (middle). Right:
Average subproblem time spend per cut generation normalized to multiples of the
lowest value. Each data point is a single instance. Instances with offloaded cargo are
marked with circles; instances where a solution shipping all cargo and all ULDs was
found are marked with triangles.

In general, (LBB) is able to generate hundreds of cuts in a few minutes,
spending only a fraction of its run time on the subproblem. However, we see a
high variability for scenario high on twelve workstations, with one subproblem
taking up nearly 91% of the run time for one instance. There is no strong relation
of this behavior to the gap, problem size or the amount of offloaded cargo (Fig. 3).
Instead, the average time spent per cut varies by up to four orders of magnitude,
hinting at performance variability in the CP solver as the underlying issue.

5 Conclusion

We proposed a logic-based Benders decomposition formulation for build-up sche-
duling with batching. Based on a careful partition of the planning horizon, the
subproblem decomposes into one cumulative scheduling problem per workstation
group. This approach compares favorably to time-indexed formulations both
theoretically, as the model size no longer depends on the time discretization
and in practice, as LBB solves 15% more instances in less than 52% of the
time-indexed model’s run time. This advantage is more pronounced for longer
planning horizons, where LBB solves roughly 50% more instances to optimality.

While significant, this improvement appears comparatively modest compared
to what LBB achieved for other scheduling problems [14]. A reason may be the
imbalance between the master and subproblem as conventional wisdom is that
LBB performs best when roughly equal effort is spent on each. It may, therefore,
seem worthwhile to seek a more balanced LBB decomposition. However, we
believe that this would likely prevent the subproblems decomposition or turn it
into an optimization problem less suited for CP solvers. Considering that a few
high-load instances already spent large amounts of time on the subproblem, such
a change might turn out unproductive, at least for this most difficult scenario.



274 R. Euler et al.

Acknowledgments. We thank Felix Prause and Enrico Bortoletto for constructive
criticism of the manuscript.

Disclosure of Interests. The authors have no competing interests to declare that

are relevant to the content of this article.

A Proof of Theorem 1

Proof. Consider a reduced no-good cut C obtained from an infeasible solution
(x′, l′) and some index i ∈ C with i = (k, u, w, I, n,m). First note, that Eq. (8)
does indeed cut off (x′, l′):

x′
i +

∑

j∈Ci

x′
j + K

∑

j∈C\{i}
x′

j = 1 +
∑

j∈Ci

x′
j + K(|C| − 1) > K(|C| − 1). (10)

In fact, it cuts off any solution (x, l) that has xj = 1 for all j ∈ C\{i} and either
xi = 1 or xj = 1 for at least one j ∈ Ci. None of these solutions are feasible as i
consumes at most as many resources on w during I as any j ∈ Ci. The quantity
GkuwIn is an upper bound on the number of batches of size n′ ≥ n in an interval
I ′ ⊆ I with build up time β′

u ≤ βu that can be build-up on w. Each j ∈ Ci

represents at least 2m−1 such batches. Hence, for any feasible master solution
(x, l), we have

2m−1

⎛

⎝xi +
∑

j∈Ci

xj

⎞

⎠ ≤ GkuwIn. (11)

Then, we have that either xi +
∑

j∈Ci
xj = 0 in which case Eq. (8) is trivially

fulfilled, or if xi +
∑

j∈Ci
xj > 0, we must have

∑
j∈C\{i} xj ≤ |C| − 2 and thus

xi +
∑

j∈Ci

xj + K
∑

j∈C\{i}
xj ≤

min
(

Ci + 1,

⌊
GkuwIn

2m−1

⌋)

︸ ︷︷ ︸
K

+K
∑

j∈C\{i}
xj ≤ K(|C| − 1). (12)
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Abstract. We consider a waste collection problem with intermediate
disposal facilities to accommodate the usage of smaller, but more sus-
tainable vehicles, with less capacity than the traditional waste collecting
trucks. The optimization problem consists in determining the locations
to place the collection points and the routes of a capacitated collection
vehicle that visits these locations. We first present a mixed-integer linear
programming formulation that exploits the sparsity of the road network.
To efficiently solve practical instances, we propose a Benders decompo-
sition approach in which a set covering problem to select the collection
points is solved in the master problem and a capacitated vehicle routing
problem with intermediate facilities to determine the routes and price
the set covering solution is solved in the subproblem. We show a way to
derive valid Benders cuts when solving the Benders subproblem with col-
umn generation and propose a heuristic Benders approach that provides
better solutions for larger instances and approximated lower bounds to
assess the quality of the obtained solutions.
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decomposition · column generation · waste collection

1 Introduction

In this article, we investigate a waste collection problem involving vehicles that
are smaller, but more sustainable than the traditional collecting trucks. Such
vehicles can be efficient in residential areas with family houses or in city centers
with narrow streets. However, due to their limited capacity (about 0.5 tons while
usual trucks have a capacity of 10 tons) and driving speed, the installation of
intermediate disposal facilities is required to avoid long trips to the final disposal
facility. We formulate the problem as a capacitated multi-vehicle covering tour
problem with intermediate facilities (Cm-CTP-IF), which is a variation of the
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capacitated multi-vehicle covering tour problem on a road network (Cm-CTP-
R; [7]). This problem is motivated by a collaboration with Schwendimann AG,
a company operating in waste management, but our approach also applies to,
for instance, the location of mobile health-care teams in rural areas [8], the
location of boxes for overnight mail service [9], and the planning of routes for
urban patrolling [11]. For an overview of relevant research in the context of
multi-vehicle covering tour problems (m-CTP; [8]) and vehicle routing problems
(VRP; [4]) with road-network information, we refer the reader to [7] and [2].

Given the road network with the locations of a vehicle depot, candidate
collection points and intermediate facilities, the decisions consist in selecting
the collection points where residents must leave their bags and determining the
routes of a fleet of uniform vehicles. As a consequence, the latter is equivalent
to determining the routes of a single vehicle that performs exactly one rota-
tion starting and ending at the depot, and carries out a sequence of collections
with disposals at the available intermediate facilities [5]. For each residential
building, a given rank defines and sorts the candidate collection points eligi-
ble for that building in compliance with some criterion (e.g., walking distance)
and we assume that residents will always consider the highest-ranked eligible
selected collection point for leaving their bags. The goal of the Cm-CTP-IF is to
determine routes of minimum total travel time that visit a subset of candidate
collections points, such that all residents are covered (their waste is picked-up at
a collection point from their rank) and the capacity of the vehicle is respected.

The contributions of this paper are the following:

1. We define and formulate a variation of the Cm-CTP-R [7] that includes inter-
mediate facilities and that has not been defined yet in the literature.

2. To handle larger instances derived from real-life data [7], we develop a Ben-
ders decomposition approach [3] in which a set covering problem (SCP) to
select the collection points is solved in the master problem and a capacitated
vehicle routing problem with intermediate facilities (CVRP-IF) to determine
the routes and price the set covering solution is solved in the subproblem.

3. We discuss the consequences of solving the Benders subproblem with column
generation and show a way to derive valid Benders cuts. Finally, we pro-
pose a heuristic Benders approach for which approximated lower bounds are
computed to assess the quality of the obtained solutions.

The remainder of the paper is organized as follows. Section 2 formally defines
the problem. Section 3 presents the road-network based mixed-integer linear pro-
gramming (MILP) formulation. Section 4 presents the Benders decomposition
approach. Section 5 reports the computational experiments, and Sect. 6 gives
some concluding remarks.

2 Problem Definition

In this section, we formally define the Cm-CTP-IF using the notation and the
modeling assumptions introduced in [7]. We are given a directed strongly con-
nected graph G = (V ∪ W,A) with two node sets V and W , and an arc set A
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representing the road network. Following the notation proposed in [8], W is a set
of nodes with positive demand and V includes nodes that represent candidate
collection points, intermediate facilities and road intersections. For each demand
node i ∈ W , its demand di must be satisfied at exactly one node from its rank
V rank

i ⊆ V , which contains candidate collection points eligible for i. We assume
that V rank

i is totally ordered based on the assumed criterion to sort candidate
locations (in our case, in increasing order of walking distance). We assume that
di must be satisfied at the first node in V rank

i at which a vehicle stops. This
assumption is based on real-world observations that a resident will simply go
to their closest collection point rather than abide by specific assignment deci-
sions. Then, the set of candidate locations that can be visited by the vehicle is
V stop = ∪i∈W V rank

i . Finally, we define rank(i, j) as the index of node j in V rank
i .

The set V fac ⊂ V contains the available intermediate facilities where the
vehicle can dump the load. Note that some of them might not be used in a
solution. Let cll′ be the non-negative length of arc (l, l′) ∈ A representing the
travel time of (l, l′) that can be asymmetric, i.e., cll′ �= cl′l. To capture the
time needed to dump the load, a fixed cost is added to each arc entering an
intermediate facility h ∈ V fac. We consider a single vehicle that is located at
a distinguished depot node σ ∈ V and is characterized by its capacity Q. It
performs exactly one rotation that starts and ends at the depot and is composed
of a set of single-facility (i.e., starting and ending at the same intermediate
facility) and inter-facility (i.e., connecting two different intermediate facilities)
routes with a mandatory visit to a final intermediate facility h ∈ V fac before
going back to the depot. The concepts of rotation was introduced in [5] as the
set of all routes assigned to a vehicle. A route is a part of the rotation that
starts and ends at an intermediate facility or the depot. In contrast to [7], we do
not allow for split collection because it is assumed that intermediate facilities are
closer to the residential buildings and therefore, overall costs are not significantly
improved by this approach. To this end, we assume di ≤ Q,∀i ∈ W .

A solution of the Cm-CTP-IF is specified by a sequence of the selected col-
lection points V sel ⊆ V stop and the given intermediate facilities (i.e., which are
not necessarily distinct), and it covers a demand node i ∈ W if V rank

i ∩V sel �= φ.
A solution is feasible if V sel covers all demand nodes (i.e., V sel is a set cover
of W ) and the vehicle performs exactly one connected rotation collecting the
demands di at the highest-ranked nodes in V rank

i ∀i ∈ W , while respecting its
capacity Q in all routes. Figure 1 displays an example of a potential solution.
The objective of the Cm-CTP-IF is to find a feasible solution with minimum
total travel time which is computed as the sum of the lengths of the shortest
paths between consecutive nodes in the sequence plus a penalty tsto for each
stop performed by the vehicle.
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(a) Street network of a small part of a Swiss
municipality.

(b) A solution to the C m-CTP-IF.

Fig. 1. Street network of a small part of a Swiss municipality and a possible solution
to the Cm-CTP-IF.

3 Road-Network-Based Formulation

We extend the road-network-based formulation presented in [7] in which decision
variables are introduced for each road segment [10]. It was shown in [7] that such
a formulation is better suited as the set of candidate collection points is very
large. Even though including intersections leads to more nodes, the road-network
graph has much less arcs than a complete graph resulting in a smaller model. Let
M = {1, . . . , m} be the set of the m routes, where m defines an upper bound on
the number of routes that have to be performed. Let xll′k be an integer variable
indicating the number of traversals on arc (l, l′) ∈ A in route k ∈ M and yj

be a binary variable taking value 1 if the vehicle stops at node j ∈ V stop. Two
non-negative continuous variables qj and qjk define the total amount of demand
satisfied at node j ∈ V stop and the amount collected in each route k at node j,
respectively, and a continuous variable zij indicates if the demand of i ∈ W is
satisfied at j ∈ V rank

i . Finally, we introduce a non-negative continuous variable
fll′k to capture the flow passing through arc (l, l′) ∈ A in route k ∈ M, and
a non-negative continuous variable ghh′ to indicate the flow between each pair
{h, h′} : h, h′ ∈ V fac ∪ {σ}.

min
∑

k∈M

∑

(l,l′)∈A

cll′xll′k +
∑

j∈V stop

tstoyj (1a)

The objective function (1a) expresses the total cost, which is computed as the
sum of the total travel times plus tsto times the total number of stops.

s.t.
∑

j∈V rank
i

zij = 1 ∀i ∈ W (1b)

∑

j′∈V rank
i :

rank(i,j′)>rank(i,j)

zij′ ≤ 1 − yj ∀i ∈ W, j ∈ V rank
i (1c)
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∑

i∈W :j∈V rank
i

dizij = qj ∀j ∈ V stop (1d)

qj ≤ Djyj ∀j ∈ V stop (1e)

yj ≤ qj ∀j ∈ V stop (1f)

zij ≤ yj ∀i ∈ W, j ∈ V rank
i (1g)

Constraints (1b) ensure that the demand of node i ∈ W is satisfied at exactly
one candidate collection point from its rank. Constraints (1c) state that this
demand is satisfied at the first node in V rank

i at which the vehicle stops.
Constraints (1d) guarantee that the total demand that is assigned to node
j ∈ V stop is equal to the total amount that is collected at that node. Con-
straints (1e) link the variables q with the variables y and impose an upper bound
Dj = min{(

∑
i∈W :j∈V rank

i
di), Q} ∀j ∈ V stop on the total amount that can be

satisfied at node j. In particular, they prevent the demand of a node to exceed the
capacity Q of the vehicle. Constraints (1f) link the same variables in the oppo-
site direction such that the vehicle can stop at a node j only if some demand
is assigned to it. This prevents from suboptimal solutions in which selected
nodes are not needed to satisfy demand. Constraints (1g) link the variables z
with the variables y by imposing that demand can only be assigned to a node
j ∈ V rank

i ∀i ∈ W which is visited by the vehicle. Notice that constraints (1c)
and (1g) together enforce variables zij to be binary.

∑

k∈M

∑

l∈V :(l,j)∈A

xljk ≥ yj ∀j ∈ V stop (1h)

∑

k∈M

∑

l∈V :(l,h)∈A

xlhk =
∑

k∈M

∑

l∈V :(h,l)∈A

xhlk ∀h ∈ V fac (1i)

∑

k∈M

∑

l∈V :(σ,l)∈A

xσlk = 1 (1j)

∑

l′∈V :(l′,l)∈A

xl′lk =
∑

l′∈V :(l,l′)∈A

xll′k ∀l ∈ V \ V fac, k ∈ M (1k)

∑

h∈V fac

∑

l∈V :(h,l)∈A

xhlk ≤ 1 ∀k ∈ M (1l)

Constraints (1h)–(1l) force the variables x to take values that make up a valid
rotation. More precisely, constraints (1h) specify that the vehicle can stop at
a node j ∈ V stop only if it traverses an incoming arc of node j at least once.
Constraints (1i) state the degree constraints for each facility h ∈ V fac. Con-
straint (1j) ensures that the depot is visited exactly once in a rotation. Con-
straints (1k) define that the vehicle enters and leaves any node h ∈ V \ V fac

the same number of times in route k ∈ M. Constraints (1l) ensure that in each
route k ∈ M at most one facility is visited.

W totxll′k ≥ fll′k ∀(l, l′) ∈ A, k ∈ M (1m)
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fll′k = 0 ∀(l, l′) ∈ A :

l ∈ V fac ∪ {σ}, k ∈ M (1n)
∑

h′∈V fac∪{σ}
ghh′ −

∑

h′∈V fac∪{σ}
gh′h

=
∑

k∈M

∑

l∈V :(l,h)∈A

flhk ∀h ∈ V fac (1o)

∑

h∈V fac

gσh = 0 (1p)

Constraints (1m) link the variables f with the variables x. If xll′k = 0, i.e., arc
(l, l′) is not traversed in route k, then the flow fll′k does not pass through it.
Constraints (1n) impose a 0 outflow for l ∈ V fac ∪{σ}. Constraints (1o) link the
variables f with the variables g by passing the flow on the route level f to the
rotation level g. Constraint (1p) defines a 0 outflow at the depot.

∑

h∈V fac

ghσ = W tot (1q)

∑

l′∈V :(l,l′)∈A

fll′k −
∑

l′∈V :(l′,l)∈A

fl′lk

=

{
qlk ∀l ∈ V stop

0 ∀l ∈ V \ (V stop ∪ V fac ∪ {σ})
∀k ∈ M (1r)

∑

k∈M
qjk = qj ∀j ∈ V stop (1s)

∑

j∈V stop

qjk ≤ Q ∀k ∈ M (1t)

yj ∈ {0, 1}, qj ≥ 0 ∀j ∈ V stop (1u)

zij ≥ 0 ∀i ∈ W, j ∈ V rank
i (1v)

qjk ≥ 0 ∀j ∈ V stop, k ∈ M (1w)
xll′k ∈ Z≥0, fll′k ≥ 0 ∀(l, l′) ∈ A, k ∈ M (1x)

ghh′ ≥ 0 ∀h, h′ ∈ V fac ∪ {σ} (1y)

Constraint (1q) enforces that the total amount going into the depot equals the
total amount satisfied in the rotation. To ensure a last visit to an intermediate
facility before going back to the depot, arcs entering the depot are defined in G
only for pairs {l, σ} : l ∈ V fac. Constraints (1r) define that the net outflow of
any node l ∈ V stop must be the amount qlk satisfied at node l in route k ∈ M.
For any other node, these constraints impose a 0 net outflow. Constraints (1s)
link the variables q with each other such that the total demand satisfied at node
j ∈ V stop corresponds to the total demand satisfied in all routes. Constraints (1t)
ensure the respect of the vehicle’s capacity Q. Finally, constraints (1u) - (1y)
define the domain of the decision variables.
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4 A Benders Decomposition Approach

To solve large instances derived from real-life data, we propose a Benders decom-
position approach in which a SCP is solved in the Benders master problem (BMP;
Sect. 4.1) and a CVRP-IF is solved with column generation in the Benders sub-
problem (BSP; Sect. 4.2). Given an optimal solution to the linear relaxation BSP,
a Benders optimality cut (Sect. 4.3) is derived from the dual solution. This app-
roach was proposed by [3], with the main objective of tackling problems with
complicating variables, which, when temporarily fixed, yield a subproblem sig-
nificantly easier to handle. The solution of the BSP provides a new constraint to
incorporate into the BMP which is then solved again. This process is repeated
iteratively until the optimal solution is found or another stopping criterion is
met. We refer the reader to [12] for a state-of-the-art survey on the Benders
decomposition approach.

In our case, the BMP (2) consists in selecting a subset of candidate collection
points with minimum total cost. Given a solution to the BMP, which is a set
cover V sel, the goal of the linear relaxation BSP is to generate routes for V sel and
to provide lower bounds on the routing cost. From the dual BSP (4), Benders
cuts (2b) are derived which are added to the BMP. Note that all feasible BMP
solutions lead to feasible BSP solutions which is why only optimality cuts are
considered. To keep track of the best solution, an integer routing solution is
created by solving the BSP with all generated columns set as binary variables.

4.1 Benders Master Problem

The BMP formulation is presented in (2). The objective function (2a) represents
the total cost of visiting the collection points plus an underestimator θ corre-
sponding to the routing cost of the vehicle. Let B be the set of BSP solutions
generated in the solving process. Each such solution corresponds to an extreme
point of the dual of BSP. Then constraints (2b) represent the respective Benders
cuts added to the BMP, with ξb, γb, and κb being the associated dual variables
of b ∈ B. In general, (2) contains more constraints than (1), but many of the
cuts are inactive in an optimal solution and will not be generated.

min
∑

j∈V stop

tstoyj + θ (2a)

s.t. θ ≥
∑

j∈V stop

ξb
jqj + γb + W totκb ∀b ∈ B (2b)

(1b) − (1g) (2c)

yj ∈ {0, 1} ∀j ∈ V stop (2d)

qj ≥ 0 ∀j ∈ V stop (2e)

zij ≥ 0 ∀i ∈ W, j ∈ V rank
i (2f)
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4.2 Benders Subproblem

The BSP formulation corresponds to a Dantzig-Wolfe decomposition of the for-
mulation (1h)–(1r) and is solved with column generation, which is a technique
to solve problems with a large number of variables by iteratively adding some
of the variables to the model [6]. Let qj ∀j ∈ V stop : qj = 0 ∀j /∈ V sel rep-
resent a solution to the BMP and define the amount of demand assigned to
each node j. Let R be the set of all feasible routes starting and ending at the
intermediate facilities or the depot V fac ∪ {σ}, with R+

h ⊆ R and R−
h ⊆ R rep-

resenting the subsets of routes that start and end at h, respectively. Note that
R is different from M, thus we use index r ∈ R instead of index k ∈ M. Let
Wr =

∑
j∈V sel qjr be the amount of demand picked up in route r ∈ R, with qjr

indicating the amount of demand collected at node j in route r, and let cr ∀r ∈ R
be the travel cost of route r. We introduce a continuous variable xr indicating if
route r ∈ R is selected. To ensure feasibility of the problem, artificial variables
νj for nodes j ∈ V stop that are not satisfied and λ for proportion of demand
that is not collected are introduced and highly penalized in the objective func-
tion (3a) by cpick and ccoll, respectively. Similarly as in formulation (1), we define
a non-negative continuous variable ghh′ to indicate the flow between each pair
{h, h′} : h, h′ ∈ V fac ∪ {σ}. The goal is to select a subset of routes RV sel ⊆ R
that collect the demand from the set cover nodes V sel at minimum total cost.

min
∑

r∈R

crxr +
∑

j∈V stop

cpickνj + ccollλ (3a)

s.t.
∑

r∈R

qjrxr + νj = qj ∀j ∈ V stop (ξj) (3b)

∑

r∈R−
h

xr −
∑

r∈R+
h

xr = 0 ∀h ∈ V fac ∪ {σ} (βh) (3c)

∑

r∈R+
σ

xr = 1 (γ) (3d)

W tot
∑

r∈R+
h ∩R−

h′

xr − ghh′ ≥ 0 ∀(h, h′) ∈ AH (δhh′) (3e)

∑

(h,h′)∈AH

ghh′ −
∑

(h′,h)∈AH

gh′h

≤
∑

r∈R−
h

Wrxr ∀h ∈ V fac (ζh) (3f)

∑

(σ,h)∈AH

gσh = 0 (η) (3g)

∑

(h,σ)∈AH

ghσ + W totλ = W tot (κ) (3h)

xr ≥ 0 ∀r ∈ R (3i)

νj ≥ 0 ∀j ∈ V stop (3j)
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λ ≥ 0 (3k)

ghh′ ≥ 0 ∀(h, h′) ∈ AH (3l)

Constraints (3b) enforce the total demand to be collected at each demand node
j ∈ V stop, unless νj fills the gap. Constraints (3c) ensure that the number of
routes entering each intermediate facility or the depot is the same as the num-
ber of routes leaving it, while constraint (3d) sets this number to one for the
depot. Constraints (3e) force the existence of at least one route between two
facilities if there is a strictly positive flow between them, where AH consists
of all the feasible arcs of the graph with only the depot and the intermediate
facilities. Constraints (3f) are the flow conservation constraints at each facility.
Constraint (3g) ensures that the flow leaving the depot is 0 and constraint (3g)
computes the demand λ that is not collected. Finally, constraints (3i) to (3l) set
the domains of the variables.

The routing subproblems, which for each pair (h, h′), h ∈ V fac∪{σ}, h′ ∈ V fac

aim at finding negative reduced cost routes with respect to the routing master
problem (3), are also called the pricing problems (PP). We follow the standard
procedure in which iteratively the restricted master problem (RMP) and the PP
are solved until no route with negative reduced cost can be found. Note that the
names RMP and BSP are used interchangeably depending on the context.

To solve the PP in an efficient way, we rely on dynamic programming to
solve a resource constrained shortest path problem and the concept of ng-path
[1]. The goal is to find a shortest path from h ∈ V fac ∪ {σ} to h′ ∈ V fac on the
road-network graph G = (V,A), such that the path respects the vehicle capacity
and its cost corresponds to the reduced cost. Ng-paths are a compromise between
elementary and non-elementary paths and are built according to customer sets
(i.e., ng-sets) which are associated with each customer and often contain neigh-
bours within a short travelling distance. Those ng-sets allow to enforce locally
the elementary constraint only on those neighbours.

Using the dual variables of the RMP (i.e., depicted in parentheses next to
their constraints), the reduced cost is computed as

∑

(l,l′)∈A

cll′all′r −
∑

j∈V stop

(ξj + ζh′)qjr + βh − βh′ − 1{σ}(h)γ − W totδhh′

where 1{σ}(h) indicates if the starting node h corresponds to σ and all′r define
whether arc (ll′) ∈ A is used in route r. Note that, cr =

∑
(l,l′)∈A cll′all′r and∑

k∈M xll′k =
∑

r∈R all′rxr.
The RMP (3) is well-known to provide strong dual bounds as it is based

on a Dantzig-Wolfe decomposition [6], thus allowing the derivation of tighter
Benders cuts which, however, introduce some other difficulties that are discussed
in the following. From the definition of the Cm-CTP-IF, we assume that a node
j ∈ V stop is only visited once in a solution to collect its assigned demand, such
that qj =

∑
r∈R qjrxr ∀j ∈ V stop for a given set cover solution V sel of the

BMP. Following that assumption, the BSP only considers routes that collect the
total assigned demand qj from the set cover nodes j ∈ V sel, and

∑
r∈R qjr =
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0 ∀j ∈ V stop\V sel. This restriction results from the column generation procedure
where only such columns (i.e., with qj = qj ∀j ∈ V stop) are generated in the PP
and added to the BSP, leading to a restricted BSP (RBSP) that only considers a
subset of all feasible routes. As a consequence, we do not take all constraints (4b)
of the dual BSP (4) into account, which leads to a dual solution that could be
infeasible and consequently to an invalid Benders cut. The dual BSP (4) is
presented below and can be deduced directly from the primal BSP (3), where
each dual variable is indicated next to its corresponding constraint.

max
∑

j∈V stop

qjξj + γ + W totκ (4a)

s.t.
∑

j∈V stop

qjrξj + βh′ − βh

+ 1{σ}(h)γ + W totδhh′

+ 1V fac(h′)ζh′
∑

j∈V stop

qjr ≤ cr ∀(h, h′) ∈ AH, r ∈ Rh+ ∩ Rh−

(4b)

ξj ≤ cpick ∀j ∈ V stop (4c)

W totκ ≤ ccoll (4d)
− δhh′ + 1V fac(h)ζh − 1V fac(h′)ζh′

+ 1{σ}(h)η + 1{σ}(h′)κ ≤ 0 ∀(h, h′) ∈ AH (4e)

ζh ≥ 0 ∀h ∈ V fac (4f)

δhh′ ≥ 0 ∀(h, h′) ∈ AH (4g)

To overcome this issue, we would need to solve the real BSP (not the
restricted one) including all feasible routes that exist between each pair
{h, h′}, h ∈ V fac ∪ {σ}, h′ ∈ V fac, such that demands qj �= qj ∀j ∈ V stop can be
collected. As defined in (1), qj could take any value between 0 and Dj ∀j ∈ V stop

which, however, would lead to a dramatic increase in computation time as all
the nodes in V stop instead of V sel would be considered and even the smallest
instances in our dataset could not be handled anymore. Instead, starting from
formulation (4), we derive a set of weaker, but valid inequalities by allowing for
only some variability in the PP. More precisely, the PP considers all feasible
routes with 0 ≤ qj ≤ Dj ∀j ∈ V sel (instead of all j ∈ V stop). Even though this
simplifies the problem a lot, it is still more time consuming than the PP with-
out any variability and thus, only few instances can be solved (see Sect. 5.2).
Therefore, we also consider the Benders decomposition approach without any
variability in the PP as a heuristic solution method for the Cm-CTP-IF and
refer to it as BendersH in the remainder of the paper.

4.3 Valid Benders Cuts

To derive valid cuts from the ones obtained in formulation (4), we are going
to consider the routing problem on the rotation level instead of the route level.
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Let P be the set of all feasible rotations. For some rotation p, let Rp represent
the set of routes r ∈ R that are in rotation p, with qjp being the amount of
demand picked at node j in rotation p, and let cp =

∑
r∈Rp

cr be its cost. We
introduce a continuous variable xp indicating if rotation p ∈ P is selected and a
continuous variable νj representing the amount of demand that is not satisfied
at node j ∈ V stop, and present the BSP on the rotation level (BSP-P) in (5).

min
∑

p∈P

cpxp +
∑

j∈V stop

cpickνj (5a)

s.t.
∑

p∈P

qjpxp + νj = qj ∀j ∈ V stop (ξ′
j) (5b)

∑

p∈P

xp = 1 (γ′) (5c)

xp ≥ 0 ∀p ∈ P (5d)

νj ≥ 0 ∀j ∈ V stop (5e)

The objective function (5a) computes the total routing costs plus the penalty
costs for uncollected demand. Constraints (5b) are the analogous of constraints
(3b) and allow to ensure feasibility. Constraint (5c) ensures that exactly one rota-
tion is selected, and constraints (5d) and (5e) define the variables domains.

The dual BSP-P (6) is based on the respective dual variables depicted in (5)
next to their constraints.

max
∑

j∈V stop

qjξ
′
j + γ′ (6a)

s.t.
∑

j∈V stop

qjpξ′
j + γ′ ≤ cp ∀p ∈ P (6b)

ξ′
j ≤ cpick ∀j ∈ V stop (6c)

Instead of solving the BSP-P directly to generate the Benders cuts, we derive
them from the dual BSP solution (4). As explained above, if we fix a set of nodes
V sel and restrict to rotations p only stopping at nodes in V sel to pick demands
qjp ≥ 0, we are only dealing with a subset of possible rotations. Let us denote
PV sel

this restricted subset of rotations. For a given route r, we denote h+
r and h−

r

the intermediate facility (or depot) where r starts and ends respectively. Consider
a rotation p ∈ PV sel

. We know that cp =
∑

r∈Rp
cr and qjp =

∑
r∈Rp

qjr ∀j ∈
V stop, and that all the routes in PV sel

are considered in the RBSP, therefore:

∑

r∈Rp

(
∑

j∈V stop

qjrξj + β
h−

r
− β

h+
r

+ 1{σ}(h+
r )γ + W totδ

h+
r h−

r

+ 1V fac(h
−
r )ζ

h−
r

∑

j∈V stop

qjr) ≤
∑

r∈Rp

cr = cp ∀p ∈ P V sel
. (7)
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As a rotation enters and leaves an intermediate facility (or the depot) the
same number of times (3c),

∑
r∈Rp

(βh−
r

− βh+
r
) = 0. Since the vehicle depot σ

is only visited once in a rotation (3d),
∑

r∈Rp
1{σ}(h+

r )γ = γ. Therefore:

∑

j∈V stop

qjpξj +γ+
∑

r∈Rp

(W totδ
h+

r h−
r

+1V fac(h
−
r )ζ

h−
r

∑

j∈V stop

qjr) ≤ cp ∀p ∈ P V sel
. (8)

Moreover, by summing up constraints (4e) over all routes of p, we obtain
∑

r∈Rp

(−δ
h+

r h−
r

+ 1V fac(h
+
r )ζ

h+
r

− 1V fac(h
−
r )ζ

h−
r

s + 1{σ}(h+
r )η + 1{σ}(h−

r )κ) ≤ 0

⇔
∑

r∈Rp

(−δ
h+

r h−
r

) + η + κ ≤ 0

⇔ η + κ ≤
∑

r∈Rp

δ
h+

r h−
r

We can then relax our inequalities (8), and by defining

ξ′
j = ξj + min

h∈V fac
ζh ∀j ∈ V stop (9a)

γ′ = γ + W tot(η + κ) (9b)

we obtain ∑

j∈V stop

qjpξ′
j + γ′ ≤ cp ∀p ∈ P V sel

. (10)

To derive cuts that are valid not only for rotations in PV sel
but for any

rotation in P , we need to further relax this constraint. To do so, we set ξ′
j =

0 ∀j ∈ V stop \ V sel (i.e., ξj = −minh∈V fac ζh ∀j ∈ V stop \ V sel). Indeed, let
p ∈ P be any rotation with set cover V p containing the nodes at which demand
is collected in rotation p. We define p̃ as the rotation that only stops at nodes
that are in both V sel and V p, and collects there the demands induced by the
rotation p and its nodes V p (i.e., qjp̃ = qjp ∀j ∈ V sel ∩ V p, 0 otherwise). Since
p̃ is a subtour of p and does not collect more demand than p, we have cp̃ ≤ cp.
Furthermore, by construction p̃ belongs to the set of restricted rotations PV sel

.
Therefore, it satisfies inequality (10), and with the above assumptions we have

∑

j∈V stop

qjpξ′
j + γ′ =

∑

j∈V stop

qjp̃ξ′
j + γ′ ≤ cp̃ ≤ cp. (11)

As a consequence, constraints (6b) are respected by p ∈ P , and the valid
Benders cut b that is added to (2) is defined as

θ ≥
∑

j∈V stop

(ξb
j + min

h∈V fac
ζb

h)qj + γb + W tot(ηb + κb) ∀b ∈ B (12)
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5 Computational Experiments

In this section, we present the results of the computational experiments. The
solution approaches have been implemented in Java. To solve the MILP, the
BMP and the RMP we used the Gurobi 9.5.2 MIP solver via its Java API. The
instances were tested on a computer with a Intel(R) Xeon(R) Gold 6148 CPU
@ 2.40 GHz processor, 32 GB of RAM, operating under Linux, and a time limit
(TL) of 12 h was set.

5.1 Problem Instances

We use the problem instances introduced by [7]. They are defined with respect
to the number of demand nodes |W | ∈ {15, 50, 100, 200} and are labelled accord-
ingly. The three main parameters that characterize an instance are the maximum
walking distance w ∈ {100, 200, 300}, the number of routes m ∈ {5, 10, 20} for
the datasets W50,W100 and W200, and m ∈ {2, 3, 5, 10} for the dataset W15,
and the number of intermediate facilities f ∈ {1, 2, 3}, whose locations are given.
This results into 27 instances for W50,W100 and W200, and 36 instances for
W15, which yields 117 instances in total. Finally, we assume a stop penalty value
of tsto = 5 s. We refer the reader to [7] for more details about these instances.
Since we do not allow to split the demand in the collection process, we preprocess
each demand node i ∈ W with di > Q, by distributing the excess to its closest
nodes l ∈ V \ W and add each such l to the set of demand nodes W .

5.2 Validation of the Benders Decomposition Approach

This section aims to validate the Benders decomposition approach with respect
to the MILP formulation. Figure 2 presents the gap to the best solution (i.e.,
(UBbest − LB)/UBbest in %) for the MILP formulation, the Benders and the
BendersH approaches and datasets W15 and W50. We observe in Fig. 2a that
for the smaller dataset the MILP formulations reports a large range of gaps with
an average value of 25.15%, while the two Benders approaches have a smaller
range of gaps with average values of 25.74% and 18.71%, respectively. For the
larger dataset in Fig. 2b, the gaps vary more for the Benders and are higher than
for the MILP formulation, while the BendersH has smaller gaps, with average
gap values of 43.89%, 64.18% and 39.22%, respectively.

Looking at the Benders, we observe that no lower bound could be computed
for some of the instances (i.e., 4/27 for W50). This is due to the variability
required in the PP to solve the real BSP (i.e., not a restricted one) which leads
to increased computation time, taking on average 78.85% of the total time to
solve the LP. Furthermore, the relaxations performed to derive valid cuts from
the dual BSP, result in optimality cuts that are weaker and on average have a
small gap with respect to the primal solutions. The cuts underestimate the LP
routing cost of the BMP solution, so that optimality can no longer be proven
as the Benders may never converge to an optimal solution. More precisely, for a
given BMP solution, the cut generally also underestimates the LP routing cost
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associated with that solution. Nevertheless, these gaps are in general relatively
small with an average value of 1.75%, supporting the quality of the derived cuts.

The BendersH approach, which does not allow for variability in the PP, and
can therefore only be considered as an approximation, is faster and can handle
on average more set covers within the TL (i.e., 9.75% more set covers). As a
consequence, more time is spent in the BMP which needs on average 95% of the
computation time (i.e., 40% more than the Benders). The positive gap values
indicate that this heuristic did never report approximated lower bounds that
are higher than the best upper bound which would have shown the invalidity
of the approximated lower bounds. Moreover, for instances where the MILP
formulation has proven optimality (i.e., 8/36 for W15), the heuristic returned
valid lower bounds with an average gap value of 17.61%.
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Fig. 2. Boxplots of the gaps to the best solution (i.e., (UBbest −LB)/UBbest in %) for
the MILP formulation, the Benders and BendersH approaches and datasets W15 and
W50.

To assess the performance of the BendersH with respect to the MILP formu-
lation, Table 1 presents the number of instances for which each method provided
the best solution within the TL, the average valid optimality gaps computed with
respect to the lower bounds of the MILP formulation, and the average approxi-
mated optimality gaps computed with respect to the approximated lower bounds
of the BendersH. The average number of Benders cuts, number of column gen-
eration iterations per cut, and objective value (i.e., w/o dumping cost) are also
depicted. We observe that the MILP formulation cannot solve most of the larger
instances and that the valid and approximated optimality gaps are similar on
average. The BendersH can provide better solutions for larger instances, mainly
for those with a higher number of tours m, leading to shorter routes and com-
puting times in the PP of the column generation approach. As a consequence,
more set covers can be treated within the TL resulting in more cuts added and
thus higher approximated bounds. From a managerial perspective, we point out
that more routes (i.e., smaller vehicles) could lead to reduction of operational
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costs, as the routing cost increases are mild for most instances (especially for
those with lower population density: W15 and W200). These results confirm the
difficulty of the Cm-CTP-IF and the potential of the BendersH to solve and
evaluate instances of larger size. However, we recall that the BendersH app-
roach can only be considered as an approximation and could lead to false lower
bounds.

Table 1. Performance of the MILP formulation and the BendersH approach for
instances of datasets W15, W50, W100 and W200.

Averages

Instance # solutions # is best valid opt. gap % approx. opt. gap % # cuts # CG iter. obj. val.

MILP BendersH MILP BendersH MILP BendersH MILP BendersH BendersH BendersH BendersH

W15 m = 2 9 9 9 0 0.58% 4.69% 17.32% 20.75% 356 8 2776

m = 3 9 9 9 2 11.98% 13.28% 15.70% 16.91% 628 6 2523

m = 5 9 9 7 2 35.29% 35.90% 25.15% 25.87% 736 5 2765

m = 10 9 9 8 1 52.90% 53.10% 16.87% 17.22% 1484 16 2926

W50 m = 5 9 9 8 1 25.74% 30.25% 43.35% 46.67% 112 22 2882

m = 10 9 9 3 6 52.08% 51.74% 41.09% 40.44% 132 16 3139

m = 20 9 9 0 9 58.21% 54.78% 39.60% 34.47% 163 14 4357

W100 m = 5 9 9 7 2 57.20% 58.46% 79.15% 79.78% 103 20 3615

m = 10 7 9 0 9 78.20% 73.56% 86.34% 84.29% 101 15 3637

m = 20 1 9 0 9 84.94% 84.76% 83.17% 86.10% 99 12 4401

W200 m = 5 6 9 2 7 47.48% 42.90% 63.01% 58.98% 91 30 6938

m = 10 1 9 0 9 63.16% 60.19% 72.05% 67.94% 88 23 6671

m = 20 – 9 0 9 – 74.69% – 75.26% 86 17 7902

6 Conclusion

In this article, we formulated the Cm-CTP-IF which is inspired by a waste collec-
tion problem with intermediate disposal facilities to accommodate the usage of
smaller vehicles. It is a variation of the Cm-CTP-R ( [7]) which is closely related
to the m-CTP. We extended the proposed road-network-based MILP formula-
tion and developed a Benders decomposition approach in which a SCP is solved
in the master problem and a CVRP-IF is solved with column generation in the
subproblem to handle large instances derived from real-life data. The results
show that the Cm-CTP-IF is a difficult problem and the MILP formulation fails
to solve most instances of the largest dataset and could only prove optimality for
some instances of the smallest dataset. The BendersH approach provides better
solutions for larger instances and allows to evaluate the solutions by providing
approximated lower bounds that are close to the valid bounds. To derive valid
Benders cuts, one should remember that the real Benders subproblem needs to
be solved, and not a restricted one. We believe that this is an important aspect
to consider when combining these two concepts, which are both widely used in
location and routing problems. Further research will be needed to improve the
BMP so that less time is spent on that problem and more set covers can be
evaluated within the TL. For instance, valid inequalities that revolve around the
residents’ ranks could be derived to strengthen the linear relaxation BMP.
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Abstract. Counterfactual explanations describe how to modify a fea-
ture vector in order to flip the outcome of a trained classifier. Obtaining
robust counterfactual explanations is essential to provide valid algorith-
mic recourse and meaningful explanations. We study the robustness of
explanations of randomized ensembles, which are always subject to algo-
rithmic uncertainty even when the training data is fixed. We formalize
the generation of robust counterfactual explanations as a probabilistic
problem and show the link between the robustness of ensemble models
and the robustness of base learners. We develop a practical method with
good empirical performance and support it with theoretical guarantees
for ensembles of convex base learners. Our results show that existing
methods give surprisingly low robustness: the validity of naive counter-
factuals is below 50% on most data sets and can fall to 20% on problems
with many features. In contrast, our method achieves high robustness
with only a small increase in the distance from counterfactual explana-
tions to their initial observations.

1 Introduction

Counterfactual explanations provide a course of action to change the outcome of
a classifier and reach a target class. Since the seminal work of [35], counterfactual
explanations have received a large amount of attention [19,34]. Their applications
can be divided into two main categories: (1) to provide algorithmic recourse to
users or customers so that they can react to a given outcome (e.g., a customer
applies for a loan and is rejected), and (2) to explain the recommendation of
complex classifiers to stakeholders (e.g., a medical diagnosis based on a large set
of features).

In high-stakes environments, such as the loan application example, algorith-
mic recourse must remain valid over time. That is, the loan should be approved
when the customer returns after having acted upon the explanation received.
Yet, the classification model might be retrained in the meantime, which alters
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its prediction function. The robustness of explanations when a model is retrained
has been studied when additional data is observed, possibly affected by a shift in
the distribution of the data-generating process [8,13,28,32]. However, a funda-
mental source of uncertainty has been overlooked so far: when the classifier is a
randomized ensemble, the random training procedure always leads to algorithmic
uncertainty when retraining the model, even if the training data is fixed.

From an explainability perspective, a lack of robustness due to the random
training procedure when the training data is fixed is already very problematic. It
raises the question of whether explanations that are not robust to model retrain-
ing allow any meaningful interpretation of a classifier’s decisions. This issue is
akin to the concept of predictive multiplicity, in which models from different
classes have similar average performance but wildly different predictions for cer-
tain samples [16]. By design, nearest counterfactual explanations identify the
minimum change that flips the classifier’s label. Thus, they might be attracted
to regions of the feature space that are particularly vulnerable to predictive mul-
tiplicity. In that case, the explanations obtained are only noise: artifacts of the
random training procedure that exploits the closest region with high predictive
multiplicity. Such non-robust explanations are equivalent to adversarial exam-
ples, which have no explainability value but are optimized to fool a given model
[17,27].

In this paper, we study the robustness of counterfactual explanations of ran-
domized ensembles to algorithmic uncertainty. Ensemble learning is a powerful
technique that aggregates several models to reduce the risk of over-fitting and
achieve high generalization power [15,29]. Common approaches to building an
ensemble of learners revolve around the use of randomization (e.g., the bootstrap
aggregating procedure of random forests) and are thus susceptible to algorith-
mic uncertainty. A key result of our paper is to show that naive explanations
that ignore the algorithmic uncertainty of random ensembles are not robust to
model retraining even when the training data is fixed. Hence, naive explanations
provide neither robust algorithmic recourse nor explainability.

To bridge this gap, we develop methods to obtain counterfactual explanations
that are robust to algorithmic uncertainty. We make the following contributions:

1. We show that naive methods to generate counterfactual explanations fail to
provide robust explanations on common data sets—the validity is often below
50% and falls below 20% on the most complex data set.

2. We derive an efficient method to generate robust explanations by identifying
a robust threshold on the ensemble’s score. Our approach is flexible in the
sense that it can be combined with any counterfactual explanation method
and applies to all ensembles made of independently trained base learners
(e.g., random forests, deep ensembles with random weights initialization). We
demonstrate the value of our approach by obtaining explanations of random
forest ensembles that are robust to algorithmic uncertainty on real-world data.

3. We support our practical results with theoretical guarantees that hold for
ensembles of convex learners, such as random forests made of trees with a
single decision split or ensembles of input-convex neural networks.
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4. Finally, we study the connection between the predictive importance of fea-
tures and the robustness of counterfactual explanations. We show that gen-
erating robust counterfactuals is more challenging for data sets with many
features with high predictive importance.

2 Problem Statement and Background

We consider the standard binary classification setting. A training set zn =
{(xi, yi)}n

i=1 of size n is available where xi ∈ X is a feature vector and yi ∈ {0, 1}
is a binary label. We assume throughout the paper that the training samples are
i.i.d. observations of an unknown distribution PXY .

2.1 Classification Ensembles

We focus on classification ensembles made of base learners trained independently
and identically. This encompasses for instance the random forests of [5] or ensem-
bles of neural networks. The randomness of random forests stems from two fac-
tors: (1) each base learner uses a re-sampling of the original training set (most
commonly a bootstrap sample), and (2) a random subset of features is selected
at each node of the tree to identify the best split. Interestingly, bootstrapped
ensembles of neural networks do not benefit from the performance improvements
of their tree-based counterparts. Instead, deep ensembles are often made of base
learners trained independently on the same training set with random initial
weights [20]. Randomization improves the generalization performance of ensem-
bles as it reduces the correlation between base learners and thus significantly
reduces variance (see Chap. 15, Sect. 15.4 of [15]).

Formally, we denote by t(·; ξ) : X → {0, 1}, x �→ t(x; ξ) the prediction func-
tion of a base learner with random training procedure parameterized by ξ. A
classification ensemble T (·; ξ) : X → {0, 1}, x �→ T (x; ξ) consists of N base
learners {t(·; ξi)}N

i=1, where ξ = {ξi}N
i=1 parameterizes the training procedure

of the ensemble. We denote by hN (·; ξ) : X → [0, 1] the score function of an
ensemble, defined as the average of the class predictions:

hN (x; ξ) =
1
N

N∑

i=1

t(x; ξi), (1)

For any observation x ∈ X , a trained ensemble returns a class prediction as a
majority vote among the base learners, so that T (x; ξ) = 1 if hN (x; ξ) ≥ 1/2
and T (x; ξ) = 0 otherwise.

2.2 Counterfactual Explanations of Ensembles

Let T 0 be a classification ensemble trained on zn with score function h0
N , and

let xn+1 be a new observation with predicted class T 0(xn+1; ξ0). We want to
find the nearest counterfactual explanation of this class prediction. We assume,
w.l.o.g, that the predicted class of xn+1 is T 0(xn+1; ξ0) = 0 so that the target
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class of its counterfactual explanation is 1. Multi-class problems can be converted
to this setting by assigning label 1 to the target class and label 0 to all other
classes.

We focus on nearest counterfactual explanations that minimize a distance
function f(·, xn+1), such as the l1-norm that encourages sparse explanations
for which only a few features are modified. Counterfactual explanations should
satisfy two essential conditions: they should be actionable and plausible. Action-
ability ensures that users can act upon the algorithmic recourse by making sure
that immutable features are not modified or respect a specific structure [33].
For instance, an individual cannot decrease their age. Plausibility ensures that
the counterfactual explanation is not an outlier of the distribution of the target
class. This can be done by ensuring that the likelihood of an explanation is larger
than a desired threshold, where the likelihood can be estimated for instance using
density estimation [3], local outlier factor [18], or local-neighborhood search [21].
An open question is whether plausibility can also help in obtaining explanations
that are robust to the random training procedure. We show in our experiments
that this is not the case.

The majority of existing counterfactual methods modify the given sample
until the target class is attained [see e.g., 23,31]. Thus, they work in a heuristic
fashion and do not guarantee that the explanation found is the closest one to
the original sample. Conversely, approaches based on integer programming can
determine counterfactuals that are optimal for the distance metric under con-
sideration and readily integrate constraints that reflect the actionability of the
feature changes [18]. Such methods have proved especially relevant for generating
counterfactual explanations over tree ensembles [11]. In particular, [26] provide
an efficient formulation for cost-optimal counterfactuals in tree ensembles. Plau-
sibility constraints are integrated using isolation forests, a tree-based method to
estimate the likelihood of an explanation.

We can now state the problem of finding the nearest counterfactual explana-
tion of xn+1 in a general way as:

min
x

f(x, xn+1) (2a)

s.t. h0
N (x; ξ0) ≥ 1/2 (2b)

x ∈ X a ∩ X p. (2c)

Constraint (2b) ensures that the counterfactual explanation reaches the target
class according to the ensemble T 0. Constraint (2c) specifies that the counter-
factual explanation belongs to both the actionable domain X a and the plausible
domain X p. We call counterfactual explanations obtained by solving Problem (2)
naive since they ignore the algorithmic uncertainty caused by the random train-
ing procedure of the ensemble.

2.3 Algorithmic Uncertainty, Validity and Robustness

Let T 0 and T 1 be two classification ensembles of size N trained on the same
training set zn. Due to the random training procedure, the classifiers have dif-
ferent prediction functions. Let C( · ;T 0) : X → X be an algorithm that maps
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any observation x to a counterfactual explanation x̂ for the classifier T 0. We now
formalize the concepts of validity and robustness of counterfactual explanations.

Definition 1 (Validity). The counterfactual explanation x̂ = C(x;T 0) is valid
for classifier T 1 if T 1(x̂, ξ1) = 1.

Definition 2 (Algorithmic robustness). A counterfactual algorithm
C ( · ;T 0

)
is robust with tolerance α if, for any new observation xn+1, the prob-

ability that its counterfactual explanation is valid for a new classifier T trained
on zn is greater than (1 − α), that is:

Pξ

(
T

(C (
xn+1;T 0

)
; ξ

)
= 1

) ≥ 1 − α, (3)

where the uncertainty is taken with regard to the random training procedure of
T (· ; ξ) on the fixed training set zn.

Definition 2 introduces robustness in a probabilistic sense over all possible
ensembles of size N trained on the fixed set zn. Intuitively, the tolerance parame-
ter α controls the trade-off between the expected robustness of the counterfactual
algorithm and the average distance between counterfactual explanations and the
original observations. One of the goals of this work is to investigate the trade-off
between these two objectives and to provide robust counterfactuals that remain
close to their original observations.

3 Robust Counterfactual Explanations

Due to the random training procedure of randomized ensembles, the class pre-
diction of an ensemble trained on zn is a random variable. To generate a coun-
terfactual explanation robust to algorithmic uncertainty, Problem (2) has to be
augmented with the probabilistic constraint introduced in Definition 2, which
can be equivalently expressed as:

Pξ (hN (x; ξ) ≥ 1/2) ≥ 1 − α. (4)

Main Result. The core result of our paper is to show that, given a trained
ensemble with score function h0

N , we can obtain robust counterfactual explana-
tions by replacing the complex probabilistic condition in Eq. (4) with the much
simpler deterministic condition:

h0
N (x; ξ0) ≥ τ(N,α), (5)

where τ(N,α) ∈ [1/2, 1] is a well-defined threshold. The computational com-
plexity of finding robust explanations is thus the same as the one of the naive
Problem (2).

Deriving this result consists of two steps: (i) reformulating the robustness
constraint on ensembles into an equivalent constraint on base learners, and
(ii) showing that the probability of any base learner to output the target class is
well approximated by the score function of the initial ensemble. The remainder
of this section details these two steps.
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3.1 Reformulating the Robustness Constraint

We start by formalizing the statistical properties of the class predicted by a
randomized ensemble when the training data zn is fixed. For any observation
x ∈ X , the event that a base learner trained on zn outputs the target class at x
can be seen as a random event with probability p(x). Since we consider a binary
classification setting, the class predicted by a base learner trained on zn thus
follows a Bernoulli distribution: t(x; ξ) ∼ Bernoulli(p(x)).

A key observation is that, given a randomized ensemble trained on zn, its
base learners are independent and identically distributed observations of any
base learner trained on zn. Consequently, the score of a randomized ensemble
with N base learners follows a binomial distribution:

N · hN (x, ξ) ∼ Bin(N, p(x)). (6)

Denote by B(k;N, p) the cumulative distribution function (c.d.f.) of the bino-
mial distribution Bin(N, p) evaluated at k. The following property can be iden-
tified.

Lemma 1. Given N ∈ N, the map gN : [0, 1] → [0, 1], p �→ B (N/2;N, p) is
decreasing and invertible.

The proof is based on the link between the c.d.f. of the binomial distribution and
the c.d.f. of the beta distribution. It is given in Appendix A.11. Using Lemma 1,
we can reformulate the probabilistic condition in Eq. (4) by an equivalent con-
dition on the prediction of a single (random) base learner.

Proposition 1. Let hN be the score function of an ensemble of N base learners
trained on zn. The robustness condition Pξ (hN (x, ξ) ≥ 1/2) ≥ (1−α) is satisfied
if Pξ (t(x, ξ) = 1) ≥ g−1

N (α). The two conditions are equivalent when N is odd.

The proof is given in Appendix A.2. Proposition 1 provides a criterion to gener-
ate robust counterfactual explanations based only on the probability that a base
learner predicts the target class. We denote by p∗

N,α = g−1
N (α) this key robust-

ness threshold and provide two properties. They describe how the robustness
threshold p∗

N,α varies with the tolerance α and the ensemble size N .

Proposition 2. Let N ∈ N, the threshold p∗
N,α is monotonic increasing with the

robustness target (1 − α).

The proof follows directly from Lemma 1. This proposition confirms the intu-
itive property that a counterfactual explanation algorithm that is robust with a
robustness level (1 − α) is also robust at a robustness level lower than (1 − α).
We now study how increasing the number of base learners impacts robustness.
We will need the following lemma.

1 Appendix is available in the full version of the paper: https://arxiv.org/abs/2205.
14116.

https://arxiv.org/abs/2205.14116
https://arxiv.org/abs/2205.14116
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Lemma 2. Let m ∈ N, the following relationships hold:

(a) ∀α ≤ 1/2, p∗
2m+3,α ≤ p∗

2m+1,α,
(b) ∀α ≤ 1/2, p∗

2(m+1),α ≤ p∗
2m,α,

(c) ∀α, p∗
2m+1,α ≤ p∗

2m,α.

The proof is based on studying the variations of B(k;N, p) with fixed p and is
given in Appendix A.3.

Proposition 3. A counterfactual algorithm robust to algorithmic uncertainty
for an ensemble of size N with N even is also robust for any ensemble of larger
size.

The proof follows directly from Lemma 2. Proposition 3 generalizes the robust-
ness of counterfactual explanations for an ensemble of size N . We illustrate the
results of Proposition 2 and 3 in Fig. 1, which shows how the robustness thresh-
old p∗

N,α varies as a function of the robustness target (1 − α) and the ensemble
size N .
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Fig. 1. Sensitivity of the robustness threshold p∗
N,α.

All the above results hold as long as the ensembles are made of base learners
trained independently and identically on the fixed data set zn. For instance,
they apply to random forests, deep ensembles, or any ensemble built using the
bootstrap aggregating procedure. Another observation is that α = 1/2 recovers
the naive condition presented in Problem (2) when N is odd. Thus, explanations
satisfying exactly the naive constraint (2b) have an average validity of only 50%
when N is odd (regardless of the ensemble size!), or when N is even and the
ensemble size is large as illustrated in Fig. 1. Therefore, even if the ensemble size
is large, naive algorithms should fail to provide explanations robust to the noise
of the training procedure.

3.2 Sample-Average Approximations

The robustness condition in Proposition 1 remains a probabilistic constraint
and, as such, cannot be directly integrated into any solution algorithm. Further,
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the probability Pξ (t(x, ξ) = 1) that a base learner trained on zn predicts the
target class at x is unknown. We now present two methods to approximate the
probability Pξ (t(x, ξ) = 1) that use only a given trained ensemble T 0.

Background. Optimization problems with a probabilistic constraint such as
Eq. (5) belong to the class of chance-constrained problems. These problems have
been studied extensively in the stochastic optimization literature since the semi-
nal work of [10]. In particular, sampling approaches, such as the sample-average
approximation (SAA), are well-known techniques to solve chance-constrained
problems with strong theoretical foundations and good empirical results [25].

To approximate the probability Pξ (t(x, ξ) = 1), a possible sampling-based
approach is to repeatedly train base learners on zn and evaluate them for a
given observation x. Yet, in counterfactual explanation applications, we already
have “sampled” observations of the base learner: given the trained ensemble T 0,
the base learners {t0(x, ξ0i )}N

i=1 are i.i.d. observations of t(x, ξ). Thus, we do not
need to train any additional learners. This is very desirable in practice since it
means that robust explanations can be obtained without having access to the
training data when a trained ensemble is available.

Direct SAA. Given the trained learners {t0(x, ξ0i )}N
i=1, the Direct SAA of the

probabilistic robustness constraint is:

h0
N (x, ξ0) ≥ p∗

N,α. (7)

Thus, we recover the simple condition presented in Eq. (5) by taking τ(N,α) =
p∗

N,α. Note also that, when p∗
N,α = 1/2, we recover the naive condition of Prob-

lem (2).
Sample-average approximations of chance constraints have been shown to

give good performance in numerous applications. However, the Direct SAA does
not guarantee that the probabilistic constraint is satisfied in general with a finite
ensemble size N . Hence, we provide a more robust approach, that still uses only
the initial ensemble and does not need to train any additional learners.

Robust SAA. This approach is motivated by a statistical perspective: the score
function of a given ensemble h0

N can be seen as an estimator of the probability
that a single learner predicts the target class. Indeed, when binomial samples are
observed i.i.d, the sample mean is an unbiased minimum-variance estimator of
the success rate p of the underlying Bernoulli distribution. To hedge against the
noise of this estimator when the ensemble size is finite, we introduce the Robust
SAA based on building a confidence interval around the estimated threshold
p∗

N,α as if it were estimated from i.i.d. observations.
Confidence intervals of the success rate of binomial distributions have been

studied extensively. In particular, the Agresti-Coull (AC) confidence intervals [1]
achieve good coverage of the true success rate in finite samples [6]. The Robust
SAA thus uses the threshold:

h0
N (x, ξ0) ≥ ρ∗

N,α,β , (8)
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where ρ∗
N,α,β = p∗

N,α + zβ

√
ρAC(1 − ρAC)/N with zβ being the quantile of the

standard normal distribution at β/2, and ρAC = (N · p∗
N,α + 2)/(N + 4). The

confidence level β ∈ [0, 1] is a hyperparameter that adjusts the conservativeness
of the solution. As β increases, the robustness of the counterfactual increases and
so does the distance to the initial observation. Thus, β depends on the data set
and needs to be tuned according to the desired robustness level. This approach
is always more conservative than the Direct SAA since β = 0 recovers the Direct
SAA.

4 Robustness Guarantees for Ensembles of Convex
Learners

Our approach can be supported by statistical guarantees by leveraging the the-
ory on sample-average approximations developed in the stochastic optimization
literature. In particular, when the ensemble is made of convex base learners, the
Direct SAA is asymptotically consistent.

Proposition 4 (Asymptotic consistency). As the size of an ensemble of
convex base learners increases, the solution of the Direct SAA method converges
almost surely to the minimum-cost robust counterfactual explanation.

When the base learners are convex functions of the features, the condition
t(x; ξ) = 1 inside the probabilistic constraint of Proposition 1 is also convex.
Hence, the proof follows from [30, Chapter 5]. Proposition 4 holds for several
classes of randomized ensembles. By definition, it holds for ensembles made of
input-convex neural networks [2].

We can show that the result also holds for random forests made of decision
trees that use a single decision split (also called stumps). These simplified forests
have been studied for instance by [7] to show how bagging reduces variance in
random forests. The class prediction of tree stumps can be formulated as a convex
constraint for any realization of the uncertain training procedure. Let X ⊆ [0, 1]d

and t(x, ξ) be a decision stump. The robustness constraint can be expressed as
a convex constraint as:

P(t(x, ξ) = 1) = P
(
A(ξ)�x − b(ξ) ≤ 0

)
, (9)

where A(ξ) ∈ {−1, 0, 1}d and b(ξ) ∈ [−1, 1]. The vector A(ξ) is such that aj(ξ) =
0 if the stump does not split on feature j, aj(ξ) = 1 if it splits on feature j and
the left leaf node has class 1 and aj(ξ) = −1 if it splits on feature j and the right
leaf node has class 1. The split threshold b(ξ) is positive if the left leaf node has
class 1 and negative otherwise. Thus, the function on the left-hand side of the
probabilistic Constraint (9) is convex in x.

These results on asymptotic consistency are notable since they hold for a
wide variety of randomized ensembles. They do not require any simplification
of the training procedure of the base learners, as is common for instance when
studying the theoretical properties of random forests [4]. Finally, it is interesting
to observe that increasing the size of the ensemble has two effects: (1) it decreases
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the robustness threshold p∗
N,α as shown in Lemma 2, and (2) it increases the

accuracy of the Direct-SAA method according to Proposition 4.

Finite-Sample Guarantees. In certain cases, it is not possible to train addi-
tional learners when determining counterfactual explanations, such as when only
the initial ensemble T 0 is available. In this case, we are interested in finite-sample
guarantees on the robustness of explanations. Finite-sample bounds on the qual-
ity of the Direct-SAA method are given by [24], but require stringent assump-
tions on the feature space X and do not hold if the feature vector contains both
continuous and discrete features. We present finite-sample bounds based on a
second approximation technique called the convex approximation.

The convex approximation of the probabilistic robustness condition in Eq. (4)
results in the following set of constraints:

t0(x, ξ0i ) = 1,∀i ∈ {1, . . . , N}. (10)

Thus, the convex approximation is equivalent to taking τ(N,α) = 1 in Eq. (5).
Finite-sample bounds on the probability of finding a robust solution by solving
the convex approximated model can be obtained. [9] provide a key result when
the feasible set X is convex (for instance, when all features are continuous). [12]
generalize it to decision variables that take both continuous and discrete values.
We can apply the latter result to obtain the following bound.

Proposition 5 (Finite-sample guarantees). Given an ensemble of convex
learners of size N and a feature vector x with k continuous features and d − k
discrete features, if a solution to the convex approximated problem exists, the
probability that it is a robust counterfactual explanation is at least (1-δ) with
δ = exp

[(
2d−k(k + 1) − 1

)
(log(1/α) + α) − (α/2)N

]
.

The proof follows directly from [12] when the base learners are convex in x. Note
that δ decreases exponentially as the number of trees increases.

5 Experimental Results

We conduct extensive experiments to (i) evaluate the robustness of our pro-
posed approaches, (ii) understand why counterfactual explanations have varying
robustness on different data sets, and (iii) demonstrate that our methods provide
the best trade-off between robustness and distance. We focus our experiments
on random forests, which are arguably the most common randomized ensembles
used in practice and remain one of the state-of-the-art classifiers for tabular data
[4,14]. We generate counterfactual explanations using the state-of-the-art formu-
lation of [26] based on integer programming. An integer programming method
has the advantage of being exact: it returns the counterfactual explanation with
minimal distance to the original observation. Hence, it eliminates confounding
factors in the analyses due to the choice of a specific heuristic solution.

The simulations are implemented in Python 3.9 using scikit-learn v.1.0.2 to
train the random forests. Gurobi 9.5 is used to solve all integer programming
models. All experiments are run on an Intel(R) Core(TM) i7-11800H processor
at 2.30 Ghz using 16 GB of RAM. The data sets have been pre-processed follow-
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ing [26] to ignore missing values and to take into account feature actionability.
Details on the datasets, implementation of our methods and benchmarks, as well
as additional results are provided in the online appendix. The code to reproduce
all results and figures in this paper is publicly available at the online repository
https://github.com/alexforel/RobustCF4RF under an MIT license.

Simulation Setting. We use the standard procedure of scikit-learn to generate
random forests of N = 100 trees (default value of scikit-learn) with a maximum
depth of 4. In each simulation, five samples are selected randomly to serve as
new observations for which to derive counterfactuals. A first forest T 0 is trained
on the remaining (n − 5) points. A second forest T 1 is trained on the same data
to asses if the counterfactual explanations are valid. We repeat this procedure
forty times.

We implement the Direct-SAA and Robust-SAA methods with β ∈
{0.05, 0.1} and vary the tolerance parameter α between 0.5 and 0.01. The key
performance indicators are the distance between the initial observation and the
counterfactual and their validity, measured as the percentage of counterfactu-
als that are valid to the test classifier. All distances are measured following a
feature-weighted l1 norm. We use the l1 norm since it tends to create sparse
explanations, that is, explanations with a limited number of changed features.
To balance the cost of feature changes between continuous and non-continuous
features, we reduce the weight of changes on non-continuous features by a fac-
tor 1/4.

Benchmarks. Existing works on counterfactual explanations do not study the
algorithmic uncertainty caused by a randomized training procedure. Hence, there
is no directly related benchmark. The closest approach from the existing litera-
ture to our setting is arguably the one from [13]. Their algorithm (RobX) aims
to find explanations of tree ensembles that are robust to evolving data sets and
hyperparameters. Even though they study a different type of robustness, we
evaluate the robustness of their explanations to algorithmic uncertainty. RobX
is based on iteratively perturbating a naive explanation by moving it toward a
neighbor with high stability, in the sense that the prediction model is locally
constant. Since it is unclear how this method can be applied with binary, dis-
crete, or categorical features, we only implement it for the Spambase dataset,
which has only continuous features.

We further include three benchmarks: (1) the naive approach that uses the
constraint hN (x) ≥ 1/2, (2) a plausibility-based benchmark that uses isolation
forests [22,26], and (3) a plausibility-based benchmark that uses the local out-
lier factor as [18]. Plausibility methods encourage the explanation to be close
to the training data distribution. We include these benchmarks to investigate
whether producing explanations that are close to the data distribution is suffi-
cient to ensure robustness to algorithmic uncertainty. The contamination param-
eter of the isolation forest method is varied as c ∈ {0.05, 0.1, 0.2, 0.3, 0.4, 0.5}.
Similarly, the weight of the local outlier factor penalty term is varied as
λ ∈ {1e−3, 1e−2, 1e−1, 1, 1e1, 1e2} following [18]. These two hyperparameters
control the degree to which the obtained explanations are close to the train-
ing data.

https://github.com/alexforel/RobustCF4RF
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Example of Explanations with Increasing Robustness. We illustrate the
generated counterfactual explanations with varying robustness targets for the
German Credit data set in Fig. 2. The feature values of an initial observa-
tion xn+1 are shown on the bottom row as a heatmap. Each row then shows
the changes to the initial feature values as the target robustness level (1 − α)
increases. Positive changes to a feature are shown in blue and negative changes
are shown in red. In this example, the “Age” feature can only increase. The row
with (1 − α) = 0.5 thus shows a naive explanation, whereas the top row with
(1 − α) = 0.99 shows an explanation with high robustness.

Figure 2 illustrates how the number and magnitude of feature changes vary
as (1 − α) increases. It shows that a user can obtain a robust explanation with
only a small subset of features changed.

Age Job Savi. Chec.Cred.Dura. Sex Hous.Purp.

xn+1

0.5

0.4

0.3

0.2

0.15

0.1

0.05

0.01

−1.0

−0.5

0.0

0.5

1.0

Fig. 2. Initial observation and counterfactual explanations for increasing robustness
target (1− α).

5.1 Achieving Robust Counterfactual Explanations

This section provides our main experimental results. Additional experiments,
using larger random forests or an evolving data set, are presented in Appendix C.

Naive Explanations. First, we measure the robustness of naive explanations
that ignore algorithmic uncertainty. We present the average validity of the coun-
terfactual explanations in Table 1. Although it depends on the data set, naive
explanations are clearly not robust to algorithmic uncertainty. The average valid-
ity even falls below 20% for the Spambase dataset.

Table 1. Average naive explanations that remain valid when retraining the ensemble
with fixed training data.

Data set A C CC GC ON P S SP

Validity [in %] 62 92 27 35 32 80 17 39
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Algorithmic Robustness. The validity of the counterfactual explanations gen-
erated by the Direct- and Robust-SAA methods is shown in Fig. 3 for varying
robustness target levels. The confidence interval of the average validity at the
0.05 level is shown as a shaded area. Figure 3 shows that the Direct-SAA method
provides robust counterfactual explanations on all but one data sets. Counter-
factual explanations with high robustness can already be found for small robust-
ness targets in two data sets: Compas and Phishing. Conversely, the data set
Spambase with d = 57 continuous features proves the most difficult. It is only
on this data set that the Robust-SAA method is required, yielding robust coun-
terfactuals for moderate and high robustness levels with β = 0.1 and β = 0.05,
respectively.
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Fig. 3. Validity of robust counterfactuals as a function of the robustness target (1−α).

The same experiment is performed with random forests of size N = 400.
The results, presented in Appendix C.4, are essentially identical to those in
Fig. 3. This confirms that increasing the size of the ensemble does not protect
against algorithmic uncertainty if the counterfactual explanation threshold is
not chosen appropriately. We also perform experiments when additional data
is observed before re-training the random forest. This experiment is presented
in Appendix C.5. Again, the results are very similar to those in Fig. 3 and our
approaches provide robust explanations on all data sets. This suggests that, for
randomized ensembles, the algorithmic uncertainty due to the random training
procedure is more critical for the robustness of explanations than the uncertainty
caused by observing additional data samples.

Trade-off Between Distance and Robustness. The distance and validity of
the counterfactual explanations obtained using our methods and benchmarks are
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shown in Fig. 4 as a Pareto front. The results show that our methods strictly dom-
inate the plausibility-based benchmarks by consistently providing more robust
explanations with lower distance. This means that plausibility and robustness
are independent in practice. Even with high contamination parameters, isolation
forests do not provide robust explanations although they substantially increase
counterfactual distance. Increasing the penalty factor of the local outlier factor
(1-LOF) method slightly increases robustness but leads to significantly more dis-
tant counterfactual explanations than the ones generated by our robust methods.
The low robustness of the naive and plausibility-based benchmarks suggests their
counterfactuals are mostly fitting the noise of the random training procedure.
The RobX benchmark also does not provide robust explanations. This suggests
that the algorithmic uncertainty of model retraining is distinct from the uncer-
tainty of an evolving data set, which is the focus of RobX. Thus, these methods
provide neither robust algorithmic recourse nor meaningful explanations of the
random forest.
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Fig. 4. Trade-off between the distance and robustness of counterfactual explanations.

Figure 4 also highlights that choosing a value for α depends on the pref-
erence of the decision-maker. Robust counterfactuals provide more insightful
explanations but may be more difficult to act upon due to the increase in the
average distance. Still, our results show that a large increase in robustness can
be obtained for only a small increase in the counterfactual distance. A satisfying
compromise can be found for instance using α = 0.2.

5.2 Feature Importance and Robustness

To explain the varying robustness achieved on the different data sets, we ana-
lyze two aspects: (i) the average number of features changed in counterfactual
explanations, and (ii) the link between the changed features and their predictive
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importance. Figure 5 shows the average number of changed features as a func-
tion of the robustness target level. Data sets that have a few key features with
high importance tend to exhibit sparse and robust counterfactual explanations.
This is especially true if the features are discrete or categorical as is the case for
the Compas data set for instance. This sparsity leads to robust counterfactual
explanations even when the robustness target level is low. On the contrary, data
sets that have many important features have low inherent robustness, especially
when these are continuous features as in the case of the Spambase dataset.
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Fig. 5. Average number of features changed for varying robustness targets (1− α).

The analysis of feature importance is provided in Appendix C.6. It shows
that feature changes in counterfactual explanations follow largely their predictive
importance: highly predictive features have large changes, whereas unimportant
features are mostly unchanged.

6 Conclusions

This work sheds light on a critical, yet overlooked, aspect of interpretability in
machine learning: the lack of robustness of existing counterfactual explanation
methods with regard to algorithmic uncertainty. We contribute to building more
transparent classifiers by providing an effective and easy-to-implement approach
to improve robustness. Our method is supported by a probabilistic analysis of
randomized ensembles and its value is demonstrated on real-world data. To help
practitioners identify situations in which robust counterfactual explanations are
essential, we derive valuable insights linking the robustness of counterfactual
explanations and the characteristics of the data sets.

References

1. Agresti, A., Coull, B.A.: Approximate is better than “exact” for interval estimation
of binomial proportions. Am. Stat. 52(2), 119–126 (1998)

2. Amos, B., Xu, L., Kolter, J.Z.: Input convex neural networks. In: International
Conference on Machine Learning, pp. 146–155. PMLR (2017)



308 A. Forel et al.

3. Artelt, A., Hammer, B.: Convex density constraints for computing plausible coun-
terfactual explanations. In: Farkaš, I., Masulli, P., Wermter, S. (eds.) ICANN 2020.
LNCS, vol. 12396, pp. 353–365. Springer, Cham (2020). https://doi.org/10.1007/
978-3-030-61609-0_28

4. Biau, G., Scornet, E.: A random forest guided tour. Test 25(2), 197–227 (2016)
5. Breiman, L.: Random forests. Mach. Learn. 45(1), 5–32 (2001)
6. Brown, L.D., Cai, T.T., DasGupta, A.: Interval estimation for a binomial propor-

tion. Stat. Sci. 16(2), 101–133 (2001)
7. Bühlmann, P., Yu, B.: Analyzing bagging. Ann. Stat. 30(4), 927–961 (2002)
8. Bui, N., Nguyen, D., Nguyen, V.A.: Counterfactual plans under distributional

ambiguity. In: International Conference on Learning Representations (2022)
9. Campi, M.C., Garatti, S.: The exact feasibility of randomized solutions of uncertain

convex programs. SIAM J. Optim. 19(3), 1211–1230 (2008)
10. Charnes, A., Cooper, W.W.: Deterministic equivalents for optimizing and satisfic-

ing under chance constraints. Oper. Res. 11(1), 18–39 (1963)
11. Cui, Z., Chen, W., He, Y., Chen, Y.: Optimal action extraction for random forests

and boosted trees. In: Proceedings of the 21th ACM SIGKDD International Con-
ference on Knowledge Discovery and Data Mining, pp. 179–188 (2015)

12. De Loera, J.A., La Haye, R.N., Oliveros, D., Roldán-Pensado, E.: Chance-
constrained convex mixed-integer optimization and beyond: two sampling algo-
rithms within S-optimization. J. Convex Anal. 25(1), 201–218 (2018)

13. Dutta, S., Long, J., Mishra, S., Tilli, C., Magazzeni, D.: Robust counterfactual
explanations for tree-based ensembles. In: International Conference on Machine
Learning, pp. 5742–5756. PMLR (2022)

14. Grinsztajn, L., Oyallon, E., Varoquaux, G.: Why do tree-based models still outper-
form deep learning on typical tabular data? In: Thirty-sixth Conference on Neural
Information Processing Systems Datasets and Benchmarks Track (2022)

15. Hastie, T., Tibshirani, R., Friedman, J.H.: The Elements of Statistical Learning:
Data Mining, Inference, and Prediction, vol. 2. Springer, New York (2009). https://
doi.org/10.1007/978-0-387-21606-5

16. Hsu, H., Calmon, F.D.P.: Rashomon capacity: a metric for predictive multiplicity
in classification. In: Advances in Neural Information Processing Systems (2022)

17. Ignatiev, A., Narodytska, N., Marques-Silva, J.: On relating explanations and
adversarial examples. In: Advances in Neural Information Processing Systems, vol.
32 (2019)

18. Kanamori, K., Takagi, T., Kobayashi, K., Arimura, H.: DACE: distribution-aware
counterfactual explanation by mixed-integer linear optimization. In: International
Joint Conference on Artificial Intelligence, pp. 2855–2862 (2020)

19. Karimi, A.H., Barthe, G., Schölkopf, B., Valera, I.: A survey of algorithmic
recourse: contrastive explanations and consequential recommendations. ACM
Comput. Surv. 55(5), 1–29 (2022)

20. Lakshminarayanan, B., Pritzel, A., Blundell, C.: Simple and scalable predictive
uncertainty estimation using deep ensembles. In: Advances in Neural Information
Processing Systems, vol. 30 (2017)

21. Laugel, T., Lesot, M.J., Marsala, C., Renard, X., Detyniecki, M.: The dangers of
post-hoc interpretability: unjustified counterfactual explanations. In: International
Joint Conference on Artificial Intelligence, pp. 2801–2807 (2019)

22. Liu, F.T., Ting, K.M., Zhou, Z.H.: Isolation forest. In: Eighth IEEE International
Conference on Data Mining, pp. 413–422. IEEE (2008)

https://doi.org/10.1007/978-3-030-61609-0_28
https://doi.org/10.1007/978-3-030-61609-0_28
https://doi.org/10.1007/978-0-387-21606-5
https://doi.org/10.1007/978-0-387-21606-5


Don’t Explain Noise: Robust Counterfactuals for Randomized Ensembles 309

23. Lucic, A., Oosterhuis, H., Haned, H., de Rijke, M.: Focus: Flexible optimizable
counterfactual explanations for tree ensembles. In: Proceedings of the AAAI Con-
ference on Artificial Intelligence, vol. 36, no. 5, pp. 5313–5322 (2022)

24. Luedtke, J., Ahmed, S.: A sample approximation approach for optimization with
probabilistic constraints. SIAM J. Optim. 19(2), 674–699 (2008)

25. Pagnoncelli, B.K., Ahmed, S., Shapiro, A.: Sample average approximation method
for chance constrained programming: theory and applications. J. Optim. Theory
Appl. 142(2), 399–416 (2009)

26. Parmentier, A., Vidal, T.: Optimal counterfactual explanations in tree ensembles.
In: International Conference on Machine Learning, pp. 8422–8431. PMLR (2021)

27. Pawelczyk, M., Agarwal, C., Joshi, S., Upadhyay, S., Lakkaraju, H.: Exploring
counterfactual explanations through the lens of adversarial examples: a theoretical
and empirical analysis. In: International Conference on Artificial Intelligence and
Statistics, pp. 4574–4594. PMLR (2022)

28. Rawal, K., Kamar, E., Lakkaraju, H.: Can i still trust you?: Understand-
ing the impact of distribution shifts on algorithmic recourses. arXiv preprint
arXiv:2012.11788 (2020)

29. Sagi, O., Rokach, L.: Ensemble learning: a survey. Wiley Interdisc. Rev. Data Min.
Knowl. Disc. 8(4), e1249 (2018)

30. Shapiro, A., Dentcheva, D., Ruszczynski, A.: Lectures on stochastic programming:
modeling and theory. SIAM (2014)

31. Tolomei, G., Silvestri, F., Haines, A., Lalmas, M.: Interpretable predictions of tree-
based ensembles via actionable feature tweaking. In: Proceedings of the 23rd ACM
SIGKDD International Conference on Knowledge Discovery and Data Mining, pp.
465–474 (2017)

32. Upadhyay, S., Joshi, S., Lakkaraju, H.: Towards robust and reliable algorithmic
recourse. In: Advances in Neural Information Processing Systems (2021)

33. Ustun, B., Spangher, A., Liu, Y.: Actionable recourse in linear classification. In:
Conference on Fairness, Accountability, and Transparency, pp. 10–19 (2019)

34. Verma, S., Dickerson, J., Hines, K.: Counterfactual explanations for machine learn-
ing: a review. arXiv preprint arXiv:2010.10596 (2020)

35. Wachter, S., Mittelstadt, B., Russell, C.: Counterfactual explanations without
opening the black box: automated decisions and the GDPR. Harvard J. Law Tech-
nol. 31, 841 (2017)

http://arxiv.org/abs/2012.11788
http://arxiv.org/abs/2010.10596


Certifying MIP-Based Presolve
Reductions for 0–1 Integer Linear

Programs

Alexander Hoen1(B) , Andy Oertel3,4 , Ambros Gleixner1,2 ,
and Jakob Nordström3,4

1 Zuse Institute Berlin, Takustr. 7, 14195 Berlin, Germany
hoen@zib.de

2 HTW Berlin, 10313 Berlin, Germany
gleixner@htw-berlin.de

3 Lund University, Lund, Sweden
andy.oertel@cs.lth.se

4 University of Copenhagen, Copenhagen, Denmark
jn@di.ku.dk

Abstract. It is well known that reformulating the original problem can
be crucial for the performance of mixed-integer programming (MIP)
solvers. To ensure correctness, all transformations must preserve the fea-
sibility status and optimal value of the problem, but there is currently
no established methodology to express and verify the equivalence of two
mixed-integer programs. In this work, we take a first step in this direc-
tion by showing how the correctness of MIP presolve reductions on 0–1
integer linear programs can be certified by using (and suitably extend-
ing) the VeriPB tool for pseudo-Boolean proof logging. Our experimen-
tal evaluation on both decision and optimization instances demonstrates
the computational viability of the approach and leads to suggestions for
future revisions of the proof format that will help to reduce the verbosity
of the certificates and to accelerate the certification and verification pro-
cess further.
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1 Introduction

Boolean satisfiability solving (SAT) and mixed-integer programming (MIP) are
two computational paradigms in which surprisingly mature and powerful solvers
have been developed over the last decades. Today such solvers are routinely used
to solve large-scale problems in practice despite the fact that these problems are
NP -hard. Both SAT and MIP solvers typically start by trying to simplify the
input problem before feeding it to the main solver algorithm, a process known
as presolving in MIP and preprocessing in SAT. This can involve, e.g., fixing
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variables to values, strengthening constraints, removing constraints, or adding
new constraints to break symmetries. Such techniques are very important for
SAT solver performance [6], and for MIP solvers they often play a decisive role
in whether a problem instance can be solved or not, regardless of whether the
solver uses floating-point [2] or exact rational arithmetic [21].

The impressive performance gains for modern combinatorial solvers come
at the price of ever-increasing complexity, which makes these tools very hard
to debug. It is well documented that even state-of-the-art solvers in many
paradigms, not just SAT and MIP, suffer from errors such as mistakenly claim-
ing infeasibility or optimality, or even returning “solutions” that are infeasi-
ble [3,14,27,40,49]. During the last decade, the SAT community has dealt with
this problem in a remarkably successful way by requiring that solvers should use
proof logging, i.e., produce machine-verifiable certificates of correctness for their
computations that can be verified by a stand-alone proof checker. A number
of proof formats have been developed, such as DRAT [36,37,52], GRIT [18],
and LRAT [17], which are used to certify the whole solving process including
preprocessing.

Achieving something similar in a general MIP setting is much more challeng-
ing, amongst others because of the presence of continuous and general integer
variables, which may even have unbounded domains. For numerically exact MIP
solvers [15,21,22] the proof format VIPR [12] has been introduced, but it cur-
rently only allows verification of feasibility-based reasoning, which must preserve
all feasible solutions. In particular, it does not support the verification of dual
presolving techniques that may exclude feasible solutions as long as one optimal
solution remains. This means that while exact MIP solvers could in principle
generate a certificate for the main solving process, such a certificate would only
establish correctness under the assumption that all the presolving steps were
valid, as, e.g., in [21]. And, unfortunately, the proof logging techniques for SAT
preprocessing cannot be used to address this problem, since they can only reason
about clausal constraints.

Our contribution in this work is to take a first step towards verification of
the full MIP solving process by demonstrating how pseudo-Boolean proof logging
with VeriPB can be used to produce certificates of correctness for a wide range
of MIP presolving techniques for 0–1 integer linear programs (ILPs). VeriPB

is quite a versatile tool in that it has previously been employed for certifica-
tion of, e.g., advanced SAT solving techniques [8,35], SAT-based optimization
(MaxSAT) [4,50], subgraph solving [32,33], and constraint programming [34,42].
However, to the best of our knowledge this is the first time the tool has been
used to prove the correctness of reformulations of optimization problems, and
this presents new challenges. In particular, the proof system turns out not to
be well suited for problem reformulations with frequent changes to the objective
function, and therefore we introduce a new rule for objective function updates.

Our computational experiments confirm that this approach to certifying pre-
solve reductions is computationally viable and the overhead for certification
aligns with what is known from the literature for certifying problem transfor-
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mations in other contexts [31]. The analysis of the results reveals new insights
into performance bottlenecks, and these insights directly translate to possible
revisions of the proof logging format that would be valuable to address in order
to decrease the size of the generated proofs and speed up proof verification.

We would like to note that, while our current methods are only applicable to
0–1 ILPs, this covers already a large and important class of MIPs. In particular,
there are applications where the exact and verified solution of 0–1 ILPs is highly
relevant, see [1,23,46] for some examples.

The rest of this paper is organized as follows. After presenting pseudo-
Boolean proof logging and VeriPB in Sect. 2, we demonstrate in Sect. 3 how
to produce VeriPB certificates for MIP presolving on 0–1 ILPs. In Sect. 4 we
report results of an experimental evaluation, and we conclude in Sect. 5 with a
summary and discussion of future work.

2 Pseudo-Boolean Proof Logging with VeriPB

We start by reviewing pseudo-Boolean reasoning in Sect. 2.1, and then explain
our extension to deal with objective function updates in Sect. 2.2. In order to
make the concept of proof logging more concrete, we conclude this section by
providing, in Table 1, a few examples of how the derivation rules explained below
are encoded in VeriPB syntax. For space reasons, this list does not include
examples of subproofs that may be necessary for some derivations that cannot
be proven automatically by VeriPB. Further details on practical aspects and
implementation of pseudo-Boolean proof logging can be found in the software
repository of VeriPB [30].

2.1 Pseudo-Boolean Reasoning with the Cutting Planes Method

Our treatment of this material will by necessity be somewhat terse—we refer the
reader to [9] for more information about the cutting planes method and to [8,31]
for detailed information about the VeriPB proof system and format.

We write x to denote a {0, 1}-valued variable and x as a shorthand for
1 − x, and write � to denote such positive and negative literals, respectively. By
a pseudo-Boolean (PB) constraint we mean a 0–1 linear inequality

∑
j aj�j ≥ b,

where when convenient we can assume all literals �j to refer to distinct variables
and all aj and b to be non-negative (so-called normalized form). A pseudo-
Boolean formula is just another name for a 0–1 integer linear program. For opti-
mization problems we also have an objective function f =

∑
j cjxj that should

be minimized (and f can be negated to represent a maximization problem).
The foundation of VeriPB is the cutting planes proof system [13]. At the

start of the proof, the set of core constraints C are initialized as the 0–1 linear
inequalities in the problem instance. Any constraints derived as described below
are placed in the set of derived constraints D, from where they can later be
moved to C (but not vice versa). Loosely speaking, VeriPB proofs maintain the
invariant that the optimal value of any solution to C and to the original input
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problem is the same. New constraints can be derived from C ∪ D by performing
addition of two constraints or multiplication of a constraint by a positive integer,
and literal axioms � ≥ 0 can be used at any time. Additionally, for a constraint∑

j aj�j ≥ b written in normalized form we can apply division by a positive
integer d followed by rounding up to obtain

∑
j�aj/d��j ≥ �b/d�, and saturation

can be applied to yield
∑

j min{aj , b} · �j ≥ b.
For a PB constraint C

.=
∑

j aj�j ≥ b (where we use .= to denote syntactic
equality), the negation of C is ¬C

.=
∑

j aj�j ≤ b−1. For a partial assignment ρ
mapping variables to {0, 1}, we write C�ρ for the restricted constraint obtained
by replacing variables in C assigned by ρ by their values and simplifying the
result. We say that C unit propagates � under ρ if C�ρ cannot be satisfied unless
� is assigned to 1. If unit propagation on all constraints in C ∪D ∪{¬C} starting
with the empty assignment ρ = ∅, and extending ρ with new assignments as
long as new literals propagate, leads to contradiction in the form of a violated
constraint, then we say that C follows by reverse unit propagation (RUP) from
C∪D. Such (efficiently verifiable) RUP steps are allowed in VeriPB proofs when
it is convenient to avoid writing out an explicit derivation of C from C ∪ D. We
will also write C�ω to denote the result of applying to C a (partial) substitution ω
which can remap variables to other literals in addition to 0 and 1, and we extend
this notation to sets in the obvious way by taking unions.

In addition to the cutting planes rules, which can only derive semantically
implied constraints, VeriPB has a redundance-based strengthening rule that can
derive a non-implied constraint C as long as this does not change the feasibility
or optimal value of the problem. Formally, C can be derived from C∪D using this
rule by exhibiting in the proof a witness substitution ω together with subproofs

C ∪ D ∪ {¬C} � (C ∪ D ∪ {C})�ω ∪ {f ≥ f�ω} , (1)

of all constraints on the right-hand side from the premises on the left-hand side
using the derivation rules above. Intuitively, what (1) shows is that if α is any
assignment that satisfies C ∪ D but violates C, then α ◦ ω satisfies C ∪ D ∪ {C}
and yields at least as good a value for the objective function f .

During presolving, constraints in the input formula can be deleted or replaced
by other constraints, and the proof needs to establish that such modifications
are correct. While deletions from the derived set D are always in order, removing
a constraint from the core set C could potentially introduce spurious solutions.
Therefore, deleting a constraint C from C can only be done by the checked
deletion rule, which requires to show that C could be rederived from C\{C} by
redundance-based strengthening (see [8] for a more detailed explanation).

2.2 A New Rule for Objective Function Updates

When variables are fixed or identified during the presolving process, the objective
function f can be modified to a function f ′. This modified objective f ′ can then
be used in other presolver reasoning. This scenario arises also in, e.g., MaxSAT
solving, and can be dealt with by deriving two PB constraints f ≥ f ′ and
f ′ ≥ f in the proof, which encodes that the old and new objective are equal [4].
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Table 1. Examples of basic derivation rules in VeriPB syntax. Here, (id) refers to the
constraint ID assigned by VeriPB.

Rule Syntax Explanation

cutting planes in

reverse Polish

notation

pol x1 4 + add x1 ≥ 0 and (4)

pol 3 2 d divides (3) by 2

pol 1 2 * ~x1 + multiplies (1) by 2 and adds x1 ≥ 0

redundance-based

strengthening

red +1 x1 >= 1; x1 1 verifies x1 ≥ 1 with ω = {x1 �→ 1}
red +1 x1 +1 x2 >= 1; x1 x2 x2 x1 verifies x1 + x2 ≥ 1 with

ω = {x1 �→ x2, x2 �→ x1}
RUP rup +1 x1 +1 x2 >= 1; verifies x1 + x2 ≥ 1 with RUP

move to core core id 3 moves (3) to the core constraints

deletion from core delc 3 deletes (3) from the core constraints

objective function

update

obju new +1 x1 +1 x2 1; defines x1 + x2 + 1 as new objective

obju diff +1 x1; adds x1 to the objective

Whenever the solver argues in terms of f ′, a telescoping-sum argument with
f ′ = f can be used to justify the same conclusion in terms of the old objective.

However, if the presolver changes f to f ′ and then uses reasoning that needs
to be certified by redundance-based strengthening, then tricky problems can
arise. One of the required proof goals in (1) is that the witness ω cannot worsen
the objective. If ω does not mention variables in f ′, then this is obvious to
the presolver—ω has no effect on the objective—but if ω assigns variables in
the original objective f , then one still needs to derive f ≥ f�ω in the formal
proof, which can be challenging. While this can often be done by enlarging
the witness ω to include earlier variable fixings and identifications, the extra
bookkeeping required for this quickly becomes a major headache, and results in
the proof deviating further and further from the actual presolver reasoning that
the proof logging is meant to certify.

For this reason, a better solution is to introduce a new objective function
update rule that formally replaces f by a new objective f ′, so that all future
reasoning about the objective can focus on f ′ and ignore f . Such a rule needs to
be designed with care, so that the optimal value of the problem is preserved. Due
to space constraints we cannot provide a formal proof here, but recall that intu-
itively we maintain the invariant for the core set C that it has the same optimal
value as the original problem. In agreement with this, the formal requirement
for updating the objective from f to f ′ is to present in the proof log derivations
of the two constraints f ≥ f ′ and f ′ ≥ f from the core set C only.

3 Certifying Presolve Reductions

We now describe how feasibility- and optimality-based presolving reductions
can be certified by using VeriPB proof logging enhanced with the new objec-
tive function update rule described in Sect. 2.2 above. We distinguish between
primal and dual reductions, where primal reductions strengthen the problem for-
mulation by tightening the convex hull of the problem and preserve all feasible
solutions, and dual reductions may additionally remove feasible solutions using
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optimality-based arguments. More precisely, weak dual reductions preserve all
optimal solutions, but may remove suboptimal solutions. Strong dual reductions
may remove also optimal solutions as long as at least one optimal solution is
preserved in the reduced problem. Our selection of methods is motivated by the
recent MIP solver implementation described in [44]. Before explaining the indi-
vidual presolving techniques and their certification, we introduce a few general
techniques that are needed for the certification of several presolving methods.

3.1 General Techniques

Substitution. In order to reduce the number of variables, constraints, and non-
zero coefficients in the constraints, many presolving techniques first try to iden-
tify an equality E

.= xk =
∑

j �=k αjxj + β with αj , β ∈ Q. Subsequently, all
occurrences of xk in the objective and constraints besides E are substituted by
the affine expression on the right-hand side and xk is removed from the problem.
The simplest case when xk is fixed to zero or one, i.e., when β ∈ {0, 1} and all
αj = 0, is straightforward to handle by deriving a new lower or upper bound on
xk. During presolving, every fixed variable is removed from the model. In the
cases where some αj �= 0, first the equation is expressed as a pair of constraints
E≥ ∧ E≤ and then the variable is removed by aggregation as follows.

Aggregation. In order to substitute variables or reduce the number of non-zero
coefficients, certain presolving techniques add a scaled equality s ·E .= s ·E≥ ∧s ·
E≤, s ∈ Q, to a given constraint D. We call this an aggregation. Since VeriPB

certificates expect inequalities with integer coefficients, s is split into two integer
scaling factors sE , sD ∈ Z with s = sE/sD. In the certificate, the aggregation is
expressed as a newly derived constraint

Dnew
.=

{
|sE | · E≥ + |sD| · D if sD

sE
> 0

|sE | · E≤ + |sD| · D otherwise .

Note that the presolving algorithm may decide to keep working with the
constraint (1/sD)Dnew internally. In this case, it must store the scaling factor
sD in order to correctly translate between its own state and the state in the
certificate; this happens in the implementation used in Sect. 4.

Checked Deletion. The derivation of a new constraint Dnew can render a previous
constraint D redundant. A typical example is the case of substituting a variable
above. In a (pre)solver, the previous constraint is overwritten, and in order to
keep the constraint database in the proof aligned with the solver, one may want
to delete the previous constraint from the proof. In order to check the deletion
of D, a subproof is required that proves its redundancy. In most cases, this
subproof contains the “inverted” derivation of Dnew . As an example, consider
an aggregation Dnew

.= D + E≤ with an equality E
.= E≤ ∧ E≥. In this case,

the subproof for the checked deletion is Dnew + E≥. Unless stated otherwise,
the new constraints are moved to the core and redundant constraints are always
removed by inverting the derivation of the constraint that replaces them.
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3.2 Primal Reductions

Primal reductions can be certified purely by implicational reasoning.

Bound Strengthening. This preprocessor [24,47] tries to tighten the variable
domains by iteratively applying well-known constraint propagation to all vari-
ables in the linear constraints. Each reduced variable domain is communicated
to the affected constraints and may trigger further domain changes. This process
is continued until no further domain reductions happen or the problem becomes
infeasible due to empty domains. Specifically, for an inequality constraint

∑

j∈N

ajxj ≥ b (2)

with ak �= 0, we first underestimate akxk via

akxk ≥ b −
∑

j �=k

ajxj ≥ b −
∑

j �=k,aj>0

aj .

If ak > 0, this yields the lower bound

xk ≥
⌈(

b −
∑

j �=k,aj>0

aj

)
/ak

⌉
, (3)

and if ak < 0 we can obtain an analogous upper bound on xk.
The bound change can be proven either by RUP, or more explicitly by stating

the additions and division needed to form (3) from (2) and the bound constraints.
We analyze the effect of both variants in Sect. 4.4.

Parallel Rows. Two constraints Cj and Ck are parallel if a scalar λ ∈ R+ exists
with λ(aj1, . . . , ajn, bj) = (ak1, . . . , akn, bk). Hence, one of these constraints is
redundant and can be removed from the model [2,26]. The subproof for deleting
the redundant rows must contain the remaining parallel row and λ to prove the
redundancy. For a fractional λ the two constraint are scaled to ensure integer
coefficients in the certificate.

Probing. The general idea of probing [1,47] is to tentatively fix a variable xj to
0 or 1 and then apply constraint propagation to the resulting model. Suppose
xk is an arbitrary variable with k �= i, then we can learn fixings or implications
in the following cases:

1. If xj = 0 implies xk = 1 and xj = 1 implies xk = 0 we can add the constraint
xj = 1 − xk. Analogously, we can derive xk = xj in the case that xj = 0
implies xk = 0 and xj = 1 implies xk = 1.

2. If xj = 0 propagates to infeasibility we can fix xj = 1. Analogously, if xj = 1
propagates to infeasibility we can fix xj = 0.

3. If xj = 0 implies xk = 0 and xj = 1 implies xk = 0 we can fix xk to 0.
Analogously, xk can be fixed to 1 if xj = 0 implies xk = 1 and xj = 1 implies
xk = 1.
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Cases 1 and 2 can be proven with RUP. To prove correctness of fixing xk = 1
in Case 3 we first derive two new constraints xk + xj ≥ 1 and xk − xj ≥ 0 in
the proof log by RUP. Adding these two constraints leads to xk ≥ 1. To prove
xk = 0 we derive the constraints xk + xj ≤ 0 and xk − xj ≤ 0 leading to xk = 0.

Simple Probing. On equalities with a special structure, a more simplified ver-
sion of probing called simple probing [2, Sect. 3.6] can be applied. Suppose the
equation

∑

j∈N

ajxj = b with
∑

j∈N

aj = 2 · b and |ak| =
∑

j∈N,aj>0

aj − b

holds for a variable xk with ak �= 0. Let N̂ = {p ∈ N | ap �= 0}. Under these
conditions, xk = 1 implies xp = 0 and xk = 0 implies xp = 1 for all p ∈ N̂ with
ap > 0. Further, xk = 1 implies xp = 1 and xk = 0 implies xp = 0 for all p ∈ N̂
with ap < 0. These implications can be expressed by the constraints

xk = 1 − xp for all p ∈ N̂ with ap > 0 , (4)

xk = xp for all p ∈ N̂ with ap < 0 . (5)

The constraints (4) and (5) can be proven with RUP and used to substitute
variables xp for all p ∈ N̂ from the problem.

Sparsifying the Matrix. The presolving technique sparsify [2,11] tries to reduce
the number of non-zero coefficients by adding (multiples of) equalities to other
constraints using aggregations. This can be certified as described in Sect. 3.1.

Coefficient Tightening. The goal of this MIP presolving technique, which goes
back to [47], is to tighten the LP relaxation, i.e., the relaxation obtained when
the integrality requirements are replaced by xj ∈ [0, 1]. To this end, the coeffi-
cients of constraints are modified such that LP relaxation solutions are removed,
but all integer feasible solutions are preserved. Suppose we are given a constraint∑

j∈N ajxj ≥ b with ak ≥ ε := ak − b +
∑

j �=k,aj<0 aj > 0, then the constraint
can be strengthened to (ak − ε)xk +

∑
j �=k ajxj ≥ b . The case ak < 0 is handled

analogously. This technique is also known as saturation in the SAT commu-
nity [10] and VeriPB provides a dedicated saturation rule that can be used
directly for proving the correctness of coefficient tightening. The deletion of the
original, weaker constraint can be proven automatically.

GCD-Based Simplification. This presolving technique from [51] uses a divisibility
argument to first eliminate variables from a constraint and then tighten its right-
hand side. Given C

.=
∑

j∈N ajxj ≥ b with |a1| ≥ · · · ≥ |an| > 0. We define the
greatest common divisor gk = gcd(a1, . . . , ak) as the largest value g such that
aj/g ∈ Z for all j ∈ {1, . . . , k}. If for an index k it holds that b − gk ·

⌈
b

gk

⌉
≥

∑
k<j≤n,aj>0 aj and b − gk ·

⌈
b

gk

⌉
− gk ≤ ∑

k<j≤n,aj<0 aj , then all ak+1, . . . , an

can be set to 0. This first step can be certified as weakening [41] and VeriPB

provides an out-of-the-box verification function for it. Finally, b can be rounded
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to gk · �b/gk�. This rounding step can be certified by dividing C with gk and
then multiply it again with gk.

Substituting Implied Free Variables. A variable xj is called implied free if its lower
bound and its upper bound can be derived from the constraints. For example,
the constraints x1 − x2 ≥ 0 and x2 ≥ 0 imply the lower bound x1 ≥ 0. If we
have an implied free variable xj in an equality E

.= ajxj +
∑

k �=j akxk = b
with aj > 0, then we can remove xj from the problem by substituting it with
xj =

(
b − ∑

k �=j akxk

)
/aj , see [2] for details.

To apply the substitution in the certificate we use aggregations to remove
xj from all constraints and the objective function update to remove xj from
the objective. If coefficients cj/aj or ak/aj are non-integer, then the resulting
constraints are scaled as described in Sect. 3.1. To prove the deletion of E, we
derive two constraints by adding xj ≥ 0 and 1 ≥ xj to E each, which results in

b ≥
∑

k �=j

akxk ∧
∑

k �=j

akxk ≥ b − aj . (6)

Then the deletion of E≥ can be certified by a witness ω = {xj 
→ 1}. The
constraint simplifies to (6) and is therefore fulfilled. Analogously, we use the
witness ω = {xj 
→ 0} to certify the deletion of E≤. Finally, to delete the con-
straints in (6) we generate a subproof that shows that negation of the auxiliary
constraints in (6) leads to xj �∈ {0, 1}. This is a contradiction to the implied
variable bounds 0 ≤ xj ≤ 1. Since these bounds are still present through the
implying constraints, we can add these implying constraints to (6) in the sub-
proof to arrive at a contradiction.

Singleton Variables. It is well-known that variables that appear only in one
inequality constraint or equality can be removed from the problem [2, Sect. 5.2].
This can be certified by applying one of the following primal or dual strategies
in this order: First, try to apply duality-based fixing, see Sect. 3.3; second, an
implied free singleton variable can be substituted as explained above; otherwise,
the singleton variable can be treated as a slack variable: substitute the variable in
the objective, then relax the equality as in (6), and delete the original constraint.

3.3 Dual Reductions

Dual reductions remove solutions while preserving at least one optimal solu-
tion. Hence, to prove the correctness of dual reductions we need to involve the
redundance-based strengthening rule of VeriPB. For each derived constraint C
we only explain how to prove f ≥ f�ω (subject to the negation ¬C); the proof
goals for C�ω can be derived in a very similar fashion.

Duality-Based Fixing. This presolving step described in [2, Sect. 4.2] counts
the down- and up-lock of a variable. A down-lock on variable xj is a negative
coefficient, an up-lock on variable xj is a positive coefficient (for ≥ constraints).
If xj has no down-locks and cj ≤ 0, it can be fixed to zero; if xj has no up-
locks and cj ≥ 0, it can be fixed to one. These reductions can be certified with
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redundance-based strengthening using the witness ω = {xj 
→ v}, where v is the
fixing value. The proof goal for f ≥ f�ω is equivalent to cjxj ≥ cjv, which is
fulfilled by the conditions of duality-based fixing.

Dominated Variables. A variable xj is said to dominate another variable xk [2,
25], in notation xj � xk, if

cj ≤ ck ∧ aij ≥ aik for all i ∈ {1, . . . ,m} , (7)

where aij and aik are the coefficients of variable xj and xk, respectively, in the
i-th constraint. Variable xj is then favored over xk since xj contributes less
to the objective function, but more to the feasibility of the constraints. For
every domination xj � xk, a constraint C

.= xj ≥ xk can be introduced. This
constraint can be certified by redundance-based strengthening with the witness
ω = {xk 
→ xj , xj 
→ xk}. The proof goal for f ≥ f�ω is equivalent to

cjxj + ckxk ≥ cjxk + ckxj . (8)

The negated constraint ¬C
.= xj < xk leads to xk = 1 and xj = 0. Substituting

these values in (8) leads to ck ≥ cj , which follows directly from Condition (7).

Dominated Variables Advanced. For an implied free variable we can drop the vari-
able bounds and pretend the variable is unbounded. This allows for additional
fixings in the following cases of dominated variables:

(a) If the upper bound of xj is implied and xj � xk, then xk = 0.
(b) If the lower bound of xk is implied and xj � xk, then xj = 1.
(c) If the upper bound of xj is implied and xj � −xk, then xk = 1.
(d) If the lower bound of xj is implied and −xj � xk, then xj = 0.

We use redundance-based strengthening with witness ω = {xk 
→ 0} to prove the
correctness of (a) as follows. If the upper bound of xj is implied, this means there

exists a constraint with aij < 0 such that xj ≤
⌊

b�−∑
� �=j,ai�>0 ai�

aij

⌋
= 1 . Due to

Condition (7), it must hold that 0 > aij ≥ aik, and the constraint xj + xk ≤
1 can be derived. Hence, negating and propagating C

.= xk = 0 with RUP
leads to contradiction, which proves the validity of C. Case (b) can be handled
analogously using the witness ω = {xk 
→ 1}. To derive C

.= xk = 1 in (c) we
use redundance-based strengthening with witness ω = {xk 
→ 1, xj 
→ 1}. Then,
the proof goal for f ≥ f�ω is cj · xj + ck · xk ≥ cj + ck. After propagating ¬C,
this becomes equivalent to cj ≤ −ck, which is true by Condition (7). Case (d)
can be handled analogously using the witness ω = {xk 
→ 0, xj 
→ 0}.

3.4 Example

We conclude this section with an example of a small certificate for the substi-
tution of an implied free variable in Fig. 1, also available with a more detailed
description at the software repository of PaPILO [38]. Consider the 0–1 ILP

min x1 + x2 s.t. x1 + x2 − x3 − x4 = 1 , (9)
−x1 + x5 ≥ 0 , (10)



320 A. Hoen et al.

* generates ID 4:
pol 1 ~x1 + ;
core id 4
* generates ID 5:
pol 2 x1 + ;
core id 5

* generates ID 6:
pol 3 1 + ;
core id 6
delc 3 ; ; begin

pol 6 2 +
end
obju new +1 x3 +1 x4 1 ;

delc 2 ; x1 -> 0
delc 1 ; x1 -> 1
delc 5
delc 4 ; ; begin

pol 6 -1 +
end

Fig. 1. A VeriPB certificate to substitute an implied free variable x1.

in which the lower bound of x1 is implied by (9) and the upper bound of x1 is
implied by (10). Hence, x1 is implied free and we can use (9) to substitute it.

In the left section of Fig. 1 we first derive the two auxiliary constraints

0 ≤ x2 − x3 − x4 ≤ 1 , (11)

which receives the constraint IDs 4 and 5 and are moved to the core. Note that
the equality in (9) is split into two inequalities with IDs 1 and 2. In the middle
section, we first remove x1 from (10) by aggregation with (9), perform checked
deletion, then remove x1 from the objective (automatically proven by VeriPB).
Last, in the right section, we delete the equality in (9) used for the substitution
and the auxiliary constraints in (11) and arrive at the reformulated problem
min x3 + x4 + 1 s.t. x2 − x3 − x4 + x5 ≥ 1. From here, we could continue to
derive x2 = 1 by duality-based fixing, since x2 has zero up-locks and objective
coefficient zero. This displays the importance of the objective update, as without
it x2 would still contribute to the objective with a positive coefficient, and this
would prohibit duality-based fixing to 1.

4 Computational Study

In this section we quantify the cost of certifying presolve reductions in a state-
of-the-art implementation for MIP-based presolve (Sect. 4.2) and the cost of
verifying the resulting certificates (Sect. 4.3). In Sect. 4.4, we analyze the impact
of certifying constraint propagation by RUP or by an explicit cutting planes
proof.

4.1 Experimental Setup

For generating the presolve certificates we use the solver-independent presolve
library PaPILO [44], which provides a large set of MIP and LP techniques from
the literature, described in Sect. 3. Additionally, it accelerates the search for pre-
solving reductions by parallelization, encapsulating each reduction in a so-called
transaction to avoid expensive synchronization [28]. Logging the certificate, how-
ever, is performed sequentially while evaluating the transactions.

We base our experiments on models from the Pseudo-Boolean Competition
2016 [45] including 1398 linear small integer decision and 532 linear small inte-
ger optimization instances of the competitions PB10, PB11, PB12, PB15, and
PB16 and 295 decision and 145 optimization instances from MIPLIB 2017 [29] in
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the OPB translation [19], excluding 10 large-scale instances1 for which PaPILO

reaches the memory limit. This yields a total of 671 optimization and 1681 deci-
sion instances. We use PaPILO 2.2.0 [39] running on 6 threads and Veri-

PB 2.0 [30]. The experiments are carried out on identical machines with an 11th
Gen Intel(R) Core(TM) i5-1145G7 @ 2.60 GHz CPU and 16 GB of memory and
are assigned 14,000 MB of memory. The strict time limit for presolve plus certifi-
cation and verification is three hours. Times (reported in seconds) do not include
the time for reading the instance file. For all aggregations, we use the shifted
geometric mean with a shift of 1 s.

4.2 Overhead of Proof Logging

In the first experiment, we analyze the overhead of proof logging in PaPILO.
The average results are summarized in Table 2, separately over decision (dec)
and optimization (opt) instances for PB16 and MIPLIB. Column “relative”
indicates the average slow-down incurred by printing the certificate.

The relative overhead of proof logging is less than 6% across all test sets.
VeriPB supports two variants to change the objective function. Either printing
the entire objective (obju new) or printing only the changes in the objective
(obju diff). In our experiments, we only print the changes, since printing the
entire objective for each change can lead to a large certificate and overhead,
especially for instances with large and dense objective functions. On the PB16

instance normalized-datt256, for example, PaPILO finds 135 206 variable
fixings. Updating the entire objective function with 262 144 non-zeros for each
of these variables leads to a huge certificate of about 138 GB and increases the
time from 3.3 s (when printing only the changes) to 6625 s.2

For 99% of the instances, we can further observe that the overhead per applied
reduction is below 0.001·10−3 s over both test sets. This means that the proof log-
ging overhead is not only small on average, but also small per applied reduction
on the vast majority of instances. These results show that the overhead scales
well with the number of applied reductions and that proof logging remains viable
even for instances with many transactions. Here, under applied reductions we
subsume all applied transactions and each variable fixing or row deletion in the
first model clean-up phase. During model clean-up, PaPILO fixes variables and
removes redundant constraints from the problem. While PaPILO technically
does not count these reductions as full transactions found during the parallel
presolve phase, their certification can incur the same overhead.

4.3 Verification Performance on Presolve Certificates

In this section, we analyze the time to verify the certificates generated by
PaPILO. The results are summarized in Table 3. The “verified” column lists
1
normalized-184, normalized-pb-simp-nonunif, a2864-99blp, ivu06-big, ivu59,
supportcase11, a2864-99blp.0.s/u, supportcase11.0.s/u.

2 Certificate generated on Intel Xeon Gold 5122 @ 3.60GHz 96 GB with 50,000 MB
of memory assigned.



322 A. Hoen et al.

Table 2. Runtime comparison of PaPILO with and without proof logging.

test set size default [s] w/proof log [s] relative

PB16-dec 1397 0.06 0.06 1.00

MIPLIB-dec 291 0.42 0.43 1.02

PB16-opt 531 0.65 0.66 1.02

MIPLIB-opt 142 0.33 0.35 1.06

Table 3. Time to verify the certificates. VeriPB timeouts are treated with PAR2.

test set size verified PaPILO time [s] VeriPB relative time w.r.t.

default w/proof log time [s] default w/proof log

PB16-dec 1397 1397 0.06 0.06 0.88 14.67 14.67

MIPLIB-dec 291 267 0.42 0.43 9.64 22.85 22.42

PB16-opt 531 520 0.65 0.66 10.44 16.06 15.82

MIPLIB-opt 142 139 0.33 0.35 5.25 15.91 15.00

the number of instances verified within 3 h. VeriPB timeouts are counted as
twice the time limit, i.e., PAR2 score. Similar to Table 2, the “relative” columns
report the relative overhead of VeriPB runtime compared to PaPILO.

First note that all certificates are verified by VeriPB (partially on the
38 instances where VeriPB times out). On average, it takes between 14.7 and
22.4 times as much time to verify the certificates than to produce them. Never-
theless, some instances take a longer than average time to verify. Over all test
sets, 25% of the instances have an overhead of at least a factor of 193, see also
Fig. 2.

To put this result into context, note that presolving amounts more to a
transformation than to a (partial) solution of the problem. Each reduction has
to be certified and verified while a purely solution-targeted algorithm may be
able to skip certifying of a larger part of the findings that are not form a part of
the final proof of optimality. Hence, it makes sense to compare the performance
of VeriPB on presolve certificates to the overhead for, e.g., for verifying CNF
translations [31]. For this study, a similar performance overhead is reported as
in Fig. 2.

4.4 Performance Analysis on Constraint Propagation

Finally, we investigate how the performance of VeriPB depends on whether
we use RUP (as in Sect. 4.2 and Sect. 4.3) or explicit cutting planes deriva-
tions (POL) to certify bound strengthening reductions from constraint propaga-
tion. Here, we additionally exclude 9 large-scale instances3 for which PaPILO

3
neos-4754521-awarau.0.s, neos-827015.0.s/u, neos-829552.0.s/u, s100.0.s/u,
normalized-datt256, s100.
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Fig. 2. Running times of VeriPB vs. PaPILO on test sets PB16 (left) and MIPLIB

(right), including all instances with more than 1 s in VeriPB and less than 30 min in
PaPILO, and excluding timeouts. Green + signs mark optimization and blue × signs
mark decision instances. (Color figure online)

reaches the memory limit when certifying with POL. The results are summarized
in Table 4. The “verified” column contains the number of instances verified by
VeriPB within the time limit. The “time” column reports the time for verifi-
cation.

Deriving the propagation directly with cutting planes is 3.2% faster on PB16-
dec, 2.8% faster on MIPLIB-dec, 13.1% faster on MIPLIB-opt, and 0.7% faster
on PB16-opt. On 95% of the decision instances using RUP is at most 9.7%
slower. While it is expected that verification is faster when the cutting planes
proof is given explicitly, it is surprising that the performance difference between
the methods is not more pronounced. This is partly due to the cost of the
watched-literal scheme [43,48] used by VeriPB for unit propagation. The over-
head of maintaining the watches is present regardless of whether (reverse) unit
propagation is used or not. Furthermore, unit propagation is also used for auto-
matically verifying redundance-based strengthening. Together, this limits the
potential for runtime savings by providing the explicit cutting planes proof.

Furthermore, providing an explicit cutting planes proof for propagation
requires printing the constraint into the certificate. Hence, the certificate size
becomes dependent on the number of non-zeros in the constraints leading to
propagations. In contrast, the overhead of RUP is constant and much smaller.

All in all, these results suggest to prefer RUP when deriving constraint prop-
agation since it barely impacts the performance of VeriPB and keeps the size of
the certificate smaller. The computational cost of RUP could be further reduced
by extending it to accept an ordered list of constraints that shall be propagated
first, similar as in [16]. Such an extension could also be used for other presolving
techniques, in particular probing and simple probing.
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Table 4. Comparison of the runtime of VeriPB with RUP and POL over instances
with at least 10 propagations.

test set size RUP POL relative

verified time [s] verified time [s]

PB16-dec 284 284 2.21 284 2.14 0.968

MIPLIB-dec 35 31 153.23 31 148.88 0.972

PB16-opt 153 142 28.43 142 28.22 0.993

MIPLIB-opt 16 14 147.11 14 127.83 0.869

5 Conclusion

In this paper we set out to demonstrate how presolve techniques from state-
of-the-art MIP solvers can be equipped with certificates in order to verify the
equivalence between original and reduced models. Although the pseudo-Boolean
proof logging format behind VeriPB [7] was not designed with this purpose in
mind, we could show that a limited extension needed for handling updates of
the objective function is sufficient to craft a certified presolver for 0–1 ILPs.

However, our experimental study on instances from pseudo-Boolean competi-
tions and MIPLIB also exhibited that the verification of MIP-based presolving
can suffer from large and overly verbose certificates. To shrink the proof size
we introduced a sparse objective update function but identified further possi-
ble improvements. First, a native substitution rule in VeriPB would remove
the need for the explicit derivation of new aggregations and the verification of
checked deletion as described in Sect. 3.1. For instances where presolving is dom-
inated by substitutions, we estimate that this would reduce certificate sizes by
up to 90%, and no more time would be spent on checked deletion for substitu-
tions. Second, augmenting the RUP syntax by the option to specify an ordered
list of constraints to propagate first, similarly as in [16], would accelerate RUP,
in particular for fast verification of bound strengthenings by constraint propa-
gation.

While VeriPB is currently restricted to operate on integer coefficients only,
the certification techniques presented in Sect. 3 do not rely on this assumption
and are applicable to general binary programs. It has been shown how to con-
struct VeriPB certificates for bounded integer domains [34,42], and within the
framework of the generalized proof system laid out in [20], our certificates would
even translate to continuous and unbounded integer domains. To conclude, we
believe our results show convincingly that this type of proof logging techniques
is a very promising direction of research also for MIP presolve beyond 0–1 ILPs.
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Abstract. Job-Shop Scheduling Problem (JSSP) is a combinatorial
optimization problem where tasks need to be scheduled on machines in
order to minimize criteria such as makespan or delay. To address more
realistic scenarios, we associate a probability distribution with the dura-
tion of each task. Our objective is to generate a robust schedule, i.e. that
minimizes the average makespan. This paper introduces a new approach
that leverages Deep Reinforcement Learning (DRL) techniques to search
for robust solutions, emphasizing JSSPs with uncertain durations. Key
contributions of this research include: (1) advancements in DRL appli-
cations to JSSPs, enhancing generalization and scalability, (2) a novel
method for addressing JSSPs with uncertain durations. The Wheatley
approach, which integrates Graph Neural Networks (GNNs) and DRL,
is made publicly available for further research and applications.

Keywords: Job Shop Scheduling Problem · Uncertainty · Graph
Neural Network · Deep Reinforcement Learning

1 Introduction

Job-shop scheduling problems (JSSPs) are combinatorial optimization problems
that involve assigning tasks to resources (e.g., machines) in a way that minimizes
criteria such as makespan, tardiness, or total flow time. While the scheduling of
production resources plays an important role in many industries, the JSSPs for-
mulation lacks the handling of uncertainty due to its simplifying assumptions.
This leads to several direct practical consequences, such as scheduling from fixed
factors which can have significant impact on scheduling performance, and ignor-
ing machine breakdowns or material shortages, leading to poor solutions when
faced with real-world uncertainty.

A lot of combinatorial optimization problems are NP-complete, and while
there has been a lot of progress in solvers performance [5], classical approaches
remain often impractical on large instances. Therefore, approximation and
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
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heuristics-based methods have been proposed [20]; but handling uncertainty
within these methods remains challenging. Recent works have considered learn-
ing algorithms for such problems and report early advances with deep reinforce-
ment learning (DRL) techniques [6,11,27]. Because it models the world as a
runnable environment, and the algorithm learns directly from it, DRL does offer
a more natural way to handle uncertainty with JSSPs. As Reinforcement Learn-
ing methods are robust to noise, the uncertainty in the problem statement, which
is reflected in the learner’s environment, is naturally handled by the algorithm.

We present two contributions for tackling JSSP with uncertain durations.
First, this work shows a range of improvements over the DRL and JSSPs

literature, from neural network architectures to training hyper-parameters and
reward definitions. These directly lead to better generalization and scalability,
both to same-size problems and to larger problems.

Second, the proposed method solves JSSPs with uncertain duration, that
beats optimal deterministic solutions on expected uncertainty. This is relevant
to the general use-case where uncertainty cannot be known in advance and where
the best deterministic schedule uses expected uncertainty on tasks duration.

Overall, this leads to a very flexible and efficient approach, capable of natu-
rally handling duration uncertainty, with top results on existing Taillard bench-
marks while setting a new benchmark reference for JSSPs with uncertain dura-
tions with DRL-based solving approaches. The approach, code-named Wheat-
ley, combines Graph Neural Networks (GNNs) and DRL techniques. The code is
made available under an Open Source license at https://github.com/jolibrain/
wheatley/.

The paper is organized as follows: related works are introduced in Sect. 2,
then the JSSP with uncertainty is formalized as a Markov Decision Process
(MDP) in Sect. 3. In Sect. 4, we detail the core technical contributions. Section 5
is dedicated to experiments on both deterministic and stochastic JSSPs. Finally,
we conclude and discuss future works in Sect. 6.

2 Related Work

This section provides an overview of techniques developed to address both deter-
ministic and stochastic versions of the Job hop Scheduling Problem [25].

Deterministic JSSPs. Mathematical programming, including techniques such as
Constraint Programming (CP) or Integer Linear Programming (ILP), has been
favored for solving JSSPs due to its precision and ability to model complex
scheduling problems. However, the time and resources required to achieve solu-
tions can be very high for large scenarios [5].

Priority Dispatching Rules (PDRs), are heuristic-based strategies that assign
priorities to jobs based on predefined criteria; they make local decisions at each
step by picking the highest priority job. Common criteria used in PDRs include
the Shortest Processing Time (jobs with the shortest processing time are given
priority) and the Earliest Due Date (jobs due the earliest are prioritized). This
simplifies the scheduling process, making PDRs particularly useful for real-time

https://github.com/jolibrain/wheatley/
https://github.com/jolibrain/wheatley/
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or large-scale scenarios where rapid decision-making is essential. However, while
PDRs are computationally efficient, they rarely yield the optimal solution. A
comprehensive evaluation can be found in [20].

Recently, there has been a surge in machine learning and data-driven
approaches to solve JSSPs. Instead of relying on handcrafted heuristics, the
Learning to Dispatch strategy (L2D) uses machine learning to emulate success-
ful dispatching strategies, as described in [28]. A significant advantage of this
method is its size-agnostic nature, as it uses the disjunctive graph representation
of the JSSPs. Graph Neural Networks (GNNs) process these graphs to capture
intricate relations between operations and their constraints. Deep Reinforcement
Learning (DRL) guides the decision-making process, optimizing scheduling deci-
sions based on the features extracted by the GNNs. In [16], the authors leverage
a GNN to convert the JSSP graph into node representations. These represen-
tations assist in determining scheduling actions. Proximal Policy Optimization
(PPO) is employed as a training method for the GNN-derived node embeddings
and the associated policy. This method employs an event-based simulator for the
JSSP and directly incorporates times into the states of the base Markov Decision
Process. This specificity complicates its adaptation to uncertain scenarios. [22]
also uses GNNs and PPO for addressing the flexible job-shop problem where the
agent also has to choose machines for tasks; the authors add nodes for machines
and use two different types of message-passing. The same problem is addressed
using a bipartite graph and custom message passing in [9], with good results.
The Reinforced Adaptive Staircase Curriculum Learning (RASCL) approach [8]
is a Curriculum Learning method that adjusts difficulty levels during learning
by dynamically focusing on challenging instances.

Robustness in JSSPs. Stochastic JSSPs (SJSSP) account for uncertainties in
processing times by modeling them as random variables. Some techniques use
classic solvers to generate robust solutions by anticipating potential disruptions
or modeling worst-case scenarios. For instance, in [13], for a given JSSP, several
processing times scenarios are sampled. The objective is therefore to generate a
unique schedule that is good for all sampled scenarios. PDRs can also be used but
they can lack a global view, as in the deterministic case. Several works address
SJSSP through meta-heuristics, as described in [2]. Other techniques involving
genetic algorithms and their hybridization are also widely used [3,21]. [1] intro-
duces a way to robustify solution to deterministic relaxation of the SJSSP. [14]
presents a both proactive and reactive scheduling: a multi-agent architecture is
responsible for the proactive robust scheduling and a repair procedure is involved
for machine breakdown and arrival of rush jobs.

Some works address the dynamic variant of SJSSP, in which new jobs can
arrive at any time. [26] is a review of such extensions along with correspond-
ing proposed solving methods. Classical approaches involve complex mathemat-
ical programming models that do not scale well [15]. Online reactive recovery
approaches are a possible solution if no robust solution is available [17]. More
recent approaches explore the use of using DRL and GNN [12]. However, to the
best of our knowledge, there are no work that use such techniques for the SJSSP.
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3 JSSP with Uncertainty as a MDP

In this section, we first recall the JSSP definition. Then, we describe how to
represent uncertainty and define the corresponding MDP. We finally present
how to use Reinforcement Learning (RL) for solving the MDP.

3.1 Background

A JSSP is defined as a pair (J ,M), where J is a set of jobs and M is a set of
machines. Each job Ji ∈ J must go through ni machines in M in a given order
Oij → ... → Oini

, where each element Oij(1 ≤ j ≤ ni) is called an operation of
Ji. The binary relation → is a precedence constraint. The size of a JSSP instance
is classically denoted as |J | × |M|. In the following, the set of all operations is
denoted O. To be executed, each operation Oij ∈ O requires a unique machine
mij ∈ M during a processing time denoted pij (pij ∈ N

+). Each machine can
only process one job at a time, and preemption is not allowed.

A solution σ of a JSSP instance is a function that assigns a start date
Sij to each operation Oij so that precedence between operations of each job
are respected and there is no temporal overlap between operations that are
performed on the same machine. The completion time of an operation Oij ,
is Cij = Sij + pij . A solution σ is optimal if it minimizes the makespan
Cmax = maxOij∈O{Cij}, i.e. the maximal completion time of operations.

As described in [18], the disjunctive graph is defined by G = (O, C,D) of a
JSSP (J ,M) as:

– O is the set of vertices, i.e. there is one vertex for each operation o ∈ O;
– C is a set of directed arcs representing the precedence constraints between

operations of each job (conjunctions);
– D is a set of edges (disjunctions), each of which connects a pair of operations

requiring the same machine for processing.

Figure 1a shows the disjunctive graph of a JSSP with 3 jobs and 3 machines.
A selection is a state of the graph in which a direction is chosen for some edges
in D, denoted DO. If an edge (Oij ,Oi′j′) in D becomes oriented (in that order),
then it represents that operation Oij is performed before Oi′j′ on their associated
machine. A selection is valid if the set of oriented arcs (C ∪DO) makes the graph
acyclic. A solution σ can be defined by a valid selection in which all edges in D
have a direction (D = DO) and in which start dates of operations are the earliest
possible dates consistent with the selection precedences, as done in a classical
Schedule Generation Scheme (SGS). Figure 1b illustrates a valid selection for the
toy JSSP instance of Fig. 1a.

3.2 Representing Uncertainty

JSSPs can be easily extended with duration uncertainty as bounds on tasks’
duration, and effect uncertainty as failure outcomes of a task. While task fail-
ures could be represented using special nodes representing completely different
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O11 O12 O13

O21 O22 O23

O31 O32 O33

(a) Disjunctive graph example in which
each color represents a different machine

O11 O12 O13

O21 O22 O23

O31 O32 O33

(b) Selection example with
DO = {(O11,O22), (O11,O32), (O22,O32),
(O21,O31), (O21,O13)}

Fig. 1. Disjunctive graph representation

outcomes, this would push the boundaries outside JSSP formal capabilities. In
this work, failures are handled as retries that consume an uncertain time duration
a fixed maximum number of times. In the following, we focus on uncertain task
duration as a generic enough scheme to capture relevant uncertainty use-cases.

In the JSSP definition, every operation Oij has a deterministic processing
time pij . We extend this definition by considering that processing times are not
known in advance, but that each operation Oij has an associated probability
distribution Pij over its possible duration values. The objective is to minimize
the average makespan, that is formally defined by maxOij∈O

∫ +∞
0

(Sij+pij ) dPij .

3.3 Sequential Decision Making

The scheduling problem boils down to a Markov Decision Process. Inputs of the
problem are the the original disjunctive graph G = (O, C,D) and the probability
distribution over duration values Pij associated with each operation Oij .

State. The state st at decision step t is defined by:

– the current selection DO
t ,

– the set of already scheduled operations St at step t.

The initial state s0 is the disjunctive graph representing the original JSSP
instance with DO

0 = ∅ and S0 = ∅. The terminal state sT is a complete solution
where DO

T = D, i.e. all disjunctive arcs have been assigned a direction, and
ST = O, i.e. all operations have been scheduled.

Actions. At each step t, candidate actions consist in selecting an operation Oij

to put directly after the last scheduled operation on the corresponding machine.
This is a simple way to ensure that cycles are never added in G. Intuitively, it
consists in choosing an operation to do before all the ones that have not yet
been scheduled, and update the current selection accordingly. Furthermore, we
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force that an operation is a candidate for selection only if its preceding tasks in
the same job have been scheduled. As exactly one operation is scheduled at each
step, the final state is reached at step T = card(O).

Candidates actions At at step t are formally defined by At = {Oij ∈
O | Oij /∈ St and ∀j′ < j,Oij′ ∈ St}.

Transitions. If the chosen action at step t consists in selecting the operation Oij

in At, then it leads to adding Oij to the scheduled operations set and adding
the arc (Okl,Oij) to DO for each operation Okl scheduled at step t on the same
machine. Formally, this gives:

– St+1 = St ∪ {Oij}
– DO

t+1 = DO
t ∪ {(Okl,Oij) ∈ D | Okl ∈ St and mkl = mij}

Reward/Cost. In most approaches to solve MDPs with reinforcement learning, it
is preferred to use non-sparse rewards, i.e. an informative reward signal at every
step. For instance the authors of [28] propose to use the difference of makespan
induced by the affectation of the task, as this naturally sums to makespan at the
end of the trajectory. With the presence of uncertainty, while we could compute
bounds on the makespan in the same way, it is not obvious to aggregate such
bounds into a uni-dimensional reward signal.

We use a different approach: we draw durations only when the schedule is
complete (at time T ) and give it as a cost. Start date of each operation is its
earliest possible date considering conjunctive and disjunctive precedence arcs in
the solution. All other rewards are null. Formally, it is defined as follows:

– ∀t < T , rt = 0;
– rT = maxOij∈O(Sij + psample

ij ) where psample
ij ∼ Pij .

As reinforcement learning aims at minimizing the expectation of costs sum
along trajectories, this corresponds to our objective of minimizing the average
makespan.

3.4 Solving the MDP with Reinforcement Learning

We use a reinforcement learning setup, where the agent selects tasks to sched-
ule, and gets corresponding partial schedules as observation along with rewards.
Using this modeling, effects of actions are deterministic (as they only add edges
in the graph), all uncertainty is in the reward value.

The objective is to find a policy that minimizes the average makespan over
a set of test problems that are not used during the training phase. To do so, we
use a simulator that generates problems that are close to the test problems, and
aim at obtaining a policy that minimizes the expectation of makespan along the
problems generated by the simulator. Such a policy has to be able to generalize
to test problems, i.e. give good results without further learning. As the only
source of uncertainty is the durations for which parameters only are observable,
we want our parametric policy to be able to adapt to these parameters.
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Algorithm. In order to learn a policy, we consider a parametric policy and use
the Proximal Policy Optimization (PPO) algorithm [19], with action masking
[7]. PPO is an on-policy actor-critic RL algorithm. Its current stochastic policy
is the actor, while the critic estimates the quality of the current state. More
precisely, as shown in Algorithm 1, the algorithm starts by randomly initial-
izing parameters of policy (actor) and value function estimator (critic). Then,
for a given number of iterations, it collects trajectory data in the form of a
tuple (observation, action,next observation) from train problem instances where
actions are chosen using current stochastic policy. It then computes makespan
values corresponding to train instances by sampling durations and applying cho-
sen order of actions. Using this, it computes returns at every timestep, then
advantages (difference of sampled returns to value estimation) using current
critic. Observed graphs are then rewired (see Sect. 4.1). The PPO update algo-
rithm itself samples a subset of corresponding observations, actions, advantages,
value prediction and returns, then updates the actor parameters (including
GNN) using the gradient of the advantages, and updates the critic (includ-
ing GNN) using gradient of mean square error between the critic value and the
observed returns. This PPO update is repeated a small number of times or until
the variation in the policy would lead to out-of-distribution critic estimations
(because samples are collected using the old policy, i.e. the one before PPO
updates).

We then evaluate the current policy (actor) by playing the argmax of the
stochastic policy on a given set of validation problems. We repeat these steps
until the policy does not seem to improve on validation instances (the N in the
external for loop is an upper bound on the number of iterations, which is set to
a large value and the for loop is interrupted manually).

4 GNN Implementation: Rewiring, Embedding
and Addressing Uncertainty

An overview of the architecture is shown in Fig. 2. The agent takes as an input a
partial schedule in the form of a graph, as in Fig. 1b. Several elements, described
in this section, are within the actor and allow to choose one action. This action
is treated by the simulator to update the schedule graph by adding arcs and
simulates the uncertainty when the last state is reached. Note that PPO uses
the schedule graph, the action, the reward and the value estimation in order to
update the embedders and the GNN.

4.1 Graph Rewiring and Embedding

The representation above allows to model partial schedules (where some con-
flicts are not resolved) as disjunctive graph representation. Generally speaking,
Message-Passing Graph Neural Networks (MP-GNN) use the graph structure as
a computational lattice, meaning that information has to follow the graph adja-
cencies and only them. We thus have to make the difference between the input



336 G. Infantes et al.

Algorithm 1: General algorithm
1 Generate validation instances, compute heuristic and ortools performance on

these instances
// actor is ∼ current policy πθ

2 Init actor
// critic is ∼ value function estimator

3 Init critic
4 for i = 1, 2, . . . N do

// Collect dataset
5 Generate train instances
6 Collect trials data Di = ((st, at, rt, st+1), ...) using current actor
7 For each trial : sample makespan using system simulator (= final cost)
8 Compute returns on trials
9 Compute advantages on trials using current critic

10 Rewire graphs in trial data
// PPO update algorithm

11 repeat
12 Sample a minibatch of n data points over shuffled collected data
13 Update actor over the minibatch data towards advantage maximization
14 Update critic by MSE regression
15 until max number of iterations or too large KL-divergence between current

and updated policy
16 Evaluate current policy (actor) on validation instances

Graph
Rewirer

Node
Embedder

Edge
Embedder

GNN

Value
Estimator

Action
Selector

graph
logit

nodes
logits

Agent

Graph
Update

System
Simulator

(uncertainty)
⇒

Simulator

Action
Oij

Partial
Schedule
Graph

PPO

update parameters

reward

value

Fig. 2. General Architecture
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graph and the graph used by the MP-GNN. This is known as “graph rewiring” in
the MP-GNN literature. In our case, if we use only precedencies as adjacencies,
this would mean the we explicitly forbid information to go from future tasks to
present choice of dispatch, which is definitely not what we want: we want the
agent to choose task to dispatch based on effects on future conflicts, meaning
that we want information go from future to present task.

Precedences. In order to have a rewired graph as small as possible, we remove
from DO all edges that are not necessary to obtain the complete order. For
instance, we remove from Fig. 1b, the edge (O11,O32). Links are then added in
the rewired graph in both directions for every precedence, with different types
for precedence and reverse-precedence edges. This enables learned operators to
differentiate between chronological and reverse-chronological links and allows the
network to pass information in a forward and backward way, depending on what
is found useful during learning phase.

Conflicts. Remains the challenge of allowing message circulation between tasks
sharing the same machine in the GNN. Two options are possible: 1) adding a node
representing a machine with links to tasks using the machine and edges in both
directions (from tasks to this machine node and in the opposite direction), or 2)
directly connecting tasks that share a machine, resulting in a clique per machine
in the message-passing graph. In this paper, we choose the second approach as
it showed better results than the first one in preliminary experiments (Fig. 3).

O11 O12 O13

O21 O22 O23

O31 O32 O33

Jobs precedence (C)

+ scheduling precedence choices

Backward jobs precedence

+ backward scheduling prec. choices

Machines conflicts

Fig. 3. Rewired graph example with precedences, backward precedences and conflicts
as cliques. Each type of arc on the right has its own encoding. Operations O11, O21,
O22 and O31 have here been scheduled in this order.

Edge Attributes. They are used to give explicitly a different type to edges, allow-
ing the network to learn to pass different messages for reverse precedence, prece-
dence and conflicts links. This helps the GNN to effectively handle interactions
between tasks of different jobs that share machines.

Node Attributes. We define for node nij associated with task Oij the following
attributes: a boolean Aij indicating if the corresponding task has already been
scheduled (affected); a boolean Sel ij indicating if the node is selectable and the
machine identifier Mij . We also give parameters of probabilistic distribution of
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tasks durations, and corresponding task completion time distribution parame-
ters. Task completion times are initialized as if there were no conflicts, i.e. using
only durations of task and previous one from same job. There are updated once
tasks are affected, considering conflicts with previously affected tasks.

Graph Pooling. For the GNN to give a global summary of nodes, there are
two options: either a global isotropic operator on nodes like mean, maximum
or sum (or any combination); or a special node that is connected to every task
nodes. The latter case is equivalent to learning a custom pooling operator. In this
work, following preliminary experimental results, we have chosen the maximum
isotropic operator.

Output of the GNN. The message-passing GNN yields a value for every node
and a global value for the graph (see Graph Pooling). As nodes represent tasks,
these values can be directly used as values for later action selection. In our
implementation, we also concatenate the global value to every node value.

Ability to Deal with Different Problem Sizes. The GNN outputs a logit for each
node, and there is a one-to-one mapping between nodes and actions, whatever
the number of nodes/actions. Internally, the message passing scheme collects
messages from all neighbors, making the whole pipeline agnostic to the number
of nodes. Learning best actions boils down to node regression, with target values
being given by the reinforcement learning loop. This still needs some careful
implementation with respect to data structures and batching, but the direct
mapping from nodes to actions allows to deal with different problem sizes.

4.2 Handling Uncertainty

On the observation/agent side, we have durations defined with Pij . From these
durations distributions, we can compute approximate distributions of tasks com-
pletion time simply by propagating completion time parameters recursively upon
the precedence graph, whenever precedences are added. The true real duration
of the full schedule is computed only once the complete schedule is known based
on all Pij . It is then passed as a cost signal. As the RL algorithm naturally han-
dles uncertainty of MDPs, it learns to evaluate partial schedule quality based on
expectation of costs, which is exactly our objective.

4.3 Implementation Details

Connecting to PPO. In most generic PPO implementation, the actor (policy)
consists of a feature extractor whose structure depends on the data type of the
observation, followed by a MLP with a output dimension matching the number
of actions. Same holds for the critic (value estimator), with the difference that
the output dimension is 1. Some layers can be shared (the feature extractor
and first layers of the MLPs). In our case, we do not want to use such generic
structure because we have a one-to-one matching from the number of nodes of
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the observation to the actions. We thus always keep the number of nodes as a
dimension of the data tensors.

Graph Embedder. The graph embedder builds the rewired graph by adding edges
as stated in Sect. 4.1. It embeds node attributes using a learnable MLP, and edge
attributes (here type of edge only) using a learnable embedding. The output
dimension of embeddings is an open hyper-parameter hidden_dim, we found a
size of 64 being good in our experiments.

Message-Passing GNN As a message passing GNN, we use EGATConv from
the DGL library [24], which enriches GATv2 graph convolutions [4] with edges
attributes. We used 4 attention heads, leading to output of size 4× hidden_dim.
This dimension is reduced to hidden_dim using learnable MLPs, before being
passed to next layer (in the spirit of feed-forward networks used in transformers).
This output of a layer can be summed with the input of the layer, using residual
connections. For most of our experiments, we used 10 such layers.

Action Selection. Action selection aims at giving action probabilities given val-
ues (logits) output from the GNN. We can either use logits output by the last
layer, or use a concatenation of logits output from every layer. We furthermore
concatenate the global graph logits of every layer, leading to a data size of
((n_layers + 1) × hidden_dim) × 2 per node. This dimension is reduced to 1
using a learnable linear combination (minimal case of a MLP; we did not find
using a full MLP to be useful). Finally, a distribution is built upon these logits
by normalizing them, taking into account action masks at this point. As node
numbers correspond to action numbers, we directly have action identifier when
drawing a value from the distribution.

Normalization. Along all neural network components, we did not find any kind
of normalization to be useful. On the opposite hand, durations are normalized
in the [0,1] range.

5 Experiments

5.1 Uncertainty Modeling

The framework presented in this paper could accommodate to any kind of dura-
tion probability distribution. The main parameters of this distribution belong
to the node features and must therefore been described formally.

In order to deal with duration uncertainties, for each operation Oij , we use a
triangular distribution with 3 parameters minp

ij , maxp
ij , modepij , as this is often

used in the context of manufacturing processes.
We also have in the simulator the real processing time of a task, denoted

realpij , which is observed by the agent in the final state. With such definition,
tasks completion times can respectively be represented with their min, max and
mode times as follows: minC

ij = Sij+minp
ij , maxC

ij = Sij+maxp
ij , modeCij = Sij+
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modepij . Task completion time parameters are updated when adding precedences
to the graph (min, max, mode start times are computed based on precedence
relations). We give both duration distribution parameters and task completion
times distribution parameters as node attributes. The real task completion times
realCij = Sij + realpij can be computed only during the simulation of a complete
schedule, giving the real makespan Mreal = maxij(realCij), used as a cost given
to the learning agent.

5.2 Benchmarks and Baselines

Benchmarks. Our approach has been tested on instances generated using Tail-
lard rules [23]: durations are uniformly drawn in [1,99], and machine affectation is
randomly chosen. For stochastic instances, this duration corresponds to modepij .
Minimum and maximum value are uniformly drawn in [0.95 × modepij , 1.1 ×
modepij ], meaning that tasks can take at most 5% less time and at most 10%
more time than mode value.

Baselines. We compare several approaches:

– we first train Wheatley on instances of various sizes. More precisely, W-
nxm denotes our approach tested on instances of size n × m, with (n,m) ∈
{(6, 6), (10, 10), (15, 15)};

– for deterministic instances, we can compare with L2D using values reported
in the associated paper [28];

– we test several popular Priority Dispatch Rules [20], namely Most Operations
Remaining (MOPNR), Shortest Processing Time (SPT), Most Work Remain-
ing (MWKR) and Minimum Ratio of Flow Due Date to Most Work Remaining
(FDD/WKR). When computing a schedule, these rules use the mode dura-
tion of operations. Next, we retrieve the operations sequence scheduled for
each machine and run this sequence with the real operation duration, as done
in Schedule Generation Scheme (SGS);

– we use the CP-SAT solver of OR-Tools, denoted OR-Tools in deterministic
instances test. For stochastic instances, we use it with mode durations and
with real instances, respectively denoted OR-Tools mode and OR-Tools real.
As for PDRs, we retrieve the order on each machine and use SGS;

– for stochastic instances, we implement the approach proposed in [13], here
denoted CP-stoc, that consists in finding the schedule that minimize the aver-
age makespan over a given number of sampled instances. We found using 50
samples was a very good compromise between solution quality and computa-
tion time (100 gives not much improvement and needs too much time). It is
implemented with CP Optimizer 22.10 through docplex [10].

Classical techniques like CP-stoc and OR-Tools/CP-sat are anytime algo-
rithms that need to compute solution for every problem, while our approach
uses a large offline training time and the resulting agent only takes a small infer-
ence time for every problem. We decide to give 3min to classical techniques, as
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Table 1. Epoch number for best model

W-6x6 W-10x10 W-15x15

deterministic 962 542 519
stochastic 712 714 434

Table 2. Comparison of Wheatley wrt training instance sizes.

Evaluation Deterministic Stochastic
W-6x6 W-10x10 W-15x15 W-6x6 W-10x10 W-15x15

6× 6 508 521 521 700 714 715

10× 10 927 890 915 1269 1217 1232

15× 15 1557 1388 1392 2297 1889 1889

20× 15 1798 1583 1622 2585 2181 2188

20× 20 2314 1959 1888 3632 2643 2608

they tend to give very quickly very good solutions, including for large problems,
but generally need up to hours to find optimal solution as soon as the problem
size becomes large. On the opposite hand, Wheatley takes from 1h to a few days
of training (depending on the problem size), but has a fixed inference time that
can become very small when correctly optimized (linear in the number of tasks).
The number of iterations to reach the best model is given in Table 1.

5.3 Results

Wheatley Baselines. We first compare the three Wheatley baselines together:
we have tested them on small instances, both deterministic and stochastic.

Table 2 presents results obtained for deterministic and stochastic instances
on Taillard problems of several sizes. For each size n×m, we have generated 100
instances and, for the stochastic evaluation, we have then sampled one duration
scenario for each instance. We then compute the average makespan for each
set of instances sizes. Results show that W-10x10 is a good compromise, both
for deterministic and stochastic problems. Therefore, in the following, we only
present results associated with this approach.

Deterministic JSSP. We compare W-10x10 with baselines presented previ-
ously for the deterministic case. In Table 3, we present the average makespan
and the average gap1 obtained for all instances of each category size. Note that
we do not present results obtained for each PDR but only the best result one.

Results show that OR-Tools outperforms the other approaches for these sizes,
but W-10x10 manages to get close results, even for large instances. More pre-
cisely, in comparison with L2D, which is also an approach based on DRL and
GNN that was developed for solving JSSPs [28], W-10x10 returns better sched-
ules in average. W-10x10 competes with the best PDR, which is mostly MOPNR

1 Gap for an approach a is equal to 100 · makespan(a)−makespanbest

makespanbest .
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Table 3. Results on deterministic Taillard instances

Evaluation W-10x10 L2D Best PDR OR-Tools

6× 6 521 (7.4) 571 (17.7) 545 (12.4) 485 (0)

10× 10 890 (9.6) 993 (22.3) 948 (16.8) 812 (0)

15× 15 1389 (17.2) 1501 (26.7) 1419 (19.8) 1185 (0)

20× 15 1583 (16.9) - 1642 (21.3) 1354 (0)

20× 20 1959 (24.9) 2026 (29.2) 1870 (19.3) 1568 (0)

30× 10 1829 (5.5) - 1878 (8.9) 1725 (0)

30× 15 2043 (14.5) - 2092 (17.3) 1784 (0)

30× 20 2377 (22.0) - 2331 (19.7) 1948 (0)

50× 15 3060 (8.3) - 3079 (9.0) 2825 (0)

50× 20 3322 (14.9) - 3295 (14.0) 2891 (0)

60× 10 3357 (1.7) - 3376 (2.3) 3301 (0)

100× 20 5886 (6.9) - 5786 (5.1) 5507 (0)

Table 4. Results on stochastic Taillard instances

Evaluation W-10x10 Wd-10x10 MOPNR CP-stoc OR-Tools
mode real

6 × 6 714 (16.3) 817 (33.1) 699 (13.8) 669 (9.0) 728 (18.6) 614 (0)

10 × 10 1217 (21.5) 1464 (46.1) 1252 (25.0) 1177 (17.5) 1262 (25.9) 1002 (0)

15 × 15 1889 (29.3) 2406 (64.7) 1988 (36.1) 1872 (28.1) 1925 (31.8) 1461 (0)

20 × 15 2181 (30.5) 2729 (63.3) 2314 (38.5) 2222 (33.0) 2244 (34.3) 1571 (0)

20 × 20 2643 (36.4) 3511 (81.2) 2708 (40.0) 2631 (35.8) 2619 (35.1) 1938 (0)

30 × 10 2425 (14.1) 3511 (65.2) 2532 (19.1) 2476 (16.5) 2598 (22.2) 2126 (0)

30 × 15 2792 (26.7) 3251 (47.5) 2964 (34.5) 2892 (31.2) 2943 (33.5) 2204 (0)

30 × 20 3305 (36.9) 4186 (73.3) 3390 (40.4) 3355 (39.0) 3299 (36.6) 2415 (0)

50 × 15 4043 (16.5) 4413 (27.1) 4262 (22.8) 4239 (22.1) 4435 (27.7) 3472 (0)

50 × 20 4520 (26.8) 5351 (50.1) 4679 (31.2) 4682 (31.3) 4758 (33.4) 3566 (0)

60 × 10 4315 (6.3) 4475 (10.2) 4451 (9.6) 4442 (9.4) 4579 (12.8) 4061 (0)

100 × 20 7591 (11.8) 8377 (23.3) 7956 (17.1) 8203 (20.8) 8188 (20.5) 6793 (0)

in the case of instances larger than 20×20. These results show that Wheatley is
able to learn task selection strategies that generalize to much larger problems.

Stochastic JSSP. Table 4 shows results obtained for stochastic problems. Note
that the solver OR-Tools real is perfect, in the sense that it works with real oper-
ations duration values, which is unknown for other approaches at the scheduling
time. Therefore, the makespan value computed by OR-Tools real is much lower
than that of other approaches. Results show that the closest to OR-Tools real is
CP-stoc for small problem sizes. In fact, despite the 50 scenarios it works with,
it manages to find a good average makespan. However, when the instances size
increases, W-10x10 clearly outperforms other approaches. We also present the
results for the deterministic of version of Wheatley run on modes as Wd-10x10.
This shows that Wheatley is able to successfully generalize on larger problems.
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(a) 6 × 6 instance (b) 100 × 20 instance

Fig. 4. Cumulative makespan of W-10x10, CP-stoc, MONPR and OR-Tools mode for
100 duration scenarios.

In order to further compare the approaches in terms of scatter of the results,
we have sampled 100 duration scenarios for one problem of size 6 × 6 and 100
scenarios for one problem of size 100 × 20. Cumulative makespan are presented
on Fig. 4. It shows that results presented on Table 4 are representative of several
scenarios. In fact, for the 6× 6 problem, CP-stoc returns the lowest makespans,
then OR-Tools, and MOPNR and W-10x10 equivalently (Fig. 4a). That order
is completely reversed in the case of the 100 × 20 problem, in which W-10x10
returns the best results (Fig. 4b).

6 Conclusion and Future Works

This paper presents Wheatley, a novel approach for solving JSSPs with uncertain
operations duration. It combines Graph Neural Networks and Deep Reinforce-
ment Learning techniques in order to learn a policy that iteratively selects the
next operation to execute on each machine. The policy is updated during the
training phase through PPO. Results show that Wheatley is competitive in the
case of deterministic JSSPs and outperforms other approaches for stochastic
JSSPs. Moreover, Wheatley is able to generalize to larger instances.

This work could be extended in several directions. First, it would be possi-
ble to extend the experiments with other JSSPs data and particularly instances
coming from the industry. It would also be interesting to study the effect of pre-
training the policy before running PPO. Finally, we are convinced that the GNN
and DRL could be applied to other scheduling problems, such as the Resource-
Constrained Project Scheduling Problem, in which handling uncertainty is essen-
tial in an industrial context.
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