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Abstract

This article assesses risk times in mission-oriented systems with high safety standards. We examine
critical times under two safety policies. The first requires that the system’s reliability function, known
the first failure of the components, must exceed a predetermined reliability level throughout the mission.
The second demands that the conditional distribution of the system’s lifetime, known the first failure of
the components, must be more reliable, in terms of the usual stochastic order, than the original system’s
lifetime. Our study analyzes the critical times at which both policies remain viable. Our methodology,
applicable to multiple failure scenarios, identifies sufficient conditions for the existence of these times.
We offer explicit solutions for parallel systems with IID components and a general method for dependent
and identically distributed components. The study includes practical examples and introduces a non-
parametric estimator for the critical times.

Keywords: Coherent systems - Copula - PELCoV - Distorted distributions.

1 Introduction

Coherent systems are highly useful in Reliability Theory. In particular, mission-oriented systems are designed
to accomplish specific objectives. Such systems comprise multiple components working collaboratively to
achieve shared goals within a fixed time, typically called mission time. In each mission, the system can be
required to perform different submissions. Hence, each system’s component can be activated, depending on
whether it is needed for the corresponding submission. Mission-oriented systems can be found in many fields,
including military operations, space exploration, servers in cloud computing, unmanned aerial vehicles, and
manufacturing, among others; see Winokur and Goldstein (1969), Joshi et al. (2017), Xing and Johnson
(2023) and Zandieh et al. (2024).

Redundancy policies are typically implemented to maximize the accomplishment probability of the mis-
sion. These policies are usually established during the design stage of a system. They consider the compo-
nents’ quality and associated costs to enhance the system’s reliability and increase the probability of mission
success. Redundancy policies are rarely modified during the lifetime of the system. Maintenance policies,
conversely, are performed in rest periods between consecutive missions. These policies can be periodically
settled. In that case, they are called preventive maintenance (PM) policies. After a PM action, the system
may enter an intermediate state between its original and most recent condition. This indicates that pre-
ventive maintenance is not entirely effective and only partially improves the system’s performance, see Guo
et al. (2013). Conversely, condition-based maintenance (CBM) is carried out based on the system’s state.
These maintenance policies consider the collected information related to the system’s state to make repairs
to the system. Although PM and CBM can be performed simultaneously, CBM arises as a valuable tool to
achieve cost-effective maintenance; see Wang (2002), Jardine et al. (2006) and Scarf (2007).

The preceding policies focus on improving systems’ reliability to accomplish the mission’s objectives.
Nevertheless, in scenarios where mission-oriented systems demand high safety requirements or strict cost
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control, establishing a mission abort policy is a highly effective approach. Typically, an abort action includes a
rescue procedure that pursues the system’s survival. Consequently, an abort action produces an immediate
mission failure. Mission abort policies are designed to achieve a balanced system’s performance between
safety requirements and mission objectives.

In any mission abort policy, it is crucial to carefully select appropriate risk criteria to serve as the basis for
mission interruption actions. These risk criteria vary depending on the nature of the mission, the potential
hazards associated with it, and the impact of a mission failure. The literature provides a wide range of criteria
that can be used to evaluate risks in mission-critical systems. For example, a frequently used criterion is to
consider a degradation parameter in the model that characterizes the current state of a system, see Zhao et
al. (2021). Once the parameter reaches a predetermined threshold, the mission should be terminated, and a
recovery procedure initiated. In this framework, external impacts or shocks represent events that significantly
reduce the system’s reliability. For instance, environmental factors such as extreme temperatures, humidity,
or corrosive substances can cause damage to the system’s components. Hence, the safety of the system can
be compromised. Levitin and Finkelstein (2018a) proposed a methodology to model and evaluate mission
success probability and resilience of systems subject to both internal failures and external shocks. In the field
of reliability and risk analysis, there exists a significant number of papers focused on the modelling of shocks,
as evidenced by various monographs, see Nakagawa (2007), Finkelstein (2008), Finkelstein and Cha (2013),
that are primarily devoted to this topic. According to Levitin and Finkelstein (2018a), there are two primary
categories of shock models: cumulative shock models and extreme shock models. In the former class, the
collective impact of shocks results in system failure. A common criterion reported is the number of shocks
experienced during the mission, see Levitin and Finkelstein (2018b,c), Levitin et al. (2020a,b). In contrast,
in the latter class, each shock has a certain probability of causing system failure. Some recent contributions
to these topics can be found in Cha et al. (2017), Eryilmaz and Kan (2019), Li et al. (2019), Zhao et al.
(2020). Other authors, see Cavalcante et al. (2018), Yang et al. (2019, 2020), use early warning signals as
a risk criterion. Early warning signals indicate deviations from the normal operating conditions of one or
more components or subsystems, which may result in critical system failure. Typically, early warning signals
are indicative of undesired working conditions, such as overheating in a propulsion system or low-pressure
conditions in a hydraulic system. Another risk criterion for making abort decisions is considering a system’s
number of failed components. For example, Myers (2009) proposed a model that assumes homogeneous
components with exponential time-to-failure distributions for k-out-of-n:G systems. Under a numerical
approach, this model was extended to systems with heterogeneous components and adaptive abort policy in
Levitin et al. (2018) for 1-out-of-n:G systems, i.e., parallel systems.

The present article considers mission-oriented systems subject to high safety requirements and studies
the risk times associated with two safety policies. In the first policy, we assume that the reliability function
associated with the system’s lifetime, given that the first failure of the components occurs at time x, must
be higher than a minimum prefixed level of reliability ¢ during the mission time ¢3,. In the second policy, we
require that the conditional distribution of the system’s lifetime, given that the first failure of the components
occurs at time x, must be more reliable than the lifetime of the original system in terms of the usual stochastic
order. We will assume that once a component fails, it cannot be repaired during the remainder of the mission.
In this framework, our research focuses on analyzing the critical times for the first failure of the components
such that both policies are satisfied (simultaneously or not). The proposed methodology in this paper can
be easily extended to study the risk times for the second or subsequent failures of the components. This
article aims to examine the critical moments at which a system continues to meet safety policies rather than
creating a mission abort policy. However, the findings of our study could be utilized, in conjunction with
other criteria, to suggest mission abort or maintenance policies.

The rest of the paper is organized as follows: In Section 2, we give some basic definitions and establish
the notation followed throughout the paper. In Section 3, we determine some sufficient conditions for the
existence of critical times for both safety policies. We provide explicit solutions in the case of parallel
systems with independent and identically distributed components. Furthermore, we show a general method
to calculate the critical times when the components are dependent and identically distributed. In Section 4,
we illustrate the proposed methodology with several examples. In Section 5, we provide a non-parametric
estimator for the critical times. Finally, we place the conclusions in Section 6.



2 Notation and preliminary results

Let X be a random variable over a probability space, and let Fix (z) = Pr(X < z) be its distribution function.
Its reliability (or survival) function is Fix(z) = 1 — Fxx(z) = Pr(X > z). The left continuous inverse function
of F'x is defined as

Fit(u) = inf{z : Fx(z) > u} for u € (0,1).

Throughout the paper, the partial derivative of a function G with respect to its ith variable is represented
by 0;G. Moreover, 0; ;G = 0;0;G and so on. Whenever we use a partial derivative, an expectation, or
a conditional distribution, we will assume that they exist. We say that G is increasing (decreasing) if
G(z) < (>)G(y) for all x < y.

In this paper, we will make stochastic comparisons of two random variables in terms of magnitude. In
particular, we will use the usual stochastic order, which we will define next.

Definition 2.1 Given two non-negative random variables X and Y, with reliability functions Fx and Fy,
respectively.  We say that X is smaller than Y in the usual stochastic order, denoted by X <s Y, if
Fx(t) < Fy(t) for allt.

Next, we recall a definition related to the idea of a positively dependent structure in a random vector.
We will refer to this concept as stochastically increasing; see Shaked (1977) and Drouet Mari and Kotz
(2001), p. 38.

Definition 2.2 Let (X,Y) be a bivariate random vector with an absolutely continuous joint distribution.
Then, we say that 'Y is stochastically increasing (SI) in X, denoted by Y 1ts; X, if

Pr(Y > y|X =x1) <Pr(Y > y|X = x2) for all y and all z1 < x4, (2.1)

or equivalently,
{YIX =21} <ot {V|X = 22} for all z1 < xs.

In the case that the inequality (2.1) holds strictly, we will say that'Y is strictly stochastically increasing (SSI)
in X, denoted by Y Tss5 X.

From Theorem 5.2.10 in Nelsen (2006), p. 196, Y 157 X holds if and only if d;C(u,v) is decreasing in
u for all v € (0,1), where C is the copula of the vector (X,Y). A sufficient condition for SI is the property
totally positive of order 2, denoted by TP,. Next, we define the generalization of the concept TP, for the
multivariate case, denoted by MTPs, initially investigated in Karlin and Rinott (1980).

Definition 2.3 We say that the random vector (Xi,...,X,) with an absolutely continuous distribution is
MTPy if its probability density function (pdf) f is log-supermodular, i.e., f satisfies

fxVy) f(xAy) > f(x)f(y)

forallx = (x1,...,2,) and 'y = (Y1,...,Yn), where x Vy = (max(x1,y1),...,max(z,,yn)) and X Ny =
(min(l‘la y1)7 o 7min(xn7 yn))

If f is twice differentiable, it is supermodular if, and only if 0; ; f(x) > 0 for all ¢ # j and for all x in the
support of f (see, e.g., Lemma 2.4 in Badia et al. (2014)). The MTP, property implies that X; 155 X; for
all i # j (see Drouet Mari and Kotz , 2001, p. 40).

Definition 2.4 Given a random vector (X1, ..., X,), we say that it is exchangeable (EXC) if it is invariant
in law under permutations, that is, the distributions of (X1,...,Xy) and (Xy(1),..., Xo(m)) coincide for all
permutations o : {1,2,...,n} = {1,2,...,n}.

The possible dependence among the components’ lifetimes (X1, ..., X,,) will be represented by a survival
copula C, which allows us to represent the joint reliability (or survival) function as

Pr(X; > z1,...,Xn > 2,) = C(Fy(21),..., Falzn))



for all 1,...,2,. The main properties of the copula representations can be seen in Nelsen (2006) and
Durante and Sempi (2016).

Finally, Xi.p, ..., Xn., will represent the increasing ordered values of (Xi,...,X,,) and Fi., ..., Fhn
their associated distribution functions. We say that ¢ : [0, 1] — [0, 1] is a distortion function if it is increasing,
continuous and satisfies ¢(0) = 0 and ¢(1) = 1. If X1, ..., X,, are identically distributed (ID) with a common
distribution function F, then F;.,, = ¢;.,(F') for some distortion function g;.,, for all i =1,...,n.

3 Main results

The paper aims to study the risk times of a mission-oriented system subjected to high safety requirements. To
achieve this, we compare the reliability function of a coherent system with n components and the conditional
reliability function of the system, given that the first component failure occurs at time x. Hence, we must
compare the reliability functions

Fr(t) =Pr(T >t) and F,(t)=Pr(T >t| X1, = 1)

for t > « > 0, where T = ¢(X1,Xs,...,X,,) and X1, = min(Xy,...,X,,) are the lifetime of a coherent
system formed by n components and the lifetime of a series system formed by the same components, respec-
tively. The random variables X; represent the lifetimes of the components. We assume that the random
vector (X1, ..., X,) has a joint absolutely continuous distribution and that the system does not fail with the
first component failure, i.e., Pr(T > Xi.,) = 1. Therefore, F,(t) = 1 for 0 < ¢t < x. In the present paper, we
will study the system’s lifetime conditioned on the first component failure time, represented here by Xji.,,.
However, similar results can be obtained considering the second or third failures (represented by Xs., and
X3.n, respectively).

We assume that the system must satisfy high safety requirements during the mission time, denoted by
tyr. For example, if we would be interested in the lifetime of the propulsion system of an aeroplane with
four engines, which cover the route from New York to Madrid, we could require a minimum reliability level
g = 0.9999 and a mission time tj); = 7 hours (note that the average flight time is around 6 hours and 30
minutes). We could also assume that the aeroplane can fly with only one engine, and therefore the system
lifetime is given by T = X4.4 = max(X;, X, X3, X4), where X; represents the lifetime of the ith engine.
Other systems’ structures will be considered later. Hence, a crucial question is how to proceed in case of
an eventual failure of an engine at a given time = € (0,¢5s). Here, we must consider if there exists evidence
to conclude the mission and the aeroplane should enter emergency mode, landing as soon as possible, or if
the working conditions required to T are fulfilled by (T | X1.4 = ), allowing the aircraft to proceed to its
intended destination. In general, there are two main options for the working conditions. The first one is to
explore those values of x to assure

Pr(T >t | X1m =x) > qflorte0,ty] (3.1)

The second option, more restrictive, is to find those values of x which satisfy
Pr(T >t| X1 =2) > Pr(T >t) forall t >0, (3.2)

that is, (T | X1 =) 2 T.

In terms of the previous example, inequality (3.2) indicates that the aeroplane which has been flying
towards its destination with one less engine since the instant z is more reliable than another aeroplane (with
the same characteristics) that is yet to take off towards the same destination.

To solve the cases (3.1) and (3.2), we will use a concept similar to the notion of Probability Equivalent
Level of CoVaR-VaR, introduced in Ortega-Jiménez et al. (2022) in the context of Risk Theory.

Definition 3.1 Let (X,Y) be a random vector having a copula C' such that'Y tss; X and let assume that
01 C(s,w) is continuous in s for all w. Given w € (0,1), the Probability Equivalent Level of CoVaR-VaR
(PELCoV) at risk level w is defined as the unique risk level s, for X such that

Fyle_posoy (@) = Fy(w).



Observe that the assumption Y Tgg; X is required to ensure the uniqueness of the PELCoV s,,. However,
we can relax this condition and consider Y Tg; X instead; in this case, the PELCoV at risk level w is defined
as

54 = inf{s € (0,1) : Fy‘llsz;l (W) = Fyt(w)}.

Since we will work with reliability functions, we will use 1-PELCoV at risk 1 — w in the calculations. To
simplify the notation, we refer to this value as survival PELCoV at risk v, denoted by w, =1 — s1_,.

To ensure the condition (3.1), and by assuming that T 1s; X1.4 and Pr(T > tp) = ¢, we could study
the critical time x4 € (0,tp) such that

PI(T >ty | X4 = .%‘q) = PI‘(T > 75]\/[)7 (33)

or equivalently, study the survival PELCoV u, at risk ¢ of the random variable X;.4, where u, = FM(mq)
and ¢ = Fr(tyr). Obviously, the property (3.3) implies

Pr(T > t| X4 =x4) > g forall t € [0, tp].
Furthermore, from the assumption T 1s; X1.4, we obtain that
Pr(T >t| Xyu=2)>Pr(T >t| X1u=u2,) >qforalltel0ty] (3.4)

holds for all x > x,. Therefore, the value x, > 0 is a critical time for the system. Hence, we would con-
sider the suitability of an emergency landing or continue with the established route depending on whether
X1.4 = v < xq and other risk criteria recommend it or Xi.4 = x > x4, respectively. The time x, can be
presented as a quantile of the series system lifetime X1.4 by calculating x, = Fy} (1 — u,). Then, the value
uq represents a lower bound of the probability of continuing the flight when the first failure occurs.

We could do the same in the second option considered in (3.2). In this case, we study the minimum time
value (if it exits) x. € (0,tpr) such that

Pr(T >t | X1u=2.) >Pr(T >t) foralt>0,

or equivalently, we study if the infimum value u, of the survival PELCoVs u,, at risk v = F(t) for all t > 0 is
a positive value. Because, given t > 0 we define v = Fr(t) and calculate the corresponding survival PELCoV
U, at risk v such that

Pr(T >t| X14=2)=Pr(T > 1),

where u, = Fi.4(x). Hence, if u. = inf{u, : u, is the survival PELCoV at risk v = Fr(t) for all £ > 0} is a
positive value, then there exists . > 0 such that Fy.4(z.) = ue < u, = Fr.4(z). Therefore, z. > = and by
using that T 1s; Xi.4, we have that

Pr(T >t| X1u=x:) >Pr(T >t| X1u=2)=Pr(T > 1) (3.5)
for all ¢ > 0. Indeed, the condition (3.5) can be extended to all values greater than z. as follows
Pr(T >t| X1u=2)>Pr(T >t| X1u=x.) >Pr(T >t) forall t >0,

holds for all x > z.. The value x. is a critical time for the system, and the values x for the first failure of
the components such that x > z,. assure a better performance of the conditional system (T | X1.4 = z) than
the initial system 7. Note that, in this case, we cannot assure the equality between Pr(T > t | X1.4 = z.)
and Pr(T > t), we will see some examples in the next section. Of course, the value z,. satisfies the condition
(3.1), and also

Pr(T >t| X1a=x)>Pr(T >t) > qforalltel0,tn]

holds for all z > z.. Furthermore, we could represent x. in term of the quantiles of the random variable X.4,
as Te = Fl_:41(1 — u). In this case, the value u, represents the probability of the event (T | X1.4 > z) >4 T.



To solve the considered options in this paper, we will assume that the components are identically dis-
tributed (ID), with a common reliability function F'. Then, we will use the representation of the joint
reliability function of (Xi.,,T) as a distortion function of F, that is, we will write

Pr( X1 >z, T>y) = E(F(x)i?(y))

for all z,y > 0, where D : [0,1] x [0,1] — [0, 1] is a continuous bivariate distribution. The main properties of
such distortion representations can be seen in Navarro et al. (2022). In particular, this procedure allows us to
obtain a representation in terms of distortions for the conditional reliability function Pr(T >t | X1., = z).
In this sense, we will use the representations obtained in Proposition 3.5 and Proposition 3.6 of Navarro and
Buono (2023). In general, if we assume that T' 5 X1., and the dependence among the components is given
by an exchangeable survival copula C such that

Pr(Xy > x1, Xo > 20,..., Xp > ) = C(F(21), F(x2), ..., F(zy)),

then Pr(T >t | X1., = x) = H(F(x), F(t)) where H(wy,ws) is a decreasing function in w; € (0,1) and it is
an increasing distortion function in wy € (0, 1). Similarly, we can express the survival function of the system

lifetime T as Fr(t) = h(F(t)), where h is a strictly increasing distortion function, see Navarro (2022).
In the context of the aeroplane example, we can write
Aypria(z,t)

Pr(T>t|Xiy=2)= 50 @) F@) F@) F@) = H(F(x), F(t)), (3.6)

for all 0 < z < ¢ such that 8,C(F(z), F(z), F(x), F(z)) > 0 and Jim Ayppq(e,t) = 0, where
— 00

Therefore, to solve the case (3.1) we need to find the value z, such that
Pr(T >ty | Xim = x4) = Pr(T > tu),

or equivalently, solve in w; the equation
H(w17w2) =q, (37)
where wy = F(x,) and we = F(tpr). Similarly, to solve the case (3.2) we need to find the value x. such that

Pr(T >t| X1.p=2.) 2Pr(T >1)

for all t > 0. To do that, we calculate the infimum survival PELCoV w, at risk v € (0,1). Given t > 0 we
solve the following equation in w;

H(wl, h_1<’w2)> = W2y, (38)
where wy = F(x) and wy = F(t). Then, we obtain the corresponding survival PELCoV at risk v = h(w;) =
Fp(t) by using the survival copula:

Uy = Fl:n(x) = a(wla o 5w1)'

Hence, if the value u, = inf{u, : v € (0,1)} is positive, then there exists x. > 0 such that Fy.,(x.) = u.

The methodology proposed in this paper can deal with different sorts of information to establish a suitable
protocol in each case. In general, we can use the information of an auxiliary system 77 = ¢1(X1, ..., X,) to
predict the reliability of the real system T = ¢(X;,...,X,,) by assuming Pr(7; < T') = 1. Note that both
systems share the same components. The following result guarantees (as particular case) the existence of a
solution in the equations (3.7) and (3.8).

Proposition 3.2 If T} = ¢1(X1,...,X,) and T = ¢(X1,...,X,) are two coherent systems satisfying that
Pr(T >t | Th = x) is continuous in x > 0, Pr(Ty < T) = 1 and T Ts; T1, then for tpr > 0 and
q =Pr(T > tyr) there exists x4 € (0,tp) such that

Pr(T >t | Ty =) >Pr(T >ty | Th = x4) = q fort € [0,tr]

holds for all x > x,.



Proof. Since -
PT[T > tM] = / PI‘[T > tMlTl = .’Iﬁ]dFTl (SL’)
0

and Pr[T > tp/|Th = ] is non-decreasing in x, necessarily
PI‘[T > tM|T1 = 0] < PI‘[T > tM] < PI‘[T > t]V[|T1 = tM] = 1.

Therefore, as Pr[T > t)/|T1 = ] is continuous in z, there exists x4, € (0,¢ar) such that Pr[T" > tp|Th =
x4 = Pr[T > tu]. In particular, as T 17 17,

Pr[T > t|Th = z] > Pr[T >ty |Th = x4] = Pr[T > tu]
for all 2 > x4, and t € [0,¢p/]. m

To apply Proposition 3.2 we need to prove first the condition T" Tg; 77. This is not an easy task. In
practice, we can check this property by plotting the respective reliability functions (or distortions) as we do
in the next section. For the particular case of k-out-of-n:F systems, we have the following property, which
is of independent interest in the sampling theory for order statistics (ordered data).

Theorem 3.3 If (Xi,...,X,) is absolutely continuous, exchangeable and MTPs, then (X1, ..., Xnm) 18
also MTPy and X;.p, Ts1 Xjun for all i # 3.

Proof. If (Xy,...,X,) is exchangeable, then it is straightforward to prove that its joint probability density
function f(z1,...,2,) is symmetric, that is, f(21,...,2n) = f(To(1),- -+, To(n)) for any o € Py, where P,
is the set of all the permutations of the set {1,...,n}. Furthermore, the joint pdf g of the order statistics
(X1, -+, Xnn) can be written as

91 tn) = S F@otiysee s Toim) =l f(@1, e 20)

o€P,

for 1 < .-+ < x, (zero elsewhere), where the second equality holds due to the exchangeability condition.
Hence7 if x = (xla s 7xn)7 y = (ylv cee 7yn)a o = (alv AR an) = (min(xla y1)7 cee 7min(xn7yn)) and /B =
(B1y. -y Bn) = (max(x1,91), ..., max(Tn,yn)), then

g()g(B) = [n!f(ar,...,an)][n f (B, -, Bn)]
> [nlf(zy, .zl f (Y yn)]
=g9(x)9(y)

X1,

and, therefore, (Xi.p,..., Xnm) is MTPs. As this property also holds for the marginals (see Drouet Mari
and Kotz (2001), p. 40), then (Xj.,, X;.,) is TP2. Furthermore, this implies that (X;.,, Xj.,) is CI (see
Drouet Mari and Kotz (2001), p. 40), which means that X;., Tsr X;., holds for all i # j. =

As a consequence of Theorem 3.3, the condition (3.4) holds for k-out-of-n:F systems whether (X1, ..., X,,)
is MTP5. From Corollary 11 in Sordo et al. (2015), a similar property holds for T3 = X; because T 155 X;
holds for all 7 and all coherent systems T'. However, we must note that in practice, the condition X; = x is
not usual. Notice that this condition is not the same as X;., = X; = x, which implies X; > x for all j # 1.
This last property is more reasonable in practice, but we do not know if (T'|X1., = X; = z) is, in general,
st-increasing in x. Intuitively, we could expect that X;.,, Tsr X;., generally holds. Although, this is not
always true. The following counterexample shows a case in which X;.,, 157 Xj., does not hold when we drop
out the exchangeability and MT P, conditions for (X1,...,X,).

Example 3.4 Let us consider the random vector (U, V') with uniform marginal distributions over the interval
(0,1) and the following absolutely continuous (exchangeable) Clayton copula
uw

W(u,v) = P S—
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Figure 1: Plot of the function Dy (v|u), given in Example 3.4, for u € (0,v) and v = 0.5.

Now we consider the copula generated by the distribution function of (U,1 — V) given by

UZU

C(u,v):Pr(USu,l—VSv):Pr(Ugu,l—vgV):W(u,l)—W(u,l—v):m

for u,v € [0,1]. It is straightforward to show that C' is a non-exchangeable and non T Py copula.

Let us consider now a random vector (X1, Xa) with a common absolutely continuous marginal F', and de-
pendence structure given by the copula C'. The distortion function for the distribution function of (X2.2|X1.0 =
x) was obtained in expression (15) of Navarro et al. (2022). Thus,

Pr(Xa.p < y|X1:2 = x) = Dop (F(y)|F(x)),

fory > x, where

01C(u,v) + 32C(v,u) — M C(u,u) — 02C(u, u)
= >
Do) = 5 G ) T 0,00, 0) —onClw ) —rC(uu) 2470

and where 0;C(u,v) denotes the partial derivative of C' with respect to its ith variable for i = 1,2 evaluated
at the point (u,v). A straightforward calculation leads to

2—2v+uv 42 1 23—2u—l—u2
uv v —u
1—v4uv)? 1 —u+uv)? 1—u+u?)?
Dojy (v]u) = ( ) ( 53 ) 5 ( ) v>u>0.
9 9 9~ u+u

- (1 —u+u?)?

Figure 1 shows the graphic of Dyj1(v|u) foru € [0,v] and v = 0.5, as we see Dy (v|u) is not monotone in u
and, therefore, Pr(Xa.o < y|X1.0 = x) is not monotone in x and the SI property does not hold for (Xy.2, Xa.2).

The following result shows that the condition (3.2) holds for any parallel systems with IID components.
First, we provide a necessary result known as monotone form of I’'Hopital’s Rule, see Theorem 1.25 in
Anderson et al. (1997).



Lemma 3.5 (Anderson et al. (1997)) Let a,b € R with a < b and let f, g : [a,b] = R be continuous
on [a,b], differentiable on (a,b). Let ¢g'(x) # 0 on (a,b). Then, if f'(x)/g'(x) is increasing (decreasing) on
(a,b), so are the functions

— — f(b
f@) ~f@) ) J@)— 1) 59)
9(x) — g(a) g9(z) — g(b)
If f'(x)/ g (x) is strictly monotone, then the functions in (3.9) are strictly monotone.
Theorem 3.6 Let (X1,...,X,) be an absolutely continuous random vector with IID components and com-
mon distribution function F. Then
(X | Xion = 2) 25t X forall x> F~'(1/n) and n € N with n > 2. (3.10)

Proof. Let us denote ., and F,., the survival functions of the random variables X;., and X,.,, respec-
tively. To prove (3.10), we need to find the value u* determined as the infimum of the survival PELCoV at

risk v = F,.,,(¢). Firstly, given ¢ > 0 we calculate the survival PELCoV w, at risk v = F,,.,,(t) such that

FXn:anlcn,ZQC(t) = Frun(t), (3.11)
where u, = Fi.p(2). Note that (X | X1 = @) =gt (Xn-1:n—1 | X1:n—1 > ) for all > 0, and therefore

both random variables have the same survival functions, i.e., Fx_ x,.,=2(t) = Fx,_,.._,|x1.._,>z(t) for all
t > 0. Hence,

Priz < X1 <t,...,2 < Xp_1 <t

F ) =1 =Pr[Xp_ 11 <t| Xip>2a]=1-
Xn—1in—1]|X1:n—1>: ( ) r[ 1in—1 > ‘ 1: x} PI“[Xl >z, Xn1 > 1‘]

(B - (-5

On the other hand, F,.,(t) =1 — (1 — F(t))" = v and then F(¢) = 1 — (1 — v)=. Therefore, from (3.11)
and (3.12) we obtain that

My

s

Frp) - Lo (=)
H )71—(1—1;)&'

Using that u, = Fy.,(x) = F"(x), we finally obtain the expression of the survival PELCoV at risk v as

_ 1—(1—11)% "
Uy = (1_(1_0);1> . (3.13)
f(v) — f(0)

g(v) —9(0)
[0,1] with f(v) = (1 — )Y/ and g(v) = (1 —v)"/= D, Tt is straightforward to show that f’(x)/¢'(z) is
increasing on (0, 1), then from Lemma 3.5 we have that «] (and therefore u,) is increasing in v. Thereby,

w* =inf{u, : v e (0,1)} = lim <1_(1_”)">n: ("_1)n.

0+ 1_(1_U)ﬁ n

Let us prove that v’ is an increasing function in v. Firstly, note that u] = where f, g:[0,1] —

Since u* > 0 for all n > 2, then there exists * > 0 such that Fy.,(2*) = u*. Hence, 2* = F~1(1/n) and
taking into account that the independence copula is MTP,, we have that

Fxpixum=ar (1) = Fx, L 1x, =2 (1) = Frn(t)

for all t > 0. The result follows considering > F~1(1/n). =



4 Examples

Let us illustrate the theoretical results with some examples. We start with the simplest case by assuming
independent and identically distributed (IID) components. However, note that X;., and T are always
dependent. To enhance the presentation and legibility of the figures, we will relax the safety conditions of
the systems. Thus, we will consider values of the minimum required reliability ¢ lower than those required
in real examples.

Example 4.1 Let us assume that we have a parallel system with four components and lifetime T = X 4.4 (e.g.
an aeroplane with four engines that can fly with only one of them). Let us also assume that the components
are IID having a common continuous reliability function F'. Then, the system reliability function is

Fr(t) = 4F(t) — 6F2(t) + 4F3(t) — F*(t) = h(F(t))

for t > 0, where h(v) = 4v — 6v? + 403 — vt for v € [0,1] is a distortion function (see, e.g., Navarro,
2022). The plot of the function h(v) is represented in Figure 2, left (black line). Let us assume a minimum
required reliability ¢ = 0.976031 for the mission period [0,ty]. By solving h(v) = 0.976031, we get v =
0.606529, i.c., the prescribed reliability holds from time zero until the quantile F~1(1 — 0.606529). For
example, if the components are exponentially distributed with mean 20 hours, then Fp(t) > 0.976031 for
t € [F~1(0), F~1(0.39347)] = [0,10]. The plot of the system reliability function can be seen in Figure 2, right
(black line).

From (3.12) we can write

Ezpression (4.1) shows that the conditional reliability function Pr(T > t | X1.4 = ) is increasing in x,
that is, T Ts; X1.4. This property is also a consequence of Theorem 3.3 since the product copula is MTP5.
The distortion functions H(u,v) obtained for different values of u are plotted in Figure 2, left. The case
u = 1 is an extreme value where the first component failure occurs at time t = 0. Next, we consider two
possible scenarios for the safety conditions.

Case I: Pr(T > t|X1.4 = ) > q fort € [0,tp].

Firstly, from the results included in the preceding section, we can determine the critical time x4 for the
first failure of the components, from which the system still satisfies the safety conditions. To determine the
critical time x4, we calculate the survival PELCoV at risk ¢ = 0.976031 using the expression in (3.13).

Hence, we have
1—(1-—
g = (1-9q)
1-(1—4q)

Since the value x4 satisfies that Fy.4(z,) = 0.527572, then z, = F~1(1 — utll/4). In the case of exponentially
distributed components with mean 20, we have that x4 = 3.19735. Therefore, we can ensure the safety
conditions when the first failure occurs at any time x > x4. However, the system’s reliability might be under
0.976031 when x € [0,z,). To show this fact, we plot in Figure 2 (right) the reliability functions of the
system when the first failure of the components occurs at times x = 1,2 < z, (red curves) and x = 6,8 > z,
(blue curves). In contrast to the blue curves, the red curves do not satisfy the safety conditions within the
interval [0, 10].

= | =

4
) = 0.527572.
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Figure 2: Distortion (left) and reliability (right) functions of the system in Example 4.1 when the components
are IID with a common exponential distribution with mean 20 hours. The black curves stand for the original
system, and the rest for the system given that the first failure of the components occurs at different times.

Additionally, the probability that the system does not satisfy safety conditions is Fi.u(zq) = 1 —uq =
0.472428. This means that in 47.24% of initial failures, we cannot guarantee that the prescribed condition in
Case I will be met. Hence, we recommend following the security protocol established by the relevant authority.

On the other hand, it is possible to calculate the probability of accomplishing the mission given that the
first failure of the components occurs after the critical time x,.

Fj(tM)
F(xq)

4
Pr(T >ty X1a > 2) =1 — <1 - ) = 0.9930893.

Note that there is an increase in reliability with respect to the initial probability of accomplishing the
mission.

Case II: Pr(T > t|X1.4 = ) > Pr(T > t) for all t > 0.

This case can be solved directly from Theorem 3.6. The critical time for case II is given by x. = F~1(1/4),
which in the considered exponential model leads to x, = 5.753641 hours. Therefore,

Pr(T > t|X1.4 =2) > Pr(T > t)

for allt > 0 and x > 5.753641, i.e., (T | X1.4 = x) >5 T for all x > 5.753641. However, this comparison

does not hold in the hazard rate order because the ratio of the distortion functions given by h(v)/H (F(z.),v)

or, equivalently, the ratio of the reliability functions FT(t)/FT‘XM:wC (t) are not monotonic, see Figure 3.
We calculate the probability that the system does not satisfy the security condition given in Case II.

Pr(Xi4 <x.)=1— Fly(z.) =1— F(x.)* =1—0.75* = 0.6835938.

Thus, the safety conditions do not hold in the 68.36% of the first failures of the components. To improve
this percentage, we need to increase the mean of the exponential distribution, i.e., enhancing the quality of
the components.
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Figure 3: Ratio of distortion (left) and reliability (right) functions of the systems in Example 4.1 when
r. = 5.753641 and the components are IID with a common exponential distribution with mean 20 hours.

Finally, we calculate the probability of accomplishing the mission given that the first failure of the com-
ponents has exceeded the critical time x.

Fita)\*
Pr(T >ty X1y >z)=1— (1 =) =0.998661.
F(z.)

Although the independent assumption for the component lifetimes is a common procedure, in several
practical situations, this assumption might be unrealistic since the components share the same environment
or load. Moreover, in the present analysis, the usual positive dependence among the components’ lifetimes
will lead to higher risks and the possible failure of the system requirements. This fact is shown in the
following example.

Example 4.2 Let us consider the same system as in Example 4.1, but now the lifetime of the components

(X1, X2, X3,X4) have the following Farlie-Gumbel-Morgenstern (FGM) survival copula

~

Ca(u1, ug, us, ug) = ugtgugug + o(ur — u3) (ug — u3) (us — u3) (ug — uj) (4.2)

foruy,ug, ug, uq € [0,1] and « € [—1,1]. This copula induces a weak dependence on the components’ lifetimes.
It is positive for o > 0 (the most usual case in practice) and negative for « < 0. The independent case studied
in Example 4.1 is obtained when o =0 (product copula).

To obtain the conditional distribution of the parallel system T = Xy4.4 given that the first failure of the
components occurs at time x, we calculate the following partial derivative

316a(u1,uQ, uz, ) = uguztiy + (1 — 2uq)(ug — ud)(uz — u3)(ug — u3).
Hence, from (3.6), we get

Aygjra(m,t) _
F5(z) + (1 — 2F(2)) F3 (@) F*()

PI‘(T>t|X1:4:£C) =

12



for all 0 <z < t, where

Agpa(z,t) = 3F*(z)F(t) + 3a(1 — 2F (z)) F*(z) F?(x) F(t) F(t)

— 3F(z)F?(t) — 3a(1 — 2F (2)) F(2) F(z) F2(t)F%(t)
+ F3(t) + a(l — 2F () F3(t) F3(t),

with 75_l)i_~_nf1OO Aypria(z,t) =0 for all z > 0 and

3vu? — 3v%u + v3 + 3a(l — 2u)(u — u?)? (v — v?)
ud + a(l — 2u)(u — u?)3
a(l —2u)(v —v?)3 = 3a(l — 2u)(u — u?) (v — v?)?
ud + a(l — 2u)(u — u?)3

H,(u,v) = +

1 u<ov<lI.

h(v) = 4v — 66(1}, v,1,1) 4+ 46’(0,1},1}, 1) — a(v,v,v,v)
for v €10,1] and any exchangeable survival copula C. In particular, for the FGM survival copula, we get
ho(v) = 4v — 602 + 40 — v* — a(v — v?)?

for v € [0,1]. Note that the distortion he(v) is decreasing in «, as expected, that is, the worse reliability is
obtained with the mazimum positive dependence for this copula, i.e., with « = 1. The distortion functions
H,(u,v) and ho(v) are plotted in Figure 4 (left) for different values of u and o« = 1. As we can see, these
plots of Hi(u,v) are decreasing in u, this suggests that Pr(T > t | X1.4 = x) is increasing in x for all
t >0, or equivalently, T 1sr X1.4. To prove that, we study the sign of 0; jca(u1,ug, us, us) where cq is the
probability density function of the copula éa and i # j.The pdf co of the FGM copula is

colur,ug,ug,ug) = 14+ (1 — 2ug) (1 — 2u2) (1 — 2usz) (1 — 2uy).

Hence,
8172(U1,U2, us, U4) = 404(1 — QU3)(1 — QU4) Z 0

for all « > 0. We obtain similar results for the other second partial derivatives because c, is exchangeable.
Therefore, the random vector (X1, Xa, X3, X4) is MTPy for a > 0. Hence, from Theorem 3.3, we conclude
that T Ts5 X;.4 holds fori=1,2,3 and a > 0. Next, we study two possible scenarios for the safety conditions
under the assumption o = 1.

Case I: Pr(T > t|X1.4 = x) > q for all t € [0,p].

Let us consider the same reliability for the components as in Example 4.1 (to compare the results). Firstly,
we verify if the system satisfies the safety conditions, i.e., Fr(ty) > q with ¢ = 0.976031. Recall that the
mission time in this example is set at tpy = 10 hours.

Fr(tar) = hi(F(tar)) = 0.9727875 < q.

Therefore, the system does not satisfy the established safety conditions, as expected, because the positive
dependence among the components reduces the reliability of a parallel system. For illustrative purposes, we
change the minimum reliability required and set it at ¢ = 0.9727875.
We search for the value x4 such that FT|X1:4:wq(tM) = Fr(ty) = q. Hence, we solve numerically the
following equation
Hy(F(z4),hi ' (9) = g, (4.3)

obtaining that F(x,) = 0.8587113. Note that the distortion hy is continuous and strictly increasing, then
there exists the inverse of hy, denoted by hl_l.
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Figure 4: Distortion (left) and reliability (right) functions of the system in Example 4.2 when the components
are ID with an FGM survival copula (o« = 1) and common exponential distribution with mean 20 hours.
The black curves stand for the original system, and the rest for the system given that the first failure of the
components occurs at different times.

Assuming that the components are exponentially distributed with a mean of 20 hours, then x, = 3.046451
hours. Thereby, we can ensure that Pr(T > t|X1.4 = x) > q for all t € [0,tp] and x > 3.046451. In Figure 4
(right), we plot the reliability functions for the system Fp (black) and for the conditional systems FT|X1 -
with = x4 = 3.046451 (green curve), x = 6,8 (blue curves) and x = 1,2 (red curves). We observe that the
green and blue curves satisfy the safety conditions of case I, and the red curves do not.

Case II: Pr(T > t|X1.4 = ) > Pr(T > t) for all t > 0.

To determine if there exists a value of x > 0 that satisfies the conditions of case II, we need to examine
the infimum of the survival PELCoVs w, at risk v for all v € (0,1). First, we calculate u, = F.4(x) =
Cy(F(z), F(z), F(x), F(x)), where F(x) is the solution of the equation:

Hy(F(a), by (1)) = v

forv € (0,1). We obtain the solution of the above equation by using numerical methods. We have represented
in Figure 5 (left) the plot of the survival PELCoVs u, for allv € (0,1). The infimum of the survival PELCo Vs
1s obtained as hm U, = 0.287847 > 0. Note that u, is not defined for v =0. Then, there exists the critical

v—0
time x. for case H and it can be calculated from the equation

Fra(ze) = Cy(F(z), F(z,), F(x.), F(z.)) = 0.287847.

Thus, we obtain that F(x.) = 0.731523, and using that the components are exponentially distributed, we have
that x. = —20 log 0.731523 = 6.252539 hours. The system satisfies the safety conditions for case II when the
first failure of the components occurs at any time x > 6.252539 hours.

Finally, we show in Table 1 a comparison of the results obtained in Fxample 4.1 and Example 4.2.
Observe that the critical time for case I is larger for independent components than for components with
positive dependence (FGM copula with o = 1) because we have reduced the minimum required reliability of
the system and T Ts; X1.4. As a result, the probability of satisfying the conditions in case I is higher in
Ezxample 4.2 than Example 4.1. However, the critical time for case II is larger for components with the FGM
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Case I Case II

Dependence structure | tps q Zq F1;4(a:q) T Fra(z,)
Example 4.1 | Independence 10 | 0.9760310 | 3.197350 | 52.76% 5.753641 | 31.64%
Example 4.2 | FGM Copula (o = 1) 10 | 0.9727875 | 3.046451 | 54.40% | 6.252539 | 28.78%

Table 1: Comparison of the results for a parallel system with 4 components based on their dependence
structure.
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Figure 5: Survival PELCoV w, at risk v of the random variable X.4 in Example 4.2 (left) and Example 4.3
(right).

copula than for independent components. Therefore, the probability of satisfying the conditions in case II
is higher in Example 4.1 than Example 4.2. Note that the reliability of a series system increases when the
components have a positive dependence among them. In both examples, case I has a smaller critical time
than case II, as expected, because case II has stronger safety requirements than case 1.

Example 4.3 We consider an unmanned aerial vehicle (UAV), commonly known as a drone, which partici-
pates in the search for survivors after a natural disaster such as an earthquake, a tsunami or a flooding. The
use of these autonomous devices is especially relevant when the transportation systems, telecommunication
systems and basic services are seriously damaged; see Ruiz-Estrada and Ndoma (2019) and Dukkanci et al.
(2023) for a complete review of the use of UAVs in social logistics. In particular, we consider a quadcopter,
i.e., a drone with four propellers. One interesting feature of many quadcopters is the ability to fly with only
two of the four propellers. This capability is usually incorporated to improve safety and stability in case one
or more motors fail during flight.

Let us assume that X; represents the lifetime of the ith propeller for i = 1,2,3,4 and that the system’s
lifetime is T = X3.4 because the system fails when the third failure occurs. Let us also assume that there is
a positive dependence among the propellers because they share the same weather conditions. We will use a
Clayton copula to model that dependence. Hence, in the case of ID components, we have that

P[X) >t, Xy >t, X3 > t, X, > t] = Co(F(t), F(t), F(t), F(t))

where

~

Co(ur,uz,ug,us) = (=3 +uy’ +uy” +uz? +uy®)~° (4.4)
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for uy,us, uz,ug € (0,1] and @ > 0. This copula can be used only to model positive dependence (see Nelsen ,
2006, p. 152 for further properties). The system reliability function is

Fr(t) = 6Co(F(1), F(1),1,1) = 8Cy(F(1), F(t), F(t), 1) + 3Co(F(1), F(1), F(t), F(t)) = ho(F (1))

for t >0, where hg(v) = 6(—1+ 207710 — (=2 + 30~ =10 1 3(=3 + 40"V for all v € (0,1]. Let
us consider 0 = 2, and exponentially distributed components with mean 17.914 hours. If the mission time is
fized to be tpy = 4 hours due to battery limitations and the minimum reliability required is g = 0.9, then it is
clear that Pr[T >t] > q for all t € [0,tp] because Fr(tpr) = 0.9000045. The plots of the distortion function
ha(v) and the system reliability function Fr(t) are displayed in Figure 6 (left and right, respectively).

From Proposition 3.4 in Navarro and Buono (2023), we calculate the conditional reliability function of
the system given that the first failure of the components occurs at time x.

PAT > ¢ | X1 — a) — BAOUP (@), (), F(0). ())28102(1;(@,F(t),F(t),F(t))

0,C5(F(x), F(x), F(x), F(x))

for all x < t such that 8,Cs(F(x), F(x), F(x), F(z)) > 0 and lim 38,Cs(u,u,v,v) — 201Cs(u,v,v,v) = 0.

v—0t

(4.5)

After some calculations, we have that

~ ~ 3v—3u202 + 202 4+ 2u2  2v/—3u2v2 + v2 + 3u?

30.C —20,C =3 _

1C2(u, u, v,v) 1C2(u, v,v,0) =v <(—2v2+u2(—2+3v2))2 3211 ) )

and, hence, 1irg+ 38162(u,u,v,v) - 28152(u,v,v,v) = 0 holds. Therefore, from (4.5) we have that Pr(T >
v—r

t|X1.4 = 2) = Hy(F(x), F(t)), where

4\%? 3 2 _
St 2 2\*? RN b
(—3+u2+v2> (—3+u2+v2>

1 u<ov<l.

Hs(u,v) =

To prove that T Ts; Xi.4, i-e., Ho(u,v) is decreasing in u for all v € (0,1), we need to show that
the Clayton copula in (4.4) is MTP,. Firstly, note that Cy is an Archimedean copula for 6 > 0 with
Yo(x) = (14+2)~Y? the corresponding copula generator. From Theorem 2.11 in Miiller and Scarsini (2005),

we have that Cy is MTP, if, and only zf 1/19( ) is log-convez.

After some calculations, we get that

d? 460 + 1
. ——log(Vy(z)) = it ="

where Wy () = iz 41/19( x) and therefore Cp is MTPy for all & > 0. The plots of Hy(u,v) for different values

of u are shown in Figure 6 (left). As in the previous example, we study two possible scenarios for the safety
conditions:

Case I: Pr(T > t|X1.4 = x) > q for all t € [0,¢p].
Firstly, we calculate the value x, as the solution of the following equation:

Hy(F(zq),hy " (q)) = q (4.6)

We solve the equation (4.6) by using numerical methods, obtaining F(z,) = 0.88252285. Therefore, the
critical time x4, in the case of exponentially distributed components with mean 17.914 hours, is given by
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Figure 6: Distortion (left) and reliability (right) functions of the system in Example 4.3 when the components
are ID with a Clayton copula and common exponential distribution with mean 17.914 hours. The black curves
stand for the original system and the rest for the system given that the first failure of the components occurs

at different times.

Tq = —17.914 log 0.88252285 = 2.238723 hours. Thereby, we can ensure the safety conditions of case I when
the first failure of the components occurs at x > 2.238723. On the other hand, the required safety conditions
; . This situation s

may not be satisfied when the first failure occurs at any time in the interval [0,2.238723)
displayed in the plots shown in Figure 6 (right). The blue curves represent the reliability of the system, given
that the first failure occurs at times x = 2.5 and x = 3.5. The red curves are obtained by choosing © = 1 and

r = 1.5.
We can provide the probability of the system no longer complying with the established safety conditions
q)) = 0.684258,

after the first component failure. Using the value of Fy.4(z,) = C’g( (zq), F(zq), F(zq), F(x
we can calculate Pr(Xq.4 < z4) = 1 — 0.684258 = 0.315742. This means that in 31.57% of first failures, we

will not be able to gua%an_tee the prescribed safety conditions. Note that this probability can be reduced by
using components with higher quality.
Furthermore, it is possible to calculate the probability of accomplishing the mission given that the first
failure of the components occurs after the critical time x.
6C,(F F F(t tar)) — 8C F(tar), F(tar), F(t
PI‘(T > tM|X1;4 > .%'q) _ 2( (wq)7 (xq)7 /g _)7 ( M)) 2( ( )7 ( ) ( M)7 ( M))
Co(F (q), Fxq), F(2q), F(z4))
Co(F F(ty), F(ty), F
CQ(F(xq)vF(wq)vF( )’F(xq))

Case II: Pr(T > t|X1.4 = x) > Pr(T > t) for all t > 0.
Studying the requirements in case II is equivalent to checking if Ha(u,v) > ho(v) holds for all v €
i = Hy(u,v) — ha(v), then it is

[0,1] and for some values of w. However, if we define the function da(u,v)
straightforward to see that lim,_,q+ %dg(um) = (—9—18V2+16v/3)/6 < 0 for allu € (0,1). Therefore, for
all w € (0,1) there exists € > 0 such that Ha(u,v) < hao(v) for all v € (0,€). This means that the condition
Pr(T > t|X1.4 = x) > Pr(T > t) does not hold for allt > 0 and any value x. Observe the curves Frix, ,—o(t)
S . hY

for diﬁerentivalues o_fa:, in Figure 6 (right), which intersect with the system reliability function Fr(t)
We have calculated numerically the survival PELCoV at risk v = ha(F(t)) for all t > 0, represented in
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Figure 5 (right). As we can see, the infimum of the survival PELCoVs is equal to zero. Hence, as we have
proved above, the requirements in case II do not hold.

Finally, note that Pr(T > t|Xq1.4 = x) > Pr(T > t) for allt € [0,tp] and © > x4, see the green and black
curves in Figure 6 (left).

5 A non-parametric estimator of the critical time at risk level ¢

As discussed above, the critical time z, is linked to studying the survival PELCoV u, = Fy.4(x,). This
survival PELCoV represents the threshold level of the first component failure from which the lifetime of the
system given the first failure dominates the unconditional system lifetime. As seen in Section 3, the survival
PELCoV at level ¢ can be uniquely determined by the PELCoV at level 1 — g as u; = 1 — s1_4. Therefore,
following the approach of Ortega-Jiménez et al. (2022), this section is devoted to obtaining a non-parametric
estimator of the PELCoV at risk level v.

In this section, we consider a random vector (X,Y") with copula A and absolutely continuous strictly
increasing marginal distribution functions Fx(-) and Fy(-) and strictly increasing conditional distribution
Fy|x=z(-), for all z, on their respective supports. Under this scenario, as seen in Ortega-Jiménez et al.
(2022), if Y Tgsr X then the PELCoV s, is determined by the copula A as 0;A(sy,v) = v. Note that,
under the framework established throughout the paper, Y represents the system lifetime T and X the first
component failure X;.,. Let us remark that the copula A models the dependence structure between T" and
X1.n, and it shouldn’t be confused with the copula among the lifetime of the components of a system. We
must also remark that this representation is different from the distortion representation used in Section 3.
Here, the joint distribution of X;., and T can be written using A as

PI‘(Xl;n < .’ﬂ,T < y) = A(Flzn(x)v FT(y))

Both F}., and Fr have distortion representations from the distribution functions of the components, see
Navarro (2022).

5.1 Background on the non-parametric estimator of Markov Kernels

Since the critical point is determined by the copula A, the non-parametric estimator of the critical point
relies on an estimator of the copula. To define the estimator, it is important to recall the notions of Markov
kernels and weak conditional convergence. The interested reader is referred to Kasper et al. (2021) for further
discussion on these notions. Note that, for every metric space (5, d), the Borel o-field on S is denoted by
B(S). A Markov kernel from R to R is a mapping K : R x B(R) — [0, 1] such that for every fixed E € B(R)
the mapping = — K(z, E) is (Borel-)measurable and for every fixed € R the mapping £ — K(z, E) is
a probability measure. Considering two real-valued random variables X,Y we say that a Markov kernel
K is a regular conditional distribution of ¥ given X = z if K(z,E) = Pr(Y € E | X = z) holds almost
surely for every E € B(R). If C is a copula, then we will denote the Markov kernel of C' as K¢ (-) and
consider it as a map K¢ : [0,1] x B([0,1]) — [0,1]. Note that, if copulas are differentiable, the identity
01C(u,v) = Kc(u,[0,v]) holds. We can now recall the notion of weak conditional convergence.

Definition 5.1 (Weakly conditional convergence) Suppose that C,Cy,Cs, ... are copulas and let K¢,
Ko, Kc,, ... be the corresponding Markov kernels. We will say that (Cp,),,cy converges weakly conditional
to C' if for A-almost every x € [0,1] we have that the sequence (K¢, (x,-)) of probability measures on

meN
B([0,1]) converges weakly to the probability measure Kc(x,-). In the latter case, we will write Cy,, =<5 C
(where "wee’ stands for 'weak conditional convergence’).

For a copula C' and v € (0,1), we consider the map 07 - : [0,1] — [0, 1] given by 67 ~(t) := Kc(7,[0,1]).
The following continuity result by Fuchs and Trutschnig (2020) provides an estimator of 9;C (v, Fy (y)).

Theorem 5.2 (Fuchs and Trutschnig (2020)) Consider a sequence of copulas (Cy,),,cy converging weakly

conditional to C and a sequence of continuous univariate distribution functions (FY,m)meN converging weakly
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to Fy. Then there exists a set A € B((0,1)) with A\(A) =1 such that for every v € A

lim (65, ©Fym)(y) = (65¢c0Fy)(y) (5.1)

m—r oo

for every y € R with K¢ (v, {Fy(y)}) = 0. Additionally, if either (a) Fy is strictly increasing or (b) the map
v = Ko(7,[0,0]) is continuous, then Equation (5.1) holds for all but at most countable infinitely many y € R
(interpreting the expressions as conditional distribution functions on R we hence have weak convergence).

5.2 Empirical estimator of the PELCoV

It is important to remark that, given a sequence of copulas converging weakly conditional to A, the con-
vergence of the Markov Kernels is not uniform. Although Egoroff’s Theorem states that, under pointwise
convergence almost everywhere, the uniform convergence holds everywhere except on some subset of arbi-
trarily small measure. Note that given a set E, we denote by EC the complement of E.

Theorem 5.3 (Egoroff’s Theorem) Suppose that p is a finite measure, and that fo,,f : X — C are
measurable. If f.,, — f pointwise a.e., then for every € > 0 there exists a measurable E C X such that
AEC) < e, and f,, converges uniformly to f on E, i.e., lim sup |f(z) — fm(z)| = 0.

m—roo zcE

Note that if Y 15 X, since u — 01 A(u,v) is strictly decreasing, s, = A(U) where
U={u:dA(u,v) > v}

Therefore, considering a sequence of copulas (A,),, oy converging weakly conditional to A and a sequence
of continuous univariate distribution functions (Fy,.),,cy converging weakly to Fy, we can define the non-
empirical estimator of the PELCoV on the following form:

Smp = MUp), with U ={u: (654, 0 Fym) (Fy ' (v) > v}
The consistency of the estimator follows in the following result.

Proposition 5.4 (Consistency of the estimator) Consider a sequence of copulas (Am),,cy converging
weakly conditional to A and a sequence of continuous univariate distribution functions (Fva)meN converging
weakly to Fy. Let us assume that A is absolutely continuous, Oy A(u,v) is strictly decreasing in u for all v
and Fy is strictly increasing. Let us define Uy, , = {u : (5;Am ) Fym) (F;l(v)) >wv}. Then

lm A(Up.p) = So-

m— o0

Proof. By Theorem 5.2, fixed y = Fy, ' (v) € R, there exists a set A € B((0,1)) with A(A) = 1 such that for
every v € A, w}gnoo (57:,Am o Fy,m) (y) = ((SjA o Fy) (y), that is (5:,141” o Fym) (y) = (5:7%1 o Fy) (y) a.e.
Fixed £ > 0, by Theorem 5.3, there exists a measurable £ C X such that \(E€) < 5, and we have
lim sup [ (654 0 Fy) (y) — (654, © Fy,m) ()| = 0. Now, let us consider
E

n=max{ (07 _; 4o Fy ) (0) = Fy (), Fy () = (054500 v ) )]

2

Then, there exists my € N such that, for all m > mg and for all v € F,
(0540 Fy) () = (654, © From) ()| <
and, in particular, since 01 A(u,v) = d; 4(v) is strictly decreasing in w:
e For all v <wu, — 5, (5«7,Am o Fy,m) (y) < Fy (y).

e For all v > u, — §, (5«7,Am ° FY,m) (y) > Fy ().
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Therefore, for m > mg, s, — § < MU N E) < s, + 5. Since A(Up, N E) = A(Uy,) — ME® NU,,) and
0<NECNU,) < 5, 80 —€ < 5y — 5 < MUn) < sy + € and the assertion follows. m

Following Fuchs and Trutschnig (2020), in order to build our estimator we consider checkerboard aggre-
gations instead of empirical copulas. Note that, as discussed in Fuchs and Trutschnig (2020) and Junker et
al. (2021), as the estimated curves require conditioning on events with zero probability, it is not possible
to provide the estimator by simply plugging in the empirical copula Em, but the problem can be overcome
aggregating it. Therefore, let CBy(C) be the N-checkerboard approximation of A € C with N(m) := [/m],
which roughly speaking, consist on two-dimensional histograms. As seen in Theorem 6.1. in Fuchs and

Trutschnig (2020), (CBN(m) (Em>) N
me
considering Proposition 5.4, this leads to a consistent estimator for the PELCoV.

converges weakly conditional to A with probability one. Hence,

Corollary 5.5 Suppose that (X1,Y1),(X2,Y3),... is a random sample from a random vector (X,Y") with
copula A for which 01 A(u,v) is continuous in v. Let us assume that Fy is strictly increasing and Y tssr X.
Then, for v € (0,1), considering Uy, = {u : o Fy.,)(Fy ' (v)) > v}, it is verified that
lim A(Up.o) = So.

m—o0

(O By (B

Note that, as remarked above and, since the survival PELCoV at level ¢ is given by u, = 1 — s1_4, we
consider the estimator 1 — A(Up,,1—4)-

5.3 Numerical simulations

We illustrate the performance of our estimator with some numerical simulations from the examples described
in Section 4. The following simulations have been carried out considering random samples of the vector
(X1:n,T), which have been obtained from random samples of the lifetimes of the components taking into
account the corresponding copula. Note that we only estimate the survival PELCoV wu, at level ¢. Since
x, = F} (1 —ug), the corresponding critical times z, considered in case I, can be obtained considering the
empirical quantile of X;.,, and the PELCoV estimation.

Let us remark that the examples refer to frameworks with T 157 X1.,. Although, as in all the examples
Pr(T >t | X1.4 = ) increases in x for ¢ > x, the stochastic monotonicity is strict, assuming T > X;.,, and
since this is verified by the data. Therefore, we consider the estimator provided in Corollary 5.5. Note that,
in order to compute the mass distribution of the empirical checkerboard copula, the R package cort (see
Laverny (2020)) is employed to build the estimator.

q 0.9 0.95 0.976031 0.99
U, 0.44500 0.48519 0.52757 0.57696
n=10% | 0.40734 (0.06009) | 0.45294 (0.06027) | 0.46309 (0.06379) | 0.45431 (0.06368)
n=10% | 0.45183 (0.02561) | 0.47540 (0.02507) | 0.50592 (0.02612) | 0.52286 (0.02571)
n=10° | 0.44743 (0.01272) | 0.48624 (0.01361) | 0.52294 (0.01376) | 0.55566 (0.01422)
n=10% | 0.44596 (0.00472) | 0.48431 (0.00535) | 0.52653 (0.00545) | 0.56897 (0.00577)
n =107 | 0.44493 (0.00218) | 0.48482 (0.00226) | 0.52718 (0.00225) | 0.57540 (0.00253)

Table 2: Estimations (mean and sd) of the survival PELCoVs u, at level g over 1000 replications in the
simulation considering a parallel system with 4 independent components.

Following the approach of Section 4, we consider a parallel system with 4 independent components and
exponentially distributed lifetimes with mean 20. We set the usual risk levels ¢ = 0.9,0.95,0.99 jointly with
the level ¢ = 0.9760310 considered in Example 4.1. Note that, by (3.13) we know that the survival PELCoV
at risk ¢ for a parallel system of n independent components is given by

y (1(1q)i )n
! 1—(1—¢q)7
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Figure 7: Confident intervals at 95% of survival PELCoVs at risk level ¢ = 0.95 (left) and ¢ = 0.976031
(right) jointly with the theoretical values (dashed line) for Example 4.1.

We have calculated the mean and standard deviation of 1000 replications for each sample size n = 10* with
k = 3,4,5,6 and 7. The results are displayed in Table 2. Figure 7 shows the confidence intervals at 95%
for the survival PELCoVs estimated jointly with the theoretical values obtained from the expression (3.13).
The error decreases as the sample size increases.

q 0.9 0.95 0.9727875 0.99

Ug 0.45905 0.50515 0.54395 0.60405
n =10% | 0.41531 (0.06033) | 0.45831 (0.06060) | 0.47872 (0.06333) | 0.47653 (0.06480)
n =10% | 0.46059 (0.02399) | 0.49003 (0.02489) | 0.52268 (0.02507) | 0.53969 (0.02578)
n=10° | 0.45937 (0.01270) | 0.50332 (0.01248) | 0.53725 (0.01395) | 0.57906 (0.01438)
n =105 | 0.45949 (0.00514) | 0.50347 (0.00492) | 0.54078 (0.00501) | 0.59510 (0.00573)
n =107 | 0.45885 (0.00210) | 0.50457 (0.00221) | 0.54265 (0.00225) | 0.60202 (0.00248)

Table 3: Estimations (mean and sd) of the survival PELCoVs u, at level g over 1000 replications in the
simulation considering a parallel system with 4 components with lifetimes linked by an FGM survival copula
of parameter o = 1.

Following now the approach of Example 4.2, we consider a parallel system with 4 exponentially distributed
components with mean 20 and whose lifetimes (X1, X, X3, X4) are linked with a Farlie-Gumbel-Morgenstern
survival copula with parameter o« = 1, provided in (4.2). Again, we set the risk levels ¢ = 0.9,0.95,0.99
together with the level ¢ = 0.9727875 in Example 4.2. Theoretical values have been obtained by solving
numerically the equation (4.3). The results are given in Table 3.

Finally, according to the framework described in Example 4.3, we consider a 3-out-of-4:F system formed
by 4 exponentially distributed components with mean 17.914. The lifetimes of the components are linked
by a Clayton copula with parameter § = 2, provided in (4.4). Analogously as above, theoretical values have
been obtained by solving numerically the equation (4.6). We consider risk levels ¢ = 0.9,0.95,0.99, where
q = 0.9 is the risk level considered in Example 4.3. The results are shown in Table 4.
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q 0.9 0.95 0.99
g 0.68426 0.742661 0.837536
n=10% | 0.63359 (0.03024) | 0.69975 (0.03437) | 0.74069 (0.02770)
n=10% | 0.67592 (0.01154) | 0.71958 (0.01209) | 0.78921 (0.01213)
n=10° | 0.68047 (0.00529) | 0.73903 (0.00557) | 0.82221 (0.00578)
n=10% | 0.68347 (0.00205) | 0.74024 (0.00216) | 0.83151 (0.00226)
n =107 | 0.68374 (0.00089) | 0.74189 (0.00090) | 0.83652 (0.00090)

Table 4: Estimations (mean and sd) of the survival PELCoVs u, at level ¢ over 1000 replications in the
simulation, considering the system in Example 4.3 when the components are ID and dependent with a
Clayton copula of parameter § = 2.

6 Conclusions

In the field of mission-oriented systems subject to high safety requirements, this paper presented a new
methodology to study risk times considering coherent systems with homogeneous and possibly dependent
components. Given that the first failure of the components is known, we have studied the critical times from
which the conditional system lifetime satisfies two different safety policies. Under this framework, sufficient
conditions were provided for critical times in both safety policies, and a systematic methodology was used
to calculate the critical times numerically. Furthermore, the explicit expressions of such critical times were
determined for the particular case of parallel systems with IID components. Illustrative examples of coherent
systems with dependent components were also provided.

In order to enable a data-driven procedure for the aforementioned analysis of the critical times, a non-
parametric estimator was developed. We revisit the examples considered from a theoretical approach, now
using numerical simulations, to illustrate the convergence of the estimator (see Tables 2-4). Note that the
suggested estimator is just a first step. From a practical perspective, there are still some limitations. Firstly,
it is not always possible to guarantee the positive dependence condition between T and Xi., (we have
provided a counterexample). Secondly, note that the estimator is constructed using checkerboard copulas
with a uniform grid. Therefore, as can be intuitively expected, Tables 2-4 show that the convergence is
slower for risk values near ¢ = 1. Determining alternative estimators and studying the convergence rate
remains an open question of future research.

The methodology proposed in this paper is based on the notion of Probability Equivalent Level of CoVaR-
VaR (PELCoV), which is first defined in the context of Risk Theory. An extension of the methodology can
be provided to study critical times when the second or subsequent failures of the components are known.
Hence, more elaborate risk criteria can be built for alternative policies. Even though the primary goal of
this article is not to create a mission abort policy, the findings of our study can be used, in conjunction with
other criteria, to suggest mission abort policies.

The approach followed in this paper is based on the assumption of homogeneous components. While this
assumption may be too restrictive in certain applications, it provides a solid foundation for future research.
The main task for future studies is to extend these results to mission-oriented systems with heterogeneous
components, which would significantly broaden the applicability and impact of the methodology.
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