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Consider the following nonparametric transformation model A(Y) = m(X) + ¢, where X is a
d-dimensional covariate, Y is a continuous univariate dependent variable and ¢ is an error term
with zero mean and which is independent of X. We assume that the unknown transformation
A is strictly increasing and that m is an unknown regression function. Our goal is to develop
two new nonparametric estimators of the transformation A, the first one based on the least
squares loss and the second one based on the least absolute deviation loss, and to compare their
performance with that of the estimators developed by Chiappori et al. (2015). Our proposed
estimators are based on an estimator of the conditional distribution of U given X, where U is an
appropriate transformation of Y that is uniformly distributed. The main motivation for working
with U instead of Y is that, in transformation models, the response Y is often skewed with
very long tails, and so kernel smoothing based on Y does not work well. Hence, we expect to
obtain better estimators if we pre-transform Y before applying kernel smoothing. We establish
the asymptotic normality of the two proposed estimators. We also carry out a simulation study
to illustrate the performance of our estimators, to compare these new estimators with the ones
of Chiappori et al. (2015) and to see under which model conditions which estimators behave the
best.

Keywords: Asymptotic properties, Identification, Kernel smoothing, Nonparametric regression,
Nonparametric transformation.

1. Introduction

Transforming the response variable Y of a simple linear regression model is a very com-
mon practice when we want to induce additivity of the effects, homoscedasticity and
normality of the new error term, or reduce skewness, in order to satisfy the assumptions
that are made on this model. The most commonly used family of transformations is
the parametric family of power transformations, which was introduced by Box and Cox
(1964) and which includes as special cases the logarithm and the identity. This class
of transformations has been generalized, see for example the Yeo and Johnson (2000)
transform.

The literature related to transformation models is very large. It contains papers in
which the transformation of the response and the regression function are either paramet-
ric or nonparametric, depending on the particular objectives of the considered paper.
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2 B. Colling & 1. Van Keilegom

The two above mentioned papers, as well as the papers of Zellner and Revankar (1969),
John and Draper (1980), Bickel and Doksum (1981), Carroll and Ruppert (1988), MacK-
innon and Magee (1990) and Sakia (1992) among others, consider a model where both
the transformation and the regression function are parametric.

We can also find papers in which the transformation is parametric and the regres-
sion function is nonparametric. In particular, Linton et al. (2008) proposed different
estimators of the transformation parameter and established their asymptotic properties.
We also refer to Colling et al. (2015) and Heuchenne et al. (2015) who introduced and
studied respectively nonparametric estimators for the error density function and the er-
ror distribution function. Moreover, Colling and Van Keilegom (2016) and Colling and
Van Keilegom (2017) developed tests for the parametric form of the regression function
respectively based on the error distribution function and on the integrated regression
function. Finally, we also mention the work of Vanhems and Van Keilegom (2018) who
studied the estimation of this model supposing that some of the regressors are endogenous
and the work of Neumeyer et al. (2016) who introduced estimators for the different com-
ponents of a heteroscedastic transformation model and proved the asymptotic normality
of these estimators.

Moreover, we refer to the important work of Horowitz (1996) who proposed estimators
of the different components of a regression model, in which the transformation is non-
parametric and the regression function is parametric. For the same model, Chen (2002)
proposed a rank-based estimator for the transformation that has the advantage of not
involving nonparametric smoothing.

In this paper, we will consider a model in which both the transformation and the
regression function are nonparametric, i.e., we will consider a nonparametric transforma-
tion model of the form

AY)=m(X)+e, (1.1)

where A(-) and m(-) are respectively an unknown transformation and an unknown re-
gression function. We also assume that A(-) is a strictly increasing function and X has
compact support Y C R?. Moreover, we assume that Y is a continuous univariate re-
sponse variable, X is a d-dimensional covariate and the error term & has zero mean and
is independent of X. We denote by Fx, fx, F- and f. the distribution and the probability
density functions of X and e respectively.

First, we would like to mention the works of Breiman and Friedman (1985), Horowitz
(2001) and Jacho-Chavez et al. (2010) among others. They developed fully nonparametric
estimators but in contexts that are slightly different from model (1.1). Breiman and Fried-
man (1985) constructed an algorithm for estimating the different components of model
(1.1) when the regression function m is supposed to be additive. Moreover, Horowitz
(2001) proposed a nonparametric estimation of a generalized additive model with an
unknown link function and Jacho-Chavez et al. (2010) discussed the identification and
the estimation of the unknown functions H, M, G and F, where r(x,z) = H{M(z,2)}
and M(x,z) = G(z) + F(z).

Next, we refer to the paper of Chiappori et al. (2015) who developed sufficient condi-
tions so that a nonparametric transformation model, allowing endogenous and exogenous
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regressors, is identifiable. They also constructed nonparametric estimators of the trans-
formation, the regression function and the conditional distribution function of & given
X", where X* is the vector containing the potentially endogenous component, and ana-
lyzed their asymptotic properties. Finally, they developed a test to conclude about the
exogeneity of a regressor or not.

In this paper, we will focus on the problem of nonparametric estimation of the trans-
formation A. We will define two new nonparametric estimators of the transformation A
in the case where all the components of the vector X are exogenous, and we will show
that it often outperforms the ones constructed by Chiappori et al. (2015).

The main idea of the nonparametric estimators of A developed in Chiappori et al.
(2015) is to consider the conditional distribution function of Y given X, denoted by
vc(y,x), and to divide its derivative with respect to y, denoted by ¢ (y,z), by its
derivative with respect to x;, denoted by ¢c 1(y,z), where z; is the first component
of the vector x. This particular way of constructing a nonparametric estimator of the
transformation was already considered in Horowitz (1996) but in the case of a paramet-
ric regression function. More precisely, under the normalization conditions (I1) intro-
duced in Section 2 and under appropriate conditions, Chiappori et al. (2015) proved in

their Theorem 1 that A is globally identified as A(y) = “;217%’2 for any = € x where

Sci(y,x foy #c.w(W) 10, This result is at the basis of the definition of the two fol-

wo,1(w,z)

lowing estlmators that they proposed for A(y):

n Sca(y,x)
Acrs(y) = /XU(JI)W dx | (1.2)
and
/A\C,LAD( = argmln/v SCl Sculy2) —m| dz, (1.3)
meR SCl 1,z)
where v is a weighting function, Sc Wy, z) = [ “:72 i’gi i; dw and pc 4 (y, ) and P (y, )

are kernel estimators of ¢ 4 (y, ) and goc,l(y, ).

Hence, to estimate the transformation in a nonparametric way, Chiappori et al. (2015)
introduced kernel estimators and in particular smoothing on Y. However, the distribution
of Y can be very asymmetric, depending on which transformation A is used. If ¢ is for
instance normal and A is the logarithmic tranform, then Y is log-normal and hence
smoothing for large values of Y will not work well at all. In that case, the kernel estimators
based on Y can work very badly in practice. This naturally impacts the quality of the
estimator of the conditional distribution function of Y given X and consequently also
those of its derivatives and of the nonparametric estimators of the transformation as we
can see in the simulations in Section 6.

In this paper, we will propose a way to overcome this problem. The main idea will
be to rewrite the transformation A(Y) as I'(T'(Y)) where I' is an increasing function
and T is a certain function such that we can control the distribution of T(Y"). This will
be presented more precisely in Section 2 as well as the identification of model (1.1). In
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Section 3, we explain how we can identify the function I'(-). Sections 4 and 5 contain
respectively the definitions of the new nonparametric estimators of the transformation
A and the theorems that establish their asymptotic normality, as well as the technical
assumptions we need to obtain these results. In Section 6, we realize a simulation study in
order to compare the performance of our estimators to the ones developed in Chiappori
et al. (2015). Section 7 contains the proofs of the main results. Finally, the proofs of the
technical propositions, which are useful to establish the main results, and some additional
simulation results, are given in the supplementary material.

2. Main idea of the estimation procedure

One way to identify model (1.1) is to impose one of the following normalization conditions:

(I1) either A(aq) = a1 and A(ag) = ag for some a1 < as and a1 < as,
(I12) or A(ay) = a1 and A'(as) = ag for some ay,as, a1, as.

The main idea of these two sets of conditions is to fix the location and the scale of the
model. Condition A(a;) = a; fixes the location of model (1.1) in both cases and (I1)
and (12) differ in their second condition, i.e., in the way they fix the scale of model (1.1).
We refer to Chiappori et al. (2015), Vanhems and Van Keilegom (2018) and Colling and
Van Keilegom (2016) among others for more details about these sets of conditions. In
this paper, we will work under (I1) for theoretical reasons and we will consider a; = 0,
a1 =0, ag =1 and ay = 1 without loss of generality. Note that the values 0 and 1 can
be replaced by any other values as long as they are in the interior of the support Y of Y,
where )Y is a connected subset of R.

As explained in the introduction, kernel smoothing based on Y can work very badly
in practice. We will now explain how this can be avoided. The main idea is to rewrite
the transformation A(Y) as I'(T'(Y)), i.e., A = T' o T where T is an increasing function
and
T(Y) = Fy(Y) - Fy(0) ,

Fy (1) — Fy (0)
where Fy (-) is the distribution function of Y. Note that we can always write A(Y") in this
way, since T'(Y") is invertible. Moreover, we have to work with T'(Y") instead of the more
simple transformation Fy (Y'), since we want to guarantee that 7'(0) = 0 and T'(1) = 1,
and hence I'(0) = A(T71(0)) = 0 and I'(1) = A(T~*(1)) = 1. Consequently, the set of
normalization conditions (I1) does not change and we will now consider the following
nonparametric transformation model:

I'U)=m(X)+e¢, (2.1)
where U = T(Y) and I'(U) = A(Y'). We will denote by & C R the compact support of
U. As Fy(Y) is uniformly distributed on the interval [0, 1], it is clear that U is uniformly

distributed on the interval Fy@fig)y)(o)’ Fyl(I)F_Y }3)(0) . The advantage of working with U

instead of Y is that U has a uniform distribution, and hence kernel smoothing based on
U should work much better than when it is based on Y, which can have very long tails.
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3. Identification of I'(+)

In this section, we will explain how we can identify the transformation I'(-) defined in
(2.1). The way we will do it is similar as in Chiappori et al. (2015) except that we will
now work with U = T(Y") instead of Y.

Let # = (x1,...,24)" and define ¢(u,z) = Fyx(u,x) the conditional distribution
function of U given X. Using the independence between X and e, we have

o(u,2) = P(U <u|X =2)=P(m(X)+e <T(uw)|X =2z) = F.(T'(u) — m(z)) .

Next, Conditions (A2) and (A3) in Section 5.1 imply that the derivatives of ¢ (u,z) with
respect to u and x, for some p € {1,...,d} exist. The derivative of ¢(u,x) with respect
to u is denoted by ¢, (u,z) and is given by

pulw,2) = ol ) = T'(u) £ (D) — () (31)

where I (u) = 2T'(u) exists by Condition (A2). Similarly, the derivative of ¢ (u, ) with
respect to x, is denoted by ¢,(u,x) and is given by

op(1:5) = Gl a) = = ((;;m@)) fo(T () — m()) - (3.2)

We have used the fact that the function m(x) is differentiable with respect to z, by
condition (A3), see Section 5.1. Moreover, we choose p such that the set A, = {z € x :
wp(u, ) # 0 Yu € Up} is non empty, where Uy is a compact subset in the interior of .
This last condition is imposed in (A4), see Section 5.1. Hence, dividing (3.1) by (3.2), we

obtain 5 (u.2)
Pulll, T
IM(u) =— (m(x)) X — . (3.3)
8xp ¢p(uax)
This last expression will be very important to prove the following Theorem which states
how we can identify the transformation I'(w).

Theorem 3.1. Assume (A1)-(A4). Then, for any p € {1,...,d} such that A, is non
empty, T is identified under (I11) as

P(u) = Ap(u, ) = m ,

where u € Uy, sp(u,x) = % and Sy(u,z) = [

Ap(u, z) does not depend on p nor .

sp(w, x)dw. Moreover, the expression

The proof of this theorem is the same as the proof of Theorem 1 in Chiappori et al.
(2015) and is therefore omitted. This theorem implies that we can arbitrarily choose the
component z, of the vector & = (z1,...,24)" with respect to which we will derive to
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6 B. Colling & 1. Van Keilegom

construct the nonparametric estimators of the transformation in Section 4 as long as
A, is not empty. In practice, we recommend to choose p and z such that %@(u, x) is
as far as possible from 0, where @(u, ) is defined in the next section. In the following,
to construct the estimators of I'(u), we will consider the derivative with respect to x
without loss of generality.

Note that we established Theorem 3.1 under the particular identification conditions
A(0) =0 and A(1) = 1, which requires that 0 and 1 are in the interior of the support Y
of Y. However, if we consider for instance the square root transform A(Y) = VY with
Y = [0,+o0], it is clearly not the case since the point 0 is at the boundary of ). To
overcome this problem, as we mentioned at the beginning of Section 2, the points 0 and
1 can be replaced by any other values as long as they are in the interior of the support
Y of Y. In general, if A(a1) = a1 and A(a2) = as for some a3 < ae and a; < ag such
that a7 and s are in the interior of ), it suffices to define I" such that A =T o T where

=& Fy(Y) — Fy(a1)

U= T(Y) = (052 al)Fy(O[z) — Fy(al) + a7 .
This ensures that T(a;) = @1 and T'(az) = as and T satisfies consequently exactly the
same identification conditions as A. Indeed, I'(a;) = A(T *(a1)) = a; and T'(ag) =
A(T~Y(az)) = ay. In this situation, following exactly the same reasoning as in the proof
of Theorem 3.1, T is identified under (I1) as

gl(u,x)
Nu)=a1 + (a2 —a1) =———=,
(u) ( ) (02.2)

([u Pi(w,x)
ar @1 (w,x)

distribution function of U given X with respect to u and x; respectively.

where S (u,z) = dw and @y and ¢, are the derivatives of the conditional

4. Definitions of the new estimators

In this section, we will construct our new nonparametric estimators of the transforma-
tion T'(u) that will directly lead to estimators of A(y) by replacing Fy by its empirical
distribution function Fy. The idea is to construct an estimator of the function Ay (u, z)
introduced in Theorem 3.1.

First, for ¢ = 1,...,n, let X; = (X;1,...,X;q) and assume that we have randomly
drawn an iid sample (X1, Y1), ..., (X,,Y,) from the nonparametric transformation model

(1.1). Moreover, we define U; = T(Y;) = %
We can rewrite the conditional distribution function of U given X defined in Section

3 in the following way:

_ p(u, @)
o(u, x) @) (4.1)
where u
p(u, x) :[m fux(w,z) dw , fx(z) =/ufU7X(w,x) dw (4.2)
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Estimation of fully nonparametric transformation models 7

and fu x(u,x) is the joint density function of U and X Let K be a univariate kernel
in R that satisfies Condition (A5) in Section 5.1, K(u) = [“_ K(w)dw and K(z) be a

multivariate product kernel of the form K(z) = Hi:l K(xz) with x = (z1,...,24)". We
also introduce h,, > 0 and h, > 0 two univariate bandwidths that satisfy Condition (A6)
in Section 5.1. Consequently, a natural kernel estimator of p(u,z) is given by

o(u, :’Z(“’x)
P, 2) fx(x) 7

where
1 — A
) n;/Chu(u Ui)Kn, z) and fx(z Z ha (4.3)

with Kp, = K(u/hy) and Ky, (x) = K(z/hy)/he. Moreover, U; is defined by
Fy (Y;) — Fy (0)
Fy(1) - Fy(0)

~

=T(Y) =

where Fy (y) = % S 1{y,<y} is the empirical distribution of Y7, ..., Y, It is important
to notice that we have to work with (71, .. .,ﬁn instead of Uy,...,U, since the U;’s
depend on the distribution function of Y which is an unknown function. This will make
an important difference when we will develop the asymptotic properties of our estimators
in comparison with Chiappori et al. (2015) who constructed their estimators on the basis
Of}G7...,Y%. R

As mentioned in Chiappori et al. (2015), we have to use Kj, (u—Uj;) instead of L5, <uy
because we need @(u,z) to be differentiable with respect to w. Also, note that we could
work with a separate bandwidth for each component X; of the vector X but wanted to
keep the presentation simple.

Next, we consider

ou(u,x) = (,%cp(u,w) = ]m , (4.4)
and
- ARG

where p, (u, ) = 5 O p(u,x), p1(u,x) = 62 p(u,z) and fx1(x) = a%lfx(x). We estimate
these quantities respectively by

) Bulu, @
Gulu,z) = Pults®)

= and  @1(u,z) = pi(u,x) p(u’fz)fx’l(x)
fx (@) fx (@) fx (@)
where Pu(u,7) = 29, 2), Pi(,2) = pu,z) and Fa(x) = 2 Fx(x) and plu, 2)
and fx(z) are defined in (4.3). Finally, we define the following estimator of Aj (u, x):

)

M (u,z) = il(u,:c) where S (u, z) z/ de. (4.6)
Sl(l,ff) 0 Sol(wvx)
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8 B. Colling & 1. Van Keilegom

It is important to remark that the estimator Xl (u, ) depends on x despite the fact that
it is not the case for the true function A;(u,z) by Theorem 3.1. Consequently, we will
have to integrate the function Xl (u,z) over x. We also consider a weighting function
v(x) that satisfies Condition (A9) in Section 5.1. Moreover, Theorem 3.1 implies that
I'(u) = A1 (u, z) and then

I'(u) = arg min /U(x)ﬁ()\l(u,x) — Gm)dz ,
qm €R X

where £(-) is a given loss function. In this paper, we will consider £(z) = 2% and £(z) = |z|

which gives more precisely the two following nonparametric estimators for the transfor-

mation I'(u):

o~

Trs(u) = / v(2)A (u, ) dz | (4.7)

and
fLAD(u) = arg min /U(Q’J) ‘Xl(uﬂs) — Gm| dx. (4.8)
X

gm€R

~

Next, if we want to estimate e.g. A(2), we just have to calculate T's(T(2)) or T pap(T(2))

S0y — By () =Fr(0)
where T'(y) = Fy (1)—Fy (0)

To simplify the theoretical analysis, we follow Chiappori et al. (2015) and introduce
a smoothed version of the above LAD estimator :

Tpapy(u) = arg qmierﬂlg Qb (@m> M (u,)) (4.9)
where

Qo (gm; M (u, ) = / v() A (w, @) = gm) 2Ly (M (u, ) = gm) — 1] da,

Ly(-) = L(-/b), L is a given distribution function and b > 0 is a bandwidth sequence
that satisfy Condition (A10) in Section 5.1. The main reason for working with fLAD’b(u)
instead of working with fL ap(u) is that the function @ is twice differentiable with
respect to ¢, which will be needed in the proof. Note that the two estimators can be
made arbitrarily close to each other by letting b tend to zero.

In summary, the construction of our estimators is similar as in Chiappori et al. (2015)
except that we proposed a way to overcome the facts that the distribution of Y can
be very asymmetric and can have very long tails, which can lead to bad estimations of
A(y) due to the poor quality of the kernel smoothing. In Section 6, we will compare the
performance of our new estimators to those of Chiappori et al. (2015) and we will see
that the transformation of U = T(Y") is recommended, especially for large values of Y.
However, the disadvantage of transforming Y and considering kernel smoothing on Uis
the asymptotic theory that will be considerably more difficult in comparison with Chiap-
pori et al. (2015). Indeed, we have a lot of technical results to prove before establishing
the limiting distributions of the estimators fLS (u) and fLAD,b(u), see Section A in the
supplementary material.
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5. Asymptotic results

5.1. Notations and assumptions

First, we need to introduce the following notations:

_ Pulw, @) fxa(x) v = — Y
Dottt = i@ P Raws
Dy (u,z) = M Dyolu,z) = —pu(w, 2)p(u, ) fx1(2)

Ix(@)ed(u,x) o1 (u, ) f5 () ’

and
_ pulwa)plu,a)
o1 (u, ) fx ()
For any functions p(u, ) and f(x), let Py (u, ) and py (u, z) be respectively the derivatives
of p(u, z) with respect to u and z, where x; is the first component of the vector x € R,

and let fi(z) be the derivative of the function f(z) with respect to z1. We also define
the following functionals

Dfal(u’ 33)

V51 (u, z)[p] = /0" {Dp,o(w,x)ﬁ(ww) + Dy, o (w, 2)py(w, ) + Dy 1 (w, z)p1 (w, m)} dw ,

(5.1)
and

visiwalfl = [ ' {Df,()(w,x)f(x) n Df,1<w,x>ﬁ<x>} du (5.2)

The main results of the asymptotic theory require the following regularity conditions
on the distributions of € given X, the transformation I'(u), the regression function m(x),
the kernels K and L, the bandwidths b, h, and h,,, the joint density function of U and
X and the weighting function v:

(A1) The distribution function F; of € is absolutely continuous and has a density f. that
is continuous on its support. Moreover, X and ¢ are independent and the support
Y of Y is a connected subset of R.

(A2) The transformation I is strictly increasing and twice continuously differentiable on
Uy, where Uy is a compact subset in the interior of .

(A3) The regression function m is continuously differentiable.

(A4) Theset A, ={z € x: pp(u,x) # 0 Vu € Up} is nonempty for some p € {1,...,d}.
In the following, we will take p = 1 without loss of generality.

(A5) The kernel K is symmetric, has support [-1,1], K(-1) = K(1) =0, [ K(z)dz = 1,
J2*K(2)dz = 0 for £ = 1,...,m — 1 and [2™K(z)dz < oo. Moreover, K is
m-times continuously differentiable and K and K’ are of bounded variation.

d+2
(A6) The bandwidths h, and h,, satisfy \/nhl* — 0, v/nhl" — 0, Vrhi Ty oo and

logn
Vnh by
logn

— 00.
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10 B. Colling & 1. Van Keilegom

(A7) The joint density function fy,x of (Y, X) is uniformly bounded and m + 2-times
continuously differentiable on Yy X x¢, where xo C A; is the compact support of the
weight function v(x) defined in (A9). We also assume that infy.pey, fy(y) > 0,
where fy is the density function of Y.

(A8) infuey, fx () > 0, inf(y 2)cts xxo |%gp(u,x)| > 0 and infge,, |S1(1, )| > 0.

(A9) The weight function v has compact support xo C .A; with nonempty interior and
satisfies fXO v(z) de = 1. Moreover, v is continuous on x and is m-times continuously
differentiable on xp.

(A10) L is a twice continuously differentiable distribution function with uniformly bounded
derivatives and with median at 0 and b > 0 is a bandwidth sequence that satisfies

by/nhd (min(hy,hu))?

nb* = 0o and I
ogn

— 00.

Note that several of these assumptions are the same as in Chiappori et al. (2015). It is
important to remark that m > d 4+ 2 is a consequence of Assumption (A6), which means
that a higher-order kernel is required to ensure that the four conditions of Assumption
(A6) are satisfied when the dimension d of X becomes large.

Next, Condition (A7) implies that the joint density fy x(u,x) is uniformly bounded,
m + 2-times continuously differentiable and all these derivatives are uniformly bounded,
ie.,

o x(ua)
sup , ux(u, ) <oo
(w,) EUo X X0 8u0‘08x‘1’1 - 8:530’ ’ ’

since fu x(u,z) can be rewritten as

~ frx (T (u), )

fux(u,x) = (T 1(0) (Fy (1) — Fy(0)) .

Moreover, Condition (A7) implies that the functions p(u, ), p,(u,x), p1(u,x), fx(z)
and fx 1(x) are uniformly bounded, at least m-times continuously differentiable and
all these derivatives are uniformly bounded. Indeed, these five functions can be rewrit-
ten as functions depending only of fy x (u,z), see (4.2). As a consequence, using (4.1),
(4.4), (4.5) and the fact that inf,¢,, fx(x) > 0 by condition (A8), the functions ¢(u, ),
ou(u, ) and ¢ (u, z) are also uniformly bounded, at least m-times continuously differ-
entiable and all these derivatives are uniformly bounded. Finally, these conclusions are
again the same for the functions D, o(u, ), Dp w(u, x), Dp1(u,z), Dfo(u,z), Df1(u,z)
and Si (u, z) using the definitions at the beginning of Section 5, the definition of Sy (u, x)
in Theorem 3.1 and the facts that inf,cy, fx(2) > 0 and infy, z)ers x o |91 (4, )| > 0 by
condition (A8). All these consequences of Condition (A7) will be constantly used in the
different proofs in the supplementary material and in Section 7.

Finally, since v(z) = 0 for = ¢ xo, Condition (A9) implies that fx v(x)dr = fXD v(x)dx
= 1 and also v(z) = 0 for values of = at the boundary of y( since v is assumed to
be continuous on y. The last two properties of v will be necessary to prove Theorem
5.1. Indeed, to prove Theorem 5.1, we will need to apply Propositions 6 and 7 given
in the supplementary material with v,(ug,z) = vf(ug,z) = v(x)/S1(uo,z) and with
vp(ug, ) = vy(ug,z) = v(z)S1(up,x)/S;(1,2) and these two propositions will require
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Estimation of fully nonparametric transformation models 11

that the functions v, and vy are continuous on x and equal 0 for values of x on the
boundary of xp.

5.2. Main theorems

In this section, we introduce two theorems and one corollary. The two first theorems
establish respectively the limiting distributions of I'ps(u) and I'p ap »(u). However, recall
that T'pg(u) and T Ap,p(u) are nonparametric estimators of I'(u) and that our original
objective was to construct nonparametric estimators of A(y). Hence, in addition to these
two theorems, we introduce a corollary that establishes the limiting distributions of
I'Ls(T(y)) and Tpaps(T(y)), that are nonparametric estimators of A(y).

Before stating these results, note that the derivative of ¢(u,x) with respect to a
component of z is zero for all x € y if u is at the lower boundary of the support U of U.
Hence, Assumptions (A4) and (A8), given in Section 5.1, cannot be fulfilled for all v € U.
Consequently, we have to restrict Assumptions (A4) and (A8) and also the following two
theorems to any u € Uy, where Uy is a compact subset in the interior of U.

Similarly, the convergence established in the next corollary is restricted to any y € Yo,
where ) is some compact subset strictly included in the support ) of Y.

In particular, if 0 is the lower boundary of ), it can be replaced by any other value in
the interior of ), see the remark at the end of Section 3. Note that this will also avoid
boundary problems when we will do kernel smoothing on U.

Theorem 5.1.  Assume (A1)-(A9). Then, under (I1), the process /n(Ts(u) — I(u))
converges weakly to N'(u), where u € Uy and N is a centered Gaussian process with

covariance function given by A(ui,uz) = E[6%, y,(u1)d%, v, (u2)], where 0%, y. (u) =
v v v(x v(x)S1(ug,x
6X1ri7Y¢(1’u) - 6)(217Yi (u’ 1)’ ’Ul(UQ,l‘) = S1(1(Lo),a:)’ ’UQ(U(),.%‘) = (S)’f(l(,mo) )’

5%1_% (up, u)

- /u {5(u0, X;)Dpo(w, X;) — 8%1 [ﬁ(uo, z) Dy 1 (w, w)}

max(0,U;)

} dw
=X,

} dw
:L’:Xi

LN g [~
—|—/ {U(uo,X,»)Dﬁo(w,Xi) = B [v(uo,x)Df,l(w,x)]
0 1
+(vi<uy — L{u,<0})0(uo, Xi) Dp o (Ui, X;)
e, — 1.
{Uigw} {U'LSO} ~
+ - ) D )
/0 [ Fy (1) — Fy(0) w} /x <{U(u0 =) Dpolw:7)

+aix1[5(uo, z)Dp1(w, x)]}fU}x(w, z) + 0(ug, ©) Dy (w, x)ifU,X(U% $)> da dw

ow
- (1{Y1‘§1} ~lizg) 1) /uw/ {ﬁ(u z)Dpo(w, )
Fy (1) — Fy(0) o Jy 0RO
0

0 ~
%Dp,u(w,x) + 87:131 [v(uo, :E)Dpﬁl(u,:r)} }fUVX(w,x) dx dw

—0(ug, )
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12 B. Colling & 1. Van Keilegom

- (13;;?3 _;{;/ZS)O} - 1) u/X (uo, ) Dy u(u, ) fu, x (u, z) dz, (5.3)

for ug €U and v equals either vy or vs.

Remark 5.1. Note that the estimator T rs(u) is not necessarily monotone is u. We can
make the estimator monotone in a second step by following e.g. the rearrangement prin-
ciple introduced by Dette et al. (2006). In Chernozhukov et al. (2010) it was shown that
the rearrangement operator is Hadamard diffferentiable and hence the weak convergence
of the estimator obtained by rearranging the estimator I'yg(u) follows immediately.

Theorem 5.2. Assume (A1)-(A10). Then, under (I1), the process \/ﬁ(fLAD,b(u) -
I'(u)) converges weakly to N (u), where u € Uy and N (u) is the same centered Gaussian
process as in Theorem 5.1.

Corollary 5.1. Assume (A1)-(A10). Then, the processes /n(Lrs(T(y)) — A(y)) and

VA pap (T (y)) — Ay)) converge weakly to N(y) for y € Yo, where Yy is a compact
subset strictly included in T~ (Uy) such that sup,cy, ITCN(T(y))| < oo forr=1,2 and

N is a centered Gaussian process with covariance function given by Cov(]v(yl), N(ys)) =
Elo%, v, )¢k, v, (y2)], where

P = B T0) + e s (s ~ Liveoy = Fr(i) + Fr(0)
1) [toven — Fr (V) + Fr(0)]) (5.4)

and 6%, v, () is defined in Theorem 5.1.

The proofs of the two theorems and the corollary are given in Section 7. It is important
to notice that the function %, y. (u) is not the same as the one obtained in Chiappori et al.
(2015). The first three terms of the expression 0%, y. (u) are the same as in Chiappori et al.
(2015) and the last three terms in 0%, y, (u) are new contributions to the final asymptotic
representation that are due to the estimation of U by U. We refer to Proposition 3 in

the supplementary material that shows in detail where these last three terms come from.
Chiappori et al. (2015) did not need this proposition since they worked directly with Y.

Remark 5.2. Note that the estimators fLS(u) and IA“LAD_,b(u) have exactly the same
asymptotic distribution, which might seem surprising at first sight. As noted by a referee,
this is caused by the fact that the bandwidth b used to smooth the LAD estimator is
sufficiently large, so that the convergence rate of A\j(u,x) — I'(u) is smaller than b. The
current proof will not work if the convergence speeds are reversed (i.e. if b is smaller
than the convergence rate of A; (u,z) — I'(w)), and in that case it is expected that the
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Estimation of fully nonparametric transformation models 13

asymptotic distributions differ. To illustrate this point we consider a simplified version of
the aggregated estimators where the mean/median are only taken over a fixed and finite
number of points z1,...,Ts:

YA
~ 1
I'(u) = ZE A1 (u, 75)
-

¢
~ 1 ~
I p(u) = argmin, ery g [A1(u, ;) — Gl

= median(xl (u, xl), OV (u, xp)).

From equation (7.1) and Proposition 5 in the supplementary material it follows that
(nhg)1/2(xl(u, z1) — T(w),... A (u,z¢) — T'(u)) converges in distribution to a ¢-variate
normal random vector W, (z1,...,2¢) = (Wy(x1),..., Wy(z,)) of mean zero and diagonal
variance-covariance matrix diag(o?,,...,0%,), since the components of this vector are
independent for n large. Hence,

¢
o~ 1 1
() 2P ) = T(w)) = 5 D (uh) 7w 25) = () 55D Walay),
j=1 j=1
and the latter variable has a normal distribution with mean zero and variance given by
(=2 Z§:1 0%,. On the other hand,

(nhH)V2(T5% b (w) —AF(u)) R
= median ((nh%)2(\y (u, 1) — T(w)), ..., (RhE)? (A1 (u, 2¢) — T'(w))),

and this converges to the median of W, (z1), ..., Wy (z¢), which will be different from the
limit of the LS estimator.

6. Simulations

In this section, we perform simulations in order to compare the performance of the new
nonparametric estimators I‘LS( (y)) and I'pap(T'(y)) of the transformation with the
estimators Ac, Ls(y) and AC,LAD( ) defined in (1.2) and (1.3) and given in Chiappori
et al. (2015).

We consider d = 1 and the simulated model is A(Y;) = 6X; —3+¢;, where X3,..., X,
are independent uniform random variables on [0, 1] and &1, ..., &, are independent stan-
dard normal random variables truncated on [—3,3]. Here, we will consider the four fol-
lowing different transformations:

log(Y+1) 3 VY+1-1 T
M(Y) = { Y ?f reo , Aa(Y) = 1—\6:1/)3/2 1 = ;
2Tog2 if V< O7 47i<7§:TY7 if Y <:0,
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14 B. Colling & 1. Van Keilegom

/2

31-vVI_Y) -
v if Y <0,
Hence, we can easily verify that Y takes values on the intervals [—2.05, 63], [-3.15, 11.15],
[—6,6] and [—20.69, 4.23] when we use the above simulated model with the transforma-
tions A;(Y), for j =1,...,4, respectively.

Note that these four transformations are particular cases of the Yeo and Johnson
(2000) transformation up to a multiplicative constant. Indeed, the Yeo and Johnson
(2000) is given by

Ag(Y) =Y and A4(Y) =

% if Y >0,0+£0
) log(Y +1) it Y¥>0,0=0
M= coren™on v Cggaa

2—6
—log(=Y +1) if Y <0,0=2

and A, (V) = 2000 A, (y) = Ae=0s00 AL (V) = Ag_y (V) and Ag(Y) = 2e=1000),
g 2(vV2-1) 2(2v2-1)

These different multiplicative constants were introduced in order to ensure that A;(1) =1
for j = 1,...,4. Moreover, the Yeo and Johnson transformation is such that Ag(0) =0
for all 6. Hence, A;(0) = 0 for j = 1,...,4 and the normalization conditions (I1) are
satisfied. R R

We will now explain how we approximate the expressions I'rg(u) and T'pap(u) in
practice. The reasoning will be the same for KC,LS(y) and KQLAD (y). Note that K(x) =
%( 1 —xQ)l{mgl} is the Epanechnikov kernel and we select the bandwidths h, and h, by a
classical bandwidth selection rule for kernel density estimation. For simplicity, we choose
here the normal reference rule, i.e., h, = (40y/7)"/5n=1/5G, and h, = (40/7)/°n=1/°5,
where o, and o, are the classical estimators of the standard deviations of X and U
respectively. First, we generate a grid z7, ..., 2}, of N, equidistant points between
min; <j<, X; and max;<;<, X;. Hence, we can compute

Si(u,2}) = / Pul: L) 1y and R () = SHTE)
o Pi(w,ap) S1(1,77)

for each ¢ =1,..., N,. However, in practice, the expression @1 (w, z}) could be very close
Bu(w,zy)
o1 (w,zy)
To overcome this problem, we will remove from the original sample z7, ..., =}, the

to 0 for some ¢ =1,..., N,, and consequently, the integral fou dw could diverge.

values z; such that Sy (u, z}) diverges. We will also remove the *-values that are within
0.01 of the values zj such that §1 (u, ) diverges, even if the corresponding integrals do
not diverge. The purpose is to avoid too small values of @;(w,z}) and thus too large
values of Xl() that would deteriorate the final estimation of the transformation. This
is allowed since A; (u,z) estimates T'(u) for all z € y. We assume finally that n, values
remain, denoted by Z1, ..., Ty, , from our original sample z7, ..., z}y . In the following,
we will use N,, = 100. Finally, we consider the weighting function v(z) = 1, for all z such
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Estimation of fully nonparametric transformation models 15

that the above integral does not diverge, and fLs(u) and Tp, ap(u) are consequently
approximated by
le(u,@) and Tpap(u) = median(\;y(u, %1),. .., A1 (u, %)) -

i=1

1

Ny

fLS(u) =

Then, the transformations A;(y), A2(y), As(y) and A4(y) will be estimated by I' g (f(y))

~

and T 4p(T(y)). Using a similar procedure, we can construct Ac ns(y) and Ac,Lap(y)
the approximations of KQLS (y) and KC,LAD (y).

Each graph of Figure 1 shows the true transformation A;(y) in black and each line in
grey represents one estimation of A;(y) obtained with one sample of size n = 200. The
top graphs on the left and on the right of Figure 1 were respectively obtained with the
estimators I'rg(T'(y)) and T'pap(T(y)) developed in this paper and the bottom graphs
on the left and on the right of Figure 1 were respectively obtained with the estimators
Acs(y) and Acpap(y), each of the four cases on the basis of 200 samples of size
n = 200. Figures 2 to 4 are constructed exactly in the same way but for As(y), As(y)
and A4(y) respectively.

First, we observe on these four figures that the estimators constructed with the median,
i.e., the LAD-estimators, outperform in all tried scenarios the corresponding estimators
constructed with the mean, i.e., the LS-estimators. This can be explained by the fact
that the mean version of the estimator is more sensitive to outliers in Ay (u, T) as we vary
z. Hence, it is not surprising if the LAD-estimators behave better than the corresponding
LS-estimators from the biases and the variances points of view. In the following, we will
thus concentrate our conclusions on the LAD versions of the estimators.

We also observed in Figures 1 to 4 that the estimations of the transformation A are
not necessarily monotone and especially the ones obtained with the mean versions of the
estimator. As already mentioned in Remark 5.1, the estimators could be monotonized by
applying e.g. the rearrangement principle proposed by Dette et al. (2006).

Next, we also introduce Tables 1 to 4 that show the estimations of the biases, variances
and mean squared errors of the LAD-estimators of the transformations A;(y), 7 =1,...,4
evaluated at some specific values of y. B B R _

By COIlStI‘uCtiOIl, FLAD(T(O)) = FLAD(O) =0, AC,LAD(O) =0, FLAD(T(I)) = FLAD(l)
=1and Ac ap(1) = 1, which justifies the fact that all the grey lines from Figures 1 to 4
cross the points (0,0) and (1,1). At these points, the variances of all estimators are equal
to 0 and we can see in Tables 1 to 4 that these variances increase for both LAD-estimators
when y gets away from 0 in negative values and from 1 in positive values.

Moreover, when y is close to 0 and 1, the estimations of A;(y), for j = 1,...,4, are
slightly better in terms of variances and biases when we use /~\c, £ap(y), see for example
A;(0.5). However, when we estimate A1(y), A2(y) and A4(y) and when y gets away from
0 in negative values and from 1 in positive values, the absolute value of the biases of
the Ac,rap(y) estimator become significantly bigger and bigger, in comparison with

the biases of I'; 4 p(y) that remain globally constant. This gives very poor estimations
of the transformations A;(y) for large values of |y| when we use Ac rap(y), see for
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16 B. Colling & 1. Van Keilegom

examples the estimations of A;(10), A2(5) and A4(—4), even if the estimations of A;(y),
for j = 1,...,4, are globally better in terms of variance when we use INXC,LAD(y). As
explained in the introduction, it is due to the fact that /~\C, rap(y) is constructed by
doing smoothing on Y7,...,Y, which are drawn from a distribution with possibly a long
tail. As a consequence, the kernel estimators behaves not always well in that cases and
especially for large values of y. B R

In conclusion, as we can see in Figures 1 to 4 and in Tables 1 to 4, T'pap(T(y)) clearly
outperforms KQLAD(y) when we consider Aq(y), Aa(y) and A4(y) and large values of
ly| and A zap(y) only outperforms I'zap (T'(y)) when we consider the identity trans-

formation As(y). Moreover, we observe that Ac rap(y) gives very poor estimations of
A1 (y), Aa(y) and Ay(y) when |y| increases, which suggests that Ao pap(y) is clearly in-
appropriate when the transformation of the response is not the identity. Indeed, the only
case where Ac pap(y) performed well corresponds to a nonparametric regression model
without transformation of the response.

Finally, we have also done a simulation in which we work with fixed bandwidths for
hy, and h, instead of the above stochastic rule-of-thumb bandwidths. The bandwidth
h, is estimated by EI = (404/7)*/5n=1/5G, as before. The results for model 1 and 2
are given in Section B of the supplementary material (the results for the other models
being similar). The graphs in the supplement show that in most cases the MSE under
the stochastic rule-of-thumb bandwidth is close to the optimal MSE that is obtained
over a range of fixed bandwidths. This shows that the proposed bandwidth selection rule
performs well in practice.

An optimal nonparametric estimator of the transformation could be obtained by com-
bining the estimator given in Chiappori et al. (2015) when y is close to the points that
define the identification conditions and our new estimator when y is far away from these
points, so that we get the best from the two estimators. However, important questions
arise such as the determination of the “critical” point(s), depending on the identification
conditions and the true transformation, from which we have to switch from one estimator
to the other. This could be subject to future research.

Finally, another way to improve the performance of these estimators could be to fix
the points that define the identification conditions according to the interval in which we
are interested to estimate the transformation.
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—— True transformation A;(y)
Estimations obtained with FLS(?(V))

1 T T T
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T
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Figure 1.

—— True transformation Ay(y) _
Estimations obtained with Ac, s(y)

T T T T T T T
-2 [ 2 4 6 8 10

y
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—— True transformation A;(y)
Estimations obtained with FLAD(?(y))

T T
2 4

T T T
6 8 10

—— True transformation Ay(y) _
Estimations obtained with Ac i ap(y)

T T T T T
2 4 6 8 10

y

Comparison of the different nonparametric estimators of the transformation A (Y).

Some I'rap(T(y)) Ac,Lap(y)
values of y Bias Var MSE Bias Var MSE
-1.5 0.2440 0.4682  0.5277 1.5102 0.0278  2.3087
-1 -0.1338  0.2151  0.2330 0.7600 0.0073  0.5850
0.5 0.0012 0.0076  0.0076 | -0.0365 0.0001 0.0014
2 0.0577 0.0364 0.0397 | 0.0809 0.0033  0.0099
6 0.1121 0.1706  0.1831 0.3777 0.1420  0.2846
8 0.0222 0.2096  0.2101 0.5501 0.3234  0.6260
10 -0.0682 0.2466 0.2513 0.7581 0.5713  1.1460

Table 1.

Estimations of the biases, variances and mean squared errors of the two LAD-estimators of
A1(y) evaluated at some specific values of y.
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Figure 2.

Table 2.

B. Colling & 1. Van Keilegom

—— True transformation A(y) —— True transformation Ax(y)
~ oA - oA
. Estimations obtained with ' s(T(y)) o Estimations obtained with Fap(T(y))
1 T T T T T T T 1 T T T T T T T
-2 -1 0 1 2 3 4 5 -2 -1 0 1 2 3 4 5
y y

—— True transformation A(y) _ —— True transformation Ax(y) _
n Estimations obtained with Ac, s(y) @ Estimations obtained with Ac i ap(y)
T T T T T T T T T T T T T T T T
-2 -1 0 1 2 3 4 5 -2 -1 0 1 2 3 4 5
y y

Comparison of the different nonparametric estimators of the transformation Az (Y).

Some T'rap(T(y)) Ac,Lap(y)
values of y Bias Var MSE Bias Var MSE
-2 0.0348  0.4137 0.4149 | 0.6138  0.0418 0.4185
-1.5 -0.1346  0.2417  0.2598 | 0.4054 0.0144 0.1788
0.5 -0.0470  0.0079 0.0079 | -0.0156  0.0001  0.0003
2 0.0775  0.0479  0.0539 | 0.0642 0.0042 0.0083
4.5 -0.0012  0.2204 0.2204 | 0.3747  0.1665 0.3069
5 -0.0897 0.2440 0.2520 | 0.4769  0.2568  0.4842
6 -0.3565 0.2980 0.4251 | 0.7784  0.6872 1.2931

Estimations of the biases, variances and mean squared errors of the two LAD-estimators of
A2(y) evaluated at some specific values of y.
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Figure 3.

Table 3.

| —— True transformation Az(y) P o —— True transformation Az(y)
Estimations obtained with T s(T(y)) Estimations obtained with Lo (T(y))
-1 T T T T T T T T T T T T T
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
y y

1 —— True transformation As(y) o —— True transformation As(y)

Estimations obtained with Ac, s(y) Estimations obtained with Acap(y)
T T T T T T T T T T T T T T
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
y y

Comparison of the different nonparametric estimators of the transformation Az(Y).

Some T'rap(T(y)) Ac,..ap(y)

values of y Bias Var MSE Bias Var MSE
-3 -0.0830 0.3663  0.3732 | -0.1350 0.1078  0.1260

-2 -0.1262  0.1836  0.1995 | -0.0433  0.0298  0.0317

-1 -0.0530 0.0590 0.0618 | -0.0063 0.0038  0.0039

0.5 -0.0062  0.0080 0.0080 | -0.0016  0.0001  0.0001

1.5 0.0497  0.0324 0.0348 | 0.0107  0.0007  0.0008

2 0.1039  0.0783 0.0891 | 0.0360  0.0049  0.0062

3 0.0686  0.1915 0.1962 | 0.1361  0.0400 0.0585

Estimations of the biases, variances and mean squared errors of the two LAD-estimators of
A3(y) evaluated at some specific values of y.
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Figure 4.

Table 4.

B. Colling & 1. Van Keilegom

“|— True transformation Ny(y) |— True transformation Aa(y)
Estimations obtained with FLS('?(y)) Estimations obtained with FLAD('?(y))

“|— True transformation A4(y) _ 1—— True transformation A4(y) _
Estimations obtained with Ac  s(y) Estimations obtained with Ac i ap(y)

Comparison of the different nonparametric estimators of the transformation A4(Y).

Some Trap(T(y)) Ac,Lap(y)
values of y Bias Var MSE Bias Var MSE
-5 -0.1344 0.2411 0.2591 | -0.8359  0.0917  0.7904
-4 -0.1235 0.1884  0.2037 | -0.6624  0.0503  0.4892
-3 -0.0989 0.1357 0.1455 | -0.5121 0.0225 0.2847
-2 -0.0640  0.0755 0.0796 | -0.3534  0.0062  0.1311
-1 -0.0341  0.0349 0.0361 | -0.1689  0.0008  0.0293
0.5 -0.0054 0.0082 0.0082 | 0.0230  0.00002 0.0006
1.5 0.0595  0.0381 0.0416 | -0.0575  0.0002  0.0035

Estimations of the biases, variances and mean squared errors of the two LAD-estimators of
A4(y) evaluated at some specific values of y.
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7. Appendix: Proofs of the main results

In this section, we give the proofs of the two main theorems and the corollary in-
troduced in Section 5.2, regarding the limiting distributions of our new nonparametric
estimators of the transformations I'(u) and A(y) respectively.

Proof of Theorem 5.1. First, using successively Theorem 3.1, equation (4.6) and Propo-
sition 1 in the supplementary material, we have

3\\1(u7x) - F(U) = Xl(uvx) - )\1(11,,1’)
§1(u,w) B Sy (u, x)

=

Si(1,z)  Si(l,)
1

- s (Blen) —siwa)} - *;%””; {51(1,2) - 51(1.2)}

_§1(l,x>151(17w) {810,2) - 810,2) } {81, 2) = S1(w,)}
po lwa) {§1(1,x) - 51(1,gc)}2 . (7.1)

S1(1,z)S%(1, z)
Next, using the facts that

Sie) = Sio)| < s ISi(w,@) - Si(w,w)] = 181~ Silleo
(u,z)EUo X X0

‘Sl(u,x) - Sl(u,x)‘ < swp  [Si(uwz) — Si(u,z)] = |81 — S1]ec ,
(u,@) EUo X X0
and SUDP(y ) erty x o |91 (1 T)| < 00 and infyey, [S1(1,2)] > 0 by Conditions (A7), (A8)
and the fact that ||S; — S1||oc = 0p(1), we can conclude that the third and the fourth
terms on the right hand side of (7.1) are O(||S; — S1]|%,). These two terms are also
op(n~'/2) uniformly in (u,x) € Uy x xo using successively Propositions 5 and 4(ii) in
the supplementary material.

Moreover, using Proposition 5 in the supplementary material and the facts that
SUP,ey, [V(7)] < 00 and inf,ey, [S1(1,2)| > 0 by Conditions (A8) and (A9), we have

/x Slv((lgi)x) {gl(“’x) - Sl(“»x)} dx

o) R " )
= /X S (L2) {Vpsl(uw)[p*p] + ViSi(u,x)[fx 7fX}} dx + op(n 1/2) )

Hence, we can apply Propositions 6 and 7 in the supplementary material with ug = 1 and

where v1 (ug, ) = Slléia;),z) is the common function both for v,(-) and vs(-). We obtain:

/X Sf((i)x) {51 (u,z) — S1 (u,x)} dx = i;ég,m(la“) +op(n~1/?y, (7.2)
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22 B. Colling & 1. Van Keilegom

uniformly in (u,r) € Uy X X0, where 0% - (ug,u) is defined in (5.3). Similarly, using
successively Proposition 5 in the supplementary material, the facts that SUD (4, 2) €40 X x0
|1 (u, )| < 00, infrey, [S1(1,2)| > 0 and sup,¢,, [v(z)| < oo as consequences of Condi-

tions (A7), (A8) and (A9) and Propositions 6 and 7 in the supplementary material with

ug = u and where vy(ug, z) = % is the common function both for v,(-) and
1L

vf(-), we obtain

[ 5100 - st} o

:/XW{vpsl(l,w)[ﬁ_p]+stl(17q;)[fx_fX}} dz + op(n=1/2)

- Z 0¥, y, (u, 1) + op(n~'?), (7.3)

uniformly in (u,z) € Uy X xo, where 6%, y. (uo,u) is defined in (5.3). Next, using the
definition of I g(u) in (4.7) and the equations (7.1), (7.2) and (7.3), we have

V(Tps(u) —T(u)) = \/ﬁ/v(x){il(u,x)fﬂu)}dw
{ ZéX“Yl 1,u) —fzfs (u,1) 4+ op(n 1/2)}

= 71/225}( Y +0P(1) 3

where 0%, y. (u) =Y, y, (1,u)—0%, y. (u,1). The pointwise weak convergence of V(T Ls(u)—
I'(u)) to a Gaussian distribution is obtained using the central limit theorem. Next, to
extend this result to weak functional convergence, we will prove that the class

} dw
z=b

F = {(a, b,c) — {5(u0, b)Dp o(w, b) — 92 {ﬂ(uom)Dp’l(w,x)]
max(0,a) Oxq
Y o |-
+/ {v(uo,b)Df’o(w,b) - [U(uo,x)Df,l(w,x)] }dw
0 axl xr=b
(1{a<u} - 1{a<0}) (UOa b Dp u(a7 b)

o, [ ] [ (o

+6ixl['17(u0, x)Dp 1 (w, z)] }fU,X(wa ) + (o, ) Dp,u (w, ﬁ)%fU’X(U“ x)) drdw

1 -1 w
{e<1} — Lie<oy
- —71 v(ug, w,x
(FY() > { 0.2) Dy olw: )
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—0(ug, x)a%Dp,u(w, x)+ 5%1 {5(u0, x)Dyp 1 (u, a?)] }fU7X(w, x) dx dw

Lie<1y — Le<oy ) / _ }
— | ==——=7 _1)u [ 9(ug,z)D,.(u,x w,x)dr :u,ug € Uy ¢
(FY(I) —Fy(O) ¥ ( 0 ) P, ( )fU,X( ) 0 O

where v will represent either vy or vy, is Donsker. Indeed, F = {(a, b, c) — 62_’17(110, u),u €
Uy, ug € Up}. To obtain this result, it suffices to prove that the classes
} dw
z=b

}dw:u,uo GZ/IO} ,
x=b

Fo={a— Tta<uy = l{a<oy s W € Uo} s
Fs = {(a,b) = v(ug,b)Dp(a,b) : u,up € Up},

A= o R o ({000

+8ixl [©(ug, ) Dp 1 (w, )] }fU,X(w, )

u

Fi o= {(a7 b) — {6(u0, b)Dp o(w, b) — % {'ﬁ(uo,x)DP,l(w,x)]

max(0,a)

+/Ou {E(uo,b)Df,o(w,b) - 8%:1 [5(U07$)Df,1(w737)]

~ 0
—H)(uo,x)Dp’u(w,x)awa,X(w,xQ dx dw : u,ug € UO} ,

=0 masho)

7o = {= [0 ({F0- Dot ) + 526,000 40020 b,

€1
_ 0
+v(u0,m)Dp,u(w,x)a—wa,X(w,x) drdw : u,ug € Uy ¢

7o [ w / ({70 0)Dp0(10.2) + =0, 2) Dy (0. 2)] .2

- 0
+0(ug, I)Dp’u(ww)awfy,x(w,x)) dx dw : u,ug € Uo} ,

Tie<1y = Lie<oy }
Fgs=3¢c— ————"1——"""+4+1,,
: { Fy (1) — Fy (0)

Fo = {/Oqu{ﬂ(uo,x)DM(w,:c)E(uo,x)aapr,u(w,x)
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24 B. Colling & 1. Van Keilegom

+5‘% {5(u0, z)Dp 1 (u, a:)] }fU7X(w,x) dx dw : u,ug € Uo} ,
1

and

Fio = {/ U(uo, ) Dp u(u, x) fu,x (u, x) d : u, ug € L{o},
X

are Donsker and to apply Examples 2.10.7 and 2.10.8 in Van der Vaart and Wellner
(1996) since F = F1 + FoF3 + Fu + FsFs + Fr + FgFo + FsFio.

The reasoning that follows holds both for v = v; and v = v,. First, note that all the
functions that compose Fi, Fs, Fu, Fg, F7, Fo and Fyp are at least m times continu-
ously differentiable by Conditions (A7) and (A9) which implies that m is the smoothness
of these classes. Hence, applying Corollary 2.7.2 in Van der Vaart and Wellner (1996),
we get that log Ny (€, F1, L2(FP1)) < C e~ d+D/m where C) is some positive constant,
Npj(€, F1, La(Pr)) is the e-bracketing number of the class 1, P is the probability mea-
sure corresponding to the distribution of (U, X), and Lo(Py) is the La-norm. Conse-
quently,

400 20 —d—1 g
~ ~ ~ ~ C 20 2m
/ \/1ogNH(g,f1,L2(P1)) 4z = / \/log Ny Fr, Lo(Py))de < Y22 ™0 1f(d71)+ -
0 0

2m

where C' is a uniform upper bound for f; when f; € F;. The last expression is finite
provided m > (d+1)/2, which is the case since m > d+2 by condition (A6). We obtained
the first equality since only one e-bracket suffices to cover Fj if € > 2C'. Using exactly the
same reasoning, we can prove for j = 3,4,6,7,9, 10 that fo+°° VIog N (&, F;, Lo (Pj)) de <
oo where P; = Py.

Moreover, F is a class of increasing functions with image in [0, 1]. Hence, applying
Theorem 2.7.5 in Van der Vaart and Wellner (1996), we get that log Njj(€, F2, La(P2)) <
Oy~ where C, is some positive constant and P, is the probability measure correspond-
ing to the distribution of U. Hence,

+00 1
/ \/1ogNH(§,f2,L2(P2))dg:/ \/1ogNH(g,f2,L2(P2))dgg 2/Cs < o0,
0 0

where the first equality was obtained since only one é-bracket suffices to cover Fy if € > 1.
Finally, only one bracket suffices to cover F5 and Fg since these classes of functions do
not depend on u and ug. Then, log Nyj(€, F5, L2(Ps)) = 0 and log Nyj(€, Fs, L2(FPg)) = 0
where Ps and Py are the probability measures corresponding to the distribution of Y.

Moreover, for j = 1,...,10, we will now prove that the envelope functions Fj of
the classes F; possess a weak second moment, i.e., P(F; > w) = o(w™2) as w — oo.
The envelope function of F; is some function F; such that |f;(u,z)| < Fj;(u, ) for all
(u,x) € Uy X x0 and f; € F;.

We start with F5 which is the easier case. Indeed, for all functions fo € F5, we have
|f2] < Fo = 1 uniformly in (u,x) € Uy x xo. Hence, using Markov’s inequality, P(Fy >

E(F7) _ 1 ich i -3 —2 :
w) < = —3, which is also O(w™>) and o(w™?). Next, if f5 € F5 and fg € Fg, we
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necessarily have |fs5| < F5 = m, and |fs| < Fg = m + 1, which are
constants. Then, we have again P(F5 > w) = o(w~2) and P(Fg > w) = o(w™2).

Finally, the reasoning that follows is the same for the remaining classes and we explain
it in detail only for Fy. If f; € Fi, we have |f1| < F; where F} is such that

3
+ sup

(u,uq,) eug XX0

3

0

Oz,

9
3x1

(5(110, x)Dp)l(u’ x))

Y

(7.4)

izl

(u,uo ,a:)EZ/lg X X0

v(uo, x)Dp o(u, x)

3
+ sup

(u,u0,2) EUZ X X0

+ sup 0(uo, x)Dyo(u, x) (¥(up, x)Dya(u,x))

(w,u0,2) EUZ X X0

where Cy is some positive constant. All the functions on the right hand side of (7.4) are
continuous and the set Uy and Yo are compacts. Hence, E(F}) < oo which implies that
P(F, > w) is o(w™?2) using Markov’s inequality.

Consequently, for j = 1, ..., 10, we have proved that f0+°° VIog Njj(E, Fz, Ly (Fy)) de <
oo and the envelope functions F; of F; possess a weak second moment, which implies
that the classes F; are Donsker by Theorem 2.5.6 in Van der Vaart and Wellner (1996).
In particular, the classes {(a,b) — . (1,u),u € Up} and {(a,b) — 6,7 (u,1),u € Up} are
Donsker and thus also the class {(a, b) — 6ap(u),u € Up}. As a consequence, the process

V(T ps(u) — T(u)) converges to a Gaussian process.

Finally, we prove that E{(S;J(i,m (ug,u)} = 0, where 6'}7(“% (ug,u) is defined in (5.3),
which implies that E{d%, y,(u)} = 0. First, we calculate the expectation of the first part
of the first term on the right hand side of (5.3):

E(/u T)(uO,XZ-)Dp,O(w,Xi)dw>

max(0,U;)

:// {/“ E(UO,w)Dp,o(w,x)dw}fUX(tw)dtdx
x JU L Jmax(0,t)
:/Xﬁ(uo,x)/u {/0 Dyo(w, )1 < dw} fux(t,z)dtdx .

Rearranging the different integrals, the last expression is equal to

[cg(uO,I)A Dp70(w,$)|:/MfU7x(t,x)1{t§w} dt:| dwdz

- /Xg(uo,x) /Ou Dp,o(w,x)[/i fux(t,x) dt} dw dx

Using the definition of p(u, ) given in (4.2), we obtain

E(/ 5(u0,Xi)Dp)0(w,Xi)dw> :/5(uo,x)/ D, o(w,z)p(w, z) dw dz .
max(0,U;) X 0
(7.5)
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26 B. Colling & 1. Van Keilegom

Similarly, the expectation of the second part of the first term on the right hand side of

(5.3) is equal to
E( - / 9 [ﬁ(u #)Dy 1 (w 5)} dw)
maX(O,Ui) axl 05 p,1 ) o,
— / / 9 [ﬁ(uo, z)Dp 1 (w, E)} p(w, x) dw dx
x /0 g T=x

_ /X /Ou [a(uo, ) Dy (w, 2)p(w, x)} duda,

—|-/X/Ou V(ug, ) Dp 1 (w, z)p1(w, ) dw dx (7.6)

where Y is the compact support of Xy, x_, is the compact support of (Xa,..., X4)¢,
r_1 = (x2,...,74)%, and the last expression was obtained using integration by parts.
Using the same reasoning, the expectations of the first and second parts of the second
term on the right hand side of (5.3) are respectively equal to

E( /0 uﬁ(uo,Xi)Df,o(w,Xi)dw> - /X (o, 7) /O " Dyolw, ) fx (@) dwds . (7.7)

( /0 axl[ ¥(uo, @ >Df,1(w,5)} . dw)
[ [ 5[ 01003
/.

f

+ [ Fuox /Dflwx)le()dwdac, (7.8)

and

fx(z)dwdx

T=x

0

/O"[ UQ, T )Df,l(wam)fx(x)] dwdr_;

1 X1

where the last equality was obtained using integration by parts. Moreover, the expectation
of the third term on the right hand side of (5.3) is equal to

E<(1{U <uy — Lui<0})V (UO>Xi)Dp,u(Ui7Xi)>
= /X/u(l{tgu} — 1ye<oy)V(uo, ©) Dy u(t, ) fux (t, ) dt dx
= / v(ug, x) /Ou D, w(w, z)p,(w, z) dwdz | (7.9)
X
where the last equality was obtained because p, (u, x) = fu x (u, x). Next, the expectation

imsart-bj ver. 2014/10/16 file: Revision-190122.tex date: January 29, 2019



Estimation of fully nonparametric transformation models 27

of the fourth term on the right hand side of (5.3) is equal to 0 since
Licwy — Yuicoy } _ Fy(w) - Fy(0)
Fy (1) — Fy (0) Fy(1) - FY(O)
w{Fy (1) — Fy(0)} + Fy(0) — Fy(0)

E

= —w = 0 .
Fy (1) — Fy (0)
We have used the fact that U ~ Un [ Fyafig(o)’ Fyl(I)Ff ;S)(O)] which implies that

Fy(w) = w{Fy (1) — Fy(0)} + Fy(0) and also Fy;(0) = Fy(0). Similarly, the expec-
tation of the fifth and sixth terms on the right hand side of (5.3) is also equal to 0.
Indeed, it suffices to use the fact that E(Fy (1) — Fy(0)) = Fy(1) — Fy(0). Finally,
combining (7.5) to (7.9), we obtain

B(0%,.v, (w0, u))
—/Xﬁ(uo,x)/o {Df’o(w’x)fx(x)+Df,1(TU,$)fX11(x)

+Dp0(w, z)p(w, x) + Dy o (w, )py(w, x) + Dy 1 (w, z)p1 (w, x)} dwdzx

_//Ou {5(uo,x){Dp71(w,x)p(w,x) +Df,1(w,x)fx(x)}] dwdr_q

X1

=mewﬁm&WJWﬂ+W&wmm}m:m

(w,z)

Indeed, ¢(w,z) = Z}X ¢ which implies that

Uﬂax)p(uha» +'l)ﬂ1(ubir)fX(x)

—pu(w, ) Pu(w, 2)p(w, )
= s po) + L L f
et d PO G p K@
_ —-@u(U) )¢K1va) @U»x)¢4107x)__
= + 5 =0,
( 7$) <p1(lu,m)
and we have also shown that V,51(u, z)[p] = 0 and V,51(u, z)[fx] = 0 at the beginning
of the proofs of Propositions 6 and 7 in the supplementary material respectively. O

Proof of Theorem 5.2. Recall that
fLAD,b( ) = arg min Qb(me)\l( ),

qm €R

where

Qo (gm; Mi(u, ) = / v() A (w, @) = gm) 2Ly (M (u, ) = gm) — 1] da . (7.10)
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We will prove that fLAD,b(u) = fLs(u) +o0p(n~1/?) uniformly in u. First, the deriva-
tive of (), with respect to q,, is equal to

O0Qulam M) /X o(@) {2y (Mi(w,2) = g ) — 1} de

Oqm

_2/ ’U(.’L‘) Xl(u7 m) — 4m Lg; Xl(ua 37) — 4dm dx )
v 4 )
where Lj(-) = L'(-/b)/b. Consequently, W am=r(u) = 0 since L(0) = 1/2. Using

this result and the fact that fLADJ)(u) = argmin, cg Qb(qm,X1 (u,-)) by definition, we
have

0Qu(qm, M (u, )  0Qu(gm, T(w)

" Odm am=Crap,b(u) g am=T"(1)
_ 3Qb(Qm7X1(U7 ) _ 8Qb(Qma3\\1(uv )
Otm 4m=FraD (1) Om 4m=T(w)
L 0Qu(am, M ()  0Qu(gm, T'(u)) ‘
Om Gm=T"(u) Om gm=T"(u)

Next, using the mean value theorem with some I'(u) between I'(u) and fLAD,b(u), the
last expression becomes

02Qy (g, M (u, -))
dq2,

(fLAD,b(u) - r(u))

gm=T"(u)
+6Qb<qm,%<u, )  0Qu(gm, T'(u)) 0
94m qm=T"(u) Odm 4m=T(u) ’
Consequently,
Tpaps(u) — T(u) (7.11)
o (a%zb(qm,%(u, ) )1(0Qb<qmvil<u, ) _ 0Qu(am, T(w)) ).
94, qm=T(u) 94m gm=T"(u) gm am=T(u)

Next, recall the definition of the function @y in (7.10). The second derivative of Q; with
respect to g, is equal to

62Qb(qm7/)‘\l(ua')) = 4 L/ /): _ d

+2/Xv(x) {Xl(u, x) — qm} Ly (Xl(u,x) — qm> dzx ,
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where L} (-) = L"(-/b)/b*. Consequently, using fx v(x)dz =1, we have

02Qu (g, M (u, -))
dq2,

= 41(0) + 4/ v(x){L;, (Xl(u, z) — f(u)) - L;,(O)} do

QmZF(u) X

+2/Xv(9c) {XI(W) - r(u)} Ly (Xl(u,x) - f(u)) dz .

Using the mean value theorem with some d; (u, ) between X1(U7 2) —T'(u) and 0, the last
expression is equal to

ALL(0) + 4 /X (@) LY (81 (u, 2)) (Xl(u,x) - f(u)) da

4o /X o(e) R (. 2) — T} 2 (R (,2) — T(w)) e
Finally, we obtain

82Qu (g, M (u, )
g2,

= 4Ly(0) +op(b7") (7.12)
QWL=F(U)

uniformly in wu, since |[A; — [|jse < [|[A1 = I||oe = 0p(n~1/4) (which can be easily shown
by combining the beginning of the proof of Theorem 5.1 with Propositions 4 and 5 in
the supplementary material), and since op(n~=1/4)/b? is op(b~') thanks to nb* — oo by
Condition (A10). Moreover, for some &(u,x) in between I'(u) and M (u, ), we have

0Qb (g M (1)) 0Qu(gmT(w))
m gm=T"(u) Oqm

gm=T"(u)

. / o) L4 (&, 2) — T(w)) (R (,2) —~ T(w)) d
/ (x)Lg(Al(u ) —T(u )) (Xl(w)—r(u)) dz

— —4L}(0 /v —r(u)) dz

—2 /X () (L;,{g(u, z) — r(u)} - L;,(O)) (Al(u, z) — F(u)) dz
9 /X o) (LR (. 2) ~ D)} £4(0)) (R (.2) — D)

Similarly as before, using the mean value theorem with some d2(u, z) between &(u, ) —
I'(u) and 0 and some 03 (u, ) between A;(u,x) —'(u) and 0, the last expression is equal
to

—4L},(0) (fLS(u) - F(u)) —9 /

X

() {Lg((sz(u, x)){g(u, z) — r(u)} (7.13)
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+Lj (Jg(u, CL‘)) {Xl (u, ) — F(u)}] (Xl (u, ) — F(u)) dx.

We will show that the latter expression equals
—4L4(0)(Tps(u) — T(w)) +op(n~/2p71), (7.14)
since combining this with (7.11) and (7.12), leads to

Trapp(u) —T(w) = Tps(u)—T(u)+op(n~"/?),

which is what we need to show. To prove (7.14), note that the second term of (7.13) is of
the order Op(b~2 HXl —T||?). It follows from the proof of Proposition 4 in the supplemen-
tary material that | A\, —I|2 is of the order O p (max(hy, hy)2™)+Op (logn/{nhd min(hy, h,)?}).
Some straightforward algebra shows that this is op(n~1/2b) provided n'/? max(h,, h, )™ =
o(1), nb?> — oo and logn/{y/nh? min(h,, h,)?} = o(b), which is guaranteed by assump-
tions (A6) and (A10). This concludes the proof. O

Proof of Corollary 5.1. Let T be either fLS or fLADJ,. First, it is shown in the proof of
Theorem 5.1 that the class {(a,b) — d, ,(u),u € Up} is Donsker. Hence, since T'(y) — T (y)

is Op(n~'/?) uniformly in y € Yy and then also op(1), see the beginning of the proof of
Proposition 3 in the supplementary material, we obtain using equation (2.1.8) in Van der
Vaart and Wellner (1996):

n

Y (8% () 63’(1.,yi<T<y>>)\ —op(n~1?) |

i=1

sup
y€Vo

Consequently, using the fact that /7 (T(u) — T'(u)) = n~ /237" 0%, y, (u) +op(1) uni-
formly in v € Uy by Theorems 5.1 and 5.2, we obtain:

sup [F(T0) - 1T ) - (FT) - T 0)| = orln).

y€Vo

and also uniformly in y € )p:

T(T(y)) - T(T(y)) =

I'(T(y))
D(T(y)) +op(n~'/?) .

=3 =

(T(y) = T(T(y) + (T (y))
(T(y)) —T(T(y)) + T(T(y))
Next, T(T(y)) — D(T(y)) = n~! S 0%, v.(T(y) + op(n~"/?) and using a Taylor ex-

pansion with some £, between f(y) and T'(y), we have:

~

1 N 2
D(T(y) - DT (W) = T'(TW) (T) - TW) + 57(&) (Tw) - Tw)) -
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Moreover, using the result given in Proposition 1 in the supplementary material, we have

~ 1 ~

T(y)—T(y) = (1) — 7y (0) {ﬁY(y) = Iy (0) = Fy(y) + FY(O):|

T(y) ~ N
T B(1) - Fy(0) [FYU) — Fy(0) = Fy (1) + FY(O)} :

Hence, since ﬁy(y) =n713" Lyi<y}» SUDyey, IT"(T(y))| < oo and (f(y) —T(y))? is
op(n~'/?), we obtain uniformly in y € Vy:

n

~

D(T(y) —T(T(y) =n"" Yo%, v,(v) +op(n™?)

=1

where %y (y) is defined in (5.4). The pointwise weak convergence of VL (T(y)) —
A(y)), where A(y) = T'(T'(y)), to a Gaussian distribution is obtained using the central
limit theorem. Next, to extend this result to weak functional convergence, we will prove
that the class F = {(a,b) = ¢} ,(v),y € Yo} is Donsker. To obtain this result, it suffices
to prove that the classes

Fi= () > STy e} Fa={ e iy e )
Fo={b=1pcy ~lp<yiveR} o Fa={- () -F0):yeh},

. F5 = {b — —T(y) {1{0§b§1} -y (1) + FY(O)} Yy € yo} ;

are Donsker and to apply Examples 2.10.7 and 2.10.8 in Van der Vaart and Wellner
(1996) since F = Fy + Fa(Fs + F4 + Fs). In the proof of Theorem 5.1, we proved that
the class F; is Donsker. Moreover, for j = 2,...,5, we have to prove that

+oo
/ Vo8 NG Fj, La(P)) dE < o ,
0

where P is the probability measure corresponding to the distribution of Y and La(P) is
the Ly-norm, that the envelope functions Fj of F; possess a weak second moment and
to apply Theorem 2.5.6 in Van der Vaart and Wellner (1996).

First, for j = 2,...,5, we have log Njj(, Fj, L2(P)) < K1, for some constants
K; > 0, using Corollary 2.7.2 in Van der Vaart and Wellner (1996) with « =1 and d =1
for j = 2 and Theorem 2.7.5 in Van der Vaart and Wellner (1996) for j = 3,4, 5 since
F3, Fu and F5 are classes of monotone and bounded functions. Hence, if C; denotes a
uniform upper bound for f; € Fj,

400 20 20
log Niy(Z, F;, Lo(P d§:/ log Ni1(Z, F;, Lo(P dgg/ Kz1dz .
| VoM A Py E= [ oeNyE A Py E=S [ K
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We obtained the first equality since only one e-bracket suffices to cover F; if € > 2C}
and the last expression is equal to 2,/2C; K; and is finite for j = 2,...,5.
Next, for j = 2,...,5, if f; € F;, we have |f;| < F; where Fy = %, Iy =
1, Fy=1and F5 = m. Since all F} are finite, we have P(F; > w) = o(w™?).
Finally, E(¢% y(y)) = 0 since E(0%y(T(y))) = 0 by Theorem 5.1, E(liy<y) —
liyv<oy) = Fy (y) — Fy(0) and E(1jp<y<1}) = Fy (1) — Fy(0) which concludes the proof.
O
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