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Abstract. The main purpose of this paper is to review the notion
of continuous frame in a Hilbert space H and their various gener-
alizations. We follow essentially two different but related paths.
The first one consists in considering continuous families of vectors
that are the image of a resolution of the identity through some
operator. As for the second, we consider the sesquilinear forms in
Hilbert space associated to given continuous families of vectors of
H. Along this path, we begin introducing and discussing contin-
uous Riesz bases. Next we turn to semi-frames, both upper and
lower. On the way we point the connection between lower semi-
frames and metric operators, a familiar tool in the theory of the
so-called PT -symmetric quantum mechanics. This panorama in-
cludes more recent topics like A-frames (i.e. frames controlled by
some densely defined operator A), reproducing pairs and, going
beyond Hilbert spaces, bases and frames in a Rigged Hilbert space
(typically a space of distributions).

1. Prologue: Frames

In 1952 Duffin and Schaefer, considering some deep questions in non-
harmonic Fourier series, were led to weaken Parseval identity for an
orthonormal (ON) basis {en}n∈N of a separable Hilbert space H

‖f‖2 =
∞∑
n=1

| 〈f |en〉 |2, ∀f ∈ H

and introduced frames.
In fact if H is a separable Hilbert space with inner product 〈·|·〉, a

family of vectors {φn}n∈N ⊂ H is a frame in H if there exist α, β > 0
such that

α‖f‖2 ≤
∞∑
n=1

| 〈f |φn〉 |2 ≤ β‖f‖2, ∀f ∈ H.

2010 Mathematics Subject Classification. 41A99, 42C15, 47A70.
Key words and phrases. Frames, semi-frames (upper and lower), A-frames, gen-

eralized Riesz bases, Gel’fand distribution bases.
1



2 Antoine, Bellomonte and Trapani

This structure allows reconstruction of vectors: if {φn}n∈N is a frame
then, for every f ∈ H

f =
∞∑
n=1

cn(f)φn,

where {cn(f)}n∈N is an adequate sequence of complex numbers. How-
ever this decomposition is, in general, not unique.

This notion was extended to a continuous environment by Ali, An-
toine and Gazeau [1] and Kaiser [19] in the ‘90.

Let (X,Σ, µ) be a measure space. A continuous frame for H is a
function φ : x ∈ X → φx ∈ H for which

i) ∀f ∈ H, x→ 〈f |φx〉 is a measurable function on X 1

ii) there exist constants α, β > 0 such that

α‖f‖2 ≤
∫
X

| 〈f |φx〉 |2dµ(x) ≤ β‖f‖2, ∀f ∈ H.

Reconstruction sounds as follows: f =
∫
X
ξ(x)φxdµ(x) in a sense to

be precised. But again we do not get uniqueness of the representation.
The non-uniqueness and thus redundancy is probably the main reason
for the popularity of frames. In fact every f ∈ H may have infinitely
many representations w.r.to the frame. This is crucial for applications:
we can sustain a loss of data without a dramatic loss of information, a
very important fact in signal analysis or internet coding etc.

However, in several applications (mainly in Quantum Physics), the
notion of frame appeared to be too restrictive. For this reason, sev-
eral generalizations have been proposed, generalized Riesz bases, semi-
frames (upper and lower), and so on. We will overview many of them
in the sequel of this paper.

2. Basic aspects

Given an operator A on H, we will denote by D(A) its domain, by
N(A) its null space and by R(A) its range. Moreover, if H and K are
two Hilbert spaces, by B(H,K) we will indicate the space of bounded
linear operators on H into K. When H = K, we will simply write
B(H).

Let (X,Σ, µ) be a measure space with the following properties: X
is a locally compact Hausdorff topological space, Σ is the σ-algebra
of Borel sets, µ is a positive regular measure on Σ; this in particular
implies that µ(K) <∞ for every K compact subset of X.

1Equivalently, if x 7→ φx is a weakly measurable function on X
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Let φ : x ∈ X 7→ φx ∈ H be a µ-weakly measurable function; that
is, for every f ∈ H, x 7→ 〈f |φx〉 is a µ-measurable complex function.
From now on we will not make explicit mention of µ, if no ambiguity
can arise.

We put

(2.1) D(Ωφ) =

{
f ∈ H :

∫
X

| 〈f |φx〉 |2dµ <∞
}
.

Then

(2.2) Ωφ(f, g) =

∫
X

〈f |φx〉 〈φx|g〉 dµ, f, g ∈ D(Ωφ)

is a well-defined nonnegative sesquilinear form with domain D(Ωφ). If
D(Ωφ) is dense in H, then Ωφ is a closed positive sesquilinear form and
so, by the representation theory of closed positive sesquilinear forms,
there exists a unique positive self-adjoint operator Sφ in H such that

D(Ωφ) = D(S
1/2
φ ) and

Ωφ(f, g) =
〈
S
1/2
φ f |S1/2

φ g
〉
, ∀f, g ∈ D(Ωφ).

The operator Sφ has been called the generalized frame operator [3]. It
satisfies

(2.3) D(Sφ) ⊂ D(Ωφ) and Ωφ(f, g) = 〈Sφf |g〉 , ∀f, g ∈ D(Sφ).

We denote by Cφ the linear operator Cφ : D(Cφ) → L2(X,µ) with
D(Cφ) = D(Ωφ) defined by

(Cφf)(x) = 〈f |φx〉 .

The operator Cφ is called the analysis operator of φ.
As for Ωφ we have

Ωφ(f, g) = 〈Cφf |Cφg〉2 , ∀f, g ∈ D(Ωφ).

Remark 2.1. Cφ is a closed operator, but in general is not densely
defined, therefore the adjoint operator C∗φ need not exist. The adjoint
operator C∗φ, when well-defined, is called the synthesis operator of φ
and we will denote it by Tφ.

Proposition 2.2. If D(Ωφ) = H, then Ωφ is bounded, i.e., there exists
β > 0 such that

(2.4) Ωφ(f, f) ≤ β‖f‖2, ∀f ∈ H.
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Proof. If D(Ωφ) = H, then Cφ is a bounded operator; hence, there
exists β > 0 such that

‖Cφf‖22 ≤ β‖f‖2, ∀f ∈ H.

Thus

Ωφ(f, f) =

∫
X

| 〈f |φx〉 |2dµ = ‖Cφf‖22 ≤ β‖f‖2, ∀f ∈ H.

�

Remark 2.3. Just to avoid ambiguities we recall the following defini-
tions: a sequence {φn}n∈N is a Bessel sequence if there exists a constant
β > 0 such that

∞∑
n=1

| 〈f |φn〉 |2 ≤ β‖f‖2, ∀f ∈ H.

A sequence {φn}n∈N is a Riesz basis if {φn}n∈N is the image of a ON
basis {en}n∈N under a bounded operator with bounded inverse.

Definition 2.4. The map φ is called

(i) total or complete if span{φx} = H;
(ii) independent if

∫
X
u(x)φxdµ = 0, for u ∈ L2(X,µ), implies u = 0

almost everywhere;
(iii) a resolution of the identity if it is total and Ωφ(f, g) = 〈f |g〉,

for every f, g ∈ H;
(iv) a Bessel map if (2.4) holds;
(v) a continuous frame if φ is Bessel and Ωφ is also bounded from

below, i.e., there exist α, β > 0 such that

α‖f‖2 ≤ Ωφ(f, f) ≤ β‖f‖2, ∀f ∈ H;

(vi) a lower semi-frame if Ωφ is bounded from below (but not nec-
essarily from above);

(vii) an upper semi-frame if it is total and Ωφ is bounded from above
(but not necessarily from below).

If Ωφ is bounded on H (i.e., if φ is Bessel), then the operator Sφ is
bounded and

〈Sφf |g〉 =

∫
X

〈f |φx〉 〈φx|g〉 dµ, f, g ∈ H,

which we can also write as

(2.5) Sφf =

∫
X

〈f |φx〉φxdµ, f ∈ H.
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The operator Sφ is then called simply the frame operator of φ. If φ
is a resolution of the identity, then Sφ is the identity operator I of H.
If φ is a continuous frame, then Sφ has closed range.

Remark 2.5. Of course, there is a close connection between discrete
and continuous frames: how can one obtain a discrete frame by taking
a discrete sample of a continuous one? This discretization problem
is particularly important in signal processing, be it with wavelets or
Gabor frames. For more information, see Chapter VII in the textbook
of Ali, Antoine and Gazeau [2].

The above examples make it clear that in a more general set-up,
i.e. in the unbounded case, the possibility of representing Ωφ is very
crucial: indeed, the nature of the function x 7→ 〈f |φx〉 closely depends
on the properties of the related sesquilinear form. We will come back
to this later.

The equality in (2.5) should be read as a Dunford integral with values
in H. We discuss briefly this point starting from the simplest situation.

Proposition 2.6. Let φ be a Bessel map. For every function u ∈
L2(X,µ) there exists a unique vector h ∈ H such that∫

X

u(x) 〈φx|f〉 dµ = 〈h|f〉 , ∀f ∈ H.

We put

h =

∫
X

u(x)φxdµ.

Proof. By the assumption,∣∣∣∣∫
X

u(x) 〈φx|f〉 dµ
∣∣∣∣ ≤ ‖u‖2‖ 〈φx|f〉 ‖2 ≤ √B‖u‖2‖f‖.

By Riesz’s Lemma, there exists a unique h ∈ H such that∫
X

u(x) 〈φx|f〉 dµ = 〈h|f〉 , ∀f ∈ H.

Then, u · φ is Dunford integrable and h is its Dunford integral. �

Taking into account the previous proposition, if u is a measurable
complex valued function, we say that

∫
X
u(x)φxdµ exists in H, if

L(f) :=

∫
X

u(x) 〈f |φx〉 dµ, f ∈ H

defines a bounded linear functional on H.
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Let us put

D(Tφ) =

{
u ∈ L2(X,µ) :

∫
X

u(x)φxdµ exists in H
}

and

Tφu =

∫
X

u(x)φxdµ, u ∈ D(Tφ).

If D(Tφ), the adjoint T ∗φ exists and is defined on

D(T ∗φ) = {g ∈ H : 〈g|φ.〉 ∈ L2(X,µ)}

by

(T ∗φg)(x) = 〈g|φx〉 , g ∈ D(T ∗φ).

In other words, T ∗φ = Cφ.
In particular, under the assumptions of Proposition 2.6, the map

Tφ : u ∈ L2(X,µ)→
∫
X

u(x)φxdµ ∈ H

is a bounded linear operator with ‖Tφ‖ ≤
√
β, where β > 0 is the upper

bound in (2.4). The adjoint operator T ∗φ = Cφ is also bounded.

Corollary 2.7. Let φ be weakly-measurable on X. Then

∫
X

u(x)φxdµ

exists for every u ∈ L2(X,µ) if, and only if, φ is Bessel.

The proof is straightforward.

Definition 2.8. We denote by H∞ the set of all weakly measurable
functions φ : x 7→ φx ∈ H for which there exists γφ > 0 such that

(2.6)

∥∥∥∥∫
X

u(x)φxdµ

∥∥∥∥2 ≤ γφ

∫
X

|u(x)|2dµ,

for every u ∈ L2(X,µ).

Lemma 2.9. The following statements are equivalent.

(i) φ ∈ H∞.
(ii) The analysis operator Cφ is everywhere defined and bounded.
(iii) The synthesis operator Tφ ∈ B(L2(X,µ),H), that is, Tφ is well-

defined and bounded on L2(X,µ).
(iv) φ is a Bessel map.

Proof. (i)⇒(ii): If (i) holds and u ∈ L2(X,µ), we have
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∣∣∣∣∫
X

u(x) 〈φx|f〉 dµ
∣∣∣∣ =

∣∣∣∣〈∫
X

u(x)φxdµ|f
〉∣∣∣∣

≤
∥∥∥∥∫

X

u(x)φxdµ

∥∥∥∥ ‖f‖ ≤ √γφ‖u‖2‖f‖.
These inequalities imply that the function x ∈ X 7→ 〈f |φx〉 ∈ C is in

L2(X,µ), because the integral on the lhs is finite for every u ∈ L2(X,µ)
and that

(2.7) ‖ 〈f |φ.〉 ‖2 = sup
‖u‖2=1

∣∣∣∣∫
X

u(x) 〈φx|f〉 dµ
∣∣∣∣ ≤ √γφ‖f‖.

This proves that Cφ is bounded.
(ii)⇔(iii) follows from Tφ = C∗φ.
(iii)⇒(iv): the proof is similar to (i)⇒(ii).
(iv)⇒(i): If φ is Bessel, then

∣∣∫
X
u(x) 〈φx|f〉 dµ

∣∣ is well defined for every
u ∈ L2(X,µ) and ∣∣∣∣∫

X

u(x) 〈φx|f〉 dµ
∣∣∣∣ ≤ √γφ‖u‖2‖f‖.

This implies that (2.6) holds for every u ∈ L2(X,µ). �

Example 2.10. Let φ be a resolution of the identity. Then φ ∈ H∞. In
particular, the Parseval equality implies that Tφ is a unitary operator
from L2(X,µ) onto H. Morerover, let B be a bounded operator in H.
Put ξx = Bφx, x ∈ X. Then the function ξ belongs to H∞. Indeed, if
u ∈ L2(X,µ)∥∥∥∥∫

X

u(x)ξxdµ

∥∥∥∥ = sup
‖f‖=1

∣∣∣∣∫
X

u(x) 〈ξx|f〉 dµ
∣∣∣∣

= sup
‖f‖=1

∣∣∣∣∫
X

u(x) 〈Bφx|f〉 dµ
∣∣∣∣ = sup

‖f‖=1

∣∣∣∣∫
X

u(x) 〈φx|B∗f〉 dµ
∣∣∣∣

≤
∥∥∥∥∫

X

u(x)φxdµ

∥∥∥∥ sup
‖f‖=1

‖B∗f‖ = ‖B‖
∥∥∥∥∫

X

u(x)φxdµ

∥∥∥∥
≤ √γφ‖B‖

(∫
X

|u(x)|2dµ
)1/2

.

In H∞ we introduce the following norm

‖φ‖∞ := sup

{∥∥∥∥∫
X

u(x)φxdµ

∥∥∥∥ , ‖u‖2 ≤ 1

}
.
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In other words,
‖φ‖∞ = ‖Tφ‖;

that is, we endow the space of Bessel maps with the topology induced
by the operator norm of B(L2(X,µ),H) (see also [15]).

Proposition 2.11. Assume that L2(X,µ) possesses a resolution of the
identity j : x ∈ X → jx ∈ L2(X,µ). Then H∞[‖ · ‖∞] is a Banach
space.

Proof. The map φ ∈ H∞ → Tφ ∈ B(L2(X,µ),H) is, by definition
isometric and, therefore, injective. If A ∈ B(L2(X,µ),H), define φx =
Ajx. By the definition itself, Tφ = A. Indeed, if u ∈ L2(X,µ) (see also
Proposition 2.6),

Tφu =

∫
X

u(x)φxdµ =

∫
X

u(x)Ajxdµ = Au.

Therefore the map φ ∈ H∞ → Tφ ∈ B(L2(X,µ),H) is an isomorphism
of Banach spaces and consequently H∞ is complete. �

Remark 2.12. We show how to construct a resolution of the identity
in L2(X,µ), provided that this space is separable. In this case, in
fact, L2(X,µ) possesses a countable ON basis {wn}n∈N. Without loss
of generality, we may suppose that each wn is a continuous function.
Moreover we assume that the evaluation functional

Lx(f) :=
∞∑
n=1

〈f |wn〉wn(x).

is bounded in L2(X,µ), for almost all x ∈ X. Then, for almost all
x ∈ X, there exists jx ∈ L2(X,µ), such that

〈f |jx〉 :=
∞∑
n=1

〈f |wn〉wn(x).

It is clear that j is total and by the previous equation, it is a resolution
of the identity of L2(X,µ).

We have,∫
X

〈f |jx〉 〈jx|g〉 dµ =
∞∑
n=1

〈f |wn〉 〈wn|g〉 = 〈f |g〉 .

3. The image under a linear operator of a resolution of
the identity

Let ζ be a resolution of the identity for H. Let us denote by D
the linear span of {ζx}x∈X . D is a dense subspace of H. Indeed, if
〈f |ζx〉 = 0 for almost every x ∈ X, then f = 0.
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Let us consider a linear operator U : D → H. We examine the
behaviour of the map φ where φx = Uζx, x ∈ X; we will write, for
short, φ = Uζ. What we discuss here is well-known, but we rewrite it
for completeness.

Remark 3.1. In the discussion below the following properties of a
closed densely defined operator A play an important role:

(i) R(A) = H if, and only if A∗ has a bounded inverse;
(ii) R(A∗) = H if, and only if A has a bounded inverse.

See [29, Ch.VII, §5; p. 205]).

3.1. Bounded U . Suppose first that U is bounded on D. Then we
extend U to a bounded operator in H denoted by the same symbol.

Theorem 3.2 ([14, Theorem 5.4.4]). Given a resolution of the identity
ζ, the continuous frames of H are exactly the maps {Uζ} where U is
a bounded surjective operator in H.

Proof. If {Uζ} is a continuous frame, then there exist α, β > 0 such
that

α‖f‖2 ≤
∫
X

| 〈f |Uζx〉 |2 ≤ β‖f‖2, ∀f ∈ H

that is

α‖f‖2 ≤ ‖U∗f‖2 ≤ β‖f‖2.
This implies that U∗ is injective and its range is closed. Then by [24,
Theorem 4.15], R(U) = H.

Conversely, suppose that U is bounded and surjective, then by Re-
mark 3.1, U∗ has a bounded inverse. Therefore, there exists α > 0 such
that

α‖f‖2 ≤ ‖U∗f‖2 ≤ β‖f‖2,
for every f ∈ H. �

Let us examine some particular choiches of U . Let ζ be a resolution
of the identity and φ = Uζ.

(a) If U is unitary, i.e., U∗U = UU∗ = I, then φ is a resolution
of the identity of H; conversely, if ζ is a fixed resolution of the
identity and φ is an arbitrary resolution of the identity, then
there exists a unitary operator U such that Uζx = φx, ∀x ∈ X.

(b) If U is isometric (but not unitary), i.e., U∗U = I, but UU∗ =: P
is a projection different from I, then φ is a resolution of the
identity of PH.
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If f =

∫
X

〈f |ζx〉 ζxdµ then

Uf =

∫
X

〈f |ζx〉Uζxdµ =

∫
X

〈f |ζx〉φxdµ

and every vector h ∈ R(U) has a representation of this type:
indeed, if h ∈ R(U), then there exists a unique f ∈ H : h = Uf.
If f =

∫
X
〈f |ζx〉 ζxdµ, then

h = Uf =

∫
X

〈f |ζx〉Uζxdµ =

∫
X

〈f |ζx〉φxdµ.

Thus φ is a resolution of the identity of R(U). It is worth
reminding that

R(U) = {h ∈ H : Ph = h} where P = UU∗.

In this case we have ‖U∗f‖ ≤ ‖f‖, but U∗ is not injective, hence
φ is not a continuous frame.

(c) U is bounded, with bounded inverse U−1. In this case φ = Uζ
is a continuous Riesz basis.

3.2. Continuous Riesz bases. In the discrete case, if {φn}n∈N is a
Riesz basis then the following properies hold.

• Reconstruction formula: for every f ∈ H there exists a unique
sequence of numbers {cn}n∈N such that

f =
∞∑
n=1

cnφn,

i.e., Riesz bases are Schauder bases;
• every Riesz basis {φn}n∈N has a dual basis {ψn}n∈N which is

Riesz too;
• {φn}n∈N and {ψn}n∈N are biorthogonal: 〈φk|ψh〉 = δk,h, where
δk,h is the Kronecker symbol.

Our next goal is to study weakly measurable maps that act as Riesz
bases of H. In particular we will reformulate a Paley-Wiener Theorem
for sequences [23, §86].

If ζ is a resolution of the identity, by the definition itself, it follows
that ∫

X

〈f |ζx〉 〈ζx|g〉 dµ = 〈f |g〉 , ∀f, g ∈ H,
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which can also be read as∫
X

〈f |ζx〉 ζxdµ = f, ∀f ∈ H.

Moreover, if y ∈ X

〈ζy|g〉 =

∫
X

〈ζy|ζx〉 〈ζx|g〉 dµ.

Hence, 〈ζy|ζx〉 dµ can be read as the Dirac measure on X centered at
the point y ∈ X.

Theorem 3.3. Let ζ be a resolution of the identity in H and φ a weakly
measurable function with φ ∈ H∞. If ‖φ− ζ‖∞ < 1, then

(i) there exists a bounded operator B with bounded inverse such
that φx = Bζx for almost every x ∈ X;

(ii) there exists a weakly measurable map ψ such that for every
f ∈ H the following equalities hold

f =

∫
X

〈f |ψx〉φxdµ; f =

∫
X

〈f |φx〉ψxdµ.

Proof. (i): Let f ∈ H. Put θ = ‖φ− ζ‖∞. We define

Kf :=

∫
X

〈f |ζx〉 (ζx − φx)dµ.

We have∥∥∥∥∫
X

〈f |ζx〉 (ζx − φx)dµ
∥∥∥∥2 ≤ ‖φ− ζ‖2 ∫

X

| 〈f |ζx〉 |2dµ = θ2‖f‖2.

Thus K is bounded and ‖K‖ ≤ θ < 1. Hence, the operator B = I −K
possesses a bounded inverse. Finally, Bζy = φy, for every y ∈ X.
Indeed,

〈Bζy|g〉 = 〈ζy|g〉 − 〈Kζy|g〉 = 〈ζy|g〉 −
∫
X

〈ζy|ζx〉 〈(ζx − φx)|g〉 dµ

=

∫
X

〈ζy|ζx〉 〈φx|g〉 dµ = 〈φy|g〉 , ∀g ∈ H;

the last equality follows from the fact that Bζx = φx for every x ∈ X
and∫

X

〈ζy|ζx〉 〈φx|g〉 dµ =

∫
X

〈ζy|ζx〉 〈ζx|B∗g〉 dµ = 〈ζy|B∗g〉 = 〈φy|g〉 .

(ii): Define ψx = (B−1)∗φx, x ∈ X. Then, from

Bf =

∫
X

〈f |ζx〉Bζxdµ
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it follows that

f = BB−1f =

∫
X

〈
B−1f |ζx

〉
Bζxdµ =

∫
X

〈f |ψx〉φxdµ, ∀f ∈ H

and

f = (B−1B)∗f =

∫
X

〈f |Bζx〉 (B−1)∗ζxdµ =

∫
X

〈f |φx〉ψxdµ, ∀f ∈ H.

�

This leads us to introduce the following

Definition 3.4. Let ζ be a resolution of the identity. The weakly mea-
surable function φ : X → H is a continuous Riesz basis if there exists a
bounded linear operator U in H with bounded inverse such that φ = Uζ.

As in the discrete case, one can prove that a Bessel map φ is a
continuous Riesz basis if, and only if, it is complete and independent
(Definition 2.4; see also [8]). This applies of course also to resolutions
of the identity.

4. Lower semi-frames and A-frames

So far we have considered the case where the sesquilinear form Ωφ

associated to a weakly continuous map is bounded from above and
from below, that is, a continuous frame. Other situations are however
of some interest: the first is when Ωφ is bounded from below (lower
semi-frames) and the second one is when the boundedness from below
is, so to say mediated by some linear operator A.

4.1. Lower semi-frames and metric operators. Lower semi-frames,
mentioned above in Definition 2.4 (vi), lead to a somewhat unexpected
connection with the so-called metric operators, that is, strictly positive
self-adjoint operators, i.e. G > 0 or 〈Gf |f〉 ≥ 0 for every f ∈ D(G)
and 〈Gf |f〉 = 0 if and only if f = 0. Such metric operators are,
for instance, encountered in the so-called PT -symmetric quantum me-
chanics, where non-self-adjoint Hamiltonians play a systematic role [6].
The correspondence has been analyzed in [3], to which we refer for more
details.

On one hand, let Sφ be, as before, the generalized frame operator.

Then S
−1/2
φ : H → H and ψ = S

−1/2
φ φ is a Parseval frame for H. As a

matter of fact, S
−1/2
φ : H → H is a metric operator. But there might

be other metric operators G that do the same job, namely that χ = Gφ
is a Parseval frame for H.
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Conversely, given a closed densely defined unbounded operator A,
the operator RA = I +A∗A is an unbounded metric one, with domain

D(A∗A). Let H1 denote D(G
1/2
1 ) with a norm equivalent to the graph

norm and H−1 = H(G1)
×, the conjugate dual of H1. Thus we get the

triplet

(4.1) H1 ⊂ H ⊂ H−1 = H1
×.

Actually, the triplet (4.1) is the central part of the discrete scale of

Hilbert spaces VG1 built on the powers of G
1/2
1 . This means that VG1 :=

{Hn, n ∈ Z}, where Hn = D(G
n/2
1 ), n ∈ N, with a norm equivalent to

the graph norm, and H−n = H×n :

(4.2) . . . ⊂ H2 ⊂ H1 ⊂ H ⊂ H−1 ⊂ H−2 ⊂ . . .

Moreover, one may add the end spaces of the scale, namely,

(4.3) H∞(G1) :=
⋂
n∈Z

Hn, H−∞(G1) :=
⋃
n∈Z

Hn.

In this way, we get a genuine rigged Hilbert Space (RHS):

(4.4) H∞(G1) ⊂ H ⊂ H−∞(G1).

(see Section 6 for a definition of RHS). Of course, as before, every

χn = G
n/2
1 φ is a lower semi-frame, and even a Parseval frame for H.

In conclusion, lower semi-frames allow to recover the formalism based
on metric operators that we have developed for the theory of quasi-
Hermitian operators, in particular non-self-adjoint Hamiltonians. See
[6] for more details.

4.2. A-frames. The following notion has already been introduced and
studied in [10, 11] (there, it was called weak A-frame). Let us consider
the form Ωφ defined in (2.2).

Definition 4.1. Let A be a densely defined operator in H. A continu-
ous A-frame for H is a function φ : x ∈ X → φx ∈ H such that for all
f ∈ D(A∗), the map x→ 〈f |φx〉 is a measurable function on X and

α‖A∗f‖2 ≤ Ωφ(f, f) <∞,
for every f ∈ D(A∗) and some α > 0.

In [10] the following two results are shown.

Proposition 4.2. Let A be a densely defined operator in H and φ a
continuous A-frame, then D(A∗) ⊂ D(Ωφ). Moreover, if A is closable,
then Ωφ is densely defined.

However, in general D(A∗) ( D(Ωφ).
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Corollary 4.3. Let A be a closable and densely defined operator in H
and φ a continuous A-frame. Then the synthesis operator C∗φ is closed.

Remark 4.4. If A a is closable and densely defined operator and
φ is a continuous A-frame, the sesquilinear form Ωφ is densely de-
fined, nonnegative and closed. Then there exists the generalized frame
operator Sφ of φ defined as in (2.3), see [20, p. 279]. The map
g 7→

∫
X
〈f |φx〉 〈φx|g〉 dµ is bounded on D(Ωφ) w.r.to the norm ofH. By

definition of continuous A-frame, u(x) = 〈f |φx〉 is a measurable com-
plex valued function on X for all f ∈ D(A∗). Moreover, the analysis
operator Cφ is closed and densely defined and one has

α‖A∗f‖2 ≤ Ωφ(f, f) = ‖Cφf‖22 =
∥∥∥S1/2

φ f
∥∥∥2 ,

∀f ∈ D(A∗) ⊂ D(Ωφ) = D(S
1/2
φ ).

Corollary 4.5. Let A be a closable, densely defined operator and φ a
continuous A-frame for H. Then the generalized frame operator Sφ of
φ is self-adjoint.

If φ is a continuous A-frame, the generalized frame operator is not
invertible on H, in general, but under further hypothesis it can be
inverted on a subspace of H.

α‖A∗f‖2 ≤ Ωφ(f, f) = 〈Sφf |f〉 , ∀f ∈ D(A∗) ⊂ D(Ωφ).

Let PM indicate the projection on M .
As an aside, we recall the following

Lemma 4.6. [13] Let H,K be Hilbert spaces. Let W : D(W ) ⊂ K → H
a closed, densely defined operator with closed range R(W ). Then, there
exists a unique W † ∈ B(H,K) such that

N(W †) = R(W )⊥, R(W †) = N(W )⊥, WW †f = f, f ∈ R(W ).

The operator W † is called the pseudo-inverse of the operator W .

Proposition 4.7. Let A be a closable, densely defined operator such
that R(A) = H. If φ is a continuous A-frame, then the sesquilinear
form Ωφ is bounded from below on D(A∗).

Proof. Let A be a closable and densely defined, surjective operator,
then, by the previous Lemma, there exists A† ∈ B(H) such that AA† =
I, hence (A†)∗A∗ ⊂ I and in particular we have:

D((A†)∗A∗) = D(A∗),
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since (A†)∗ ∈ B(H) and

‖f‖ = ‖(A†)∗A∗f‖ ≤ ‖A†‖‖A∗f‖, ∀f ∈ D(A∗),

then

‖A†‖−1‖f‖ ≤ ‖A∗f‖, ∀f ∈ D(A∗).

If φ is a continuous A-frame, then the sesquilinear form Ωφ is semi-
bounded on D(A∗):

α‖A†‖−2‖f‖2 ≤ α‖A∗f‖2 ≤ Ωφ(f, f), ∀f ∈ D(A∗) ⊂ D(Ωφ).

�

Remark 4.8. Note that φ is not a lower semi-frame in general; indeed
the inequality holds true only on D(A∗) and possibly D(A∗) ( H.

Corollary 4.9. Let A ∈ B(H). If φ is a continuous A-frame, then φ
is a lower semi-frame for H and there exists an upper semi-frame ψ
dual to φ, that is, one has, in the weak sense,

f =

∫
X

〈f |φx〉ψxdµ, ∀f ∈ D(Ωφ).

Proof. It suffices to use Proposition 4.7 and [5, Proposition 2.1, ii)]. �

Under suitable hypotheses, we can weakly decompose the domain of
A∗ by means of a continuous weak A-frame.

Theorem 4.10. [10, Theorem 3.16] Let A be a closed densely defined
operator with R(A) = H and A† the pseudo-inverse of A. Let φ be a
continuous weak A-frame and ψ a Bessel weak A-dual of φ. Then, the
function ϑ with ϑx := (A†)∗ψx ∈ H, for every x ∈ X, is Bessel and
every u ∈ D(A∗) can be weakly decomposed as follows

〈h|u〉 =

∫
X

〈h|ϑx〉 〈φx|u〉 dµ(x) ∀h ∈ H, u ∈ D(A∗).

By Theorem 4.10,

〈h|u〉 =
〈
AA†h|u

〉
=
∫
X
〈A†h|ψx〉 〈φx|u〉 dµ(x) =

〈
MA†h|Bu

〉
2
,

∀h ∈ H, u ∈ D(A∗)

with B a closable densely defined operator which is a restriction of Cφ
and M ∈ B(H, L2(X,µ)).
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5. Riesz and Generalized Riesz functions

In the discrete case [9], generalized Riesz bases were introduced in
[21, 22]. A continuous variant sounds as follow.

Definition 5.1. A weakly measurable function φ : X → H is called
a generalized Riesz map if there exists a resolution of the identity ζ in
H and a densely defined closed operator W in H with densely defined
inverse, such that

ζx ∈ D(W ) ∩D((W−1)∗) and Wζx = φx, for almost every x ∈ X.
For short, the couple (ζ,W ) will be called a constructing pair for φ.

As before, we can define the sesquilinear form Ωφ by (2.1) and (2.2).
If D(Ωφ) is dense in H, then we can apply Kato’s theorem on closed
nonnegative forms and introduce as before the operator Sφ.

Proposition 5.2. Let φ be a generalized Riesz map, with constructing
pair (ζ,W ). Then D(Ωφ) = D(W ∗

0 ), where W0 denotes the restriction
of W to the linear span Dζ of the resolution of the identity ζ and D(Ωφ)
is dense in H.

Proof. Suppose that h ∈ D(W ∗
0 ). Then, h ∈ D(Ωφ):∫

X

| 〈h|φx〉 |2 =

∫
X

| 〈h|Wζx〉 |2dµ =

∫
X

| 〈W ∗
0 h|ζx〉 |2dµ = ‖W ∗

0 h‖2 <∞.

On the other hand, if h ∈ D(Ωφ), then 〈h|φ.〉 ∈ L2(X,µ). Hence we
can define g :=

∫
X
〈h|φx〉 ζxdµ. Then

〈h|Wζx〉 = 〈h|φx〉 = 〈g|ζx〉 , µ− a.e.
indeed both g =

∫
X
〈g|ζx〉 ζxdµ and g =

∫
X
〈h|φx〉 ζxdµ, then

∫
X

(〈g|ζx〉−
〈h|φx〉)ζxdµ = 0; hence, since ζ is independent, 〈g|ζx〉 − 〈h|φx〉 = 0,
µ-a.e. . This equality extends obviously to Dζ ; then h ∈ D(W ∗

0 ) and
W ∗

0 h = g =
∫
X
〈h|φx〉 ζxdµ. Furthermore, D(Ωφ) is dense in H because

D(Ωφ) = D(W ∗
0 ) and W0 = W�Dζ

is a closable densely defined operator
(Dζ is dense since ζ is total). �

Now we introduce the following

Definition 5.3. Let φ and ψ be weakly measurable functions and D
be a dense domain containing the (essential) images of φ anf ψ and
contained in D(Ωφ)∩D(Ωψ). The functions φ and ψ are biorthogonal
continuous D-bases if

(5.1)

∫
X

〈f |φx〉 〈ψx|g〉 dµ =

∫
X

〈f |ψx〉 〈φx|g〉 dµ = 〈f |g〉 , ∀f, g ∈ D.
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This equality turns out to be equivalent to φ and ψ being generalized
Riesz maps as the following discussion which generalizes [9, Theorem
III.1] shows. Again an important role is played by the forms Ωφ and
Ωψ and by the operators Sφ, Sψ which describe them (by Kato’s the-

orem), respectively. Let Rφ, Rψ denote the restrictions of S
1/2
φ , S

1/2
ψ ,

respectively. Then, under the assumption made so far, one proves the
equivalence of the following statements:

(i) φ and ψ are biorthogonal continuous D-bases,
(ii) φ and ψ are generalized Riesz maps with constructing pairs

(Rφ, ζ), (Rψ, ζ), respectively, where ζ is a resolution of the iden-
tity contained in D ∩D(Sφ) ∩D(Sψ).

5.1. Reproducing pairs. If φ, ψ are weakly measurable functions, it
is natural to introduce the following two sesquilinear forms:

Ωφ,ψ(x, y) =

∫
X

〈f |φx〉 〈ψx|g〉 dµ,

and

Ωψ,φ(x, y) =

∫
X

〈f |ψx〉 〈φx|g〉 dµ

for all f, g for which these make sense.
In principle, these forms are neither semi-bounded nor sectorial.

Thus, Kato’s representation theorems cannot be applied. However sev-
eral variants of these celebrated theorems have been proposed (we refer
to [16, 17], where the notion of solvable form has been introduced and
studied, and for a rather complete bibliography on this topic). We will
not consider this aspect here, but simply some particular case.

The couple of weakly measurable functions (φ, ψ) is a reproducing
pair if the form

Ωφ,ψ(f, g) =

∫
X

〈f |φx〉 〈ψx|g〉 dµ

is represented by a bounded operator Sφ,ψ with bounded inverse; i.e.,

〈Sφ,ψf |g〉 =

∫
X

〈f |φx〉 〈ψx|g〉 dµ.

This notion was introduced in [26] and studied in several papers
[?, 27] and also in [4, 7] for the continuous version.

The relevant point of this approach is again the reconstruction for-
mula

f =

∫
X

〈
f |((Sφ,ψ)∗)−1φx

〉
ψxdµ =

∫
X

〈
f |((Sψ,φ)∗)−1ψx

〉
φxdµ,
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to be understood, of course, in weak sense.

6. Beyond Hilbert space

For several applications, it is not enough to stay in the world of
functions, but one has to allow distributions. In a certain sense it is
natural to try and generalize what we have discussed so far in this
larger world and the natural arena is that of Gel’fand triplets or rigged
Hilbert spaces. Attempts in this direction (Riesz-like bases, Distribu-
tion frames) have in fact been considered in [12] and [28]. A rigged
Hilbert space (RHS) consists in fact of a triplet of spaces

D[t] ↪→ H ↪→ D×[t×]

where D is a locally convex space with topology t; D× is the conjugate
dual of D, with the strong dual topology t×; t× � t‖·‖ � t, D ≡ D××
(i.e. D is reflexive). Here ↪→ stands for continuous and dense inclusion.

The main motivation for considering this case comes from the prob-
lem of generalized eigenvalues of self-adjoint operators. Let us illustrate
it with an elementary example.

Example 6.1. Let S(R) be the Schwartz space of rapidly decreasing

C∞-functions on the real line. Consider the operator − d2

dx2
acting on

S(R). It is very well known that the eigenvalue problem− d2

dx2
f−µf = 0

has no solution in S(R) or in L2(R). On the other hand, the family of
functions {ωλ;λ ∈ R} with

ωλ(x) =
1√
2π
eiλx, x ∈ R

is contained in the conjugate dual S×(R), that is, the space of (conju-
gate) tempered distributions. They are generalized eigenvectors, with
eigenvalues λ2.

The properties of the Fourier transform may be interpreted as com-
pleteness of this set of eigenvectors, in the sense that every f ∈ S(R)
can be expanded (reconstructed) in terms of the ωλ’s:

f(x) =
1√
2π

∫
R
f̂(λ)eiλxdλ,

with components

f̂(λ) =
1√
2π

∫
R
f(x)e−iλxdx = 〈f |ωλ〉,

f(x) =

∫
R
〈f |ωλ〉ωλdλ.



From generalized Riesz bases to semi-frames and beyond 19

Then the equality ‖f‖ = ‖f̂‖ (Plancherel) can be interpreted as or-
thogonality (Parseval).

This is nothing but a realization of the Gel’fand-Maurin theorem
which reads as follows.

Theorem 6.2. [18] Let D ⊂ H ⊂ D× be a rigged Hilbert space with
D[t] a nuclear space and D× conjugate dual.

Suppose that A : D[t] → D[t] is a continuous linear operator which
is essentially self-adjoint on D; then A has a complete family of gen-
eralized eigenvectors, i.e., there exists a family {Φλ;λ ∈ R}, Φλ ∈ D×,
such that

〈Af |Φλ〉 = λ 〈f |Φλ〉 , ∀f ∈ D,
i.e., A extends to Â : D× → D× and

ÂΦλ = λΦλ.

The word complete means that, in weak sense, one can write

f =

∫
R
〈f |Φλ〉Φλdλ, ∀f ∈ D

and that Parseval equality

‖f‖2 =

∫
X

| 〈f |Φλ〉 |2dµ

holds. A distribution map with these properties is called a Gel’fand
distribution basis [28].

Starting from these considerations, the notions of frame, Riesz basis,
etc. have been extended to the environment of rigged Hilbert spaces
in [28].

Suppose that φ : X → D× is a weakly measurable function and that,
for every f ∈ D, ∫

X

| 〈f |φx〉 |2dµ <∞.

In this case we say that φ is a Bessel distribution map.
In contrast with the case of Hilbert spaces, this condition does not

imply that there exists B > 0 such that∫
X

| 〈f |φx〉 |2dµ ≤ B‖f‖2, ∀f ∈ D.

If the above inequality holds, we say that φ is a bounded Bessel distri-
bution map. Then

Ωφ(f, g) =

∫
X

〈f |φx〉 〈φx|g〉 dµ, f, g ∈ D
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is a nonnegative bounded sesquilinear form on D × D and extends to
H×H.

Let ζ be a Gel’fand distribution basis and M : D× → D× a weakly
continuous linear map.

Put ωx := Mζx. Then, ω is a Bessel distribution map.
Following the properties of M× : D → D we can describe shortly the

possible situations as follows.

. ω is a bounded Bessel map if, and only if, M× is bounded;

. ω is a distribution frame if M× is bounded,(M×)−1 exists, is
continuous, but it is not everywhere defined;

. ω is a Riesz distribution basis if it is a distribution frame
and M×D = D.

Example 6.3. We sketch here the construction of a Gel’fand dis-
tribution basis in a quite simple situation. Let K = [a, b]⊂ R and
consider L2(K). Let {un}n∈N be an orthonormal basis of L2(K), with
Lebesgue measure. Let us suppose that every un is a continuous func-
tion and that the sequence {un}n∈N is uniformly essentially bounded,
i.e., |un(x)| ≤M , for almost every x ∈ K and every n ∈ N.

Consider now a sequence of positive numbers {αn}n∈N with {α−1n }n∈N ∈
`2 and define

D =

{
f ∈ L2(K) :

∑
n∈N

α2k
n | 〈f |un〉 |2 <∞, ∀k ∈ N

}
.

Let us endow D with the topology t given by the family of seminorms

pk(f) :=

(∑
n∈N

α2k
n | 〈f |un〉 |2

)1/2

.

Notice that p0(f) = ‖f‖.
With this topology D[t] is a Fréchet reflexive space. For every x ∈ K

define a conjugate linear functional φx on D by

〈φx|f〉 =
∑
n∈N

〈un|f〉un(x), f ∈ D.

We prove that φx is well defined and continuous on D[t].
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| 〈φx|f〉 | ≤
∑
n∈N

| 〈un|f〉un(x)| =
∑
n∈N

|αn 〈un|f〉α−1n un(x)|

≤

(∑
n∈N

α2
n| 〈un|f〉 |2

)1/2

M

(∑
n∈N

(α−1n )
2

)1/2

= Cp1(f),

with C = M
(∑

n∈N (α−1n )
2
)1/2

> 0. Hence φx ∈ D×.

We have ∫
K

〈f |φx〉 〈φx|g〉 dx =
∑
n∈N

〈f |un〉 〈un|g〉 = 〈f |g〉 .

Hence φ is a Gel’fand distribution basis.
Acting on φ with an operator M , as described at the end of the

previous section, produces in turn continuous Riesz bases or frames.
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