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Devwudfw

Zh h{dplqh wkh irupdwlrq ri Lqwhuqdwlrqdo Hqylurqphqwdo Djuhh0

phqwv +LHDv,1 Zh h{whqg wkh h{lvwlqj olwhudwxuh e| hqgrjhql}lqj wkh

uhdfwlrq ri wkh LHD*v phpehuv wr d ghyldwlrq e| d phpehu ru d jurxs

ri phpehuv1 Zh dvvxph wkdw zkhq d frxqwu| frqwhpsodwhv h{lwlqj ru

mrlqlqj dq djuhhphqw/ lw wdnhv lqwr dffrxqw wkh uhdfwlrqv ri rwkhu frxq0

wulhv ljqlwhg e| lwv rzq dfwlrqv1 Zh lghqwli| frqglwlrqv xqghu zklfk

wkhuh dozd|v h{lvwv d xqltxh vhw ri iduvljkwhg vwdeoh LHDv1 Wkh qhz

iduvljkwhg LHDv fdq eh pxfk odujhu wkdq wkrvh vrph ri wkh suhylrxv

prghov vxssruwhg exw duh qrw dozd|v Sduhwr h!flhqw1 Zh h{whqg wkh

dqdo|vlv wr doorz iru frruglqdwhg dfwlrq/ wkdw lv/ jurxsv ri frxqwulhv

mrlqwo| h{lwlqj ru hqwhulqj wkh djuhhphqw dqg ixoo| fkdudfwhul}h wkh

frdolwlrqdoo| iduvljkwhg vwdeoh LHDv1

Nh|zrugv= Lqwhuqdwlrqdo Hqylurqphqwdo Djuhhphqwv/ Sxeolf jrrg sur0

ylvlrq/ Frdolwlrq irupdwlrq/ Iruhvljkw

MHO Fodvvl�fdwlrq= T53/ K74/ F:<

4Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Ddukxv
5 Ghsduwphqw ri Dffrxqwlqj dqg Ilqdqfh/ Xqlyhuvlw| ri Pdfhgrqld ) Ghsduwphqw ri

Hfrqrplfv/ Xqlyhuvlw| Froohjh ri Fdulerr

Zh zrxog olnh wr wkdqn frqihuhqfh sduwlflsdqwv dw FUHH 5334 dqg FWQ 5335/ dqg

vhplqdu sduwlflsdqwv dw wkh Xqlyhuvlw| ri Urfkhvwhu dqg FRUH iru khosixo vxjjhvwlrqv1

Zh zrxog dovr olnh wr wkdqn Sdundvk Fkdqghu/ Khqu| Wxonhqv dqg Fodxgh G*Dvsuhprqw iru

lqvljkwixo frpphqwv1 Sduwv ri wklv surmhfw zhuh frpsohwhg zkloh H�urv|ql Gldpdqwrxgl

zdv ylvlwlqj wkh Ghsduwphqw ri Hfrqrplfv dw wkh Xqlyhuvlw| ri Urfkhvwhu dqg FRUH1



� �������	�
��

Lqwhuqdwlrqdo hqylurqphqwdo djuhhphqwv +LHDv, dlp dw frqwuroolqj joredo

srooxwlrq +folpdwh fkdqjh/ juhhqkrxvh jdvhv/ hwf1,/ iruplqj wkxv/ d vshfldo

fdvh ri wkh sxeolf jrrg surylvlrq sureohp1 Lqghhg/ dowkrxjk wkh vrfldoo|

rswlpxp rxwfrph uhtxluhv wkdw hyhu| frxqwu| sduwlflsdwhv dqg udwl�hv wkh

djuhhphqw/ hdfk frxqwu| kdv dq lqfhqwlyh wr iuhh ulgh rq wkh frrshudwlqj

h�ruwv ri hyhu| rwkhu sduwlflsdqw1 Wklv lqfhqwlyh vwhpv iurp wkh idfw wkdw

wkh vdylqjv jhqhudwhg e| qrw dedwlqj rxwzhljk wkh pdujlqdo hqylurqphqwdo

gdpdjh fdxvhg/ zkhq hyhu| rwkhu frxqwu| djuhhv wr frqwuro lwv hplvvlrqv1

LHDv duh d uhodwlyho| qhz euxqfk ri wkh sxeolf jrrg surylvlrq wkhru|

wkdw jrhv dv idu edfn dv dw ohdvw Olqgdko +4<4<,1 Lqwhuqdwlrqdo djuhhphqwv

gl�hu iurp d w|slfdo sxeolf jrrg lq wkdw wkhuh lv qr vxsud0qdwlrqdo dxwkrulw|

wkdw frxog srvvleo| hqirufh wkh vrfldoo| rswlpdo rxwfrph1 Wkxv/ iru dq LHD

wr eh udwl�hg dqg lpsohphqwhg lw kdv wr eh vhoi0hqiruflqj1 Gxh/ sulpdulo|/

wr wkh odwwhu uhtxluhphqw d qxpehu ri wkh wkhruhwlfdo dvvhuwlrqv dv zhoo dv

wkh hpslulfdo revhuydwlrqv jr djdlqvw wkh Frdvldq suhglfwlrq +4<93, wkdw

h!flhqw rxwfrphv zloo suhydlo1

LHDv duh jhqhudoo| vljqhg e| d vljql�fdqw qxpehu ri frxqwulhv exw qrw

doo wkh srwhqwldo vljqdwrulhv1 W|slfdo h{dpsohv duh wkh Ylhqqd Frqyhqwlrq

vljqhg e| 4;7 frxqwulhv/ wkh Prqwuhdo Surwrfro vljqhg e| 4;6 frxqwulhv/

wkh XQIFFF +Xqlwhg Qdwlrqv Iudphzrun Frqyhqwlrq rq Folpdwh Fkdqjh,

vlqjhg e| 4;9 frxqwulhv/ dqg odvwo| wkh N|rwr surwrfro vljqhg/ vr idu/ e| :7

frxqwulhv1 Lw vkrxog eh qrwhg wkdw Xqlwhg Qdwlrqv frqvlvwv ri 4;< phpehu

vwdwhv1 Dowkrxjk lw vhhpv whpswlqj dw wklv srlqw wr frqfoxgh wkdw/ lqghhg/

wkh judqg frdolwlrq lv +doprvw, iruphg dqg h!flhqf| lv +doprvw, dwwdlqhg/ lw

vkrxog eh qrwhg wkdw wkh phdvxuhv ryhu zklfk hdfk djuhhphqw zdv uhdfkhg

ydulhg vljql�fdqwo| erwk lq dedwhphqw frvwv dqg hqylurqphqwdo lpsdfw1 Wkh

idfw wkdw wkh N|rwr surwrfro zdv gudiwhg ehiruh 4<<; exw 7 |hduv odwhu lv

rqo| vljqhg e| ohvv wkdq kdoi wkh frxqwulhv dqg kdv qrw frph lqwr irufh

|hw looxvwudwhv krz wkh qxpehu ri vljqdwrulhv pd| gurs vljql�fdqwo| li wkh

phdvxuhv wr eh xqghuwdnhq duh pruh vxevwdqwldo1

Jlyhq wkh xqfohdu vljqdov gudzq iurp wkh hpslulfdo revhuydwlrqv/ wkhuh

Ilqdqfldo vxssruw lv dfnqrzohgjhg iurp wkh Gdqlvk Vrfldo Vflhqfh Uhvhdufk Frxqflo1

Wklv wh{w suhvhqwv uhvhdufk uhvxowv ri wkh Ehojldq Surjudp rq Lqwhuxqlyhuvlw| Srohv ri

Dwwudfwlrq lqlwldwhg e| wkh Ehojldq Vwdwh/ Sulph Plqlvwhu*v R!fh/ Vflhqfh Srolf| Sur0

judpplqj1 Wkh vflhqwl�f uhvsrqvlelolw| lv dvvxphg e| wkh dxwkruv1
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lv d zhgjh gudzq ehwzhhq wkh ydulrxv wkhruhwlfdo vwxglhv rq LHDv41 Rq

wkh rqh kdqg wkhuh lv d vhulhv ri zrunv lqlwldwhg e| Fduudur dqg Vlqlvfdofr

+4<<6, dqg Eduuhww +4<<7, wkdw/ wkurxjk d qrq0frrshudwlyh jdph wkhruhwlf

dssurdfk/ vxssruwv wkh shvvlplvwlf ylhz wkdw xqohvv dowhuqdwlyh lqfhqwlyhv

+vxfk dv iru h{dpsoh whfkqrorj| wudqvihuv dqg2ru wudgh vdqfwlrqv, duh sxw

lqwr irufh LHDv duh ixwloh lq wkh vhqvh wkdw wkh| zloo eh hlwkhu vljqhg e| yhu|

ihz
5 frxqwulhv ru/ li vljqhg e| pruh/ lw zloo eh ryhu dq djuhhphqw zlwkrxw

dq| vxevwdqfh61 Wkh glvsdulw| ehwzhhq wklv euxqfk ri wkh olwhudwxuh dqg

wkh hpslulfdo revhuydwlrqv fdq eh dwwulexwhg wr d ixqgdphqwdo dvvxpswlrq

hpehgghg lq lw/ qdpho|/ wkh idfw wkdw hdfk frxqwu| xsrq zlwkgudzlqj iurp

wkh djuhhphqw dvvxphv wkdw wkh djuhhphqw zloo uhpdlq lqwdfw/ dw ohdvw lq

whupv ri phpehuvkls vwdwxv1 Lw lv qrw vxusulvlqj wkdw vxfk d k|srwkhvlv

hqfrxudjhv ghyldwlrqv dqg xqghuplqhv wkh yldelolw| ri dq djuhhphqw1

Rq wkh rwkhu kdqg/ wkhuh lv d vhulhv ri zrunv lqlwldwhg e| Fkdqghu

dqg Wxonhqv +4<<5, dqg +4<<:, wkdw/ dgrswlqj d frrshudwlyh jdph0wkhruhwlf

iudphzrun/ dvvhuwv wkh irupdwlrq ri wkh judqg frdolwlrq dqg wkh dwwdlqphqw

ri h!flhqf|1 Dowkrxjk/ forvhu wr wkh diruhphqwlrqhg hpslulfdo �qglqjv lw

grhv qrw h{sodlq wkh gl!fxowlhv hqfrxqwhuhg lq wkh N|rwr surwrfro1 Wkh

edvlf dvvxpswlrq xqghuo|lqj wkh Fkdqghu dqg Wxonhqv +4<<:, prgho lv wkdw

zkhq d frxqwu| ghyldwhv lw dvvxphv wkdw wkh djuhhphqw froodsvhv dqg hdfk

frxqwu| ihqgv iru lwvhoi1 Qdwxudoo|/ wkh shvvlplvwlf h{shfwdwlrq ri d srwhqwldo

shushwudwru ghwhuv ghyldwlrqv dqg hqfrxudjhv wkh vxvwdlqphqw ri pruh frrs0

hudwlyh djuhhphqwv1 Wkhlu zrun/ krzhyhu/ vkhgv oljkw wr wkh wkhru| ri LHDv

iurp d qrupdwlyh dqjoh= Li dq djuhhphqw lv ghvljqhg lq d zd| wkdw ghyldwruv

duh lqgluhfwo| |hw h�hfwlyho| sxqlvkhg wkurxjk wkh froodsvh ri wkh djuhhphqw

wkhq frrshudwlrq dqg vrfldo rswlpdolw| pd| eh dwwdlqdeoh diwhu doo1

D txhvwlrq wkdw lv qrw qhz wr jdph wkhruhwlf dqdo|vlv lv krz fuhgleoh

vxfk d wkuhdw lv/ dqg li dq djuhhphqw wkdw lv ghvljqhg dorqj wkhvh olqhv lv

4Iru dq lq ghswk frpsdulvrq ri wkh dssurdfkhv vhh Wxonhqv +4<<;,1 D pruh jhqhudo

olwhudwxuh uhylhz lv r�huhg e| Lrdqqlglv/ Sdsdqguhrx dqg Vduw}hwdnlv +5333,1
5Gldpdqwrxgl dqg Vduw}hwdnlv +5334, vkrz lq wkh prgho dgrswhg e| Eduuhww +4<<7,

wkdw wkh htxloleulxp vl}h ri dq LHD lv hlwkhu 5/ 6 ru 7 frxqwulhv1 Vlploduo|/ Ilqxv dqg

Uxqgvkdjhq +5334, vkrz wkdw lq wkh prgho dgrswhg e| Fduudur dqg Vlqlvfdofr +4<<6,

zkhq wudqvihuv duh qrw doorzhg wkh htxloleulxp vl}h ri dq LHD lv 5 ru 6 frxqwulhv1
6Dv zloo vkrz lq Vhfwlrq 5/ lq Eduuhww*v +4<<7, prgho/ hyhq li zh devwudfw iurp wkh

vshfl�f ixqfwlrqdo irupv dqg LHDv duh vljqhg lq htxloleulxp e| d vljql�fdqw qxpehu ri

frxqwulhv/ wkh djuhhg xsrq hplvvlrq ohyhov duh lghqwlfdo wr wkrvh ri wkh odlvvh}0idluh vwdwh

zkhuh hdfk frxqwu| rswlpl}hv lqglylgxdoo|1
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vwloo vhoi0hqiruflqj1 Rxu zrun dgguhvvhv suhflvho| wklv lvvxh dqg dwwhpswv wr

eulgjh wkh jds ehwzhhq wkh wzr dssurdfkhv1 Zkhq d frxqwu| ghihfwv iurp

dq djuhhphqw lw pdnhv qr h{rjhqrxvo| lpsrvhg dvvxpswlrqv uhjduglqj wkh

ehkdylru ri uhpdlqlqj phpehuv ri wkh djuhhphqw1 Lqvwhdg/ lw iruhvhhv
7
zkdw

wkhlu uhdfwlrq zloo eh/ dqg zklfk htxloleulxp djuhhphqw zloo uhvxow iurp vxfk

d ghyldwlrq1 Zh r�hu wzr dqdo|vhv= rqh zkhuh frxqwulhv dozd|v dfw dorqh

zkhwkhu wkdw lv wr mrlq ru zlwkgudz iurp dq djuhhphqw dqg rqh zkhuh dq|

jurxs ri frxqwulhv pd| fkrrvh wr frruglqdwh wkhlu dfwlrqv lq hlwkhu mrlqlqj

ru zlwkgudzlqj iurp dq djuhhphqw1

Forvhu lq vslulw wr wkh zrunv ri Ud| dqg Yrkud +4<<:,/ +4<<<, dqg +5334,

zh gh�qh htxloleulxp LHDv lq d frqvlvwhqw pdqqhu1 Wkdw lv/ hdfk frxq0

wu|/ ru jurxs ri frxqwulhv/ xsrq ghyldwlrq dqwlflsdwhv wkh htxloleulxp/ khqfh

fuhgleoh uhvxow/ ri lwv dfwlrqv dqg frpsduhv wkdw rxwfrph wr lwv vwdwxv txr/

lqvwhdg ri wkh lpphgldwh/ |hw srvvleo| xqvwdeoh/ rqh1 Dowkrxjk Ud| dqg

Yrkud*v +4<<:, dqg +4<<<, zrunv duh jhqhudo dqg gr qrw frqfhqwudwh rq

wkh sxeolf jrrg surylvlrq sureohp/ wkhlu +5334, grhv1 Wkh suhvhqw sdshu/

dowkrxjk forvhu wr wkhlu +5334, zrun wkhpdwlfdoo|/ lw uhvhpeohv pruh wkhlu

+4<<:, wkhruhwlfdo dssurdfk lq wkh vhqvh wkdw lw grhv qrw prgho frdolwlrq iru0

pdwlrq h{solflwo| zlwk dq h{whqvlyh irup jdph exw irfxvhv rq dq htxloleulxp

dqdo|vlv1

Frpsduhg wr wkh frqfhsw ri htxloleulxp elqglqj djuhhphqwv e| Ud| dqg

Yrkud +4<<:, rxu dqdo|vlv lpsrvhv wzr uhvwulfwlrqv dqg uhod{hv rqh ri wkhlu

dvvxpswlrqv1 Wkh �uvw uhvwulfwlrq lv wkdw djhqwv duh v|pphwulf dqg dowkrxjk

lw lv/ lqghhg/ d vhulrxv dqg olplwlqj dvvxpswlrq lw lv wkh prvw frpprq lq

wkh olwhudwxuh/ r�huhg li qrw dw wkh rxwvhw dw ohdvw dv d k|srwkhvlv lq wkh

uhvxowv1 Vxfk dq dvvxpswlrq doorzv xv wr ixoo| fkdudfwhul}h rxu vroxwlrq vhw1

Wkh vhfrqg uhvwulfwlrq frqfhuqv wkh vhw ri shuplvvleoh vwuxfwxuhv1 Lqvwhdg

ri frqvlghulqj doo srvvleoh frdolwlrq vwuxfwxuhv dqg wkxv doorz iru pxowlsoh

LHDv wr ghyhors/ zh frqvwudlq rxu dqdo|vlv wr wkh fdvh zkhuh rqo| rqh LHD

lv doorzhg wr irup dqg wkh rqo| txhvwlrq uhpdlqlqj lv wkh htxloleulxp vl}h

ri wklv djuhhphqw1 Wklv dvvxpswlrq lv dgrswhg lq wkh zrunv ri Fduudur dqg

Vlqlvfdofr +4<<6, dqg Fkdqghu dqg Wxonhqv +4<<:, dprqj rwkhuv1 Dowkrxjk

wklv dvvxpswlrq vhhpv udwkhu vwurqj lw lv dfwxdoo| lqvwljdwhg iurp rxu hp0

slulfdo revhuydwlrqv1 Lqghhg/ LHDv duh xvxdoo| xqltxh dqg irvwhuhg e| wkh

7Vxfk dq dqdo|vlv lv glvfxvvhg dqg hqfrxudjhg e| Hffkld dqg Pdulrwwl +4<<;, dqg

Fduudur dqg Prulfrql +4<<;,1
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Xqlwhg Qdwlrqv1 Lw lv dq lqwuljxlqj txhvwlrq zkhwkhu wklv lv dq htxloleulxp

rxwfrph lwvhoi/ exw wklv lv qrw d txhvwlrq zh dgguhvv lq wklv surmhfw1 Wkh dv0

vxpswlrq dgrswhg e| Ud| dqg Yrkud +4<<:, wkdw zh uhod{ lv wkdw djuhhphqwv

fdq rqo| vkulqn lq vl}h dqg qhyhu jurz1 Zh doorz/ wkxv/ iru wkh srvvlelolw|

ri uhqhjrwldwlrq dprqj frxqwulhv/ lq wkh vhqvh wkdw dowkrxjk dq LHD pd|

froodsvh frxqwulhv fdq dozd|v djuhh dqhz xsrq vrph odujhu djuhhphqw1

Rxu dqdo|vlv vwduwv lq Vhfwlrq 5 iurp Eduuhww*v +4<<7, prgho wkdw hpsor|v

G* Dvsuhprqw hw1 do *v +4<;6, vroxwlrq frqfhsw ri frdolwlrqdo vwdelolw|1 D

pdmru gl�huhqfh ehwzhhq Eduuhww +4<<7, dqg Fduudur dqg Vlqlvfdofr +4<<6,

lv wkdw wkh iruphu dgrswv d ohdghuvkls prgho d od Vwdfnhoehuj zkhuh wkh LHD

ohdgv dqg wkh qrq0vljqdwrulhv iroorz zkhuhdv wkh odwwhu dgrswv d vlpxowdqhrxv

d od Frxuqrw prgho dqg frqvlghuv wudqvihuv1 Dowkrxjk rxu dqdo|vlv fdq

hdvlo| eh dssolhg wr wkh vlpxowdqhrxv prgho zh fkrvh wkh ohdghuvkls rqh

sulpdulo| ehfdxvh zh zdqwhg rxu uhvxowv wr eh gluhfwo| frpsdudeoh wr wkrvh

ri Eduuhww +4<<7, vlqfh zh gr qrw frqvlghu wudqvihuv hlwkhu81 Lq Vxevhfwlrq

614 wkh vroxwlrq frqfhsw lv prgl�hg wr fdswxuh frqvlvwhqf| dqg iruhvljkw

zkloh xqlodwhudo dfwlrqv duh pdlqwdlqhg1 Vxevhfwlrq 615 h{whqgv ixuwkhu wkh

qrwlrq wr doorz iru frruglqdwhg dfwlrq dqg wkh uhvxowv duh vljql�fdqwo| forvhu

wr wkrvh ri Fkdqghu dqg Wxonhqv +4<<:,1 Vhfwlrq 7 frqfoxghv wkh sdshu1

� �
� �����

Zh dvvxph wkdw wkhuh h{lvw q lghqwlfdo frxqwulhv/ Q @ i4> ===> qj1 Surgxf0

wlrq dqg frqvxpswlrq lq hdfk frxqwu| jhqhudwh hplvvlrqv hl � 3 ri d joredo

srooxwdqw dv dq rxwsxw1 Wkxv/ wkh vrfldo zhoiduh ri frxqwu| l/ zl/ lv h{0

suhvvhg dv wkh qhw ehwzhhq wkh ehqh�wv iurp frxqwu| l*v hplvvlrq/ El+hl,>

dqg wkh gdpdjhv Gl+H, iurp wkh djjuhjdwh hplvvlrqv H @
S

lMQ
hl1 Vlqfh

wkh frxqwulhv duh dvvxphg wr eh lghqwlfdo zh khqfhiruwk gurs wkh vxevfulswv

iurp wkh lqglylgxdo zhoiduh ixqfwlrq=

z @ E+hl,�G

�[
lMQ

hl

�
=

Zh ixuwkhu dvvxph wkdw wkh ehqh�w ixqfwlrq lv vwulfwo| frqfdyh/ wkdw lv/

E +3, @ 3> E
� � 3 dqg E��

? 3/ dqg wkh gdpdjh ixqfwlrq lv vwulfwo| frqyh{/

wkdw lv/ G +3, @ 3> G
� � 3 dqg G��

A 31

8Vhfrqgdulo|/ rqfh wkh LHD lv vxevwdqwldoo| odujh/ dv zh zloo vkrz/ lw vhhpv qdwxudo wr

ixuwkhu dvvxph wkdw wkh qrq0vljqdwrulhv zloo zdlw wr revhuyh wkh rxwfrph ri qhjrwldwlrqv

dqg khqfh ehkdyh dv iroorzhuv1
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Wkh udwl�fdwlrq ri wkh LHD lv ghslfwhg e| wkh irupdwlrq ri d frdolwlrq1

Lq sduwlfxodu/ d vhw ri frxqwulhv V � Q vljq dq djuhhphqw dqg QqV gr qrw1

Ohw wkh vl}h ri frdolwlrq eh ghqrwhg e| mVm @ v/ wrwdo hplvvlrqv jhqhudwhg e|

wkh frdolwlrq e| Hv zkloh hdfk phpehu ri wkh frdolwlrq hplwv hv/ vxfk wkdw

Hv @ vhv= Lq d vlplodu pdqqhu/ hdfk qrq0vljqdwru| hplwv hqv> jlylqj ulvh wr d

wrwdo hplvvlrq ohyho jhqhudwhg e| doo qrq0vljqdwrulhv Hqv @ +q� v,hqv1 Wkh

djjuhjdwh hplvvlrq ohyho lv/ H @ Hv .Hqv @ vhv . +q� v,hqv1

Qrq0vljqdwrulhv ehkdyh qrq0frrshudwlyho| diwhu kdylqj revhuyhg wkh fkrlfh

ri vljqdwrulhv1 Wkhuhiruh/ wkhlu pd{lpl}dwlrq sureohp jlyhv ulvh wr dq lqgl0

uhfw zhoiduh ixqfwlrq $qv dv iroorzv=

$qv+hv> v, @ pd{
hqv

^E+hqv,�G+vhv . +q� v� 4,hl . hqv,` =

Zkhq rshudwlqj dw wkh rswlpxp/ qrq0vljqdwrulhv* hplvvlrqv vdwlvi| wkh frq0

glwlrq

E�
+hW

qv
+hv,, @ G�

+vhv . +q� v,hW
qv
+hv,,>

zklfk |lhogv d ehvw uhvsrqvh ixqfwlrq hW
qv
+hv> v,=

Vljqdwrulhv pd{lpl}h wkh frdolwlrq*v zhoiduh/ vzv> wdnlqj h{solflwo| lqwr

dffrxqw Q@V*v ehkdylru1 Vlploduo|/ wkh frdolwlrq*v pd{lpl}dwlrq sureohp

|lhogv dq lqgluhfw zhoiduh ixqfwlrq $v dv iroorzv=

$v+v, @
4

v
pd{
hv

^vE +hv,� vG ^vhv . +q� v,hW
qv
+hv> v,`` =

Wkh rswlpdo vljqdwrulhv* hplvvlrqv hW
v
+v, vdwlvi| wkh iroorzlqj frqglwlrq9=

E�
+hW

v
+v,, @ G�

+vhW
v
+v,.+q�v,hW

qv
+hW

v
+v,> v,,

�
v. +q� v,

ChW
qv
+hv> v,,

Chv
m
hv'h

W

v
Ev�

�
=

Wkh iroorzlqj sursrvlwlrq hvwdeolvkhv wkdw lq wkh suhvhqfh ri frrshudwlrq/

wkdw lv/ lq wkh fdvh zkhuh v � 4 lw lv qrw dozd|v wuxh wkdw wkrvh wkdw gr qrw

frrshudwh hplw pruh dqg hqmr| kljkhu zhoiduh wkdq wkrvh wkdw frrshudwh1 Rq

wkh frqwudu|/ wkhuh h{lvwv d fulwlfdo frdolwlrq vl}h/ ehorz zklfk wkh vljqdwrulhv

hplw pruh dqg dwwdlq kljkhu zhoiduh wkdq wkh qrq0vljqdwrulhv dqg deryh

zklfk wkh uhyhuvh lv wuxh1 Pruhryhu/ wklv fulwlfdo frdolwlrq vl}h lv doprvw

+gxh wr lqwhjhu dgmxvwphqwv, wkh zruvw/ lq whupv ri shu phpehu zhoiduh

9Qrwh wkdw lq wkh h{wuhph fdvhv zkhuh v ' f wkh prgho uhgxfhv wr d Frxuqrw0w|sh

frpshwlwlrq zkhuhdv li v ' q doo frxqwulhv frrshudwh1

8



ohyho/ lq frpsdulvrq zlwk rwkhu frdolwlrq vl}hv1 Vlqfh wklv fulwlfdo vl}h fdq

eh juhdwhu wkdq rqh/ zh dovr hvwdeolvk wkdw wkh zhoiduh ri d vljqdwru|/ $v>

lv qrw qhfhvvdulo| lqfuhdvlqj dv wkh qxpehu ri vljqdwrulhv/ v> lqfuhdvhv1 Ohw

hqf dqg Hqf ghqrwh wkh lqglylgxdo dqg djjuhjdwh hplvvlrqv zkhq wkhuh lv qr

djuhhphqw dqg frxqwulhv ehkdyh d od Frxuqrw1

Sursrvlwlrq 4 Frqvlghu wkh lqgluhfw zhoiduh ixqfwlrqv ri vljqdwru| dqg

qrq0vljqdwru| frxqwulhv/ $v+v, dqg $qv+h
W

v
+v,> v, uhvshfwlyho|1 Ohw

}
4�? @

E
��+hqf,� qG

��+Hqf,

E��+hqf,�G��+Hqf,

wkhq>

41 hW
v
+v, W h

W

qv
+v, / v V }

4�?
>

51 li v @ }
4�? wkhq h

W

v
+v, @ h

W

qv
+v, @ hqf +Uxw} dqg Eruhn +5333,,:>

61 $v+v, lqfuhdvhv +ghfuhdvhv, lq v li v A }
4�? +v ? }

4�?,>

71 }4�? @ dujplqvM^Kdf>qo $v+v,>

81 $v+v, W $qv+h
W

v
+v,> v,/ v V }

4�?;

Surri1 Dowkrxjk lq rxu prgho v lv d qrq0qhjdwlyh lqwhjhu vpdoohu wkdq q/

iru wkh hdvh ri h{srvlwlrq dqg fdofxodwlrqv lq wkh iroorzlqj surri zh xvh } wr

ghqrwh d uhdo qxpehu wdnlqj ydoxhv iurp ^3> q`= Dw wkh hqg zh frqyhuw edfn

wr lqwhjhu v1

4051 Ohw HW+}, ghqrwh wkh djjuhjdwh rswlpdo hplvvlrq ohyhov jlyhq d frdol0

wlrq vl}h } dqg h
W

qv
+}, @ h

W

qv
+hW

v
+},> },= Vlqfh E��

? 3 zh kdyh hW
v
+}, W

:Wkh idfw wkdw wkh srlqw ri lqwhuvhfwlrq ehwzhhq $vEv� dqg $qvEv�> zkhq v lv d uhdo

qxpehu/ rffxuv zkhq hplvvlrq ohyhov duh htxdo wr wkrvh ri wkh sxuho| qrq0frrshudwlyh fdvh/

zkhuh wkhuh lv qr ohdghu dqg �upv frpshwh d od Frxuqrw/ lv gxh wr Uxw} dqg Eruhn +5333,1

Zh duh uh0vwdwlqj lw dv sduw ri sursrvlwlrq 4 lq rughu wr suhvhqw lw lq whupv ri rxu qrwdwlrq

dqg whuplqrorj|/ vlqfh Uxw} dqg Eruhn*v prgho lv vshfl�hg lq whupv ri dedwhphqwv1
;
Wkh srlqw ri lqwhuvhfwlrq ehwzhhq $vEv� dqg $qvEv� zkhq v lv d uhdo qxpehu kdv

ehhq lghqwl�hg lqghshqghqwo| e| Uxw} dqg Eruhn +5333,/ exw wkh dxwkruv glg qrw lghqwli|

qhlwkhu wkh uhodwlrq ehwzhhq wkh wzr ixqfwlrqv eh|rqg wkh srlqw ri lqwhuvhfwlrq qru wkh

idfw wkdw wkh srlqw ri lqwhuvhfwlrq lv wkh orzhvw srlqw ri $vEv�=
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h
W

qv
+},/ E

� +hW
v
+},, V E

� +hW
qv
+},, = Exw lq htxloleulxp zh dovr kdyh

E
�+hW

v
+},, � G

�+HW+},,

�
} . +q� },

Ch
W

qv
+hv,

Chv

m
hv'h

W

v
E}�

�

dqg

E
�+hW

qv
+},, � G

�+HW+},,>

wkxv lq htxloleulxp/

h
W

v
+}, W h

W

qv
+},/

} . +q� },
Ch

W

qv
+hv,

Chv

m
hv'h

W

v
E}� V 4=

Iurp wkh �uvw rughu frqglwlrq ri wkh qrq0vljqdwrulhv zh kdyh wkdw

E
�+hW

qv
+hv,, � G

�+}hv .+q� },hW
qv
+hv,, zklfk lv dq lghqwlw| dqg gl�hu0

hqwldwlqj erwk vlghv zlwk uhvshfw wr hv |lhogv=

Ch
W

qv
+hv,

Chv

@
}G

��+H+hv,,

E��+hW
qv
+hv,,� +q� },G��+H+hv,,

dqg

Ch
W

qv
+hv,

Chv

����
hv'h

W

v
E}�

@
}G

��+HW+},,

E��+hW
qv
+},,� +q� },G��+HW+},,

Vxevwlwxwlqj wkh odwwhu lqwr wkh iruphu lqhtxdolw| uhvxowv lq=

} . +q� },
}G

��+HW+},,

E��+hW
qv
+},,� +q� },G��+HW+},,

V 4=

Zklfk uhgxfhv wr

h
W

v
+}, W h

W

qv
+},/

} V E
��+hW

qv
+},,� qG

��+HW+},,

E��+hW
qv
+},,�G��+HW+},,

=

Revhuyh wkdw zkhq h
W

v
+}, @ h

W

qv
+}, wkh qrq0vljqdwrulhv* �uvw rughu frq0

glwlrqv uhpdlqv vdwlv�hg/ l1h1/

E
�+hW

qv
+},, � G

�+vhW
v
+}, . +q� },hW

qv
+},,/

E
�+hW

qv
+},, � G

�+qhW
qv
+},,

zklfk lv lghqwlfdo wr wkh �uvw rughu frqglwlrq ri wkh sxuh qrq0frrshudwlyh

fdvh zkhuh frxqwulhv frpshwh d od Frxuqrw/ khqfh/ hW
qv
+}, @ h

W

v
+}, @

:



hqf= Qrwh wkdw gxh wr wkh vwulfw frqfdylw| ri wkh ehqh�w ixqfwlrq dqg

wkh vwulfw frqyh{lw| ri wkh gdpdjh ixqfwlrq wkhuh h{lvwv d xqltxh hqf

dqg/ wkxv/ d xqltxh }
4�?

@
E

��Ehqf�3qG
��EHqf�

E
��Ehqf�3G

��EHqf�
= Uhyhuwlqj wkh frdolwlrq

vl}h edfn wr lqwhjhuv |lhogv=

h
W

v
+v, W h

W

qv
+v,/ v V }

4�?
=

6071 Vlqfh $v+h
W

v
+},, � E +h

W

v
+},,�G +H

W

+},, zh kdyh

g$v+},

g}
@ E

�

+h
W

v
+},,

gh
W

v
+},

g}

�G
�

+H
W

+},,

�
h
W

v
+},� h

W

qv
+hv, .

gh
W

v
+},

g}
} . +q� },

gh
W

qv
+},

g}

�

zklfk fdq eh uhzulwwhq dv iroorzv=

g$v+},

g}
@

gh
W

v
+},

g}

�
E
�

+h
W

v
+},,� }G

�

+H
W

+},,
�

�G
�

+H
W

+},,^hv+},� hqv+hv,`�G
�

+H
W

+},,+q� },
gh

W

qv
+},

g}
=

Exw zh nqrz wkdw lq htxloleulxp

E
�

+h
W

v
+},, � G

�

+H
W

+},,

%
} . +q� },

Ch
W

qv
+hv,

Chv

����
hv'h

W

v
E}�

&

khqfh

g$v+},

g}
@ +q� },G

�

+H
W

+},,

%
gh

W

v
+},

g}

Ch
W

qv
+hv,

Chv

����
hv'h

W

v
E}�

�
gh

W

qv
+},

g}

&

�G
�

+H
W

+},,^h
W

v
+},� h

W

qv
+},`=

Zh dovr nqrz iurp +405, deryh wkdw

Ch
W

qv
+hv,

Chv

����
hv'h

W

v
E}�

@
}G

��

+H
W

+},,

E��+hW
qv
+},,� +q� },G��+HW+},,

=

Pruhryhu/ wkh vdph �uvw rughu frqglwlrq wkdw |lhogv
Ch

W

qv
Ehv�

Chv

> lq htxl0

oleulxp ehfrphv

E
�

+h
W

qv
+},, � G

�

+}h
W

v
+}, . +q� },h

W

qv
+},,=

;



Gl�huhqwldwlqj erwk vlghv zlwk uhvshfw wr } |lhogv

E
��+hW

qv
+},,

gh
W

qv
+},

g}
@ G

��+HW+},,

�
h
W

v
+}, . }

gh
W

v
+},

g}
� h

W

qv
+}, . +q� },

gh
W

qv
+},

g}

�

khqfh

gh
W

qv
+},

g}
@
G

��+HW+},, ^hW
v
+},� h

W

qv
+},` .G

��+HW+},,} gh
W

v
E}�

g}

E��+hW
qv
+},,� +q� },G��+HW+},,

=

Qh{w/ zh uhsodfh
gh

W

qv
E}�

g}
dqg

Ch
W

qv
Ehv�

Chv

lq
g$vE}�
g}

zklfk |lhogv

g$v+},

g}
@ �G�+HW+},,^hW

v
+},�hW

qv
+},`

�
E
��+hW

qv
+},,

E��+hW
qv
+},,� +q� },G��+HW+},,

�
=

Qrz revhuyh wkdw vlqfh
E

��EhW
qv

E}��
E

��EhW
qv

E}��3Eq3}�G��EHWE}�� A 3 dqg�G�+HW+},, ?

3 iru doo }> wkh vljq ri g$vE}�
g}

ghshqgv vroho| rq ^hW
v
+},�hW

qv
+},`= Wkhuhiruh/

jlyhq wkh xqltxhqhvv ri }4�?/ zh fdq frqfoxgh wkdw $v+v, lv X0vkdshg

dqg khqfh
g$vE}�
g}

���
}V}4�?

V 31 Wkh frqyhuvlrq wr lqwhjhu ydoxhv ri frdol0

wlrq vl}h lv wulyldo1

81 Uhfdoo wkdw $v+v, @ E+hW
v
+v,, � G+HW+v,, dqg $qv+v, @ E+hW

qv
+v,, �

G+HW+v,,= Wkxv/ $v+v, W $qv+v, / E+hW
v
+v,, W E+hW

qv
+v,, dqg vlqfh

E
�
A 3 zh kdyh E+hW

v
+v,, W E+hW

qv
+v,,/ h

W

v
+v, W h

W

qv
+v,/ v V }

4�?
=

Wkh qh{w qdwxudo vwhs lv wkh ghwhuplqdwlrq ri wkh vl}h ri wkh vwdeoh frdol0

wlrqv1 Lq wkh zrunv ri Eduuhww +4<<7, dqg Fduudur dqg Vlqlvfdofr +4<<6,

wkh vroxwlrq frqfhsw xvhg lv Qdvk htxloleulxp/ zklfk h{dplqhv zkhwkhu d

frdolwlrq lv lppxqh wr xqlodwhudo ghyldwlrqv1 Wkh dvshfw ri wkh vwdelolw| qr0

wlrq wkdw h{dplqhv wkh lqfhqwlyhv ri wkh h{lvwlqj phpehuv ri wkh frdolwlrq lv

lqwhuqdo vwdelolw|/ zkloh wkh dvshfw wkdw h{dplqhv wkh lqfhqwlyhv ri wkh qrq0

vljqdwrulhv lv h{whuqdo vwdelolw|1 Wklv qrwlrq ri vwdelolw| zdv �uvw ghyhorshg

e| G *Dvsuhprqw hw do1 +4<;6, zlwklq wkh frqwh{w ri fduwho vwdelolw| lq d

sulfh ohdghuvkls prgho dqg zdv dgrswhg odwhu rq e| Fduudur dqg Vlqlvfdofr

+4<<6, dqg Eduuhww +4<<7, wr dqdo|}h LHDv1 Irupdoo| d frdolwlrq ri vl}h vW

lv/

lqwhuqdoo| vwdeoh li $v+v
W, � $qv+v

W
� 4,

dqg h{whuqdoo| vwdeoh li $qv+v
W, � $v+v

W . 4,=

<



Qrwh wkdw gxh wr wkh �qlwh qxpehu ri frxqwulhv/ rqfh d frxqwu| h{lwv ru

hqwhuv wkh frdolwlrq/ wkh vl}h ri wkh frdolwlrq fkdqjhv uhvxowlqj lq dgmxvwhg

hplvvlrq ohyhov dqg khqfh gl�huhqw shu phpehu zhoiduh ohyho1 Uhfdoo wkdw

wkh hplvvlrqv +dqg e| h{whqvlrq wkh zhoiduh, ri vljqdwrulhv ghshqgv rq wkh

vl}h ri wkh frdolwlrq1 Wkxv/ dffruglqj wr wkh ruljlqdo gh�qlwlrq ri Qdvk

htxloleulxp doo rwkhu djhqwv gr qrw fkdqjh wkhlu ehkdylru rqfh d frxqwu|

h{lwv +ru hqwhuv, wkh frdolwlrq/ krzhyhu/ wkh| gr dgmxvw wkhlu hplvvlrqv dv d

uhvsrqvh wr wkh qhz vl}h1 Qrwh wkdw lq wklv jhqhudo irup zh gr qrw kdyh dq

dqdo|wlfdo vroxwlrq1 Krzhyhu/ lq wkh fdvh ri txdgudwlf ehqh�w dqg gdpdjh

ixqfwlrqv dv vkrzq e| Gldpdqwrxgl dqg Vduw}hwdnlv +5334, lq d frpsdqlrq

sdshu wkh vwdeoh frdolwlrq lv ri vl}h 5/ 6 ru 71

� �����
�
�

��� ��
������� �	�
��

Dowkrxjk/ lw lv zhoo hvwdeolvkhg lq wkh olwhudwxuh wkdw wkh irupdwlrq ri wkh

judqg frdolwlrq lv Sduhwr h!flhqw +zlwk uhvshfw wr wkh djhqwv lqyroyhg, dqg

wkdw hdfk djhqw kdv dq lqfhqwlyh wr xqlodwhudoo| iuhh ulgh rq rwkhuv/ wkh pdmru

frqwulexwlrq ri G* Dvsuhprqw hw do1 +4<;6, zkr �uvw lqwurgxfhg wklv irup

ri frdolwlrqdo vwdelolw| zdv wkh revhuydwlrq wkdw li wkh djhqwv duh �qlwh/ rqfh

d phpehu ri wkh frdolwlrq ghyldwhv dqg zlwkgudzv iurp wkh djuhhphqw/ wkh

uhpdlqlqj frdolwlrq zloo dgmxvw lwv ehkdylru1 Li d frxqwu| zlwkgudzv iurp

wkh djuhhphqw lwv dfwlrq zloo eh qrwlfhg e| wkh frdolwlrq dqg h{solflwo| wdnhq

lqwr frqvlghudwlrq1 Suhflvho| wklv frqvlghudwlrq ohdgv/ lq rxu vhwwlqj/ wr wkh

dgmxvwphqw ri wkhlu hplvvlrqv lq d pdqqhu wkdw pd{lpl}hv wkh qhz djjuhjdwh

zhoiduh1

Rqfh vxfk dq dgmxvwphqw lv fdswxuhg e| wkh prgho/ wkh uhvxow lv wkdw

lw lv qrw dozd|v ehqh�fldo iru d frxqwu| wr zlwkgudz iurp wkh djuhhphqw1

Wkh lqfuhdvh lq lwv zhoiduh wkh srwhqwldo ghyldqw pd| hqmr| e| lqfuhdvlqj lwv

hplvvlrq ohyho pd| eh r�vhw e| wkh lqfuhdvh lq wkh frdolwlrq*v hplvvlrqv dv d

uhvxow ri lwv dgmxvwphqw1

Lq wkh G* Dvsuhprqw hw do1 +4<;6, prgho dqg lwv yduldqwv zlwklq wkh

hqylurqphqwdo iudphzrun lw lv dvvxphg wkdw/ rqfh d frxqwu| zlwkgudzv/ wkh

frdolwlrq zloo dgmxvw lwv hplvvlrqv1 Lq idfw/ wkh frdolwlrq*v dgmxvwphqw dqg
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wkh ghyldwlqj djhqw*v delolw| wr iruhvhh wklv dgmxvwphqw lv wkh yhu| phulw ri

wkh prgho1 Lw lv rqo| qdwxudo wkxv/ wkdw zh doorz wkh ghyldwlqj frxqwu| wr

ixoo| iruhvhh zkdw lv jrlqj wr kdsshq diwhu lw lqlwldwhv wkh glvexuvhphqw ri

wkh frdolwlrq1

Lq wklv zrun zh hqgrz frxqwulhv zlwk iruhvljkw1 Lq sduwlfxodu zh exlow

d vroxwlrq frqfhsw lq wkh vslulw ri yrq Qhxpdqq dqg Prujhqvwhuq +yQ0P,

vwdeoh vhw zkloh dphqglqj wkh grplqdqfh uhodwlrq wr lqfrusrudwh iruzdug

orrnlqjqhvv/ zklfk jlyhv xv d vhw ri vwdeoh frdolwlrqv wkdw zrxog vxuylyh

fuhgleoh ghyldwlrqv1 Wkh lvvxh ri fuhglelolw| dqg iruhvljkw kdv ulvhq rq vhyhudo

rffdvlrqv lq hfrqrplf prghov dqg pruh ixqgdphqwdoo| lq vroxwlrq frqfhswv

zlwklq dq hfrqrplf ru jdph wkhruhwlf frqwh{w1

Lq wkh G* Dvsuhprqw hw1 do +4<;6, vroxwlrq frqfhsw zkhq dq djhqw frq0

whpsodwhv h{lwlqj d frdolwlrq Fv lw frpsduhv $v+v,> wkdw lv/ wkh zhoiduh lw

hqmr|v zkloh d phpehu ri wkh frdolwlrq/ zlwk wkh zhoiduh lw zloo hqmr| rqfh

lw h{lwv dqg mrlqv wkh qrq0vljqdwrulhv ri QqFv3�> wkdw lv/ $qv+v � 4,= Wklv

frpsdulvrq h{dplqhv wkh lqwhuqdo vwdelolw| frqglwlrq dv gh�qhg hduolhu1 Wkh

djhqw lpsolflwo| dvvxphv wkdw rqfh lw ghyldwhv/ qr rqh hovh zloo zdqw wr ghyl0

dwh dqg wkhuhiruh lw zloo lqghhg hqmr| zhoiduh $qv+v� 4, zlwk fhuwdlqw|1 Exw

wklv lv qrw dozd|v wkh fdvh/ lq idfw/ lw lv srvvleoh wkdw dqrwkhu frxqwu| pd|

zlvk wr h{lw frdolwlrq Fv3�> e| qrz/ dqg mrlq wkh qrq0vljqdwrulhv ri QqFv32>

dqg vr rq1 Wkxv/ wkh frxqwu| vkrxog frpsduh lwv vwdwxv txr $v+v, zlwk

wkh �qdo rxwfrph wkdw zloo uhvxow rqfh lw lqlwldwhv d vhtxhqfh ri hyhqwv e|

h{lwlqj Fv= Wklv �qdo rxwfrph fdq eh fkdudfwhul}hg dv vxfk rqo| li qr pruh

frxqwulhv zlvk wr h{lw dqg qr pruh frxqwulhv zlvk wr mrlq/ li/ lq rwkhu zrugv/

lw lv vwdeoh lwvhoi1 Sxw gl�huhqwo|/ zh fdq ghwhuplqh zkhwkhu d frdolwlrq lv

vwdeoh ru qrw/ rqo| li zh nqrz zkdw hyhu| rwkhu frdolwlrq lv1 Vxfk d flufxodu

dssurdfk lv dgrswhg e| wkh fodvvlfdo qrwlrq ri wkh devwudfw vwdeoh vhw1

Wkh +devwudfw, vwdeoh vhw ruljlqdoo| gh�qhg e| yrq Qhxpdqq dqg Pru0

jhqvwhuq +4<77, lv d vroxwlrq frqfhsw wkdw fdswxuhv frqvlvwhqf|1 Wkh vwdeoh

vhw dssurdfk/ lqvwhdg ri fkdudfwhul}lqj hdfk rxwfrph lqghshqghqwo|/ fkdu0

dfwhul}hv d vroxwlrq vhw/ wkdw lv/ d froohfwlrq ri rxwfrphv wkdw duh vwdeoh/

zkloh wkrvh h{foxghg iurp wkh vroxwlrq vhw duh xqvwdeoh1 Pruhryhu/ qr lqqhu

frqwudglfwlrqv duh doorzhg/ wkdw lv/ dq| rxwfrph lq wkh vwdeoh vhw fdqqrw

grplqdwh dqrwkhu rxwfrph dovr lq wkh vwdeoh vhw1< Vlploduo|/ hyhu| rxwfrph

<Wklv ihdwxuh ri wkh vwdeoh vhw lv nqrzq dv Lqwhuqdo Vwdelolw|/ |hw zh zloo dyrlg wkh whu0

plqrorj| vlqfh lw frlqflghv zlwk wkh rqh dwwulexwhg wr frdolwlrqv zklfk lv hqwluho| gl�huhqw1
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h{foxghg iurp wkh vwdeoh vhw lv dffrxqwhg iru lq d frqvlvwhqw pdqqhu e| ehlqj

grplqdwhg e| vrph rxwfrph lq wkh vwdeoh vhw1
43

Dowkrxjk wkh qrwlrq ri wkh

vwdeoh vhw lv yhu| dsshdolqj h{dfwo| gxh wr wkh diruh phqwlrqhg surshuwlhv

wkdw dwwulexwh frqvlvwhqf|
44

lw kdv ehhq fulwlfl}hg rq wzr jurxqgv1 Iluvwo|/

lw grhv qrw dozd|v h{lvw/ dqg vhfrqgo|/ lw vx�huv iurp p|rsld dv zhoo/ dv

ghslfwhg e| Kduvdq|l +4<:7, zkr vxjjhvwhg wkdw wkh vlpsoh +rqh vwhs, grp0

lqdqfh uhodwlrq eh uhsodfhg e| lqgluhfw grplqdqfh wkdw doorzv djhqwv wr

frqvlghu pdq| vwhsv dkhdg1 Klv fulwlflvp lqvsluhg d vhulhv ri zrunv lq de0

vwudfw hqylurqphqwv e| Fkzh +4<<7,/ Pdulrwwl +4<<:, dqg [xh +4<<;, dprqj

rwkhuv1

Lq wkh vslulw ri yrq Qhxpdqq )Prujhqvwhuq*v +4<77, vwdeoh vhw/ Kduvdq|l*v

+4<:7, lqgluhfw grplqdqfh dqg zlwklq wkh frqwh{w ri frdolwlrq irupdwlrq/ zh

frqvlghu d vhw � zklfk lv wkh froohfwlrq ri doo iduvljkwhg vwdeoh frdolwlrqv/ l1h1/

� @ iFv> Fw===> Fij= D frdolwlrq Fv lv iduvljkwhg vwdeoh jlyhq � dqg wkxv/ Fv

5 � li lw lv erwk lqwhuqdoo| dqg h{whuqdoo| iduvljkwhg vwdeoh jlyhq �1

D frdolwlrq lv frqvlghuhg wr eh lqwhuqdoo| vwdeoh li qr frxqwu| zlvkhv wr

h{lw iurp lw1 Vr idu/ d frxqwu| frpsduhg lwv fxuuhqw zhoiduh $v+v, zlwk wkh

zhoiduh ri wkh vhw ri qrq0vljqdwrulhv lw zrxog mrlq/ $qv+v � 4,= Zh fodlp

wkdw vxfk d frpsdulvrq lv mxvwl�hg rqo| li Fv3� lv d vwdeoh frdolwlrq lwvhoi/

l1h1/ Fv3� 5 � dv zhoo/ zklfk zrxog lpso| wkdw li Fv3� ehfrphv wkh vwdwxv

txr lw zrxog uhpdlq vr1 Rwkhuzlvh/ li Fv3� @5 � rqfh dw Fv3� vrph rwkhu

frxqwu| pd| zlvk wr hlwkhu mrlq ru h{lw1 Wkxv/ wkh yhu| �uvw frxqwu| zkhq

frqwhpsodwlqj zkhwkhu wr h{lw iurp Fv ru qrw lw vkrxog frpsduh lwv zhoiduh

zkloh d phpehu ri Fv wr wkh �qdo vwdeoh rxwfrph wkdw zloo dulvh1 D sdudooho

Fkdudfwhul}lqj d frdolwlrq dv lqwhuqdoo| vwdeoh lpsolhv wkdw qr phpehu zlvkhv wr h{lw wkh

frdolwlrq1 Wklv odwwhu phdqlqj ri lqwhuqdo vwdelolw| lv wkh rqh zh zloo pdlqwdlq wkurxjkrxw

wkh sdshu dv irupdol}hg lq Gh�qlwlrq 4 wkdw iroorzv1
43Wklv ihdwxuh ri wkh vwdeoh vhw lv nqrzq dv H{whuqdo Vwdelolw|1 Wkh vdph sureohp zlwk

whuplqrorj| dulvhv khuh dv zhoo1 Zh zloo pdlqwdlq wkh phdqlqj ri h{whuqdo vwdelolw| dv

irupdol}hg lq Gh�qlwlrq 41
44 Lwv dsshdo lv fdswxuhg dqg lpsuryhg xsrq e| Juhhqehuj +4<<7,1 Lq wkh Wkhru| ri

Vrfldo Vlwxdwlrqv +WRVV,/ d xqli|lqj dssurdfk wrzdugv frrshudwlyh dqg qrq0frrshudwlyh

jdph wkhru|/ zkhuh dq| ehkdylrudo dqg lqvwlwxwlrqdo dvvxpswlrqv duh h{solflwo| gh�qhg/

dq htxlydohqfh lv vkrzq ehwzhhq wkh yrq Qhxpdqq ) Prujhqvwhuq +yQ0P, vwdeoh vhw

dqg wkh Rswlplvwlf Vwdeoh Vwdqgdug ri Ehkdylru +RVVE,/ d vroxwlrq frqfhsw exlow lq wkh

vslulw ri yQ0P vwdelolw|/ |hw zlwk wkh suhflvh dvvxpswlrq ri rswlplvwlf ehkdylru h{solflwo|

irupdol}hg1 WRVV dpsol�hg wkh shuwlqhqfh ri vwdelolw| e| uhfdvwlqj wkh grplqdqfh uhodwlrq

lqwr d eurdghu frqfhsw eh|rqg wkh erxqgdulhv ri d elqdu| uhodwlrq1 Lq grlqj vr/ ehkdylrudo

dvvxpswlrqv fdq eh lpsrvhg rq wkh djhqwv/ dqg pruh frpsoh{ lqvwlwxwlrqdo vhwwlqjv fdq

eh dqdo|}hg1
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surfhvv ghvfulehv h{whuqdo vwdelolw|1 D frdolwlrq Fv lv h{whuqdoo| vwdeoh li

qr frxqwu| zlvkhv wr mrlq lq1 Djdlq wkh frxqwu| pdnhv vxfk d ghflvlrq

e| frpsdulqj lwv zhoiduh xqghu wkh vwdwxv txr $qv+v, zlwk wkh zhoiduh lw

zloo hqmr| rqfh lw mrlqv wkh frdolwlrq/ qdpho| $v+v. 4,= Vxfk d frpsdulvrq

lv mxvwl�hg rqo| li Fvn� 5 � lv d vwdeoh frdolwlrq lwvhoi dqg wkxv/ qr pruh

frxqwulhv zlvk wr hqwhu ru h{lw1 Wkh frxqwu| vkrxog frpsduh lwv vwdwxv txr

zlwk wkh �qdo rxwfrph wkdw zloo dulvh1 Irupdoo|/

Gh�qlwlrq 4 D vhw ri frdolwlrqv/ �> lv d iduvljkwhg vwdeoh vhw li

41 � lv iuhh ri lqqhu frqwudglfwlrqv=

+d, Hyhu| frdolwlrq Fv 5 � lv lqwhuqdoo| iduvljkwhg vwdeoh/ l1h1/

wkhuh grhv qrw h{lvw d �qlwh vhtxhqfh ri frdolwlrqv Fv3�> ===> Fv3p/

zkhuh p 5 i4> ===> vj vxfk wkdw Fv3p 5 � dqg $v+v� m, ? $qv+v�

p, iru hyhu| m @ 3> 4> ===>p� 4=

+e, Hyhu| frdolwlrq Fv 5 � lv h{whuqdoo| iduvljkwhg vwdeoh/ l1h1/

wkhuh grhv qrw h{lvw d �qlwh vhtxhqfh ri frdolwlrqv Fvn�> ===> Fvnp>

zkhuh p 5 i4> ===> q� vj> vxfk wkdw Fvnp 5 � dqg $v+v.p, A

$qv+v. m, iru hyhu| m @ 3> 4> ===>p� 4=

51 � dffrxqwv iru hyhu| frdolwlrq lw h{foxghv=

Wkdw lv/ iru hyhu| frdolwlrq Fv @5 � hlwkhu

+d, Fv lv lqwhuqdoo| iduvljkwhg xqvwdeoh/ l1h1/ wkhuh h{lvwv d �0

qlwh vhtxhqfh ri frdolwlrqv Fv3�> ===> Fv3p/ zkhuh p 5 i4> ===> vj

vxfk wkdw Fv3p 5 � dqg $v+v � m, ? $qv+v � p, iru hyhu|

m @ 3> 4> ===>p� 4> ru

+e, Fv lv h{whuqdoo| iduvljkwhg xqvwdeoh/ l1h1/ wkhuh h{lvw d �qlwh

vhtxhqfh ri frdolwlrqv Fvn�> ===> Fvnp> zkhuh p 5 i4> ===> q � vj>

vxfk wkdw Fvnp 5 � dqg $v+v .p, A $qv+v . m, iru hyhu| m @

3> 4> ===>p� 4=

Qrwh wkdw wkh qxoo frdolwlrq zlwk v @ 3 wkdw frqwdlqv qr phpehuv lv

wulyldoo| lqwhuqdoo| iduvljkwhg vwdeoh vlqfh wkhuh grhv qrw h{lvw d frxqwu| wr

h{lw/ dqg wkdw d shuihfwo| frooxvlyh vlwxdwlrq zkhuh wkh frdolwlrq Fq frqwdlqv
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doo wkh frxqwulhv lv wulyldoo| h{whuqdoo| iduvljkwhg vwdeoh/ vlqfh wkhuh gr qrw

h{lvw dq| pruh frxqwulhv wr mrlq1

Zh phqwlrqhg hduolhu wkdw rqh ri wkh pdmru gudzedfnv ri wkh vwdeoh vhw lv

lwv gl!fxow| wr h{lvw1 Krzhyhu/ wkh iroorzlqj wkhruhp hvwdeolvkhv wkdw wkhuh

h{lvwv d vwdeoh vhw � dv orqj dv wkhuh h{lvw d xqltxh p|rslf vwdeoh frdolwlrq

ri vl}h v
W45

=

Dqrwkhu sureohp dvvrfldwhg zlwk wkh vwdeoh vhw lv lwv pxowlsolflw|1 Pruh

suhflvho| wkh h{lvwhqfh ri pruh wkdq rqh iduvljkwhg vwdeoh vhwv �> vxjjhvwlqj

gl�huhqw froohfwlrqv ri iduvljkwhg vwdeoh rxwfrphv1 Qrwlfh wkh gl�huhqfh

ehwzhhq xqltxhqhvv ri d iduvljkwhg vwdeoh frdolwlrq dqg xqltxhqhvv ri d vhw

ri iduvljkwhg vwdeoh frdolwlrqv1 Wkh iruphu/ lv reylrxvo| qrw wuxh dv zh zloo

looxvwudwh lq wkh iroorzlqj uhvxow zhuh zh fodlp wkdw d vhtxhqfh ri frdolwlrqv

duh iduvljkwhg vwdeoh/ zkhuhdv wkh odwwhu lv dvvhuwhg lq wkh iroorzlqj Wkhruhp

zkhq v
W
lv xqltxh1

Wkhruhp 5 Li wkhuh h{lvwv d xqltxh p|rslf vwdeoh frdolwlrq ri vl}h v
W wkhuh

h{lvwv d xqltxh iduvljkwhg vwdeoh vhw ri iduvljkwhg vwdeoh frdolwlrqv/ �1

Surri1 Wkh surri ri Wkhruhp 5 frqvlvwv ri wkuhh sduwv1 Lq wkh �uvw sduw zh

frqvwuxfw vhw � zlwk wkh xvh ri dq dojrulwkp wkdw lghqwl�hv wkh frdolwlrqv1

Qrwh wkdw dowkrxjk � lv frqvwuxfwhg lq whupv ri frdolwlrq vl}hv iru vlpsolflw|/

lw lq idfw frqwdlqv doo wkh shupxwdwlrqv ri hdfk vl}h1 Wkh| reylrxvo| gr qrw

frqwudglfw hdfk rwkhu vlqfh zkhq rqh djuhhphqw lv lqgxfhg iurp dq rwkhu

lw kdv wr jurz ru vkulqn prqrwrqlfdoo|1 Lq wkh vhfrqg sduw zh vkrz wkdw

� lv iduvljkwhg vwdeoh dqg lq wkh wklug sduw zh vkrz wkdw � lv wkh xqltxh

iduvljkwhg vwdeoh vhw1

45Gldpdqwrxgl +5333, zlwklq wkh frqwh{w ri fduwho vwdelolw| lq d sulfh ohdghuvkls prgho

hvwdeolvkhv d jhqhudo uhvxow wkdw jxdudqwhhv wkh h{lvwhqfh ri � zkhq wkh frdolwlrq phpehuv*

sd|r� lv lqfuhdvlqj lq wkh vl}h ri wkh frdolwlrq/ wkdw lv/ lq rxu frqwh{w/ zkhq $vEv� lv

lqfuhdvlqj lq v1
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Iljxuh 4

Frqvwuxfwlrq

Vwhs 4 = Zh lqfoxgh FvW lq �= Ohw vW @ vf= Li vf @ q> wkhq � @ iQj dqg

zh surfhhg wr vwhs 5= Rwkhuzlvh/ zh vwduw lqfuhdvlqj wkh frdolwlrq vl}h e| rqh

xqwlo zh uhdfk v� vxfk wkdw v� A vf dqg $v+v
�
, � $qv+v

f
,= Lq idfw/ li vxfk d

frdolwlrq Fv� h{lvwv/ lw grhv qrw lpphgldwho| vxffhhg Fvf > wkdw lv v
� A vf.4>

rwkhuzlvh $v+v
�
, @ $qv+v

f
,/ $v+v

f
. 4, @ $qv+v

f
, zklfk zrxog frqwudglfw

wkh xqltxhqhvv ri Fvf 1 Li vxfk d frdolwlrq ri vl}h v� h{lvwv/ zh lqfoxgh lw lq

� dqg frqwlqxh lqfuhdvlqj wkh vl}h ri wkh frdolwlrq e| rqh dw d wlph xqwlo zh

uhdfk Fv2 zkhuh v2 A v� dqg $v+v
2
, � $qv+v

�
,= Li vxfk d frdolwlrq ri vl}h v2

h{lvwv/ zh lqfoxgh lw lq �1 Zh frqwlqxh lq wklv pdqqhu xqwlo zh uhdfk Q= Vr

idu/ zh kdyh d vhw � @ iFvf> Fv� > ===> Fvm > ===> Fvnj iru m @ 3> 4> 5> ===> n zkhuh

n � q� 4/ dqg vn � q vxfk wkdw $v+v
m
. 4, ? $qv+v

m
, iurp wkh xqltxhqhvv

ri vW dqg wkdw $v+v
mn�

, � $qv+v
m
, iru m � 3 iurp wkh frqvwuxfwlrq ri �1

Vwhs 5 = Zh uhwxuq wr Fvf dqg vwduw ghfuhdvlqj wkh vl}h e| rqh xqwlo

zh uhdfk Fv3� vxfk wkdw v3� ? vf dqg $qv+v
3�
, � $v+v

f
,= Lq d vlpl0

odu pdqqhu Fv3� fdqqrw lpphgldwho| suhfhgh Fvf > wkdw lv v3� ? vf � 4>

rwkhuzlvh wkh xqltxhqhvv ri Fvf zrxog eh frqwudglfwhg1 Li vxfk d frdol0

wlrq Fv3� h{lvwv zh lqfoxgh lw lq � dqg frqwlqxh ghfuhdvlqj wkh vl}h ri wkh

frdolwlrq e| rqh xqwlo zh uhdfk Fv32 zkhuh v32 ? v3� dqg $qv+v
32
, �
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$v+v
3�,= Li vxfk d frdolwlrq ri vl}h v

32 h{lvwv/ zh lqfoxgh lw lq �1 Zh frq0

wlqxh lq wklv pdqqhu xqwlo zh uhdfk wkh qxoo frdolwlrq1 Zh qrz kdyh d vhw

� @ iF
v3o > ===> Fv3l > ===> Fv3� > Fvf> Fv� > ===> Fvm > ===> Fvnj iru l @ 3> 5> ===> o zkhuh

o � q � 4/ dqg v
3o � 3= Pruhryhu> zh nqrz wkdw $v+v

3l, A $qv+v
3l � 4,

iurp wkh xqltxhqhvv ri vW dqg wkdw $v+v
3l, � $qv+v

3l3�, iru l � 3 iurp

wkh frqvwuxfwlrq ri �1 Qrwh wkdw � 9@ > vlqfh/ wkhuh dozd|v h{lvwv dw ohdvw

Fvf 5 �=

Vwdelolw|

Qh{w zh dujxh wkdw � lv iduvljkwhg vwdeoh1 Zh vwduw e| vkrzlqj wkdw doo

wkh hohphqwv lqvlgh � duh erwk lqwhuqdoo| dqg h{whuqdoo| iduvljkwhg vwdeoh1 Li

m�m @ 4> wkdw lv/ lw lv d vlqjohwrq wkhq wkh rqh frdolwlrq lq lw lv wulyldoo| erwk

lqwhuqdoo| dqg h{whuqdoo| iduvljkwhg vwdeoh vlqfh frxqwulhv kdyh hvvhqwldoo|

qr rwkhu dowhuqdwlyh/ qr rwkhu iduvljkwhg vwdeoh frdolwlrq ru qrq0vljqdwrulhv

jurxs/ vpdoohu ru odujhu wr zdqw wr ghyldwh wr1

Li m�m A 4 / wkdw lv � frqwdlqv pruh wkdq rqh frdolwlrq zh vwduw e| frqvlg0

hulqj Fvf= Lw lv lqwhuqdoo| iduvljkwhg vwdeoh ehfdxvh li lwv phpehuv h{lw wkh|

zrxog krsh wr hqg xs dv qrq0vljqdwrulhv ri Fv3� zklfk lv wkh qh{w vpdoohu

iduvljkwhg vwdeoh frdolwlrq1 Lqghhg $qv+v
3�, � $v+v

f, e| frqvwuxfwlrq1 Krz0

hyhu/ dw ohdvw dw wkh odvw vwhs ri wkh vhtxhqfh qr phpehu zrxog zlvk wr h{lw

wkh frdolwlrq dq| orqjhu vlqfh $qv+v
3�, ? $v+v

3� .4,= Fvf lv h{whuqdoo| idu0

vljkwhg vwdeoh ehfdxvh hyhq wkrxjk $v+v
�, � $qv+v

f,> e| wkh frqvwuxfwlrq ri

�> zh dovr kdyh wkdw $v+v
�, ? $qv+v

� � 4,/ wkxv dw ohdvw dw wkh odvw vwhs ri

wkh vhtxhqfh wkdw zrxog ohdg xv wr Fv� qr frxqwu| zlvkhv wr mrlq Fv� 1

Qh{w frqvlghu vrph Fvm > zkhuh 4 ? m ? n= Lw lv lqwhuqdoo| iduvljkwhg

vwdeoh ehfdxvh $v+v
m, � $qv+v

m3�, khqfh qr phpehu zlvkhv wr h{lw dqg hqg

xs dw Fvm3� = Qrwh wkdw li d frxqwu| h{lwv Fvm lw zloo hqg xs dw Fvm3� vlqfh

$v+v
m � 4, ? $qv+v

m3�,> ===> $v+v
m3� . 4, ? $qv+v

m3�, > wkxv pruh frxqwulhv

zloo h{lw1 Li d frxqwu|/ phpehu ri Fvm > h{lwv lwv frdolwlrq lw lqgxfhv Fvm � 4/

qhyhuwkhohvv/ rqfh Fvm � 4 lv lqgxfhg/ dqrwkhu frxqwu| zloo mrlq wkh jurxs ri

qrq0vljqdwrulhv ri Fvm � 5> dqg wkhq dqrwkhu frxqwu| zloo mrlq wkh jurxs ri

qrq0vljqdwrulhv ri Fvm � 6> dqg vr rq xqwlo wkh| uhdfk Fvm3�/ vlqfh wkh| doo

suhihu wkh �qdo rxwfrph $qv+v
m3�, wr wkhlu fxuuhqw frdolwlrq h{fhsw wkh yhu|

�uvw frxqwu| wkdw h{lwhg Fvm = Qrwh wkdw Fvm3� lv wkh whuplqdo rxwfrph vlqfh/

Fvm3� 5 �> l1h1/ lw lv d iduvljkwhg vwdeoh rxwfrph e| frqvwuxfwlrq=

Fvm lv h{whuqdoo| vwdeoh vlqfh $v+v
mn�, ? $qv+v

mn� � 4, hyhq wkrxjk

$v+v
mn�, � $qv+v

m,= Wkdw lv/ dowkrxjk phpehuv ri wkh jurxs ri qrq0vljqdwrulhv
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ri Fvm zrxog olnh wr mrlq wkh frdolwlrq Fvmn� vlqfh wkh| suhihu lw wr wkhlu fxu0

uhqw vlwxdwlrq> dw ohdvw dw wkh odvw vwhs ri wkh vhtxhqfh wkdw zrxog ohdg wr

Fvmn� qr pruh phpehuv ri wkh qrq0vljqdwrulhv ri Fvmn� � 4 zlvk wr mrlq wkh

frdolwlrq Fvmn� =

Qh{w frqvlghu F
vn > zklfk lv h{whuqdoo| iduvljkwhg vwdeoh vlqfh wkhuh lv qr

rwkhu odujhu iduvljkwhg vwdeoh frdolwlrq iru wkh qrq0vljqdwrulhv wr zdqw wr mrlq1

F
vn

lv lqwhuqdoo| iduvljkwhg vwdeoh iru wkh vdph uhdvrq Fvm lv/ wkdw lv/ ehfdxvh

$v+v
n, � $qv+v

n3�, dqg $v+v
n
�4, ? $qv+v

n3�,> ===> $v+v
n3�.4, ? $qv+v

n3�,=

Qrz frqvlghu vrph Fv3l = Lw lv lqwhuqdoo| vwdeoh iru wkh vdph uhdvrq

Fvf lv/ wkdw lv/ li lwv phpehuv h{lw wkh| zrxog krsh wr hqg xs dv qrq0

vljqdwrulhv ri Fv3l3� zklfk lv wkh qh{w vpdoohu iduvljkwhg vwdeoh frdolwlrq1

Lqghhg $qv+v
3l3�, � $v+v

3l, e| frqvwuxfwlrq1 Krzhyhu/ dw ohdvw dw wkh odvw

vwhs ri wkh vhtxhqfh qr phpehu zrxog zlvk wr h{lw lwv frdolwlrq dq| orqjhu

vlqfh $qv+v
3l3�, ? $v+v

3l3� . 4,= Fv3l lv h{whuqdoo| vwdeoh vlqfh li d php0

ehu mrlqv lw zloo hqg xs ehlqj d phpehu ri Fv3ln� zklfk lv wkh qh{w odujhu

iduvljkwhg vwdeoh frdolwlrq dqg lw lv qrw suhihuuhg/ l1h1/ $qv+v
3l, � $v+v

3ln�,=

Qrwh wkdw wkh mrlqlqj phpehu zloo hqg xs dw Fv3ln� vlqfh $qv+v
3l . 4, ?

$v+v
3ln�,> ===> $qv+v

3ln�
� 4, ? $v+v

3ln�,=

Odvwo|/ frqvlghu F
v3o = Lw lv lqwhuqdoo| vwdeoh vlqfh wkhuh grhv qrw h{lvw

dq| rwkhu vpdoohu iduvljkwhg vwdeoh frdolwlrq1 Lw lv h{whuqdoo| vwdeoh iru wkh

vdph uhdvrq Fv3l lv1

Qh{w zh zloo dujxh wkdw hyhu| Fv @5 � lv dffrxqwhg iru/ wkdw lv/ hlwkhu lwv

lqwhuqdo ru h{whuqdo iduvljkwhg vwdelolw| lv ylrodwhg1 Revhuyh wkdw/ li v3o A 3>

doo Fv vxfk wkdw 3 � v ? v3o
duh h{whuqdoo| xqvwdeoh vlqfh e| frqvwuxfwlrq

ri �> $v+v
3o, A $qv+v, iru doo v ? v3o= Vlploduo|/ doo Fv vxfk wkdw v3l

� v ?

v3ln�
duh h{whuqdoo| xqvwdeoh vlqfh e| frqvwuxfwlrq ri � zh kdyh $v+v

3ln�, A

$qv+v,1

Qh{w zh frqvlghu Fv vxfk wkdw vm � v ? vmn�= E| frqvwuxfwlrq ri � zh

nqrz wkdw $v+v
m . 4, ? $qv+v

m,> ===> $v+v
mn�

� 4, ? $qv+v
m,/ wkxv frdolwlrqv

Fvm . 4> ===> Fvmn� � 4 duh lqwhuqdoo| iduvljkwhg xqvwdeoh vlqfh wkhlu phpehuv

zlvk wr ehfrph qrq0vljqdwrulhv ri frdolwlrq Fvm =

Li vn ? q> zh frqvlghu Fv vxfk wkdw vn ? v � q= E| frqvwuxfwlrq ri

� zh nqrz wkdw $v+q, ? $qv+v
n,> ===> $v+v

n . 4, ? $qv+v
n,/ wkxv frdolwlrqv

F
vnn�> ===> Fq duh lqwhuqdoo| iduvljkwhg xqvwdeoh vlqfh wkhlu phpehuv zlvk wr

mrlq wkh jurxs ri qrq0vljqdwrulhv F
vn =

Xqltxhqhvv
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Xqltxhqhvv vwhpv iurp wkh idfw wkdw F
v
f lv lqwhuqdoo| dqg h{whuqdoo|

iduvljkwhg vwdeoh uhjdugohvv ri wkh frpsrvlwlrq ri �= Lq sduwlfxodu/ vlqfh F
v
f lv

xqltxh zh nqrz wkdw $qv+v�4, ? $v+v, iru doo v � vf dqg $qv+v, A $v+v.4,

iru doo v � vf= Wkhuhiruh/ qr vhtxhqfh ri frdolwlrqv vwduwlqj iurp F
v
f fdq ohdg

wr d vpdoohu frdolwlrq vlqfh lw zloo froodsvh dw ohdvw dw wkh odvw vwhs1 Vlploduo|/

qr vhtxhqfh ri frdolwlrqv vwduwlqj iurp F
v
f zloo ohdg wr d odujhu frdolwlrq vlqfh

djdlq lw zloo froodsvh dw ohdvw dw wkh odvw vwhs1 Rqfh F
v
f lv lqfoxghg lq hyhu|

� wzr jurxsv ri frdolwlrqv duh h{foxghg iurp hyhu| �/ qdpho| wkrvh ehwzhhq

F
v
f dqg F

v
� gxh wr lqwhuqdo lqvwdelolw| dqg wkrvh ehwzhhq F

v
f dqg F

v
3� gxh

wr h{whuqdo lqvwdelolw|1 Frqwlqxlqj lq wklv pdqqhu zh hqg xs zlwk d xqltxh

� dv frqvwuxfwhg hduolhu1

Lw lv lpsruwdqw wr phqwlrq wkdw wkh dvvxpswlrq ri xqltxhqhvv ri Fv
W lv

qr wrr vhyhuh1 Lv lv vkrzq lq Gldpdqwrxgl dqg Vduw}hwdnlv +5334, wkdw iru

wkh fdvh zkhuh erwk wkh ehqh�w dqg gdpdjh ixqfwlrqv duh txdgudwlf wkh

p|rslf vwdeoh frdolwlrq lv qrw rqo| xqltxh exw lw wdnhv wkh ydoxhv ri 5/ 6 ru

71 Pruhryhu/ lw lv nqrzq lq wkh olwhudwxuh wkdw lq wkh hyhqw ri d txdgudwlf

ehqh�w dqg olqhdu gdpdjh ixqfwlrq wkh p|rslf vwdeoh frdolwlrq lv dovr xqltxh

dqg wdnhv wkh ydoxhv ri 5 ru 61

Wkh frqfoxvlrq zh fdq gudz iurp wkh ixoo fkdudfwhul}dwlrq ri � lv wkdw

li vrph iduvljkwhg vwdeoh LHD frqwdlqhg lq lw lv sursrvhg lw zloo eh dgrswhg1

Iurp d qrupdwlyh srlqw ri ylhz zkhq d frruglqdwlqj djhqf| +vxfk dv XQ iru

h{dpsoh, sxwv iruwk d sursrvdo lw fdq dozd|v vhohfw wkh prvw h!flhqw/ khqfh

wkh odujhvw/ dprqj wkh LHDv lqfoxghg lq �= Li/ krzhyhu/ vrph djuhhphqw wkdw

lv qrw iduvljkwhg vwdeoh lv sursrvhg ghshqglqj rq zkhwkhu lw lv lqwhuqdoo| ru

h{whuqdoo| xqvwdeoh wkh �qdo rxwfrph zloo eh d vpdoohu ru d odujhu vwdeoh

djuhhphqw uhvshfwlyho|1

��� �����
����� �	�
��

D qdwxudo h{whqvlrq ri rxu dqdo|vlv vr idu lv wr doorz frxqwulhv wr frruglqdwh

wkhlu dfwlrqv1 Lq rwkhu zrugv wr doorz iru frdolwlrqdo ghyldwlrqv dv rssrvhg

wr xqlodwhudo rqhv lq erwk gluhfwlrqv1 Wkdw lv/ frxqwulhv fdq frruglqdwh wkhlu

dfwlrqv dqg h{lw mrlqwo| iurp dq djuhhphqw/ exw prvw lpsruwdqwo| frxqwulhv

fdq frruglqdwh wkhlu h�ruwv lq mrlqlqj wkh djuhhphqw1 Fdvh lq srlqw lv wkh

ixoo| frruglqdwhg udwl�fdwlrq ri wkh N|rwr Surwrfro e| wkh Hxurshdq Xqlrq

phpehu vwdwhv rq wkh 64 ri Pd| 53351 Lw lv/ lqghhg/ riwhq wkh fdvh wkdw
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frxqwulhv mrlq dq hqylurqphqwdo djuhhphqw lq jurxsv wkurxjk lqwhuqdwlrqdo

frqyhqwlrqv dqg phhwlqjv dqg qrw rqh e| rqh1

Doorzlqj frxqwulhv wr frruglqdwh wkhlu pryhv hqkdqfhv wkhlu edujdlqlqj

srzhu lq wkh vhqvh wkdw d jurxs ri frxqwulhv fdq fdxvh pruh gdpdjh wkdq

d vlqjoh frxqwu| dqg khqfh srvh d eljjhu wkuhdw1 Dw wkh vdph wlph vlpxowd0

qhrxv pxowlodwhudo dfwlrq pd| doohyldwh wkh glvdgydqwdjh ri wkh �uvw pryhu

dgydqwdjh dv lv wkh fdvh lq wkh xqlodwhudo dfwlrq iudphzrun1 Frqvlghu/ Iljxuh

4 dqg qrwlfh wkdw wkh iduvljkwhg vwdeoh LHD ri vl}h v
2
lv d Sduhwr lpsuryh0

phqw rq iduvljkwhg vwdeoh LHD ri vl}h v
�
> iru doo djhqwv lqyroyhg/ vljqdwrulhv

dqg qrq0vljqdwrulhv dolnh1 Zkdw vwrsv/ wkhuhiruh/ d jurxs ri qrq0vljqdwrulhv

wr mrlq lqB Wkh yhu| idfw wkdw wkh| fdqqrw gr lw wrjhwkhu1 Dv dujxhg lq wkh

surri ri Wkhruhp 5/ dvvxph wkdw doo frxqwulhv vwduw hqwhulqj wkh djuhhphqw

vhtxhqwldoo|/ dw ohdvw dw wkh odvw vwhs/ wkh yhu| odvw frxqwu| grhv qrw kdyh dq

lqfhqwlyh wr hqwhu dq|pruh1 Wkh djuhhphqw kdv jurzq vx!flhqwo| dqg wkh

frxqwu| lv ehwwhu r� uhpdlqlqj d qrq0vljqdwru| dqg iuhh0ulglqj wkxv rq wkh

h�ruwv ri wkrvh wkdw pryhg hduolhu1 Wklv dujxphqw lv yhu| vlplodu wr wkdw

ghyhorshg e| Fkdqghu +4<<;,1

Wr irupdoo| gh�qh rxu qrwlrq zh qhhg wr lqwurgxfh vrph dgglwlrqdo qr0

wdwlrq1 Lq sduwlfxodu/ zh qhhg wr gl�huhqwldwh ehwzhhq wkh frdolwlrq wkdw

uhsuhvhqwv wkh djuhhphqw dqg wkh jurxs ri frxqwulhv wkdw frruglqdwh wkhlu

pryhv1 Ohw W � Q ghqrwh d ghyldwlqj jurxs ri frxqwulhv
46

dqg mW m @ w lwv

vl}h1

Qh{w zh vshfli| dqg dssursuldwho| ghqrwh zkdw d frdolwlrq fdq +gluhfwo|,

lqgxfh ru eulqj derxw1 Li d jurxs ri frxqwulhv W ghyldwhv iurp zlwklq dq

djuhhphqw Fv/ l1h1/ W � Fv wkhq doo wklv ghyldwlqj frdolwlrq fdq lqgxfh lv d

vpdoohu djuhhphqw Fv3w @ FvqW zkhuh W � QqFv3w1 Zkhuhdv/ li d jurxs ri

frxqwulhv W ghyldwhv iurp wkh vhw ri qrq0vljqdwrulhv QqFv/ l1h1/ W � QqFv

wkhq doo wklv ghyldwlqj frdolwlrq fdq lqgxfh lv d odujhu djuhhphqw Fvnw @ Fv^

W 1 Zh zloo zulwh Fv

W
�$ Ft wr ghqrwh wkdw d jurxs ri frxqwulhv W lv lqgxflqj

djuhhphqw Ft iurp djuhhphqw Fv= D ixuwkhu vshfl�fdwlrq ri zkhwkhu W � Fv

ru W � QqFv zloo whoo xv zkhwkhu Ft lv odujhu ru vpdoohu1 Qrwh wkdw mxvw iru

vlpsolflw| zh gr qrw doorz d ghyldwlqj jurxs ri frxqwulhv wr frqwdlq erwk

vljqdwrulhv dqg qrq0vljqdwrulhv1 Vxfk d uhvwulfwlrq kdv qr lpsolfdwlrqv gxh wr

wkh dvvxpswlrq ri v|pphwulf frxqwulhv1 Vxssrvh wr wkh frqwudu| wkdw wkhuh

46Riwhq wr foduli| pdwwhuv ixuwkhu zh zloo suhfhgh wkh qrwdwlrq zlwk hlwkhu wkh dfurq|p

LHD ru wkh zrug djuhhphqw1
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h{lvwv vrph jurxs ri frxqwulhv W wkdw frqvlvwv ri erwk w|shv +vljqdwrulhv dqg

qrq0vljqdwrulhv, dqg wklv jurxs suhihuv vrph rwkhu djuhhphqw1 Wkhq/ e|

v|pphwu|/ doo frxqwulhv suhihu wklv rwkhu djuhhphqw zklfk fdq eh uhdfkhg

gluhfwo| yld �sxuh� ghyldwlqj jurxsv lq wkh iroorzlqj pdqqhu= li wkh suhihuuhg

djuhhphqw lv odujhu wkhq d vxevhw ri wkh qrq0vljqdwrulhv fdq mrlq lq/ li wkh

suhihuuhg djuhhphqw lv vpdoohu wkhq d vxevhw ri wkh vljqdwrulhv fdq h{lw1

Odvwo|/ zh qhhg wr vshfli| dqg ghqrwh frdolwlrqdo suhihuhqfhv1 Zkhq

d +krprjhqhrxv, jurxs ri frxqwulhv W frpsduhv lwv vwdwxv txr zlwk vrph

djuhhphqw lw fdq gluhfwo| lqgxfh/ lw nqrzv h{dfwo| lwv sd|r�v1 Wkdw lv/ li

W � Fv dqg Fv

W
�$ Fv3w wkhq zh vd| wkdw Fv3w ? Fv

W

li dqg rqo| li $qv+v�

w, � $v+v,= Li W � QqFv dqg Fv

W
�$ Fvnw wkhq zh vd| wkdw Fvnw ? Fv

W

li dqg

rqo| li $v+v. w, � $qv+v,= Li/ krzhyhu/ W � Fv exw W fdqqrw gluhfwo| lqgxfh

vrph djuhhphqw Ft iurp djuhhphqw Fv> zh zloo vd| wkdw Ft ?
W

Fv li dqg rqo|

li plqi$v+t,> $qv+t,j � $v+v,= Li W � QqFv dqg djdlq W fdqqrw lqgxfh Ft

iurp V zh zloo vd| wkdw Ft ?
W

Fv li dqg rqo| li plqi$v+t,> $qv+t,j � $qv+v,=

Qdwxudoo|/ doo suhihuhqfhv ehfrph vwulfw ru jhw uhyhuvhg zkhq wkh lqhtxdolwlhv

ehfrph vwulfw ru jhw uhyhuvhg/ uhvshfwlyho|1 Wklv frqvhuydwlyh dssurdfk lq

frdolwlrqdo suhihuhqfhv lv dgrswhg wr dyrlg wkh +ryhuo| rswlplvwlf, whqghqf|

ri fkdqjlqj urohv zlwklq wkh vdph djuhhphqw= Frqvlghu wkh fdvh zkhuh vrph

LHD/ Fv lv douhdg| dvvxphg vwdeoh dqg Fv lv odujh hqrxjk vr wkdw lw dzdugv lwv

phpehuv kljkhu zhoiduh wkdq wkh sxuho| qrq0frrshudwlyh vwdwh d od Frxuqrw/

Fqf> dqg wkdw $qv+v, A $v+v,1 Wkhq/ phpehuv ri wkh djuhhphqw zloo eh

whpswhg wr euhdn wkh djuhhphqw dqg lqgxfh Fqf lq wkh krsh wkdw vrph

rwkhu jurxs ri frxqwulhv zloo qrz lqgxfh Fv dqg wkh ruljlqdo shushwudwruv

zloo qrz ehfrph qrq0vljqdwrulhv ri Fv= Xqghu vxfk d vfhqdulr �W pd| idlo

wr h{lvw1

Lq wkh vroxwlrq frqfhsw wkdw iroorzv zh frqvlghu d vhw �W wr eh d fro0

ohfwlrq ri frdolwlrqdoo| iduvljkwhg vwdeoh LHDv li hyhu| LHD wkdw ehorqjv wr

wkh vhw lv qrw lq frq lfw zlwk dq| rwkhu LHDv dovr lq wkh vhw/ pruhryhu/ doo

LHDv h{foxghg iurp �W duh dffrxqwhg iru lq d frqvlvwhqw pdqqhu1 Lq sdu0

wlfxodu/ dq LHD lv qrw lq frq lfw zlwk dq rwkhu LHD li wkhuh grhv qrw h{lvw

d vhtxhqfh ri frdolwlrqdo pryhv wkdw fdq hyhqwxdoo| lqgxfh rqh djuhhphqw

iurp wkh rwkhu/ zkloh dorqj wkh sdwk ri wkhvh frruglqdwhg pryhv hyhu| dfw0

lqj frdolwlrq suhihuv wkh �qdo djuhhphqw wr lwv vwdwxv txr1 Ixuwkhupruh/ dq
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LHD lv dffrxqwhg iru lq d frqvlvwhqw pdqqhu zkhq wkhuh h{lvwv d vhtxhqfh

ri frdolwlrqdo pryhv wkdw fdq ohdg wr dq LHD wkdw lv vwdeoh lwvhoi/ l1h1/ lq

�
W
> dqg djdlq hyhu| dfwlqj frdolwlrq suhihuv wkh �qdo djuhhphqw wr lwv vwdwxv

txr1 Frqvlvwhqf| lv dfklhyhg ehfdxvh wkh �grplqdwlqj� rxwfrph 0wkh yhu|

uhdvrq iru ghyldwlqj0 lv vwdeoh +fuhgleoh, lwvhoi1

Gh�qlwlrq 5 D vhw ri LHDv/ �W> lv d frdolwlrqdoo| iduvljkwhg vwdeoh vhw

li

41 �
W lv iuhh ri lqqhu frqwudglfwlrqv=

Hyhu| LHD Fv 5 �
W lv frdolwlrqdoo| iduvljkwhg vwdeoh/ l1h1/ wkhuh

grhv qrw h{lvw d �qlwh vhtxhqfh ri frdolwlrqv W f
> ===> W

p/ dqg d vhtxhqfh

ri LHDv Fvf > ===> Fvp vxfk wkdw Fvf @ Fv/ Fvp 5 �
W/ Fvm

W
m

�$ Fvmn� dqg

Fvm !
W m

Fvp iru hyhu| m @ 3> 4> ===>p� 4=

51 �
W dffrxqwv iru hyhu| LHD lw h{foxghv=

Hyhu| Fv @5 �
W lv frdolwlrqdoo| iduvljkwhg xqvwdeoh/ l1h1/ wkhuh h{lvw d �0

qlwh vhtxhqfh ri frdolwlrqv W f
> ===> W

p/ dqg d vhtxhqfh ri LHDv Fvf> ===> Fvp

vxfk wkdw Fvf @ Fv/ Fvp 5 �
W
> Fvm

W
m

�$ Fvmn� dqg Fvm !
W m

Fvp iru hyhu|

m @ 3> 4> ===>p� 4=

Lq wkh iroorzlqj uhvxow zh r�hu d ixoo fkdudfwhul}dwlrq ri doo srvvleoh

�
Wv= Lq sduwlfxodu/ zh hvwdeolvk wkdw wkh judqg frdolwlrq fdq dozd|v eh vxs0

sruwhg dv d frdolwlrqdoo| iduvljkwhg vwdeoh vhw1 Zkloh doo rwkhu �W> li sd|r�v

duh jhqhulf/ frqwdlq h{dfwo| rqh hohphqw wkdw lv dovr Sduhwr h!flhqw1 Ohw

F	v ghqrwh wkh djuhhphqw zkrvh qrq0vljqdwrulhv dwwdlq wkh kljkhvw sd|0

r� dprqj wkh qrq0vljqdwrulhv ri doo djuhhphqwv zkhuh v � v
W
= Wkdw lv/

av @ dujpd{vMtf>===>vW� $qv+v,= Wkh iroorzlqj uhvxow/ vlploduo| wr Wkhruhp 5/ lv

h{suhvvhg lq whup ri djuhhphqw vl}hv1 Wkxv/ dowkrxjk �
W pd| frqwdlq rqo|

rqh �vl}h�/ lw vxssruwv doo djuhhphqwv +shupxwdwlrqv, ri wkdw vl}h1 Qrwh

wkdw dq| wzr vxfk djuhhphqwv fdqqrw frqwudglfw ru grplqdwh hdfk rwkhu gxh

wr wkh frqvhuydwlyh dssurdfk dgrswhg lq wkh frdolwlrqdo suhihuhqfhv gh�qhg

hduolhu1
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Wkhruhp 6 41 �W @ iFqj lv d frdolwlrqdoo| iduvljkwhg vwdeoh vhw ri LHDv1

51 �W @ iFvj zkhuh Fv 9@ Fq lv d frdolwlrqdoo| iduvljkwhg vwdeoh vhw li dqg

rqo| li $qv+v, A $v+q, dqg $v+v, A $qv+av,=

61 Wkhuh h{lvwv �W @ iF7v> F�vj li dqg rqo| li <�v> �v 5 i3> = = = > qj vxfk wkdw

�v 9@ �v> $v+�v, @ $qv+�v,> $qv+�v, A $v+q,> $v+�v, � $qv+av, dqg $qv+�v, A

$qv+u, iru doo �v ? u ? }
4�?

=

71 Wkhuh grhv qrw h{lvw �W vxfk wkdw m�Wm A 5=

Surri1 Wkh �jxuhv lqvhuwhg lq hdfk sduw ri wkh surri duh lqwhqghg wr

khos wkh uhdghu iroorz wkurxjk wkh ydulrxv fdvhv1 Zkhq dq djuhhphqw Fv lv

pdunhg zlwk d vwdu lw phdqv wkdw lv vxssruwhg e| vrph �W lq rqh ri wkh wkuhh

fdvhv1 Zkhq dq djuhhphqw Fv lv flufohg/ ehvlghv wkh vwdu/ wkhq wkh judsk

ghslfwv wkh fdvh zkhuh wkdw sduwlfxodu Fv lv lqfoxghg lq �
W
= Jlyhq wkh vshfl�f

�
W wkh vlqjoh duurzv ghqrwh doo wkh xqvwdeoh LHDv zkloh wkh grxeoh duurzv

looxvwudwh vrph ri wkh w|slfdo sdwkv wkdw ohdg iurp dq xqvwdeoh djuhhphqw wr

d vwdeoh rqh1

41 Lqqhu frqwudglfwlrqv duh reylrxvo| qrw suhvhqw vlqfh �W frqwdlqv rqo|

rqh hohphqw1

Iljxuh 5
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Wr vhh krz hyhu| Fv @5 �W lv dffrxqwhg iru qrwh wkdw $v+q, A $qv+av,>

rwkhuzlvh/ vlqfh $v+av, A $qv+av, zh zrxog kdyh $v+q, � $qv+av, ? $v+av,

dqg $v+q, zrxog qrw eh pd{lpl}lqj wkh wrwdo zhoiduh1 Qrz frqvlghu

vrph LHD Fv vxfk wkdw $qv+v, ? $v+q,= Vxfk dq LHD lv frdolwlrqdoo|

iduvljkwhg xqvwdeoh vlqfh wkhuh h{lvwv frdolwlrq W f @ QqFv wkdw suhihuv

Fq 5 �W wr Fv dqg fdq gluhfwo| lqgxfh Fq iurp Fv e| mrlqlqj Fv= Li

wkhuh h{lvwv Fv vxfk wkdw $qv+v, � $v+q, lw pxvw eh wkh fdvh wkdw

$v+v, ? $v+q,1 Lq wklv fdvh/ wkhuh h{lvwv frdolwlrq W f @ Fv wkdw suhihuv

Fq 5 �W wr Fv dqg fdq lqgxfh Ff @ Fqf +wkh vwdwh zkhuh v @ 3 dqg

doo frxqwulhv ehkdyh d od Frxuqrw, e| h{lwlqj wkh djuhhphqw1 Wkhq/

frdolwlrq W � @ Q zloo lqgxfh Fq 5 �W iurp Ff> vlqfh Fq lv erwk

lqgxfleoh iurp dqg suhihuuhg wr Ff yld frdolwlrq W �1

51 Zkhq �W @ iFvj reylrxvo| wkhuh duh qr lqqhu frqwudglfwlrqv1

Iljxuh 6

Qrwh wkdw vlqfh Fv lv vxfk wkdw $qv+v, A $v+q, lw pxvw eh wkdw v A

}4�?= Doo Fu vxfk wkdw u A v duh frdolwlrqdoo| iduvljkwhg xqvwdeoh vlqfh

$qv+v, A $v+q, A $v+u, dqg phpehuv ri Fu zloo h{lw wkh djuhhphqw

dqg gluhfwo| lqgxfh Fv= Doo Fu vxfk wkdw u � }4�? duh frdolwlrqdoo|

iduvljkwhg xqvwdeoh vlqfh $v+v, A $qv+av, � $qv+u, dqg phpehuv ri

QqFu zloo mrlq wkh djuhhphqw dqg gluhfwo| lqgxfh Fv= Doo Fu vxfk

wkdw }4�? ? u ? v duh frdolwlrqdoo| iduvljkwhg xqvwdeoh vlqfh $qv+v, A
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$v+v, A $v+u, dqg frdolwlrq W
f @ Fu fdq lqgxfh Ff iurp Fu dqg wkhq

frdolwlrq W
� @ Fv fdq dqg zrxog olnh wr +gluhfwo|, lqgxfh frdolwlrq Fv=

Revhuyh wkdw li �
W @ iFvj lv d frdolwlrqdoo| iduvljkwhg vwdeoh vhw dqg

Fv 9@ Fq wkhq lw pxvw eh wkdw $qv+v, A $v+q, iru wkh h{foxvlrq ri

Fq wr eh dffrxqwhg iru1 Vlqfh $qv+v, A $v+q, lw lv dovr lpsolhg wkdw

Fv 9@ F	v> khqfh $v+v, A $qv+av, lv qhfhvvdu| iru wkh h{foxvlrq F	v> uhfdoo

wkdw $v+av, A $qv+av,=

61 Iluvwo| qrwh wkdw li $qv+�v, A $v+q, wkhq lw pxvw eh wkh fdvh wkdw

�v 5 ivW> ===> qj= Wkhq/ $qv+�v, @ $v+�v, lpsolhv wkdw �v 5 i3> ===> vW � 4j=

Qrwh dovr wkdw lw pd| eh wkh fdvh wkdw F7v @ F	v=

Iljxuh 7

Iluvw zh vkrz wkdw wkhuh duh qr lqqhu frqwudglfwlrqv= Qr vljqdwrulhv ri

F7v fdq gluhfwo| lqgxfh F�v dqg vlqfh $v+�v, � $qv+�v, @ plqi$v+�v,> $qv+�v,j

qr phpehu zloo lqlwldwh dq dfwlrq1 Qr qrq0vljqdwrulhv ri F7v fdq gl0

uhfwo| lqgxfh F�v hlwkhu dqg vlqfh $qv+�v, @ plqi$v+�v,> $qv+�v,j wkh|

zloo qrw ghyldwh= Vlploduo|/ qr phpehuv ri F�v zlvk wr mrlq QqF7v eh0

fdxvh $v+�v, @ $qv+�v,1 Dv iru wkh qrq0vljqdwrulhv ri F�v> wkh| zloo

qrw lqlwldwh dq dfwlrq hlwkhu vlqfh wkh| fdqqrw gluhfwo| lqgxfh F7v dqg

$qv+�v, � $v+�v, @ plqi$v+�v,> $qv+�v,j=

Qh{w zh vkrz wkdw hyhu| h{foxghg rxwfrph lv dffrxqwhg iru=
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Doo djuhhphqwv odujhu wkdq F�v duh xqvwdeoh vlqfh vljqdwrulhv zloo h{lw

dqg gluhfwo| lqgxfh F�v vlqfh $qv+�v, A $v+q, A $v+�v, iru doo v � �v1

Dq| djuhhphqw Fv vxfk wkdw }4�? � v ? �v lv dovr xqvwdeoh= lwv php0

ehuv zlvk wr euhdn dsduw dqg mrlq wkh qrq0vljqdwrulhv ri F7v vlqfh

$v+v, ? $v+�v, @ $qv+�v,= Dq| djuhhphqw Fv vxfk wkdw �v ? v ?

}4�? lv xqvwdeoh vlqfh wkh qrq0vljqdwrulhv fdq gluhfwo| lqgxfh F�v vlqfh

$qv+v, ? $qv+�v, @ $v+�v,= Odvwo|/ dq| djuhhphqw Fv vxfk wkdw v ? �v lv

xqvwdeoh vlqfh lwv qrq0vljqdwrulhv zloo gluhfwo| lqgxfh F7v vlqfh $qv+v, ?

$qv+av, ? $v+�v,=

Odvwo| zh zloo dujxh wkdw doo wkh frqglwlrqv suhvhqwhg lq +6, vr idu

duh qhfhvvdu|= Revhuyh iurp wkh dujxphqw suhvhqwhg lq +4, wkdw Fq

fdqqrw frh{lvw zlwk dq| rwkhu djuhhphqw lq �W= Exw li Fq @5 �W lw

pxvw eh wkdw <Fv 5 �W vxfk wkdw $qv+v, A $v+q, iru wkh h{foxvlrq

ri Fq wr eh dffrxqwhg iru1 Ohw wklv LHD eh F�v dqg qrwh wkdw wkh

odwwhu lqhtxdolw| lpsolhv wkdw �v 5 ivW> ===> qj= Qh{w revhuyh wkdw iru

F7v 5 �W> F7v 9@ F�v lw pxvw eh wkh fdvh wkdw $qv+�v, @ $v+�v,= Rwkhuzlvh/

li $qv+�v, A $v+�v, wkh phpehuv ri F�v zrxog h{lw dqg lqgxfh F7v> zkloh

li $qv+�v, ? $v+�v, wkhq phpehuv ri QqF7v zrxog mrlq wkh LHD dqg

lqgxfh F�v= Qrwh wkdw $qv+�v, @ $v+�v, lpsolhv wkdw �v 5 i3> ===> }4�?j=

Li �v @ av wkhq wkh uhvw ri wkh frqglwlrqv duh lpphgldwho| lpsolhg e|

wkh gh�qlwlrq ri F	v= Li �v 9@ av wkhq iurp wkh gh�qlwlrq ri F	v zh kdyh

$qv+av, A $qv+�v, dqg khqfh $qv+av, A $qv+�v,= Wkhuhiruh/ vlqfh F�v fdqqrw

eh gluhfwo| lqgxfhg e| F	v dqg $v+av, A plq i$v+�v,> $qv+�v,j > F�v grhv

qrw dffrxqw iru F	v*v h{foxvlrq1 Iru F7v wr dffrxqw iru wkh h{foxvlrq ri

F	v/ vlqfh $v+av, A $qv+av, A $qv+�v, lw pxvw eh wkh fdvh wkdw $v+�v, A

$qv+av,= Odvwo|/ qrwh wkdw iru doo Fu vxfk wkdw �v ? u ? }4�? wr eh

dffrxqwhg iru lw pxvw eh wkh fdvh wkdw $qv+u, ? $qv+�v,= Rwkhuzlvh/ li

$qv+u, � $qv+�v, @ $v+�v,> F�v fdqqrw dffrxqw iru Fu*v h{foxvlrq vlqfh

$v+u, A $qv+u, � $v+�v, dqgQqF�v lv qrw gluhfwo| lqgxfleoh e| hlwkhu Fu

ru QqFu= Vlploduo|/ F7v fdqqrw dffrxqw iru wkh h{foxvlrq ri Fu hlwkhu

vlqfh $qv+�v, � $qv+u, ? $v+u, dqg F7v lv qrw gluhfwo| lqgxfleoh e|

hlwkhu Fu ru QqFu=

71 Vxssrvh lq qhjdwlrq wkdw wkhuh h{lvwv �W vxfk wkdw m�Wm A 5= Lw lv

reylrxv iurp wkh dujxphqwv suhvhqwhg lq +405, wkdw vxfk d �W zloo qrw

frqwdlq hlwkhu Fq ru Fv li $v+v, A $qv+av,= Vxssrvh qrz wkdw lw frqwdlqv
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vrph Fv vxfk wkdw $v+v, � $qv+av,= Wkhq iurp wkh dujxphqwv suhvhqwhg

lq +6, �W fdqqrw frqwdlq F
	v
ru dq| rwkhu F

7v zkhuh $qv+�v, @ $v+v,

hlwkhu1 Ilqdoo|/ lq +6, zh dovr dujxhg wkdw Fv fdqqrw frh{lvw zlwk dq|

rwkhu F
v
� li $qv+v

�, A $v+�v, ru $qv+v
�, ? $v+�v,=

Dv fdq eh hdvlo| vhhq iurp wkh fkdudfwhul}dwlrq ri wkh wzr dqdo|vhv/ xql0

odwhudo dqg frruglqdwhg/ wkh odwwhu vxssruwv pruh vrfldoo| ehqh�fldo LHDv

wkdq wkh iruphu1 Zkhq dfwlrqv fdq eh frruglqdwhg/ frxqwulhv fdq xvh wkh

frpsohwh froodsvh ri wkh djuhhphqw dv d wkuhdw wr vxvwdlq lw1 Wkh lqvljkwv

gudzq iurp wkh uhvxowv ri wkh frruglqdwhg dfwlrq dqdo|vlv fdq kdyh d vljqli0

lfdqw h�hfw iurp d qrupdwlyh shuvshfwlyh1 Lq sduwlfxodu/ wkh uxohv iru hqwu|

lqwr irufh ri wkh N|rwr Surwrfro uhtxluh 88 Sduwlhv wr wkh Frqyhqwlrq wr udw0

li| wkh Surwrfro/ lqfoxglqj hqrxjk frxqwulhv dffrxqwlqj iru 88( ri d fhuwdlq

jurxsv fduerq glr{lgh hplvvlrqv lq 4<<31 Lw uhpdlqv dq lqwhuhvwlqj sx}}oh

zkhwkhu kdg wkh uxohv iru sduwlflsdwlrq ehhq vwurqjhu/ zh zrxog eh revhuy0

lqj vxfk d uhoxfwdqfh iurp d qxpehu ri frxqwulhv wr udwli| wkh djuhhphqw1

Lq rwkhu zrugv/ kdv wkh frpplwphqw +wkurxjk wkh udwl�fdwlrq surfhvv, ri

derxw kdoi wkh frxqwulhv hqfrxudjhg wkh rwkhu kdoi wr iuhh0ulghB Dq dqvzhu

wr wklv txhvwlrq lv idu iurp wulyldo/ dv wkh wkhruhwlfdo uhvwulfwlrqv dorqj zlwk

vhyhudo +hfrqrplf dqg srolwlfdo, idfwruv wkdw duh qrw hyhq glvfxvvhg lq wklv

zrun sod| d fuxfldo uroh lq wkh qhjrwldwlrq surfhvv1

� ��
�����

Wkh suhvhqw sdshu h{dplqhv wkh sureohp ri ghulylqj wkh vl}h ri iduvljkwhg

vwdeoh LHDv1 Zh dvvxph wkdw zkhq d frxqwu| ru d jurxs ri frxqwulhv frqwhp0

sodwhv h{lwlqj +ru hqwhulqj, dq djuhhphqw/ lw wdnhv lqwr dffrxqw wkh dfwlrqv

ri rwkhu jurxsv ri frxqwulhv ljqlwhg e| lwv rzq1 Wkdw lv/ lw frpsduhv lwv

fxuuhqw zhoiduh/ dv sduw ri wkh LHD +ru rxwvlgh wkh LHD, zlwk lwv xowlpdwh

zhoiduh uhvxowlqj iurp lwv rzq h{lw +ru hqwu|, dqg wkh vxevhtxhqw uhdfwlrqv

e| rwkhu frxqwulhv1 Zh surylgh wzr vroxwlrq frqfhswv doorzlqj iru xqlodw0

hudo dqg frruglqdwhg dfwlrqv wkdw fdswxuh h{dfwo| vxfk d ghflvlrq0pdnlqj

surfhvv dqg vkrz wkdw wkh qhz +frdolwlrqdo, iduvljkwhg vwdeoh frdolwlrqv duh

pxfk odujhu wkdq wkrvh wkh suhylrxv prghov vxssruwhg1 Lq wklv pdqqhu/ zh

h{sodlq ehwwhu wkh idfw wkdw LHDv duh douhdg| udwl�hg e| d odujh qxpehu ri
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frxqwulhv zkloh zh surylgh irupdo dujxphqwv wkdw zrxog hqfrxudjh dq hyhq

odujhu qxpehu ri frxqwulhv wr mrlq lq1

Wkh �uvw dqg iruhprvw vwhs lq h{whqglqj wklv zrun lv wkh vwxg| ri wkh

khwhurjhqhrxv frxqwu| fdvh1 Dowkrxjk erwk rxu gh�qlwlrqv fdq eh wulyldoo|

h{whqghg wr dffrpprgdwh dv|pphwulf ghflvlrq pdnhuv dqg h{lvwhqfh uhvxowv

pd| eh srvvleoh wr dwwdlq/ d ixoo fkdudfwhul}dwlrq ri wkh vroxwlrq vhw olnh wkh

rqhv r�huhg lq wklv zrun zrxog eh yhu| gl!fxow wr rewdlq1

� �������	��

41 G* Dvsuhprqw/ F1D1/ Mdftxhplq/ M1 Jdev}hzhl}/ M1/ dqg Zh|0

pdun/ M1D1 +4<;6,/ �Rq wkh vwdelolw| ri frooxvlyh sulfh ohdghuvkls1�

Fdqdgldq mrxuqdo ri Hfrqrplfv/ 49/ 4:0581

51 Eduuhww/ V1 +4<<7,/ �Vhoi0hqiruflqj lqwhuqdwlrqdo hqylurqphqwdo djuhh0

phqwv1� R{irug Hfrqrplf Sdshuv/ 79/ ;:;0;<71

61 Fduudur/ F1 dqg Vlqlvfdofr/ G1 +4<<6,/ �Vwudwhjlhv iru wkh lqwhu0

qdwlrqdo surwhfwlrq ri wkh hqylurqphqw1� Mrxuqdo ri Sxeolf Hfrqrplfv/

85/ 63<065;1

71 Fduudur/ F1 dqg Prulfrql/ I1 +4<<;,/ �Lqwhuqdwlrqdo Jdphv rq

Folpdwh Fkdqjh Frqwuro1� IHHP zrunlqj sdshu/ 891<;1

81 Fkdqghu/ S1 +4<<<,/ �Lqwhuqdwlrqdo Wuhdwlhv rq Joredo Srooxwlrq=

D G|qdplf Wlph0Sdwk Dqdo|vlv1� Udxw/0Odnvkpl0N1/ hgv1 Wudgh/

jurzwk dqg ghyhorsphqw= Hvvd|v lq krqru ri Surihvvru W1 Q1 Vulql0

ydvdq1 Frqwulexwlrqv wr Hfrqrplf Dqdo|vlv/ yro1 5751 Dpvwhugdp>

Qhz \run dqg R{irug= Hovhylhu Vflhqfh/ Qruwk0Kroodqg1

91 Fkdqghu/ S1 dqg K1 Wxonhqv +4<<5,/ �Wkhruhwlfdo Irxqgdwlrqv ri

Qhjrwldwlrqv dqg Frvw0vkdulqj lq Wudqviurqwlhu Srooxwlrq Sureohpv1�

Hxurshdq Hfrqrplf Uhylhz 69/ 6;;06<;1

:1 Fkdqghu/ S1 dqg K1 Wxonhqv +4<<:,/ �Wkh Fruh ri dq Hfrqrp|

zlwk Pxowlodwhudo Hqylurqphqwdo H{whuqdolwlhv1� Lqwhuqdwlrqdo Mrxuqdo

ri Jdph Wkhru| 59/ 6:<07341
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;1 Fkzh/ P1 V10\1 +4<<7,1 �Iduvljkwhg Frdolwlrqdo Vwdelolw|1� Mrxuqdo

ri Hfrqrplf Wkhru| 96/ 5<<06581

<1 Frdvh/ U1 +4<93,1 �Wkh Sureohp ri Vrfldo Frvw1� Mrxuqdo ri Odz

dqg Hfrqrplfv 6/ 40771

431 Gldpdqwrxgl/ H1 +5333,1 �Vwdeoh Fduwhov Uhylvlwhg1� Xqlyhuvlw| ri

Ddukxv/ zrunlqj sdshu 533403<1

441 Gldpdqwrxgl/ H1 dqg Vduw}hwdnlv/ H1 +5334,1 �Vwdeoh Lqwhuqd0

wlrqdo Hqylurqphqwdo Djuhhphqwv= Dq Dqdo|wlfdo Dssurdfk1� Xqlyhu0

vlw| ri Ddukxv/ zrunlqj sdshu 5334043 1

451 Hffkld/ J1 dqg Pdulrwwl/ P1 +4<<;,1 �Frdolwlrq Irupdwlrq lq

Lqwhuqdwlrqdo Hqylurqphqwdo Djuhhphqwv dqg wkh Uroh ri Lqvwlwxwlrqv1�

Hxurshdq Hfrqrplf Uhylhz/ 75/ 8:608;51

461 Ilqxv/ P1 dqg Uxqgvkdjhq/ E1 +5334,/ �Hqgrjhqrxv Frdolwlrq Iru0

pdwlrq lq Joredo Srooxwlrq Frqwuro1� IHHP/ zrunlqj sdshu/ 76153341

471 Juhhqehuj/ M1 +4<<3,1 Wkh Wkhru| ri Vrfldo Vlwxdwlrqv= Dq Dowhu0

qdwlyh Jdph0Wkhruhwlf Dssurdfk1 Fdpeulgjh Xqlyhuvlw| Suhvv1

481 Kduvdq|l/ M1 F1 +4<:7,1 �Lqwhusuhwdwlrq ri Vwdeoh Vhwv dqg d Sur0

srvhg Dowhuqdwlyh Gh�qlwlrq1� Pdqdjhphqw Vflhqfh 53/ 47:5047<81

491 Lrdqqlglv/ D1/ Sdsdqguhrx/ D1 dqg Vduw}hwdnlv H1 +5333,/ �Lq0

whuqdwlrqdo Hqylurqphqwdo Djuhhphqwv= D Olwhudwxuh Uhylhz1� JUHHQ

zrunlqj sdshu/ Xqlyhuvlwh Odydo 3303;1

4:1 Olqgdko/ H1 +4<4<,/ �Mxvw Wd{dwlrq0 D Srvlwlyh Vroxwlrq1� uhsulqwhg

lq Fodvvlfv lq wkh Wkhru| ri Sxeolf Ilqdqfh/ +4<9:,/ Hgv1 U1 Pxvjudyh

dqg D1 Shdfrfn/ Pduwlqv Suhvv/ Qhz \run1

4;1 Pdulrwwl/ P1 +4<<:,/ �D Prgho ri Djuhhphqwv lq Vwudwhjlf Irup

Jdphv1� Mrxuqdo ri Hfrqrplf Wkhru|/ :7/ s14<9054:1

4<1 Ud|/ G1 dqg Yrkud/ U1 +4<<:,1 �Htxloleulxp Elqglqj Djuhhphqwv1�

Mrxuqdo ri Hfrqrplf Wkhru| :6/ 630:;1

531 Ud|/ G1 dqg Yrkud/ U1 +4<<<,1 �D Wkhru| ri Hqgrjhqrxv Frdolwlrq

Vwuxfwxuhv1� Jdphv dqg Hfrqrplf Ehkdylru 59/ 5;906691
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541 Ud|/ G1 dqg Yrkud/ U1 +5334,1 �Frdolwlrqdo Srzhu dqg Sxeolf

Jrrgv1� Mrxuqdo ri Srolwlfdo Hfrqrp| 43</ 4688046;71

551 Uxw}/ V1 dqg Eruhn/ W1 +5333,1 �Lqwhuqdwlrqdo Hqylurqphqwdo Qh0

jrwldwlrqv= Grhv Frdolwlrq Vl}h PdwwhuB� ZLI HWK zrunlqj sdshu

332531

561 Wxonhqv/ K1 +4<<;,/ �Frrshudwlrq yhuvxv Iuhh0Ulglqj lq Lqwhuqd0

wlrqdo Hqylurqphqwdo D�dluv= Wzr Dssurdfkhv1� Lq Qlfn Kdqoh| dqg

Khqn Irophu +hglwruv,= Jdph Wkhru| dqg wkh Hqylurqphqw/ H1 Hojdu/

Fkhowhqkdp/ XN1

571 yrq Qhxpdqq/ M1 dqg Prujhqvwhuq/ R1 +4<77,1 Wkhru| ri Jdphv

dqg Hfrqrplf Ehkdylru1 Sulqfhwrq Xqlyhuvlw| Suhvv1

581 [xh/ O1 +4<<;,1 �Frdolwlrqdo Vwdelolw| xqghu Shuihfw Iruhvljkw1� Hfr0

qrplf Wkhru| 44 936095:1
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