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Preface

This book constitutes the proceedings of the 21st International Conference on the Inte-
gration of Constraint Programming, Artificial Intelligence, and Operations Research
(CPAIOR 2024). The conference was held as an in-person event in Uppsala, Sweden at
the Uppsala University campus, May 28-31, 2024.

The conference received a total of 104 paper submissions of original unpublished
work, which were reviewed by at least three Program Committee members in a single-
blind process. The reviewing phase was followed by an author response period and an
extensive discussion period carried out by the Program Committee. At the end of the
review period, 42 regular papers were accepted for presentation during the conference
and were published in this volume. In addition, the conference received 17 extended
abstract submissions, containing either original unpublished work or a summary of
work, which were reviewed for appropriateness for the conference, and 12 abstracts
were accepted for a short presentation and a poster at the conference. Of the regular
papers accepted to the conference, the paper “Assessing Group Fairness with Social
Welfare Optimization” by Violet Chen, John Hooker and Derek Leben was selected
for the Best Paper Award, and the paper “Probabilistic Lookahead Strong Branching
via a Stochastic Abstract Branching Model” by Gioni Mexi, Somayeh Shamsi, Mathieu
Besancon and Pierre Le Bodic was selected for the Best Student Paper Award. The
selection was completed by a 3-member Best Paper Committee.

The conference program also included three keynote talks. Elina Ronnberg
(Linkoping University, Sweden) gave a keynote on “Decomposition to Tackle Large-
Scale Discrete Optimisation Problems”. Giacomo Nannicini (University of Southern
California, USA) gave a keynote on “Optimization and Machine Learning on Quan-
tum Computers: Yes/No/Maybe?”. Tias Guns (KU Leuven, Belgium) gave a keynote
on “Decision-Focused Learning: Foundations, State of the Art, Benchmarks and Future
Opportunities”. The conference program also included a Master Class on “Quantum
Computing for CP, Al, and OR, and vice-versa” with invited talks by Carleton Cof-
frin (Los Alamos National Laboratory, USA), Ashley Montanaro (University of Bristol,
UK), Tamads Terlaky (Lehigh University, USA), Harsha Nagarajan (Los Alamos National
Laboratory, USA), Andreas Birtschi (Los Alamos National Laboratory, USA), Zachary
Morrell (Los Alamos National Laboratory, USA), Xiaodi Wu (University of Maryland
College Park, USA), and David Bernal Neira (Purdue University, USA).

The organization of this conference would not have been possible without the help of
many individuals. We would like to thank the Program Committee members and external
reviewers for their hard work. We are also very grateful to the Master Class chair Car-
leton Coffrin (Los Alamos National Laboratory, USA), Sponsorship chair Thiago Serra
(Bucknell University, USA), the Publicity chair Maria Andreina Francisco Rodriguez
(Uppsala University), Sweden and Diversity, Equity, and Inclusion (DEI) chair Amira
Hijazi (Georgia Institute of Technology, USA). Special thanks go to the conference
general chairs Pierre Flener, Marfa Andreina Francisco Rodriguez, and Justin Pearson
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(Uppsala University, Sweden), whose support has been instrumental in making this event
a success.

Lastly, we want to thank all sponsors for their generous contributions. At the time of
writing, these include Artificial Intelligence Journal (AlJ), OptalCP, Quantum Technolo-
gies Group at Carnegie Mellon University’s Tepper School of Business, Coupa, Asso-
ciation for Constraint Programming, Google, Boeing, Uppsala municipality, nextmv,
Gurobi, MERL, The Optimization Firm, SOAF, COSLING, INQA, Uppsala University.

April 2024 Bistra Dilkina
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Core Boosting in SAT-Based
Multi-objective Optimization

Christoph Jabs®)®, Jeremias Berg®, and Matti Jirvisalo

HIIT, Department of Computer Science, University of Helsinki, Helsinki, Finland
christoph. jabs@helsinki.fi

Abstract. Maximum satisfiability (MaxSAT) constitutes today a suc-
cessful approach to solving various real-world optimization problems
through propositional encodings. Building on this success, approaches
have recently been proposed for finding Pareto-optimal solutions to
multi-objective MaxSAT (MO-MaxSAT) instances, i.e., propositional
encodings under multiple objective functions. In this work, we propose
core boosting as a reformulation/preprocessing technique for improving
the runtime performance of MO-MaxSAT solvers. Core boosting in the
multi-objective setting allows for shrinking the ranges of the multiple
objectives at hand, which can be particularly beneficial for MO-MaxSAT
relying on search that requires enforcing increasingly tighter objective
bounds through propositional encodings. We show that core boosting
is effective in improving the runtime performance of SAT-based MO-
MaxSAT solvers typically with little overhead.

Keywords: Multi-objective optimization - maximum satisfiability -
core boosting * preprocessing

1 Introduction

Maximum satisfiability (MaxSAT) [5], the optimization extension of Boolean sat-
isfiability (SAT) [12], has developed from a theoretical tool into a competitive
practical constraint optimization paradigm. This is in particular due to notice-
able algorithmic advances in practical MaxSAT algorithms developed in recent
years based on the iterative use of SAT solvers. Today, MaxSAT solvers are
successfully employed to efficiently solve large instances of various types of real-
world NP-hard combinatorial optimization problems via propositional encodings
under a single objective function.

Building on advances in (single-objective) MaxSAT solving, algorithmic
advances have been recently made towards developing increasingly effective
solvers for the more general and challenging realm of MaxSAT under multi-
ple objectives, i.e., multi-objective MaxSAT (MO-MaxSAT) [14,15,23,28,44,45].
Motivated through practical applications that give rise in a natural way to propo-
sitional encodings of optimization problems under multiple objectives, the goal in

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
B. Dilkina (Ed.): CPAIOR 2024, LNCS 14743, pp. 1-19, 2024.
https://doi.org/10.1007/978-3-031-60599-4_1
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MO-MaxSAT solving is to efficiently enumerate all Pareto-optimal—as a stan-
dard notion of optimality in the multi-objective setting—solutions (or, more
precisely, a representative Pareto-optimal solution for each point in the so-called
non-dominated set within the search space of all solutions). Pareto-optimal solu-
tions are solution with respect to which no objective can be improved without
making the solution worse in terms of another objective, hence intuitively con-
stituting the best possible solutions in general terms under multiple objectives.

A complementary approach to improving constraint solvers by developing
more effective algorithms is that of developing preprocessing (or reformulation)
techniques to be applied before calling a solver. The aim of (effective) prepro-
cessing is to improve solver runtimes to the extent that the additional time spent
in preprocessing is worthwhile in terms of the combined overall time spent in
preprocessing and solving, compared to the time required to directly solve the
original problem instance. Preprocessing has been highly influential in SAT solv-
ing [13], and motivated by this, extensions of SAT preprocessing have been pro-
posed for MaxSAT [7,10,25,42] and most recently for MO-MaxSAT [27]. How-
ever, so-far liftings of (Max)SAT preprocessing techniques to the realm of MO-
MaxSAT have turned out to provide relatively small runtime improvements for
current state-of-the-art MO-MaxSAT solvers. This suggests that more research
is called for towards harnessing the full potential of preprocessing for speeding
up MO-MaxSAT solving.

In this work, we propose core boosting as an approach to automatically refor-
mulating MO-MaxSAT instances. Core boosting was earlier proposed in the con-
text of single-objective MaxSAT solving [8] with later applications in single-
objective core-guided constraint programming [22] and pseudo-Boolean optimiza-
tion [16]. In the previous works, core boosting was proposed as an any-time algo-
rithm that combines so-called core-guided and upper-bounding search for find-
ing good solutions to single-objective constraint optimization instances within
a stringent runtime limit. In contrast, we develop core boosting for the multi-
objective setting as a pre-solving phase technique that allows for reformulating an
MO-MaxSAT instance by tightening its search space, in particular via detecting
inconsistent parts of the search space which can be subsequently ignored by MO-
MaxSAT solvers. This is achieved—in short, as we will later on explain in more
detail—by increasing objective offsets in a given MO-MaxSAT instance to match
the so-called ideal point of the multi-objective search space without removing any
Pareto-optimal solutions. As such core boosting can be viewed as a preprocess-
ing technique which significantly differs from more typical (Max)SAT-based pre-
processing techniques so-far studied for MO-MaxSAT. Core boosting intuitively
leads to enabling more optimized propositional encodings of pseudo-Boolean con-
straints used within state-of-the-art MO-MaxSAT solvers. We explain in detail
how core boosting can be tightly integrated into MO-MaxSAT solvers, and pro-
vide an open-source implementation in conjunction with three recently-proposed
algorithms for MO-MaxSAT. Empirically, it turns out that core boosting can be
highly effective in speeding up overall runtimes of MO-MaxSAT algorithms, hav-
ing a noticeably greater positive impact on runtime performance than presently
available MaxSAT-based preprocessing techniques for MO-MaxSAT.
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2 Multi-objective MaxSAT

For Boolean variable x, there are two literals: the positive z and the negative
—z. A clause is a disjunction of literals, and a (CNF) formula a conjunction of
clauses. When convenient, we view a clause as the set of literals in the clause, and
a formula as the set of its clauses. An assignment 7 maps variables to {0, 1}, i.e.,
T(x) =1 (true) or 7(x) = 0 (false). Assignments extend to literals, clauses, and
formulas by 7(—z) = 1 — 7(x) for negative literal -z, 7(C) = max{r(l) |l € C}
for clause C, and 7(F) = min{7(l) | C € F} for formula F. An assignment for
which 7(F) = 1 is a solution to F. If a formula has a solution, the formula is
satisfiable, otherwise the formula is unsatisfiable.

A pseudo-Boolean (PB) expression O = (), ¢; - l;) + o is a sum of terms—
each consisting of a literal I; and a positive integer constant ¢,—and a non-
negative integer constant o referred to as offset of O. We denote the set of
literals appearing in O by LITS(O). The value under O of an assignment 7 over
LITS(0) is O(1) = (3, ¢i7(l;))+o. For an integer B, a pseudo-Boolean constraint
O < B is satisfied by an assignment 7 if O(7) < B. Our work makes extensive
use of CNF encodings that encode values of PB constraints into literals [6,18,30].
More precisely, CNF(O < B) is a CNF formula that defines a literal (O < B)
such that any solution 7 of CNF(O < B) sets 7((O < B)) = 1 if and only if 7
satisfies O < B'. When clear from context, (O < B) should be understood as
CNF(O < B) A (O < B). For example, the formula F' A (O < B) stands for the
formula F' A CNF(O < B) A (O < B), the solutions of which are the solutions 7
of F that satisfy O < B. We also use (O < B) as a shorthand for (O < B —1),
and (O > B) as a shorthand for =(O < B — 1).

We focus on the following natural extension of maximum satisfiability to the
multi-objective setting. An instance Z = (F,O) of multi-objective maximum
satisfiability (MO-MaxSAT) consists of a formula F' and p linear objective func-
tions O = (Oy,...,0,) represented as pseudo-Boolean expressions. Note that
this definition covers single-objective MaxSAT with p = 1. Any solution 7 to F'is
a solution to Z. A solution 7 has cost O(7) = (O1(7), ..., 0p(7)) with respect to
Z, and cost O;(7) with respect to objective O,. The ideal point [19] (v1,...,7p)
of Z consists of the smallest value for each objective over the solutions to Z, i.e.,
~vi = min{O;(7) | 7(F) = 1}. We focus on the task of computing Pareto-optimal
solutions to MO-MaxSAT instances. A solution 7 dominates another solution 7/
if O;(7) < O;(7) for all i = 1,...,p and O;(7) < O;(7') for some i. A solution
T is Pareto-optimal if it is not dominated by any solution to Z. The costs of
Pareto-optimal solutions form the non-dominated set of Z.

Example 1. Consider the bi-objective instance on the left in Fig. 1. The infeasible
region with respect to the objectives, i.e., the objective values for which no
solutions to F' exist, is illustrated on the right. The non-dominated set of the
instance is {(4,8), (5,7), (6,3)} and its ideal point (4, 3). O

! In practice, the algorithms considered in this work often employ an implication
relationship—7((O < B)) = 1 if 7 satisfies O < B—rather than the mentioned
equivalence. We assume equivalences for simplicity without loss of generality.
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Fig.1. A bi-objective MaxSAT instance and its infeasible region with respect to the
objectives.

While we will present core boosting in the context of computing a single
representative solution to each element in the non-dominated set, we note that
the technique is also applicable when computing every Pareto-optimal solution.
In particular, unlike other specific preprocessing techniques [27] core boosting
maintains all solutions for each element in the non-dominated set.

2.1 SAT-Based MO-MaxSAT Algorithms

Similarly as single-objective MaxSAT algorithms, multi-objective MaxSAT algo-
rithms [14,15,23,28,44,45] make extensive use of SAT solvers [36], i.e., decision
procedures that either compute a solution of a CNF formula, or determine that
the formula is unsatisfiable, i.e., that no such solutions exist. For computing
Pareto-optimal solutions, SAT solvers are used to iteratively compute solutions
of the instance. When a new solution is found new constraints that rule out dom-
inated solutions from consideration are added until no more solutions remain,
at which point the entire non-dominated set has been discovered.

A close analogy in the single-objective case is the Sat-Unsat (LSU) [5] algo-
rithm for minimizing a single objective O subject to a CNF formula F'. This algo-
rithm is implemented by various single-objective MaxSAT solvers [11,18,32,46].
Starting from some upper bound UB, LSU minimizes O by incrementally invoking
a SAT solver on the formula F'A(O < UB). If the SAT solver finds a new solution 7,
we have O(7) < UB and hence the upper bound is improved. If the solver reports
unsatisfiability, the latest solution found is optimal and the algorithm terminates.
With this intuition, we next detail three state-of-the-art algorithms for computing
Pareto-optimal solutions: P-MINIMAL, BIOPTSAT, and LOWERBOUND.

P-MINIMAL  [31,44] can be seen as multi-objective LSU. When solving an
instance of MO-MaxSAT (F,(Oq,...,0,)), P-MINIMAL iteratively invokes a
SAT solver on a working formula consisting of F' and additional constraints
added in previous iterations. When the SAT solver returns a solution 7, P-
MiNIMAL (i) blocks all solutions of worse quality, i.e., the ones dominated by
7, and (ii) restricts search in subsequent iterations to solutions dominating 7.
Part (i) is achieved by adding the constraints \/%_,(O; < O;(7)) that enforce
subsequent solutions to improve in at least one objective. Part (ii) is achieved



Core Boosting in SAT-Based Multi-objective Optimization 5

P-Minimal Bi1OpTSAT LowERBOUND
8 ° ° 8 ° 8
F ° °
6 T . 6| 6
° ° ° °
6“4{ o S 4 ge—® O At
) () o 1
2 - L] 2+ (] o 2 ®
‘ ° ° o
0 I 1 1 0 I 1 1 J 0 i 1 i J
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8
01 O1 O1

Fig. 2. Search trajectories of P-MINIMAL (left), BIOPTSAT (middle), and LOWER-
BOUND (right) in terms of objective values.

by adding the constraints A?_,(O; < O;(7)) that enforce subsequent solutions
to not worsen in any objective. When the SAT solver reports unsatisfiability,
all constraints of type (ii) are removed and search continues. When no more
solutions can be found without any constraints of type (ii), all Pareto-optimal
solutions have been found. Figure2 (left) illustrates one possible search trajec-
tory of P-MINIMAL (with respect to objective values) on a bi-objective instance.
Assume search starts at a solution with objective values (7,8). By iteratively
steering search to regions that dominate the current solution, P-MINIMAL moves
through intermediate solutions (marked in blue) until it discovers the (red) non-
dominated point at (3,3), after which the SAT solver reports unsatisfiability.
Then, all constraints of type (ii) are removed and P-MINIMAL starts the min-
imization procedure again (illustrated by the dashed line) while retaining the
blocking constraints (i). After three minimization procedures, the entire non-
dominated set in Fig.2 is discovered and the algorithm terminates since all
solutions are blocked.

BIOPTSAT in its Sat-Unsat variant [28] computes the non-dominated set of
a bi-objective MaxSAT instance (F,(O1,02)) via the so-called lexicographic
method [34]. Assuming the same initial solution with objective values (7,8),
BI1OPTSAT starts by employing single-objective LSU to find a solution 7 mini-
mizing O1, as illustrated in Fig. 2 (middle) by arrows going leftward until the blue
solution on the infeasibility boundary is reached. Next, Oy is minimized while
restricting O; to at most O1(7), i.e., subject to F' A (O1 < O1(7)), using LSU,
illustrated in the figure by the downward arrows, until the red Pareto-optimal
solution 77 is found. To find the next Pareto-optimal solution, BIOPTSAT adds
(O2 < O5(7P)) to F and reiterates. This is illustrated by the dashed arrows
in Fig. 2. The algorithm terminates when no solutions remain, indicated by the
SAT solver reporting unsatisfiability after removing the constraints on O;.

LowERBOUND [15], in contrast to P-MINIMAL and BIOPTSAT, mainly per-
forms lower-bounding search to compute the non-dominated set. It maintains a
fence, i.e., a tuple (X, ..., Ap) of values, initialized to (0,...,0), that represents
the greatest objective values currently considered. During search LOWERBOUND
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alternates between iteratively loosening the fence until the region bounded by
the constraints A?_,(O; < \;) contains feasible solutions, and then employing
P-MINIMAL to find all elements of the non-dominated set “inside” the current
fence. The search of P-MINIMAL inside a fence is illustrated in Fig. 2 (right) for
the fence shown in green. After P-MINIMAL finds all Pareto-optimal solutions
within the fence, the fence is loosened further. The algorithm terminates once
all solutions have been blocked by P-MINIMAL.

3 Core Boosting for MO-MaxSAT

We now detail core boosting for MO-MaxSAT as our main contribution.

3.1 Effects of Core Boosting

Before describing how core boosting is realized, we explain how core boosting
allows for reducing the search space of MO-MaxSAT instances and detail how
core boosting reformulates MO-MaxSAT instances.

Core boosting is a technique that through reformulating an MO-MaxSAT
instance increases the offsets of the objectives of the instance to match the
ideal point without removing any Pareto-optimal solutions. As such core boost-
ing can be viewed as a preprocessing technique which significantly differs from
more typical (Max)SAT-based preprocessing techniques recently proposed for
MO-MaxSAT [27]. The intuition for the potential usefulness of the core boost-
ing reformulation stems from the fact that MO-MaxSAT algorithms such as
P-MINIMAL, BIOPTSAT, and LOWERBOUND search only over the non-constant
parts of the objectives in the instance: the range of possible solution costs that
the algorithms consider during search is bounded “from below” by the point con-
sisting of the offsets of each objective, and “from above” by the point consisting
of the maximum value of each objective. As such, increasing the offsets of the
objectives conceptually leads to a smaller search space.

Example 2. Recall the bi-objective MaxSAT instance from Example 1 and Fig. 1.
For this instance, the range of solution costs that P-MINIMAL, BIOPTSAT, and
LOWERBOUND consider during search is 0 to 12 for both O; and O, as illus-
trated on the left in Fig. 3. Applying core boosting on this instance results in a
reformulation with the same Pareto-optimal solutions and objectives O§®, OSP
with offsets 0” = 4 and 0$® = 3, respectively. When solving the reformulated
instance, MO-MaxSAT algorithms are effectively searching over the costs in the
range 4...12 for O; and 3...12 for Os. This search space (depicted on the right
in Fig. 3) is smaller than the one that would be considered without core boosting.
In particular, after core boosting, the cross-hatched area shown in Fig.3 does
not need to be considered during search. a

Formally, core boosting transforms an instance Z = (F, O) with an ideal point
(71, ---,7p) into a reformulated (“core-boosted”) instance I = (F®, O°P) for
which the following hold.



Core Boosting in SAT-Based Multi-objective Optimization 7

12 L Y :
. i 1
9 Core Boosting "o 6 : !
S — ., e :
6 0 3 i 1 I
Q) | ! 1
3 O o0 oe----—-.
0 |
0 3 6 9 12 0 3 6 9
(Oh O<1:b o O?b
Infeasible region Discounted region - - - Search region
Ideal point ~ @ Pareto-opt. solutions

Fig. 3. Illustration on how core boosting shifts the point where search is anchored to
the ideal point and reduces the search space.

(i) All solutions of F°" are solutions to F', and any solution to F' can be uniquely
extended into a solution to F°P.
(ii) O(r) = O(r) for all solutions 7 to F°P.
(iii) The offset of objective O is ;.

In other words, core boosting reformulates a given MO-MaxSAT instance in
a way that all solutions and their costs are preserved, and the offset of each
objective O; is increased to -;, the ith coordinate of its ideal point.

When viewed as a lower-bounding method, the offsets that core boosting
derives for each objective are as high as possible while guaranteeing that all
Pareto-optimal solutions and the non-dominated set are preserved. More pre-
cisely, consider an MO-MaxSAT instance Z = (F, (Oq,...,0,)), its ideal point
(m,---,7p) and fix an index ¢. By definition, there is a Pareto-optimal solution 7
for which O;(7) = ~;. Since the coefficients of objectives are positive, any reformu-
lation 7% = (Ff, (O}, ... OF")) of T in which the offset of O}*' is strictly greater
than ~; will have a different non-dominated set, and specifically the cost of 7 will
be different. In the context of algorithms computing the entire non-dominated set,
core boosting therefore derives the tightest lower bound given by a single point.?

3.2 Core Boosting via Single-objective Core-Guided Search

We now detail how the reformulation performed by core boosting can be real-
ized in practice via single-objective lower-bounding search based on so-called
unsatisfiable cores, i.e., using core-guided MaxSAT search [1,2,37,40,41]. We
detail core boosting in pseudocode as Algorithm 1. Invoked on an MO-MaxSAT
instance (F,Q), core boosting iteratively invokes single-objective core-guided
lower-bounding search (represented in pseudocode by the COREGUIDED sub-
procedure) on single-objective MaxSAT instances. In the ith iteration, CORE

2 Exploring similar ideas from the perspective of so-called lower bound sets [20] consti-
tutes interesting future work beyond the scope of this paper.
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Algorithm 1. Core boosting for MO-MaxSAT
Input: An MO-MaxSAT instance Z = (F, (O1,...,0p))
Output: A reformulated MO-MaxSAT instance Z¢°

1: F* — F

2: for i — 1 to p do

3: (F°,05") « CorEGUIDED(F®, 0;)

4: return (F", (05",...,05"))

Algorithm 2. COREGUIDED
Input: A single-objective MaxSAT instance Z = (F, (O))
Output: An optimal solution 7 to Z and a reformulated instance Z’
L F*"— F, 0*'—0
2: while true do
3:  (res,k,T) «— EXTRACTCORE(F™, O)
if res = “unsatisfiable” then
(F™, O™") «— REFORMULATE(F"*f, O™ k)

else
return 7, (F™f (O™)

GUIDED is invoked on F°® and O; (line 3), adding new clauses to F® and
reformulating O; to OSP. The formula FP consists of the clauses of the original
instance F' and all additional constraints added by COREGUIDED in previous
iterations.

Algorithm 2 details a generic abstraction of core-guided search under a single
objective. The algorithm works by iteratively extracting so-called (unsatisfiable)
cores based on which the instance is reformulated. A core & of a single-objective
MaxSAT instance Z = (F, (O)) is a subset of objective literals x C LITS(O) out
of which at least one literal has to incur cost, i.e., has to be assigned to 1. Such
a core can be obtained with a modern off-the-shelf SAT solver by employing its
assumption interface [17,36]. This core extraction is done in the EXTRACTCORE
subroutine which takes a formula F' and an objective O as input and returns a
triple (res, s, 7) where res indicates whether F' = F'A /\;¢, 15(0) 7l is satisfiable.
If res = “unsatisfiable”, k contains a core of (F,(O)), otherwise T contains a
solution to F”.

When a new core is extracted, the instance is reformulated by the REFOR-
MULATE subroutine. Existing core-guided algorithms differ mainly in the details
of how REFORMULATE is instantiated. Core boosting makes very lightweight
assumptions on the underlying core-guided algorithm. It can be realized with
any core-guided algorithm whose instantiation of REFORMULATE increases the
offset of the objective, decreases the sum of coefficients in the objective of the
literals in the core, and adds additional clauses and variables to preserve the solu-
tions and their costs in the instance. More specifically, the properties of REFOR-
MULATE required for core boosting can be summarized as follows. Assume that
REFORMULATE is invoked with formula F', objective O, and core k, and that
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it returns a new formula F™! and objective O*!. Then the following must hold
for core-boosting to be applicable: (i) Every solution of Ff is a solution of F;
(i) O(7) = O™(7) holds for all solutions of F'; (iii) the sum of coefficients in
O is smaller than in O; and (iv) the offset of O™ is greater than the offset of
O. It should be noted that these properties are met by practically all modern
core-guided algorithms [1,2,21,25,26,37,40,41,43].

As a side-remark, each reformulation performed by all core-guided algorithms
we are aware of increases the offset of the objective, and decreases the sum of
coefficients, exactly by the minimum coefficient of the literals in the core. This
is because at least one literal in the core has to incur cost. Thus, the smallest
possible cost incurred due to a core matches the smallest coefficient among the
literals in the core.

Ezample 3. Invoke COREGUIDED on the constraints and objective O; of the
MO-MaxSAT instance from Fig.1. Let the cores extracted in the first two
iterations of executing COREGUIDED on (F,(01)) be k! = {z2,23,75} and
k2 = {x3,74,75}. After reformulating these two cores, the reformulated instance
is satisfiable at Line 4. The smallest coefficients in the cores are c¢,1 = 3 and
c.2 = 1, respectively. The final reformulated objective has a constant offset of
0$P = c,1 + .2 = 4 with its coefficient sum reduced by the offset. O

Note that core boosting for MO-MaxSAT, as proposed here, differs from
core boosting for (single-objective) MaxSAT [8]. For MaxSAT, COREGUIDED is
executed under a heuristically determined time limit since core-guided search is
complete for MaxSAT. In contrast, in the multi-objective setting running CORE
GUIDED without resource limits will not fully solve the instance (assuming that
the objectives conflict with each other in that their minimum values correspond
to different solutions). Instead, the search space is reduced with respect to the
individual objectives.

3.3 Realizing Core Boosting

A variety of core-guided single-objective MaxSAT algorithms from the liter-
ature [1,2,37,40,41] could be employed for practical implementations of core
boosting. We detail here our implementation of core boosting based on the effec-
tive core-guided algorithm OLL [1,40].

Informally speaking, OLL instantiates REFORMULATE by introducing PB
constraints over the literals in the extracted cores in a way that systematically
allows additional literals to be assigned to 1 in subsequent iterations. More pre-
cisely, after obtaining a core x, OLL (i) decreases the coefficient of each [ € k by
cr, the smallest coefficient among the literals in x, removing [ from the objective
if the new coefficient is 0 (this process is called clause cloning in some refer-
ences [9]); and (ii) adds new variables (3., [ > k) to the reformulated objec-
tive with the coefficient ¢, and constraints CNF(}_,., I < k) to the formula for
k =2,...,|k|. Conceptually, step (i) relaxes the current objective by removing
at least one literal from the objective and allowing at least one literal in k to
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be assigned to 1 in subsequent iterations. Step (ii) adds constraints to ensure
that at most one literal can be set to 1 without new cores being discovered, thus
ensuring the preservation of optimal solutions.

An important intuition for understanding the effects of core boosting is that
the changes in the number of literals in the objective depend on the coefficients
in the extracted cores. If the coefficients in the variables of a core x are not
equal, not all literals will be removed from the objective in step (i). Since OLL
introduces |k| — 1 new variables, in those cases the number of literals in the
reformulated objective can increase. In contrast, if the coefficients of the variables
are all equal, the number of variables in the objective will decrease by one after
reformulation as then all variables in the core are removed and || — 1 variables
are introduced.

Ezample 4. Recall Example 3 where O; (see Fig. 1) was reformulated based on
the cores k' and 2. The detailed objective reformulated by OLL is O =
x4 +4xs + 3(k1 > 2) + 3(k1 > 3) + (k2 > 2) + (ke > 3) and the clauses
CNF(k1 < k) A CONF(ke < k) are added to the formula. O

Core boosting can be tightly integrated with SAT-based MO-MaxSAT algo-
rithms in a way that allows for reusing the structure introduced by the core-
guided algorithm employed for core boosting in the subsequent MO-MaxSAT
search. More specifically, both the implementation of OLL and our implementa-
tions of P-MINIMAL, BIOPTSAT, and LOWERBOUND realize their PB constraints
using (generalized) totalizers [6,30,39]. For a PB expression O, a totalizer real-
izes CNF(O < B) by first partitioning O into subsets of size 1 and then iteratively
merging partitions by adding extra clauses and variables that count the sum of
coefficients of the terms in the partitions to be merged. The merging stops when
there is a single partition left, at which point the new variables obtained in the
last step correspond to (O < k) for all k = 1,..., B. For an alternative view, the
structure of CNF(O < B) created with a totalizer encoding can be visualized as
a binary tree. The leaves of the tree correspond to the terms in O. Each internal
node corresponds to new variables that count the sum of weights of the terms in
the leaves of the subtree rooted at that node set to 1 by satisfying assignments.

When building a totalizer over the reformulated objective O obtained after
core boosting, our implementation makes use of the fact that some variables
already correspond to the roots of other totalizers introduced by OLL. Instead
of treating those as leaves in the new totalizer, we instead treat them as internal
nodes, thus avoiding redundancy in the encoding which would be incurred by
“recounting” the counting variables introduced by OLL in the pseudo-Boolean
constraint over O**f used by P-MINIMAL, BIOPTSAT, or LOWERBOUND.

3.4 Core Boosting and MO-MaxSAT Solver Interactions

Finally, in addition to decreasing the range of objectives that algorithms need

to search over, we identify two further interactions between core boosting and
MO-MaxSAT algorithms.
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The first relates to the number of clauses in a PB constraint CNF(O < B)
built over an objective O = }".(¢; - I;) + 0 by MO-MaxSAT algorithms such
as P-MINIMAL, BIOPTSAT, and LOWERBOUND. For CNF encodings used in
practice—including the totalizer we use—the number of clauses in CNF(O < B)
depends on B and either on the sum of coefficients or the number of unique sums
that can be obtained from the coefficients [18,30]. The effect of core boosting
on these properties will depend on the specific instance being solved. Due to
the properties of typical instantiations of REFORMULATE (recall Sect. 3.2), core
boosting is guaranteed to decrease the sum of coefficients of each objective. In
contrast (recall Sect. 3.3), the effect of core boosting on the number of variables
in the objectives and the subset sums that can be obtained from them will
depend on the coefficients of the variables in the extracted cores. Finally, another
important contrast between single and multi-objective core boosting is that the
intermediate solutions obtained during invocations of core-guided search on the
separate objectives can not be used as global upper bound for the objectives by
the MO-MaxSAT algorithm. Thus, we expect the effect of core boosting on the
number of clauses introduced by the subsequent MO-MaxSAT algorithms to be
more limited than in the single-objective case.

As a second interaction, core boosting can alter the structure of the PB con-
straints built over the reformulated objective by the MO-MaxSAT algorithms.
In the case of totalizers this structure is defined by the ordering of the leaves in
the totalizer tree and the structure of the tree itself. It is well-known that the
structure of PB encodings employed can have a significant impact on the per-
formance of constraint optimization algorithms [3,4]. While fundamental under-
standing on exactly how the structure of a totalizer affects the performance
of constraint optimization algorithms is lacking, conventional wisdom based on
empirical evaluation suggests that it is beneficial to place interrelated variables
“close” in the tree. Core boosting achieves an approximation of this in the core-
guided phase where totalizer tree substructures are built that have variables
appearing together in cores as leaves.

4 Empirical Evaluation

We empirically evaluate the impact of core boosting. We integrated core boosting
into three recent MO-MaxSAT algorithms, P-MINIMAL [31,44], BIOPTSAT [2§],
and LOWERBOUND [15] using their implementations in the MO-MaxSAT solver
Scuttle [27]. The implementation and benchmarks used in our evaluation, as well
as full empirical data, are available in open source (https://bitbucket.org/coreo-
group/scuttle). All experiments reported on were run on 2.40-GHz Intel Xeon
Gold 6148 CPUs with 381-GB RAM in RHEL under a 1.5-h per-instance time
and 32-GB memory limit. Whenever core boosting was applied, the reported
runtimes include the time spent in both core boosting and the MO-MaxSAT
solver.

We use benchmark instances from seven domains from earlier evaluations
of MO-MaxSAT solvers: multi-objective set covering with fixed set cardinality
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(set-cover-sc) and fixed element probability (set-cover-ep) [28], learning inter-
pretable decision rules (lidr) [33], the flying tourist problem (ftp) [35], package
upgradeability (packup) [29], staff shift scheduling (shiftdesign) [38], and satel-
lite photograph scheduling (spot5) [24]. Set-cover-sc and set-cover-ep, instances
with two objectives were obtained from [28] and instances with 3-5 objectives
were generated similarly following [28]. The lidr instances contain 2 objectives
and were also obtained from [28]. The ftp instances containing 2 objectives were
obtained from [15] as instances with pseudo-Boolean constraints and encoded
with the (generalized) totalizer encoding [6,30]. Package upgradeability instances
were obtained from Mancoosi International Solver Competition of years 2011
and 2012 (https://www.mancoosi.org/misc/), and encoded with PackUp [29] with
all combinations of 2-5 of the 5 minimization objectives. The shiftdesign and
spot5 benchmarks were obtained from MaxSAT Lib (https://www.cs.toronto.edu/
maxsat-lib/) and the single objective deconstructed according to [42], resulting
in 3 objectives for shiftdesign and 2 for spot5. The packup, shiftdesign, and lidr
families have unit coefficients in all objectives, i.e., are unweighted in MaxSAT
terminology. For a balanced and meaningful benchmark set, we randomly sam-
pled instances from each benchmark family, discarding instances that were solved
in less than five seconds by P-MINIMAL without core boosting, until we obtained
20 instances per number of objectives and benchmark family.

4.1 Impact of Core Boosting on Solver Performance

We turn to the results of the evaluation. Since BIOPTSAT is specific to bi-
objective problems, we report on its performance solely on the 120 instances
with two objectives. Out of the 20 shiftdesign instances, all configurations of
P-MINIMAL and LOWERBOUND solved exactly 1 instance. We therefore exclude
shiftdesign from the reported results.

Table 1 shows the number of solved instances and the cumulative runtime
(divided by 103 seconds) over the solved instances per benchmark family for
P-MiNniMAL, BIOPTSAT, and LOWERBOUND with and without core boosting.
Especially on the set covering and spotb families, all algorithms benefit greatly
from core boosting. The core-boosted configurations often solve more than twice
as many instances as the variant without core boosting. With core boosting,
all solvers solve more set-cover-ep benchmarks in less cumulative runtime than
without core boosting.

Figure4 shows a per-instance runtime comparison of P-MINIMAL, B1OPT-
SAT, and LOWERBOUND, respectively, with and without core boosting. It can
be seen that many of the spot5 instances that could not be solver without core
boosting within the 1.5-hour time limit become trivial to solve after core boost-
ing: five spotb instances that P-MINIMAL does not solve without core boosting
are solved in under 5s after core boosting. On the other benchmark families,
core boosting both allows for solving more instances and also drastically reduces
solving times.

The time spent in core boosting is for a great majority of the benchmark
instances negligible compared to time spent in the MO-MaxSAT solvers: only for
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Table 1. Number of solved instances (#) and cumulative runtime over solved instances
in 10% s for each algorithm with and without core boosting (CB).

Algorithm CB | set-cover-sc | set-cover-ep | packup lidr ftp spotH
# |20t # |20t AP LA EE AP AL AP
P-MINIMAL no |14 |22.74 |34 |26.82 13/10.10 |7 |7.97 |6 |3.53 |2 |0.33
yes | 34 | 37.62 39 | 20.53 13/7.14 |6 401 |5 1.35/13|1.27
B1OPTSAT no |8 |4.84 18 | 8.09 8 |0.65 |6 [4.61 |7 8562 |0.35
yes | 16 | 8.37 19| 3.76 8 /0.24 |6 |2.44|5 |1.32|13|1.07
LoweErRBOUND no |5 |1.97 15 | 15.01 8 |044 |5 |6.61 |6 [3.16 |2 |0.69
yes | 13 | 3.55 18| 6.86 8 /0.22 |5 |5.04|5 |1.39|13|6.79

10 (resp. 9) instances more than 5% of the runtime was spent in core boosting
in conjunction with P-MINIMAL (resp., BIOPTSAT or LOWERBOUND). Core
boosting timed out on only a single benchmark instance that was solved without
core boosting.

As core boosting can be viewed as preprocessing, we also compare its impact
on solver runtimes to the impact of the recently-proposed MO-MaxSAT pre-
processor MaxPre 2.1 [27] implementing liftings of SAT and MaxSAT prepro-
cessing techniques to MO-MaxSAT. Table2 shows the effect of core boosting
and MaxPre on the number of instances solved by P-MINIMAL, BIOPTSAT, and
LOWERBOUND in terms of the change in number of solved instances. Overall, the
positive impact of core boosting is more significant than that of MaxPre. How-
ever, as MaxPre has a somewhat more positive impact on ftp and lidr families,
an interesting direction for further work would be to study how to interleave core
boosting and the various MaxPre preprocessing techniques for maximal positive
overall impact on runtimes.

P-Minimal B1OpTSAT LoweErBouND
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Fig. 4. Comparison of the per-instance CPU time of the P-MINIMAL (left), BIOPTSAT
(middle), and LOWERBOUND (right) algorithms with and without core boosting.
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Table 2. Change in number of solved instances (A#) through core boosting (CB) and
preprocessing with MaxPre.

Algorithm Prepro. | set-cover-sc | set-cover-ep | packup | lidr | ftp |spotb
A A A | A# | A# | AH#
P-MINIMAL CB +20 +5 +0 -1 -1 +11
MaxPre | +1 —1 -1 +0 [+3 |+1
B1OpTSAT CB +8 +1 +0 +0 | -2 | +11
MaxPre | 0 +0 +0 +0 [ +2 |+1
LowerBounD | CB +16 +6 +1 +0 | -1 |+11
MaxPre | +1 +0 -1 +1 | +1 |0

4.2 Impact of Core Boosting on Search Space and Instance Size

Finally, we analyze the effects of core boosting on the search space and constraint
encodings during search, and how these relate to changes in solving time. Due
to space constraints, we focus on presenting results for P-MINIMAL; the data for
B1OPTSAT and LOWERBOUND shows the same trends.

Figure 5 (left) relates the impact of core boosting on solver performance with
reduction of search space achieved by core boosting. The change in search space
(on the x-axis) is measured as the (hyper)volume of the search space after core
boosting relative to the original volume, i.e., a value of 50% represents that the
search space volume was halved with 100% representing that core boosting has no

effect. In detail, the measure is V;E(L(;;) +100, where V(O) = [Ipeo 2_1,cums(0) €
is the search space volume of a given set of objectives, i.e., the product of the
objective coefficient sums. The impact of core boosting on solver performance is
measured as %, with #(,0) ¢, denoting solving time of P-MINIMAL with
and without core boosting. We additionally assign value 1 (—1) for instances only
solved with (without) core boosting. Positive (negative) values therefore express
a positive (negative) impact of core boosting in terms of decreased solving time,
with 0 representing no impact. We observe that core boosting has the strongest
positive impact on solver performance on those instances that it significantly
reduces the search space of.

Figure5 (right) shows the combined number of clauses in the PB constraint
encodings in the MO-MaxSAT solver with and without core boosting. Here
clauses were counted at beginning of search based on the same initial solution to
eliminate differences due to diverging search trajectories. For most benchmark
families—esp. ones with unit coefficients in the objectives—the size of the encod-
ings decreases due to core boosting. However, on the set covering instances core
boosting results in larger PB encodings. As core boosting nevertheless decreases
overall solving time of also these set covering instances, there appears to be
no clear correlation between the changes in encoding sizes and solving times in
general.
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Fig. 5. Left: relating the impact of core boosting on solver performance with reduc-
tion of search space achieved (P-MINIMAL). Right: number of clauses in all objective
encodings with and without core boosting.

As a further remark, we also experimented with resetting the internal SAT
solver between core boosting and invocation of P-MINIMAL to check whether
keeping the SAT solver state (learned clauses, variable activities, and polarities)
can have an effect on overall runtimes. We observed no meaningful difference
between resetting the SAT solver and keeping it alive throughout.

5 Conclusions

We proposed core boosting as an MO-MaxSAT reformulation technique that
maintains all Pareto-optimal solutions. Core boosting increases the objective
offsets of an MO-MaxSAT instance to match the ideal point without removing
any Pareto-optimal solutions through reformulating the MO-MaxSAT instance.
This results in a more restricted search space for a subsequently called MO-
MaxSAT solver. Through tight integration into SAT-based MO-MaxSAT solvers,
our empirical evaluation suggests that core boosting often has a significant
positive impact on the runtimes of recently-proposed MO-MaxSAT algorithms,
allows for solving more instances, and is more impactful than present MaxSAT-
based MO-MaxSAT preprocessing techniques. The adaptation of core boosting
to multi-objective generalizations of core-guided optimization algorithms pro-
posed beyond MaxSAT, including CP and pseudo-Boolean optimization, is an
interesting direction for further work.
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Abstract. Clustering is an unsupervised learning task that aims to par-
tition data into a set of clusters. In many applications, these clusters cor-
respond to real-world constructs (e.g., electoral districts, playlists, TV
channels) whose benefit can only be attained by groups when they reach
a minimum level of representation (e.g., 50% to elect their desired candi-
date). In this paper, we study the k-means clustering problem with the
additional constraint that each group (e.g., demographic group) must
have a minumum level of representation in at least a given number of
clusters. We formulate the problem through a mixed-integer optimization
framework and present an alternating minimization algorithm, called
MiniReL, that directly incorporates the fairness constraints. While incor-
porating the fairness criteria leads to an NP-Hard assignment problem
within the algorithm, we present computational approaches that make
the algorithm practical even for large datasets. Numerical results show
that this approach can produce fair clusters with practically no increase
in the clustering cost across standard benchmark datasets.

Keywords: Fair Clustering - Lloyds Algorithm - Integer
Programming - K-means Clustering

1 Introduction

Clustering is an unsupervised learning task that aims to partition data points
into sets of similar data points called clusters [39]. Clustering is widely used due
to its broad applicability in domains such as customer segmentation [27], group-
ing content together for entertainment platforms [14], and identifying subgroups
within a clinical study [38] amongst others. However the wide-spread application
of clustering, and machine learning broadly, to human-centric applications has
raised concerns about its disparate impact on minority groups and other vul-
nerable demographics. Motivated by a flurry of recent results highlighting bias
in many automated decision making tasks such as facial recognition [10] and
criminal justice [33], researchers have begun focusing on mechanisms to ensure
machine learning algorithms are fair to all those affected. One of the challenges of
fairness in an unsupervised learning context, compared to the supervised setting,
is the lack of ground truth labels. Consequently, instead of enforcing approxi-
mately equal error rates across groups, fair clustering generally aims to ensure
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that composition of the clusters or their centers (for settings like k-means and
k-medians clustering) represent all groups fairly.

A common approach to fair clustering is to require each cluster to have a fair
proportion of itself represented by each group (i.e., via balance [12] or bounded
representation [3]). This approach aims to balance the presence of each group
in each cluster and therefore tries to spread each group uniformly across the
clusters. Notice that this approach might not be desirable in settings where a
group only gains a significant benefit from the cluster when they reach a mini-
mum level of representation in that cluster. Consider the problem of clustering a
set of media (e.g., songs, tv shows) into cohesive segments (e.g., playlists, chan-
nels). A natural fairness consideration in designing these segments would be to
ensure that there is sufficient representation for different demographic groups.
In these settings the benefit of the representation is only realized when a large
percentage of the segment is associated with a demographic group (i.e., so that
listeners can consistently watch or hear programming that speaks to them). This
is even legislated in some countries, for example Canadian television channels
are required to have at least 50% Canadian programming [9]. Note that, in this
setting, spreading a minority demographic group across all clusters ensures that
the demographic group will never have majority representation in any segment.

As another example, consider a simple voting system for a committee where
the goal is to first cluster voters (e.g., employees, faculty) into different con-
stituencies that can then elect a committee representative. Here, a proportion-
ally fair clustering would assign a minority group that represents 30% of the
vote equally among each cluster. However, the minority group only gets a bene-
fit (i.e., the ability to elect a candidate of their choice) if they have at least 50%
representation in the cluster. In this paper we introduce a new notion of fairness
in clustering that addresses this issue. Specifically, we introduce minimum rep-
resentation fairness (MR-fairness) which requires each group to have a certain
number of clusters where they cross a given minimum representation threshold
(i-e., 50% in the voting example).

Arguably the most popular algorithm for clustering is Lloyd’s algorithm for
k-means clustering [24]. Tt is an iterative algorithm that alternates between fix-
ing cluster centers and assigning each point to the closest cluster center, and
is guaranteed to return a locally optimal solution (i.e., no perturbation of the
cluster centers around the solution leads to a better clustering cost). However,
using this algorithm can lead to clusters that violate MR-fairness. As an exam-
ple, consider the Adult dataset which contains census data for 48842 individuals
in 1994 [15]. Suppose we wanted to cluster these individuals into groups that
represent different stakeholder groups for a local committee and geographic con-
tiguity was not a concern. A natural fairness criteria in this setting would be to
ensure that there are a sufficient number of groups where minority groups (i.e.,
non-white in this dataset) have majority voting power. Despite the fact that only
approximately 85% of the dataset is white, every cluster produced by Lloyd’s
algorithm is dominated by white members even when the number of clusters is
as high as twenty. This highlights the need for a new approach to address fair
minority representation.
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In this paper we introduce a modified version of Lloyd’s algorithm for k-
means clustering that ensures MR-fairness, henceforth referred to as MINIimum
REpresentation fair Lloyd’s algorithm (MiniReL for short). The key modification
behind our approach is to replace the original greedy assignment step with a new
optimization problem that finds the minimum cost assignment while ensuring
fairness. In contrast to the standard clustering setting, we show that finding a
minimum cost clustering that respects MR-fairness is NP-Hard even when the
cluster centers are already fixed. We show that this optimization problem can
be solved via integer programming (IP) in practice and introduce two computa-
tional approaches to improve the run-time including warm-starting our algorithm
with the output of the standard Lloyd’s algorithm and pre-assigning groups to
specific clusters to help break symmetry and reduce the size of the IP that needs
to be solved. We empirically show that our approach is able to construct fair
clusters which have nearly the same clustering cost as those produced by Lloyd’s
algorithm.

1.1 Minimum Representation Fair Clustering Problem

The input to the standard clustering problem is a set of n m-dimensional data
points X = {z' € R™}",. Note that assuming the data points to have real-
valued features is not a restrictive assumption as categorical features can be
converted to real-valued features through the one-hot encoding scheme. The
goal of the clustering problem is to partition the data points into a set of K
clusters C = {C,...,Ck} in such a way that some measure of clustering cost is
minimized. Let & = {1,..., K} be the set of clusters. We focus on the popular k-
means clustering metric which aims to find both a clustering and a set of centers
cr € R™ for each cluster so as to minimize the sum of the squared distance
between each point and its cluster center. Formally:

2
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where ¢; denotes the center of each cluster Cj. In the absence of any additional
constraints, for a given set of cluster centers the optimal cluster assignment is
to simply assign each point to the nearest cluster center. Thus the problem can
be viewed as an optimization over the choice of cluster centers.

In the fair clustering setting, each data point belongs to one or more groups
g € G (i.e., gender, race). Let X, be the set of data points that belong to group
g. Note that unlike other fair machine learning work, we do not assume that the
groups form a partition of the data points. For instance, if the groups correspond
to race and gender then a data point can belong to more than one group. The
key intuition behind MR-fair clustering is that individuals belonging to a group
gain material benefit only when they have a minimum level of representation in
their cluster. We denote this minimum representation threshold « € (0, 1], and
define the associated notion of an a-represention as follows:
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Definition 1 (a-representation). A group g € G is said to be a-represented
in a cluster Cy, if
G0 X, | > alCy

Note that « represents the minimum threshold needed for a given group to
receive benefit from a cluster and thus depends on the application. For instance,
most voting systems require majority representation (i.e., a = 0.5). Our frame-
work also allows for « to be group-dependent (i.e., g for each group g), however
in most applications of interest « is a fixed threshold regardless of group. For
a given clustering C, group g, and «, let A(C, Xy, &) be the number of clusters
where group g has a-represention. In MR-fairness, each group g has a parameter
B, that specifies a minimum number of clusters where that group should have
a-represention.

Definition 2 (Minimum representation fairness). A given clustering C =
{C1,...,Ck} is said to be an (o, B)-minimum representation fair clustering if
for every group g € G:

AC, X4, a) > [y

for a given B = {8y € Z" }4eq.

The definition of MR~fairness is flexible enough that the choice of 3 can (and
should) be specialized to each application as well as the choice of «. Also note
that up to |1/a] groups can be a-represented in a cluster. In the remainder
of the paper we explore two different natural choices for B that mirror fairness
definitions in the fair classification literature. The first sets 3, to be equal for all

groups: .
_ -1
ﬂg—hg|ta JKJ Vgeg

which we denote cluster statistical parity. The second set choice sets 3, to
be proportional to the size of the group:

[ Xy
n

By = { LoFlJKJ Vgeg

which we denote cluster equality of opportunity. Note that in both cases,
B4 should be at most K (i.e., if a is very small, set §, = K).

Combining the standard k-means clustering problem with MR-fairness crite-
ria gives the following formal optimization problem:

Definition 3 (Minimum representation fair k-means problem). For a
gwen a € (0,1] and B = {B, € Z*}4eg, the minimum representation fair k-
means problem is:

min S et —al® st AC, Xg0) =B, VgeG

C,c1,...5c “
kEK i eCy,
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The main difference between the fair and the standard versions of the k-
means clustering problem is that greedily assigning data points to their closest
cluster center may no longer be feasible for the fair version (i.e., assigning a data
point to a farther cluster center may be necessary to meet the fairness criteria).
Thus the problem can no longer be viewed simply as an optimization problem
over cluster centers.

1.2 Related Work

A recent flurry of work in fair clustering has given rise to a number of different
notions of fairness. One broad line of research, started by the seminal work of
[12], puts constraints on the proportion of each cluster that comes from different
groups. This can be in the form of balance [2,4,6-8,11,12,29-31,36,40] which
ensures each group has relatively equal representation, or a group specific pro-
portion such as the bounded representation criteria [2,3,5,6,17,22,23,25,36] or
maximum fairness cost [11]. MR-fairness bares a resemblance to this line of work
as it puts a constraint on the proportion of a group in a cluster, however instead
of constraining a fixed proportion across all clusters it looks holistically across
all clusters and ensures that threshold is met in a baseline number of clusters.
Another line of work tries to minimize the worst case average clustering cost
(i.e., k-means cost) over all the groups, called social fairness [1,19,20,32]. Most
similar to our algorithmic approach is the Fair Lloyd algorithm introduced in
[19] which studies social fairness. They also present a modified version of Lloyd’s
algorithm that converges to a local optimum. As a consequence of the social
fairness criterion their approach requires a modified center computation step
that can be done in polynomial time. MR-fairness, however, requires a modified
cluster assignment step that is NP-hard which we solve via integer programming.

Most similar to MR~fairness is diversity-aware fairness introduced in [37] and
the related notion of fair summarization [13,26,28]. These notions of fairness
require that amongst all the cluster centers selected, a minimum number comes
from each group. MR~fairness differs in that our criteria is not tied to the group
membership of the cluster center selected but the proportion of each group in a
given cluster. Our notion of fairness is more relevant in settings where the center
cannot be prescribed directly, but is only a function of its composition (i.e., in
voting where members of a ’cluster’ elect an official).

1.3 Main Contributions
We summarize our main contributions as follows:

— We introduce a novel definition of fairness for clustering called MR-fairness,
which requires that a specified number of clusters should have at least «
percent members from a given group.

— We formulate the problem of finding a MR-fair k-means clustering in a mixed
integer optimization framework, and introduce a new heuristic algorithm
MiniReL, based on Lloyd’s algorithm for clustering, to find a local optimum.
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— We show that unlike other notions of proportional fairness, this problem can
not be approximated by adjusting unfair cluster centers.

— We show that incorporating MR-fairness into Lloyd’s algorithm leads to a NP-
Hard sub-problem. To tackle this issue, we develop computational techniques
that make the our approach tractable even for large datasets.

— We present numerical results to demonstrate that MiniReL is able to con-
struct MR-fair clusterings with only a modest increase in run-time and with
little to no increase in clustering cost compared to the standard k-means
clustering algorithm.

The remainder of the paper is organized as follows. In Sect.2 we present a
mixed integer optimization formulation for the MR-fair clustering problem and
introduce MiniReL. In Sect.3 we introduce computational approaches to help
our algorithm scale to large datasets. Finally Sect. 4 presents a numerical study
of MiniReLL compared to the standard k-means algorithm.

2 Mixed Integer Optimization Framework

We start by formulating the MR-fair k-means clustering problem as a mixed-
integer program with a non-linear objective. We use binary variable z;; to denote
if data point 2* is assigned to cluster k, and variable ¢, € R? to denote the center
of cluster k. The binary variable y4; indicates whether group g is a-represented
in cluster k. We can now formulate the MR-fair clustering problem as follows:

min >3 et = erll3zin (1)

rieX ke

s.t. Z zip =1 Vol € X (2)
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The objective (1) is to minimize the sum of the squared distances between
the data points and the centers of the clusters they are assigned to. Constraint
(2) ensures that each data point is assigned to exactly one cluster. Constraint
(3) tracks whether a group g is a-represented in cluster k, and includes a big-M
which can be set to an. Finally, constraint (4) enforces that each group g is
a-represented in at least 3, clusters. In many applications of interest, it might
also be necessary to add a constraint on the size of the clusters. Constraint (5)
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captures this notion where [ and u represent the lower and upper bounds on the
cardinality of each cluster respectively. Note that in cases where the cardinality
constraint is used, the big-M in constraint (3) can be reduced to cu. For all our
experiments we set [ = 1 to ensure that exactly k clusters are returned by the
algorithm. Adding a lower bound also ensures that each group is a-represented
in non-trivial clusters. Note that without this lower bound every group would
be trivially a-represented in an empty cluster according to Definition 1.

To solve problem (1)—(7) in practice, we introduce a modified version of
Lloyd’s algorithm called MiniReL. in Sect.2.1. Incorporating MR-fairness into
Lloyd’s algorithm requires solving a fair assignment problem, which we discuss
in Sect. 2.2. Finally in Sect. 2.3 we show that, unlike other notions of fairness in
clustering, first solving the clustering problem without fairness constraints and
then finding a fair assignment of the data points to these centers can lead to
arbitrarily poor results under MR~fairness which further justifies the use of an
iterative approach such as MiniReL.

2.1 MiniReL Algorithm for Fair Clustering

Solving the optimization problem outlined in the preceding section to optimality
is computationally challenging as it is an integer optimization problem with a
non-linear objective. To solve the problem in practice, we introduce a modified
version of Lloyd’s algorithm which we call the Minimum Representation Fair
Lloyd’s Algorithm (MiniReL) that alternates between adjusting cluster centers
and fairly assigning data points to clusters to converge to a local optimum, see
Algorithm 1.

Given a fixed set of cluster assignments (i.e., when variables z are fixed in
(1)—(6)) the optimal choice of ¢, is simply the mean value of data points assigned
to Cf. For a given (fixed) set of cluster centers ¢;, we denote the problem (1)-(6)
the fair minimum representation assignment (FMRA) problem which is a linear
integer program. Note that if the FMRA problem is infeasible, it provides a
certificate that no MR-fair clustering with the given a, 3 exists. We analyze the
computational complexity of this problem in Sect.2.2. While integer programs
do not always scale well to large datasets, in our computational experiments we
observed that FMRA can be solved to optimality in a reasonable amount of time
even for datasets with tens of thousands of data points. In Sect.3 we describe
the computational techniques that help scale our algorithm.

A natural question is whether MiniReL converges to a locally optimal solution
as Lloyd’s algorithm does. When discussing local optimality, it is important to
formally define the local neighborhood of a solution. In the absence of fairness
constraints, data points must be assigned to the closest centers to minimize
cost. Consequently, a clustering is locally optimal if perturbing the centers does
not improve the clustering cost. In our setting, we define a local change as any
perturbation to a cluster center, or an individual change to cluster assignment
(i.e., moving a data point from one cluster to another). With this notion of a
local neighborhood, the following result shows that the MiniReL. converges to
a local optimum in finite time. Note that while MiniReL. converges to a local
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Algorithm 1. Minimum Representation Fair Lloyd’s Algorithm (MiniReL)

Input: Data X', Number of clusters K, Fairness parameters 3, «
Output: Cluster assignments {Ck }rekx

Initialize {ck }rex (for example by uniformly at random sampling K data points).
repeat
Solve fair assignment problem (1)—(6) for fixed cluster centers {ci }rex to get z*
Compute the cost of solution current_cost
for k=1,2,...,K do
Set N = Zziex Zik, Ck = Nik Zziex ZikT'.
end for
Compute the cost of solution improved_cost
until improved_cost=current_cost
cSet Cr={2"€X:zi =1} VkeEK
: return {Cy}1—,

PO XD TR w
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optimum, the solution may be arbitrarily worse than the global optimum as is
the case for Lloyd’s algorithm.

Theorem 1. MiniReL converges to a local optimum in finite time.

Proof. We start by noting that given an assignment of data points to clusters,
the optimal cluster centers for this assignment are precisely the ones computed as
in Step 6 and any deviation from these centers increases the cost. Consequently,
if improved_cost = current_cost in Step 9, then the cluster centers used in Step 3
and the ones computed in Step 6 (in the last iteration) must be identical. There-
fore, if Algorithm 1 terminates, then the current assignment of the data points to
the current cluster centers is optimal and the cost cannot improve by changing
their assignment due to Step 3. In addition, Step 6 guarantees that perturbing
cluster centers cannot not improve the cost for the current assignment.

It remains to show that the algorithm will terminate after a finite number of
iterations. Similar to the proof for Lloyd’s algorithm, we leverage the fact that
there are only a finite number of partitions of the data points. By construction,
the objective value decreases in each iteration of the algorithm, and thus can
never cycle through any partition multiple times as for a given partition we use
the optimal cluster centers when computing improved_cost in Step 8. Thus the
algorithm can visit each partition at most once and thus must terminate in finite
time. a

2.2 Fair Minimum Representation Assignment Problem

While the optimal assignment step in Lloyd’s algorithm can be done in polyno-
mial time, the following result shows that the FMRA problem is NP-Hard.

Theorem 2. The fair minimum representation assignment problem is NP-
Hard.
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Proof. The reduction is from the exact cover by 3 sets (X3C) problem, with 3¢
elements U = {u1,...,us,} and t = g+r subsets W = {W1, ..., W;} where each
subset W; C U and |W;| = 3. Recall that X3C is one of Karps 21 NP-Complete
problems and its goal is to select a collection of subsets W* C W such that all
elements of U are covered exactly once.

Given an instance of the X3C problem, we first construct an undirected
bipartite graph G = (U UW, E) which we then convert into a FMRA instance
following a similar construction as [18]. Graph G has a node for each u; € U and
a node w; for each W; € W. There is an edge {u;, w;} between nodes u; and w;
provided that u; € W;. Note that with slight abuse of notation, we use W both
for the subsets in the X3C instance and the nodes corresponding to them in the
graph G.

Using graph G, we construct an instance of the FMRA problem with two
groups by interpreting each vertex in the graph as a data point where points
corresponding to vertices in U and W belong to separate groups. We set K =t
(i.e., one cluster for each subset), « = 0.75, Sy =t — ¢ and Sy = ¢ (minimum
number of a-represented clusters for each group). We place the (fixed) K centers
at the data points associated with WW. The distances between pairs of data points
are set to be the length of the shortest path distances between the corresponding
vertices in the graph.

We now argue that the optimal solution to the FMRA instance has a cost of
3q if and only if there exists a feasible solution to the X3C instance. First note
that any feasible solution to the FMRA instance has a cost of at least 3¢ as each
point u; € U incurs a cost of at least 1 and there are 3¢ such points. Next, note
that given a feasible solution W* C W to the X3C instance, we can construct
a solution to the corresponding FMRA instance with cost 3¢ by creating one
cluster for each W; € W* in the solution. These ¢ clusters contain w; together
with the 3 elements u; € W;. The remaining ¢ — ¢ clusters contain a single point
wj, one for each W; € W\ W*. Note that these clusters satisfy the fairness
constraints. Furthermore, letting the center of each cluster to be the w; that it
contains gives a cost of 3q.

Finally we argue that if the FMRA instance has a cost of 3¢, then the X3C
instance is feasible. If the solution to the FMRA has cost 3¢, then (7) each point
u; € U must be assigned to a center w; € W such that u; € W;, and, (i)
each point w; € W must be assigned to the center w; and consequently, each
cluster must contain exactly one w; € W. In addition, the fairness constraint
for the W group requires that at least ¢t — g clusters must have 75% of its points
belonging to the W group. As there is exactly one w; € W in each cluster, this
can only happen if at least t — ¢ clusters have no points from U group in them.
Consequently all 3¢ points form the U group are assigned to at most ¢ clusters.
As all u; € U must be assigned to a center w; € W such that u; € W;, and
|W;| = 3, the solution to the FMRA instance must have exactly ¢ — ¢ clusters
with no points from ¢ group and ¢ clusters with one w; and three u; € Wj,
which gives a feasible solution to the X3C instance. O
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2.3 A Natural Solution Approach and an Inapproximability Result

One natural approach [6,16,18] used for other notions of fairness in clustering is
to first obtain cluster centers by solving the clustering problem without fairness
constraints and then find a fair assignment of the data points to these centers.
This has been shown to provide an overall approximation guarantee for the full
optimization problem in some settings even when the centers are only approxi-
mately optimal for the clustering problem without fairness constraints [6,16,18].
Unfortunately, we show that in our MR-fairness setting this approach, which we
call one-shot fair adjustment, can lead to arbitrarily bad solutions. Let z*, ¢* be
the optimal solution to the MR-fair clustering problem. Let ¢} be the optimal
centers for the clustering problem without fairness constraints and 2}, be the
optimal (fair) assignment of data points to centers ¢}, . Note both z* and z} 4,
are feasible fair assignments. Let COST(z,¢) = > icx D opex 12" — ckll3zin be
the objective for the clustering problem.

Theorem 3. There does not exist a constant M > 0 such that:
COST (zpa,chp) < M -COST(2*,c)

In other words, fairly assigning data points to (approzimately) optimal unfair
centers can lead to arbitrarily bad performance relative to the optimal solution
of the MR-fair clustering problem.

Proof. To prove the claim we will construct an instance in two dimensions with
four data points and three groups (Red, Yellow, and Blue). The first two points
are located at (0,0) and belong to the red and yellow groups, respectively. The
next two data points belong to the blue group and are located at (v, 0) and (7, €)
for some ,e¢ > 0. For the fair clustering problem, we set K = 3, « > 0.5, and
Br =Py =Pp =1

Note that any optimal solution to the clustering problem without fairness
constraints will place the cluster centers ¢} at (0,0), (v,0), (v, €) with cost 0.
It is straightforward to see that fairly assigning points to these fixed centers
requires assigning either the red or yellow data point to the center at (v, 0) and
assigning the blue data point at (v,0) to the center at (v, €) yielding a cost of
~2 4+ €2. Now consider the optimal solution to the fair clustering problem which
selects centers at (0,0), (0,0), (,€/2). It assigns the red data point to the first
center at (0,0), the yellow data point to the second center at (0,0), and both
blue data points to the center at (v, ¢/2) which satisfies the fairness constraints
and gives a total cost of €2/2. The ratio of the costs of the two solutions is 7:2';;2
which can be made arbitrarily large by increasing -, completing the proof. 0O

Note that using the simple example constructed above, one can argue that
the cost of the optimal fair clustering can be arbitrarily larger than the cost
of the optimal clustering without fairness. Also note that the above proof also
shows that one can get an arbitrarily bad solution when the (unfair) cluster
centers are chosen using a constant factor approximation algorithm.



30 C. Lawless and O. Giinliik

3 Scaling MiniReL

In MiniReL, the computational bottleneck is solving the fair assignment problem
which is an IP. To improve the run-time of MiniReL, we introduce two key
computational approaches that reduce the number of fair assignment problems
that need to be solved, and improve the speed at which they can be solved.

3.1 Warm-Starting MiniReL

To reduce the number of iterations needed to converge in MiniReL, we warm-
start the initial cluster centers with the final centers of the unfair variants of
Lloyd’s algorithm. The key intuition behind this approach is that it allows us to
leverage the polynomial time assignment problem for the majority of iterations,
and only requires solving the fair assignment problem to adjust the locally opti-
mal unfair solution to a fair one. To incorporate warm-starting into MiniReL, we
replace step 1 in Algorithm 1 with centers generated from running Lloyd’s algo-
rithm. In practice we found this warm-starting procedure led to a 75% reduction
on average in the number of MiniReL iterations compared to randomly initiated
centers across benchmark datasets used in our numerical studies.

3.2 Pre-fixing Group Assignment

One computational shortcoming of the fair assignment IP model is the use of
big-M constraints which are well known to lead to weak continuous relaxations
and by extension longer computation times. These constraints are needed to
track which groups are a-represented in which clusters. One approach to avoid
these constraints is to simply pre-fix which groups need to have a-representation
in which clusters in advance (i.e., akin to fixing the y, variables). This removes
the need for the y variables and the associated big-M constraints and breaks
symmetry in the IP (i.e., removes permutations of feasible cluster assignments),
dramatically improving the computation time. In problems where only a single
group can have a-represention in a cluster (i.e., a data point can only be part
of one group and a > 0.5), pre-fixing preserves an optimal solution to the full
problem. However, in more complicated settings pre-fixing may remove all opti-
mal solutions and becomes a heuristic for improving run-time. It is worth noting
that the MiniReL algorithm is itself a heuristic, and thus the pre-fixing scheme
has ambiguous effects on the cost of the solution as it may cause the algorithm
to converge to a better local optimum.

To find a good pre-fixing of the y variables, we use the clusters and centers
obtained from Lloyd’s algorithm and formulate a small integer program. Note
that this solution most likely does not satisfy the fairness constraints. For a given
cluster k£ and group g, let g4 > 0 be the additional number of points from group
g needed to make this group a-represented in cluster k (i.e., smallest g, > 0 that
satisfies qrg +|[Ck N Xg| > a(grg +|Crl)). Let cpy = argminge e, oy {llz—cll3}
denote the closest center for point z € X. To find a good pre-fixing, we estimate
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the (myopic) increase in cost mgy to make group g a-represented in cluster k as
follows:

. 2 2
Mok = min E r —cills — ||z — ¢
g XX \Cx:l X|=arg =% (” 2= (T)HQ))

We can now formulate an IP to perform the pre-fix assignment as follows:

min > mgrygr (8)
(g,k)ew
s.t. > Y =B, Vgeg 9)
keK:(g,k)ew
1
> v < || ke K (10)
«
Y
Ygr € {0,1} Vgeg,kek (11)

where y, 1, is a binary variable indicating whether group g will be a-represented
in cluster k. The objective (8) is a proxy for the cost of pre-fixing. Constraint
(9) ensures enough clusters are allocated to each group to meet the MR~fairness
constraint. Finally constraint (10) ensures no cluster is assigned more groups
than can simultaneously have a-represention.

Note that the size of this formulation does not depend on the size of the
dataset and it has only || x |G| variables. As mentioned earlier, when o > 0.5
and the groups are disjoint (i.e., no group can be in multiple groups) then this
pre-fixing scheme simply removes symmetry. In other cases, this operation is
a heuristic that leads to substantial speedups to the overall solution time. In
practice we found that solving this IP took under 1s for all instances tested in
this paper. The resulting speedup is very significant when compared to running
MiniReL. with the full IP model for fair assignment, at times leading to over a
400x speedup in some instances, as shown in Fig. 1 which compares the runtimes
of the two approaches under cluster equality of opportunity. This speedup also
comes at practically no increase in terms of clustering cost as shown in Fig. 2.
Results for cluster statistical parity were similar and are excluded for brevity.

adult default voting
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Fig. 1. Impact of pre-fixing on runtime of the MiniReLL Algorithm.
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Fig. 2. Impact of pre-fixing on the clustering cost of MiniReL solution.

4 Numerical Results

To benchmark our approach, we evaluate it on three datasets that have been
used in recent work in fair clustering: adult (n = 48842, m = 14) [15], default
(n = 30000, m = 24) [15], and Brunswick County voting data (n = 49190, m = 2)
[34] where n denotes the number of data points and m denotes the initial number of
features. We pre-process the Brunswick County voting data by geocoding the raw
addresses to latitude and longitude using the US census bureau geocoding tool
and retain all data with a successful geocoding that belong to white and Black
voters. For each dataset we use one sensitive feature to represent group member-
ship - namely gender for both adult (67% Male, 33% Female) and default (60%
Male, 40% Female), and race for voting (92% white, 8% Black). For all datasets
we normalize all real-valued features to be between [0, 1] and convert all categori-
cal features to be real-valued via the one-hot encoding scheme. For datasets that
were originally used for supervised learning, we remove the target variable and do
not use the sensitive attribute as a feature for the clustering itself.

We compare MiniReL with the standard Lloyd’s algorithm for k-means using
the implementation available in scikit-learn [35] with a k-means++ initialization.
We evaluate both algorithms with respect to cluster statistical parity (i.e., every
group must be a-represented in the same number of clusters), and cluster equality
of opportunity (i.e., every every group must be a-represented in a number of clus-
ters proportional to the size of the group). For all k-means results we run Lloyd’s
algorithm with 100 different random seeds. We report the clustering with the low-
est clustering cost (k-means), the fairest clustering with respect to cluster statisti-
cal parity (k-means-SP), and the fairest clustering with respect to cluster equal-
ity of opportunity (k-means-EqOp). We implemented MiniReL in Python with
Gurobi 10.0 [21] for solving all IPs. All experiments were run on a personal com-
puter with 16 GB of RAM and 2.7 GHz Quad-Core Intel Core i7 processor. To
initialize the cluster centers, we use the warm start scheme outlined in Sect. 3.1.
We ran MiniReL with 3 set for both cluster statistical parity (MiniReL-SP) and
cluster equality of opportunity (MiniReL-EqOp). For the following experiments
we set a = 0.51 to represent majority representation in a cluster.

Figure 3 shows the maximum deviation from the fairness parameters 3, for
the different algorithms (i.e., max, max(8, — A(C, X,, @),0)). Across all three
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adult (o = 0.51) Statistical Parity default (o = 0.51) Statistical Parity voting (o = 0.51) Statistical Parity

—— K-means
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Fairness Violation

adult (a = 0.51) — Equality of Opportunity default (a = 0.51) — Equality of Opportunity voting (a = 0.51) — Equality of Opportunity

—— K-means
~=- K-means-EqOp
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Fairness Violation
Fairness Violation
-

Fig. 3. Maximum deviation from (3, for Lloyd’s algorithm and MiniReL under both
notions of fairness.

datasets we can see that k-means can lead to outcomes that violate MR-
fairness constraints significantly, and that selecting the fairest clustering has
only marginal improvement. This is most stark in the default dataset where
there is as much as an 11 cluster gap (6 cluster fairness violation) between the
two groups despite having similar proportions in the dataset. In contrast, the
MiniReL algorithm is able to generate fair clusters under both notions of fair-
ness and for all three datasets. Table1 shows the average computation time in
seconds for Lloyd’s algorithm and MiniReL. under cluster statistical parity. We
display results for the cluster statistical parity as it was the more computation-
ally demanding setting requiring more MiniReL iterations than cluster equality
of opportunity. As expected, the harder assignment problem in MiniReL leads
to higher overall computation times when compared to the standard Lloyd’s
algorithm. However, MiniReL is still able to solve large problems in under 40s
demonstrating that the approach is of practical use.

One remaining question is whether fairness comes at the expense of the cost of
the clustering. Figure 4 shows the k-means clustering cost for Lloyd’s algorithm

adult default voting

95000

clustering
—— MiniReL-EqOp
—— K-means (Lloyd)
—— MiniReL-SP

2400 4 6000
90000 4
2200 4 5000

850001 ]
2000 - 4000

3000

clustering cost

80000 4 18004

2000 4
75000 4 1600 4

1000 4

Fig. 4. k-means clustering cost of Lloyd’s algorithm and MiniReL.
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Table 1. Average computation time (standard deviation) in seconds over 10 random
seeds. Final row includes average computation time over all random seeds and setting
of K for each dataset.

K adult default voting

Lloyd MiniRelL | Lloyd MiniRel. | Lloyd MiniReLL
4 0.6 (0.03) | 13.4 (0.25) | 0.3 (0.02) | 10.8 (0.18) | 0.8 (0.04) | 2.1 (0.03)
5 0.7 (0.04) | 14.3 (0.37) | 0.4 (0.03) | 11.2 (0.14) | 0.7 (0.02) | 2.4 (0.04)
6 0.8 (0.04) | 15.8 (1.08) | 0.5 (0.05) | 12.0 (0.33) | 0.7 (0.03) | 3.4 (0.04)
7 0.9 (0.04) | 15.8 (1.03) | 0.6 (0.05) | 12.3 (0.35) | 1.1 (0.07) | 3.5 (0.08)
8 1.0 (0.05) | 17.2 (0.54) | 0.8 (0.09) | 13.3 (0.29) | 1.0 (0.09) | 3.8 (0.06)
9 1.1 (0.06) | 17.8 (0.91) | 0.8 (0.08) | 13.5 (0.37) | 1.1 (0.08) | 4.5 (0.18)
10 1.3 (0.04) | 19.1 (0.9) |0.9 (0.07) | 14.8 (0.29) | 1.4 (0.07) | 5.0 (0.12)
11 1.4 (0.04) | 19.6 (1.16) | 1.0 (0.06) | 14.4 (0.3) |1.5(0.12) | 5.4 (0.21)
12 1.4 (0.04) | 21.4 (3.77) | 1.1 (0.11) | 15.6 (0.55) | 1.7 (0.18) | 6.1 (0.3)
13 1.5 (0.05) | 20.9 (3.01) | 1.3 (0.18) | 16.0 (0.36) | 2.2 (0.19) | 24.3 (0.32)
14 1.7 (0.07) | 22.8 (3.02) | 1.5 (0.21) | 16.7 (0.35) | 2.4 (0.18) | 34.7 (0.3)
15 1.8 (0.08) |21.4 (1.7) |1.5(0.11) | 17.5 (1.68) | 2.5 (0.20) | 38.1 (0.41)
mean | 1.2 18.3 0.9 14.0 1.3 8.7

and MiniReL under both definitions of fairness. Although there is a small increase
in the cost when using MiniReL the overall cost closely matches that of the
standard k-means algorithm in 5 out of 6 instances, with the sole exception being
the voting dataset under statistical parity, showing that we can gain fairness at
practically no additional increase to clustering cost.

5 Conclusion

In this paper we introduce a novel definition of group fairness for clustering that
requires each group to have a minimum level of representation in a specified
number of clusters. This definition is a natural fit for a number of real world
examples, such as voting and entertainment segmentation. To create fair clus-
ters we introduce a modified version of Lloyd’s algorithm called MiniReL that
solves an assignment problem in each iteration via integer programming. While
solving the integer program remains a computational bottleneck, we note that
our approach is able to solve problems of practical interest, including datasets
with tens of thousands of data points, and provides a mechanism to design fair
clusters when Lloyd’s algorithm fails. While this paper focused on the k-means
setting, we also note that our alternating minimization approach can also be
extended to the k-medians clustering setting. In the k-medians setting, the cen-
ters for each cluster must be selected from the dataset X' and the clustering cost
can be any distance metric. Extending our approach to the k-medians setting
would require a revised center computation step that selects the best center from
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the input dataset. Implementing such an extension and evaluating its empirical
performance remains a promising direction for future work.
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Abstract. Proof logging in constraint programming is an approach to
certifying a conclusion reached by a solver. To allow for this, different
propagators must be augmented to produce justifications for any infer-
ences they make, so that an independent proof checker can certify cor-
rectness. The Circuit constraint is used to enforce a Hamiltonian cycle on
a set of vertices, e.g. for vehicle routing. Maintaining consistency for the
Circuit constraint is hard, so various ad-hoc propagation techniques have
been devised and implemented in solvers. We show that standard Circuit
constraint inference rules can be efficiently justified within a pseudo-
Boolean proof system, either by using a simple sequence of cutting planes
steps or through a conditional counting argument.

Keywords: Proof logging - Circuit - Constraint propagation

1 Introduction

A constraint programming (CP) solver that implements proof logging is able to
provide a strong correctness guarantee for every result it produces. Alongside any
answer, it outputs a formal proof that rigorously demonstrates that the answer
is correct. This is already standard practice in the field of Boolean satisfiability
(SAT) solving [8,32], and will, we believe, be crucial for the acceptance of CP in
safety-critical applications. Proof logging is achieved by having a solver output
justifications for all its reasoning steps in the language of a sound and complete
proof system. Previous work [10,16,25] has shown that it is possible to do this
efficiently for many important constraint propagation algorithms, by using a
pseudo-Boolean (PB) proof system that is based on cutting planes [3,7] along
with further strengthening rules. These proofs are written in a machine-readable
format that can be independently verified using the VeriPB proof checker [2].

A common feature of all propagation algorithms that have been considered
before is that they enforce a strong level of local consistency among the vari-
ables in scope. For example, AllDifferent [10], SmartTable and Regular [25] enforce
domain consistency (DC), while LinearEquality [16] enforces bounds consistency
(BC). To show a proof logging procedure for these constraints is comprehen-
sive, it is sufficient to establish that any DC or BC inference can be justified,
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Fig. 1. Interpretation of assignments for six variables constrained by Circuit.

since this demonstrates that certification is possible regardless of how that infer-
ence is actually computed. The same approach is no longer viable when dealing
with more complex propagators that have less clearly defined notions of con-
sistency, as it is harder to capture clearly in advance what propagations are to
be expected. If pseudo-Boolean proof logging is to be applicable to CP in gen-
eral, it is important to show that these types of propagators do not present any
fundamental barriers to its adoption.

In this paper we present proof logging for propagation of the (Hamiltonian)
Circuit constraint. Enforcing domain consistency for Circuit is known to be NP-
hard [19] and so it is generally propagated via ad-hoc propagation rules [4,12,30].
We therefore work from the simplest checking and basic lookahead inferences, up
to more advanced propagation techniques based on depth-first search and iden-
tification of strongly connected components. In each case we briefly outline the
situation in which the inference applies, and find that it can be justified either
by a simple sequence of cutting planes steps, or through a conditional counting
argument. The latter consists of identifying a vertex which cannot reach every
other vertex under some conditions, and deriving PB constraints over auxil-
iary variables that establish the set of reachable vertices is too small. We have
implemented and tested these techniques, building a complete certifying Cir-
cuit propagator comparable in propagation strength to well known open-source
CP solver implementations [6,14,21], and have been able to produce and verify
proofs using this for a variety of instance sizes.

2 Preliminaries

The Circuit constraint uses a successor representation to treat a set of variables
Xo...X,_1, each with domain {0,...,n—1} as the vertices of a directed graph.
At any stage in the solving process, an edge (i,7) is viewed as being present
in the graph if and only if j is still in the domain of the variable X;. Circuit
requires that any assignment represents a Hamiltonian cycle, with the value of
X; representing the successor of ¢ in a tour that visits all vertices; see Fig. 1.
This is useful for modelling problems such as vehicle routing [22,23], activity
scheduling [9] and other graph problems [4,13]. In CP solvers, propagation for
a global Circuit constraint is generally achieved by first at least partially prop-
agating an AllDifferent and then attempting further propagation based on the
fact that there can be no sub-cycles. At a minimum the algorithm should check
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whether any sub-cycles are encoded by the current partial assignment and back-
track if so [4], but further lookahead and ad-hoc propagation rules are possible
[12,30].

2.1 Requirements for Proof Logging

To follow the CP proof logging methodology of previous work [16], we are
required to compile any CP problem to a pseudo-Boolean (PB) format. This
is a separate model of the problem that is only used for certification and
should be kept independent of the solving process. In a PB model we are only
allowed 0-1 variables (PB variables), and all constraints must be integer lin-
ear inequalities (PB constraints) over literals, where a literal ¢ is a PB variable
or its negation = 1 — xz. We also allow reified PB constraints of the form
ANr = Zle a;l; > A, where A\ r is a conjunction of literals: these are syntac-
tic sugar for ) Kr—i—Zf:l al; > A for K chosen to be sufficiently large. We can
also reify the negation of a PB constraint on the negation of each of the literals
in r, which allows us to define A\r < Zle ail; > A.

We can create a PB model from a CP problem by associating each integer
variable X with a set of bit variables zyg, Tp1, Tp2, . . . sufficient to represent every
value in the variable’s domain using a two’s complement representation. We then
encode restrictions on X imposed by CP constraints by adding pseudo-Boolean
constraints over these bit variables. Since this process is not verified in itself, we
should choose simple encodings that establish a clear correspondence between
satisfying assignments of the CP and PB models. To aid this, we can employ
auxiliary PB variables z[i]—; which are defined through reification to be true
precisely when the bit representation of the variable X; evaluates to the value
j. For example if we have k bits and want to define x[4]_4 we would have PB
constraints equivalent to z[4]_3 <= Zf;ol 2ix[4]p; = 3. This gives us flexibility
for PB encodings since we can make use of either bitwise or direct representations
for variables depending on what gives us the most straightforward encoding of
each CP constraint. We might also define other auxiliary variables that are not
directly tied to the values of CP variables for use as flags, selectors, or counters.

For a Circuit constraint on n variables Xy, ..., X,,_1, we already know how to
achieve proof-logging for the AllDifferent component [10]. A simple PB encoding
of AllDifferent consists of constraints on each distinct pair of variables (X;, X,.)
that enforce either X; < X,. or X, < X; depending on a selector bit f;,.

We are then left with the task of defining PB constraints that encode the elim-
ination of subcycles. For this we can take inspiration from known SAT encodings,
since a logical clause such as x V § V Z is always equivalent to a PB constraint
(x+y+z>1), and so PB formulas can be viewed as a superset of conjunctive
normal form. There are many possible options for such encodings [17], with dif-
ferent trade-offs, but since our chosen encoding will only be used for certification
and not solving, compactness and obvious correctness is much more important
than strong propagation properties. We make use of a PB encoding that is a
simplified version of the SAT encoding given by Zhou [33, Sec. 4.2], and first
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Algorithm 1 Procedure for constructing a PB encoding of a subcycle elimina-
tion constraint on variable X, ..., X,_1

1: define Py = 0;
2: forallie {0,...,n—1}and j € {1,...,n — 1}

3: define z[i]l-; = PFPj—P>1
4: define x[z]:J - —Pj + P> -1
5: for allie {1,...,n—1}
6: define z[il-o =— Pi>n-—1
7 define z[i]-o = —-P;, > -n+1
define an additional set of auxiliary bit variables {pl[i]s0, p[é]p1, - .. } for each vari-

able X;, sufficient to represent the range of integers 0...n — 1. We will use P;
as a shorthand for the sum > ; 27p[i]pj, and conceptually treat P; as a variable
in itself, encoded with a sequence of PB bit variables. These bits are then con-
strained to represent the “position” of X; in the circuit relative to Xy, which is
arbitrarily designated as the start vertex. We do this as shown in Algorithm 1:
define Py = 0, and then require P; = P;+1 whenever z[i|]—; is true, unless j = 0,
in which case require P; = n—1. A satisfying assignment to these PB constraints
is only possible when the cycle obtained by following the successors starting from
X visits every vertex. The condition P; = j can then be interpreted as encoding
the fact that “the vertex represented by X; is the j;, vertex visited after vertex
0 in the Hamiltonian cycle”.

Once a valid encoding has been produced, a proof logging CP solver can
justify its reasoning steps by deriving further PB constraints, and recording
them in a proof log file that can eventually be used certify whatever result it
arrives at. Further explanation of how this can be achieved in general for a
backtracking-based CP solver is given by Gocht et al. [16], but for our purposes
the key idea is that whenever the solver backtracks it should be possible to derive
a PB constraint that encodes the negated conjunction of the currently guessed
assignments. For example, if the solver guesses (Xo = 2,X; = 3, X3 = 1) and
then discovers a contradiction before assigning the remaining variables it should
derive the PB constraint

2[0]_y + 2[5 +2[2] 5 > 1. (1)

As a shorthand we will sometimes denote the solver’s guessed assignments by
G, and use A G to denote the conjunction of pseudo-Boolean literals encoding
them. So in general a backtracking justification is of the form AG — 0> 1.
This is somewhat similar to the way lazy clause generation solvers work [27],
except the “explaining” constraints do not inform the solving process, and they
have to be formally derived from the model and previously derived constraints
via VeriPB’s sound and complete proof rules, rather than simply asserted. As
mentioned, these rules are based on the cutting planes proof system: so we can
derive linear combinations of PB constraints, divide with rounding, saturate con-
straints to minimise coefficients, and also use the axiom that any single literal is
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at least 0; see Buss and Nordstrom [3] for more details. Additionally, if any aux-
iliary PB variables required are not already defined in the original PB formula,
VeriPB allows them to be introduced dynamically whenever needed as extension
variables during the proof. This is an application of the VeriPB’s redundance-
based strengthening rule, and for our purposes is only needed to introduce fresh
variables reified on arbitrary constraints [2]. The backtracking justification (1)
itself should be derived via a further rule: the reverse unit propagation (RUP)
rule. This allows derivation of a PB constraint D if the verifier can obtain a
contradiction by iteratively enforcing bounds consistency on the negation of D
along with constraints in the original formula and any previously derived con-
straints. The iterative consistency process is the pseudo-Boolean generalisation
of unit propagation from SAT, and can be performed efficiently by the verifier
[15], allowing “obvious” facts to be made available when checking RUP deriva-
tions. In the example above, since (1) is a clause, the negation asserts that all
the literals are false, i.e. 2[0]_, = x[1]_5 = x[2]_5 = 0, and so for the RUP check
to succeed we would need these assignments to trigger propagations that even-
tually lead the verifier to a contradiction when propagating over the constraints
in the PB model along with those already derived in the proof log.

When the solver performs sophisticated reasoning via bespoke propagation
algorithms, we are able to guarantee that deriving the backtracking clause in this
way will be possible providing any inferences made by a CP propagator at the
given level of search are also be available to the verifier via unit propagation when
performing the RUP check. We can do this by ensuring that AG = y > 1is
in the proof log, where y is a PB literal that encodes the propagator’s inference.
So if, under the sequence of guesses used in (1), and prior to backtracking, a
Circuit propagator is able to infer say, X3 = 0, we should somehow derive

2[0]=o A z[1)=s A 2[2]=s = 2[3]—0 > 1; (2)
ie. 0]y 4 x[1]_g +2[2]_g +2[3]=0 > 1. (3)

These justifications are then interleaved with the backtracking clauses, resulting
in the complete proof being essentially a description of the solver’s backtracking
search tree, expressed using RUP steps. What we show in this paper is that a
range of standard Circuit propagation inferences can indeed be efficiently justified
by deriving these intermediate pseudo-Boolean constraints.

3 Proof Logging for Simple Circuit Propagators

The minimum requirement for a Circuit sub-cycle elimination algorithm is that
it is checking: it should return contradiction if a total assignment of the CP
variables contains a small cycle. This requires no justification under our PB
formula (as produced by Algorithm 1), since repeated bounds consistency (unit
propagation) will immediately establish a contradiction. In particular, Py = 0
together with X¢ = v; will fix P,, = 1, and then this together with X,, = v
will fix P,, = 2, and so on. Since there must be a small cycle, say of length
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m < m, passing through X (as we are assuming AllDifferent has been correctly
enforced), at some point unit propagation will attempt to fix the value of P,
when it has already been fixed to a smaller value, arriving at a contradiction.

A better checking propagator can also return contradiction on partial assign-
ments, when they encode a small cycle. This is what Francis and Stuckey [12]
call check, and is a key component of the NoSubtour propagator of Pesant et
al. [29] and the similar NoCycle propagator of Caseau and Laburthe [4]. Such
solver reasoning does require some justification in the proof, since a small cycle
encoded by the partial assignment might not set Xy, and the corresponding PB
variables for this are required to set off the chain reaction of unit propagation
and achieve the inconsistent setting of p variables. To create such a justification
we can use the cutting planes addition rule to add together all the corresponding
constraints for the position variables in the cycle, allowing us to unit propagate
a contradiction under the solver’s guesses.

In particular, if a sequence of guesses G includes a small cycle of length
m < n not passing through 0 and consisting of vertices (vy,...,vy), we would
add together each of the constraints of the form
= P,

x[vi]:’UH—l Vigl qu‘, > 1 (4)
(from line 3 in Algorithm 1) for each guessed assignment (X,, = vi+1) € G
identified by the propagator as being part of the cycle. Recall from Sect. 2.1 that

these reified PB constraints are actually represented as

K - z[v] + Py, — P, >1 (5)

=Vi+1

for some sufficiently large K, and hence each successive addition cancels the
previous P,, value. This results in the constraint

K- l’[vl]:vz 4+ K- :E[vm]:m - P, + P, —
—b,_,+P, —P, +P, >m, (6)
which telescopes to
K-zln]_,, ++ K- zlvn]_, >m. (7)

With this constraint present in the proof log, unit propagation of the small
cycle in G will obviously lead to 0 > m, a contradiction, and hence (7) is adequate
to allow justification within the proof framework for the solver backtracking.

The above idea can be easily be extended to produce justifications for a
basic lookahead version of the check propagator, called prevent by Francis and
Stuckey [12], which is described in the literature [4,29,30]. This filters domains
by disallowing any further assignments that would immediately complete a sub-
cycle. So if a sequence of guesses G includes the encoding of a chain of vertices
(v1,...,Vm), prevent would remove vy from the domain of X, , and this can be
justified by first deriving (7) exactly as above, which then allows us to derive
NG = z[vm|_,, by RUP, as required.
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4 Proof Logging for Stronger Propagation

There are several possibilities for stronger propagation for the Circuit constraint,
although there is no general consensus between solvers on which forms are worth-
while in practice. This paper does not argue for one propagation strategy over
any other; rather, our focus is to show that whatever propagator is chosen, it
should be feasible to implement a proof logging version of it. We will demon-
strate that it is possible to provide pseudo-Boolean proof logging for Circuit
propagators that make use of more complex reasoning by considering a further
propagator and set of associated possible inferences. This algorithm is based on
analysis of the depth-first spanning tree obtained during a search of the domain
graph for strongly connected components (SCCs). Stuckey and Francis call it the
SCC algorithm [12] and versions of it are implemented in the solvers Gecode [14],
Chuffed [6], JaCoP [21], and CP-SAT [28] among others.

Let G = (V, E) be a graph, and let R be the (directed) reachability relation
on G—for v,w € V, (v,w) € R if and only if there exists a path from v to w. We
will denote by REACH(v) the set {w : (v,w) € R}, i.e. the set of all vertices in
G reachable from v. The core observation used by the SCC algorithm for Circuit
propagation is that if the graph contains a Hamiltonian circuit, then it can only
have a single strongly connected component, which means every vertex must be
reachable from every other vertex. Thus, if we identify more than one strongly
connected component in the graph induced by the current domains of variables
in scope we can backtrack early, as no satisfying Circuit assignment is possible.

At any given point in the process of solving a constraint satisfaction problem
involving a Circuit constraint on variables Xo, ..., X,,_1, let G be the graph that
has a directed edge (v, w) whenever w is still in the domain of X,. To simplify the
discussion of proof logging for the SCC algorithm, we will assume in what follows
that if we can identify a vertex v in this graph such that |REACH(v)| < |G| then
we can run a proving procedure ReachTooSmall(v) that derives in the proof log
a contradiction subject to the current sequence of guesses i.e. AG = 0 > 1.
Furthermore, we will assume that if we have an additional “assumption” PB
literal ¢ that encodes a further restriction on the graph so that |REACH(v)| < |G]|
we can similarly run ReachTooSmall(v) and derive AG A ¢ = 0 > 1. We will
later outline in Sect.4.2 and Sect.4.3 how ReachTooSmall can construct this
argument using proof steps recognised by VeriPB.

The SCC propagator is based on Tarjan’s algorithm [31], which uses the fact
that strongly connected components always form subtrees of a depth-first span-
ning forest of the graph. It initiates a depth-first search (DFS) from a chosen
arbitrary vertex vg, and immediately returns contradiction if any of its descen-
dants are identified as the root of an SCC. To justify backtrack in this case we
can run ReachTooSmall(w), where w is the root of the identified SCC. This will
always prove contradiction as vy cannot possibly be reachable from w, otherwise
vg would also be part of the SCC and hence w would not be the SCC root.

A vertex can only be identified as the root of an SCC once all of its descen-
dants have been visited during the DFS. So if none of vy’s descendants are iden-
tified as SCC roots, it must be that all the vertices reachable from vy comprise
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a single SCC. In this case, either DFS has visited every vertex, in which case
there is no contradiction for Circuit, or else there is some vertex not reachable
from vy and the propagator returns a contradiction. The latter can clearly be
justified by ReachTooSmall(vyp).

Backtracking when the domain graph is disconnected or contains more than
one SCC seems to be the most commonly implemented technique for SCC prop-
agation, based on our examination of source code for open source solvers. Several
solvers such as Gecode and Chuffed also implement further ad-hoc propagation
opportunities when multiple distinct subtrees are explored below vg. In each of
the following cases we state a propagation rule applicable as part of the SCC
algorithm and briefly indicate how ReachTooSmall can be used to justify these
too. Figure 2 gives an illustration for each.

1. Prune any edge (w, vg) where vy is the starting vertex and w is not in the earli-
est visited subtree [12]. To justify this we use z[w]=,, as an assumption literal
and run ReachTooSmall(r), where r is the root of a subtree visited earlier
than the one containing w. Unit propagation of z[w]—,, will force z[w']—,, =0
for all w’ # w due to the encoding of AllDifferent, so the assumption excludes
any edges from descendants of r leading to vy. Since vertices in this earlier
subtree cannot have any edges leading to vertices in w’s subtree or later, oth-
erwise they would have been traversed as part of the same subtree by DFS,
it follows that r cannot reach w. Hence, ReachTooSmall(r) can be used to
establish A G A z[w]=,, = 0 > 1. See Fig. 2a.

2. Prune any edge (vg,w) where vy is the starting vertex and w is not in the
latest visited subtree [30]. Similarly, we use 2:[vg]=,, as an assumption, and this
time run ReachTooSmall(w) to obtain a contradiction under the assumption.
Since w can only reach vertices in its own subtree or earlier, and vy no longer
has edges to the later subtrees, it is clear than not everything can be reached
from w. See Fig. 2b.

3. Prune any edge (v, w), where w is v’s first child, and no edges from vertices
in the subtree rooted at w lead to vertices visited earlier in the DFS than v
[12]. Here we can run ReachTooSmall(w) under the assumption z[v]—,,, since
fixing the successor of v to be w eliminates any possibility of reaching any
nodes visited earlier than v from w. See Fig. 2c.

4. Prune any edge (v,w) that skips a subtree, that is, where v is in the iy,
visited subtree and w visited earlier than the root of the (i — 1)th subtree
[30]. Intuitively this rule is sound because if the edge (v,w) were used in
the circuit we would have to visit the initial node vy between visiting w and
visiting the root r of the (i — 1)th subtree, but also visit vy between visiting
r and visiting v, and both of these cannot be simultaneously true. A single
assumption and ReachTooSmall argument is not always sufficient to justify
this pruning, but our intuition can be encoded using two ReachTooSmall
arguments and more complex assumptions. If r is the root of the (i — 1)th
subtree, we assume first that » must be seen at some point between w and
vo (denoted as w < r < wg) and then run ReachTooSmall(v). This will
derive a contradiction as every path from the subtree containing w to the
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(b) Justifying the “prune root” inference.
If the dotted edge (vo,r1) is used, (v, 72)
and (vo,r3) are eliminated and so there
is no way to reach e.g. r2 from ry.

(a) Justifying the “prune skip to root” in-
ference. If the dotted edge (w, vo) is used,
(r1,v0) is eliminated and so there is no
way to reach vo from ra.

(d) Justifying the “prune skip” inference.
We can disprove the ordering assumption
w < r2 < vo with ReachTooSmall(w) and
disprove the ordering assumption rz =<
v < vo with ReachTooSmall(rz). These to-
gether imply that (v, w) cannot be used.

(¢) Justifying the “prune within” infer-
ence. If the dotted edge (v,w) is used,
(v,71) is eliminated and so there is no way
to reach e.g. vo from w.

L AR

(e) Justifying “no backedges” contradic-
tion. There are no backedges from the
subtree rooted at r2, and since “prune
skip” inferences have already been made,
there is then no way to reach any nodes
earlier than ro from 7.

Fig. 2. llustrations of how each SCC inference can be justified. Three distinct sub-
trees explored by a DF'S of the domain graph starting at vg are indicated with triangles.
The dashed edge is the one assumed to be used as part of the circuit (via the corre-
sponding variable assignment), and the double ringed node is the one passed to the
ReachTooSmall procedure.

subtree rooted at r must pass through vy and so there will be no way to
reach vy without violating the assumption. We can similarly assume that v
must be seen between r and vy (r < v < vp) and establish a contradiction
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using ReachTooSmall(v). Note that this establishes the negation of our two
assumptions, namely that vy must be seen both between w and r (v < vo < )
and between r and v (r < vo < w) which is impossible if w is the immediate
successor of v. So altogether, if we can encode these ordering assumptions in
pseudo-Boolean form, and run ReachTooSmall subject to them, we should
also be able to justify this pruning inference. See Fig. 2d.

5. Return a contradiction if there are no backedges identified after exploring any
subtree later than the first [30]. Backedges are edges from a node in the iy,
subtree to a node in the (i — 1)4,. To justify contradiction in a case where a
subtree rooted at w has no backedges we can run ReachTooSmall(w). Since
any edges that skip subtrees have been removed at this point, by rule 3.,
and the only edges left leading to the initial node vy come from the earliest
subtree, by rule 1., the only way to escape the subtree rooted at w would be
through a backedge, and so ReachTooSmall(w) will establish a contradiction.
Similarly, if there is only a single backedge (v,w) we can justify the fixing
of X, = w, by first assuming that it is not taken, i.e. z[v] and running
ReachTooSmall(v). See Fig. 2e.

=w?

These are all the inference rules we implemented in our prototype certifying
Circuit propagator, as discussed in Sect.5. We observe, however, that similar
strategies may be used to introduce proof logging for other ad-hoc techniques. For
example, if the algorithm is based on identifying strong bridges [18] and requiring
them to be part of the solution, clearly a ReachTooSmall argument must be
applicable if the bridge is assumed to be excluded. Another set of inferences can
be applied if the Circuit is first relaxed to a path constraint [11], and the structural
filtering of the reduced graph used here is essentially a generalisation of rule 4
(“prune skip”) and so should be amenable to justification using ReachTooSmall
and ordering assumptions.

4.1 Proving a Set Reachable from Vertex 0 is Too Small

We have shown in the previous section that all the inferences performed by a typ-
ical SCC propagator can be justified within a proof log if we are able to construct
a sequence of PB steps ReachTooSmall(v) that establishes a contradiction for
any vertex v in the graph G induced by the current domains of variables where
|[REACH(v)| < |G]. It needs to be possible to construct these steps subject to
three kinds of assumption, namely, assuming an edge is required, assuming an
edge is disallowed, and an “ordering assumption”: assuming that a particular
vertex must be seen between two other vertices. We now give a sketch for how
such an argument can be constructed. First we will show, by way of example,
how to construct it when running from the 0 index vertex, ReachTooSmall(0),
without assumptions, as this is the simplest case. We later show how this can
be modified to work for an arbitrary vertex v, and then finally show how the
assumptions can be taken into account.

The idea is to collect possible position values (as defined in Algorithm 1) in a
breadth-first search from the starting node. We create auxiliary variables p[i]—y



48 M. J. Mcllree et al.

defined through reification to be true if and only if the bit sum P; is equal to
k, and we aim to derive sets of PB constraints enforcing AtlLeastl and AtMost1
requirements over all of the possible 7 values for each k € {0, ..., |REACH(0)|}.
As an example, suppose the domain graph under a sequence of guesses G is
as represented in Fig. 1c. Clearly REACH(0) = {0,1,5}, which has fewer that
6 elements, so we should be able to run ReachTooSmall(0). In this particular
case the procedure would derive constraints (8) to (11) which show that for
each k € {0,1,2,3} at least one of the vertices 0, 1, 5 must have position value
k. It would then derive corresponding constraints (12) to (14) which express
the fact that each vertex can have at most one position value. Note that these
are all reified on the sequence of solver guesses, but the A G = is omitted for
compactness.

AtlLeastl constraints: AtMost1 constraints:
P00 >1 (8)  —plolo —pl0]—2 —pl0]s >—1  (12)
pll]=1 +p[5l=1 21 (9) —p[1]=1 —p[l]=2 —p[1]=s >—1  (13)
p[0)=2 + p[1]=2 + p[5]=2 >1 (10) —p[b]=1 — p[b]=2 —p[5]=3 >—1  (14)
p[0]=s +p[1]=s +p[5]-5 >1 (11)

Using the addition rule the procedure can then derive the sum of all these
constraints, and by construction everything on the left-hand side will cancel out,
leaving G = 0 > 1, as required. This process similar to how Hall violators for
AllDifferent are derived by Elffers et al. [10].

It remains to show how the AtLeastl and AtMost1 constraints can be derived
using VeriPB proof rules. The first AtLeastl (8) can be introduced by RUP, since
p[0]=o propagates directly from the encoding. Then, each subsequent constraint
can be derived from the previous constraint by first deriving some intermediate
reified constraints by RUP, adding them together, and applying the saturation
rule [3], which reduces any unnecessarily large coefficients. For example to derive
(10) from (9) we would use the following proof steps:

x[1]=o + x[1]=5 >1 (RUP) (15)
[l + [l +p[0]—2 21 (RUP) (16)
Pl + [l +p[5l—2 21 (RUP) (17)
p[1]_; + p[0)=2 + p[5]—2 >1 ((15) + (16) + (17), sat.) (18)
pl5]_; + p[0]=2 + p[1]=2 >1 (similarly) (19)
pl0]=2 + p[l]=2 + p[2]—2 =1 (9) + (18) + (19), sat.) (20)

To derive each of the AtMostl constraints, we first introduce constraints
pli]=r + p[i]=; > 1 by RUP for each distinct pair of values (I, k) values possible
for P;. We then add these together but divide by j after adding the j;, constraint

to recover the required constraint.
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4.2 Proving a Set Reachable from an Arbitrary Vertex is Too Small

The above example establishes the general structure of the ReachTooSmall pro-
cedure: we collect AtLeastl constraints over auxiliary position variables until we
have more values than variables, and then add recovered AtMostl constraints
to these to obtain contradiction. However, the specifics of deriving the AtLeastl
constraints depended on us starting from the 0 vertex, as this is required in
the encoding to be 0. There is nothing particularly special about the 0 vertex,
but without requiring some position label P; = 0 there would be n isomorphic
solutions to the PB model for each arbitrary choice of starting vertex in a corre-
sponding solution to the CP model. For our justifications from Sect. 4 to work,
we need to be able to run ReachTooSmall(v) from an arbitrary vertex, and so
we need a way to start the breadth-first search for possible positions without
necessarily knowing with the position of the first node might be.

The idea is to dynamically introduce a new set of position labels {g[r,i] : 1 <
1 < n} for a given starting vertex r, that are tied to the value of the P; variables
but represent what would be obtained if the value of each P; was shifted back
modulo n so that P, = 0. Specifically we should have ¢[r,i] = P; — P, mod n.
This preserves the useful property that if X; = j then g¢[r, j] = ¢[r,i] + 1 mod n,
as is true for the p variables. By construction we must have g[r,r] = 0, and so
we should be able to collect sets of possible g[r, ] variables for each subsequent
value and use this to construct our ReachTooSmall argument as before.

As with the other auxiliary variables, flags for these ¢ variables can be intro-
duced in the proof as needed using VeriPB’s redundance-based strengthening
rule. We do require some additional d[r,i] flags to encode the definitions in
pseudo-Boolean form, to correct for when the difference P; — P, is less than 0.
Specifically, whenever we require a variable g[r,i]—; we introduce the following.

dlr,i] = P —P >1 (21)
dlr,i] = P - P >1 (22)
qlryilsk, = P, — P, +ndr,i] >k (23)
qlryil>k <= qlr;il>k ‘*‘mzkﬂ >2 (24)

These can each be introduced by redundance, and only need to be defined once
for each combination of r, i, and k. One technicality is that for the constraint
(22) we do require a subproof that establishes P; # P, in order to apply redun-
dance, but this is straightforward since we can pay a one-time cost to recover an
AlIDifferent constraint (AtLeastl and AtMostl constraints) over the p variables
at the very start of the proof.

With these in place, we can outline the general procedure for constructing
a ReachTooSmall argument from an arbitrary vertex, which is shown in Algo-
rithm 2. All of the statements marked with derive can be derived from the
PB model and the previous statements either with a single RUP step, or by a
sequence of cutting planes steps followed by a RUP step. For lines 10, 12, and 23
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this is just adding up the defining constraints for the auxiliary variables involved
so that any p and d variables cancel out—we omit the details for brevity.

Algorithm 2 Procedure for constructing the proof, ReachToSmall(r), showing
that a sequence of guesses A G imply contradiction.

1: derive g[r,r]—0 >0

2: reached «+ {r}; lastReached «+ {r}; valuesSeen(r] < {0}; k<1
3: while k < |reached|

4: newReached « ()

5: for i € lastReached

6: for j € domain(x[¢])

7 newReached <— newReached U {j}

8: valuesSeen[j] - valuesSeen[j] U {k}

9: if j#r

10: derive q[r,i|—x—1 A z[i]l=; = q[r,jl=x > 1

11: else

12: derive q[r,i|—x—1 A z[i]-; = 0>1

13: derive AG = > i jomainapi)) lil=i = 1

14:

15: derive A G Aq[r,i|=p—1 = Zjedomam(x[i]) q[r,jl=x > 1
16:

17: derive /\g = ZjGnewReached q[TVj]:k 2 1

18: lastReached <— newReached; reached < reached U newReached
19: k+—k+1

20: for j+0Oton
21: if valuesSeen[i] # 0

22: for (I,k) € valuesSeen[j] X valuesSeen[j] where | < k
23: derive q[r, j]_, +q[r,j]_, > 1

24:

25: derive ZkevaluesSeen[j] *q[T, ]]:k 2 -1

26: derive NG =— 02>1

4.3 Proving Reach is Too Small with Assumptions

The procedure outlined in Algorithm 2 requires minimal modification to work
with assignment assumptions. Assuming X; = j or X; # j means including a PB
variable encoding the assumption as an additional guess in A G, and skipping any
domain values excluded by this assumption (either trivially or by AllDifferent)
when iterating through the domains on line 5. This will allow the procedure to

derive AG Azlil—; = 0>1or AGAz[i]_, = 0> 1, as required.
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More care is required to encode and use ordering assumptions as discussed
in Sect. 4. If we want to force the ReachTooSmall(r) to assume that r < a < b,
that is, a vertex a must be visited before b when following a path from r, we
first have to encode this assumption and reify it with its own flag. We can use
auxiliary variables d[¢, j], defined as in (21) and (22) to do this:

Ur<a<b <= d[r,a] + d[a,b] +d[b,r] > 2 (25)

We can then include a, <, as an additional “guess” and use it to exclude
q[r,b]=x from any AtlLeastl constraint where, for k' < k, q[r, a]—= was not part
of a previous Atleastl. This is achieved by deriving ¢[r,a]>1 after, line 1, and
subsequently ¢[r, a] >\ after line 15, and using these to derive a, <4< AQ[T, i]=k+1A
z[i]l=p = 0 > 1 instead of line 10 whenever j = b. Once again these each
amount to steps adding up definition constraints, followed by a RUP step, and
we omit the details for brevity.

We note that the encoding of ordering assumptions (25) allows the justifica-
tion of the prune skip inference with two conditional ReachTooSmall arguments,
as discussed in Sect.4. When ReachTooSmall arrives at a contradiction under
an ordering assumption, the negation is established, and we can add up defini-
tions for e.g. @j«r~wy, Ar<i<wvg, L[t)=; to cancel out p and d variables and arrive
at a final contradiction for this inference.

5 Implementation and Evaluation

We have implemented proof logging versions of the check, prevent and SCC
propagators (with all inference rules discussed in Sect.5) using the techniques
described in this paper as part of the auditable Glasgow Constraint Solver
project [24], and we included in our implementation all the inference methods
available in the Circuit propagators of Gecode [14]. We tested our implemen-
tation! by solving randomly generated travelling salesperson problems (TSPs),
with graphs ranging in size from 3 to 40 vertices. The potential of proof logging
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Fig. 3. Scatter plot of results of solving randomly generated TSP instances.

! https://zenodo.org/records/10848992.
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as a powerful debugging and development tool was immediately apparent from
this, as initial proof failures immediately indicated bugs in our implementation
such as prevent trying to disallow full circuits in certain situations, or SCC try-
ing to apply an incorrect inference based on the structure of the graph. This
aligns with the results of previous research projects, where the implementation
of proof logging uncovered hard-to-find bugs in well-tested combinatorial solvers
[1,5,20]. Once the bugs were addressed, all proofs were verified as correct using
VeriPB. The performance data from our evaluation is shown in Fig. 3.

There is clearly a cost in terms of overhead from enabling proof logging,
although the exact slowdown is very dependent on hardware since we are writ-
ing to disk and using a non-optimised text-based proof format. What is clear
is that the overhead is not unreasonable, with time to produce the proofs scal-
ing roughly in proportion the time taken to solve without proof logging. This is
what we would expect: our proof procedures for check and prevent output exactly
one sequence of cutting planes steps for each subcycle prevented or disallowed,
and so clearly are not doing significantly more work than the propagators them-
selves. Similarly, the ReachTooSmall procedure is called once for every inference
(except the “prune skip” inference where it is called twice) and can at worst gen-
erate a number of proof steps proportional to n - £ where E is the number of
edges currently encoded by the domains of variables. Since Tarjan’s algorithm
itself runs in O(n + E), we are satisfied that we are roughly within a linear
factor of the amount of work done by the propagator and that our proof logging
procedure is practical and free from any exponential blow up.

Additionally, we tested the TSP instance from the MiniCP benchmark suite
of Michel et al. [26]. This was created for testing CP solver speed, and took
the Glasgow Constraint Solver 44.9407s to solve without proof logging (using
full Circuit and AllDifferent propagation, not the simple propagation used by
MiniCP). With proof logging, it took 3603.84s (~1 h) to solve, and VeriPB
needed 585893.41s (~ 1 week) to verify the produced proof. This, together with
previously implemented constraints [16], brings the Glasgow Constraint Solver in
line with MiniCP in terms of propagators implemented and instance modelling
capabilities.

6 Conclusion

We have exhibited the first certifying Circuit propagator using VeriPB proof log-
ging, showing that ad-hoc inference rules with complicated notions of consistency
can be included in an auditable constraint solver. In particular, we found that
a range of standard inference types could make use of similar proof procedures,
taking advantage of concepts such as connectedness and vertex ordering despite
the proof system having no native representantions of these notions, or even
of a graph. We expect that the core concepts exemplified here: such as count-
ing reachable vertices under implications; creating shifted auxiliary labels; and
running proof procedures under ordering assumptions will be useful for other
constraints, and for proof logging combinatorial solving more generally.
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Abstract. Strong Branching (SB) is a cornerstone of all modern branch-
ing rules used in the Branch-and-Bound (BnB) algorithm, which is at the
center of Mixed-Integer Programming solvers. In its full form, SB eval-
uates all variables to branch on and then selects the one producing the
best relaxation, leading to small trees, but high runtimes. State-of-the-
art branching rules therefore use SB with working limits to achieve both
small enough trees and short run times. So far, these working limits
have been established empirically. In this paper, we introduce a theoreti-
cal approach to guide how much SB to use at each node within the BnB.
We first define an abstract stochastic tree model of the BnB algorithm
where the geometric mean dual gains of all variables follow a given prob-
ability distribution. This model allows us to relate expected dual gains
to tree sizes and explicitly compare the cost of sampling an additional
SB candidate with the reward in expected tree size reduction. We then
leverage the insight from the abstract model to design a new stopping
criterion for SB, which fits a distribution to the dual gains and, at each
node, dynamically continues or interrupts SB. This algorithm, which we
refer to as Probabilistic Lookahead Strong Branching, improves both the
tree size and runtime over MIPLIB instances, providing evidence that the
method not only changes the amount of SB, but allocates it better.

Keywords: Mixed-Integer Programming - Branch-and-Bound - Strong
Branching - Abstract Branching Tree - Stochastic Model

1 Introduction

Mixed-integer programming (MIP) is a powerful framework to model and solve
optimization problems that include combinatorial structures. It consists in
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minimizing a linear objective function over a polyhedron described by linear
(in)equality constraints, where a subset of the decision variables must take integer
values.

Despite the NP-hardness of general MIP solving, intensive research on the
development of efficient algorithms grounded in polyhedral theory [11,18] and
carefully designed combinations of these algorithms made generic solvers capa-
ble of optimizing to proven optimality problems that were previously considered
out of reach.

The core of most MIP solvers is the Branch-and-Bound algorithm (BnB) [1].
It recursively partitions the solution space of the MIP into subproblems and com-
putes their continuous Linear Programming (LP) relaxations. If the LP solution
to a subproblem is integral, i.e., it is a solution to the MIP, then the best MIP
solution is updated. If the optimal value of the LP relaxation of a subproblem is
not better than the current best integer solution known for the MIP, this sub-
problem can be pruned. Otherwise, the subproblem is further divided. We refer
interested readers to Conforti et al. [11] for a recent overview on MIP and to
Achterberg [1] for the algorithmic aspects of MIP solving.

Modern solvers obtained outstanding progress in speed and scale over the
last decades from improvements in presolving, cutting planes, primal heuristics,
and the algorithmic choices present at multiple phases of the solving process.
One crucial component is branching, or variable selection, which consists, given
a relaxation solution X, in finding a variable x; that violates its integrality con-
straint to partition the space with two subproblems with constraints z; < |,
and xz; > [%;] respectively. The set of integer variables that have a fractional
value in the relaxation solution %X of a node are referred to as (branching) candi-
dates. Although branching on any fractional candidate ensures that BnB attains
the MIP optimum, the choice of the candidate has a significant impact on how
implicit the enumeration is, i.e. how fast the search is. Indeed, [1] reports that
branching on an arbitrary candidate leads to trees 5.43 times larger on average
than the best branching rule at the time, which leads to a slowdown factor of
2.26 compared to the state-of-the-art at that time.

One branching technique is strong branching (SB), originally proposed in [5].
SB assesses each branching candidate by solving the two LPs resulting from the
partition mentioned above. The differences in optimal value of the two LPs com-
pared to the current node are referred to as downgain, upgain when adding the
bound constraint forcing the variable “down” or “up” with respect to its contin-
uous relaxation value, respectively. These gains in relaxation value or dual gains
are a key metric to evaluate the progress of the tree towards a proof of optimality.

Despite looking “only” one level of depth down the tree, SB is a robust predic-
tor for candidates that lead to small tree sizes, relative to other tractable branch-
ing rules. SB can in particular, for some classes of instances, offer theoretical guar-
antees compared to the optimal tree size [12]. In addition to its predictive power
for variable selection, strong branching offers additional benefits in modern MIP
solvers, including node pruning, primal solutions, and domain propagation.

The current default branching algorithm in SCIP is an extension of reliabil-
ity [3] and hybrid branching [2]. It uses in particular strong branching calls for
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variables that are considered unreliable (i.e., which have not been branched on
a certain number of times) and then relies on a weighted score dominated by
pseudocosts for reliable variables. Even when all candidates are still unreliable
— e.g., at the root node — evaluating all of them would be prohibitively expen-
sive, solving twice as many LPs as there are candidates. If the branching rule
calls strong branching to evaluate candidates, a lookahead strategy is used: if a
certain number of successive variables are evaluated without any improvement
over the best candidate, the procedure stops and returns the current best. This
maximum lookahead value is essentially proportional to a fixed parameter L.
Conceptually, this problem can be viewed as a generalized secretary problem
with interview cost [6,15] or a variant of Pandora’s box problem [9,24], in which
indistinct candidates with hidden rewards have to be evaluated sequentially to
maximize a net difference between the selected candidate’s reward and the total
interview costs. We will refer to the number of unsuccessful successive candidates
as the lookahead value throughout this paper and will propose a novel stopping
criterion equipped with a dynamic lookahead replacing the static L value.

A probabilistic model of variable dual gains was proposed in Hendel [17] in
order to determine whether a given variable is unreliable and to choose which
one to select for branching. More precisely, the dual gains of any variable are
modeled as random variables following a normal distribution (i.i.d. across all
nodes), and a parametric statistical test is used to determine a probability that
a variable can yield a greater gain than the incumbent. This per-variable dis-
tribution can only provide guidance deep in the tree when a variable has been
branched on several times to offer statistically significant inference. In contrast,
our probabilistic model represents the dual gains of all variables at the current
node as drawn from a distribution, making our approach applicable even when
some variables have not been sampled yet, and therefore from the very first
nodes of the tree. Furthermore, our model can be adapted to any distribution
for which the cumulative function can be evaluated, alleviating the need for
restricting assumptions such as normality.

Contributions. We define an abstract model of the Branch-and-Bound algo-
rithm, based on the Multi-Variable Branching (MVB) model of Le Bodic and
Nembhauser [19], incorporating unknown variable gains akin to Pandora’s box
problem and a particular form of tree restart. We coin the new model as Pan-
dora’s MVB, or PVB. We determine additional assumptions under which strong
branching should continue or stop and branch on the best candidate found so far,
defining a stopping criterion for our Probabilistic Lookahead Strong Branching
(PL-SB) algorithm.

We study the dual gain distributions at nodes of the SCIP BnB algorithm
where SB is performed on MIPLIB instances and construct a mixed distribution
which captures these observed samples well. Beyond our work, we anticipate that
this finding will help future research MIP research. We perform simulation runs
on dual gains of MIP instances, comparing the total number of nodes obtained
with SCIP current maximum lookahead criterion and PL-SB. These first simula-
tions show that PL-SB is capable of reducing the expected tree size in Pandora’s
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MVB, even when the distribution is not perfectly known but fitted to the dual
gains observed so far.

Finally, we design a practical strong branching algorithm incorporating work-
ing limits within PL-SB, and implement it within the SCIP default reliability
branching rule. We conduct extensive experiments to assess its reliable perfor-
mance on established MIP benchmarks, yielding a reduction in both time and
number of nodes, two results that could not be achieved by simply changing
some parameters of the current SB strategy.

2 Parameter Tuning on Strong Branching Yields No
Improvements

The reliability pseudocost branching technique used in SCIP has been engi-
neered to perform well across an array of instances of various sizes, difficulties,
and structures, designed with careful tradeoffs between predictive power and
However, with the tremendous progress achieved in MIP solving in the last
decades [18] and the successive algorithmic changes, one could assume that the
default parameters of the branching algorithm do not achieve optimal perfor-
mance anymore and that simply tuning the available parameters already achieves
significant performance improvements.

In the default configuration of SCIP, strong branching is restricted by a
maximum lookahead L™#* defined as:

[ax (1 + Cuninit/call) . L
where c'init /call ig the fraction of uninitialized branching candidates and L is
the lookahead parameter which by default is fixed to 9. Moreover, the solver
restricts the number of strong branching simplex iterations to:

,ymax _ ,ynode + K,
where 77°9¢ is the total number of regular node LP simplex iterations and K is
the number of additional iterations in SB, which by default is fixed to 10°.

The choice of values for L and K is based on rigorous empirical studies
on diverse instance sets, and as we show in Tablel it is not straightforward
to find alternative values that improve the overall performance of the solver.
Table 1 shows the results of preliminary experiments on the MIPLIB 2017 bench-
mark [16] with three different random seeds for different values for L and K. To
compare the running time and number of nodes of different settings we use the
shifted geometric mean. The first row is SCIP with default parameter values and
is compared with each of the three shown settings. We report on the quotient of
running time for “affected” instances, i.e., instances on which the changed param-
eters affect the solver default behavior, and the quotient of running time and
number of nodes for “affected-solved” instances, i.e., affected instances solved
by both default SCIP and the setting that we compare it with.
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Decreasing the default lookahead parameter L from 9 to 7 leads to worse
performance on all affected instances and on affected instances solved by both
settings. This behavior can be explained by the fact that worse branching deci-
sions are made because of the smaller maximum lookahead value. Similarly,
increasing the lookahead parameter L to 11 leads to worse overall performance,
an effect that is not as obvious, since intuitively, better branching decisions are
made. However, SCIP limits the budget of simplex iterations allowed in strong
branching. Therefore, it can occur that calling strong branching more frequently
at the start of the solving process, e.g., by increasing the parameter L, may
restrict the calls of strong branching later in the search. To assess the effect of
the two parameters, we conduct a final experiment. Here, we increase the bud-
get of LP simplex iterations by setting K = 1.2-105. However, overall, the final
setting also leads to performance deterioration compared to the default settings.

Table 1. Evaluating SCIP performance for different values of the strong branching
parameters L and K.

Setting affected affected-solved

# | time(%) | time(%) | nodes(%)
L =9,K =10° (default) |- | 100.0 100.0 100.0
L=7K=10° 278104.3 1044 | 104.8
L=11,K =10° 269 | 102.1 104.0 105.0
L=11,K =1.2-10° 2711102.4 105.2 106.5

Finally, we mention that we also experimented with other parameters which
also did not lead to conclusive trends or performance improvements. Even though
on average all settings from Table 1 are worse than the default setting, the virtual
best uses 16% fewer nodes. This indicates that a dynamic decision of whether
or not the solver should continue applying SB until the maximum lookahead
parameter is reached could potentially improve the overall performance of the
solver. This virtual best is obtained by applying a single rule throughout the
tree, that potential gain could even become higher by applying a rule at each
node where a SB decision is made.

3 Pandora’s MVB: A Stochastic Abstract Model
for Branch-and-Bound

The preliminary experiment of Sect.2 leads to the conclusion that the param-
eters controlling strong branching in SCIP are already tuned, but the virtual
best configuration shows that adjusting the parameters on a per-instance basis
could yield significant improvements. This implies that a new algorithm that
more adaptively drives strong branching in SCIP is necessary to better allocate
computational resources.
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Given the complexity of MIP solvers and the myriad of “adaptive” tech-
niques that could be tapped into, there are virtually infinitely many algorithms
that could be designed for this purpose. Undoubtedly, many would work, in the
sense that they would improve performance on reference benchmarks, but at the
cost of increased complexity and degrees of freedom in the solver configuration
space, without an understanding of why the method works. We instead focus on
building a theoretical model for the BnB process that is well-adapted to repre-
sent strong branching and use it as a theoretical foundation for an algorithm so
that the improvements it incurs are well understood and can be transferred and
generalized to other solvers, methods, and problem types.

Therefore, we start by constructing an abstract BnB model extending the
approach of Le Bodic and Nemhauser [19], which has proven to capture impor-
tant aspects of BnB well enough to improve performance in SCIP. However, all
the models proposed in Le Bodic and Nemhauser [19] suppose that the dual
gains are fixed throughout the tree and known in advance, which renders an
algorithm like SB completely superfluous in this setting.

For this reason, we design in this section an extended abstract model in
which the dual gains are fixed, but not known until the corresponding variable
is branched on. This is not true in general. However, MIP solvers internally
estimated the dual gains of variables by a pair of values, the pseudocosts. This
assumption is useful to analyze the resulting abstract models. Based on this
model, we design in Sect.4 a stopping criterion for SB based on the likelihood
that additional strong branching iterations provide a better branching candidate,
as measured by the tree size.

3.1 Background on BnB Abstract Modeling

The original paper on abstract tree models for BnB [19] sets a foundation for
studying the properties of BnB algorithms. The approach focuses on proving
a given bound (i.e. closing a given dual gap) by branching on variables with
fixed and known dual gains. It provides a theoretical framework to better under-
stand BnB and has proven useful for improving solver performance, providing
a new rule for variable selection in branching, now a component of SCIP’s BnB
implementation since in SCIP 7 [13].

In the abstract models of [19], a variable z; is represented by a pair of values
({;,7;). The value l; (resp. rj) models the left (resp. right) dual gain of z;, i.e.
the change in objective value in the LP relaxation, of the left (resp. right) child
when z; is branched on. This means that, when x; is branched on at node 4,
the bound on the left child of ¢ is improved by [;, and the bound on the right
child of ¢ is improved by r;. The gains (I;,7;) assigned to x; remain constant
throughout the tree in the abstract model, regardless of the node depth or the
dual bound value at that node. Given a dual gap G, a tree closes the gap G (i.e.,
proves the bound G) if each leaf has a value of at least G.
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Definition 1 (Tree dual gap). The dual gap G; closed at node i is given by:

0 ifiis the root node,
Gi =< Gr+1; ifiis the left child of nodeh,
Gy +r;  ifiis the right child of nodeh,

where node h is the parent of i, if there is one, Gy, is the gap at h, and (l;,7;)
is the pair of gains of the variable branched on at h.

One of the problems defined using this abstract model is the Multiple Variable
Branching (MVB) problem. The MVB model is a simplified version of the branch
and bound tree, where n variables are given in input, and where one variable x;
with gains ({;,7;) must be branched on at each node to build a tree that closes a
gap G. In MVB, one variable can be branched on multiple times on a path from
the root to a leaf. However, because of the simplicity of MVB, some aspects of
a modern implementation of a BnB, such as SB, cannot be modeled. Indeed,
in a BnB in which the dual gains of the variables would be fixed and known in
advance as they are in MVB, information discovery from candidate sampling as
performed by SB would not be relevant. Therefore, in Sect. 3.2, we introduce an
abstract model in which the dual gains of the variables are unknown.

3.2 An Abstract BnB Model with Stochastic Variable Gains

We extend MVB to incorporate variable gains that are not known in advance.
They are still fixed throughout the tree, so the gains of a variable are fully
revealed once the variable is branched on, including if the variable is evaluated
by strong branching, even if it is not selected as a branching candidate.

We will represent SB in an abstract BnB model using restarts, a common
technique from constraint and mixed-integer programming. We define a restart
as the removal of all nodes from the tree, with two important properties: (a) the
nodes evaluated before a restart are still accounted for in the total cost of the
tree, and (b) the observed dual gains remain valid after a restart.

Performing SB therefore consists in branching on one variable, recording its
dual gain, restarting the tree, and iterating. We can now define the PVB problem
on our abstract BnB model:

Definition 2 (Pandora’s Multi-Variable Branching Problem). Given
n € Z, variables with random dual gains in Ri that follow their own distri-
bution, a target gap G € Ry, and k € Z4, can a BnB tree that closes the gap
G be built using at most k nodes, using each variable as many times as needed,
where the random dual gains of a variable are revealed when it is first branched
on, and where restarts are allowed?

Note that one can effectively simulate SB in PVB by restarting after branch-
ing on one variable, and finally build the final tree without restarting.

Note that PVB does not make any assumption on whether and how the dual
gains of the variables are distributed and related. In Sect.4.2, we will assume
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that the dual gains are i.i.d. and follow a distribution that has a defined cumu-
lative distribution function. Section 5 shows that this assumption is realistic by
assessing several distribution families.

4 Probabilistic Lookahead: A Stopping Criterion
for Strong Branching on Pandora’s MVB

Section 2 shows the potential of more selectively using SB in MIP solvers. In this
section, we design a SB strategy for PVB, and we compare it to SCIP’s default
rule on PVB instances. Simulation experiments on instances of the new abstract
model show that the new criterion is substantially better in total LP evaluations
than the fixed maximum lookahead stopping criterion used in SCIP.

4.1 Necessary Assumptions

The smallest tree that closes a gap G by repeatedly branching on a single vari-
able is referred to as SVB tree, in line with [19]. In order to establish a stopping
criterion that is grounded in theory, we first make a number of explicit assump-
tions:

A0 The minimum size MVB tree is the SVB tree of the best variable.

A1 The size of an SVB tree that closes G by only branching on variable with
gains (g, g,) is equal to the size of the tree that only branches on a variable
with gains (I;,r;), where g; = /I;7; is the geometric mean of dual gains of
variable x;.

A2 The geometric mean of the dual gain of all variables follows the same dis-
tribution.

Assumption A0 does not hold in general, and simple counterexamples can be
constructed [4,19], but a key result from [19, Theorem 7] is that, for large gaps,
the size of an optimal MVB tree grows at the same rate as the size of the best
SVB tree. Therefore, in this paper, we use the SVB tree size as a measure of the
quality of a variable. Assumption Al is perhaps the furthest away from actual
BnB trees, based on early experiments. However, the numerical improvements
shown in Sect.4.3 and 7 show that this approximation is close enough to be
representative of the quality of the variables. We show that Assumption A2 is
close to what can be observed on dual gains of real instances separately in Sect. 5,
as these results are interesting in and of themselves.

We focus on the geometric mean of a variable because its square, the product,
is a state-of-the-art scoring function for variables [1]. Hence, it has been shown
that it is a good practical heuristic for ranking branching candidates. We now
use the assumptions above to design a stopping criterion for SB.
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4.2 Probabilistic Lookahead: A Stopping Criterion for Strong
Branching on Pandora’s MVB

We now use Pandora’s MVB to design a new stopping criterion for SB, which
we call Probabilistic Lookahead. At each SB iteration 7, the tree is restarted, and
an arbitrary variable x; is branched on, which reveals its dual gains (I;,7;). We
denote S; the set of variables that have known dual gains at iteration . The
stopping criterion then decides whether to further iterate and expand S;;; or
stop and use a variable in S;. Using Assumption Al, we estimate the SVB tree
size as 24+ — 1, where d; = fg%], which is the exact SVB tree size of variable

(9, 95)- Therefore, according to this estimate, the best variables found so far are
those that minimize dj = min, s, d; or equivalently maximize the mean dual
gain.

In the following statement and throughout, we use the term “size” when
referring to the nodes of a tree, and we write “nodes used” to refer to all nodes
created so far, including those that have been discarded by a restart.

Proposition 1. If we stop SB at the end of iteration ¢ > 0 with a depth d}, the
minimum number of nodes used to construct the MVB tree is:

t(G) =25 — 1424,

Proof. First, according to Assumption Al, the total size of the best MVB tree
is the size of the best SVB variable, therefore we can suppose without loss of
optimality that the same variable is branched on throughout the tree. Second,
we can assume that the variable branched on is in S;, as otherwise fewer nodes
are required by stopping SB at ¢ = 0, i.e., branching on a variable on which we
have no information. Therefore, the minimum-size tree is a perfect binary tree,
where all leaves have depth d, and whose size is thus 24i+1 _ 1. Accounting for
the i SB iterations, the total number of nodes used is 24 1 — 1+ 2-i. O

In order to decide whether to stop, we need to estimate the size of the tree
if we continue iterating SB. Following Assumption A2, we suppose that we can
compute the probability that the next variable will decrease the depth required,
ie. that dj ; < dj. For d = {1,...,d;}, we denote pg the probability that
d?+1 -

Theorem 1. The expected number of nodes used if we stop SB at the end of
iteration 1 + 1 4s:

d;
Eltip1 (@) =D (™" = 1) -pa) +2- (i + 1) (1)

d=1
Proof. At iteration i + 1, the m1n1mum depth of the tree is d = 1, and the
maximum depth is d;. Hence Z d—1Pd = 1. Therefore, the expected value of

the size of the final tree, if SB stops at iteration ¢ + 1, is Zd:1(2d+1 -1)-p
Additionally counting the i + 1 strong branching calls, each of them producing
two nodes, we obtain (1). |
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The Probabilistic Lookahead stopping criterion then consists in comparing
t;(G) and E[t;1+1(G)] at the end of every iteration ¢, to decide whether to continue
SB or to stop it and branch on the best candidate found so far.

4.3 Evaluating the Probabilistic Lookahead on Pandora’s MVB

In this section, we investigate the effectiveness of the Probabilistic Lookahead
SB stopping criterion on instances of Pandora’s MVB. In order to create realistic
instances, we extract dual gains observed during the solution of MIP instances.
Specifically, we use the full SB rule of SCIP, with all other parameters at default
values, i.e. we perform SB on all branching candidates, and exit after the root
node. Together with a gap G, all dual gains collected for one MIP instance make
a PVB instance.

The experiment compares different stopping criteria when applied to Pan-
dora’s MVB in terms of total number of nodes. The baseline is the state-of-the-
art lookahead strategy (see Sect.2), which is the default in SCIP and which we
refer to as “Fixed Lookahead”. We compare this to the Probabilistic Lookahead
SB, with different dynamically-fitted distributions: mixed exponential and mixed
Pareto, as they are the best two found in Sect.5, and the exponential to assess
the impact of representing the mass point at 0.

Because we observed that the performance of these stopping criteria is similar
relative to the others on all instances, here we only present results on the Trentol
MIPLIB instance. For each gap value G, we conduct 1000 experiments. The
average overall number of nodes and number of nodes used for SB are presented
in Table 2.

The outcome demonstrates that the abstract model performs significantly
better than the SCIP strategy in terms of number of nodes required to close the
gap, across all examined cases.

Table 2. Comparison of the number of nodes with different stopping criteria for Pan-
dora’s MVB problem based on dual gains from the Trentol instance. The number of
nodes produced by SB is given in parentheses.

Gap | Fixed lookahead | Fitted distribution Full SB
Exp. Mixed Exp.  Mixed Pareto

1000 | 112 (64) 91 (42) | 90 (44) 90 (44) 1009 (966)
2000 | 161 (64) 137 (42) 136 (44) | 145 (52) 1051 (966)
3000 | 210 (66) 189 (44) | 185 (46) 194 (62) 1093 (966)
4000 | 338 (66) 235 (44) | 236 (46) 259 (68) 1133 (966)
5000 | 1267 (64) 306 (48) | 302 (50) 348 (96) 1175 (966)
6000 | 1810 (64) 370 (52) | 365 (52) 387 (110) 1217 (966)
6500 | 26258 (64) 462 (56) | 415 (54) 409 (116) 1237 (966)
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5 The Geometric Mean of Dual Gains Follows a Mixed
Distribution

Before presenting the algorithm we design for strong branching, we assess the
accuracy of Assumption A2, namely, that there is a probability distribution that
captures well the geometric mean of dual gains. In practice, the dual bound
changes when branching on a given variable depend heavily on the particular
structure of the problem. Fixing decision variables that impact the rest of the
problem structure — e.g., design variables in a network design problem — will
result in structural changes that are likely to change the relaxation bound a lot
more than variables that have a more “local” influence on — e.g., routing vari-
ables in the same network design example. We compare the distribution of mean
dual gains for the MIPLIB 2017 benchmark instances at the root node with
different distributions fitted with their maximum likelihood estimators. Three
requirements for the distribution we fit are having a zero probability on negative
gains, allowing for a mass point at zero, and having a support that is a proper
superset of the interval [0, gmax], Since we want to estimate the probability of a
new sample having a value greater than the current maximum mean dual gain
Jmax, which would be zero if the support is equal to the interval, e.g., with the
uniform or empirical cumulative distributions. The reason for the mass point at
zero is the dual gain often being zero for many variables, i.e., the LP optimum
after branching remains on the original optimal face. To accommodate this char-
acteristic, we model dual gains with a mixed continuous-discrete distribution:

P[G < g] =po+ (1 —po)Fp(g;0),

with po the probability of a zero dual gain and Fp(- ;0) the cumulative dis-
tribution function of a continuous probability distribution D with parameters
0. We tested several continuous distribution candidates including the uniform,
log-normal, exponential, Pareto, and normal distributions. Note that the nor-
mal distribution was used mostly as a “control”, since its nonempty support on
negative numbers makes it a poor modeling choice. We fit the aforementioned dis-
tributions only on nonzero gains and evaluate their fitness with the Kolmogorov-
Smirnov non-parametric test implemented in Distributions.jl [7]. This test
evaluates the maximum distance between the empirical cumulative distribution
function of the data and the cumulative function of the tested distribution (with
parameters estimated from the data). The results hint that the exponential and
Pareto distributions appear as good candidates, based on a proportion of dual
gains series on which the null hypothesis fails to be rejected (20% of the dual
gains series for Pareto, 33% for exponential, when evaluating series with at least
10 dual gains, and rejecting the null hypothesis for a p value of 5%), although
we notice a difference between the fitness of the distribution and its performance
on Pandora’s MVB and within the actual solving process of a solver in the next
section. Future work will investigate this relationship and gap between the pre-
dictive capabilities of a distribution and its performance when used within the
probabilistic lookahead algorithm.
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6 Probabilistic Lookahead Within SCIP’s Strong
Branching

Based on the abstract model for strong branching and a probability distribution
fitted on observed dual gains, we can compute a probability that sampling a new
strong branching candidate attains a higher mean dual gain than the current one,
and correspondingly, reduces the total number of LPs to evaluate. Equipped with
this estimation, we can dynamically decide whether to sample a new candidate
or stop strong branching, and then branch on the candidate offering the highest
predicted score, either with the dual gain sampled by strong branching or with
the pseudocosts for the other reliable candidates. We summarize our method in
Algorithm 1. One central difference of the algorithm integrated within reliability
pseudocost branching compared to the abstract model presented in Sect. 3.2 is
that it uses a weighed sum as a score function, aggregating not only the dual
gains (or pseudocosts for reliable candidates), but also a range of other criteria
used for branching, such as inference score and conflict analysis [2], the fraction
of the times a variable led to node cutoff, the score of cuts corresponding to
the variable [21], or dual degeneracy [14]. The weights of these scores however
remain orders of magnitude lower than pseudocosts or dual gains, effectively
making them act as tie-breakers, we thus consider that our model — although
ignoring these additional aspects — captures the essential information. The
small perturbation € is used to produce shifted geometric mean values g; that
can be compared, even when one of the down- or upgain is close to zero. We
note that when applying strong branching, there is a limit on the number of LP
iterations per candidate, mitigating pathological cases where branching yields a
high number of simplex iterations.

7 Computational Experiments

We implement our algorithm as a branching rule in SCIP 8 [8] generalizing
the hybrid branching algorithm [2]. The modified branching rule used for the
computational experiments is available and open-source! and will be integrated
in the next major release of SCIP.

In our computational experiments, in order to lessen the effects of perfor-
mance variability [20] and obtain accurate comparisons, we use a large test set
of diverse problem instances. In particular, our test set consists of the official
benchmark set MIPLIB 2017 [16], with random seeds 0 to 4, amounting to
1200 instance-seed pairs. For the remainder of this paper, we will refer to each
instance-seed pair as an instance.

All experiments are run in exclusive mode (one job per machine) on a clus-
ter equipped with Intel Xeon Gold 5122 CPUs running at 3.60GHz, where each
run is restricted to a 4-hour time limit and 48GB of memory. After preliminary

! The branching rule is integrated in github.com/matbesancon/scip on the
strongbranching dynamiclookahead_2 branch.


https://github.com/matbesancon/scip/tree/strongbranching_dynamiclookahead_2
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Algorithm 1: Probabilistic Lookahead Strong Branching

Input : Set of fractional candidates, ¢ = 0.6

Output: Updated pseudocosts, best k among unreliable candidates
[max (1 4 Cuninit/call) . L;

,ymax — ,ynodc + K,

for z; in at most C fractional unreliable candidates do

Apply SB on z; to compute the down- and upgain A™, AT;
Update the pseudocosts with the gains A™, A™T;

9= V(@A 4+ (AT +o) - ¢

Update the distribution with the new geometric mean gain g;;
55 < score(g;);

k «— argmaxyc,_ ; Sk;

if sx has not changed for L™ iterations then
‘ break;
end
if strong branching LP iterations exceed the limit v™** then
‘ break;
end
if s not changed for ¢ - L™ iterations and enough nonzero samples then
Test the expected tree size now and with one more SB iteration;
if no expected improvement then
‘ break;
end
end

end

experiments, we observed that the mixed Pareto distribution not only fits the
data as observed in Sect.5, but also works better than the exponential distri-
bution, which is the other one we assessed our method with. Our method can
only stop strong branching when enough non-zero samples are collected, and we
reached 60% of the maximum lookahead.

Table 3 compares default SCIP (“default”) to SCIP using our PL-SB strategy
(“dynamic”). Besides the number of instances solved to optimality, the main
measure we are interested in is the shifted geometric mean of running time and
number of BnB nodes. The shift for the running time is set to 1s and for the
nodes to 100. We compare the two settings on instances where the solver behavior
is affected by our dynamic strong branching method (“affected”), and also on
the whole test set (“all”). Moreover, we show results for the subcategories with
solved instances by both settings (“x-solved”), and also harder instances solved
in more than 1000s by at least one of the two settings (“+-solved-1000+"). In
the last two columns, we show for each category the relative difference of the
two settings as a percentage. We highlight relative differences exceeding 1% by
presenting them in bold in the table.

On the entire test set (“all”), we solve ten more instances with the dynamic
SB strategy and observe a substantial improvement in both runtime and number
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of nodes on instances affected by our method. On “affected”, there is a decrease
in both running time and nodes. In particular, for harder instances, we observe
a 8% decrease in running time and a 9% decrease in the number of nodes. On
the entire test set, we observe a slight improvement of 1-2% in terms of both
running time and number of nodes. This marginal impact is due to the limited
number of instances affected by the PL-SB strategy. Our method stops strong
branching earlier than the lookahead value in 20% of the calls.

Table 3. Performance comparison of SCIP (default) and SCIP using the PL-SB strat-
egy (dynamic)

Subset instances | default dynamic relative
solved | time | nodes |solved | time |nodes |time | nodes
affected 235 223 944.6 11019233 |907.1 |10423|0.96 | 0.94
affected-solved 221 221 795.0 9596 |221 771.7 [9105 | 0.97/0.95
affected-solved-1000+ | 110 110 4062.7 1 42394 | 110 3756.5 | 38712/ 0.92 | 0.91
all 1200 685 1591.9 16317 |695 | 1578.9 6225 |0.99 |0.98
all-solved 683 683 302.2 | 3254 683 299.0 13198 |0.99 |0.98
all-solved-1000+ 254 254 3225.4 30179 | 254 3117.2 129013 | 0.97 | 0.96

The results highlight that the working limits on SB (LP iterations and max-
imum lookahead) significantly impact both tree size and runtime. We therefore
perform an additional experiment with a 2-hour time limit, 20% more SB sim-
plex iterations (amounting to 120000 iterations) and a lookeahead of 11 instead
of 9; we then compare the static lookahead against our dynamic algorithm with
this new setting in Table4. The time limit was reduced compared to the first
experiment to mitigate the computational burden of the overall experiments.

In this setting, we solve four more instances with the PL-SB algorithm and
observe a substantial improvement in both runtime and number of nodes on
affected instances solved by both methods. In particular, we obtain 11% fewer

Table 4. Performance comparison of SCIP (default) and SCIP using the PL-SB strat-
egy (dynamic) after increasing the maximum lookahead L to 11 and the maximum
number of simplex LP iterations K in SB to 1.2 - 10°.

Subset instances | default dynamic relative
solved | time | nodes |solved |time |nodes |time | nodes
affected 188 179 577.4 | 5588 |183 |546.9 |5281 |0.95 0.94
affected-solved 174 174 479.8 4675 | 174 450.5 4368 |0.94|0.93
affected-solved-1000+ | 74 74 2644.3 | 19718 | 74 2452.1 /17619 1 0.93 | 0.89
all 1200 632 1168.3 | 4570 | 636 | 1164.3 4541 |1.00 |0.99
all-solved 627 627 225.4 |2605 |627 223.6 | 2566 |0.99 |0.98
all-solved-1000+ 201 201 2266.3 | 23660 | 201 2239.8 122993 | 0.99 | 0.97
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nodes on hard affected instances, and a 7% smaller runtime. Overall, we observe
a 5% improvement on affected instances. We however note that this changed set-
ting is not performing as well as the PL-SB algorithm with default SB parameters
presented in Table 3, when compared on the basis of the 2-hour time limit. The
key conclusion we draw is that the dynamic lookahead mechanism improves over
its static counterpart for different values of the SB parameters.

SCIP is also an exact global solver for Mixed-Integer Nonlinear Programs
(MINLP), which remain much more challenging than their linear counterparts.
A lot of algorithmic questions considered answered for MIPs still need further
investigation for MINLPs; see [8,23] for an overview of the formulation, methods,
and implementation involved. In particular, some techniques that are essential to
the performance of MIP solving may be insignificant or detrimental on MINLPs;
motivating us to assess the proposed Probabilistic Lookahead Strong Branching
on MINLPs.

We test our method against the default lookahead on the minlpdev-
solvable? subset of the MINLPLIB [10,22] which is the standard to assess
the performance of SCIP on MINLPs. We run the 169 instances with 5 seeds,
resulting in 845 instance-seed pairs. We exclude any instance-seed pair leading
to numerical errors on any of the settings, leaving 817 instance-seed pairs. The
time limit for this experiment is one hour since this captures the bulk of the
instances already (808 out of 817 instances). On affected instances, our method
produces modest improvements, 2% in time and 4% in the number of nodes.

The results are presented in Table 5, highlighting a performance improvement
consistent with that observed on MIPs. Unlike on MIP instances, using the
exponential instead of the Pareto distribution produces slightly better results,
with a 3% reduction in time and 4% reduction in the number of nodes. This
experiment highlights that the new algorithm improves the performance of SCIP
on a diverse set of MINLP instances with the same effect of fewer nodes and
reduced time that we observed on MIPs. It also suggests that a single distribution
might not be the best to capture dual gains in all situations, opening the question
of adaptively selecting a distribution to fit based on instance attributes.

Table 5. Performance comparison of SCIP (default) and SCIP using the PL-SB strat-
egy (dynamic) on MINLP instances

Subset instances default dynamic relative
solved | time | nodes | solved | time | nodes | time | nodes
affected | 140 140 47.2 11604 | 140 46.5 | 1542 | 0.98 | 0.96
all 817 808 19.1 {2429 | 808 19.0 | 2413 |0.99 0.99
all-solved | 808 808 18.0 | 2273 | 808 17.9 {2258 0.99 0.99

2 The precise subset used will be made available in the companion repository of our
paper.
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8 Conclusion

In this paper, we defined Pandora’s Multi-Variable Branching, an abstract model
of the Branch-and-Bound algorithm that represents the dual gains at a particular
node as a random variable with a known probability distribution. All branching
candidates represent one realization of this random variable, strong branching
can then be viewed as sampling this distribution to obtain a candidate with the
highest possible dual gain. Equipped with this model and a family of probability
distributions that model the dual gains observed on real instances, we explicitly
estimate the expected reduction in the number of nodes from one more strong
branching call, compare that reduction with the cost of solving the additional
LPs from strong branching, and dynamically decide after each candidate evalu-
ation whether to continue or stop strong branching. Computational experiments
show that our Probabilistic Lookeahead Strong Branching algorithm improves
over the static lookahead rule on the MIPLIB benchmark both in time and in
number of nodes, especially on hard instances, a result that could not be achieved
by simply adjusting SB parameters.

The different contributions of our paper open promising venues for future
research. The proposed PVB represents a variable as a single geometric mean
gain, allowing us to build our lookahead strategy on the mean gains only. Future
work will include designing abstract models representing unbalanced binary
trees, i.e. with left and right dual gains. The proposed algorithm performs better
than the default rule on average on the benchmark set but does not dominate
it on all instances. Future work should investigate the criteria influencing the
relative effectiveness of the two algorithms, and whether it is possible to improve
over both of them based on static information available before starting to branch.
The presented model is oblivious to variable histories and only fits the distri-
bution based on the dual gains observed at the current node. An enhancement
of the method could consider a Bayesian-like update of the fitted distribution,
allowing the use of the dynamic lookahead earlier and with a better distribu-
tion fit. We studied distributions mixing a mass point at 0 and a continuous
distribution, which captures a good fraction of the series of dual gains at any
given node. This is to the best of our knowledge the first study modeling dual
gains directly with a mixed distribution which appears essential from the data
since many variables will yield a zero dual gain. This probabilistic model has
promising applications in other parts of reliability branching, e.g., to improve
the estimation of pseudocosts and to determine when pseudocosts are reliable
already.
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Abstract. In this paper, we propose a new approach for the top-down
compilation of relaxed Binary Decision Diagrams (BDDs) for Discrete
Optimization: Lookahead, Merge and Reduce. The approach is inspired
by the bottom-up algorithm for reducing exact BDDs in which equivalent
nodes, that is, nodes with the same partial completions, are merged. In
our top-down compilation approach, we apply this reduction algorithm
for determining which states to be merged by constructing a lookahead
layer, merging the lookahead layer nodes according to some heuristic
and then deeming nodes having the same feasible completions in the
lookahead BDD as approximately equivalent. Moreover, under certain
structural properties we prove an upper limit on the size of the reduced
layers given the size of the merged lookahead layer. In a set of preliminary
computational experiments, we evaluate our approach for the 0/1 Knap-
sack problem, showing that the approach often achieves much stronger
bounds than the traditional top-down compilation scheme.

Keywords: Decision Diagram - Discrete Optimization - Dynamic
programming

1 Introduction

As recently documented in the survey [4], Decision Diagrams (DDs) are a pow-
erful tool for discrete optimization. Given a Dynamic Programming (DP) for-
mulation, a so-called exact DD can be used to compactly represent the set of
feasible solutions of a discrete optimization problem. While the size of an exact
DD grows exponentially in the number of decision variables, it can often be
considerably compressed by applying an exact bottom-up reduction technique,
which can be very useful when using the DD in a network flow reformulation [1]
within a mixed-integer linear programming model. Furthermore, there are two
types of approximate DDs: Relaxed DDs provide a discrete over-approximation
of the solution space of a discrete optimization problem, whereas restricted DDs
provide an under-approximation. Relaxed and restricted DDs can be used within
a purely DD-based branch-and-bound algorithm [2] which has been successfully
applied to a variety of optimization problems. In the context of a DD-based
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
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branch-and-bound, approximate DDs are typically compiled using the so-called
top-down approach. For a given problem and a given maximum width, the qual-
ity of the bounds of the approximate DDs depends on heuristic decisions involv-
ing (i) the order in which the variables are considered, and (ii) the selection of
the nodes in a DD layer to be removed (for restricted DD) or to be merged (for
a relaxed DD) in case the maximum width is exceeded.

In this paper, we propose Lookahead, Merge, and Reduce, a node selec-
tion heuristic for relaxed BDDs that applies the bottom-up reduction logic for
reducing exact BDDs to a partial lookahead BDD to determine approximately
equivalent states. Moreover, we prove that under a certain set of conditions, the
size of the reduced layer can not exceed a limit which is a function of the size of
the merged lookahead layer. In a set of preliminary computational experiments
with the 0/1 Knapsack problem we observed that our approach provides much
stronger bounds than a standard top-down compilation procedure.

2 Decision Diagrams for Optimization

A binary decision diagram D = (N, A) is a layered directed acyclic graph with
node set A and arc set A. The paths in D represent solutions to a discrete
optimization problem £ with a maximization objective function f and an n-
dimensional vector of decision variables z1,--- ,z, € {0,1}. N is partitioned
into n+1 layers My, ..., Nyi1, where N1 = {r} and N, ;1 = {t} for a root r and
a terminal t. Each arc a = (u,v) connects nodes of two consecutive layers and
is associated with a decision d(a) representing the assignment x,, = d(a). This
means that a path p = (a1,...,a,) starting from r and ending at t represents
the solution z(p) = (d(a1),...,d(an)). We denote the set of all r-t paths with
P, and we refer to the solutions to & represented by P with Sol(D). Moreover,
each arc a has length v(a) and Y7, v(a;) provides the length v(p) of path p.
We refer to D as exact if Sol(D) = Sol(£) if for each path p € P we have
v(p) = f(x(p)); then a longest path in D forms an optimal solution to .

A common approach to compile an exact DD is to provide a Dynamic Pro-
gramming (DP) formulation of & and to compile the DD in a top-down fashion.
To do so, every node u is associated with a state S, and every arc a is asso-
ciated with a state transition induced by the decision d(a) associated with a.
Su is an element of the state space S; the state S, associated with the r is the
so-called initial state. The state S, of the target node v of the arc depends on
the state S, of the arc’s source node as well as on d and is computed by the
state-transition function f(S,,d). The objective function contribution of a deci-
sion are computed by a reward function ¢g(S,,, d). Finally, the set of out-arcs of a
node u is determined by the set of feasible decisions X (S,,) given state S,,. The
top-down compilation then proceeds layer-by-layer until reaching layer N, ; all
arcs emanating from that layer point to the terminal node t.

In a DD compiled in the sketched top-down fashion, any pair of nodes in a
layer has different states, that is, partial paths ending in the same state point
to the same node. Nonetheless, in general, layers may contain pairs of nodes
which are equivalent, that is, nodes that have the same feasible completions or,
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in other words, that have the same sets of partial solutions until the terminal
node. This means that the DD may contain isomorphic subgraphs which can
be superimposed without affecting the solution space. An exact DD in which
none of the layers contains a pair of equivalent states is called a reduced exact
DD, and the reduction of an exact DD can be performed in linear time using
a simple bottom-up algorithm [3,11]. Also see [9] for an in-depth discussion of
efficient reduction algorithms for exact DDs and of a so-called relaxed reduction
of a given exact DD.

Even if one can obtain a substantially smaller DD by these reduction algo-
rithms, they require building a full exact DD which limits their usefulness to cer-
tain use cases such as embedding a DD in a network flow component of a MILP
model. To deal with the exponential growth of the DD, many DD-based solution
approaches such as DD-based branch-and-bound [2] rely on so-called approximate
DDs that can be used to obtain upper or lower bounds for the solutions of &.
There are two types of approximate DDs: in a restricted DD D, one aims at con-
sidering only promising nodes and arcs, meaning that Sol(D) C Sol(Z?), and thus,
the longest path in a restricted DD provides a lower bound to &. The second
type of approximate DD, which is the one we focus on in this paper, is the relazed
DD, provides an upper bound: in a relaxed DD, we have Sol(D) 2 Sol(Z?), that
is, the set of paths may contain paths associated with infeasible solutions to &.
Regarding the objective function value, every path a relaxed DD needs to satisfy
v(p) > f(z(p)). In both restricted and relaxed DDs, a common approach to con-
trol the size of the DD is to impose a maximum width W for each layer in the DD.
In case of a top-down compilation procedure, after having created all nodes of a
given layer, one reduces its size to W by removing or merging nodes. In case of a
relaxed DD, nodes are merged by redirecting the incoming arcs of the nodes to be
merged to a single merged node. To ensure that no feasible completions of any of
the merged nodes is lost, one requires a problem-specific merge operator & for the
states associated with the two nodes, see [7] for a discussion of the conditions the
merge operator needs to satisfy.

In any case, the strategy to select which nodes to merge is critical for the
quality of the bound and thus has been subject to some amount of research. A
popular and generic strategy is to sort the states according to some criterion, to
keep the “best” W — 1 states and to merge the remaining states with the last
state in the list. A classical and problem-agnostic criterion is sort in decreasing
length of the partial path ending at each of the nodes, this approach will be
called sortObj in the following. Other criteria being used for sorting the nodes
take the state information associated with the nodes into account. Depending
on the criterion being used, there may be nodes with the same value of the
criterion; [6] propose a tie breaking strategy for that case. Instead of sorting
states and creating a single large node, other authors aim at grouping nodes to
merge according to some similarity measure. As an example, [8] propose to use
so-called collector nodes that aim at merging states that have the same value
with respect to a labeling function. A similar approach was recently used by
[5] who merge nodes based on partitioning the state space for a single machine
scheduling problem with release times, deadlines setup times and rejection.
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3 Lookahead, Merge, and Reduce

In this section, we describe the main contribution of this paper, the LMR (i.e.
Lookahead, Merge, and Reduce) approach for selecting which nodes to merge
in a top-down compilation of relaxed BDDs. Later, theoretically, we derive an
upper bound for one of the main parameters of LMR in a way that the relaxed
BDD obtained with LMR respects a given maximum width. The key idea of
LMR is to apply the concept of (completion-based) equivalence to a lookahead
layer in which the lookahead layer is obtained by merging nodes based on state
similarity. Specifically, in this approach, given the layer N} to be relaxed, we
first create a lookahead layer Ay 1 whose nodes are merged according to a given
node selection heuristic. Then, in analogy to the reduction of exact BDDs in
which two nodes are equivalent if they exhibit the same set of completions in the
exact BDD, we consider two nodes as approximately equivalent if they have the
same set of completions in the partial BDD augmented by the lookahead layer.
Formal definition of approzimately equivalent nodes and accordingly approrimate
equivalence class are stated in the following.

Definition 1 (Approximately equivalent nodes). Given an arc a = (u,v),
we refer to the pair (d(a),v) as the decision-target (node) pair of a. Now, let T (u)
denote the set of the decision-target pairs of all out-arcs of u. We assume that
the target nodes are part of a layer in which the nodes are relazed/merged. Then,
we refer to two nodes u and u' as approximately equivalent if T(u) = T(u).

Definition 2 (Approximate equivalence class). A set of approximately
equivalent nodes is called an approrimate equivalence class.

Figure1 illustrates the steps to merge and bottom-up reduction procedure
applied to obtain approximate equivalence classes in layer Ny given a layer N1
(on the left) and its merged version (yellow nodes on the right).

Fig. 1. Approximate equivalence classes in AN} according to merged Ni+1 = {1,2}.
(Color figure online)

The pseudocode of the procedure LMR is given in Algorithm 1. The param-
eter ny; defines the maximum number of nodes into which the lookahead layer is
merged. Suppose that the width of the layer N}, has exceeded W, the top-down
compilation is carried out to create layer N1, i.e. the lookahead layer, without
limiting the maximum width W. Then the lookahead layer is merged into mns
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merged nodes. Then, the reduction is done to reduce/relax layer N. Finally, we
remove the lookahead layer from D and return the relaxed/reduced layer Nj.
Note that this approach can also be used to compile a restricted DD in which
case we pick one of the original states in each node u € N, (i.e. select one node
from every approximate equivalence class) as the representative to be kept.

Algorithm 1. LMR algorithm
1: procedure LMR(DP, W, nu)

2 for k=2TOn+1do
3 for all u € Ny_; do
4 for all d € X(S,) do
5: v = GETORADDNODE(N}, f(Su,d))
6: ADDARC(u,v,d)
T end for
8 end for
9: if [NVi| > W then
10: for all u € N} do
11: for all d € X(S,) do
12: v = GETORADDNODE(Nj41, f(Su, d))
13: ADDARC(u,v,d)
14: end for
15: end for
16: MERGELAYER(Nj41, nar)
17: initialize empty map ts-node
18: for all u € .k/k do
19: if T'(u) € ts-node then
20: merge v into ts-node[T (u)]
21: else
22: ts-node[T(u)] = u
23: end if
24: end for
25: end if
26: end forreturn D

27: end procedure

The choice of njy; must be done in a way that ensures that the maximum
number of possible equivalence classes does not exceed W. This is because the
nodes in every approximate equivalence class gets merged into exactly one node,
therefore, it enforces that the width of the layer A, the layer to reduced, after
reduction does not exceed the given maximum width W. In the following, we
theoretically prove that under a certain set of assumptions which can satisfied for
a class of problems and an appropriate state representation, setting ny; = \_%J
ensures that the width of the reduced layer is smaller than the given maximum
width W. We then show that the 0/1 KP is an order-preserving problem.

Definition 3 (order preserving problem). Let p* be the position (index) of
node u in a fized ordering of the nodes in a layer Ny, of a BDD of a problem P. A
problem is called an order preserving problem if there exists a total order of nodes
(states) such that for any pair of nodes u,v € Nj, with p& < pF, the positions
of their target nodes in layer N1 follows the same relation, i.e. pﬁ,ﬂ < pfjlﬂ
where Sy = f(u,d) and S,y = f(v,d),vd € {0,1}.
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Theorem 1. 0/1 KP problem is an order preserving problem.

Proof. Let the nodes of a layer NV}, in an instance of KP be ordered in an increas-
ing order of the state values, where the state value corresponds to the weight
accumulated in the knapsack so far. Let S, be the state value of the node u and
let y be the corresponding item of the instance which is going to be considered
in the current stage of the BDD compilation, and w,, be its weight. Trivially
the following holds for any pair of nodes u,v € Nj: p¥ < p¥ —= S, < S,.
Applying the transition function of the KP on nodes u and v we have that
E+17 k+1 E+1 k+1

Pilu0) = Su < Piio0) = S, and Priun) = Sy + wy < Pilon) = Sy + Wy O

Suppose the nodes in layers My and N1 of an order preserving problem are
sorted. Assume that the layer Ay is merged into M merged nodes m1, -+ ,ms
such that for any pair of original nodes u,v € N1 with pftt < pEtl and
u € m;,v € m; then ¢ < j. This is the way we select nodes in the lookahead
layer to merge, i.e. it is order/position preserving.

We know that the width of the layer Ny, i.e. layer to be reduced, is at least
W +1 and at most 2-W. If we can ensure that the maximum number of possible
approximate equivalence classes is smaller than W, then by pigeonhole principle
we can be sure that the width of the layer after reduction is less than the given
maximum width W. Therefore, it just remains to compute the maximum possible
number of approximate equivalence classes, which is the maximum number of
ordered pairs of indices representing them. The following Theorem gives the
maximum number of ordered pairs under certain conditions. These conditions
are not random; the conditions I-IIT come from order preserving problems, and
conditions IV-VI comes from the way we merge the lookahead layer.

Theorem 2. Let Q = {q*,--- ,¢°} be an ordered set of ordered pairs ¢¢ =
(¢4, qb), where ¢t,q¢, € {1,--- ,M},Vl € {1,---,z}, and rules I-V1 hold. Then
2<(2-M) - 1:

- L qi < q127VZ € {17 72}7

- 1IL ¢} < qf,Vi< ],

- TIL b < g}, Vi < j,

CIV. g =1,

- V. qg :M7

- VL Wye{l,--- ,M},3, s.t. d =y orgh=yorgd =q¢ =y

Proof. Every assignment of values from {1,--- , M} to coordinates of members of
the set @ is equivalent to a route from an entry in the first row of the board (i.e.
rule IV) in Fig. 2 and exiting from an exit of its last column (i.e. rule V). Based
on the rule I we are not allowed to enter the shaded zone. Based on rules I, II,
and III we can only move to “right”, “down”, and “cross” (i.e. right-down). Rule
VI implies that in any route, each row or column must be entered at least once.
The longest enter-exit route in the board corresponds to the largest number of
distinct members of set @ (i.e. largest possible size of Q). The longest enter-exit
route in an M x M board has a length of (2- M) —1, which is entering from entry
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1,1 and moving right until reaching the entry 1, M, and then moving down until
M, M and exit from it. The length of this route is exactly (2- M) — 1. Thus Q
cannot have more than (2- M) — 1 distinct members. O

Based on Theorem 1 and Theorem 2, if we apply a structured selection of
nodes for merging (i.e. a structure that satisfies the rules IV, V, and VI), then if
in LMR we set ny; = L%J we can be sure that the width of no reduced layer
will exceed the given maximum width W.

L0800 Enter 111
123 see wee e M

I 1 =
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m

X,

(o

=

=

M =

Fig. 2. Board game representation used in the proof of Theorem 2.

One of the selection to merge approaches for the 0/1 knapsack problem that
follows the rules IV, V, and VI, which we used for our experiments, is called Fized
and is the following: let C be the capacity of the problem instance. Divide the
range [0—C into n s intervals and fix these intervals throughout the compilation.
Then, merge all nodes u € N1 whose state S, belong to the same interval.
Please note that there may exists other selection ways such that the resulting
merging satisfies the rules IV, V, and VI. Since KP is an order preserving problem
(by Theorem 1), the rules I, II, and IIT hold for it. Therefore, we can apply
Theorem 2 and conclude that if the nodes of every lookahead layer are merged
into nys < L@J merged nodes, then the maximum number of approximate
equivalence classes in the reduced layer does not exceed W.

Lookahead, Merge, and Reduce Sorting-based

*\g
2

0
03 4913
2
\
)

Fig. 3. Relaxed BDD compiled via LMR (left), and sortObj (right), for the example 1.
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Example. Figure3 depicts the resulting relaxed BDD compiled via LMR (left
side), and sortObj (right side), where W = 3, nps = [ %5 | = 2), on the following
0/1 knapsack problem (KP):

max 4x1 + 3x2 + 10z3 + 224 (1)
s.t. by +4dwe + 923 + 324 <12 and z; € {0,1},Vi =1,2,3,4

In Fig. 3, dashed and solid arcs are associated with d = 0 and d = 1. The
interior labels for each node u correspond to the state values S ; the state corre-
sponds to the weight accumulated in the path p(u) ending in w. The merge opera-
tor for merging two states S, S’ in the relaxed BDD is defined as & = min(S, 5").
The orange labels correspond to the length v(u) of the partial path. Observe that
in this example, the solution obtained with the LMR algorithm is optimal.

4 Computational Results

All experiments were performed on 100 instances of 0/1 KP with 200 items taken
from [10]. Every approach is tested using the same variable ordering. We report
the performance of two sorting-based node selection heuristics, i.e. sortObj and
maxState in which nodes are sorted according to their state value, and the
performances of LMR and OP (Order Preserving, without lookahead) using two
different merge schemes, i.e. Bucket and Fixed (explained in the example). In the
bucket scheme, we assume that the nodes are equally distributed into ny; = W/2
buckets and then every bucket is merged into a single node. The resulting gaps
are shown in Fig. 4, where blue, green, black solid, black dashed, red solid, and
red dashed curves correspond to maxState, sortObj, LMR-Fixed, LMR-Bucket,
OP-Fixed, and OP-Bucket. In each graph, the y-axes show the gap, and the x-
axes show the maximum width, BDD sizes, and run time in ms, from left to right.
We set W € {10, 50, 100, 200,500}. A comparison between LMR-Bucket (black
dashed) and OP-Bucket (red dashed) shows that LMR significantly improves
upon OP. In general, the LMR algorithm consistently obtained the best gap and
is much better than the classical sorting-based approaches.
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Fig. 4. Gaps from different approaches (gap vs W, gap vs size, and gap vs time)



82 M. Nafar and M. Romer

5 Conclusion

The strength of the bounds obtained by top-down compiled approximate DDs
crucially depends on the strategy to select nodes to merge or remove to respect
the maximum width of each layer. In this paper, we propose a novel node
selection heuristic named Lookahead, Merge, and Reduce (LMR) for compil-
ing relaxed BDDs. LMR, applies the bottom-up logic for reducing exact BDDs
to a set of two consecutive layers, i.e. any layer with a width exceeding the given
maximum width and its lookahead layer, to identify approximately equivalent
nodes. Moreover, we prove an upper bound for the size of the reduced layer which
is a function of the size of the merged lookahead layer. In a set of preliminary
experiments with the 0/1 knapsack problem, we show that our approach provides
much stronger bounds than a standard top-down compilation procedure.
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Abstract. Approaches based on Binary decision diagrams (BDDs) have
recently achieved state-of-the-art results for some multiobjective inte-
ger programming problems. The variable ordering used in constructing
BDDs can have a significant impact on their size and on the quality
of bounds derived from relaxed or restricted BDDs for single-objective
optimization problems. We first showcase a similar impact of variable
ordering on the Pareto frontier (PF) enumeration time for the multi-
objective knapsack problem, suggesting the need for deriving variable
ordering methods that improve the scalability of the multiobjective BDD
approach. To that end, we derive a novel parameter configuration space
based on variable scoring functions that are linear in a small set of inter-
pretable and easy-to-compute variable features. We show how the config-
uration space can be efficiently explored using black-box optimization,
circumventing the curse of dimensionality (in the number of variables
and objectives), and finding good orderings that reduce the PF enumer-
ation time. However, black-box optimization approaches incur a com-
putational overhead that outweighs the reduction in time due to good
variable ordering. To alleviate this issue, we propose LEQ, a supervised
learning approach for finding efficient variable orderings that reduce the
enumeration time. Experiments on benchmark sets from the knapsack
problem with 3-7 objectives and up to 80 variables show that LEO is 3x
and 1.3x faster at PF enumeration than a lexicographic ordering and
algorithm configuration, respectively. Our code and instances are avail-
able at https://github.com/khalil-research/leo.

Keywords: Multiobjective optimization - Binary Decision Diagrams -
Variable Ordering - Machine Learning

1 Introduction
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In many real-world scenarios, one must jointly optimize over a set of conflicting
objectives. Multiobjective optimization deals with the solution of such problems
and has been successfully applied in novel drug design [39], space exploration
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[52,54], administrating radiotherapy [57], and supply chain network design [3],
among others. In this paper, we specifically focus on multiobjective integer pro-
gramming (MOIP) which have integer variables and linear constraints.

The exact solution of a multiobjective problem consists in finding the Pareto
frontier (PF): the set of feasible solutions that are not dominated by any other
solution, i.e., ones for which improving the value of any objective deteriorates
at least one other objective. PF solutions provide the decision-maker with a set
of trade-offs between the conflicting objectives. Objective-space search meth-
ods iteratively solve multiple related single-objective problems to enumerate the
PF but suffer from redundant computations in which previously found solutions
are encountered again or a single-objective problem turns out infeasible. On the
other hand, decision-space search methods leverage branch and bound. Unlike the
single-objective case where one compares a single scalar bound (e.g., in mixed-
integer linear programming (MIP)), one needs to compare bound sets to decide if
a node can be pruned; this in itself is quite challenging. Additionally, other cru-
cial components of branch and bound such as branching variable selection and
presolve are still underdeveloped, limiting the usability of this framework.

Binary decision diagrams (BDDs) have been a central tool in program verifica-
tion and analysis [15,55]. More recently, however, they have been used to solve dis-
crete optimization problems [7,8] that admit a recursive formulation akin to that
of dynamic programming. BDDs leverage this structure to get an edge over MIP
by efficiently encoding the feasible set into a network model which enables fast
optimization. To the best of our knowledge, Bergman and Cire [6] were the first
to use BDDs to solve multiobjective problems, achieving state-of-the-art results
for a number of problems. The variable ordering (VO) used to construct a BDD
has a significant impact on its size and consequently any optimization performed
using it. However, the variable ordering question in BDD-based MOIP has not
been tackled in the literature. We address this gap by designing a novel learning-
based BDD variable ordering technique for faster enumeration of the PF.

We begin with the following hypothesis: VO has an impact on the PF enu-
meration time and an “efficient” VO can reduce it significantly. Following an
empirical validation of this hypothesis, we show that such orderings can be found
using black-box optimization, not directly in the (exponentially large) space of
variable orderings, but rather indirectly in the space of constant-size variable
scoring functions. The scoring function is a weighted linear combination of a
fixed set of variable properties (or attributes), and the indirect search is in the
space of possible weight combinations. However, solving the black-box optimiza-
tion problem may be prohibitively time-consuming for any one instance. For this
approach to be viable in practice, the time required to produce an efficient VO
should be negligible relative to the actual PF enumeration time. To alleviate
this issue, we train a supervised machine learning (ML) model on the order-
ings collected using black-box optimization. A trained model can then be used
on an unseen (test) instance to predict a VO. Should such a model generalize
well, it would lead to reduced PF enumeration time. We refer to our approach
as LEO (Learning Efficient Orderings). Our key contributions can be summarized
as follows:
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1. We show that variable ordering can have a dramatic impact on solving times
through a case study of the multiobjective knapsack, a canonical combinato-
rial problem.

2. We show how black-box optimization can be leveraged to find efficient variable
orderings at scale.

3. We design a supervised learning framework for predicting variable orderings
which are obtained with black-box optimization on a set of training instances.
Our ML models are invariant to permutations of variables and independent of
the number of variables, enabling fast training and the use of one ML model
across instances of different sizes.

4. We perform an extensive set of experiments on the knapsack problem and
show that LEO is 3x and 1.3x faster on average than the lexicographic order-
ing and the SMAC algorithm configuration tool, respectively.

5. We perform a feature importance analysis of the best class of ML models we
have found, extreme gradient boosted ranking trees. The analysis reveals that:
(a) a single ML model can be trained across instances with varying numbers
of objectives and variables; and (b) a single knapsack-specific feature that we
had not initially contemplated performs reasonably well on its own, though
far worse than our ML models.

2 Preliminaries

2.1 Multiobjective Optimization

An MOIP problem takes the form M := min, {z(z) : € X, X C Z7 }, where ©
is the decision vector, X is a polyhedral feasible set, and z : X — RP a vector-
valued objective function representing the p objectives. In this work, we focus
on the knapsack problem with binary decision variables, hence X C {0,1}". Let
[p] = {1,...,p},p € Z*. Consider two points z',2% € X with y* = z(z!),y? =
2(2?%). We say that y' dominates y? if yj1 < y?,Vj € [p] and 35 € [p] : yjl < ng
Let ¥ = {z(z) : © € X'} be the set of feasible objective values. Exact solution
approaches to multiobjective optimization aim to find the set of nondominated
objective vectors Yy C Y, i.e., no objective vector in Yy is dominated by an
objective vector in ). This set of nondominated vectors is also called the Pareto
frontier.

2.2 BDDs for Multiobjective Optimization

A BDD is a compact encoding of the feasible solution set of a combinatorial opti-
mization problem that exploits a recursive formulation of the problem. Formally,
a BDD is a layered acyclic graph G = (n,N, A, ¢, d), where n is the number of
variables of the multiobjective problem M, N represents the set of nodes, A is
the set of arcs, £ : N'— [n+ 1] a mapping from a node to a layer, d : A — {0,1}
a mapping from an arc to its label.

The nodes are partitioned into n + 1 layers Lq,..., L1, where L; = {u :
lu) = L,u € N,l € [n+ 1]}. The first and last layers have only one node,



86 R. Patel and E. B. Khalil

which is referred to as the root node r and terminal node t, respectively. The
width of a layer L; and BDD G is equal to |L;| and max;e,41) | Li|, respectively.
An arc a := (r(a),t(a)) € A starts from the node r(a) € L; and ends in node
t(a) € Li41,1 € [n]. It has an associated label d(a) € {0,1} and a vector of values
9(a) € R that represents the contribution of that arc to the p objective values.

Let P represent all the paths from the root to the terminal node. A path
e = (a1,as,...,a,) € P is equal to the solution z(e) = (d(ay),d(az),...,d(a,)),
with the objective value v(e) = Y | v(a;). The BDD representation of M is
exact if {z(e) : e € P} = X and valid if ND (J,cp 0(€)) = Y, where ND is an
operator to retrieve the nondominated objective vectors. We refer the readers
to Bergman et al. [5] and Bergman and Cire [6] for a detailed description of the
construction of the multiobjective knapsack BDD. In what follows, we assume
access to BDD construction and PF enumeration procedures and will focus our
attention on the variable ordering aspect.

3 Related Work

3.1 Exact Approaches for Solving MOIP Problems

Traditional approaches to exactly solve MOIP can be divided into objective-
space search and decision-space search methods. The objective-space search tech-
niques [11,12,38,44] enumerate the PF by searching in the space of objective
function values. They transform a multiobjective problem into a single-objective
one either by weighted sum aggregation of objectives or transforming all but one
objective into constraints. The decision-space search approaches [1,4,45,47,53]
instead explore the set of feasible decisions. Both these approaches have their
own set of challenges as described in the introduction. We point the reader to
[27,28] for a more detailed background.

Bergman et al. [5] showcased that BDD-based approaches can leverage prob-
lem structure and can be orders of magnitude faster on certain problem classes;
the use of valid network pruning operations along with effective network compi-
lation techniques were the prime factors behind their success.

3.2 Variable Ordering for BDD Construction

Finding a VO that leads to a BDD with a minimal number of nodes is an
NP-Hard problem [13,14]. This problem has received significant attention from
the verification community as smaller BDDs are more efficient verifiers. Along
with the size, VO also affects the objective bounds; specifically, smaller exact
BDDs are able to obtain better bounds on the corresponding limited width
relaxed/restricted BDDs [8].

The VO techniques for BDD construction can be broadly categorized as exact
or heuristic. The exact approaches to VO [9,25,26,29], though useful for smaller
cases, are not able to scale with problem size. To circumvent the issue of scalabil-
ity for larger problems, heuristic VO techniques are used; the proposed method-
ology falls into this category. These heuristics can be general or problem-specific
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[2,8,16,23,43,48,49] but the literature has not tackled the multiobjective opti-
mization setting. A VO method can also be classified as either static or dynamic.
Static orderings are specified in advance of BDD construction whereas dynamic
orderings are derived incrementally as the BDD is constructed layer-by-layer.
The latter may or may not be applicable depending on the BDD construction
algorithm; see [33] for a discussion of this distinction for Graph Coloring. We
focus on static orderings and discuss extensions to the dynamic setting in the
Conclusion. We focus on ML-based heuristics for VO as they can be learned
from a relevant dataset instead of handcrafted heuristics developed through a
tedious trial-and-error process.

3.3 Machine Learning for Variable Ordering

Grumberg et al. [30] proposed a learning-based algorithm to construct smaller
BDDs for model verification. In particular, they create random orders for a given
instance in the training set and tag variable pairs based on their impact on the
resulting BDD size. Using this data, they learn multiple pair precedence classi-
fiers. For a new instance at test time, they query each trained pair precedence
classifier to construct a precedence table. These tables are merged into one to
derive the ordering. The success of this method hinges on the selective sampling
of informative variable pairs and the ability to generate orders with sufficient
variability in BDD size to increase the chance of observing high-quality labels.
As they leverage problem-specific heuristics for selective sampling and rely on
random sampling for generating labels, this method is not applicable to our set-
ting. Specifically, we do not have a notion of how informative a given variable
pair is. Additionally, random orders may not produce high variability in PF
enumeration time as evidenced by our experiments.

Carbin [19] uses active learning to address the VO problem for BDDs used
in program analysis with a similar goal as ours of minimizing the run time.
However, certain differences make it less amenable to our setting. Specifically,
the technique to generate the candidate VOs in Carbin [19] is grounded in pro-
gram analysis and cannot be applied to our problem. Instead, LEQ leverages
bayesian optimization through SMAC in conjunction with the novel property-
weight search space to generate VO candidates.

Drechsler et al. [24] use an evolutionary search approach to learn a single
variable ordering heuristic for a set of instances. The learned heuristic is a
sequence of BDD operations (e.g., swapping two variables in an ordering) applied
to instances from circuit design and verification, where the BDD represents a
boolean function that must be verified efficiently. This approach can be seen
as one of algorithm configuration, which we will compare to using SMAC and
ultimately outperform.

The work of Cappart et al. [18] is the first learning-based method to address
VO problem for BDDs used in solving discrete optimization problems. Specifi-
cally, they learn a policy to order variables of relaxed/restricted BDDs to obtain
tighter bounds for the underlying optimization problem using reinforcement
learning (RL). A key component of training an RL policy is devising the reward
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that the agent receives after taking an action in a given state and moving to
the next state. Note that we care about reducing the time to enumerate the PF,
which is only available at the end of a training episode, yielding sparse rewards
that inhibit the application of RL.

Karahalios and van Hoeve [33] developed an algorithm portfolio approach to
select the best VO strategy from a set of alternatives when constructing relaxed
decision diagrams for the (single-objective) graph coloring problem. Fundamen-
tal to a portfolio-based approach is the existence of a set of strategies, such that
each one of them is better than the others at solving some problem instances.
However, such an algorithm portfolio does not exist in our case and part of the
challenge is to discover good ordering strategies.

There have been some recent contributions [42,56] relating to solving mul-
tiobjective problems using deep learning and graph neural networks. However,
these approaches are not exact and thus beyond the scope of this paper. We
discuss potential extensions of LEO to the inexact setting in the Conclusion.

Phase 1: Data Labeling

Dro_perty X = (Variable features, Context features)
weights Y = Optimal property weights
Black box BDD
optimizer Manager
Enumeration
Time

Training
Instances

Phase 2: Dataset Generation
and Model Training
" 3
Featurizer Dataset M_od_el Mgkl
X,Y) Training R
N~

Phase 3: Model Selection and Testing

Model Modgl
Repository selection

Predict BDD Pareto
EVO Manager frontier

Test Featurizer
Instances

(=
=

Fig. 1. Schematic of the proposed method LEO, which comprises three phases. In Phase
1, we generate property-weight labels by iteratively improving them using the inter-
play between “Black-box optimizer” and “BDD Manager”. Phase 2 focuses on building
datasets of tuples of features extracted by “Featurizer” and the best property weights
obtained from Phase 1 for training learning-to-rank models. In Phase 3, “Model selec-
tion” is performed to obtain the best model and use it to predict an efficient variable
ordering. Finally, we use the predicted variable ordering to construct the BDD and
enumerate the Pareto frontier.
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4 Methodology

We apply our technique to the multiobjective knapsack problem (MKP) which
can be described as:

P

max alz; : w;x; < W
ze{0,1}n iez[n] v iez[n]

p=1

Here, n is the number of items/variables, w; and a! are the weight and profit
corresponding to each item i € [n] and objective p € [P]. Finally, the capacity
of the knapsack is W € Z..

Let O be the set of all possible variable orderings and I'(0),0 € O denote
the PF enumeration time over a BDD constructed using ordering o. Let o* =
argmin,co I'(0) be the optimal VO. Finding o* among all n! possible permuta-
tions of n variables is intractable, so we will aim for an efficient variable ordering
(EVO) o° that is as close as possible to o* in terms of PF enumeration time. Note
that our approach is heuristic and does not come with approximation guarantees
on the enumeration time of 0°¢ relative to o*.

The proposed methodology, as depicted in Fig. 1, is divided into three phases.
The objective in the first phase is to find, for each training instance, an EVO
that acts as a label for supervising an ML model. In the second phase, each
training instance is mapped to a set of features and an ML model is trained.
Finally, we perform model selection and use the chosen model to predict EVOs,
referred to as 6°, that are then used to construct a BDD and compute the PF
for any test instance.

4.1 Phase 1: Finding an EVO

Since finding an optimal VO that minimizes the PF enumeration time is NP-
Hard, we devise a heuristic approach for finding an EVO, 0°. To find o¢ for a
given instance Z, we use black-box optimization as the run time I'? cannot be
described analytically and optimized over. A naive approach to find o¢ would be
to search directly in the variable ordering space. While this might work well for
tiny problems, it will not scale with the increase in the problem size as there are
n! possible orderings.

To alleviate this issue, we define a surrogate search space that removes the
dependence on the problem size. Specifically, we introduce a score-based variable
ordering where we order the variables in the decreasing order of their total score.
For a given problem class, we define a set of properties K for its variables that
capture problem structure. For example, in an MKP, the weight of an item can
act as property. Table 1 lists all properties of a variable of an MKP. Let g;; be
the property score of variable i for some property k& € K, A = (Aq,--- ; Alk|) be
the property weights in [—1, 1]|’C|. Then, the score of a variable i is defined as

siEZ)\k-gl%k (1)

kek Zie[n] Yik
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Table 1. Properties of a variable i of an MKP.

Property Definition
weight w;
avg-value Zle a?/P
max-value max{a?}}_,
min-value min{a}};_,

avg-value-by-weight (ZP a? /P) Jw;

p=1%;

max-value-by-weight | max{a?}}_, /w;

min-value-by-weight | min{a?}}_; /w;

We recover the variable ordering by sorting them in decreasing order of their
score. The search for o¢ is conducted in the surrogate search space [—1, l}m,
which only depends on |K| and not on the number of variables n. Note that
defining the search space in this manner gives an additional layer of dynamism
in the sense that two instances with the same property weights can have different
variable orderings. We would like to emphasize that the idea of properties can
be extended to problem classes with more than one constraint, as has been
proposed in Khalil et al. [36] and Sierra-Altamiranda et al. [51] for the general
integer linear programs. In fact, the current set of properties can be thought of
as their special case.

With a slight abuse of notation, let I"(\) represent the time taken to enu-
merate the PF using a VO obtained by property weights A. Given a problem
instance, the black-box optimizer controls the property weights and the BDD
manager computes the PF enumeration time based on the VO derived from
these property weights. The black-box optimizer, in our case SMAC [41], per-
forms Bayesian optimization to build a probabilistic model for predicting PF
enumeration time over the search space. It uses this model to query a promising
new incumbent VO and update the model based on its run time in an iterative
manner, as depicted in Phase 1 of Fig. 1. We propose to use the variable ordering
obtained from the best incumbent property weight as the label for the learning
task.

4.2 Phase 2: Dataset Generation and Model Training

In this phase, we begin by generating the training dataset. We give special atten-
tion to designing our features such that the resulting models are permutation-
invariant and independent of the size of the problem. Note that instead of this
feature engineering approach, one could use feature learning through graph neu-
ral networks or similar deep learning techniques, see [17] for a survey. However,
given that our case study is on the knapsack problem, we opt for domain-specific
feature engineering that can directly exploit some problem structure and leads
to somewhat interpretable ML models.
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Suppose we are given J problem instances, each having n; variables, j € [J].
Let «;; denote the features of variable i € [n;] and §; denote the instance-
level context features. Using the features and the EVO computed in Phase 1,
we construct a dataset D = {(«auj, B;,7:(0%)) : i € [nj] : j € [J]}. Here, o is the
EVO of an instance j and r; : ZT — Z4 a mapping from the EVO to the rank
of a variable . For example, if n; = 4 for some instance j and o = (2,1,4,3),
then r1(0§) = 3, r2(05) = 4, r3(0§) = 1, and 74(0§) = 2. For a complete list of
variable and context features, refer to Table 5.

Learning-to-Rank. (LTR) is an ML approach specifically designed for ranking
tasks, where the goal is to sort a set of items based on their relevance given
a query. It is commonly used in applications such as information retrieval. We
formulate the task of predicting the EVO as an LTR task and use the pointwise
and pairwise ranking approaches to solve the problem.

In the pointwise approach, each item (variable) in the training data is
treated independently, and the goal is to learn a model that directly predicts the
relevance score or label for each variable. This is similar to solving a regression
problem with a mean-squared error loss. Specifically, we train a model fg(cvj, 3;)
to predict 7;(0f). Once the model is trained, it can be used to rank items based
on their predicted scores 6°. However, this approach does not explicitly consider
the relationships between variables in its loss function. The pairwise approach
aims to resolve this issue [31]. Let T; = {(i1,i2) : 73, (05) > 7i,(05))} be the set
of all variable tuples (i1,i2) such that i, is ranked higher than iy for instance
j. Then, the goal is to learn a model that maximizes the number of respected
pairwise-ordering constraints. Specifically, we train a model g4(-) such that the
number of pairs (i1,42) € 7; for which gg(cv,;,5;) > gg(i,j, 5;) is maximized.
This approach is better equipped to solve the ranking problem as the structured
loss takes into account the pairwise relationships.

4.3 Phase 3: Model Selection and Testing

We follow a two-step approach to perform model selection as the ranking task is
a proxy to the downstream task of efficiently solving a multiobjective problem.
Firstly, for each model class (e.g., decision trees, linear models, etc.), we select
the best model based on Kendall’s Tau [34], a ranking performance metric that
measures the fraction of violated pairwise-ordering constraints, on instances from
a validation set different from the training set. Subsequently, we pit the best
models from each type against one another and select the winner based on the
minimum average PF enumeration time on the validation set. Henceforth, for
previously unseen instances from the test set, we will use the model selected in
Phase 3 to predict the EVO and then compute the PF.

5 Computational Setup

Our code and instances are available at https://github.com/khalil-research/leo.
All the experiments reported in this manuscript are conducted on a computing
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cluster with an Intel Xeon CPU E5-2683 CPUs. We use SMAC [41] — a black-box
optimization and algorithm configuration library — for generating the labels. The
ML models are built using Python 3.8, Scikit-learn [46], and XGBoost [22], and
SVMRank [32]. The “BDD Manager” is based on the implementation of Bergman
and Cire [6], available at https://www.andrew.cmu.edu/user /vanhoeve/mdd/.

Instance Generation: We use a dataset of randomly generated MKP instances
as described in [6]. The values w; and a! are sampled randomly from a dis-
crete uniform distribution ranging from 1 to 1000. The capacity W is set to
[0.5 Yier wﬂ. We generate instances with sizes

S ={(7,40), (6,40), (5, 40), (4,50), (3,60), (3, 70), (3,80)},

where the first and second component of the tuple specify the number of
objectives and variables, respectively. For each size, we generate 1000 training
instances, 100 validation instances, and 100 test instances.

5.1 Instrumenting SMAC

As a Labeling Tool: To generate EVOs for the learning-based models, we use
SMAC [41]. In what follows, Smacl refers to the use of SMAC as a black-box
optimizer that finds an EVO for a given training instance. Specifically, Smacl
solves 5\5 = argminy j(A) for each instance j in the training set; we obtain 0§
by calculating variable scores — a dot product between 5\2 and the corresponding

property value — and sorting variables in the decreasing order of their score.

As a Baseline: The other more standard use of SMAC, which we refer to
as SmacD, is as an algorithm configuration tool. To obtain a SmacD ordering,
we use SMAC to solve X, = arg minj Ejorn [I;(\)] and obtain an ordering 0D,
for instance j using single property weight vector A%. The expectation of the
run time here simply represents its average over the |J| training instances. Note
that we get only one property weight vector for the entire dataset in the SmacD
case rather than one per instance as in the Smacl case. However, we obtain
an instance-specific VO when using the SmacD configuration as the underlying
property values change across instances. Additional details about the SMAC
setup can be found in Appendix B

5.2 Learning Models

We use linear, ridge, and lasso regression, decision trees, and gradient-boosted
trees (GBT) with mean-squared error loss to build size-specific pointwise ranking
models. Similarly, we train support vector machines and GBT with pairwise-
ranking loss to obtain pairwise ranking models for each size. The details of the
feature engineering are presented in Appendix A. We omit the context features
in Table5 when training linear size-specific models, as these features take on
the same value for all variables of the same instance and thus do not contribute
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to the prediction of the rank of a variable. The context features are used with
non-linear models such as decision trees and GBT. The model selection follows
the procedure mentioned in Phase 3 of the Methodology section. The GBT-
based models trained with pairwise-ranking loss perform the best across different
model classes. In the experimental results that follow, the GBT-based models
will be referred to as ML (trained only on variable features) and ML+C (trained
on variable and context features). We also train two additional GBT models —
ML+A and ML+AC — with pairwise-ranking loss, on the union of the datasets
of all sizes. In particular, ML+A is trained with only variable features, similar
to ML, whereas ML+AC also uses the instance context features like ML+C.
These models achieved a Kendall’s Tau ranging between 0.67 to 0.81 across all
problem sizes on the validation set.

5.3 Baselines

To evaluate the performance of learning-based orderings, we compare to four
baselines. Lex (lexicographic) uses the (arbitrary) default variable ordering in
which the instance was generated. MinWt orders the variables in increasing
order of their weight values, w;. This is a commonly used heuristic for solving the
single-objective knapsack problem. MaxRatio orders the variables in decreasing
order of the property min-value-by-weight detailed in Table 1, which is defined
as min{a? 1};1 /w;. This rule has an intuitive interpretation: it prefers variables
with larger worst-case (the minimum in the numerator) value-to-weight ratio.
It is not surprising that this heuristic might perform well given that it is part
of a %—approximation algorithm for the single-objective knapsack problem [21].
SmacD, as described in an earlier paragraph. It produces one weight setting
for the property scores per dataset and can be seen as a representative for the
algorithm configuration paradigm recently surveyed by Schede et al. [50].

6 Experimental Results

We examine our experimental findings through a series of questions that span
the impact of VO on PF enumeration time (Q1), the performance of LEO on
unseen test instances and comparison to the baselines (Q2, Q3), and a feature
importance analysis of the best ML models used by LEQ (Q4).

Table 2. The best and worst ratio of the average time taken by heuristic orderings to
that of 5 random orderings across 250 MKP instances.

Ordering | (3, 40) | (3, 60) | (3, 80) | (5, 30) | (5, 40) | (7, 30) | (7, 40)
best 0.654 | 0.537 |0.590 |0.700 | 0.533 |0.588 | 0.581
worst | 1.662 |2.266 | 1.729 |1.865 |2.760 | 2.769 | 1.830




94 R. Patel and E. B. Khalil

Q1. Does variable ordering impact the Pareto frontier enumeration
time? To test this, we compare the run time of ten heuristic orderings (based
on variable properties) against the expected run time of random orderings. We
estimate the expected run time of a random ordering by sampling 5 variable
orderings uniformly at random from all possible n! orderings and averaging their
run time. Table 2 summarizes the results of this experiment. It validates two of
our hypotheses: the choice of VO dramatically affects run time (as evidenced by
the large gap between “best” and “worst”), and there is always some ordering
that is far better than random (the “best” values are much smaller than 1).
Refer to Appendix C.1 for the detailed results.

Table 3. Shifted geometric mean of the PF enumeration time on the test set containing
100 instances with a time limit of 1800s. The number in superscript represents the
count of instances that did not run successfully either due to hitting memory or time
limit. The geometric mean is computed with a shift of 5.

Size ML ML+C | ML+A | ML+AC | SmacD | MaxRatio | MinWt | Lex

(7, 40) | 50.95 | '47.97|'53.83 |'54.54 | '74.24 |296.38 169.11 |5111.59
(6, 40) [ 20.90 [20.59 [20.06 |19.90 | 25.38 |26.68 25.63 | 49.98
(5,40)  5.00 |4.99 |4.90 | 4.99 6.80 | 6.66 6.68 11.75
(4,50)11.18 |11.34 [11.50 |11.39 18.12 |20.33 24.66 | 38.75
(3,60) 831 [853 |841 |8.24 9.32 |14.68 17.13  |25.89
(3,70)20.46 |20.80 [20.79 |20.38 22.13 |39.13 50.16 | 77.46
(3, 80)49.42 |49.66 |50.27 |48.48 |59.05 |106.08 135.33 | 1202.25

Q2. How does LEO perform in comparison to baseline methods? Table 3
presents the shifted geometric mean of the PF enumeration time across different
problem sizes and methods on the test set. We can observe that learning-based
methods consistently outperform baselines across all problem sizes. SmacD acts
as a strong baseline, being the second-best except for size (7, 40). The methods
MinWt and MaxRatio have a nice connection to the single-objective knapsack
problem [21], as discussed earlier; this might explain why these heuristics reduce
the number of intermediate solutions being generated in the BDDs during PF
enumeration (see Appendix C.3), helping the algorithm terminate quickly. They
closely follow SmacD with sizes having more than 3 objectives; however, they
are almost twice as worst as SmacD on instances with 3 objectives. Interestingly,
when the number of objectives is larger than 5, MinWt outperforms MaxRatio
(and vice versa). This underscores the relationship between the number of objec-
tives and heuristics, i.e., one heuristic might be preferred over another depending
on the structure of the problem. This also highlights why the ML method per-
forms better than the heuristics as the feature engineering helps create an ensem-
ble rather than using only one of them. Lastly, we observe that Lex performs
worst across all sizes.
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Table 4. Analyzing the impact of BDD topology on the PF enumeration time on the
test set. For a given “Size” and “Method”, the metric value indicates the percentage
of mean performance by that “Method” compared to the Lex method. The “Nodes”
(“Width”) represents the percentage of the mean of the number of nodes (mean width)
of the BDDs generated by “Method” to that of Lex. “Degree” denotes the percent-
age of the mean ratio of the in-degree of the 50 nodes with the highest in-degree in
BDDs generated by “Method” to that of Lex. We focus on nodes with a high in-degree
as they are key to the computational cost of enumeration. Similarly, “Checks” and
“Time” indicate the percentage of the average Pareto-dominance checks and the aver-
age geometric mean of the PF enumeration time, respectively. For all metrics, values
less than 100 are preferred. For example, a value of § for “Nodes” indicates that the
mean number of nodes for “Method” is §/100x the mean number of nodes of “Lex”.

Size (7, 40) (3, 80)
Method | Nodes | Width | Degree | Checks | Time | Nodes | Width | Degree | Checks | Time
ML 80.37 |88.01 |74.92 | 38.31 |38.98/90.84 |98.56 |62.72 |19.02 | 24.09

SmacD 70.08 |79.22 |149.06 | 64.24 | 59.56 |92.21 |99.18 |79.72 |25.73 |28.81
MaxRatio | 71.24 |80.63 |66.72 |85.14 | 79.63 |84.23 |97.21 |45.26 |54.71 |51.71
MinWt 69.18 | 78.69 | 151.10 | 59.23 | 55.66 | 68.64  90.48 | 114.92 | 70.17 |65.71

We would also like to highlight that the two models trained on the union
of all datasets of different sizes, ML+A and ML+AC, perform remarkably well.
The main takeaway here is that our model architecture, which is independent
of the number of variables in an instance, enables the training of unified mod-
els that are size-independent. Refer to Appendix C.2 for detailed statistics on
PF enumeration time and performance profile (number of instances solved vs.
enumeration time) for different methods.

Q3. What explains LE0’s performance? Traditionally, smaller exact BDDs
are sought for efficient model checking [30] or computing objective function
bounds [9]. For our use case, we need to run a multicriteria shortest path algo-
rithm on BDDs to enumerate the PF. The design of multicriteria shortest path
algorithms is an active research area and several approaches with varying output-
sensitive complexity bounds exist [10,20,35,40]. The complexity bound of our
implementation is O(|.A|PI"?) [20], where |.A] is the number of arcs in the BDD,
P is the number of objectives, and I is the maximum number of intermediate
solutions generated during enumeration at a node. For a fixed P, the bound sug-
gests that variable orderings that lead to BDDs with fewer intermediate solutions
will be faster. We analyze the empirical relationship between BDD topology and
PF enumeration time for various orderings in Table 4.

We can observe that MinWt leads to BDDs with the minimum Nodes and
Width, whereas the BDDs generated by MaxRatio have the minimum Degree.
On the other hand, ML has neither the minimum Nodes nor Degree but is the
fastest in PF enumeration. This is explained by the fact that ML has the mini-
mum number of Checks, which depends on the number of intermediate solutions
generated during enumeration. ML seems to lead to a better trade-off between
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the number of arcs in the BDD |A| and the number of intermediate solutions I,
leading to reduced PF enumeration time. Note that only optimizing the BDD
topology such as the number of Nodes or the Degree may result in better-than-
random but overall suboptimal performance.

Q4. How interpretable are the decisions made by LE0? LEO uses GBT
as the model of choice as explained in Sect.5.2. To obtain feature importance
scores of ML models, we count the number of times a particular feature is used
to split a node in the decision trees. We then normalize these scores by dividing
them by the maximum score, resulting in values in [0, 1] for each size.

Feature Importance Heatmap 1o
weight

avg-value

min-value
max-value

std-value
avg-value-by-weight
max-value-by-weight
min-value-by-weight -

rk_max-weight
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rk_min_avg-value o4
rk_max_max-value
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rk_max_max-value-by-weight
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Fig. 2. Heatmap of feature importance scores normalized across different sizes. The
features are described in Table 5. The property-based features assume the same names
as the properties detailed in Table 1. The rank-based features of a variable have a prefix
“rk_” before the heuristic ordering; refer to Table 6 for more details. Finally, the “Value
SD” feature from Table5 is named std-value in this plot.

The heatmap of feature importance scores for different sizes is provided in
Fig. 2. We can note that the min-value-by-weight feature is important across all
sizes, especially for cases with more than 3 objectives. In fact, the choice of VO
heuristic MaxRatio was driven by feature importance scores and is a case in
point of how learning-based methods can assist in designing good heuristics for
optimization. Furthermore, the real-valued features are more important than the
categorical rank features for problems with more than 3 objectives. For problems
with 3 objectives, the std-value featureco is extremely crucial. Also, rank feature
rk_max_avg-value-by-weight receives higher importance than some of the real-
valued features. It is also interesting to observe that certain rank-based features
are consistently ignored across all sizes, which can be used to improve the feature
engineering.

In a nutshell, the heatmap of feature importance scores helps in interpreting
the features that govern the decisions made by LEO, which also happens to be



LEO: Learning Efficient Orderings for Multiobjective BDDs 97

in alignment with a widely used heuristic to solve the single-objective knapsack
problem. Refer to Appendix C.4 feature importance plots of size-independent
models (ML+A and ML+AC), which showcase a similar trend.

7 Conclusion

LEO is the first machine learning framework for accelerating the BDD approach
for multiobjective integer linear programming. We contribute a number of tech-
niques and findings that may be of independent interest. For one, we have shown
that variable ordering does impact the solution time of this approach. Our label-
ing method of using a black-box optimizer over a fixed-size parameter configu-
ration space to discover high-quality variable orderings successfully bypasses the
curse of dimensionality; the application of this approach to other similar labeling
tasks may be possible, e.g., for backdoor set discovery in MIP [37]. An additional
innovation is using size-independent ML models, i.e., models that do not depend
on a fixed number of decision variables. This modeling choice enables the train-
ing of unified ML models, which our experiments reveal to perform very well.
Through a comprehensive case study of the knapsack problem, we show that LEO
can produce variable orderings that significantly reduce PF enumeration time.
There are several exciting directions for future work that can build on LEO:

— The BDD approach to multiobjective integer programming has been applied
to a few problems other than knapsack [5]. Much of LEO can be directly
extended to such other problems, assuming that their BDD construction is
significantly influenced by the variable ordering. One barrier to such an exten-
sion is the availability of open-source BDD construction code. As the use of
BDDs in optimization is a rather nascent area of research, it is not uncommon
to consider a case study of a single combinatorial problem, as was done for
example for Graph Coloring in [33] and Maximum Independent Set in [9].

— Our method produces a static variable ordering upfront of BDD construction.
While this was sufficient to improve on non-ML orderings for the knapsack
problem, it may be interesting to consider dynamic variable orderings that
observe the BDD construction process layer by layer and choose the next
variable accordingly, as was done in [18].

— We have opted for rather interpretable ML model classes but the exploration
of more sophisticated deep learning approaches may enable closing some of
the remaining gap in training/validation loss, which may improve downstream
solving performance.

— Beyond the exact multiobjective setting, extending LEQ to a heuristic that
operates on a restricted BDD may provide an approximate PF much faster
than full enumeration. We believe this to be an easy extension of our work.

A Feature Engineering

Table 5 lists the features for an MKP. It can be divided into two types: variable
features and context features. The role of variable features is to summarize the



98 R. Patel and E. B. Khalil

information associated with a particular variable, whereas the context features
contain the instance level information. The variable features can be further par-
titioned into two main categories: property-based and rank-based. The property-
based features are based on properties detailed in Table 1 and rank-based features
are derived by sorting variables based on property values. In summary, we have
18 variable features and 19 context features, resulting in a total of 37 features
per variable. Note that our learning models are based on GBT. However, we do
not use context features in all its variants. Specifically, ML, and ML+A do not
use them whereas ML+C and ML+AC do. Finally, we would like to highlight
that similar features can be derived for the problem classes with more than one
constraint as given in [36,51].

Table 5. Features for an MKP.

Type Feature Description Count
Variable | Properties The variable properties described in 7
Table 1
Rank The ranks corresponding to the heuristic | 10
orderings described in Table 6
Value SD The standard deviation of the values 1
Context | # objectives The number of objectives in the MKP 1
problem
# items The number of items in the MKP 1
problem
Capacity The capacity of the MKP 1
Weight stats. The mean, min., max. and std. of the 4
MKP weights
Aggregate value stats | The mean, min., max. and std. of the 12
values of each objective
Total count 37

B SMAC Setup

Initialization. For both uses of SMAC, we use the MinWt ordering as a warm-
start by assigning all the property weights to zero except the weight property,
which is set to -1. This reduces the need for extensive random exploration of the
configuration space by providing a reasonably good ordering heuristic.

Random Seeds. As SMAC is a randomized optimization algorithm, running it
with multiple random seeds increases the odds of finding a good solution. We
leverage this idea for Smacl as its outputs will be used as labels for supervised
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learning and are thus expected to be of very high quality, i.e., we seek instance-
specific parameter configurations that yield variable orderings with minimal solu-
tion times. We run SmacD with a single seed and use its average run time on
the training set as a target to beat for Smacl. Since the latter optimizes at
the instance level, one would hope it can do better than the distribution-level
configuration of SmacD.

As such, for Smacl, we run SMAC on each instance with 5 seeds for all sizes
except (5, 40) and (6, 40), for which we used one seed. We start with one seed,
then average the run time of the best-performing seed per instance to that of the
average enumeration time of SmacD on the training set, and relaunch SMAC
with a new seed until a desired performance gap between Smacl and SmacD is
achieved.

Computational Budget. In the SmacD setting, we run SMAC with a 12-hour
time limit, whereas in the Smacl case the time limit is set to 20 min per instance
except for sizes (3, 60), (4, 50), (5, 40), for which it is set to 5 min per instance.
In both settings, SMAC runs on a 4-core machine with a 20GB memory limit.
It can be observed that generating the labels can be computationally expensive.
This dictates the choice of sizes in the set of instance sizes, S. Specifically, we
select instance sets with an average running time of at most 100s (not too hard)
and at least 5s (nor too easy) using the top-down compilation method described
in Bergman et al. [5].

Smacl Performance Profile. Having established in Q1 that the search for high-
quality variable orderings is justified, we now turn to a key component of Phase
1: the use of SMAC as a black-box optimizer that produces “label” variable
orderings for subsequent ML in Phase 2. Figure 3 shows the average run time,
on the training instances, of the incumbent property-weight configurations found
by SMAC. These should be interpreted as standard optimization convergence
curves where we seek small values (vertical axis) as quickly as possible (horizontal
axis). Indeed, SMAC performs well, substantially improving over its initial warm-
start solution (the MinWt ordering). The flat horizontal lines in the figure show
the average run time of the single configuration found by SmacD. The latter is
ultimately outperformed by the Smacl configurations on average, as desired.

C Additional Results

C.1 Impact of Variable Ordering on PF Enumeration Time

The heuristic orderings are constructed using the variable properties. For exam-
ple, the heuristic ordering called max_avg-value-by-weight sorts the variables in
descending order of the ratio of a variable’s average value by its weight.
Table 6 summarizes the results of this experiment. We work with 250 MKP
instances of the problem sizes (3, 20), (3, 40), (3, 60), (3, 80), (5, 20), (5, 30),
(5, 40), (7, 20), (7, 30), and (7, 40). The values in the table are the ratios of the
average run time of a heuristic ordering to that of the 5 random orderings; values
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Fig. 3. Smacl performance w.r.t. wallclock time across different sizes. For a given size,
we first of all find the best seed, i.e., the seed which finds an incumbent property-
weight having minimum PF enumeration time, for each instance. Then for a given
wallclock time, we calculate the mean and standard error of the PF enumeration time
across instances for the incumbent property-weight up to that wallclock time. The
mean and standard error are plotted as a blue line and blue error band around it,
respectively. The horizontal black line represents the average PF enumeration time of
SmacD configuration on the validation set.

smaller than one indicate that a heuristic ordering is faster than a random one,
on average. The best heuristic ordering for each size is highlighted.

First, it is clear that some heuristic orderings consistently outperform the
random ones across all problem sizes (min_weight, max_min-value), and by a
significant margin. In contrast, some heuristic orderings are consistently worse
than random. For example, the heuristic ordering max_weight, min_avg-value,
and min_min-value consistently underperform when the number of variables is
more than 20. Second, the choice of MinWt as a baseline was motivated by
the results of this experiment as min_weight wins on most sizes as highlighted
in Table6. Altogether, this experiment validates the hypothesis that VO has
an impact on the PF enumeration time and that there exists EVO that can
significantly reduce this time.
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Size = (7, 40) Size = (6, 40) Size = (5, 40) Size = (4, 50)
1.04 1.04 104 10
508 0.81 0.8 0.8
g
2
3
0.6 4 0.61 0.6 1 0.6
A
g
¢
8044 0.4 0.44 0.4
&
£
F 021 02 0.24 0.2
0.0 T T T 0.0 T T T 0.0+ T T T T 0.0+ T T
0 500 1000 1500 0 200 400 600 0o 25 50 75 100 0 200 400
Total ti|
Size = (3, 60) Size = (3, 70) Size = (3, 80) otal runtime
104 104 104
5 0.8 08| 0.84
g
g
H
% 0.6 { 0.61 0.6
8
g
g
£ 044 0.41 0.44
2
F 0.2 02 0.2
ool ool . . . 0.04 . ;
50 100 150 200 0 100 200 300 0 500 1000
Total runtime Total runtime Total runtime
Method
— ML —— SmacD —— MaxRatio —— MinWt — Lex

Fig. 5. Performance profile of different methods in terms of the fraction of instances
solved w.r.t. time for various sizes.

C.2 Performance of LEO in Comparison to Other Baselines

The detailed version of Table 3, with additional statistics, is provided in Table 7.
To complement this further, we present box plots and performance profiles in
Fig.4 and Fig. 5, respectively. Note how the PF enumeration time distribution
for the ML method is much more concentrated, with a smaller median and only
a few outliers compared to other methods. Note that the instances that had a
timeout are omitted from this analysis. This performance improvement leads

to a larger fraction of instances being solved in a smaller amount of time as
highlighted in Fig. 5.
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Table 6. Ratio of the average time taken by a heuristic ordering to that of 5 random
orderings across 250 MKP instances across sizes specified. A ratio of less (greater) than
1 indicates that heuristic ordering performs better (worse) than random ordering, on
average. The name of a heuristic ordering follows the structure (sort)_(property-name),
where (sort) can either be min or max and (property-name) can be equal to one of the
properties defined in Table 1. A value of max (min) for {sort) would sort the variables
in the descending (ascending) order of the property (property-name).

Heuristic ordering Size

(sort)_(property-name) (3, 20) | (3, 40) | (3, 60) | (3, 80) | (5, 20) | (5, 30) | (5, 40) | (7, 20) | (7, 30) | (7, 40)
max_weight 0.778 | 1.147 |1.378 |1.317 0.815 |1.865 |2.760 |1.165 |2.769 |1.830

min_weight 0.812 |0.654 |0.648 |0.685 |0.769 |0.700 |0.533 |0.694 | 0.588 | 0.581
max_avg-value 0.861 |0.891 |0.843 |0.972 1 0.839 0.992 |0.840 |0.845 |1.125 |0.823

min_avg-value 0.893 |1.619 |2.144 |1.692 |[0.936 |1.721 |2.132 |1.103 |1.918 |1.524

max_max-value 0.858 |1.065 |1.126 |1.203 | 0.857 |1.137 | 1.060 |0.899 |1.408 |0.992

min_max-value 0.855 |1.018 |1.010 |0.995 0.854 |1.077 |1.009 |0.909 |0.981 |0.975

max_min-value 0.851 |0.705 |0.537 |0.590 |0.813 |0.816 |0.617 |0.819 |0.862 |0.767

min_min-value 0.883 |1.662 [2.266 |1.729 0.930 |1.700 |2.020 |1.094 |1.980 |1.430

max_avg-value-by-weight |0.838 |0.832 |0.988 |1.156 |0.802 |0.896 |0.887 |0.751 |0.917 |0.788

max_max-value-by-weight | 0.837 |0.837 |1.037 |1.192 |0.804 |0.871 |0.824 |0.732 |0.790 |0.735

C.3 BDD Topology Analysis

The mean cumulative number of solutions generated at a given level are given
in Fig. 6 and the BDD topology analysis for all sizes is detailed in Table8. It is
evident from both of these that ML-based VO leads to fewer intermediate solu-
tions, which results in smaller number of Checks and improved PF enumeration
time.

C.4 Feature Importance Plots for Size-Independent ML Models

Figure7 and Fig.8 shows the feature importance plots for the ML+A and
ML+AC models, respectively. The std-value and min-value-by-weight features
are ranked highly by both models. The usefulness of the context features is
clearly highlighted by their presence in the top 5 features of the ML+AC model.
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Table 7. PF enumeration time statistics on the test set containing 100 instances with
a time limit of 1800s. Each row represents aggregate statistics for a given instance
“Size” and “Method”. “Count” stands for the number of instances on which the algo-
rithm ran successfully without hitting the time or memory limits. “GMean”, “Mean”,
“Min”, “Max” and “Std” denotes the geometric mean, arithmetic mean, minimum,
maximum and standard deviation of the enumeration time computed across “count”
many instances. We use a shift of 5 to compute the “GMean”.

Size Method | Count | GMean | Mean | Min | Max Std

(7, 40) | ML 100 |50.95 |129.26 |2.26 |1490.58 | 242.53
ML+C 99 47.97 |113.28 2.25 |851.69 |182.27
ML+A 99 53.83 125.25 |2.81 | 1130.82209.60
ML+AC |99 54.54 12847 |2.27 |1153.07|207.21
SmacD 99 74.24 162.30 |2.95 |1521.43|252.04
MaxRatio | 98 96.38 |214.78 |4.14 |1700.44|319.32
MinWt 99 69.11 144.82 |3.16 |1561.36 | 227.74
Lex 95 111.59 |232.30 |7.66 |1604.17 |332.34
(6, 40) | ML 100 20.90 |32.57 |2.57 |377.89 |45.71
ML+C 100 20.59 | 32.71 2.17 |404.85 | 47.98
ML+A 100 20.06 |31.56 |2.29 |355.64 |43.80
ML+AC | 100 19.90 |32.22 2.01 |427.80 |49.85
SmacD 100 |25.38 |40.35 |2.95 |434.34 |55.20
MaxRatio | 100 26.68 | 45.75 3.05 |664.88 |77.28
MinWt 100 25.63 40.67 |2.91 |427.06 | 54.98
Lex 100 49.98 |88.89 |6.01 |713.58 |120.76
(5, 40) | ML 100 5.00 6.10 1.26 |40.91 6.43

ML+C 100 | 4.99 6.20 125 |41.19 |6.80

ML+A 100 4.90 6.00 1.28 |41.24 6.40

ML+AC | 100 4.99 6.34 1.06 |41.29 7.29

SmacD 100 6.80 8.62 1.38 |51.22 9.34

MaxRatio | 100 6.66 8.62 1.44 |58.87 10.04
MinWt 100 | 6.68 8.46 1.44 |52.61 |9.21

Lex 100 11.75 16.20 1.86 |109.18 |18.66
(4, 50) | ML 100 11.18 |13.53 |2.54 |79.42 12.37
ML+C 100 11.34 13.86 |2.49 |87.89 13.01
ML+A 100 11.50 |14.06 |2.47 |73.17 |12.79
ML+AC | 100 11.39 13.90 |2.22 | 77.75 12.68
SmacD 100 18.12  24.29 |4.04 |218.24 |30.38
MaxRatio | 100 20.33 |27.03 |3.24 |167.95 |27.71
MinWt 100 24.66 |36.13 |4.67 |553.15 |61.12
Lex 100 |38.75 |55.14 |6.67 |395.67 |62.76
(3, 60) | ML 100 8.31 9.04 3.88 | 34.13 5.43

ML+C 100 | 8.53 9.25 3.66 |36.82 |5.52

ML+A 100 |8.41 9.09 3.56 |31.14 |5.22

ML+AC | 100 8.24 8.95 3.44 |31.99 5.36

SmacD 100 |9.32 10.34 |3.53 |43.58 |6.96

MaxRatio | 100 14.68 16.52 5.76 | 64.21 11.09
MinWt 100 17.13  |19.32 |5.36 |75.98 |12.08
Lex 100 25.89 |31.12 8.12 |195.25 |26.67
(3, 70) | ML 100 20.46 |22.28 | 7.92 |64.55 |10.89
ML+C 100 20.80 |22.72 |7.29 |66.67 |11.26
ML+A 100 20.79 |22.81 7.68 | 80.82 11.77
ML+AC | 100 20.38 |22.24 | 7.41 |65.67 |10.88
SmacD 100 22.13 2449 |7.52 |96.94 13.47
MaxRatio | 100 [39.13 44.43 |12.01|215.63 |27.95
MinWt 100 50.16 | 57.56 12.17{194.07 |33.10
Lex 100 77.46 |91.38 | 19.87|308.21 |55.80
(3, 80) | ML 100 |49.42 |57.03 |15.29(286.11 |40.37
ML+C 100 49.66 | 57.12 15.99 | 224.96 | 38.47
ML+A 100 |50.27 |58.65 |15.35|262.77 |42.52
ML+AC | 100 48.48 |56.11 |15.43|262.57 |39.60
SmacD 100 |59.05 |71.67 |15.66|632.92 |69.80
MaxRatio | 100 106.08 |129.24 |29.64 | 741.82 | 110.73
MinWt 100 135.33 |168.94 |30.35|794.10 |141.95
Lex 99 202.25 |250.26 |56.52 | 1332.19 | 204.47
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Fig. 6. Cumulative number of intermediate solutions generated at a particular layer

across all sizes.
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Fig. 7. Feature importance plot for ML+A model. Refer to the caption of Fig. 2 for an
explanation of the feature naming conventions.
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Table 8. Analyzing the impact of BDD topology on the PF enumeration time on the
test set. For a given “Size” and “Method”, the metric value indicates the percentage
of mean performance by that “Method” compared to the Lex method. The “Nodes”
(“Width”) represents the percentage of the mean of the number of nodes (mean width)
of the BDDs generated by “Method” to that of Lex. “Degree” denotes the percentage of
the mean ratio of the in-degree of the top 50 nodes with the highest in-degree in BDDs
generated by “Method” to that of Lex. Similarly, “Checks” and “Time” indicate the
percentage of the average Pareto-dominance checks and the average geometric mean
of the PF enumeration time, respectively. For all metrics, values less than 100 are
preferred. For example, a value of § for “Nodes” indicates that the mean number of
nodes for “Method” is §/100x the mean number of nodes of “Lex”.

Size Method | Nodes | Width | Degree | Checks | Time
(7, 40) | ML 80.37 |88.01 |74.92 |38.31 |38.98
SmacD 70.08 | 79.22 |149.06 | 64.24 |59.56
MaxRatio | 71.24 |80.63 |66.72 |85.14 |79.63
MinWt 69.18 | 78.69 | 151.10 | 59.23 | 55.66
(6, 40) | ML 78.21 |85.74 |89.48 |39.96 |41.82
SmacD 69.85 |79.38 |147.08 |53.80 |50.79
MaxRatio  90.31 |94.86 |63.16 |52.18 |53.38
MinWt 69.85 | 79.38 | 147.08 | 53.80 |51.28
(5, 40) | ML 81.30 |88.05 |63.86 |35.91 |42.51
SmacD 69.14 |78.86 |132.01 |57.99 |57.87
MaxRatio | 88.50 [93.93 |57.97 |50.51 |56.69
MinWt 69.14 | 78.86 | 132.01 |57.99 | 56.81
(4, 50) | ML 90.39 |96.63 |60.12 |23.09 |28.84
SmacD 75.67 | 87.74 |110.15 | 43.63 |46.75
MaxRatio | 87.99 |96.18 |57.78 |50.17 |52.46
MinWt 70.19 | 84.78 | 149.33 1 64.96 |63.64
(3, 60) | ML, 92.96 |98.33 |69.77 |20.61 |32.12
SmacD 91.58 |98.80 |77.99 |26.46 |35.99
MaxRatio | 86.06 |96.36 |52.66 |51.46 |56.70
MinWt 68.46 | 86.59 | 141.52 | 67.49 |66.16
(3, 70) | ML 92.11 | 98.56 |65.73 |18.26 |26.41
SmacD 90.67 |98.71 |66.02 |21.07 |28.56
MaxRatio | 85.98 |97.13 | 49.10 49.67 |50.52
MinWt 70.12 | 89.70 | 121.16 | 70.17 |64.75
(3, 80) | ML 90.84 |98.56 |62.72 |19.02 |24.09
SmacD 92.21 [99.18 |79.72 |25.73 |28.81
MaxRatio | 84.23 |97.21 |45.26 |54.71 |51.71
MinWt 68.64 1 90.48 | 114.92 | 70.17 |65.71
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Fig. 8. Feature importance plot for ML+AC model. Features that start with “c_” are
context features; see Table 5.
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Abstract. In this paper, we introduce and study mathematical pro-
gramming formulations for the Least Cost Directed Perfect Awareness
Problem (LDPAP), an NP-hard optimization problem that arises in the
context of influence marketing. In the LDPAP, we seek to identify influ-
ential members of a given social network that can disseminate a piece
of information and trigger its propagation throughout the network. The
objective is to minimize the cost of recruiting the initial spreaders while
ensuring that the information reaches everyone. This problem has been
previously modeled as two different integer programming formulations
that were tested on a collection of 300 small synthetic instances. In this
work, we propose two new integer programming models and three con-
straint programming formulations for the LDPAP. We also present pre-
processing techniques capable of significantly reducing the sizes of these
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1 Introduction

The phenomenon of influence spreading on social networks has been modeled
in combinatorial optimization since the beginning of the century [11]. One of
the most studied problems within this topic is the Target Set Selection Prob-
lem (TSSP) [5], whose introduction gave rise to IP formulations [1,20,22] and a
collection of variants that deal with different scenarios [2].

In the original formulation of the TSSP, the objective is to select a set of
individuals of minimum size (or minimum cost) capable of starting a widespread
propagation of a piece of information (news, media, opinion, etc.). Typically, it is
assumed that during a propagation, inactive people only start to actively pass on
the information when they receive sufficient influence from their acquaintances.

A more realistic scenario is addressed in the Perfect Awareness Problem
(PAP), which was proposed in [6] and also studied in [7,13,16]. In the PAP, an
additional intermediary state (being aware) is introduced. In this problem, peo-
ple are considered aware of the information as soon as they are influenced for
the first time. The objective is to select a minimum set of seminal spreaders so
that all individuals end up in the aware state at the end of the propagation.

In [15], the Least Cost Directed Perfect Awareness Problem (LDPAP) is intro-
duced as an extension of the PAP to consider nonreciprocal relations observed in
social networks like X (formerly known as Twitter) and Instagram. The LDPAP
also includes distinct degrees of influence between individuals (which neither
TSSP nor PAP consider) as well as different costs for recruiting initial spreaders.

Although there are important theoretical and practical results regarding the
LDPAP in the literature, which includes two integer programming (IP) formula-
tions and a heuristic [15], there remains significant work to be done to solve the
problem from an exact perspective. So far, only small instances can be solved to
optimality. In this paper, we propose new formulations and exact techniques for
the LDPAP that allow us to solve considerably larger instances.

Our Contributions
The main contributions of this paper for the LDPAP are:

two novel IP formulations;

— three new constraint programming (CP) formulations;

— preprocessing techniques that reduce the size of the models;

— comparative experiments using the new and existing models on small syn-
thetic instances and large instances built from crawled X networks.

This text is organized as follows. In Sect. 2, we formally define the LDPAP and
review the literature on the problem. The new IP and CP models are presented in
Sect. 3 and Sect. 4, respectively. In Sect. 5, we introduce the preprocessing tech-
niques for these formulations. Later, in Sect. 6, we report a set of computational
experiments and analyze the results with the objective of empirically evaluating
the exact models. Lastly, in Sect. 7, we close the paper with concluding remarks
and address future work.
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2 Object of Study

Although the LDPAP has just recently been introduced into the literature, a
number of theoretical and practical results are already known. Next, we formally
present the LDPAP and summarize previous work.

2.1 Problem Statement

The LDPAP, as first introduced in [15], can be described as follows. Consider a
portion of an online social network represented by a directed graph D = (V, E),
where V' and E are the sets of vertices and directed edges (arcs) of D. Each
vertex in V represents an individual, and each (u,v) € E indicates that u can
exert influence over v. The in- and out-neighborhoods of each v € V are indicated
by Niy(v) ={u €V : (u,v) € E} and Noy(v) ={ue€V: (v,u) € E}.

A set of vertices selected to first disseminate the information is called a seed
set and it contains the seeds. When the seeds transmit the information to their
out-neighbors, some vertices may be influenced to the point that they forward
the information, triggering a propagation. In this process, each vertex assumes at
least one of three possible states regarding the information being disseminated:

— ignorant: the vertex is not a seed and has not received the information yet;

— aware: the vertex is a seed or has received the information at least once;

— spreader: the vertex is a seed or has received the information enough times
to enable it to forward the information to others.

The cost of selecting a vertex v as a seed is denoted by ¢, € RT and the
cost of a seed set S C V iscg = ZUES’ ¢y. Moreover, the threshold of v, denoted
by t, € RT, quantifies the need for v to be sufficiently influenced to the point
where v begins to pass on the information being propagated. In other words, if v
is not a seed, then v becomes a spreader only if the amount of influence received
by v is at least ¢,. Furthermore, the weight of an edge (u,v) € E, denoted by
wy,» € RT, measures the degree of influence u can exert on v.

The passage of time in a propagation is divided into rounds. In each round
7 > 0 of the propagation Pg started from a seed set S, the sets of vertices that
are in the spreader and aware states are denoted by S, and A, respectively. In
the beginning of Pg, So = Ap = .5, and for each 7 > 1 we have:

A, =AU {7) eV \ A_q: |Nin(v) N ST,1| > 1};
S,=58,_1U {U eV \ Sro1: ZueNm(v)ﬁSTf1 Weyy = tv}-

Note that every vertex in the spreader state is also in the aware state, i.e.,
Sr C A, for any 7 > 0, but the reverse is not necessarily true. The propagation
ends when S,_; = S, for some p > 1. If all vertices are aware at the end of Pg,
ie, Ay =V, S is called a perfect seed set.

Formally, in the LDPAP, we are given an instance I = (D,c,t,w), where
D = (V,E) is a directed graph, and ¢: V - RT, ¢t : V - RT and w: E — RT
are cost, threshold, and weight functions, respectively. The problem’s objective
is to find a perfect seed set of minimum cost.
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2.2 Previous Work

In [15], it is shown that the LDPAP is NP-hard and cannot be approximated
within a ratio of @(21°6' "), for any £ > 0, unless NP C DTIME(nPol¥los(n)),
These results also hold for the PAP [6], which is a special case of the LDPAP where
(u,v) € Eiff (v,u) € E, w,, =1 for every (u,v) € E, and t, € Z", ¢, = 1 for
every v € V. Moreover, the LDPAP remains NP-hard for acyclic graphs, which
can be proved by a polynomial reduction from the Hitting Set Problem [10,15].

One may obtain a trivial lower bound for the objective function of the LDPAP
by computing the sum of the costs of all vertices that are sources, if there exists
any, or the least cost among all vertices, otherwise. An algorithm to obtain an
alternative lower bound that is at least as good as the trivial one is proposed
n [15]. The strategy is to contract the strongly connected components of the
original graph to form a (probably smaller) new instance. The optimal value for
the new instance provides a lower bound for the original one.

There are two IP models for the LDPAP called TP-ROUNDS and IP-ARCS, which
were proposed in [15]. In that same paper, these formulations were tested with a
commercial IP solver on 300 small instances containing up to 100 vertices. Within
an hour of execution for each instance, the IP-ROUNDS and IP-ARCS models
obtained optimal solutions for 90 and 54 instances, respectively. The authors
also concluded that the IP-ARCS formulation appears to be more adequate for
solving instances with sparse graphs, while the IP-ROUNDS model is a better fit
for instances with graphs of intermediate and higher densities.

Due to the LDPAP’s complexity, a natural way to tackle large instances is to
employ heuristic algorithms. In [15], the authors introduce a heuristic for the
LDPAP called RGR, which is based on the metaheuristic Reactive GRASP [19]. The
RGR heuristic was tested on large instances with up to 50,000 vertices and proved
to be greatly superior to a baseline greedy algorithm.

3 Integer Programming Formulations

In this section, we introduce two new IP formulations for the LDPAP, namely,
IP-ARCS-POLY and IP-ORDERING. For ease of reference, we also present the two
existing formulations from [15] namely, IP-ROUNDS and IP-ARCS. We remark
that these models can be simplified to obtain TSSP formulations and they may
be seen as adaptations from the IP models for the TSSP from [1,20,22]. Future
TSSP models might lead to the design of new formulations for LDPAP.

Let I = (D = (V,E),c,t,w) be an instance of the LDPAP, where |V| = n.
Every formulation in this section contains a set {s, : v € V'} of binary variables
such that s, = 1 iff v is a seed. The models also share the same objective
function (1), which minimizes the cost of the seed set.

min Z CySy (1)

veV
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3.1 The Existing IP-ROUNDS Formulation

In the IP-ROUNDS model, there exists a set {z,, : v € V,7 € {0,1,...,n}} of
binary variables such that z, , = 1 iff v is a spreader in round 7. Note that n+1
is the maximum number of rounds it takes for a propagation to end. The rest of
the formulation comprises constraints (2)—(4).

Ty,0 = Sy YoeV (2)

Z Wy Ty, r—1 + toTp,0 > tyTyr YoeVVre{l,2,...,n} (3)
u€ Nip (v)

Toot Y Tum1> 1 YoeV  (4)

w€ Nin (v)

Constraints (2) determine that the seed set is formed by the vertices that
are spreaders in round 7 = 0. Constraints (3) forbid each vertex v from being
a spreader in round 7 (i.e., make z,, = 0) if v is neither a seed (z,0 = 0)
nor receives enough influence from its in-neighbors that are spreaders in round
T—1 (ie, ZueNm(v) Wy,pTy,r—1 < ty). Lastly, constraints (4) ensure that every
vertex v is either a seed or has an in-neighbor that is spreader in round 7 =n—1
and, consequently, is aware in round n. The IP-ROUNDS formulation has O(|V|?)
binary variables and O(|V'|?) constraints.

3.2 The Existing IP-ARCS Formulation

The IP-ARCS model has a set {y, ., : (u,v) € E} of binary variables such that
Yu,p = 1 iff v influences v during the propagation. Let = be the collection of all
directed cycles of D. The IP-ARCS formulation includes constraints (5)—(8).

Yuw + 8o < 1 Y(u,v) € E (5)
Z Wi uYiu + tusu Z tuyu,v V(U,U) er (6)
1€ Nin (u)
Sot D Yuw > 1 VoeV (7)
w€ Nin (v)
> Yuw < g -1 Vee = ®)
(u,v)€€

Constraints (5) establish that, if a vertex is a seed, it cannot be influenced
by any of its in-neighbors. Constraints (6) guarantee that, for any (u,v) € E,
if u influences v during the propagation (y,., = 1), then u necessarily enters
the spreader state before that happens, either by being a seed (s, = 1) or by
receiving an amount of influence of at least t,,. Constraints (7) enforce that each
vertex is a seed or is influenced by one of its in-neighbors, and hence aware.

Lastly, (8) forbid the occurrence of a circular sequence of influences during the
propagation by avoiding directed cycles in the directed subgraph of D induced
by each (u,v) € E with y,, = 1. The IP-ARCS formulation has O(|V| + |E|)
variables and O(|V'|+ |E|) constraints, except for (8), which can be exponential.
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3.3 The New IP-ARCS-POLY Formulation

The new IP-ARCS-POLY formulation is obtained by substituting constraints (8)
in IP-ARCS by an alternative set of constraints with polynomial size. The idea
is similar to the subtour elimination constraints in the Miller—Tucker—Zemlin
formulation for the Travelling Salesman Problem [12].

Let {¢, : v € V} be a set of integer variables with domain {0, 1,...,n—1}. For
each v € V, £, is the length of the longest path that starts from a seed and ends at
v in the directed subgraph of D induced by the edges in {(u,v) € E : y,, = 1}.
The IP-ARCS-POLY model comprises constraints (5)—(7), (9), and (10).

(n—=1)-(1—=sy) >4, YoeV (9)
Yy — 1) +1 <8, — 4, V(u,v) € E (10)

Constraints (9) determine that if v is a seed (s, = 1), then the length of the
longest path that starts from a seed and ends at v is 0 (i.e., £, = 0). On the
other hand, constraints (10) enforce that if u influences v (i.e., yy,» = 1), then
the length of the longest path that starts from a seed and ends at v must be
larger than the length of the longest path that starts from a seed and ends at
u (i.e., £, > £,). The IP-ARCS-POLY model has O(|V| + |E|) binary variables,
O(|V]) integer (non-binary) variables, and O(|V| + |E|) constraints.

3.4 The New IP-ORDERING Formulation

In the new IP-ORDERING formulation, there are three sets of binary variables,
namely, {p, : v € V},{qy : v € V},{hy : w,v € V,u # v}, such that:

py = 1 iff v is not a seed, but becomes a spreader during the propagation;
g, = 1 iff v is not a seed and does not become a spreader, but is in the aware
state at the end of the propagation;

hy,» = 1iff w and v are both spreaders during the propagation, and u assumes
that state before v does.

The model comprises constraints (11)—(17). The role of the h variables is to
induce the order in which the vertices assume their spreader state.

Sp+potqu=1 YoeV (11)

Z Wy whuw 2 toPy YoeV (12)
u€E Nip (v)

S (sutpl) > @ VeV  (13)
w€E Nip (v)

SutDPu = huw V(u,v) €V x Viu#wv (14)

hyw < po V(u,v) eV x Viu#wv (15)

hyv+hyuw+qe <1 Y(u,v) eV X Vu#v (16)

hij+hie < hin+1  Y(i,jk) eV xVxVitj#tk  (17)
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Constraints (11) guarantee that each vertex is either a seed or assumes the
spreader or aware state. Constraints (12) enforce that, if v is not a seed but
becomes a spreader, the amount of influence received by v from its in-neighbors
that are spreaders before v must be at least ¢,,. Constraints (13) determine that
if v is neither a seed nor becomes a spreader but is otherwise aware at the end
of the propagation, then v must have at least one in-neighbor that is either a
seed or becomes a spreader during the propagation.

Constraints (14) and (15) establish that, if © becomes a spreader before v
does, then either u is a seed or it becomes a spreader later, and v has to become
a spreader as well. Constraints (16) imply that at most one of the following can
be true: u assumes the spreader state before v does; v assumes the spreader state
before u does; v is neither a seed nor becomes a spreader, but becomes aware
during the propagation. Lastly, (17) ensure transitivity in the ordering of the ver-
tices that assume the spreader state during the propagation. The IP-ORDERING
model has O(|V|?) binary variables and O(|V|?) constraints.

4 Constraint Programming Formulations

In this section, we rewrite the IP-ROUNDS, IP-ARCS-POLY, and IP-ORDERING
formulations by converting some of their linear constraints into propositional
logic constraints, which are more natural and adequate for a CP solver. The
converted constraints represent logical implications originally formulated with
big-M type coefficients. This is the case for constraints (3), (6), (9), and (10).
As a result of this rewriting, we derive three CP formulations for the LDPAP,
namely, CP-ROUNDS, CP-ARCS-POLY, and CP-ORDERING. Before describing them,
we explain why we did not rewrite IP-ARCS.

Because of the exponentially many constraints (8) in the IP-ARCS model,
one would generally use a row generation algorithm in which (8) are regarded
as lazy constraints that get introduced only as they become violated. The CP
solvers we are familiar with do not allow lazy constraints since they require all
constraints to be loaded a priori, which is not doable for (8). Although it is
possible to use a CP solver to repeatedly solve the problem and add violated
constraints (8), we tested such an implementation and concluded it is too time
consuming and not effective in practice. Some CP solvers, such as Gecode [§],
include a global constraint called DAG that avoids induced directed cycles, but
that constraint basically consists of using (9) and (10). Therefore, substituting
DAG for (8) in IP-ARCS would simply lead to the same IP-ARCS-POLY model that
we are already studying.

We now introduce the CP-ROUNDS, CP-ARCS-POLY and CP-ORDERING formu-
lations, which share the same objective function (1).

4.1 The CP-ROUNDS Formulation
The CP-ROUNDS model is derived from IP-ROUNDS by substituting (18) for (3).

IF (2o, AND ~Zy0) THEN > WuoZur—1 >ty Y€V Vre{1,2,...,n} (18)
u€ Njy (v)
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For every vertex v, (18) say that if v is a spreader in round 7 but not a
seed, then the amount of influence it receives in round 7 — 1 is at least t,,. Like
IP-ROUNDS, this model has O(|V|?) binary variables and O(|V'|?) constraints.

4.2 The CP-ARCS-POLY Formulation

The CP-ARCS-POLY model is derived from IP-ARCS-POLY by substituting (19),
(20), and (21) for (6), (9), and (10), respectively.

IF (yu,0 AND —s,) THEN > wiy¥iu > t Y(u,v) € E (19)
1€ Nin (u)

IF s, THEN 4, =0 YveV (20)

IF Yy, THEN £, < 4, V(u,v) € E (21)

Constraints (19) guarantee that, for any (u,v) € E, if u influences v during a
propagation but « is not a seed, then © must have become a spreader by receiving
enough influence. Constraints (20) establish that, if v is a seed, the longest path
from a seed to v has length 0. Lastly, (21) indicate that, if « influences v, the
longest path from a seed to w must be shorter than the longest path from a
seed to v. The CP-ARCS-POLY model has O(|V| + |E|) binary variables, O(|V])
(non-binary) integer variables, and O(|V| + |E|) constraints.

4.3 The CP-0RDERING Formulation

The CP-ORDERING formulation is derived from IP-ORDERING by substituting (22)
and (23) for (12) and (17), respectively.

IF p, THEN > wWuphuy >ty YoeV  (22)
w€ Nin (v)
IF (hi,; AND h, ) THEN h; V(i,j,k) eVxVxVi#j#k (23)

Constraints (22) determine that, if a non-seed vertex v becomes a spreader,
the amount of influence received by v must be at least t,,. Constraints (23) enforce
transitivity on the spreading order implied by the h variables. The CP-~ORDERING
model has O(|V|?) binary variables and O(|V|*) constraints.

5 Preprocessing Methods for the LDPAP Formulations

In this section, we present useful preprocessing techniques that can be applied
to the proposed models to reduce their sizes either by removing unnecessary
variables or constraints, or by reducing some variable domains.

Let I = (D = (V,E),c,t,w) be an instance of the LDPAP with |V| = n,
and let @ C V be the set of source vertices in D (i.e., vertices with an empty
in-neighborhood). Clearly, any feasible solution for I must contain @, otherwise
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the sources would not become aware during the propagation. Now, let Pg be
a propagation started from @ and let p > 1 be the last round of Pg. Then,
Q, = Qp—1, where @; denotes the set of spreaders in the ¢-th round. Take
k=p+n+1—|Q,—1|. Our first preprocessing method relies on Theorem 1.

Theorem 1. If S is a feasible solution for I, then the propagation Pg started
from S takes no more than k rounds.

Proof. Let S be a feasible solution for I so that Pg takes at least £ + 1 rounds.
Since S is feasible, Q@ € S and, therefore, @,—1 € S,—1. Hence, at the end of
round p—1 of Pg, there are at least |Q,_1| spreaders and, consequently, at most
n—|Q,—1| non-spreaders. Therefore, there can be at most n—|Q,—1|+ 1 rounds
after p — 1, totaling p+n+ 1 —|Qp_1| = k rounds (because there are p rounds
from 0 to p — 1), which contradicts the choice of S. g

We can compute both p and |Q,—1| (and thus k) by simulating Pg using the
CompletePropagation algorithm, introduced in [15], which runs in O(|V |+ |E|)
time. To do so, we keep a counter for the number of rounds and another for the
number of spreaders per round.

So far in this paper, we have used n + 1 as an upper bound for the total
number of rounds that a propagation can take. Indeed, some variables in the
IP-ROUNDS, IP-ARCS-POLY, CP-ROUNDS, and CP-ARCS-POLY formulations were
defined by assuming that, in the worst-case scenario, a propagation ends in
round n. We now tighten the n 4+ 1 upper bound to k. In doing so, we are
assuming that, in the worst case, a propagation ends in round x — 1. Next, we
describe how we adjust the models accordingly.

For the IP-ROUNDS and CP-ROUNDS models, we remove all variables z,, , with
v €V and T > &, as well as every constraint of type (3) and (18) in which they
occur. Then, we substitute (24) for (4).

Toot+ D Tuma> 1 Voev (24)
u€ Nip (v)

For the IP-ARCS-POLY and CP-ARCS-POLY models, we simply change the domain
of the ¢ variables from {0,1,...,n —1} to {0,1,...,x —2}.

Now, we present a preprocessing approach for the IP-ORDERING formulation.
Recall that each binary variable h, , indicates whether v assumes the spreader
state before v does. Moreover, (16) and (17) guarantee that the directed graph
defined by the edge set {(u,v) : u,v € V,u # v, hy, = 1} is acyclic. In other
words, these constraints forbid any circular sequence of vertices with respect to
the order in which they assume the spreader state.

During a propagation, however, a circular sequence of influence induced by
h can only occur between vertices belonging to the same strongly connected
component of D. Thus, instead of ensuring a non-circular ordering of the vertices
for the entire graph, we can rewrite the constraints to focus separately on each

strongly connected component of D.
We redefine the set of h variables from {h,, : u,v € Viu # v} to {hy, :
(u,v) € EUE'} where E’ contains edges (u,v) and (v,u) for every distinct
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vertices u and v that belong to the same strongly connected component of D.
Next, we substitute constraints (25) to (28) for constraints (14) to (17).

Sutpu 2 huw V(u,v) € EUE" (25)

huv < Do Y(u,v) € EUE" (26)
huv+hou+qo < 1 Y(u,v) € E' (27)
hij+hjx < hip+1 Vdistinct i,5,k € V s.t. (4,5), (4, k), (i,k) € ' (28)

To consider the CP-ORDERING formulation with the preprocessing approach
we have described for the IP-ORDERING model, we apply the same modifications
proposed above and also substitute (29) for (23).

IF (h;; AND hj ) THEN h,;, V distinct 4,5,k € V s.t. (4,5), (4, k), (i, k) € ' (29)

6 Computational Experiments

In this section, we describe the experiments we carried out with the formulations
presented in Sects. 3 and 4. We used a machine equipped with an Intel® Xeon®
E5-2630 v4 processor, 64 GB of RAM, and the Ubuntu 22.04.1 LTS operating
system. We employed Gurobi v10.0.3 [9] as the IP solver and CP-SAT v9.7.2996
(from Google OR-Tools) [18] as the CP solver. The instances in our experiments
were divided into two datasets, outlined in the next section.

We refer the reader to a publicly available repository [17] that accompanies this
paper and includes the source code, problem instances, the solutions obtained, and
an appendix with additional details about our experimental results.

6.1 Datasets

The first dataset, denoted by Agyn, was introduced in [15] and contains 30 syn-
thetic instances with n vertices for each n € {10,20,...,100}, totaling 300
instances. The graphs in these instances were generated using a well known
algorithm proposed in [3] for the creation of scale-free graphs that capture cru-
cial characteristics of social networks. Particularly, the Agy, dataset was pur-
posely designed to be diverse regarding the densities of the graphs, calculated as
m/(n? —n), where m is the number of edges. For each fixed n, the 30 instances
in Agyn with n vertices vary from very sparse graphs to nearly complete graphs.
For each instance (D, w,c,t) in Agyn, the weight, cost, and threshold func-
tions are given by (30), (31) and (32), which were originally presented in [15].

W = [Nowt @)1/ (Lweny ) | Noue (w)]) (30)
5 INow (@)l [Now(v)] > 0 (31)
! ~+00, otherwise
[ Nin (v)]

: d u,v f f Nin O
b= 2 medianfwu,), 1 NL(0)]> (32)

400, otherwise.
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Formula (30) establishes that the amount of influence that u exerts on v is
proportional to the popularity of u on the network compared to the popularity
of the other in-neighbors of v. Formula (31) is based on the fact that, in 2020,
influencers with up to 1 million followers on some online social networks were
charging about 5 cents of a dollar per follower for a single paid post [4]. Note
that when v has no influence over other users, assigning +oo as its cost prevents
v from being picked as an ineffective seed.

Formula (32) determines that a vertex v begins to forward the information
when it receives an amount of influence equivalent to the total influence coming
from half of its in-neighbors, assuming that all of them were exerting a median
level of influence on v. This is an extension of the well-studied majority threshold
function, where, in a given unweighted and undirected graph, a non-seed vertex
spreads the information when at least half of its neighbors are spreaders [5]. For
more details on the generation of the Ay, dataset, we refer the reader to [15].

With the objective of evaluating the scalability of the proposed models for
larger but still solvable instances, we designed a second set of instances, denoted
by Ax, containing large graphs. The Ax dataset was built using a set of users
of the X social network and their online interactions between August 2019 and
March 2020 [21]. For each of 14 selected topics, from soccer to politics, the
authors identified the users who actively posted, retweeted or quoted, and then
crawled their followers that were also active users on the same topic.

These crawled relationships between “follower” and “followed” were previ-
ously used in [15] to obtain a benchmark of instances used to test a heuristic
for the LDPAP (see Sect.2.2). We first attempted to test our exact models on
that benchmark, but preliminary results indicated that the formulations could
not be solved within the established time limit of one hour and sometimes could
not even be loaded into memory due to the very large sizes of the instances,
specifically their number of edges. Thus, we were compelled to reduce the num-
ber of edges in these graphs in order to stress our models on large, yet solvable,
instances.

Therefore, we designed the Ax dataset so that its instances contain a subset
of the user relationships present in the original instances from [15]. This resulted
in 14 large instances, one for each crawled topic. Next, we outline the details of
the Ax dataset construction.

First, we grouped the users with respect to their popularity in the network,
in accordance with the approach proposed in [4], where the influential users
were classified according to their number of followers. To do so, we took r as the
largest integer such that there exists a user with at least 2" followers, and then
partitioned the users into the following equivalence classes:

— Group A: at least 2" followers;

— Group B: at least 2"~ ! and fewer than 2" followers;

— Group C: at least 2"~2 and fewer than 2"~ followers;
Group D: fewer than 272 followers.

We then assumed that the information typically flows from more popular
users to less popular ones or between users within the same class, except for
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users within the least popular Group D. Next, we constructed a graph that
contains an edge (u,v), meaning that u exerts influence over v, for each pair
of users u and v such that v follows u, and either u is more popular than v or
they both belong to the same group A, B or C. This construction purposely
forbids outgoing edges from vertices in group D, since they correspond to users
with very few followers and are not significantly influential in practice. Lastly,
we used (30), (31) and (32) to compute the remaining parameters required to
create an instance of the LDPAP. Table 1 shows properties of the graphs that make
up the instances in Ax, where SCCs denotes the number of strongly connected
components (SCC) and LSCC is the number of vertices in the largest SCC.

Table 1. Quantifying topological characteristics of Ax.

Instance | Vertices | Edges | Density | SCCs | LSCC
Xo1 6529 | 69385 0.00163 | 6344 170
Xo2 16976 | 646190 | 0.00224 | 16123 719
Xos 29693 | 250162 | 0.00028 | 29515 172
Xoa 275 12441 0.01651 250 26
Xos 1637 | 11744 ]0.00439 | 1520 99
Xos 6537 310694 | 0.00727 | 5725 664
Xor 8068 | 138701 | 0.00213 | 7362 572
Xos 7857164710 | 0.00267 | 6994 730
Xog 927 5371{0.00626 | 884 35
X0 9271 | 58828 | 0.00068 | 9209 50
X1 3964 | 24296 | 0.00155 | 3903 56
X2 1520 | 13287 |0.00575| 1388 104
X3 993 | 16828 0.01708 685 173
X4 1405| 8181 |0.00415| 1370 32

6.2 Results for Instances in Agyn

In this section, we report the results for each of the 300 instances from Agyy.
We configured both solvers, Gurobi and CP-SAT, to run on a single thread of
execution within a time limit of 1h for each pair of formulation and instance.
The preprocessing methods that we proposed in Sect. 5 to reduce the size of
the models were employed whenever they were applicable. They proved to be
much more effective than the built-in preprocessing phase inherent to the solver,
so the time spent running them was fully compensated by the performance gains.
Moreover, for each instance, we provided the solvers with an initial feasible
solution that corresponds to the best known perfect seed set for that instance
thus far. These seed sets were obtained from experiments conducted in [15] and
are publicly available in [14]. We also provided the solvers with an initial lower
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bound for the objective function, which was obtained by the algorithm proposed
in [15] (see Sect.2.2).

It is important to highlight that, as shown in Sect. 3, the IP-ARCS model has
an exponential number of constraints (8). As a result, we followed the traditional
lazy constraint strategy: whenever the IP solver found an integer solution, we
performed a complete depth-first search on the directed graph induced by the
integer solution and, for each cycle found, we added the corresponding violated
constraint to the formulation.

We remark that, in [15], the IP-ROUNDS and IP-ARCS models were tested
with the Ay, dataset and found optimal solutions for 90 and 54 instances,
respectively, totalling 93 instances solved.

Regarding the experiments conducted in the present paper, Table 2 shows
the number of provably optimal solutions obtained by each model, where the
instances are grouped by their number of vertices (recall that there are 30
instances for each value of |V]).

Table 2. Number of solved instances from Agyn.

V]
10120, 30| 40| 50| 60| 70| 80| 90 | 100
IP-ROUNDS 30|28 9| 4| 3| 3| 3| 3| 4 4 91
IP-ARCS 30 9 4| 3| 2| 2| 1 1/ 1 1 54
IP-ARCS-POLY |30 | 14| 5| 3| 2| 2, 1| 1 1 1 60
IP-ORDERING |30 | 26 6 3 2 2 1 1 1 1 73
CP-ROUNDS 30/30/30/30(30/30/30|29|22| 17| 278
CP-ARCS-POLY |30| 22| 9| 5| 3| 3| 1| 2| 1 1 7
CP-ORDERING (303030 |28| 12| 6| 6| 2| 3 2 149

Formulation Total

We first observe that the results for the IP-ROUNDS and IP-ARCS models
were similar to the ones obtained in [15], since they solved almost the exact
same instances they did before. The IP-ARCS-POLY model had slightly supe-
rior performance than its exponential-size version, IP-ARCS, by solving 6 more
instances with 20 and 30 vertices. The IP-ORDERING formulation outperformed
both IP-ARCS and IP-ARCS-POLY formulations by solving a total of 73 instances.
Among the IP models, IP-ROUNDS remained the best formulation for the Agyy
dataset, solving a total of 91 instances.

When it comes to the CP formulations, we observe that each model outper-
formed its own IP version. More specifically, the CP~-ORDERING and CP-ROUNDS
models solved substantially more instances than their IP counterparts for each
group of instances (with at least 20 vertices). Indeed, the CP-ORDERING and
CP-ROUNDS models were the ones that solved the largest numbers of instances,
149 and 278, respectively, surpassing all the IP models by a large margin. Next,
we analyze the results obtained by these two formulations in more detail.
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Because the CP-ROUNDS model was able to solve all 149 instances solved by
the CP-ORDERING model, we compare the performance of these formulations by
the time it took them to find these optimal solutions. Table 3 reports statistics
on the running times for those 149 instances.

From the median values in Table 3, we see that both models solved at least
half of the 149 instances in less than 2s. However, the average times indicate
that the CP-ROUNDS formulation was about 38 times faster than the CP~-ORDERING
model. The intervals between minimum and maximum running times, together
with the standard deviations, suggest that the CP-~ROUNDS model had more stable
running times that grew more gradually.

Table 3. Running times (in seconds) for the 149 instances solved by both CP-ROUNDS
and CP-ORDERING formulations.

Formulation | Min Max | Median | Average | Std Dev
CP-ROUNDS | 0.006 | 56.572 0.617 3.622 8.453
CP-ORDERING | 0.004 | 3362.744 1.450 | 138.469 | 458.432

Regarding the 129 instances solved by the CP-ROUNDS model but not by
CP-ORDERING (because it exceed the 1-hour time limit), CP~-ORDERING obtained
an average optimality gap of 78.31%, with a standard deviation of 24.26. On
the other hand, the CP-ROUNDS formulation proved optimality within 469s on
average, with a standard deviation of 746.

With respect to the 22 instances for which all formulations exceeded the time
limit, the IP-ROUNDS and CP-ROUNDS models obtained the smallest optimality
gaps, on average, namely 92.60% and 92.83%, respectively.

6.3 Results for Instances in Ax

In this section, we report the results of the experiments conduced with the Ax
dataset. We maintained the same experimental settings used for the Agy, set
(see Sect. 6.2), with the exceptions noted below.

We configured the solvers to run on at most 10 threads of execution for
each pair of formulation and instance. We also provided the solvers with initial
feasible solutions that were obtained by running the only existing heuristic for
the LDPAP [15] for 10 min per instance. Due to the large sizes of the instances
from Ay, the combinatorial lower bound proposed in [15] could not be computed.
Instead, we provided the solvers with trivial lower bounds (see Sect. 2.2).

Table 4 reports the optimality gaps obtained for each formulation within the
1-hour time limit. Entries containing the ‘-’ symbol indicate the run could not
be completed due to lack of memory.
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Table 4. Optimality gaps (%) obtained for the instances in Ax.

Formulation Xo1| Xoz2| Xoz| Xoa| Xos| Xos Xor| Xos| Xoo| Xio| Xu| Xiz| Xiz| Xua
IP-ROUNDS 88.87 0.00  0.00 0.00 20.22 | 31.32 | 85.28 | 0.00
IP-ARCS 88.87193.63 | 0.00 | 0.00 | 0.00 | 96.06 | 76.36 | 52.46 | 0.00  64.31 | 0.00 | 31.32| 98.73 | 0.00
IP-ARCS-POLY | 88.87| 98.65/0.00 | 0.00 | 0.00|96.06 | 76.36 | 52.46 | 0.00 | 64.31 | 0.00 | 31.32 | 98.73 | 0.00
IP-ORDERING 88.80 0.00 | 0.00 | 0.00 0.00 | 0.00 0.00 31.32| 98.73|0.00
CP-ROUNDS — — —10.00 | 0.00 — — —10.00 - 0.00| 0.00 98.73|0.00
CP-ARCS-POLY | 88.46 | 98.65|0.00|0.00 | 0.00 96.06 | 0.00| 0.00|0.00 64.31| 0.00 31.32| 98.73|0.00
CP-ORDERING - - —10.00 | 0.00 - - —/0.00| 0.00| 0.00| 0.00 -10.00

We first analyze the results for the smallest instances from Ax with respect
to the number of vertices in their largest SCCs (see Tablel). Instances Xoa,
Xo5, Xog, and X714 were solved by each of the formulations in at most 200s per
execution, although most of these executions took only a few seconds.

Instance X1g was solved only by the IP-ORDERING and CP-ORDERING models
in 532 and 17s, respectively. Instance X711 was solved by all models, except for
IP-ROUNDS, and optimal solutions were obtained in less than 2min, except for
CP-ROUNDS, which took 18 min. Instance X715 was solved by the CP-ROUNDS and
CP-ORDERING models in 278 and 73 s, respectively. The CP-0RDERING model was
the only one capable of solving all the instances mentioned so far, always needing
less than 2 min to prove optimality.

The remaining instances are larger than the previous ones with respect to
their largest SCCs. In this case, the executions with CP-ORDERING were halted
due to lack of memory, most likely due to the large number of constraints (29).

Instance X3 was solved by the CP-ARCS-POLY, IP-ORDERING, IP-ARCS and
IP-ARCS-POLY models, taking less than 3 min for the first three. Instances X7
and Xpg were solved only by the CP~ARCS-POLY model in less than 3 min. The
remaining instances, namely Xo1, Xo2, Xog, and Xi3, were not solved by any
model. For these instances, the smallest optimality gaps were achieved, most of
the time, by either the IP-ARCS or the CP-ARCS-POLY formulation.

In conclusion, for the Ax dataset, the CP-ORDERING formulation had the best
overall performance on instances with relatively small strongly connected com-
ponents. For instances whose LSCCs had more than 104 vertices, CP.~-ORDERING
ran into memory limitations, and for these cases the IP-ARCS and CP-ARCS-POLY
formulations were the most effective ones.

7 Concluding Remarks and Future Work

In this paper, we study different formulations and preprocessing approaches for
the LDPAP. We propose two new IP models and three new CP formulations. We
also design and perform experiments to test the existing and new models on a
set of small synthetic instances and a new collection of large instances obtained
from the X social network.

Based on our results, the new CP-ROUNDS formulation is more suitable, both
in terms of efficiency and effectiveness, to solve LDPAP instances with up to 100
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vertices. With this model, we managed to increase the number of known solved
instances from the Agy,, dataset from 93 to 278 (out of 300). For this group of
instances, every CP model outperformed its IP counterpart.

Regarding the 14 large instances from the Ax dataset, we learned that the
CP-ROUNDS model does not scale well with respect to the number of vertices
in the graph. Our results suggest that CP-ORDERING is the most efficient and
effective formulation for large instances with fairly small SCCs. For instances
containing larger SCCs, the IP-ARCS and CP-ARCS-POLY formulations appear to
be better suited.

As for future research directions, we believe that both the CP-ROUNDS and
CP-ORDERING formulations can be employed in the development of heuristics for
the LDPAP based on large neighborhood search or even on techniques grounded in
the decomposition of large instances into smaller ones. For the second case, the
smaller instances can, in turn, be quickly solved with these models depending
on their topological characteristics. Also, it is our view that the possibility of
applying Benders decomposition to the IP-ARCS model is worth investigating.

Disclosure of Interests. The authors have no competing interests to declare that
are relevant to the content of this article.
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Decision problems are seldom static. Foresighted planning requires us to assert
some judgement or prediction of the future to ground the hypothesis space of our
decisions. Fortunately, it is common for processes relevant to decision making
to have a reasonable degree of predictability either in the form of trends or sea-
sonality. Unfortunately, the dynamics of these processes tend to be stochastic,
are often non-linear, potentially non-stationary, and have been observed insuffi-
ciently for robust inference. This is a problem as decision quality can be sensitive
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reflect the conditional sensitivity and uncertainty structure of the prob-
lem. However, there have been limited attempts to extend this paradigm
to robust optimisation. We propose a double implicit layer model for
training prediction models with respect to robust decision loss in uncer-
tain convex quadratically constrained quadratic programs (QCQP). The
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evaluates the worst case realisation for an uncertainty set centred on
the observation given the decisions obtained from the first layer. This
enables us to learn model parameterisations that lead to robust deci-
sions while only solving a simpler deterministic problem at test time.
Additionally, instead of having to solve a robust counterpart we solve
two smaller and potentially easier problems in training. The second layer
(worst case problem) can be seen as a regularisation approach for predict-
and-optimise by fitting to a neighbourhood of problems instead of just a
point observation. We motivate a reformulation of the worst-case prob-
lem for a case of uncertainty sets that would otherwise lead to trust
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lem setting and thus have meaningful gradients almost everywhere. We
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to differences between predicted problem parameters and true problem param-
eters. Even a small prediction error may render a solution highly suboptimal or
even infeasible.

The classical solution to this from the mathematical optimisation commu-
nity has been robust optimisation. That is to find a solution that has the best
worst case realisation across a neighbourhood of problems defined by an uncer-
tainty set. Determining an appropriate contextual uncertainty set is at least as
difficult as the prediction problem and is beyond the scope of this work, we
assume we have a method which is sufficient for our coverage or regularisation
needs. A more recent development that aims to tackle the sensitivity of pre-
diction defined optimisation is decision-focused learning. Instead of attempting
to minimise some measure between the predicted and realised problem param-
eters it aims to minimise the resulting decision loss. The decision loss trained
models reflect the underlying conditional sensitivity and uncertainty structure of
the problem. The predictions effectively trick the optimisation model into mak-
ing more robust solutions in an environment with sparsely observed contextual
realisations.

There are two key shortcomings with the decision-focused learning approach.
It is computationally demanding as computing the gradients for decision losses
requires differentiating through an optimisation process which typically requires
at least one computation of an optimal solution. In this work we focus on
quadratic convex optimisation problems for which we can differentiate the opti-
mality conditions for gradient computation. Note that a wealth of methods has
been developed for differentiable optimisation [16]; other approaches for differ-
entiating across arg min may be more appropriate, but this is beyond the scope
of this work. Decision-focused learning therefore scales poorly with increasing
levels of the computational difficulty of optimisation problems.

The prediction problem for optimisation is typically very high dimensional,
as we need to predict the vectors and matrices that define an optimisation prob-
lem. As observations are limited, this means we are necessarily dealing with a lot
of empirical uncertainty on top of aleatoric uncertainty and are faced with a few-
shot learning problem. While standard decision-focused learning ameliorates the
sensitivity issue, it does not resolve it without having many observations in sim-
ilar contexts. Even in data-rich cases the underlying aleatoric uncertainty means
that predictions based on minimising empirical regret will overfit to observed
realisations for a local context. A potential solution is taking the decision losses
from the robust problem centred on the observation. In its classical form this
exacerbates the computational issue as the robust counterpart of an optimisation
problem is at best (with elegantly designed uncertainty sets) in the same class
of computational difficulty, but larger. In general, uncertainty sets have to be
carefully designed to preserve tractability and their robust counterparts usually
belong to more computationally challenging problem families [5]. The nature of
the decision problem may mean that we have insufficient time to obtain a robust
solution at test time.

To address these shortcomings we propose a model which learns parameteri-
sations for surrogate deterministic programs whose solutions approximate robust
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solutions. This means we have to separate the deterministic version of the pro-
gram from the worst case problem. In the worst case problem we are trying to
find a combination of the worst case outcome and constraint violation for a given
decision. The worst case problem does not have to be solved at test time as it
is effectively a regularisation tool which penalises decisions based on their local
worst-case outcome. The regularisation explicitly accounts for the local sensitiv-
ity structure for each observation. In effect, we are trying to solve the inverse
problem of what parameters for a deterministic problem would achieve robust
solutions for a given uncertainty set.

We narrow our attention to uncertain convex QCQP. This research focus is
motivated by two properties. The first is that for strictly convex QCQPs the opti-
misation output in terms of parameters is continuous and thus subdifferentiable
everywhere and differentiable almost everywhere. The second is that QCQPs
may have optimal solutions in the interior of the feasible set and therefore the
surrogate models can either learn in the direction of the constraints or objective.
In contrast, linear programs have outputs which are piecewise constant requiring
some form of regularisation in the objective function for decision-focused learn-
ing, for example a 2-norm on the decision vector [21] to compute meaningful
gradients. This turns the problem into a second order cone program (SOCP),
which is the complexity for robust linear programming with ellipsoidal uncer-
tainty. Furthermore, the solution to a robust linear program may not be at a
vertex meaning a linear surrogate will potentially have trouble approximating
it, or in the case of fixed constraints will not be able to approximate it at all. We
are confident our approach can be extended to more general convex optimisa-
tion frameworks, but it is beyond the scope of this work. Since general (convex
and non-convex) QCQPs tend to be tackled with relaxations that reformulate
them into SDP extending robust decision losses to uncertain SDPs is a promising
future direction. MAXSAT, a common problem in logical reasoning, has a con-
vex relaxation in the form of an SDP and previous research has utilised this fact
to develop decision-focused learning for satisfiability solvers [20]. Robust deci-
sion losses for SDPs would therefore enable effective regularisation for logical
reasoning problems.

The remainder of this work is structured as follows. Section2 is a non-
exhaustive overview of the prior work in decision-focused learning, robust convex
optimisation, and online methods for QCQPs. Section 3 contains the contribu-
tion of this work by presenting the two implicit layer approach for deterministic
surrogates and why it works. Section 4 presents synthetic experiments demon-
strating the usefulness of robust decision losses. The work is concluded with a
discussion of potential applications, and future directions research in Sect. 5.

2 Background

The field of contextual stochastic optimisation concerns itself with decision mak-
ing under uncertainty in a data driven way. A paradigm which has seen much
excitement in this community is integrating the prediction and optimisation step,
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which has been variously termed as predict-and-optimise, decision-focused learn-
ing, and end-to-end learning. From a differentiable programming standpoint it
sees optimisation problems as just another differentiable component in a map-
ping of data context to decisions. The field of deep learning sees it as an example
of an implicit layer.

Three main directions have been developed to extract gradients from optimi-
sation layers: using the implicit function theorem to differentiate the optimality
conditions [2,3,9,21], using a mathematically sensible surrogate loss function
[10,19], or using a surrogate differentiable optimiser [6,12]. A host of techniques
have been developed and they differ in what types of uncertain optimisation
problems they are applicable for; for an overview we recommend section 5 of [16].
Notably few deal with constraint uncertainty. Differentiable optimisation has
been leveraged to learn linear objective surrogate models for non-linear objective
combinatorial optimisation models [11], which are otherwise largely intractable.
The non-linear objective effectively acts as a loss function for the decisions pro-
duced by the surrogate model. Robust decision losses were first proposed by
[17]. Their analysis shows that for decision-focused learning applied to uncertain
optimisation problems empirical regret does not always equal expected regret
and is therefore an ineffective loss surrogate. Though the analysis is done for
linear programs with uncertain objectives, the same argument can be extended
for general uncertain convex optimisation problems. They propose three losses
that are better approximates of expected regret. Using a surrogate loss (SPO+
[10], Perturbed Fenchel-Young Loss [6]) function approach they modify the tar-
get decision given the observation z*(c) to the optimal decision to the robust
problem 7, (c). This requires a pass through the robust problem in training,
but they choose an uncertainty set for which the robust counterpart is at the
same level of complexity. Our approach extends the concept of robust decision
losses to uncertain convex QCQPs using an implicit differentiation approach.

QCQP are optimisation problems where the objective and all constraint func-
tions < 0 are quadratics of the form f(x) = xT Ax + bTx 4 ¢. If A is positive
semidefinite (PSD) the problem is convex and efficiently solvable using the inte-
rior point method for SOCP [15]. In the special case of A = 0 this reduces to a
linear programming problem. QCQPs have applications in fields such as machine
learning, finance, robotic control, and energy systems.

There are well known results for uncertain QCQP using robust optimisation.
A robust QCQP with ellipsoidal uncertainty has an exact SDP equivalent [5].
There are convex uncertainty sets for which the robust counterpart is known
to be NP-hard, such as an intersection of ellipsoids [5]. For large robust QCQP
the resulting SDP formulation may be too large for existing solvers to handle so
a host of methods have been developed that iteratively solve the deterministic
problem to approximately solve the robust one [4,13]. Our approach is of similar
iterative nature and in the case of only having one context it can be seen as an
approximate solution method for robust QCQPs.
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3 Learning Deterministic Surrogates

3.1 The Optimisation Problem

We propose a double implicit layer strategy for learning deterministic surrogates
for robust QCQPs. These problems take the form of:

x* € argmin x7Qx +cTx+¢q
st.xTAx+blx+v <0 Viel,..,n (1)
(Aiybi,vi) €U Vicl,..,n

Unlike most predict-and-optimise work where the uncertainty is only in the objec-
tive we assume the uncertainty is only in the constraints and that it is constraint-
wise. This is more general as a problem with an uncertain objective can trivially
be reformulated as an equivalent problem with a certain objective and uncertain
constraints. The constraints in this problem can be equivalently written as:

T T .

max x Aix+b;x+v} <0 Viel ..,n 2

(Ai:bi;’Yi)eui{ ’ ! %} - ( )

We assume @, A; are positive semi-definite, though as we later point out this

assumption can be relaxed for A; in our method for certain types of uncertainty
sets. We want to determine a set of problem parameters

P = {Q?éaij (Ai,f)i,%)\w €l,..,n}

such that fixing the parameters in problem (1) yields an optimal solution x}_,
which satisfies all worst case constraints (2) and approximately minimises the
objective. The purpose of this is two-fold: for a single problem it represents
a solution method for robust QCQPs with convex uncertainty sets, and more
importantly, when learned with context z; it enables decision-focused learning
to predict problem parameterisations robustly.

Given some context (covariates) z; we want to predict a set of parameters
P; that yields a decision Xge,; Which is feasible and minimises a version of

problem (1). Note that we do not predict Q or A; directly, instead we predict
some matrix of the same size Ml and set the problem values as MlT Mz to ensure
they are PSD. The version of the problem is based on observed realisations of
parameters P; and some fixed or conditional uncertainty set U;(P;) centred on
the realisation. How the uncertainty set is determined is beyond the scope of this
work, but we assume that a robust method is available. The shape and scale of
the uncertainty set can be understood as determining the degree of regularisation
of the uncertain optimisation problem.

3.2 Double Implicit Layer Model

Predict-and-Optimise. For this prediction task we propose a two block neural
network (NN) composed of a prediction block (PR) parameterised by parameters
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fp and a robust optimisation block (ROB). The prediction block can consist of
any standard NN components, so long as it is capable of multioutput prediction
(since we have to predict vectors and matrices in this case).

PR(Zj;ep) = 'ﬁj (3)

ROB counsists of two implicit layers. The first layer ROB; solves a deterministic
version of the problem where the inputs are the fixed /predicted parameters from
the prediction block and outputs the corresponding optimal decisions.

ROB1(75J-) © Xge; € argmin f(l',ﬁj)
s.t. gi(xﬂsj) <0 Viel,..,n

(4)

where f, g; are the corresponding quadratic objective and constraint functions
written concisely for convenience. We use the belongs to notation since the opti-
mal solution may not be unique, but in practice the layer will output a unique
optimal solution. In the standard predict-and-optimise set-up this output would
be used to compute a variant of decision loss, typically some regret based metric
like empirical regret: f(ROB1(P;),P;) — f(ROB,(P;), P;). Note that empirical
regret as stated here does not include a consideration of uncertain constraints.
We desire feasibility across all cases, but once it is achieved the only value of
importance is the objective. We deal with constraint uncertainty by constructing
loss functions that provide gradients toward feasibility.

Worst Case Layer: In ROB we augment this by adding a second implicit layer
ROB; which evaluates the worst case outcome given an uncertainty set. Since
the uncertainty is in the constraints we want to penalise constraint violation in
the objective function. Designing constraint penalties depends on the form of
the uncertainty set. The worst case problem for robust QCQPs is known to be
tractable for simple ellipsoid uncertainty sets. We look at two forms of defining
ellipsoid uncertainty sets for the PSD quadratic term coefficient A; = P P;.
Note that PSD matrices can always be expressed in this form using Cholesky
factorisation. The uncertainty sets can either be defined in terms of A; or P;.

The quadratic functions that describe the constraints of the problem are
of the form xTA;x + vIx + s. The first term can be restated in a lifted form
A; ¢ X where X = xxT, and e represents the Frobenius inner product tr(A7 X),
the sum of the element-wise product. This means that if the uncertainty set is
convex and defined in terms of A;, for fixed x the objective function is linear.
A problem arises in the case of defining ellipsoidal uncertainty sets in terms
of P, € {P)|P, = Pip+ > . upPiy |lull2 < 1}. The worst case constraint
(2) becomes a maximisation of a convex function problem, also known as a
trust region problem, which is non-convex and therefore generally intractable.
However, this problem has some hidden convexity and can be restated as an
equivalent SDP using the S-lemma [5,7]. The worst case constraint in (2) is
equivalent to the existence of a scalar [ such that a specific matrix S; composed
of affine transformations of the elements defining the uncertainty set, [, and the
decision vector is positive semi-definite.
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Case P;: We propose the following problem to determine the degree of worst
case constraint violation in case P;:

ROBa(xg, ;, Pj;U;) : S} € arg max S Amin (S5)
s.t. S; = S(uj,i(Pj),xzet’j,li)
l, eR
Viel,..,n

()

where S(-) is the linear matrix function that composes the parameters from the
uncertainty set (P;,U;), the fixed decisions x, j» and the 1 variable into the
feasibility condition matrix. Denote the collection of S; matrices for each of the
constraints as S and the corresponding vector of I; as 1 where a pair (.S;, [;) reflects
the feasibility condition components for each constraint i. We fix the decision
vector as the output of ROB; and assume the uncertainty set components are
fixed, so only the decision variable I; determines the matrix .5;. Our formulation
of ROB; for the case of P; converts the feasibility condition of the existence of an
l; such that S; = 0 into a concave penalty. For the decision to be feasible we need
to determine if an /; exists such that .S; is PSD. This is equivalent to showing that
there exists a S(I;) such that the smallest eigenvector A,;, of S; is non-negative.
We test for the existence of such an [; by maximising the smallest eigenvalue.
The function A, is concave and tractable in a maximisation problem. Note
that the optimisation problem (5) is separable constraint-wise.

If the problem is feasible for xj, ; then the smallest eigenvalue of each of the
solutions S, in (5) is greater or equal 0. If the fixed decision is infeasible the
negative eigenvalues of S ;i reflect a form of distance to feasibility for the fixed
decision from ROB;. We can therefore use it as a penalty for uncertain constraint
violation as it gives us a direction toward feasibility. The fixed decision is also
feasible if (5) is unbounded and we manage this exception by setting all penalties
to 0. The loss function in this case is:

Ll 57) = F(XiersPi) + D [(D_ReLU(=AGS; )] (6)
i=1

where A(+) is a differentiable function A : R™*™ — R™ that returns the eigen-
values of a matrix and 7; > 0 is a penalty coefficient. Note that all penalty
coefficients in this work are set manually, further work is needed to determine
what good values for them are heuristically and how to sensibly set them system-
atically. The right term penalises any negative eigenvalues in S} which reflects
constraint violation. If there is no constraint violation gradients will only be
taken with respect to the deterministic problem. ROBs can be understood as a
test of feasibility and since it is an optimisation problem we can use differen-
tiable optimisation to extract gradients toward feasibility. The peculiar formu-
lation owes to the fact that the initial equivalent condition to robust constraint
feasibility is an existence statement.

Case A;: Our formulation of ROBy for the case of an A; ellipsoid is simpler.
For a fixed x7,, ; the worst case problem has a linear objective function with
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a SOCP constraint. The robust counterpart for such a problem is also easier
(SOCP) than in case P; (SDP). We reflect the magnitude of constraint violation
and provide a direction to feasibility by applying Lagrangian relaxation to the
uncertain constraints. We assign a penalty coefficient of 8; > 0 to the value of
each constraint as we want to maximise the violation. The robustness penalty
problem for this case is:

ROB; (Xj;et,ja Pj; u]) : P;:m € arg 171;12%}( Z?:l ﬂigi(X:;et,ja ch,i)

‘ (7)
s.t. ch,i € u]ﬂ'(,Pj) Viel,..,n

The decision variables in this case are the uncertain matrix, vector, and scalar

parameters that define the QCQP. The optimal solution to this problem is the

worst case realisation in terms of constraint violation. The corresponding loss

function is:

‘C(Xflet,jv ,P;Jc,j) = f(XZet,j7 PJ) + Z ReLU(ﬁlgz (Xflet,y P;:)c,j)) (8)

i=1

The penalty for constraint violation in the objective has one obvious flaw, it
awards being more in the interior of the feasible set. To correct for that we
apply a ReLU activation function to the penalty terms so that the constraint
violation penalty is only applied if the current solution is infeasible for that
constraint. In both cases at test time we simply deactivate ROBy to get the
deterministic surrogate solution.

The simplicity of case A; warrants a rethinking of how uncertainty sets U
should be defined in this method for larger instances. We can define the uncer-
tainty set as any convex set that is compatible with the subfamilies of conic
programming. In this setting, given that we have a linear objective we do not
necessarily have to restrict ourselves to PSD quadratic coefficient terms. This
means that we can learn convex QCQP surrogates for uncertain problems that
have potentially non-convex quadratic realisations. Moreover, defining uncer-
tainty sets within this framework does not require specialised mathematical
understanding of how to tractably reformulate a problem.

3.3 The Learning Problem

The backwards pass relies on finding the gradient of the loss function with respect
to Op. Using the chain rule we can decompose gradient calculation as:

oL oL L OROBa(x), ;,Pj;Uj.i) | GROB,(P;) OPR(z;; 0p)

90 | 9x;,,, = OROB; Xy s P, 20,

(9)
There are two terms in this expression that are not easy to evaluate: the par-
tial derivatives for the ROB layers. These can be obtained using an appropriate
method for differentiable optimisation. In our case, since we are dealing with
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conic representable problems with uncertain constraints the method of differ-
entiating through a conic program [2] is appropriate. The method obtains the
derivative by implicitly differentiating the conic programme’s homogeneous self-
dual embedding and is conveniently implemented in the package cvxpylayers
[1]. Note that cvxpylayers has been observed to struggle with large problems as
differentiating the KKT conditions has worst-case cubic complexity [18] in the
number of variables and constraints. Our experiments were conducted on small
instances and the model would scale poorly to large problems. One potential
way of scaling our method is by leveraging ADMM, which has been adapted to
efficiently deal with large differentiable quadratic programs [8].

While a differentiation method for conic representable optimisation problems
exists, it does not mean that we have meaningful gradients everywhere. In the
case of linear programming the optimal value as a function of problem param-
eters is a piece-wise constant discontinuous function. This means that we have
a gradient of 0 at any point that is differentiable. We know that for strictly
convex QP the output in terms of parameters is continuous and theorem 1 from
[3] shows that the implicit function is differentiable almost everywhere and sub-
differentiable everywhere. Quadratic programs can be equivalently reformulated
as linear objective QCQPs so the same theorem applies. In our setup ROB;
is a QCQP, assuming that all coefficient matrices are PD making the problem
strictly convex theorem 1 from [3] applies to ROB;.

In ROB; the nature of the implicit function depends on the definition of
the uncertainty set. In the case A; all constraint functions of the problem are
strictly convex with a linear objective. This means that a change in the direction
or the orientation of the linear objective will result in a continuous change of the
optimal solution. In case P; the optimisation problem is to maximise a smallest
eigenvalue function and a set of linear matrix equality constraints describing the
matrix. This is equivalent to minimising the lowest eigenvalue of the negative of
the matrix, which is known to be a convex problem that can be cast as an SDP
[14]. The optimal output of SDPs is typically continuous in terms of problem
parameters and should have meaningful gradients almost everywhere.

4 Experiments

We conducted two small synthetic experiments to demonstrate a proof of con-
cept!. The first experiment shows that the algorithm approximates the robust
counterpart solution on a single, no-context instance problem with a case P;
uncertainty set. The second is an application to a simulated contextual optimi-
sation problem with a case A; uncertainty set where we compare the results with
a non-regularised decision-focused learning method.

! Preliminary code available at: https://github.com/EgoPer/Deterministic-Surrogate
s-for-Uncertain-Convex-QCQP.
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Experiment 1. We replicate problem (1) with an ellipsoid uncertainty set for
P;,b;,~v; where PZ-TPi = A;. The quadratic coefficient in the objective @ and
scalar ¢ were set to zero. This recreates the problem studied in [5] for which
there is a widely known tractable convex robust counterpart (RC). We randomly
generate the problem coefficients at five problem sizes with five constraints, each
with an uncertainty set defined by four points. It is first solved using the robust
counterpart. We randomly initialise the deterministic surrogate problem (SUR)
and apply gradient descent in the form of Adam for two hundred steps. We
select the feasible solution with the lowest objective value as the output of this
process. During optimisation the solution xj., ; oscillates between being fea-
sible (no constraint violation penalty gradients) and infeasible. Figure 1 shows
the narrow proportional gap between the known RC optimal solution and the
approximation using robust surrogates. So far we have evidenced that our algo-
rithm approximately converges to an exact algorithm two orders of magnitude
slower. What is promising is that ROB; for this problem is resolved two orders
of magnitude faster than the robust counterpart, which reflects the difference
in computational difficulty between QCQP and SDP. Note that our method is
much slower than just solving the RC and that it is not designed to be used
on problems without context. This is just an empirical demonstration that our
method approximates the robust solution.

Problem size‘RC opt value‘SUR opt value|proportion gap after 200

10 -0.1949 -0.1816 0.0683
20 -0.5704 -0.5402 0.0529
30 -0.5077 -0.4809 0.0528
40 -0.5866 -0.5479 0.0660
50 -0.6000 -0.5608 0.0653

Fig. 1. Comparing Deterministic Surrogates with Robust Counterparts

Experiment 2. The real benefit of this method is in contextual settings where
one may be inclined to apply decision-focused learning. We design a problem with
uncertain constraints to demonstrate the shortcomings of vanilla decision losses.
In experiment 2 we generate a contextual QCQP with an uncertain quadratic
constraint. We generate a fixed correlation matrix C' based on randomly gen-
erated positive eigenvalues. We generate context z;; ~ Unif(0.1,1) where j
indexes over the hundred samples we generate and 7 over the number of contex-
tual covariates (in our case four). We then generate conditional variances 0]2-,1-
as the inverse of convex combinations of the context z;;, the weights for which
are also randomly generated. Let D; be a matrix for which the diagonal are the
generateld COI}ditiOHal variances. We define conditional covariance matrices as
X = Df C’Df . These conditional covariance matrices are used to parameterise
a conditional Wishart distribution with a degree of freedom of fifty from which
we sample the uncertain PSD matrices for our problem and then divide them
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by the degree of freedom. The obtained values should reflect the distribution
of empirical covariance matrix estimates we would observe for an underlying
process generated by A(0, X;). Our optimisation problem is:

* : T
Xget,j € argn;m —Cc' X

st.xTXix <r (10)
x'1<1, x>0

where ¢ > 0 is a fixed cost vector and r is some defined level of acceptable
variance-denominated risk. A possible interpretation of this problem is an invest-
ment manager deciding what bonds to hold to maturity to maximise yield while
making sure risk levels do not force liquidation. Since X; is uncertain a deter-
ministic solution to this problem could be infeasible.

We train a simple two layer neural network to predict ¢;, ZA'J- based on input z;
using vanilla decision losses and robust decision losses obtained with the method
of deterministic surrogates. We define our regularising uncertainty set as:

Uj(Z;) ={2; + AlA = AT ||Allp <1}

Note that this set was designed somewhat arbitrarily and research on what good
uncertainty set designs for decision-focused learning regularisation are is needed.
The two prediction models (normal and robust decision losses) are trained on
seventy samples and tested on thirty. Note that we use loss function (8) in
both the vanilla and robust decision loss case. In the vanilla decision loss case
the worst case outcome variable is set as the observed covariance. We ran a
simple experiment which was randomly initialised. For the given initialisation
the robust decision loss produces predictions which cause feasible decisions in
all thirty test cases, whereas vanilla decision loss produces predictions which
cause decisions which are infeasible in thirteen out of the thirty test cases. The
average optimal value without the robust decision loss regularisation was 37.3%
lower, but infeasible for nearly half of the cases. These values are obviously
very sensitive to initialisation, but in general we observed that robust decision
losses yield more feasible test cases. This demonstrates the generalisation risk
of only training with respect to point observations of the problem instead of
considering a neighbourhood. The code provided can easily be adapted for more
experimentation, we just demonstrate a proof of concept.

5 Conclusion

We establish a method for obtaining robust decision losses for uncertain convex
QCQP. This is achieved by casting the problem as determining a deterministic
surrogate that contextually approximates the robust solution to an uncertain
problem. The second optimisation layer enables us to obtain gradients with
respect to the worst case in a neighbourhood of problem realisations. Robust
decision losses can be understood as a regularisation method as they enable us
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to obtain relevant gradients even when observed problem realisations are biased
to locally more sensitive decisions. A key component in the success of modern
deep learning has been the propagation of regularisation technologies such as
dropout, skip connections, and layer normalisation. Decision-focused learning
will require the development and validation of its own portfolio of regularisation
(generalisation-improving) technologies before it becomes an established app-
roach that is used in practice. This work is an attempt to contribute to that
portfolio for a broad class of convex optimisation problems.

From the perspective of contextual robust optimisation the principal advan-
tage of this method is the speedup at test time achieved by separating the robust
problem into two optimisation problems. At test time it means we can approx-
imate robust solutions in the time it takes to optimise deterministic problems.
At train time instead of solving one larger robust counterpart, two smaller ones
are solved. ROB; is a QCQP, whereas ROBs is in the same family as the robust
counterpart, but with fewer decision variables which can be faster to solve on
average. This approach promises approximately robust solutions at deterministic
solving times which may prove valuable in low latency decision making.

We see promising research directions in exploring how different choices of
uncertainty sets for robust decision losses affect decision-focused learning for
QCQP, applying the method to real-world problems, and extending the method-
ology to uncertain SDP.

Disclosure of Interests. The authors have no competing interests to declare that
are relevant to the content of this article.
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Abstract. The development of ethical AI decision-making systems
requires considering multiple criteria, often resulting in a large spectrum
of partially ordered solutions. At the core of this challenge lies the Pareto
frontier, the set of all feasible solutions where no solution is dominated
by another. In previous work, we developed both exact and approxi-
mate algorithms for generating the Pareto frontier for tree-structured
networks. However, as the number of criteria grows, the Pareto fron-
tier increases exponentially, posing a significant challenge for decision-
makers. To address this challenge, we propose various strategies to effi-
ciently compress the Pareto frontier, including an approximation method
with optimality and polynomial runtime guarantees. We provide detailed
empirical results on the strategies’ effectiveness in the context of strategic
planning of the hydropower expansion in the Amazon basin. Our strate-
gies offer a more manageable approach for navigating Pareto frontiers.

Keywords: Multi-objective optimization + Approximation
algorithms - Hierarchical clustering

1 Introduction

In recent years, there has been a growing interest in developing Al decision-
support systems that can evaluate trade-offs based on multiple criteria, moving
away from the conventional single-objective systems. This shift is particularly
important when considering more ethical Al decision-making systems that align
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Fig. 1. (a) Existing (red) and proposed (yellow) hydropower dams in the Amazon basin
and (b) Rio Santiago, a free-flowing river in the Andean Amazon with large hydropower
dams in planning stages (Alvaro del Campo/The Field Museum). (Color figure online)

with multiple human values [24]. It is especially crucial to consider multiple crite-
ria in computational sustainability [13], where balancing economic, environmen-
tal, and societal objectives is essential for achieving the Sustainable Development
Goals (SDGs) [23].

Multi-objective optimization is computationally challenging. At the core of
this challenge lies the Pareto frontier: the set of solutions in a multi-dimensional
space representing the trade-offs among different potentially conflicting objec-
tives. In other words, when optimizing for multiple objectives, the result is often
a large spectrum of partially ordered solutions. The Pareto frontier is therefore
the set of solutions that are not dominated by any other solution. Our previous
work focused on developing both exact and approximate algorithms to compute
the Pareto frontier in tree-structured networks [1,3,12].

Our research has been motivated by the need for strategic planning of
hydropower expansion in the Amazon basin. Hydropower plays a critical role in
current and future renewable energy strategies globally. The variation in project
sizes and the diverse characteristics of river systems highlight the need for a
deeper understanding of the trade-offs between hydropower capacity and ecosys-
tem services. This understanding is key in evaluating dam portfolios across the
Amazon river network, where hydropower projects have been proposed at over
350 locations (Fig.1). Multicriteria optimization is crucial in identifying dam
portfolios that balance social-environmental costs with energy production. How-
ever, our multiobjective optimization approaches often yield solutions consisting
of millions of portfolios. As the number of criteria increases, the Pareto fron-
tier grows exponentially, presenting a substantial challenge for decision-makers.
The disparity between our computational approaches producing a vast number
of Pareto-optimal solutions and the practical needs of decision-making in dam
expansion is a significant hurdle for policymakers striving to construct dams
with minimal environmental impact while achieving energy goals. Therefore,
innovative approaches that effectively compress the number of optimal Pareto
portfolios are critical to finding practical and realistic solutions.
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Our Contributions: To facilitate navigating the Pareto frontier, herein we
propose different approaches: (1) A representation of the Pareto frontier,
which consists of a subset of solutions from the Pareto frontier with coverage
guarantees and can be generated in time polynomial in the size of the fron-
tier; (2) An approximation of the Pareto frontier, based on a dynamic-
programming-based strategy, with optimality guarantees and polynomial run-
time guarantees; and (3) An estimation of the Pareto frontier, based
on a dynamic-programming-based strategy, with optimality guarantees, with-
out polynomial runtime guarantees, but with good empirical performance. (4)
We provide detailed empirical results analyzing the trade-offs of our different
strategies against various baselines, in the context of strategic planning
of the hydropower expansion in the Amazon basin. Our strategies offer
more manageable ways for navigating Pareto frontiers.

2 Related Works

To solve unstructured multi-objective optimization problems, genetic algorithms
have been widely used, including the family of Non-dominated Sorting Genetic
Algorithms (NSGA [22], NSGA-II [8], and NSGA-III [7]) and Multi-objective
Evolutionary Algorithm Based on Decomposition (MOEA /D) [28]. However,
when it comes to problems with an underlying structure, like the tree-structured
river network for the planning of hydropower dams, these algorithms usually
are not competitive with algorithms that take advantage of that structure [26].
Moreover, genetic algorithms rarely provide theoretical guarantees on optimality
or runtime: so far the theoretical analysis of these algorithms has been restricted
to relatively simplistic and few objectives [9-11,29].

Our work fits into a series of research that exploits the underlying tree-
structured river network to approximate the Pareto frontier for the planning of
hydropower in the Amazon basin. [26] first proposed the dynamic-programming-
based algorithm to find the exact Pareto frontier and a fully polynomial time
approximation scheme (FPTAS) to approximate the frontier. Following works
[3,14,15] further improved the methods through techniques including divide-
and-conquer, expansion, compression, and affine transformation. The methods
we propose here can be fully incorporated into the developed approaches.

Our methods employ hierarchical clustering techniques. The idea of leverag-
ing clustering in multi-objective optimization to improve algorithm performance
or to help interpret the Pareto frontier has been explored before, but mostly in
the context of genetic algorithms. In [6,19,27,30] clustering algorithms, including
hierarchical clustering, have been used to discover the population structure and
aid in parent selection and offspring retention. Clustering helps with discovering
solutions that are distributed more widely and uniformly.

Our work relates to Binary Decision Diagrams (BDDs) [4]. To solve a multi-
objective discrete optimization problem, the BDD method uses decision dia-
grams to represent exactly the feasible set of the problem and then uses a mul-
ticriteria shortest path algorithm for finding the set of non-dominated solutions
[4]. However, the size of the diagram could grow exponentially. Approximate
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decision diagrams that have a polynomial limit on the size have been developed
[2]. A crucial difference between this method and ours is that BDD assumes
linear separability in the objective functions, whereas, for our problem domain,
the objective functions are non-separable and are dependent upon all decisions.

3 Preliminaries

3.1 Multi-objective Optimization

A multi-objective optimization problem consists of optimizing several often con-
flicting objectives simultaneously. Therefore, typically there does not exist a
single solution that optimizes all the objectives at the same time. Accordingly,
we give the definitions of optimality in the multi-objective scenario.

Pareto Dominance. Without loss of generality, assume we are maximizing d
objectives at the same time. For a solution m, z(7) = (2!(7),...,2%(x)) is the
values of the d objectives. A solution m dominates another solution 7/, written
as z(m) = z(n'), if and only if for all 1 < i < d, 2%(7) > 2%(n’), and there exists
1 < j < d such that 27 () > 29(n').

Pareto Frontier. Our goal in the multi-objective optimization problem is to find
the set of non-dominated solutions, which we define to be the Pareto frontier:
let S be the set of all feasible solutions, the Pareto frontier is {m € S|z(7) 4
z(n'),vn' € S}.

In practice, the size of the Pareto frontier may be exponential even for a fixed
number of objectives. As a result, finding or interpreting the entire frontier may
be computationally expensive. Therefore, a more realistic goal is to find a good
approximation or representation of the Pareto frontier.

e-approzimation. Given a Pareto frontier P, a set of solutions S e-approximates
P if and only if for every # € P, there exists a solution 7/ € S such that
247" > (1 —€)z%(n) for all 1 < i < d, and S is found in polynomial time.

Note that an e-approximation is found in polynomial time. When a set with
such optimality guarantee is found in superpolynomial time, we call it an e-
estimation.

~-representation. Given a Pareto frontier P, a subset of the frontier P’ C P
~-represents P if and only if for every m € P, there exists a solution #’ € P’
such that z(7") > (1 — v)z%(7) for all 1 <i < d.

Note that a crucial difference between e-approximation/estimation and ~-
representation is that, while a solution in the e-approximation/estimation set
is not necessarily Pareto-optimal, a solution in the y-representation is always
Pareto-optimal since the y-representation set is a subset of the Pareto frontier.

3.2 Strategic Planning of Hydropower in the Amazon Basin

The Problem. Construction of hydropower dams provides electricity but can
cause significant adverse environmental impacts including disruption of fish
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Fig. 2. Converting (a) a river network to (b) a directed multi-edged tree. Contiguous
sections of the river uninterrupted by dam sites become nodes in the tree. Dam sites,
both proposed and already built, are edges that connect upstream and downstream
portions of the river, with a unique edge per decision.

migration routes and greenhouse gas emissions. Planning of the hydropower dam
placements requires the balancing of energy production and ecosystem impacts.
Accordingly, given a set of proposed dam sites, a solution is a subset of the
dams to be built and our goal is to find a set of solutions that approximates
or represents the Pareto frontier with respect to the following 6 objectives: (1)
hydropower generation, (2) connectivity (the total length of the un-obstructed
stream segments that a fish can travel starting from the river mouth without
passing any dam site), (3) sediment (the amount of sediment and nutrients
transported to the river mouth every year considering the fact that each dam
traps a certain percentage of total sediment from upstream), (4) biodiversity
(the overall impact on the fish population caused by dam construction), (5)
degree of regulation (the total degree of flow regime alteration caused by dam
construction), and (6) greenhouse gas emissions (the total greenhouse gas emis-
sions caused by dam construction).

The Algorithm. Previous works [14,15,26] model the river network as a multi-
edged directed tree structure (see Fig. 2). In the multi-edged directed tree repre-
sentation, each edge represents a possible decision at a potential dam site, and its
two vertices are respectively the river regions directly upstream and downstream
of the site. Thus, each pair of parent/child nodes may have one or more edges
depending on the number of decisions relevant to a given dam location. Every
node v in the tree is associated with a non-negative node reward r? for each
objective i. Each edge is represented by (u,v,j) with parent and child nodes
u and v and index j to distinguish the edge from sibling edges. Additionally,
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Y3
uvj
transfer coefficient p?, ;» for each objective i. A solution (or partial solution) is
defined as a spanning tree of the multi-edged tree (or partial spanning tree of a
sub-tree). The i-th objective value of a partial solution at a leaf node v, 7, is
its corresponding reward, i.e., z¢(m,) = r’. The i-th objective value of a partial
solution at a non-leaf node u, m, is defined recursively:

) = rE Y S P () (1)
(wv,j)€m

each edge is associated with a non-negative edge reward s!,, . and a non-negative

Based on the tree-structure formulation, [26] proposed a dynamic program-
ming algorithm that can find the exact Pareto frontier, based on the crucial
observation, proven in [26], that

Theorem 1. Let w be a node in the tree and uq,...,ux be its children. Any
Pareto-optimal partial solution at u can be constructed by combining one Pareto-
optimal partial solution from child u; for each i € [1,...,k] and the choice of
edges connecting u and u;.

As a result, the algorithm recursively computes the Pareto-optimal partial solu-
tions from leaf nodes to the root. At each node u, the algorithm comes up with
the candidate solutions by combining the Pareto-optimal partial solutions at u’s
children. Then, the algorithm discards any dominated solutions to obtain the
Pareto-optimal partial solutions at u.

Given that the size of the frontier could be exponential, they also proposed
a fully polynomial-time approximation scheme (FPTAS) that approximates the
Pareto frontier within an arbitrarily small € and runs in time polynomial in the
size of the instance and 1/e. The FPTAS introduces a hyperparameter K = er’,
for each node u and each objective i, and defines the rounded objective value
24(m,) recursively as

Z(u,v,j)eﬂ Sftjv + pf“}jfi(wv)
K

2 (m) =71, + K, (2)

In [26], it was proven that the Pareto frontier on tree-structured networks
can be e-approximated, namely:

Theorem 2. Let P; be the set of (partial) Pareto-optimal solutions for a node s
and P, be the set of (partial) Pareto-optimal solutions computed via the dynamic
programming algorithm using the rounded objective function 2. We must have
155 s an e-approzrimation of Ps.

4 A Representation of the Pareto Frontier

Given a Pareto frontier P, the problem of finding the ~-representation of P is to
find a subset P’ of P such that for every solution © € P, there exists a solution
7' € P’ such that 2%(7’) > (1 — €)z%(m) for all 1 < i < d. To this end, we
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have designed an algorithm based on hierarchical clustering [16,20]. Hierarchical
clustering takes a set of data points and seeks to build a hierarchy of clusters
of the data points. It has been widely applied to fields including taxonomy
[21], bioinformatics [17,25], and social network analysis [18]. The agglomerative
version of the algorithm starts with each data point as a separate cluster, and
pairs of clusters are greedily merged as one moves up in the hierarchy. To decide
which clusters should be combined, a measure of distance between sets of data
points is required. Typically, this measure includes a distance metric between
single points of the data set and a linkage method that specifies the distance of
two sets as a function of the pairwise distances between the data points across
the two sets. What distance metric to use depends on the underlying application,
and some examples include the Euclidean distance and the Hamming distance.
The linkage method, on the other hand, influences the shape of the clusters. For
example, complete linkage, i.e., the distance of two sets is the maximum distance
between any two data points across the sets, tends to produce more spherical
clusters than single linkage, where the minimum distance is used. For our case,
Euclidean distance between the objective values normalized to [0, 1], and average
linkage, i.e., the distance of two sets is the average distance between the pairs of
data points across the sets, are used.

The algorithm to find y-representation

— Input: A Pareto frontier P = {7y, ..., m,}, and a parameter ~.
— Qutput: A subset of the Pareto frontier P’ C P such that Vr € P there is a
7' € P’ such that 2%(7") > (1 — )2%(n) for all 1 <i < d.

1. Perform hierarchical clustering on P:
(a) For each objective, normalize the objective values to [0, 1].
(b) Imitialize Cy = {m1},Cq = {m2},...,Cp = {m,}, and C = {C4,...,C,}.
(c¢) Find the two clusters in C, C; and Cj, with the smallest distance, as
defined by Euclidean distance and average linkage, among all pairs of
clusters.
() Cleyr = CiU Ty, €= CU{Clepya} — (G} — ).
(e) Repeat steps 1(c) to 1(d) until C = {P}.
2. Run Algorithm 1 on the final cluster {P}.

Theorem 3. The runtime of the algorithm to find ~y-representation on a Pareto
frontier P with |P| = n is O(n3) and the algorithm returns a set P’ C P
such that for every solution m € P, there exists a solution @' € P’ such that
2(7') > (1 —7)2%(n) for all 1 <i<d.

Proof. The for loop from line 3 to line 11 of Algorithm 1 makes sure that
Coverage({ P}) is indeed a ~y-representation of P. The time complexity for doing
hierarchical clustering on P is O(n?). The hierarchy of clusters can be repre-
sented as a binary tree where a node u having children [ and r means clusters [
and r are merged to form cluster u. The leaves of this binary tree are the indi-
vidual solutions in P. Therefore, the size of the tree is 2n — 1. In the worst case,
Coverage({ P}) will traverse every cluster in the tree and look at every solution
in the clusters. Thus, Coverage({P}) runs in O(n?).
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Algorithm 1: Coverage
Data: A cluster of solutions C' = C; U C; where C; and C; have been
merged in the hierarchical clustering process to form C.
Result: A subset € of C such that for all 7 € C there is a 7’ € C’ such
that 2%(7’) > (1 —7)2'(m) forall 1 <i < d

1 7 —rand(C);  /* rand(C) returns a random sample from C. */
2 failed — False;

3 foreach m € C do

4 for 1 <i<ddo

5 if 2(n’) < (1 —7)2%(w) then
6 failed +— True;

7 break;

8 end

9 end

10 if failed then break ;

11 end

12 if failed then return Coverage(C;) U Coverage(C;) ;
13 else return {7’} ;

5 An Estimation of the Pareto Frontier

The method described in Sect. 4 works as a post-processing step after the Pareto
frontier has been discovered. Alternatively, we consider incorporating the repre-
sentation method into the dynamic programming algorithm proposed in [26] to
estimate the Pareto frontier. The algorithm models the river network as a tree
structure and recursively computes the Pareto-optimal partial solutions from
the leaf nodes to the root of the tree. At every node, candidate solutions are
formed by combining the Pareto-optimal partial solutions at the node’s children.
Dominated partial solutions are then discarded. We argue that if we apply the
~y-representation algorithm after the pruning of the dominated solutions at some
levels of nodes in the tree, then we have an estimation of the Pareto frontier,
with optimality guarantees, but not necessarily polynomial runtime guarantees.

Note that for a tree T, rooted at node u, we call the level of node u level 1,
the level of u’s children level 2, etc. We apply the y-representation algorithm to
L levels of the nodes in T, which means that to all the nodes from level L to
level 1, after the dominated partial solutions have been discarded, we run the
algorithm to find the y-representation of the Pareto-optimal partial solutions and
use the representation set, instead of all the Pareto-optimal partial solutions, to
assemble the solutions at the node’s parent (Fig. 3b).

Theorem 4. Consider a node u in a run of the dynamic programming algorithm
proposed in [26], and the subtree rooted at u, T,,. Suppose to L levels of the nodes
in T, we apply the y-representation algorithm, then at node u, we obtain a set of
solutions S, such that for every Pareto-optimal partial solution at w, m,, there
is a solution 7, € S, such that z*(7,) > (1 —y)E2%(m,) for all 1 <i < d.
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Fig. 3. Strategy for applying the vy-representation on the tree. (a) shows the underlying
tree structure, with (b) showing the representation applied to 2 levels of the nodes.
Nodes in red are nodes that have the y-representation applied. (Color figure online)

Proof. We prove the theorem by induction. For L = 0 and L = 1, the statements
are direct results of Theorems 1 and 3 respectively. Suppose the statement is true
for '’ = L — 1> 1, and consider a Pareto-optimal partial solution m, at u. By
Theorem 1 and Eq. 1, we have that for all 1 <i <d,

2H(my) =l + Z sfwj —&—pivjzi(ﬂ'v)
(w,0,5) €M

where m, is a Pareto-optimal partial solution at node v. By the induction hypoth-
esis, the algorithm has found at v a set of partial solutions S, that includes a
solution 7/, such that z%(n!) > (1 — )F=Vz2i(x,) for all 1 < i < d. By substi-
tuting m, with 7], and combining all the 7 with the same edges as in m,, we
obtain a partial solution 7], such that for all 1 <i <d

) =T Y Sty + Pl (1) = (1= )TV ()
(u,v,j)Emy

When the dynamic programming algorithm prunes the solutions at node u, either
ml, is kept as a Pareto-optimal partial solution, or 7/, is discarded because the

algorithm has found a 7/ such that for all 1 < i < d, 2%(x/) > 2%(«)) >
(1- ) E=D2i(x,). Either way, after pruning at node u, we must have kept a
partial solution 7, such that z*(7,) > (1 — v)E=V2%(x,). Then when we apply
the algorithm to find the v-representation at node u, by Theorem 3, we will be
guaranteed to have in the representation set S, a partial solution 7, such that

for all 1 <i <d, 2/(7,) > (1 — )2 (7u) > (1 — y)F2i(my).
Applying Theorem 4 to the root node, we obtain the following Lemma.

Lemma 1. Suppose during a run of the dynamic programming algorithm pro-
posed in [26], the algorithm to find the y-representation is applied to L levels of
the nodes, then at the root node we obtain a set S such that for every Pareto-
optimal solution ™ € P, there exists a solution ' € S such that for all1 <i <d,
2(r') = (1= )b (m).
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6 An Approximation of the Pareto Frontier

The algorithm described in Sect.5 finds an estimation of the Pareto frontier
with optimality guarantee, but the algorithm could run in exponential time
since at each node there are a potentially exponential number of partial solu-
tions to consider. To mitigate that problem, [26] has applied a rounding tech-
nique to the exact dynamic programming algorithm and the result is an FPTAS
that e-approximates the Pareto frontier P. We argue that if we apply the -
representation algorithm to some levels of the nodes in the FPTAS, we obtain a
further compressed approximation of the Pareto Frontier, with optimality and
polynomial runtime guarantees.

Theorem 5. Consider a node u in a run of the FPTAS proposed by [26] with
parameters € and K! = er,. If for L levels of the subtree T, rooted at u, we
apply to the nodes the y-representation algorithm in the rounded objectives, and
the parameters L, vy, and € satisfy that if L > 1, then (1 —y)*~1 +¢ < 1,
then at w we obtain a set S, such that for every Pareto-optimal partial solution
at w, m,, there is a solution T, € S, such that for all 1 < i < d, we have
2(Tu) 2 (L= 7)"(1 =€)z (mu).

Proof. We first prove again by induction that Theorem 4 still holds for the
rounded objectives. The base cases for L = 0 and L = 1 are direct consequences
of Theorem 2 and Theorem 3. We prove the induction step where L > 1. Consider
the root node u and its children again. Write 3, , ;e Stws + PhojZ (M0) as
NK! + R for some non-negative integer N and some non-negative real number
R < K!. Then by Eq.2 we have

NK! + RJ

I K. =r! + NK

() =ri+ | :
Similarly as in the proof for Theorem 4, by substituting all the m,’s with their
~-representations and choosing the same edges between u and v, we obtain a

partial solution at w, 7], such that

(1- )" (N} + R)
Ki

J Ki >4 (1= N 1)KL

Then substituting K! = erl, we get
() — (1 =) 512 ()
> i (1= )P Ner, — e, — (1= )2 b — (1= ) Nerd
=r(l—e=(1-71>0
ie., 2i(nl) > (1—v)E~12i(x,). Similarly to the proof of Theorem 4, after discard-

ing the dominated solutions at u, we are guaranteed to be left with a 7, such that
24(7y) > (1—~)F=12%(m,). Then after running the y-representation algorithm at
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node u, we have in the representation set a 7, such that 2¢(7,) > (1—7)L2%(m,).

Given that 2(m,) > (1—¢)z%(my), proved in [26], and 2%(7,) > 2%(7.), as a result

of taking the floor operation, we have that
2() 2 2(T) 2 (L= 7)F 2 (m) 2 (1= 7)5(1 =€)z (mu)

Lemma 2. Suppose during a run of the FPTAS proposed in [26] with param-
eters € and K! = er,, for L levels of the tree, we apply to the nodes the -
representation algorithm in the rounded objectives, and the parameters L, -,
and € satisfy that if L > 1, then (1 —y)*~! + e < 1, then the algorithm in time
O((2)34) returns a set S such that for every solution m € P, there is a solution
7 € S such that for all 1 <i < d, we have z'(n’) > (1 —v)E(1 — €)2%(n).

Proof. Applying Theorem 5 to the root node, we obtain the optimality guar-
antee. The FPTAS with the the 7-representation algorithm incorporated still
runs in polynomial time: [26] has shown that at each node u, there are O((%x)4)
partial solutions to consider, where n,, is the number of nodes in T}, so by The-
orem 3, running the y-representation algorithm on u takes O((%+)3?). [26] has
further shown that the runtime to compute all the solutions at u is O((%x)2?). If
the y-representation algorithm is run at u, then the total runtime at u becomes
O((%+)34). At the root node, the total runtime is O((2)3?), where n is the num-
ber of nodes in the tree.

7 Experiments

We report experimental results on using the 7-representation algorithm to find
representations, estimations and approximations of Pareto frontiers for hydro-
power planning in the Amazon River. To accelerate the experiments, we apply
the ~-representation algorithm to independent chunks of solutions in parallel.
The parallelized algorithm preserves the theoretical guarantees but might return
representation sets bigger than using the non-parallelized version, since cluster-
ing and choice of representative points are local to each chunk. The bigger the
chunks, the slower the algorithm runs but the less the impact on the size of the
representation set. For all our experiments, we used chunks of size 50000 and
distribute them across 12 threads.

Representation - Table1 shows the results of running the ~y-representation
algorithm as described in Sect. 4 to find representation sets of exact Pareto fron-
tiers for different values of v and different criteria on the full Amazon. The num-
ber of solutions decreases substantially as = increases. To evaluate the quality
of the representation sets, we calculate their hypervolumes using the framework
introduced in [5] and compare them with the baseline where v = 0, i.e., the entire
exact Pareto frontier. Specifically, we normalize each objective value z(m) to

[0,1] by scaling it to z;(7)* = |23 ()~ 2i (7) worst |

- |Zi(7"')1;est_Zi(ﬂ')worst‘7
are the maximum and minimum (or minimum and maximum, if the criterion is

to be minimized) that can be achieved across the whole feasible solution space,

where 2;(7)best and 2z; (7)worst
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i.e. building all dams or building no dam in our case. Then, we compute for
each representation set the hypervolume of the objective space dominated by
the solutions in the set, with zero vector as the reference point. In general, a
greater hypervolume indicates a better quality. As 7 increases, the hypervolume
decreases, but not significantly. For example, the hypervolume decrease for the
biggest 7, i.e., v = 0.1, ranges from 1.3% to 9.7% for the different criteria, while
the reduction in the number of solutions ranges from 946 to 1620 folds.

We also report the runtime for each experiment. We see that running the -
representation algorithm requires extra processing time after the Pareto frontier
has been found. The increase in runtime is polynomial, as proved in Sect. 4.

Estimation - Tables 2, and 3 contain the results of running the ~y-representation
algorithm at different levels of the tree during the dynamic programming

Table 1. Representing the two-criteria Pareto frontier for the full Amazon river for
energy (E), connectivity (C), and greenhouse gas emission (G). The Pareto frontier
is found by the exact dynamic programming algorithm, so, the reported solutions,
including the representations, are guaranteed to be exactly Pareto-optimal.

Criteria | 7y Number of Solutions | Hypervolume | Runtime (s)

EC 0 33127 0.833 7.2098
0.001 | 4594 0.833 49.4176
0.01 | 311 0.832 27.5256
0.1 35 0.822 25.1264

EG 0 58762 0.807 305.5793
0.001 | 11090 0.803 427.3345
0.01 |1007 0.802 358.49
0.1 60 0.792 349.2219

Table 2. y-representation at different levels when optimizing for energy and connec-
tivity for the full Amazon.

5 Level | Optimality Guarantee | Number of Solutions | Hypervolume | Runtime (s)
0 N/A |1 33127 0.833 7.2098
0.001 1 1 4594 0.833 49.4176
2 0.998 1996 0.832 24.4195
3 0.997 1795 0.832 19.5634
0.01 |1 1 311 0.832 27.5256
2 0.980 108 0.815 1.8864
3 0.970 102 0.815 1.3826
0.1 |1 1 35 0.822 25.1264
2 0.810 11 0.702 0.8607
3 0.729 10 0.677 0.5394
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algorithm as described in Sect.5. Running the 7-representation algorithm for
more levels of the tree shrinks the size of the solution set drastically. On the
other hand, the qualities of the estimations as measured by hypervolume when
compared with the exact Pareto frontier are 8.3% to 18.7% worse for the most
aggressive setting (y = 0.1 and L = 3), where decreases of more than 2000 folds
in the sizes of the solution sets are observed.

Moreover, when the ~v-representation algorithm is applied to level 2 and
3 nodes, the number of partial solutions at those nodes decreases too. The
decreases at the intermediate nodes help with reducing the runtime, since on
the smaller levels, fewer combinations of partial solutions need to be consid-
ered. Overall, even though the estimation algorithm is not guaranteed to run in
polynomial time, empirically we observe that it has good runtime performance.

Note that when L = 1, the process is equivalent to finding the exact Pareto
frontier and then applying the y-representation algorithm on the exact full fron-
tier. Therefore, the resulting solutions are still all Pareto-optimal.

Approximation - Table 4 displays the results of the y-representation algorithm
at different levels of the tree during the FPTAS as described in Sect. 6 for the

Table 3. y-representation at different levels when optimizing for energy and greenhouse
gas emission for the full Amazon.

¥ Level | Optimality Guarantee | Number of Solutions | Hypervolume | Runtime (s)
0 N/A |1 58762 0.807 305.5793
0.001 1 1 11090 0.803 427.3345
2 0.998 8114 0.807 493.4981
3 0.997 8285 0.807 518.3726
0.01 |1 1 1007 0.802 358.49
2 0.980 725 0.798 33.6507
3 0.970 798 0.799 33.5599
0.1 |1 1 60 0.792 349.2219
2 0.810 32 0.74 6.9024
3 0.729 25 0.74 5.9851

Table 4. ~-representation when optimizing three criteria (energy, connectivity, and
sediment) for the full Amazon. The Pareto frontiers are approximated by running the
FPTAS with € = 0.005.

~y Level | Optimality Guarantee | Number of Solutions | Hypervolume | Runtime
0 N/A ]0.995 4279265 0.535 25652
0.001 |1 0.994 295516 0.535 31287
0.01 |1 0.985 6202 0.506 39833
0.1 1 0.896 98 0.480 34146
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Table 5. v-representation at different levels of the tree when optimizing six crite-
ria (energy, connectivity, sediment, degree of regulation, biodiversity, and greenhouse
gases) for the Maraiién, a sub-basin of the Amazon. The Pareto frontiers are approxi-
mated by running the FPTAS with e = 0.2.

¥ Level | Optimality Guarantee | Number of Solutions | Hypervolume | Runtime (s)
0 N/A 0.8 700791 0.320 1383
0.005 | 1 0.796 315808 0.320 4358
2 0.792 24554 0.313 2920
3 0.788 22772 0.311 2002
0.1 1 0.72 15803 0.316 3264
2 0.648 4345 0.308 1747
3 0.583 3362 0.307 730
02 |1 0.64 2690 0.311 2898
2 0.512 325 0.299 1891
3 0.410 205 0.298 640

full Amazon. We see that the effect of «-representation is preserved when run
on top of the approximation using rounded objectives. Notably for optimizing
three criteria on the full Amazon, with v = 0.1 we can decrease the number of
solutions from over 4 million to 98, while the hypervolume only decreases by
10.3%.

Figure 4 plots baselines (exact or approximated Pareto frontier) and their rep-
resentations, estimations, or approximations from applying the ~y-representation
algorithm at different levels of the tree for 2 and 3 criteria for the full Amazon.
We see that the representation set is well-distributed across the Pareto frontier.
They are sparser on the ends of the frontier because there we have small values
for at least one of the objectives, making the (1 — ) bound easier to achieve.

To analyze the ~-representation algorithm for a larger number of objectives,
we have also experimented with optimizing six objectives for the Maranon, a
sub-basin of the Amazon. The choice of the smaller basin allows us to run
more objectives, in a reasonable amount of time. The results are reported in
Table5. For a large number of objectives, applying the vy-representation algo-
rithm also results in a significant decrease in the number of solutions. Similarly,
the decreased number of solutions at the intermediate nodes has improved the
runtime.
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Fig. 4. Top panel: Exact Pareto frontier (# solutions: 33127) and its representation
(# solutions: 35) and estimations (# solutions for level = 2: 11, # solutions for level
= 3: 10) from applying the ~-representation algorithm at different levels of the tree
for energy and connectivity for the full Amazon with ¢ = 0 and v = 0.1. Bottom
panel: Approximated Pareto frontiers for energy, connectivity, and sediment for the
full Amazon with e = 0.005,v = 0 (# solutions: 4279265) and € = 0.005,v7 = 0.1 (#
solutions: 98)

8 Conclusion

We propose a clustering-based algorithm to find a representation set from
the Pareto frontier with a coverage guarantee, which runs in time polynomial
in the size of the frontier. We also consider two different strategies for incor-
porating the representation algorithm into a dynamic-programming-based app-
roach: an approximation strategy, with polynomial runtime and optimality
guarantee, and an estimation strategy with optimality guarantee and good
empirical runtime performance, but without polynomial runtime guarantee. The
three methods provide different ways to compress the Pareto frontier, result-
ing in solution sets significantly smaller than the full Pareto frontier, which are
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~-representations of the exact Pareto frontier or close to the frontier. Our main
goal is to equip policymakers with streamlined approaches for effectively navi-
gating Pareto frontiers, thus facilitating a more efficient decision-making process.
Moreover, we hope our work will catalyze further research on the computation
and visualization of Pareto frontiers. Multi-objective Pareto optimization is key
to understanding trade-offs among various objectives, thus playing a pivotal role
in the development of Al decision-support systems for informed decision-making.
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Abstract. Metaheuristics are known to be effective in finding good solu-
tions in combinatorial optimization, but solving stochastic problems is
costly due to the need for evaluation of multiple scenarios. We propose a
general method to reduce the number of scenario evaluations per solution
and thus improve metaheuristic efficiency. We use a sequential sampling
procedure exploiting estimates of the solutions’ expected objective val-
ues. These values are obtained with a predictive model, which is founded
on an estimated discrete probability distribution linearly related to all
solutions’ objective distributions; the probability distribution is con-
tinuously refined based on incoming solution evaluation. The proposed
method is tested using simulated annealing, but in general applicable to
single solution metaheuristics. The method’s performance is compared to
descriptive sampling and an adaptation of a sequential sampling method
assuming noisy evaluations. Experimental results on three problems indi-
cate the proposed method is robust overall, and performs better on aver-
age than the baselines on two of the problems.

Keywords: single solution metaheuristics + stochastic optimization -
sequential sampling - prediction-based search

1 Introduction

Stochastic optimization problems gain interest because most real-world prob-
lems involve uncertainty. Some practical examples of stochastic combinatorial
problems are operating room scheduling [38], renewable energy applications [37]

and transportation [27]. We define this class of problems as follows.

Definition 1. Given a finite set of solutions X, random variables w and a real-
valued objective function f, we define a Stochastic Combinatorial Optimiza-

tion Problem (SCOP): min,cx E,[f(z,w)].

Noting that the expectation could be replaced by another risk functional like an

a-quantile; we will limit ourselves to the expectation for clarity.
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SCOPs are significantly more complex than deterministic combinatorial opti-
mization problems. While both aim at finding an optimal solution, in SCOPs
solutions need to be evaluated against uncertainty. Uncertainty does not impact
the feasibility of a SCOP’s solution, as the set of feasible solutions X we con-
sider is independent of the uncertain parameter w. However, uncertainty affects
the solution’s objective value, as it is obtained by evaluating each uncertain
parameter realization. Hence SCOPs have additional complexity from solution
evaluation.

Several modelling frameworks exist to tackle SCOPs. Exact modelling frame-
works, like mathematical or dynamic programming [6,36], are designed to guar-
antee finding an optimal solution. However, due to the complexity of general
SCOPs, these frameworks are often limited to small problems or unrealistic
modelling assumptions. Non-exact methods, on the other hand, are particularly
successful in finding good solutions in reasonable time. Specifically, metaheuris-
tics — general non-exact frameworks that utilize heuristics — have shown to be
effective for both deterministic and stochastic problems as they efficiently search
the solution space [7,16]. However, metaheuristics for SCOPs are still limited in
performance due to facing the challenge of evaluating found solutions against
uncertainty [7]. This is in practice often done using simulation, which can be
expensive and therefore slows down the search [15].

There is significant research on metaheuristics for specific SCOPs [7,16]. For
example, Schutte et al. [31] improve the efficiency of adaptive large neighbour-
hood search for a stochastic surgery scheduling problem. However, there is little
work on methods that improve metaheuristic efficiency for SCOPs in general.
This paper advances this research area with three specific contributions:

— A generic method that improves the efficiency of metaheuristics when solving
SCOPs. The method utilizes prior information in a memory-efficient way and
uses a predictive model to estimate the solutions’ expected objectives and to
estimate the variance of this estimate.

— The notion of a general output scenario distribution. This provides a means
to compare solution quality. We provide two approaches to estimate this dis-
tribution.

— Application of the method in combination with simulated annealing to
demonstrate its effectiveness on three different problems.

2 Background

2.1 Stochastic Optimization

We focus on the discrete stochastic optimization problems, as in Definition 1.
Within this framework it is assumed that the distribution of the uncertain
parameter w is known. Given a tractable mathematical formulation of the SCOP,
the model can be solved efficiently with a guaranteed optimal solution. However,
for a wide range of problems these exact methods become computationally too
expensive [7,12].
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One reason for this is that uncertainty makes evaluating both objectives and
constraints complicated as it potentially requires integration over continuous ran-
dom variable w. To circumvent this, discretization is often used to make SCOPs
tractable [8]. A common approach for this is sample average approzimation [18]
in which random samples are being drawn from the continuous probability distri-
bution. These scenarios are assumed as being equally likely and the SCOP then
has a deterministic equivalent formulation as an approximation, where each com-
ponent of each uncertain variable is replaced by all potential scenarios. This still
poses a challenge because to compute the average objective value, the objective
function f(z,w) in Definition 1 still needs to be evaluated for each scenario w.

This evaluation is challenging because the objective function f need not even
be a closed-form function. For example, it can be the optimal value of another
optimization problem as in the case of a common class of SCOPs — two-stage
problems. There, the goal is to find an optimal here-and-now decision before
knowing the uncertain parameters’ realizations, while the wait-and-see decisions
are optimized after the uncertain parameters are realized. In other situations f
cannot even be mathematically modelled. This is because processes and systems
are often modelled by simulation and therefore, in practical SCOPs, evaluating f
is often done by a simulation. Simulation—optimization thus studies optimization
methods under the assumption that f(z,w) is a black box. The main challenge
there is to limit the number of simulations, as they can be expensive [1]. Because
of the above two examples, we assume the following:

Assumption 1. Objective function f in Definition 1 does not have a closed
form, implying that the expected objective E,[f(x,w)] also does not have a closed
form.

Assumption 1 implies that when w has a continuous distribution, we need to
approximate the expected objective using a discrete distribution. In the sequel,
(2 is denoted as the set that includes all potential realizations of w.

2.2 Metaheuristics for Stochastic Optimization

Metaheuristics are designed to find good solutions fast and, within a limited
time, they often outperform exact methods. Simulated annealing, tabu search
and genetic algorithms are effective metaheuristics trying to find better solutions
by modifying earlier-found solutions. The modified solutions are the potential
moves to make and they are evaluated before further moves are made. This
procedure repeats itself until a final solution is returned. Initially designed for
solving deterministic problems, metaheuristics have also shown to be effective for
SCOPs [7,16]. Stochastics makes the objective evaluation computationally more
expensive for a solution x as, based on Assumption 1 and Definition 1, we need
to evaluate f(z,w) for every scenario w € (2 to find the exact expectation. The
more expensive the evaluation of f and the higher the computational costs of a
move (creating a new solution), the slower the metaheuristic search becomes. We
show in Example 1 that even for problems with a simple f the required additional
evaluations can increase the computational costs significantly. We first properly
introduce simulated annealing.
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Algorithm 1. Simulated Annealing
Input: budget by, initial temperature to, initial solution x
Output: final solution x

1: Let t « to, b — bo

2: while b > 0 do

3: Reduce budget b

4 Update temperature t

5 Get move 2’ and evaluate x’

6: if Paccept (7,7, ) high enough then
7

8:

Tz
return solution =

Simulated annealing (SA) is an archetypal metaheuristic, outlined high-level
in Algorithm 1. SA is a single solution metaheuristic keeping a single current
solution in memory at all times, as opposed to population-based metaheuristics
like genetic algorithms. Depending on the quality of a move and the value of
a parameter t called the temperature, the new candidate solution is accepted
or rejected. After this a new move is made in the following iteration. A higher
temperature encourages exploration, i.e., the algorithm is more likely to accept
solutions, even if they are worse. A lower temperature encourages exploitation, as
it only accepts better solutions. Over time, the temperature is decreased within
the SA procedure. Given this definition of SA, we now present Example 1.

Ezxample 1. Consider a project scheduling problem in which the goal is to min-
imize the total makespan of a project. The project consists of set A with
n activities that need to be scheduled. The scheduling of activities is con-
strained by some resources that the activities require. This is known as the
Resource Constrained Project Scheduling Problem (RCPSP). A deterministic
solution to this problem is most commonly defined as a list of activity start
times (Sqy,---)8a,) @ @i € A,8q, € Ry, If the duration of activities is uncer-
tain however, the actual start times are unknown upfront. Because of this a
solution becomes a policy. We define a solution as a priority list of activities
(a1,...,an) : a; € A. This list is the order in which activities will start, such
that an activity can never start before another activity that is higher on the
priority list [11]. Now we use SA to find a good solution. As a move, we swap
the place of two activities in the priority list. The evaluation consists of building
a realized schedule f(z,w) for each scenario w € 2 and taking the average of
the obtained makespans. Swapping two activities is a single operation. Building
a realized schedule is n operations, as it consists of scheduling n activities. This
is done |{2| times. Hence the evaluation is about |§2| * n times as expensive.

2.3 Sampling

Recently there has been a resurgence of interest in sampling due to its relevance
in sequential decision-making problems in general and reinforcement learning
(RL) in particular [9]. The multi-armed bandit problem is a sub-problem of RL in
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which the decision maker has to decide between n actions, each with an unknown
but fixed probability distribution of rewards [21]. This problem specifically deals
with the trade-off of exploration (new action) and exploitation (best-rewarded
action). In our problem setting, the metaheuristic is tasked with solving the
sequential decision problem of evaluating at each iteration a new scenario for a
current solution, or moving to a new solution: each action maps to a solution and
the obtained reward is the evaluated solution objective for some scenario. This is
a similar problem setting to RL, but not exactly the same: in our setting the fixed
probability distribution of rewards is still unknown, but the fixed probability
distribution of uncertain variables that determine the rewards is known. We can
exploit this by deciding which samples to draw, i.e., which scenarios to evaluate.
In the next section we present two baselines that use this principle. Note that
RL in general can be used as a metaheuristic alternative or as a hybrid [32],
but typically requires a lot of data and is therefore expected to be inferior in a
setting with (relatively) expensive solution evaluations.

3 Baseline Sampling Methods

3.1 Descriptive Sampling

Our central question is how to obtain high-quality solutions with the meta-
heuristic evaluating fewer scenarios per solution. In this section we provide two
baselines.

The first idea to decrease the number of evaluations is to create a smaller set
of scenarios {2 when using sample average approximation. The drawback is that
the set might not be representative anymore for the underlying distribution or
data set. A method that creates a more representative set of scenarios compared
to random sampling is descriptive sampling [29]. When a set of m scenarios is
constructed, descriptive sampling creates m equally spaced (by probability den-
sity) realizations for each random variable. The scenarios are then constructed
by selecting a random permutation for all possible realizations for each random
variable, where each realization corresponds to a scenario.

One of the drawbacks of an approach like descriptive sampling is that it
creates a representative set based on the distribution of the random variable
w itself. We call this the input distribution, which is different from the output
distribution defined as the distribution of f(x,w) given a solution x € X. This
distinction is important as we are optimizing over this objective, and we need
the approximated output distribution to be representative of the actual output
distribution if we want to make good optimization decisions. We show with
Example 2 that a representative set for the input distribution is not necessarily
a representative set for the output distribution.

Ezample 2. Consider a RCPSP as described in Example 1, with 3 activities
A = {a,b,c}. Due to limited resources at most 2 activities can be scheduled at
the same time. The duration of activity a is fixed at d, = 2, and the duration
of b and ¢ are independent and uniformly distributed dp,d. ~ U(0,4). Our
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goal is to find the priority list for which the expected makespan is minimized.
Consider descriptive sampling with two scenarios for realizations of (dp, d.). Out
of 4 possible descriptive samples (consisting of durations in {1,3}), we assume
we get w = (1,1) and v = (3,3). Since dp and d. have the same distribution
and the project will start with two activities at the same time, effectively there
are two different solutions possible: (a, b, c) and (b, ¢,a). We have the following
relationships between the expected makespans of the solutions:

Ea, dc~v 0,43 [f (0, ¢,a), (db,de))] = 35 < Eqaya.~va)y[f((a;b,0), (dv, de))] = 33,
Ef(ay,d)efwmtlf((bc,a), (do,de))] =4 > Egy,a)eqwntlf((a,b,c), (db,de))] = 35.

This shows that while the true optimal solution is (b, ¢, a), descriptive sampling
would return (a, b, c) as optimal.

3.2 Sequential Sampling

A second idea aimed at efficient evaluation is to use sequential sampling within
the metaheuristic. In sequential sampling there is not a given set or number
of scenarios sampled, but after every sample a decision is made to continue
sampling or not. In the case of population-based metaheuristics, multiple new
solutions are encountered at the same time. This means that the sequential
sampling strategy becomes more elaborate, as there is not just one solution for
which the sample decision needs to be made. For example, Bartz-Beielstein et
al. [5] apply sequential sampling to particle swarm optimization and Groves and
Branke [14] apply sequential sampling to an evolutionary algorithm.

Similarly, sequential sampling has been applied with SA under noise, where
it is assumed that an objective evaluation has added Gaussian noise [2]. In this
case, without a predetermined number of evaluations per solution, a solution will
only be accepted or rejected when enough evaluations have been done to make
this decision. Therefore, at any point there will be three potential decisions:
accept the solution, reject the solution or evaluate on more scenarios. Bulgak
and Sanders [10] used this principle to accept/reject when the solution difference
between candidate and current solution is significant. This is inefficient however,
as it does not adhere to the fundamental detailed balance equation that deter-
ministic SA is based upon. This balance equation ensures that SA reaches equi-
librium at each temperature level if given sufficient time, such that it converges
in probability to the optimal solution [17]. Ball et al. [2] impose the detailed
balance equation conditions at this decision level, under which they maximize
the acceptance probability per sample, which is a measure for the efficiency of
the algorithm. The authors propose the following acceptance probability:

Poccept (Cn, ) = min(1, e~ 2(en 0/ G (enrt0?/(20)/0%) (1)
where ¢,, is the cumulative performance difference after n samples:

Cn = Eweﬂn fl@,w) — f(a',w), (2)
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Algorithm 2. Sequential Difference Sampling

Input: current solution x, candidate solution x’
Output: new current solution x

1: Let n <+ 0, ¢cp < 0, 2, «— 0

2: while true do

3: n«—n++1

4: Sample w € 2\ 2,

5: 2, — 2, Uw

6: Evaluate f(z,w), f(z',w)

7 Cn <—cn_1—|—f(x,w)—f(a:',w)

8: Determine Pacceps(Cn, t)

9: if Paccept(cn,t) > u,u ~ U(0,1) then

10: return solution z’
11: else if ¢, < 0 then
12: return solution x

and (2, is the set of n samples. Similarly they derive an optimal rejection rule
to apply if the solution is not accepted. However, since this rule is dependent
on an unknown prior distribution of futures moves, a more simple but effective
rejection rule is proposed: Reject if ¢, < 0, i.e.,

]P)reject(cvut) = 1{cn<0}' (3)

If the move is neither accepted nor rejected, another sample is taken, and this
process is repeated as can be seen in Algorithm 2. We fit this procedure to our
methodology as described in Sect. 5.

4 Sequential Predictive Sampling

Our goal is to increase efficiency by reducing the number of scenarios evaluated.
We aim to support this goal by utilizing prior information: function evaluations
of the earlier-found solutions. In most metaheuristics, solution information is
only kept if their corresponding solutions are still considered promising. By con-
trast, Prudius and Andradéttir [25] introduce an averaging framework in which
solutions are evaluated partially during the search: an estimate of the expected
objective per solution is stored as the average of all obtained objectives, which
makes it possible to improve this estimate by more solution evaluations. Our
method, however, does not keep all solution evaluations in memory, as it only
deems the more recent solutions evaluations interesting.

The proposed methodology is summarized as follows. Given a new solution,
two random scenarios from {2 are evaluated (two is the minimum number that
gives us relative information). Based on this evaluation, a predictive model is set
up and returns an estimate of the expected objective as well as the variance of
this estimate. Based on this, an accept, reject or sample decision can be made
in the overarching metaheuristic. The predictive model takes a general scenario
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output distribution as input. This distribution is estimated based on evaluations
done on previously found solutions.

Commonly, a solution’s expected objective would be determined by evaluat-
ing over all scenarios in some set of scenarios {2. Although we want expected
objectives to be representative over all uncertainty (i.e., the whole £2), evaluat-
ing every solution on every scenario is not necessary. As we argue below, this is
because not all evaluations are independent.

A fundamental assumption behind any search algorithm is that some solu-
tions are better than others:

Assumption 2. Some solutions are better than others: 3x,y € X such that

Eo[f(z,w)] < Eolf(y, w)]-

Similarly, we assume that some scenarios are uniformly better than others,
recognizing that uncertainty can have a positive or a negative impact:

Assumption 3. Some scenarios are better than others: Considering x as a dis-
crete uniformly distributed random variable with as support solution space X,
we assume that for some w,v € §2 it holds that

E.[f(z,w)] < E.[f(x,v)].

Ezample 3. Due to the structure of a scheduling problem, a realization with
long activity durations across all activities is worse than one with short activity
durations. Take for examples the two scenarios obtained in Example 2, defined as
the two durations of uncertain activities b and ¢: w = (1,1) and v = (3, 3). Given
solution (b,c,a), we get as makespans: f((b,c,a),w) = 3 < f((b,¢,a),v) = 5.
More generally for this problem, if one scenario v dominates another scenario
w, the makespan can never be better, i.e.,

& >de Vi = [(x,v) 2 f(z,w) VreX.

This holds for all problems where the impact of the uncertain parameter is
similarly related to the objective function (linearly for some solutions).

Based on Assumption 2 and 3 we go one step further. The fact that both
solutions and scenarios can be better or worse, makes it realistic to assume some
dependency between evaluations that are based on these solutions and scenarios.
When an evaluation f(z,w) is perceived as ‘good’, it is likely that z and w are
both relatively good as well.

4.1 General Scenario Output Distribution Estimation

Given our reasoning on dependence of evaluations, we introduce a linear depen-
dence assumption that we consider to hold with a margin of error that is small
enough to help us compare evaluations. Even though the assumption will most
often not hold exactly, it will help us steer the solution evaluations.



166 N. Schutte et al.

We first define two uniform discrete distributions that we will use to relate
evaluations: solution output distribution E and general scenario output distribu-
tion D with as sets of atoms:

Ex ={e;:x € X, e, :=E,[f(z,w)]},
Dg = {dw tw € 2,d, = Ez[f(wi)]}

Assumption 4. There exist linear relationships between solutions given a sce-
nario, i.e., for any x,y € X:

f(x’w)/f(va) = ez/ey Vw € Q’

where the linear relation is decomposed as a fraction eg/e,. Further, there exist
linear relationships between scenarios given a solution, i.e., for any w,v € 2:

flz,w)/f(z,v)=d,/d, VrelX,
where the linear relation is decomposed as a fraction d,,/d,,.

Lemma 1. Given Assumption 4, we have Vx,y € X, Yw,v € (2:
flz,w)/fly,v) = ezdy/(eyd,) = YeeR: f(z,w) = cegd, A fly,v) =ceyd,.

We note that constant ¢ in Lemma 1 is irrelevant in comparing evaluations
and we therefore omit it from here on. Given Assumption 4, Lemma 1 ensures
we can have a rank-1 decomposition of matrix F, F = ed’, where e and d
denote the vectorized estimates of sets Ex and Dy,. In practice, Lemma 1 only
holds when the objective function is linear in the uncertain parameters, which is
unlikely when f is considered to not have a closed-form (Assumption 1). When
Assumption 4 holds, the stochastic problem effectively becomes a deterministic
problem where the solution quality can be compared exactly when all solutions
are evaluated on the same, single scenario w € 2. Therefore, Assumption 4 serves
as a strong baseline. It ensures that when uncertainty is (close to) linear in the
evaluation function, the method performs similar to assuming the problem is
deterministic. Now that we have defined general scenario output distribution D,
we present a method to estimate it. We will use linearity throughout such that
the estimator is perfect if the rank-1 decomposition F = ed’ exists.

Bayesian inference is popular in estimating distributions [13]. However, the
general scenario output distribution can have any kind of shape and therefore
we refrain from assuming a prior distribution. A prior distribution can be espe-
cially troublesome since observing only a few evaluations per solution will update
the posterior only slightly for each new solution. Furthermore, solution evalua-
tions are not random draws from the same distribution. Because of this we use
discrete linear updates. Given an output scenario distribution D and Assump-
tion 4, we can update this distribution assuming the evaluations from the last
obtained solution are most representative of the general scenario output distri-
bution. Denoting z as the last evaluated solution, we use:
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ZWEQI dw
Zweﬂm f(l’, w)
where (2, is the set of scenarios on which z is evaluated and r is the rate by
which the current values are replaced, which makes the updates smoother. When
using SA, this update can be done after each iteration. Note that if the rank-1
decomposition is equal to the actual evaluation matrix, i.e., F = ed’, these
updates ensure the general scenario output distribution has a linear relationship
with all solution specific scenario output distributions. This leads to a perfect
predictor given a linear predictive model, hence we will use this model class.

do — rf(z,w) +(1—-7)de, Yw€ 2, (4)

4.2 Predictive Model

Now we have defined an approach to obtain a general scenario output distri-
bution D with Eq.4, we use this distribution to compare obtained solutions
during the metaheuristic search. Since we are developing a sequential sampling
method, this comparison will include specifying a accept, reject or sample deci-
sion as introduced in Sect.3.2. When evaluating a solution x, we set up the
following predictive model:

f(;v,w) = Bzdy, + Ex,ws (5)

where €, , is an error term and we estimate 3, by the ordinary least squares
estimator that minimizes squared errors of the predictive model:

B = argmin S — Bedy)? = Luen, duflr,w)

> dz
Ba wEN, WE R, W

Given the predictive model from Eq.5 with 8, = By, we get an estimate of the
expected objective of solution x:

E[f(xw |Q|Zﬁzd+2fmw

weNg WENR,

7;>

where 25 = 2\ 2,. An estimate of the objective value by itself is useful,
but additionally we also get a measure of the uncertainty of the prediction by
estimating the variances as:

Var(jiz) = |Q|2 (D7 dw)’ Var(Be) + |£25] Var(ez)).

wEeNE
Var(e,) = Z (f(z,w) = Bods)®.
|Q | wEQ
Var(fy) = Var(ex)/ Y do.
weR,

Given this setup, we know the expected objective of a solution x has a Student’s
t-distribution with |2,| —1 degrees of freedom, shifted by mean /i, and scaled by
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Algorithm 3. Sequential Predictive Sampling

Input: current and candidate solution z, z’, estimation parameters ji., 2 , scenario
set {2, evaluated scenario set {2, general scenario output distribution D, temperature
t

Output: new current solution x

1: Update D > using Equation 4
2: while true do

3: Select y € {z,z'} > with P(y = z) = |2:|/(|022] + [24])
4: Sample w € 2\ 2, > at random
5: 2y — 2, Vw

6: Evaluate f(y,w)

T Update fi, and &5 > using predictive model in Equation 5
8: Determine Paccept (T, T, t), Preject (T, T, ) > using Equation 1, 3
9: if Paccept (7, 7',t) > u,u ~ U(0,1) then

10: return solution z’

11: else if Preject(z,2’,t) > u,u ~ U(0,1) then

12: return solution x

estimated variance Var(p), assuming error term &5, is normally distributed.
. . . . o -1

Hence, we effectively have an estimated variance of: 62 := Var(uy) I%L?"

The use of a linear model ensures that if the evaluations’ relationships are

linear, the predictive model can predict perfectly: 62 = 0.

4.3 Full SeqPre Procedure

We summarize the full procedure in Algorithm 3. The comments therein show
the exact implementation of the procedure for the experiments. We note that
in the case of SA, the procedure replaces algorithmic steps 57 of Algorithm 1.
All the input variables are updated and kept in memory during the search.
Note that in Step 3 we always select ' if it does not have any evaluations
yet. Note also that the while loop (steps 2-12) is guaranteed to terminate since
scenario set {2 is finite and therefore when all scenarios are evaluated c}s =0
and Pacept (2, 7', 1), Preject (@, 27, 1) € {0,1}.

5 Experiments

We examine the performance of our proposed method on three problems. Exper-
iments were implemented in Python and performed on a single 2.0 GHz CPU
running Ubuntu 20.4 with 32 GB RAM. Source code is available on GitHub
[30].

5.1 General Experimental Configuration

Each method uses the same underlying SA procedure as outlined in Algorithm
1. To compare solution objectives we give each search algorithm a fixed budget
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by of evaluations. This is common practice for search algorithms as it shows
efficiency independent of the underlying machine specifications [20]. We also
denote runtime in the results, however we want to emphasize that the experi-
mental problems have relatively cheap evaluations (non-extensive simulations)
which makes the overhead greater than it would be for more practical problems.
As annealing schedule, geometric annealing is used with a fixed final temperature
for fair comparison between methods:

t  to(te/to) 1 70/b0).

The final temperature is set at a small value ¢ty = 0.01. The initial temperature
is:

to = —h [ggg f(z,Evenlw])]/ In(p),

where [-] rounds up to the closest power of 10 and h = 0.1, p = 0.5 are such that
initially solutions that are 10% worse are accepted with a probability of 0.5.

5.2 Methods Compared

We use three benchmarks that evaluate a fixed number of scenarios at each iter-
ation. One of them evaluates the single scenario where each uncertain parameter
attains its average. This is searching for a deterministic optimal solution, so we
call this method Det. The other two variants use descriptive sampling to obtain
a set of scenarios. Scenario sets of sizes 10 and 100 are used and the methods
are denoted as Des10 and Des100. Size 10 has shown to be effective for some
problems in literature [4,28], while size 100 is assumed to be large enough to be
representative for the input distribution.

Two methods are proposed to compare to these benchmarks. The first
method is sequential difference sampling (SegDif) based on [2] as shown in
Algorithm 2. A random difference is sampled between the two solutions that are
compared. However, we do not assume Gaussian noise with known variance, so
we estimate the variance by updating it throughout the search:

O’ — (6i—1Vi +c )/z

where ¢ is the iteration and cﬁli is the cumulative difference as defined in Eq. 2
when an accept or reject decision is made after n; samples for iteration i.

The second method is our proposed sequential predictive sampling approach
(SeqPre), as shown in Algorithm 3. Hyper-parameters as defined in Sect.4 are
set at k = 50 and r = 0.9 (chosen based on empirical results). Both sequential
approaches use as decision rule the steps 9-12 in Algorithm 2, and a descriptive
set of 100 scenarios as 2. The final obtained solutions are evaluated on a test
set of 1000 randomly drawn scenarios with a unique seed.

5.3 Description of Example Problems

Surgery Scheduling in Flexible Operating Rooms under Uncertainty (SSFORU)
has as goal to plan as many elective surgeries as possible in a given set of
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(a) SSFORU, instance size 150  (b) SCVRPTW, mean (c) SRCPSP, mean
Fig. 1. Objectives values and 95% bounds in % difference to the optimal deterministic

solution obj. value based on the test set and relative to budgets bo.

operating rooms, while minimizing idle and overtime for the staff and waiting
time for the patients. At any time during the day an emergency surgery can
come in that needs to be performed as soon as any operating room is available.
This problem has been studied in literature in several modifications [26] and was
proposed in this form by [34], with instance sizes of n € {70,100, 150,200}.

We use the most generally used costs configuration (cover = 26, Cidle = %cover,
Cwaiting = écover, Cnot-scheduling = 30 X %cover) in literature [23,24,33]. Emergency
inter-arrival times are modelled as exponentially distributed with a rate of 4 per
day and surgery duration times are modelled as log-normal distributed fitted by
type. In the realization of a schedule, emergency surgeries are assigned to an
operating room based on the lowest expected duration of the remaining planned
elective surgeries. In the SA procedure moves are defined as removing or adding
elective surgeries and shifting the times of already planned surgeries.

Stochastic Resource Constrained Project Scheduling Problem (SRCPSP) is a well-
studied problem, both the deterministic variant and different stochastic adap-
tations. The goal is to minimize the total duration of a project that consists of
activities. Some activities can only start when certain others are finished (prece-
dence relationships), while they also have resource requirements and there are
limited resources available. We define a solution as a priority list of activities
as in Example 1, while the evaluation of a schedule consists of simulating the
realized schedule and obtaining the makespan. We test on instances 1.1-1.5 from
the PSPLIB [19] with 30 activities. The duration of the activities is uncertain
and modelled as exponentially distributed with as mean the given duration in
the instance. In the SA procedure we define a move as a swap between two con-
secutive activities in the priority list. These are done randomly, limited to swaps
that adhere to the precedence relationships.
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Stochastic  Capacitated Vehicle Routing Problem with Time Windows
(SCVRPTW) has a given set of the same vehicles stationed at a depot, with the
goal to serve a given set of customers. The vehicles have some capacity, while
each customer has demand and a time window in which delivery is allowed. A
solution is a route for reach vehicle. We test on instances R101-R105 introduced
by [35].

Both demand and travel times are uncertain and modelled as exponentially
distributed with as mean the given demand and the Euclidean distance respec-
tively. Similarly to [22], costs are determined by distance travelled. The evalua-
tion of a solution and scenario consists of a simulation in which vehicles travel
to the customers. When a vehicle does not have enough product or arrives after
the end of the time window, a cost penalty is incurred equal to a single trip back
and forth to the depot. When a vehicle arrives before the start of a time window
it waits. In the SA procedure a move is defined as for each route: 1) randomly
adding or removing a customer, or doing nothing; 2) randomly swapping two
consecutive customers.

5.4 Experimental Results

Tables 1 and 2 show the experimental results. Baseline Det performs poorly, due
to over-fitting on the single scenario it uses. We see similar behaviour in lower
magnitudes for Des?0. Figure 1a illustrates that this over-fitting causes solutions
to not improve for larger budgets. On the other hand, Des100 does improve with
larger budgets, but performs poorly on smaller budgets.

In general the aim of the sequential sampling methods is to reach simi-
lar objectives as Des100 in less time. We see that for SSFORU, SeqDif and
SeqPre perform similarly and better than the benchmarks. For SRCPSP and
SCVRPTW however, SeqPre performs significantly better than SeqDif. This
could be caused by the fact that differences of individual scenarios are not good
enough estimates for the actual differences, or because the estimated variance is
not accurate enough. Another difference between problem results is that Des10
performs close to the best methods for SRCPSP and SCVRPTW. Specifically for
SRCPSP we can state that this is caused by the fact that uncertainty does not
change solutions that much, as the obtained solution is still competitive despite
over-fitting. This confirms the findings in [3].
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Table 1. Results SSFORU per instance size n for different evaluation budgets bo:
average test (£ SE) and train objectives in % difference to the optimal deterministic
objective based on 20 random seeds, and average time s in seconds. » shows significant
difference between the 2 best methods (paired t-test, o = 0.05).

n Method

bo = 5k

bo = 25k

bo = 100k

bo = 500k

Test Train s

Test

Train s

Test

Train s

Test

Train

S

Det
Des10
Des100
SeqDif
SeqPre

298.1+4.2
188.9+2.3
394.7+£15.7
199.3+3.4
190.9+2.4

32 9
120 8
388 6
190 10
181 11

344.945.5
179.0+2.0
204.5+9.0
165.6+1.3
169.3+0.8

29
103
194
155
158

47 327.2+46.2 29 189
40 170.7+1.7 94 151

44
59
61

163.1+1.2
“159.4+0.6
165.8+0.9

152 190
146 233
152 243

322.1£6.0 29 972

165.8+1.1
158.2+0.6
156.4+0.9
158.5+0.6

89
144
142
143

748
943
1172
1309

Det
Des10

100

SeqDif
SeqPre

809.4+7.0 60 11
594.5+13.5 455 12

Des100 1194.8+41.8 1177 8

655.3+£18.6 629 14
594.5+5.3 571 14

819.0+6.9
547.6+3.6
669.6+35.5
526.9+2.1
"521.1+1.7

48
384
647
501
494

58
56
60
78
83

837.6+£7.9
540.8+3.7
514.6+1.6
507.7+1.5
510.9+1.8

46 227
365 241
483 238
475 354
478 349

836.4+6.4
539.0+3.3
505.4+1.4
"501.7+1.1
505.5+1.4

46
355
466
462
469

1156
1202
1290
1747
1807

Det
Des10
Des100
SeqDif
SeqPre

150

32
257
764
353
323

17
17
13
19
17

381.5+3.5

317.9+12.3
764.7+21.5
357.0£12.5
327.4+11.2

380.9+3.0
259.1+1.0
412.7+21.6
250.2+0.5
249.1+0.7

24
188
407
242
239

66
71
76
"
93

382.9+2.5
258.9+0.9
248.9+3.2
243.7+0.4
244.1+0.3

20 367
178 288
238 291
232 327
233 341

385.8+2.1
258.7+0.9
242.2+0.3
"241.3+0.3
242.2+0.4

18
175
228
227
229

1796
1323
1412
1400
1753

Det

Des10
8 Des100
N SeqDif

SeqPre

210.7+0.7

219.8+10.8
631.7+16.7
274.2+18.0
257.2+10.6

26
188
624
269
252

13
22
31
21
32

209.2+0.5
140.6+0.7
335.1+£17.3
135.9+0.4
134.7+0.3

20
106
329
132
132

60
69
144
87
90

209.3+0.4
138.9+0.7
138.7+2.4
131.8+0.2
132.1+0.2

20 228
102 252
135 384
128 321
128 306

208.6+0.3
140.0+0.8
130.7+0.1
130.7+0.2
131.3+0.1

18
100
126
125
126

1156
1030
1485
1354
1672

Table 2. Results SRCPSP & SCVRPTW for different evaluation budgets bo: test (&
SE) and train objectives in % difference to the optimal deterministic objective averaged
over 10 random seeds and 5 instances, and average time s in seconds. * shows significant
difference between the 2 best methods (paired t-test, o = 0.05).

bo = 5k bo = 25k bo = 100k bo = 1M
Method
Test Train s Test Train s Test Train s Test Train s

D« Det 61.1+1.6 9 2 588+1.2 5 8 56.6+1.3 3 31 55.5+0.9 1 317
0 Des10 64.0+2.4 52 2 56.4+2.1 43 8 52.6+1.1 39 35 50.1+0.7 35 351
% Des100 86.9+3.2 85 2 68.2+2.8 66 8 57.7+2.0 55 33 50.7+0.9 48 348
% SeqDif 65.7+2.3 64 2 59.1+1.8 57 9 55.7+1.7 54 39 52.8+1.1 51 397

SeqPre 69.2+2.2 66 3 55.841.5 53 17 52.6+1.1 50 67 49.4+0.7 47 677
g Det 372.1+1.7 175 6 376.2+1.3 163 32 377.8+1.2 155 127 379.6+1.0 145 1278
E Des10  316.1+2.7 313 1 305.3+2.6 302 6 299.5+2.6 297 22 287.2+1.9 285 217
© Des100 327.5+2.0 327 1 318.2+2.5 318 4 308.5+2.1 308 15 298.7+2.4 298 129
% SeqDif 324.242.2 324 2 313.6+2.5 313 10 309.0+2.7 308 49 305.2+2.8 305 551
N SeqPre  317.8+2.7 317 4 305.2+3.3 305 19 "294.0+2.4 294 81 287.0+1.2 287 844
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6 Conclusions and Future Work

The central idea of this paper is that metaheuristic efficiency can be improved by
reducing the number evaluations per solution. We propose a general methodology
based on a sequential sampling procedure and a predictive model that utilizes
earlier obtained information memory-efficiently. This is done by modelling linear
relationships between both solutions and scenarios. We applied the approach to
SA on three diverse problems and found consistently strong performance.

Future work includes applying this method on metaheuristics in addition to
SA: For single solution metaheuristics the method is readily applicable, while for
population-based metaheuristcs the procedure of accepting/rejecting solutions
needs to be adjusted. A second avenue is exploring potential further improve-
ments: modelling more complex relationships between evaluations; and including
solution characteristics in the predictive model, as currently it only uses solu-
tion evaluations. Finally, more sophisticated machine learning methods could be
applied to estimate a general scenario distribution or predict objectives directly
from all obtained information. It can require more computing power to learn a
strong predictive model than to perform the search, but this could still be useful
when offline computation is cheaper.
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Abstract. Temporal Networks with Uncertainty are a powerful and
widely used formalism for representing and reasoning over temporal con-
straints in the presence of uncertainty. Since their introduction, they have
been used in planning and scheduling applications to model situations
where some activity durations or event timings are not under the control
of the scheduling agent. Moreover, a wide variety of classes of temporal
networks (depending on the types of constraints) have been defined, and
many algorithms for dealing with these emerged.

We are interested in the repair problem, consisting of reconsidering
the bounds of the uncertain durations when the network is not con-
trollable, i.e., when no strategy for scheduling exists. This problem is
important, as it allows for the explanation and negotiation of the prob-
lematic uncertainties. In this paper, we address the repair problem for
a very expressive class of temporal networks, namely the Disjunctive
Temporal Networks with Uncertainty. We use the Satisfiability Modulo
Theory framework to formally encode and solve the problem, and we
devise a uniform solution encompassing different “levels” of controllabil-
ity, namely strong and weak. Moreover, we provide specialized encodings
for important sub-classes of the problem, and we experimentally evaluate
our approaches.

Keywords: Disjunctive Temporal Network with Uncertainty - Plan
Repair - Satisfiability Modulo Theory - Strong and Weak
Controllability

1 Introduction

Since their introduction in [11], Temporal Networks have been recognized as a
fundamental tool to represent and reason about temporal dependencies among
tasks and events. Several variants have been studied in depth: e.g. Simple,
Disjunctive [4,21]. The important extension to temporal networks with uncer-
tainty [25] allows to model tasks of uncontrollable duration. This yields the
problem of controllability, i.e., devising a strategy that will work regardless of
the uncertainty, that comes in different forms depending on the observability
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assumptions, i.e., Weak, Strong, and Dynamic controllability. Various algorithms
have been proposed to check controllability, also based on constraints propaga-
tion [17,25], Satisfiability Modulo Theories [3], and Timed Games [8].

Despite the widespread use of these formalisms in the literature, little atten-
tion has been devoted to the case in which a temporal network is deemed non-
controllable.

In this case, the source of non-controllability could be unfeasible require-
ments (e.g., even with a less uncertain environment, it would still be impossi-
ble to schedule the controllable time points). Still, the assumptions about the
environment could also be too loose given the constraints (i.e., if only an uncon-
trollable activity had stricter bounds, we could recover controllability). In this
paper, we tackle the problem of repair of a Disjunctive Temporal Network with
Uncertainty (DTNU) [24]. Starting from an uncontrollable network D, we define
the repair problem as finding a variant D’ that is controllable and that is “suf-
ficiently” close to D. In particular, we consider the case where the D’ variant is
obtained from D by restricting the bounds on uncontrollable durations.

This problem is of theoretical importance but also has a strong practical
relevance: consider the case of a multi-agent system, in which the uncontrolla-
bility bounds can be negotiated, for example, when the duration of an activity
is considered to be uncontrollable for the scheduling agent, but it is, in fact,
controllable for another agent. In a collaborative scenario, the agent can try to
repair its own network by asking for stronger assumptions on the controlling
agent instead of relaxing its objectives by creating a new controllable network.
In other words, one agent could ask the controlling agent to reduce its flexibility
in order to help in recovering controllability. Another application of the repair
problem concerns explainability: by providing a (minimal) repair to an uncon-
trollable network, we suggest a strategy to change the constraints to recover
controllability: this is an immediate counterfactual explanation [22] for the non-
controllability and, even if the constraint is not negotiable, explanation allows
to focus on where/what to replan.

We tackle the repair problem in the setting of Satisfiability Modulo Theo-
ries, proposing a solution for the cases of Weak and Strong controllability. We
first define a general approach for DTNUs that uniformly works for both con-
trollability levels: we define a quantified formula encoding all valid repairs for a
given DTNU. Any model of such formula is a valid relaxation of the contingent
bounds that recovers the controllability of the network. Furthermore, we prove
that if the formula is unsatisfiable, then the problem admits no repair. Then, we
use Optimization Modulo Theory [20] to select, among the possible repairs the
one that sacrifices the least amount of flexibility. Second, we devise a specialized
encoding for the specific but important case of Simple Temporal Networks with
Uncertainty (STNU) (that is, when disjunctions are not allowed). By exploit-
ing the convexity of the problem formulation, we obtain a much more efficient
algorithm for synthesizing a repaired STNU.

We implemented the proposed approaches within the pySMT framework [12],
using the Z3 solver as backend [10], and we experimentally evaluated them on
a large set of non-controllable DTNU and STNU benchmarks. The empirical
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evaluation shows that the general case of DTNU repair may incur scalability
issues, heavily dependent on the number of uncontrollables. On the other hand,
the specialized algorithm leads to substantial increases in efficiency by leveraging
the features of STNUs, hence reducing the cost of quantified reasoning.

Structure of the Paper. The next Section discusses the related work. In Sect. 3,
we present the needed background and in Sect. 4 we define the problem of DTNU
repair. In Sect. 5, we propose a general repair encoding for the general case of
DTNU, while Sect. 6 tackles the special case of STNU. In Sect. 7, we empirically
evaluate our approaches and in Sect.8 we draw our conclusions and present
directions for future work.

2 Related Work

The problem of repair for Disjunctive Temporal Networks under Uncertainty
has never been tackled before. Most of the literature considered problems of
checking controllability [13,15,16] and flexibility in execution [19]. The closest
related works typically focus on STNUs and diagnosis, i.e., pinpointing rea-
sons for non-controllability. For example, in [14], a diagnosis approach for the
temporal checker is proposed for dynamic controllability. This approach is able
to give the set of constraints involved in the non-DC of an STNU. Then, the
designer(planner) is in charge of solving the problem. In the case where multiple
contingents are involved, the repair will help the designer in deciding what to
do by providing the best way to shrink the contingent to restore controllability.

The notion of repair arises in [6]. The authors propose a MILP approach to
decouple an STNU into sub-networks (STNU), one per agent, in a multi-agent
setting. The authors state that it should be possible to modify the encoding of
the MILP approach so that it reduces the bounds of the contingents so that all
sub-networks are DC. Then, in [2], the authors compute the volume space of an
STNU to assess just how far from being controllable an uncontrollable STNU
is by defining some metrics for SC and DC. Later, they propose an incomplete
LP approach to repair a non-DC STNU by repairing the negative cycles [1].
However, it is incomplete because it doesn’t consider inter-dependence between
negative cycles.

In this paper, we formally define the repair problem as tightening the con-
tingent constraints and propose a series of SMT encodings for synthesizing valid
repairs. Unlike the literature reported above, we consider the very general case
of DTNUs (instead of limiting ourselves to STNUs) and uniformly tackle both
strong and weak controllability. Moreover, we provide specialized encodings for
the STNU case.

3 Background

3.1 Satisfiability and Optimization Modulo Theory

The Satisfiability Modulo Theory (SMT) [3] is the problem of deciding whether
there exists a model that satisfies a first-order formula ¢ (i.e., an assignment to
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the free variables in ¢ such that ¢ is satisfied. Given the formula ¢ = (z <=
y) A (x +y = 10) a valid model of ¢; is {z := 4, y := 6}, where z,y € R.

SMT solvers can support multiple Theories such as Linear Real Arithmetic
(LRA). In LRA a formula is a Boolean combination, or a universal and existential
quantification (respectively V, 3) of atoms, which are linear constraints in the
form: ). a;z; > ¢ where e {>, <, <, >, #,=}, every z; is a real variable and
every a;, c are real constants. QF LRA denotes the quantifier-free fragment of
LRA.

Optimization Modulo Theory (OMT) generalizes SMT with optimization
procedures to find a model of ¢ that is optimal for an objective function f (or
a combination of multiple objective functions) under all models of a formula ¢.
The objective function f can be expressed as a term in different theories, but
this paper focuses only on objective functions expressed as QF LRA terms. In
the literature, several OMT solvers exist, such as OptiMathSAT [20] and Z3 [5].

3.2 Temporal Networks (With Uncertainty)

A Temporal Network (TN) is a formalism that is used to represent temporal
constraints over time-valued variables called time points. Two families of TN
exist in the literature: TN that does not consider uncertainty, to which the
scheduler freely assigns all time points [11,23], and TN with Uncertainty (TNU),
where only a subset of time points are assigned by the scheduler, while another
exogenous entity decides the others [24,25]. This paper focuses on the Disjunctive
Temporal Network with Uncertainty (DTNU) and Simple Temporal Network
with Uncertainty (STNU), which is a restricted case of DTNU.

Definition 1. A DTNU is a tuple (V,E,C) where:

-V is a set of time points, partitioned into controllable (V,) and uncontrollable
Vu);

- & is a set of free constraints (requirement constraints): each constraint e; is
of the form, \/f;l v1j — Va5 € [Lij, Uij], for some v1;,v2; €V and L;;,U;; €
RU {+w, —0};

- C is a set of contingent constraints: each c¢; € C is of the form, {b;,B;,d;,
where by € Ve, d; € Vy, and B; is a set of pairs (L;;,U;;) such that 0 < L;; <
Uij < o, j € [1,|B;|]; and for any distinct pairs, (L;;,U;;) and {Lix, Uik € B;,
either L;; > U, or Uy < Lyy,.

In a DTNU, free constraints are disjunctions of intervals, each between any
time points, possibly overlapping, while a contingent is a disjunction of non-
overlapping intervals restricted to a single pair of time points.

Intuitively, controllable time points (V.) are moments in time to be decided
by the scheduling agent, which is trying to satisfy all the free constraints (&)
under any possible instantiation of the uncontrollable time points (V) respecting
the contingent constraints (C).
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O O
Z={A,D}  ¥={yc,ys} ¥={A,D}  §={yc,ys}
I() = (ye =5) A (ye <12) A (ys = 10) A (ys < 15) I'@) = (ye =5) A (yo < 12)A

(((yp =2) A (yp <5)) v (ys = 10) A (ys < 15)))

W(Z,i) = (D +yp) — A>=10) A (D +yp) — A < 40) A

((ye + D) = A= 15)A U(Z,7) = (D —yc =5) A (D—yc <15)A

((yc + D) = A<20) A (D —yc =5) A (D —yo < 15) ((yo + D) —A>15) A ((yo + D) — A < 20) A
(D +yp) = A>10) A (D +y5) - A< 20))v
((D+yp)—A=24) A ((D+yp)— A<40)))

(2) (b)

Fig. 1. Graph representations of the STNU (a) and DTNU (b) examples, together with
their SMT encodings. Nodes represent time points, doubly circled nodes are uncontrol-
lable; solid edges are free constraints while dashed edges are contingent constraints.

Definition 2. An STNU is a DTNU without disjunctions. Hence, an STNU
is a DTNU (V,&,Cy where D; = 1 for all free constraints and |B;| = 1 for all
contingent constraints.

Ezample 1. Bob is working in a production line and has 40 min to build a prod-
uct. This product is done in 3 phases: first Bob needs to wait for a machine
to transform raw materials into a component of the final product. This task
performed by the machine has an uncontrollable duration that lasts between
5 to 12min. Then, Bob needs to compare the quality of the component with
some regulation (size, weight, etc.) and he can decide to take 5 to 15min to do
the checking. However, Bob knows that to be efficient the two tasks need to be
performed between 15 to 20 min. Then, he must give the component to another
machine that will create the final product. This task is an uncontrollable event
that lasts between 10 to 15min. An STNU representing the example is shown
in Fig. la. For the sake of the example, we suppose that the product needs at
least some minimal amount of time to be produced; therefore we put a minimum
duration of 10. A DTNU version is shown in Fig. 1b, where Bob can produce
two products using two different machines: the first product that needs to be
produced in 20 min with the first robot that can produce it in 2 to 5min, the
second needs to be produced between 24 to 40 min with the second machine that
can produce it in 10 to 15 min. We will explain the encoding of the two examples
in Sect. 3.3.
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The basic computational problem arising given a DTNU is controllability [25]:
we want to check whether there exists a strategy for scheduling the controllable
time points that will respect all the free constraints under any possible realization
of the uncontrollable time points respecting the contingent constraints. However,
depending on the assumptions on the observability of uncontrollable time points,
different levels of controllability have been defined. In this paper, we focus on
strong and weak controllability, corresponding to the cases of no-observation
and clairvoyant observation, respectively. In the following, we report the basic
definitions for these two cases.

Definition 3. A controllable assignment § : V. — R of a DTNUV,E,C) is
a mapping from all the controllable time points to real values.

Definition 4. A DTN D = (V,&,&) is a DTNU with no contingent con-
straints (and no uncontrollable time points: V. =V, V, = &). A consistent
schedule for a DTN D is a controllable assignment § that satisfies each free
constraint e; in E:

S

i

\/ 8(v15) = 8(vay) € [Lij, U)-

Jj=1

Definition 5. given « DTNU D = (V,E,C), let m = |V,|. The situations of
D is a set of tuples 2p defined as the cartesian product of:

X U LUy

(bi,Bi,di)eC \(L;i;,U;;€B;

A situation is an element w of 2p and we write w(c) with ¢ € C to indicate
the element in w associated with c in the cross product.

Intuitively, the set of situations defines the region of uncertainty, all the
allowed durations of contingent constraints. A network will be deemed control-
lable if (with the provided observations) it is possible to schedule the controllable
time points so that all free constraints are satisfied in any possible situation.

Definition 6. Given a DTNU D ={(V,E,C) and a situation w, the projection
D, is the DTN (V,EUC,,, &) where C, = {d; — b; € [w(c),w(c)] | ceC and c =
(b, By, di)}

Intuitively, the projection D, substitutes all the contingent links with require-
ments, forcing the duration of a contingent link to the value indicated in w.

Definition 7. A DTNU D is weakly controllable iff for all w € §2, there exists
a consistent schedule § for D,,.

In weak controllability, we assume that the uncontrollable durations are decided
before execution, and therefore, the scheduling agent can condition its decisions
on the situation.
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Definition 8. A DTNU D is strongly controllable iff there exists a consistent
schedule 6, for all D, where w € (2.

This level of controllability implies that the controllable schedule is so robust
that it’s possible to fix the execution of the controllable time points in time
so that it carries any execution of the uncontrollable time point observed at
execution time.

A third level of controllability exists, dynamic controllability, but it’s not in
the scope of this paper. However, many works in the literature tackled this level
of controllability, which is of great practical importance [13,16,17].

3.3 Controllability Checking Using SMT

In this section, we present the basic SMT encodings devised in [7] and [9], tar-
geting strong and weak controllability, respectively. We limit ourselves to the
basic formulations, as these are the only requirements for our paper. Still, the
authors provide different variations of these encodings that turn out to be more
efficient than the basic formulation for the sake of checking controllability.

Definition 9. Given a DTNU D = (V,&,C), we define the following sets of
SMT wvariables:

— the uncontrollable SMT durations y is a set of real SMT variables, one
for each contingent constraint ¢; € C (we write y; to indicate the variable
corresponding to ¢;);

— the controllable SMT timepoints T is a set of real SMT variables, one for

each controllable time point (we write x,, to indicate the variable corresponding
tovel,).

We also define the following basic SMT formulae:

- I'(y) representing the SMT contingent constraints:

()= /\ \/ (yi = Lij A yi < Uy) (1)
ci=(bi,By,diyeC \(Lij,UspeB;

- W(Z,9) representing the SMT free constraints (requirements):

v (@, 5)= /\ (el +90)/d]) (b2 + o) /d2]) - (b + ym)/dm])  (2)

e,e€
where m = |C| and the logical notiation ¢[a/b] indicates the substitution of

the term b with term a in the formula ¢.

In this approach, each uncontrollable time point d; € V, is encoded by its differ-
ence with the starting time point b; € V. represented by a universally quantified
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variable y; € R such that: d; — b; € [L;;,U;;], and y; € [L;j, U;;]. Thus, y; repre-
sents the duration of the interval [b;, d;] and the execution of d; is (b; + y;). We
define 7, i/ as the sets of controllable time points and uncontrollable durations,
respectively. Therefore, the rewriting of the contingent constraints depends only
on . Next, I'(¢) is the formula representing the conjunction of all the contingent
constraints over the uncontrollable durations, and @(Z,¥) is the formula repre-
senting the conjunction of all free constraints over # and . We show in Figs. 1a
and 1b this encoding for the running examples.

Given the formulae presented in Definition 9, the authors of [7]| prove that a
DTNU D is weakly controllable if the following formula @,,cqk is valid.

Moreover, in [9], they prove that D is strongly controllable if the following for-
mula @sirong is valid.

@strong = Elfv:ljr(g) - W(f, ?7) (4)

We will use these encodings as the basis for our repair problem formulation.

4 DTNU Repair: Problem Definition

The concept of repair in DTNU arises when the network is not controllable; in
these situations, we want to find a tightening (if it exists) of the bounds of the
contingent constraints such that controllability is recovered. This is useful as
a counterfactual explanation for non-controllability and in multi-agent applica-
tions where contingents are controlled by other agents and can be negotiated. In
the following, we formalize the repair problem.

Definition 10. Let D = (V,E,C) be a not T-controllable DTNU, with 7 =
{weak, strong}. The T-repair problem consists in finding a T-controllable
DTNU D' = (V,E,C") such that C' = {{b;,Bl,diy | {b;,B;,di) € C} and

i
Intuitively, given a DTNU D which is not weakly (resp. strongly) controllable, we
want to find a DTNU D’ which is weakly (resp. strongly) controllable. D’ must
be identical to D except for the bounds of the contingent constraints, which can
be restricted (but not enlarged).

For example, consider a DTNU D = (V, £, C) identical to the DTNU depicted
in Fig. 1b. This DTNU is not controllable, because the DTN projection D, where
w(e1) = 12 and w(cg) = 4 (¢; being the contingent AC and ¢y the contingent
DB) does not admit a consistent schedule. A solution to the weak-repair problem
for Dis a DTNU D' = (¥, £,C’) such that ¢; is replaced by ¢} = (A4, {{5,8)},C).
D’ is one possible solution to the weak-repair problem.

We are interested in repair solutions that minimize the reduction in the size
of the contingent constraints’ bounds. This intuitively corresponds to minimizing
the flexibility for scheduling uncontrollable time points that are removed by the
repair.
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‘ [5,15] @
(b)

Fig. 2. Graph representations of the DTNU (a) an optimal solution to the strong-repair
problem of D, and DTNU (b) for the weak-repair problem

Definition 11. Let D = {(V,&,C), be a non T-controllable DTNU and let Rp be
the set of all the solutions to the T-repair problem for D. An optimal T-repair
for D is defined as:

argmin Z Z ((Li; — Lij) + (Ui; = Uj;))

/,
D'eRp (bi Bi,dideC (Lij,Uij>eB;

We show in Fig. 2, the optimal repair of D for strong and weak controllability.

5 DTNU Repair: SMT Encoding

The base encoding presented in Sect. 2 encodes a DTNU into an SMT model to
check weak and strong controllability: in fact, all the encodings presented in [7,9]
are focused only on the problem of checking if a given DTNU is 7-controllable. To
tackle the repair problem, we need to synthesize the new uncontrollable bounds.
Hence, we need to extend the encoding to have the uncontrollable bounds as
free variables so that the solver can assign concrete values to the uncontrollable
bounds, as detailed below.

Compared to the basic encoding for controllability checking, we add two types
of variables. We denote the original bounds of the i-th contingent constraints
with L;; and U;; as in Definition 1. Then, for each such pair of contingent bounds,
we introduce two free variables /;; and u;;; these represent the repaired bounds
of the i-th contingent and will be constrained such that L;; < l;; < uy; < Us;.
To simplify the notation, we indicate with ljﬁ the set of free variables for the
lower and upper bounds, respectively. We redefine the formula for the contingent
constraints in Definition 9 (indicated as I"(y, L, #)) which now depend not only
on ¢ but also on [ and Z, instead, ¥ remains the same. With these new formulae,
we will define the encodings for tackling the strong and weak repair problems
for DTNU. In the following definition, we formalize these basic components of
the encoding.
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Definition 12. Given a« DTNU D = (V,&,C), we define the following sets of
SMT variables:

— ¢ and & as in Definition 9.

~ the uncontrollable SMT lower bounds [ is a set of real SMT wvariables,
one for each contingent constraint bound L;; € B;. We denote l;;, the variable
associated with L;;.

— the uncontrollable SMT upper bounds i is a set of real SMT variables,
one for each contingent constraint bound U;; € B;. We denote u;;, the variable
associated with Us;.

We also define the following SMT formulae:

- I (g,ﬁﬁ) representing the SMT contingent constraints:

(g1, @)= /\ \/ (Yi = lij A yi < i) (5)
ci=(bi,Bi,di)eC \{(Lij;,Ui;)eB;

- W(Z,9) as in Definition 9.

— E(l, W) representing the valid repair SMT constraints:

= a)= /\ /\ Lij < lij Swuij < Uy (6)
(bi,Bi,di)eC{Lij;,U;;)eB;

Considering the DTNU example in Fig. 1b, we report the new variables and
formulae below.

I= {lc1, g1, B2}

= {uci,up1, B2}

S~

-

I'(y,1,@) = (yo = lew)

(((yp = lB1) A (yB < up1))

E(ld) = (5<ler <uct <10) A (2 < lp1 < upt <5) A (10 < lpa < ups < 15)

The new variable [~ indicates the repaired lower bound of the contingent con-
straint (A, {{5,12)}, C); for the other contingent constraint in the example, we
need two variables g1 and gy because the constraint is disjunctive. Similarly
for the upper bounds.

With these basic formulae, we can now define two encodings (called “quanti-
fied encodings”), one for the weak repair problem (@eqx) and one for the strong
one (Qstrong)-

Owear (I, @)= (V7321 (7,1, @) — (&, 7)) A Z(, ) (7)
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Ostrong (7,1, @)= (V5.I"(§, 1, @) — ¥(Z, 7)) » Z(I.10) (8)
Note that for strong controllability, we do not need to quantify the controllable
time points because by solving the SMT (or OMT) problem, we implicitly per-
form an existential quantification. Both encodings will have the property that
all the models represent valid repairs for the input DTNU network, encoded in
the values of the [ and @ variables. Suppose p is a model for @, then the DTNU
with the new contingent constraints C’ defined below is a valid 7-repair.

C'={bi, {lli 1), pluin )y, {ulli2)s p(wi2))s - - -}, diy | <biy Biy diy € C}

Intuitively, we simply consider the value of /;; in the model ;v as the repaired
value for L;; and equivalently for the upper bounds.

Proposition 1. Let D =V, E,C) be a DTNU such that D is not T-controllable.
Any model of ©, yields a solution to the T-repair problem and if the formula is
unsatisfiable, the T-repair problem admits no solution.

It is easy to see why Proposition 1 holds: both the encodings are direct
derivations from the ones for checking strong and weak controllability in [9]
and [7], where we changed the constant bounds into SMT variables. Therefore,
Proposition 1 follows from the correctness of these basic encodings.

Thanks to the guarantees of Proposition 1, we can use Optimization Modulo
Theory to solve the optimal 7-repair problem by simply imposing an optimization
objective over the T-repair encodings.

minimize Z Z ((lij — Liz) + Uiy — uiz))

<bi,Bi,di>€C <L1‘]‘ ,Ui]‘>€Bi (9)
s.t. 6,

This problem formulation can be solved by any OMT solver capable of deal-
ing with LRA formulations such as Z3 [10]. Alternatively, it is possible to apply
quantifier-elimination techniques to construct a quantifier-free formula equiva-
lent to 2, to be used by any OMT solver for QF LRA.

6 STNU Repair: SMT Encoding

In this Section, we tackle the problem of temporal network repair in the special
case of STNU. In fact, the general encoding for DTNU requires the use of quan-
tifiers that are decidable in LRA but bring a very high computational cost. To
optimize the encoding for STNU, we removed the quantification of the variables
in ¢ exploiting the convexity of the problem, as proved in [25], considering all
combinations of the lower and upper bounds of the contingents is enough to
check the controllability of an STNU. This allows us to fix the duration of con-
tingent constraints to either their lower bound (in l_j or upper bound (in %) and
disregard the values within the interval because the problem convexity guaran-
tees that the problem is controllable if it is controllable “on the bounds.” In the
following, we formalize the basic components of the encoding for STNU.



SMT-Based Repair of DTNU: Strong and Weak Controllability 187

Definition 13. Given an STNU D = {(V,&,C), we define the following sets of
SMT variables:

— & as in Definition 9.

~ Uand @ as in Definition 12

— the set of symbolic boundary projections P(l_; 1) is a set of vectors of
SMT wvariables, one for each possible combination of lower and upper bound
for each contingent constraint (hence a total of 2¢ vectors):

P([; ﬁ) = {17‘ V; € {lﬂ,uﬂ},q € C}

— a set of “fresh” real SMT variables', one for each element ¥ of P(l_: @), indi-

cated as . We indicate the set of all these free variables as T .

By exploiting the convexity of the STNU fragment, we can re-formulate the
encodings of the strong and weak repair as follows.

Ouwear(@ L) = | N\ w@,0) | A Z(0) (10)
veP (i)

Qst'rong (57 l_: ﬁ) = /\ &D(‘f? 17) A E(l_; ﬂ) (11)
eP(I,T)

We call this the “on-bounds” encoding. The key intuition here is that for the
STNU fragment, we can ensure the controllability of the network by checking
that a strategy for scheduling controllable time points exists for every possible
combination of the bounds. The difference between strong and weak controlla-
bility here becomes evident: in ©4.ong We have one variable for each controllable
time point (Z), and we need a single assignment that works for all the combina-
tions of lower and upper bounds; in weak controllability we have one vector of
controllable time points variables (Z¥) for every combination @ of lower and upper
bounds, and therefore the solver can assign different values to the controllable
for every bound combination.

We remark that this encoding only works in the STNU fragment but retains
all the properties of Proposition 1 and can be used for solving the optimal repair
problem analogously to the DTNU case.

Finally, we remark that another strength of our proposal is that both the
quantified and the on-bounds encodings can compute a schedule for the control-
lable time points in the strong controllability case.

! In SMT jargon, a fresh variable is a new variable with a name that is unused in the
rest of the encoding and with no additional constraints.
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7 Experiments

In this Section, we empirically evaluate the effectiveness of the proposed
approaches. We implemented all the encodings in Python using the pySMT
framework [12]. For our experiments, we use the Z3 solver as the backend.

We experimented on a large set of DTNU and STNU benchmarks. For the
DTNU case, we consider the benchmark set of random networks used by Osanlou
et al. in [18], which is composed of 1500 DTNU, 500 of them of the size between
10 to 20, 500 between 20 to 25, and 500 between 25 to 30 time points.

For the STNU case, we implemented a custom random generator: we cre-
ate an STNU in the form of a complete directed acyclic graph (DAG); then,
we randomly and safely remove some of the edges according to the following
parameters:

— the number of time points n;

— the number of uncontrollable time points set by a range m = [min,, mat,],
i.e., it creates an STNU with |V, | = k with &k € [min,,, mazy,];

— the contingency rate per edge, i.e., the probability for a constraint to become
a contingent. We keep this rate low to scatter the contingent in the graph
(less than 10%);

— the rate of removal ¢, i.e., the probability for a constraint to be removed
representing the sparsity of the graph.

We generated STNUs of different sizes: n € {5, 10, 20, 50,100} and with different
degrees of uncontrollability depending on the size: m = {[1, 2], [2, 3], [3, 4], [4, 5],
[5,6],[8,10]}. The combinations are as follows: n = 5 with {[1,2], [2,3]}, n = 10
with {[2,3], [3,4]}, n = 20 with {[3,4], [4,5]}, n = 50 with {[5,6], [8,10]}, and n =
100 with {[8,10]}. Finally, for each relevant combination of n and m, we change
the density of the graph with ¢ = {0%, 30%, 50%, 75%, 90%} to get a benchmark
set of 1100 non-controllable STNUs.

We performed a total of 7400 tests: 2 * 1500 for weak and strong repairs on
DTNUs and 4 * 1100 on STNUs for both the quantified and on-bounds encodings
and both controllability levels. We ran all the experiments on an Xeon E5-2620
2.10 GHz with 3600s/10 GB time/memory limits.

Figure 3 shows the results of the encodings for DTNUs (in logarithmic scale)
with the number of instances solved on the x-axis and the time on the y-axis.
The plot shows that the strong-repair problem is much easier to solve for our
encodings than the weak-repair: we could solve the strong-repair for all the
instances, while the weak one approximately solves the easiest 500 instances.
This is not surprising, as in Ogirong, We only have one existential quantifier,
while in @4k, Wwe have a quantifier alternation.

The cactus plot for STNU instances is shown in Fig.4. We compare the
quantified and on-bounds encodings for strong (left) and weak (right) repair. In
general, the on-bounds encoding for STNU can solve many more instances than
the quantified one. In Fig. 5, we also report scatter plots for strong and weak
repair that highlight the dominance of the on-bounds encoding for this class of
problems. Moreover, as shown in the scatter plots, we never hit the memory limit
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with our encodings, the limiting dimension is time, while memory consumption
is not an issue (by manual inspection, we report that we never exceed 2 GB of
mermory usage).

8 Conclusions and Future Work

In this paper, we tackled the repair problem in temporal networks under uncer-
tainty. The problem is defined as finding a variant of an uncontrollable net-
work that is obtained by reducing the bounds of the contingent constraints and
is controllable. We presented two SMT-based algorithms, tackling the specific
problems of Weak and Strong controllability. The first one is a general encoding
for DTNUs that works for any controllability that can be encoded into SMT.
The second one efficiently tackles the repair problem for the weak controllability
of STNU by exploiting the problem convexity. We also define and solve using
OMT the optimal repair problem, that is finding the repair that removes the
least amount of flexibility from the original temporal network. The experimental
evaluation shows that the general case is heavily dependent on the number of
uncontrollables and that the STNU specialized algorithm leads to substantial
increases in efficiency.

For future work, we plan to explore the possibility of tackling the STNU
repair problem using constraint propagation techniques. Using propagation algo-
rithms, the checking problem for SC and DC on STNU has proven to be polyno-
mial. Such algorithms can infer a negative cycle if the STNU is not controllable.
Thus, fixing all the negative cycles incrementally might be more efficient. More-
over, we plan to apply these ideas to a multi-agent setting where an agent’s
contingent constraint might be controllable decisions for another, and the repair
problem can serve as a means for negotiation among agents.
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Abstract. The end-to-end predict-then-optimize framework, also known
as decision-focused learning, has gained popularity for its ability to inte-
grate optimization into the training procedure of machine learning mod-
els that predict the unknown cost (objective function) coefficients of
optimization problems from contextual instance information. Naturally,
most of the problems of interest in this space can be cast as integer linear
programs. In this work, we focus on binary linear programs (BLPs) and
propose a new end-to-end training method to predict-then-optimize. Our
method, Cone-aligned Vector Estimation (CaVE), aligns the predicted
cost vectors with the normal cone corresponding to the true optimal solu-
tion of a training instance. When the predicted cost vector lies inside the
cone, the optimal solution to the linear relaxation of the binary problem
is optimal. This alignment not only produces decision-aware learning
models, but also dramatically reduces training time as it circumvents
the need to solve BLPs to compute a loss function with its gradients.
Experiments across multiple datasets show that our method exhibits a
favorable trade-off between training time and solution quality, particu-
larly with large-scale optimization problems such as vehicle routing, a
hard BLP that has yet to benefit from predict-then-optimize methods in
the literature due to its difficulty.

Keywords: Integer programming - predict-then-optimize -
data-driven optimization + machine learning

1 Introduction

Theoretical and experimental results reported over the past few years, starting
with Elmachtoub and Grigas [7] and Ban and Rudin [2], have demonstrated
the need for end-to-end training of Machine Learning (ML) models that pre-
dict the cost coefficients of optimization problems. This contrasts with the more
traditional two-stage approach, where an ML model is first trained to mini-
mize regression loss for prediction, and then its predictions are applied to new
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test instances for decision. This conventional approach often leads to substantial
regret in terms of the quality of the solutions obtained, especially when the train-
ing set is small. Given that such predict-then-optimize settings are commonly
encountered in many applications (e.g., predicting product demand to manage
inventory or travel time on a road network to route trucks), researchers in ML
and optimization have proposed a wide range of end-to-end training methods,
many of which have been recently surveyed and compared [16,24,28].

With a few exceptions [6,11], these methods largely follow the now prevalent
mini-batch stochastic gradient descent training algorithm. This process involves
the following steps in each iteration: (0) a small batch of training instances
is fed into the ML model; (1) the model predicts the cost coefficients; (2) a
loss function, incorporating the concept of “decision error” such as regret, is
calculated; (3) the gradients of this loss w.r.t. the parameters of the ML model
are computed using backpropagation; and (4) a gradient descent step is employed
to update the model parameters. A common feature of many of these methods is
the necessity to solve the optimization problem for each training instance at least
once in the forward pass (Steps (1, 2)). Since these repeated calls to the (integer)
optimization solver represent a significant computational bottleneck, there have
been attempts to improve efficiency by replacing them with much cheaper linear
optimization calls [17], solution caching [14,20], and function approximation [9,
26,27]. However, these measures often come at a sacrifice in solution quality, as
we empirically demonstrate in this paper.

In this work, we are interested in efficient end-to-end training of ML mod-
els that predict cost coefficients of challenging binary linear optimization prob-
lems, a prime example of which is the Capacitated Vehicle Routing Problem
(CVRP) [29]. CVRP is defined on a graph comprising customers and a depot,
where binary variables represent the edges of the graph and indicate whether or
not a vehicle traverses that edge. The number of vehicles, their capacities, and
customer demands are fixed and known. Linear constraints capture the require-
ments of valid tours for all vehicles that start and end at the depot, comply with
vehicle capacity limits, and visit each customer exactly once. In the predict-
then-optimize setting, each CVRP instance is associated with a “feature vector”
(e.g., weather conditions, time-of-day, whether it is a holiday or not, etc.) that is
predictive of the (unknown) travel times on the graph’s edges, which are also the
cost coefficients of the objective function, namely the total travel time. CVRP is
notoriously hard to solve, even for tens of customers, making end-to-end training
of ML models extremely time-consuming.

A distinguishing feature of our CaVE loss functions is that they do not require
solving the original optimization problem during training. Instead, they rely on
easier projection problems, continuous and quadratic, which are significantly
faster to solve. Our key insight is as follows: By ensuring that the predicted cost
vector falls inside a specific cone, namely, one that corresponds to the optimal
solution under the true cost vector, we are able to recover this optimal solution.
The binding (or active) constraints at the optimal solution define this critical
cone. To align the ML model’s predicted cost vector with the cone, we need to
minimize the angle between the prediction and the cone; this is done through
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projection onto the cone, our main optimization routine. We show that CaVE
trains ML models in a fraction of the time required by state-of-the-art methods
such as SPO+ [7] and PFYL [3] while yielding equally effective cost predictions as
measured by regret in unseen test instances.

2 Related Work

In the field of operations research, the integration of ML methodologies
has emerged as a crucial area of research, significantly reshaping traditional
approaches. End-to-end predict-then-optimize, also known as decision-focused
learning, effectively utilizes data to tackle optimization problems involving
unknown (cost) coeflicients.

KKT-Based Methods. A notable advancement in this area is the KKT-based
method: Amos and Kolter [1] obtain both optimal solutions and gradients by
solving a linear system derived from KKT conditions. Wilder et al. [31] adapted
the method for linear programs (LPs) by incorporating a small quadratic term
into the objective function, while Mandi and Guns [15] introduced a logarithmic
barrier term. Furthermore, Ferber et al. [8] employ the cutting-plane method,
which allows for integer variables. These KKT-based implicit differentiation
methods require the use of specialized solving algorithms, which inherently limit
their flexibility and often compromise the efficiency of solving problems such as
linear programming. Furthermore, aside from the time-intensive cutting-plane
method, KKT-based approaches generally struggle to tackle discrete models.

Black-Box Methods. In contrast, other methodologies approach the opti-
mization solver as a black box, functioning independently of the solver and algo-
rithm. Elmachtoub and Grigas [7] propose a convex surrogate of regret for linear
objective functions, which has nonzero subgradients. In contrast to this con-
vex and theoretically sound loss function, Pogancié et al. [23] present a linear
interpolation, transforming optimization into a piecewise linear function. As a
specific case of the interpolation method, Sahoo et al. [25] adopt a more direct
straight-through estimator by using the negative identity matrix as the surro-
gate optimization gradient. Niepert et al. [21] extend the interpolated method
with perturbations with random noise. In the context of linear objective func-
tions, more perturbation approaches [3,4] involve adding a perturbation to the
predicted cost coefficients to smooth the optimization function and further con-
struct a loss function based on duality.

Since the training process involves solving the optimization problem in each
iteration, many solutions naturally accumulate as samples. Under the assump-
tion that the feasible region remains fixed, these solutions are all feasible. There-
fore, Mulamba et al. [20] proposes a contrastive loss designed to maximize the
distinction between suboptimal solutions in the sample and the optimal solution.
Additionally, it utilizes these accumulated solutions as a cache, effectively reduc-
ing computational cost. Inspired by the contrastive approach, Mandi et al. [14]
employed “learning-to-rank” [13] by ranking the objective value of the cached
solutions.
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Function Approximation Methods. Due to the computational inefficiency
often encountered in solving optimization problems, function approximation
methods that do not require constraint optimization are appealing. The critical
component of function approximation is a learnable surrogate function, which is
learned to mimic the original objective or loss function. Shah et al. [26,27] sam-
ples datasets and employs an additional neural network model. This model is
trained to approximate the actual loss of a decision. In doing so, they effectively
deploy this approximate loss in end-to-end training. With the approximation
method, the complexity of directly dealing with the original function is signif-
icantly reduced, allowing for more efficient learning. However, the accuracy of
the approximate loss function directly impacts the final model performance. In
practice, training a model to learn and approximate a specific function effectively
can be a challenging endeavour.

3 Problem Statement and Preliminaries

3.1 Definitions and Notation

For the sake of clarity, we can define a binary linear program as follows: There
are binary decision variables w € {0,1}%. The cost coefficients associated with

these decision variables are represented by ¢ € R?; the constraints are Aw < b,
where A € R¥*? and b € R*:

min cTw
s.t. Aw < b, (1)
w € {0,1}%.

Let §2 represent the feasible region of the problem; then the optimal solution
is expressed as w*(c) = argmin,, . cTw. Given its computational complexity,
the process of determining w*(c) can be extremely time-consuming, especially
when the number of decision variables and constraints is large.

In the predict-then-optimize setting, the coefficients ¢ are unknown and
linked to a feature vector & € RP. This relationship facilitates the use of an
ML model g(x, 8) to estimate the predicted coefficients é. In this model, 6 rep-
resents the learnable parameters, which are adjusted to minimize a decision loss
L(+), a metric that quantifies the discrepancy between the true optimal solution
w*(¢) and the solution derived from the prediction é.

3.2 Metric

To measure the quality of the decision, regret is introduced by Elmachtoub and
Grigas [7], which is defined as the absolute gap between the objective value of the
solution w*(¢é) obtained using the predicted coefficients ¢, and the optimal value
of the solution w*(c) obtained using the actual coefficients c. It is expressed in
the following equation:

LRegret(€,¢) = T ('w*(é) - w*(c)). (2)
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In line with Elmachtoub and Grigas [7], we adopt normalized regret, which
serves as an adjusted metric that takes into account the scale of the problem,
providing a more standardized and comparable measure with n samples:

Z?:l »Cchrct (éza Ci)
>imy le]wi(ci)
The regret is best understood as follows: If a method records a test regret of

0.07 for example, it means that it produces solutions that are 7% worse than the
true optimal solutions under the true but unknown cost vectors.

3)

4 Methodology

4.1 Optimal Cones and Subcones

Normal Cone

Feasible Region

Fig. 1. Illustration of a normal cone: the cost vectors ¢; and c2 produce the same
optimal solution if and only if they lie within this cone.

In (continuous) LP, one can associate a normal cone as optimal cone with a given
cost vector ¢ € R%. Within this cone, all cost coefficients yield the same optimal
solution w*(c). As depicted on the right of Fig. 1, the construction of the normal
cone leverages the conical combination of the binding constraints A(c) at w*(c):
each vector within the cone can be represented as a non-negative combination
of the binding constraints coefficients a; € A(c), which can be written as

Z )\iaj,V/\ > 0,
ajejf(c)

Now consider the case of a binary linear program. If linear cuts A’(e) correspond
to the convex hull of integer points of the BLP, the same logic to obtain the
optimal cone of an integer solution would have been applied. This parallel is
illustrated on the right side of Fig. 2 for a BLP optimal cone, defined as

C'(c)={veR:v= Z Aia;, YA >0
a;€A’(c)
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W2 w2
w; <1 w; <1
{w‘(c) w, <1 w*(c) w, <1
1 1

Feasible'Region Feasible Region
(Points) 2w, + 2w, <3 2wy + 2w, <3

N |
0 1 Wi 0 1 W1

wy+w, <1

Fig. 2. Illustration of the optimal cone and optimal subcone: On the left, the green
cone is the optimal cone of a BLP. On the right, the green cone is a subset of the left
cone and the optimal cone of the LP relaxation of the BLP on the left. (Color figure
online)

Here, the cone is delineated by the cuts wy; > 0, wo < 1 and wy + wy < 1.
However, we typically do not operate on the convex hull of a BLP, necessitating
an alternate definition for the cones with which we will attempt to align the
predictions.

To this end, we keep the normal cone of a BLP as the optimal subcone:

SC*(c)=qveR:v= )" Na;,VA>0
ajeg(c)

For a BLP with an optimal solution w*(¢), the optimal subcone is the optimal
cone of the same solution, but with the LP relaxation of the BLP instead. In
Fig. 2, the cone on the left side is the optimal cone for the BLP; the cone on
the right side is the optimal subcone. Since SC*(¢) C C*(¢), all rays within the
subcone also belong to the optimal cone. Although the LP relaxation leads to
an expanded feasible region, all binary feasible solutions of the original BLP
remain feasible vertices in the LP. As such, recovering an optimal subcone for a
given solution w*(c) is trivial: for a BLP problem defined as in Eq. 1, its optimal
subcone is the set of vectors that can be expressed as nonnegative combinations
of the coefficient vectors a; € A(c) that satisfy a;w*(c) = bj;, including the
variable bounds for which we have either w}(e) = 0 or w}(c) = 1.
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4.2 Cone-Aligned Vector Estimation: Three Variants

Cone-aligned Vector Estimation (CaVE) is an approach specially designed for end-
to-end training in BLP. The core idea is to leverage the optimal subcone defined
in Sect.4.1. This approach aims to train an ML model so that the predicted cost
coefficients reside within this optimal subcone.

To drive the predicted vector ¢ into the subcone, the ML model is trained to
reduce the angle ¢ between the cost prediction and the subcone. Accordingly, the
loss Leave(+) to be minimized can be defined as the negative cosine similarity
between the prediction and its projection onto the subcone, namely:

~ AT
Lcave(€, A(c)) = —cosine_similarity(é, ps) = —%
C

; (4)

where, assuming there are m binding constraints, i.e., fi(c) € R™*4  the projec-
tion writes:

pe = A(c) A, X" =arg min||Av(c)T)\ —é|*. (5)
A>0

Algorithm 1. Cone-aligned Vector Estimation (CaVE)

Require: Pairs of feature vectors and binding constraints {(a*, A’) iz for n training
instances; learning rate a > 0

1: Initialize model parameters 6

2: for each training epoch do _

3 for each batch of training samples (z, A) do

4 Predict cost coefficient é «— g(z, 0)

5: Compute projection ps with quadratic program (5)

6 Compute cosine similarity loss Lcave(é, Av) (4)

7 Compute the gradient Vo Lcave(é, f]) with backpropagation
8 Update ML model parameters 8 «— 6 — aVgLcave(é, ﬁ)

9:  end for

10: end for

11: return g¢(-,0)

When the alignment is precise, i.e., the predicted cost vector falls within
the correct optimal subcone, the CaVE loss achieves its minimum value of —1,
indicating an optimal decision. Although our method still requires a quadratic
program (QP) to compute the projection of the prediction values during each
training iteration, it effectively circumvents the need to solve the more chal-
lenging binary linear program. Algorithm 1 presents a detailed, step-by-step
description of the CaVE training process.

Figure 3 illustrates the three types of projection that can be employed in the
CaVE framework. The ezact projection projects the cost coefficients ¢ directly
onto the surface of the optimal subcone; this is the approach that we have just
laid out in Algorithm 1. The inner projection ensures that the projected vector
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pe = A(0)'A* , pe =42 , Pe ( V)C +vA()!
A" = argmin||4(c)'2 - ¢|| A* = subargmin||4(c)'2 — ¢|| = Z
120 A0 m a]EA(c)

Optimal
Subcone
Feasible

Region

Fig. 3. lllustration of the three projections: Exact projection on the left, inner projec-
tion in the middle, and heuristic projection on the right.

lies strictly within the subcone. The heuristic projection is an approximation of
the true projection onto the optimal subcone, used to reduce the computational
cost. We will detail these three variants next.

CaVE-E with Exact Projection. CaVE-E performs exact projection, wherein
the optimal solution of the quadratic programming problem (5) is computed
to locate the projection on the surface of the cone, as illustrated on the left
in Fig.3. Nevertheless, the CaVE-E method encounters a significant drawback
due to its projection onto the face of the cone and the use of cosine similarity
as the loss function. This approach results in the vanishing of gradients as the
predicted cost vector nears the surface of the optimal subcone but is yet to
enter it. Experimental evidence in Sect.6 corroborates this issue — the regret
of CaVE-E is typically higher than existing end-to-end methods, necessitating a
modification.

CaVE+ with Inner Projection. Due to the issue of vanishing gradients associ-
ated with CaVE-E, CaVE+ replaces the exact projection with what we refer to as
“inner projection”. The goal is to obtain a projection of the predicted cost vector
that lies inside the subcone. As all optimal projections will lie on a face of the
subcone, we thus require a suboptimal solution to the projection problem. This
is readily achieved by simply limiting the number of iterations in the quadratic
programming solver and thus terminating prematurely. Since the solver uses the
primal-dual interior point method, the feasibility is guaranteed at each iteration.
In our experiments, the maximum number of iterations of the QP solver used
by CaVE+ was set to 3. A suboptimal projection will lie inside the optimal sub-
cone, resulting in nonzero loss and a strong gradient signal that will push the
ML model parameters to produce predictions that move toward the inside of the
subcone. Compared to exact projection, this approach is more computationally
efficient with fewer iterations of the interior point method. The inner projection
is illustrated in the middle of Fig. 3.

CaVE-H with a Mix of Inner and Heuristic Projections. To alleviate the
computational burden of repeated QP solving in both CaVE-E and CaVE+, a
hybrid strategy is employed in CaVE-H. We interleave inner projections (obtained
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with a QP just as in CaVE+) with much cheaper heuristic projections. Unlike
exact and inner projections, the heuristic projection does not necessitate solving
a quadratic program and instead requires a simple convex combination of A(c)
and ¢ with weight v € [0, 1]:

pe=(1—7)é+~A(e),

where A(c) = Zaj ¢ A(c) @; is the average of all binding constraints. As illus-
trated on the right in Fig. 3, it is crucial to note that the heuristic projection
is not guaranteed to be in the optimal subcone, but it still ensures that the
cost coefficient vector is pushed in the direction of the optimal subcone. With
probability 8 < 0.5, i.e., in the minority of the iterations of Algorithm 1, CaVE-H
performs an inner projection via QP. With probability (1 — (), the heuristic pro-
jection is used instead, without any optimization required. In our experiments,
~v and ( are set to 0.2 and 0.3, respectively, and were not tuned any further for
performance.

Table 1. Comparison of state-of-the-art predict-then-optimize methods SPO+, PFYL,
and NCE with the three CaVE variants w.r.t. “Iteration cost” (per training instance),
i.e., the frequency of time-consuming solver calls required to compute the loss of a
method during gradient descent. The methods are sorted in decreasing order of their
iteration costs. SPO+ requires solving the BLP with predicted costs and PFYL requires
solving the K (typically 1-5) BLPs, whereas NCE with solution cache needs to solve
only a small fraction (100 x 3%) of the BLPs. CaVE methods require solving a single
QP, or partially solving a single QP in (100 x 8%) of the iterations.

Method | Iteration cost
PFYL KxBLP

SPO+ 1xBLP

NCE BxBLP

CaVE-E | 1xQP

CaVE+ | 1xQP (partial)
CaVE-H | BxQP (partial)

Comparison with Existing Methods. Table1l summarizes the computa-
tional cost of training predict-then-optimize models using SPO+ [7], PFYL [3],
NCE [20] and the three CaVE variants. We choose SPO+ and PFYL as they rep-
resent the state-of-the-art based on an extensive evaluation carried out in [28],
though our experiments will include NCE with solution cache, a fast method,
as well as accelerated variants of SPO+ and PFYL. The table shows that CaVE-H
and NCE are the fastest to train, whereas PFYL and SPO+ exhibit similar costs,
particularly when PFYL’s number of random perturbations of the predicted cost
vector is set to K = 1. CaVE+ sits between CaVE-E and CaVE-H in terms of train-
ing cost. We will empirically examine these theoretical complexities in the next
section.
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5 Benchmark Datasets

We utilized synthetic datasets [28] for our experiments. The synthetic dataset,
denoted as D, comprises feature vectors & and the corresponding cost coefficients
c. Each feature vector « adheres to a standard Gaussian distribution, and the
associated cost vector ¢ is derived from a polynomial function of x, with added
random noise.

Shortest Path. The shortest path problem is a fundamental task in graph
theory and network analysis, where the objective is to find a minimum weight
path from a fixed source node to a fixed target node. Our instances are based on
5x 5 grid networks (SP5) where the source is the node in the northwest corner of
the grid and the target is the node in the southeast corner. The cost coefficient

¢ij comes from
1 (1 e
——— | —=(Bx;); +3 +1
[3.5deg <\/5( )J >

where feature size is 5, B follows a Bernoulli distribution, €;; is random noise
uniformly distributed between 0.5 and 1.5, and deg is the polynomial degree of
feature mapping. This is a standard and easy task introduced by Elmachtoub
and Grigas [7].

©€ijs

Traveling Salesperson and Vehicle Routing. We utilized the traveling
salesperson problem (TSP) dataset. TSP, known for its NP-hardness, is a clas-
sic problem in combinatorial optimization where the goal is to find the shortest
tour that visits a set of locations exactly once and returns to the original starting
point. In our study, we do not only test TSP instances with 20 and 50 nodes, but
also explore the same graphs under the much more challenging CVRP problem.
In this dataset, the cost coefficient c;; comes from two parts: The first part con-
sists of the Euclidean distances among the nodes, and the second part resembles
the shortest path problem, formulated as

1 deg
(m(‘g‘”” +3>

where the feature vector z € R!?. For CVRP, the capacity of each vehicle is
set at 30, and each customer’s demand follows a uniform distribution from 0 to
10. To our knowledge, our work is the first to use a CVRP in a predict-then-
optimize setting. As will become apparent in the next section, this is due to the
time required to solve the BLP representing the CVRP, making SPO+ and PFYL
extremely time-consuming as per Table 1.

6 Experimental Results

6.1 Experimental Setup

The experiments were designed to evaluate both the training time and normal-
ized regret, with the size of both the training and test sets being 1,000 instances.



CaVE: A Cone-Aligned Approach for Fast Predict-then-optimize 203

To account for randomness in data generation and stochastic model training, 5
or 10 random seeds are used to generate and train training/test sets and the cor-
responding ML models. Our comparative analysis encompassed several methods,
including three variants of CaVE, a two-stage approach (least-squares regression
on cost vectors), SPO+, PFYL, and NCE. A linear model was used as the cost
prediction model class for all the aforementioned approaches; this is a standard
choice in the literature starting with [7]. In the case of PFYL, the size of random
sampling is fixed at K = 1; for NCE, the solving ratio is set at 5 = 5%.

The Adam optimizer was used for gradient descent for all our experiments.
For SP5, a learning rate of 0.01 was used with all methods for 10 epochs, except
for the two-stage and NCE method which allotted 20 epochs at the same learning
rate. For both TSP and CVRP, the only modification was to increase the learning
rate to 0.05, maintaining the number of epochs at 10. In selecting the number
of epochs, careful consideration was given to the convergence of each model,
ensuring that our results are not skewed by over- or under-training. The loss
curves in Fig. 4 show that all methods exhibit a convergent behavior, with CaVE
methods doing so earlier than the baselines. Note that the 2-Stage models are
trained essentially to its optimality as they are convex optimization problems.

Validation Regret for the TSP50 Validation Regret for the TSP50
= with Polynomial Degree 4 = with Polynomial Degree 6
577" 2-Stage | 5-05 2-Stage
Q100 —— CaVE+ 2 —— CaVE+
- 125 SPO+ 5 —10 SPO+
Y -150 —— PFYL 9 — PFYL
175 NCE = LS NCE
£ -200 13
g \x\{&\m 2™ D o< SN~
g—z.sn — — 225
- 06 2 4 6 8 10 12 14 16 18 - 6 2 4 6 8 10 12 14 16 18

Epochs Epochs

Fig. 4. Validation regeret curves for TSP50 with a polynomial of degree 4 (left) and
6 (right). The vertical axis represents the average normalized regret values of each of
the five methods for the validation dataset with 1000 instances.

Our numerical experiments were conducted using Python v3.9.6 on a system
with 8 Intel E5-2683 v4 CPUs and 32 GB memory. We utilized SciPy [30] v1.11.2
and Clarabel 0.6.0 for QP solving, Gurobi [10] 10.0.3 for BLP, and PyTorch [22]
v2.0.1 with PyEPO [28] v0.3.6 for end-to-end training, where PyEPO provided
implementations for SPO+, PFYL and NCE. Our code is available at https://github.
com/khalil-research/CaVE.

6.2 Results

Tables2, 3, 4, 5, and 6 summarize the results. The tables correspond to the
Shortest Path problem on 5 x 5 grid (SP5), TSP with 20 nodes (TSP20), TSP
with 50 nodes (TSP50), CVRP with 20 customers (CVRP20), and CVRP with
30 customers (CVRP30), respectively. Each table contains two sub-tables: (a)
reports the normalized regret metric defined in Sect. 3.2 on 1,000 test instances
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and (b) reports the training time in seconds; both quantities are averages over
5 random seeds for CVRP20 and 10 random seeds for others with standard
deviation, while the experiments for CVRP30 is not repeated due to running
time. Each sub-table has two rows, one corresponding to datasets that use a
degree-4 polynomial in the (unknown) mapping from instance features to cost
coefficients, and the other for a degree-6 polynomial; we refer to Sect. 5 for details
on the role of the polynomial in the function that we are attempting to learn,
but note that the higher the degree the more difficult the learning task. In each
sub-table, we bold the best-performing method, excluding the 2-Stage method
as it is often fast to train, but has much worse regret than end-to-end methods.

Shortest Path. This is the easiest BLP (in fact, LP) we will look at. It serves
as a sanity check for any new method in this space. Table2 shows that SPO+
and PFYL achieve the lowest test regrets, closely followed by CaVE-H and CaVE+.
The latter two trains roughly 10 times faster than SPO+ and PFYL, already sub-
stantiating our claim that QP solving is faster in solving the optimization prob-
lem itself, even for small-scale polynomial-time solvable shortest path problems.
In addition, although NCE is fast, it has a higher regret than others.

Table 2. Experimental Results for SP5

(a) Average Test Normalized Regret (%) with Standard Deviation

Methods | 2-Stage | CaVE-E | CaVE+ |  CaVE-H | SPO+ | PFYL | NCE
Deg 4 | 8.82+1.15 | 10.734+1.54 | 8.39+£0.95 | 8.354+0.88 | 7.79+£1.00 | 7.68 +£0.99 | 11.34 £ 1.11
Deg 6 | 12.58 £2.14 | 11.30 £ 1.30 | 8.89+0.90 | 8.84+1.00 | 7.72 £ 1.11 | 7.86 +0.96 | 13.78 & 1.58

(b) Average Training Time (Sec) with Standard Deviation

Methods |  2-Stage | CaVE-E | CaVE+ | CaVE-H | SPO+ | PFYL | NCE
Deg 4 | 1.524£0.14 | 4.64+0.09 | 4.89£0.12 | 2.57+£0.19 | 17.64£0.12 | 18.524£0.31 | 4.50+0.48
Deg 6 | 1.38+0.13 | 3.524£0.11 | 3.72+£0.14 | 2.39+0.19 | 18.68+£040 | 17.78+£0.13 | 4.38 £ 0.42

TSP. For the TSP, SPO+, PFYL and NCE employ the Dantzig-Fulkerson-Johnson
(DFJ) formulation [5] to solve this BLP efficiently. For both TSP20 and TSP50,
CaVE+ achieves the best time-regret trade-off across all methods: its regret is
the best or second-best across all methods and its training time is the second-
best after CaVE-H. As shown in part (b) of Tables3 and 4, CaVE+ trains in
roughly half the time of SPO+ and PFYL, achieving the same or even better test
regret. Additionally, we also compared our methods with SPO+ Rel and PFYL
Rel, which employ a linear relaxation of the BLP during training, as detailed in
the Appendix A.1. While they do reduce the training time of vanilla SPO+/ PFYL
by a bit, this typically comes at an increase in regret. Similarly, NCE has a
prohibitively high regret.
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Table 3. Experimental Results for TSP20

(a) Average Test Normalized Regret (%) with Standard Deviation

Methods | 2-Stage | CaVE-E | CaVE+ |  CaVE-H | SPO+ | PFYL | NCE
Deg 4 | 12.12+0.89 | 7.35+0.40 | 6.204+0.24 | 7.69+0.33 | 5.95+0.16 | 6.56 +0.21 | 12.21 +0.88
Deg 6 | 21.32+1.81 | 8.01 045 | 6.97 +0.37 | 9.52+0.64 | 7.48+0.36 | 7.41 £ 0.37 | 14.31 £ 0.40

(b) Average Training Time (Sec) with Standard Deviation

Methods | 2-Stage | CaVE-E | CaVE+ | CaVE-H | SPO+ | PFYL | NCE
Deg 4 ‘ 1.52 £ 0.10 ‘ 113.56 £ 3.16 | 107.15+3.80 ‘ 27.06 +2.17 ‘ 175.23 +£4.95 ‘ 220.21 + 24.20 ‘ 25.92 +4.23

Deg 6 | 1.53+0.19 | 158.66+9.65 | 102194+ 10.38 | 30.17+2.62 | 185.13+7.44 | 185.02+5.09 | 25.48 % 3.66
Table 4. Experimental Results for TSP50
(a) Average Test Normalized Regret (%) with Standard Deviation
Methods | 2-Stage | CaVE-E | CaVE+ | CaVE-H | SPO+ | PFYL | NCE
Deg 4 | 28.16+1.08 | 15.19+£0.65 | 7.69+0.22 | 9.59+0.44 | 7.57 £0.20 | 8.03£0.23 | 14.31 +0.40
Deg 6 | 52.61 +2.36 | 23.25£2.41 | 8.57 +£0.38 | 11.28 £ 0.80 | 10.26 + 0.46 | 9.00 £ 0.52 | 17.12 £ 0.48
(b) Average Training Time (Sec) with Standard Deviation
Methods |  2-Stage | CaVE-E | CaVE+ | CaVE-H | SsPO+ | PFYL | NCE
Deg 4 | 1.55+0.18 | 611.47£23.52 | 518.07 £51.89 | 196.96 £35.92 | 1220.68 £85.39 | 1328.99 £28.87 | 151.80 &+ 24.21
Deg 6 | 1.16 £0.13 | 502.71 £16.03 | 573.87+20.19 | 253.93 £27.67 | 1191.29 £42.63 | 1456.21 £34.18 | 155.95 & 24.46

CVRP. As mentioned earlier, we are the first to tackle a CVRP in an end-to-
end predict-then-optimize setting. To solve CVRP as a BLP, we formulated the
problem with k-path cuts [12] and solved it using Gurobi. For CVRP20, CaVE+,
SPO+ and PFYL compete for the lowest regret, with CaVE-H running closely behind.
However, CaVE+ completes its 10 training epochs in roughly 2—3 min, whereas SPO+
and PFYL require more than 1 h each, on average. The regret of NCE is high and the
training time has increased a lot. Similar as TSP, we also employ a linear relaxation
of the BLP during training for SP0+ and PFYL (see Appendix A.2), which results
in a significant decrease in training time at the cost of regret.

Table 5. Experimental Results for CVRP20

(a) Average Test Normalized Regret (%) with Standard Deviation

Methods | 2-Stage | CaVE-E | CaVE+ | CaVE-H | SPO+ | PFYL | NCE

Deg 4| 10.10+0.64 | 926+ 1.56 | 6.44+0.24 | 7.924+0.52 | 5.94+0.25 | 6.32+0.28 | 15.77 + 0.96
Deg 6 | 19.50+1.22 | 11.644+0.25 | 7.94+0.54 | 11.44+1.14 | 8.75+0.28 | 8.09 £0.57 | 18.96 +1.01

(b) Average Training Time (Sec) with Standard Deviation

Methods | 2-Stage | CaVE-E | CavVE+ | CaVE-H | spo+ | PFYL | NCE

Deg 4 | 1.65+£0.48 | 213.56 £42.36 | 153.56 £ 11.08 | 44.52 £6.27 | 7020.11 +1043.05 | 3773.31 4+ 288.84 | 583.56 + 170.67
Deg 6 | 1.54+£0.25 | 208.95+12.90 | 127.94+13.84 | 51.83 £8.78 2204.83 £ 99.86 | 6197.84 & 288.63 470.20 + 84.46
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Table 6. Experimental Results for CVRP30

(a) Test Normalized Regret

Methods | 2-Stage | CaVE-E | CaVE+ | CaVE-H | SPO+ | PFYL |  NCE
Deg 4 | 0.1972 | 0.1254 | 0.0913 | 0.0999 | N/A | 0.1828

(b) Training Time (Sec)

Methods | 2-Stage | CaVE-E | CaVE+ | CaVE-H | SPO+ | PFYL |  NCE
Deg4 | 927 | 331.73 | 287.77 | 132.62 | >100h | 884.95

This performance gap is even more pronounced for CVRP30 in Table6. It
takes roughly 20s on average to solve a single CVRP30 instance, thus requiring
8 or so hours to traverse the entire dataset of 1,000 training instances once for
SPO+ and PFYL. This makes end-to-end training with these methods impractical
for real-world applications. In contrast, CaVE demonstrates its ability to handle
such a challenging problem efficiently. Note that due to the scale of the prob-
lem, our experimental evaluation was not repeated with random seeds and we
used a smaller test set comprising only 10 instances. All CaVE variants achieve
test regrets of 9-12% compared to the 2-Stage method’s far higher 20%, while
requiring only 2-6 min of training each. In addition, NCE achieves 18% with 15
min of training and is thus worse than all variants CaVE in both metrics. To our
knowledge, this is the hardest optimization problem ever targeted in the predict-
then-optimize literature, a feat that is only possible due to the computational
efficiency brought about by CaVE.

7 Conclusion

CaVE reframes the end-to-end training problem for predict-then-optimize as a
regression task. Unlike the traditional two-stage approach, which regresses on
the cost vectors, our framework instead regresses on cones that correspond to
optimal solutions under the true costs. CaVE can be seen as an attempt at obtain-
ing the best of both worlds: fast training with a regression loss that does not
require solving hard integer optimization problems in every iteration of gradient
descent, and a loss function that penalizes cost predictions that point in the
wrong direction relative to the optimal decision. We proposed three versions of
our method with varying performance trade-offs.

The best of the three appears to be CaVE+, which regresses on an inner vector
of the optimal subcone of a training instance, resulting in stable and efficient
training, as well as test regret results that compare to state-of-the-art methods
that require training 30 times longer on CVRP20, or do not even complete a
single training epoch in 8 h for CVRP30. We note that if we were to use early
termination during training, CaVE methods would record even smaller training
times as they do converge in fewer gradient descent iterations than competing
methods as per Fig.4. We hope that our framework will enable the adoption
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of end-to-end predict-then-optimize in a wider range of applications and have
made our implementation available with plans to make CaVE one of the standard
methods within the PyEPO package following the publication of this work.

CaVE is limited to binary problems. In practice, this is not too problematic,
as bounded integer variables can be represented using a set of binary variables.
Another limitation of our method is the lack of theoretical guarantees. In partic-
ular, we currently do not know whether the loss function in Eq. (4) or a modifi-
cation thereof could be proven to be a valid upper bound on regret, as does the
SPO+ loss of Elmachtoub and Grigas [7] for example. This direction merits fur-
ther investigation. An interesting connection may be established between CaVE
and recent ML methods such as [19] to predict the active constraints of a fam-
ily of similar optimization problems for which optima are known. Rather than
predict-then-optimize, the goal of Misra et al. [19] is to accurately predict the
active set to solve a reduced optimization problem over only that set.

A More Experiments

A.1 TSP Relaxation

To enhance training efficiency, it has been proposed in [17] that a linear relax-
ation can be used as a substitute for the original BLP during training. Because
the DFJ formulation utilizes constraint generation to handle subtour elimiation
constraints, it is challenging to achieve linear relaxation due to the exponential
number of constraints. In this study, we used the LP relaxation of the Miller-
Tucker-Zemlin (MTZ) formulation [18] of the TSP, and trained SPO+ Rel and
PFYL Rel on the same TSP instances with 20 and 50 nodes. Although relaxation
methods are more efficient than CaVE in TSP20, they result in higher regret. As
the size of the model increases, the relaxation approach also loses its efficiency
advantage (Tables7 and38).

Table 7. Experimental Results for TSP20 Relaxation

(a) Average Test Normalized Regret (%) (b) Average Training Time (Sec) with

with Standard Deviation Standard Deviation
Methods | SPO+ Rel | PFYL Rel ~ Methods | SPO+ Rel |  PFYL Rel
Deg 4 | 7.75+£0.32 | 9.1540.50 Deg 4 | 71.9242.05 | 77.25 4 0.60
Deg 6 | 9.83£0.57 | 11.28 +0.90 Deg 6 | 67.99+0.60 | 53.32 4+ 3.74

A.2 CVRP Relaxation

Similarly, the CVRP formulation with k-path cuts also struggles to obtain a
linear relaxation. Thus, the MTZ formulation can be modified with constraints

uj —u; > Qe —1)+q; Vi#j,i#0,5#0



208 B. Tang and E. B. Khalil

Table 8. Experimental Results for TSP50 Relaxation

(a) Average Test Normalized Regret (%) (b) Average Training Time (Sec) with

with Standard Deviation Standard Deviation
Methods |  SPO+ Rel | PFYL Rel  Methods | SPO+ Rel | PFYL Rel
Deg 4 | 10.174+0.23 | 11.11 £0.33 Deg 4 | 386.06 +9.69 | 536.67 +4.94
Deg 6 | 13.14 +0.46 | 13.38 £0.58 Deg 6 | 636.99 + 3.04 | 510.37 + 3.46

for subtour elimilation and customer demand, where @) is the capacity and g;
is the demand of customer i. The SPO+ Rel and PFYL Rel are trained for the
same VRP instances with 20 customers. While the linear relaxation approach
demonstrates high efficiency in these scenarios, it does not guarantee a low regret
compared to CaVE (Table9).

Table 9. Experimental Results for CVRP20 Relaxation

(a) Average Test Normalized Regret (%) (b) Average Training Time (Sec) with

with Standard Deviation Standard Deviation
Methods |  SPO+ Rel | PFYL Rel Methods | SPO+ Rel |  PFYL Rel
Deg 4 8.03+£0.38 | 17.07 +0.63 Deg 4 | 78.954+0.73 | 78.80+1.19
Deg 6 | 15.73+£0.39 | 19.19 & 1.66 Deg 6 | 78.74 £3.82 | 81.80 £ 0.86
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Abstract. The dismantling and recycling of aircrafts is one of the future
challenges for the air transport industry in terms of sustainability. This
problem is hard to solve and optimize as planning operations are highly
constrained. Indeed, extracting each part requires technicians with the
necessary qualifications and equipment. The parts to be extracted are con-
strained by precedence relations and the number of simultaneous techni-
cians on specific zones is restricted. It is also essential to avoid unbalancing
the aircraft during disassembly. Cost is a significant factor, influenced by
the duration of ground mobilization and the choice of technicians for each
operation. This paper presents a first constraint programming model for
this problem using optional interval variables. This model is used to solve
variations of a large instance involving up to 1500 tasks, based on real-life
data provided by our industrial partner. The results show that the model
can find feasible solutions for all variations of the instance and compares
the solutions obtained to lower bounds.

Keywords: Aircraft Dismantling - Scheduling + RCPSP - Constraint
Programming - Application - Industrial Problem

1 Introduction

As environmental concerns are more and more present, finding ways to reduce
the impact of industries is pressing. In addition to carbon emissions, another
sustainability concern in the air transport industry is the disposal of aircrafts
retired from service [19]. During this process, parts and materials can be col-
lected in order to be reused or recycled [1,10,25]. This limits the amount of
material discarded but also indirectly decreases the impacts of the construction
and maintenance of new aircrafts as less raw materials are needed. While the
recycling process may yield parts and materials, it is costly in itself. Thus, find-
ing ways to increase the amount and value of what is recouped and decrease
the costs of the recycling is crucial in order to incentivize companies towards
sustainable disposal of their aircrafts.

This research is done as part of the Planum project which consists in studying
and developing technologies and tools in order to facilitate the recycling of end-
of-life aircrafts. The problem studied in this paper concerns the scheduling of the
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operations taking part in the dismantling phase of the recycling process, from
the reception of the plane to the sectional cutting and shredding of the carcass.
These operations mostly consist in parts removal but also include inspection and
pollutant disposal tasks. In addition to the scheduling aspect, workers and other
resources must be assigned in order to complete the operations. In this paper,
a CP approach is proposed to tackle this problem and evaluated on large-scale
instances derived from real data by an industrial partner.

2 Problem

The problem consists in ordering the different tasks to perform from the reception
of the plane to the sectional cutting of its carcass. Several considerations must
be taken into account: Different operations may involve a different number of
technicians and may require specific certification levels for some technicians.
Some technicians may not be available during the whole planning horizon. There
are precedences between some operations.

The different parts of the plane may have space restrictions that limit the
number of technicians working at the same time there. Thus, the plane is divided
into locations that each have an occupancy limit corresponding to the maximum
number of technicians allowed to work there at the same time. Finally, the plane
must be kept balanced during the whole disassembly process by ensuring that
the difference of mass between its extremities does not overstep given thresholds.

The main objective is to minimize the total time taken by the whole extrac-
tion process. This is modelled with a makespan value that corresponds to the
time step at which the last operation finishes. A secondary objective is to mini-
mize the dismantling cost by limiting the use of more costly resources.

The problem is formally defined as such: The set of all operations to perform
is denoted O. With each operation ¢ € O is associated the duration needed
to perform the operation d;, a location I; where the operation takes place, an
occupancy T;, a mass removed m;, a set of precedences P; referencing operations
that must be finished before the start of the operation and a set of requirements
needed to perform the operation Q;. Each element ¢ € Q; of this set is a tuple
(Ciq, 4 q) where C; 4 is a set of categories of the resource needed and n; 4 indicates
the amount of this resource needed.

All the available resources are part of the set R. Each resource j € R is
associated with a category c;, a set of unavailabilities U; consisting of time
windows when the resource is not available and a cost f; which corresponds to
the cost per time step to use this resource.

A set of locations £ contains all the locations where operations can take
place. Each location [ € L is associated to a capacity k; that indicates the
maximum number of technicians that can work simultaneously in this location
and optionally a zone z; which corresponds to one of the balance zones of the
aircraft. There are four balance zones in total: Aft and Fwd which correspond to
the rear and front of the aircraft and Left and Right which correspond to the
wings.
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A global planning horizon H is given. Two global parameters: B,¢ and By,
indicate the maximum difference of mass allowed at any point in the planning
between the Aft and Fwd zones and the Left and Right zones respectively.

The objective is to minimize first the makespan under the following con-
straints: (1) The makespan must be lower or equal to the global planning horizon
H; (2) Precedences between tasks must be respected; (3) A resource cannot be
allocated to different operations at the same time; (4) The difference of mass
between the Aft and Fwd zones cannot overstep the balance parameter B,y at
any time during the planning; (5) The difference of mass between the Left and
Right zones cannot overstep the balance parameter B, at any time during the
planning; (6) The capacity k; of a location must not be overloaded at any time;
(7) A resource may not be used during its unavailabilities; (8) All the resources
needed for a task must be allocated during its whole duration.

Once the optimal makespan has been reached or after some limit, a secondary
objective is to minimize the cost of the planning under the same constraints.

3 State of the Art

The Aircraft Dismantling Scheduling problem presented in the previous section
is a variation of the Resource Constrained Project Scheduling Problem (RCPSP)
[4,28] which consists in scheduling a series of tasks consuming several resources
under precedence constraints. The objective is to find a feasible schedule that
minimizes the makespan of the tasks. This problem is NP-complete [8]. Several
variants of the problem exist [9]. The closest one to our current problem is
probably the Multi-Skill Project Scheduling Problem (MCPSP) introduced in
[2]. Tt consists in scheduling tasks and assigning workers with different skill levels
to them. It is essentially a relaxed version of the Aircraft Disassembly Scheduling
problem without the capacity and balance constraints. In [24], the authors use
a CP model to solve several instances of the MSPSP with up to 60 tasks, 19
workers and 15 different skills.

Other publications are related to the problem studied in this paper: In [20],
the authors propose a genetic algorithm to solve an aircraft assembly RCPSP.
The authors of [17] propose an integer programming approach to schedule air-
craft engine assembly lines which also involves workers with several skills on up
to 100 tasks. In [18] the authors propose an approach to schedule technicians
on short-term aviation maintenance processes (up to 48 h). In [5,6,21,26] dif-
ferent approaches are studied to solve problems linked to aircraft disassembly
by finding optimal sequences to access specific components based on spatial and
geometrical data. Several CP approaches have also been proposed for problems
linked to disassembly scheduling: In [16], a disassembly problem with capacity
constraints is studied. The stochastic aspects of disassembly processes are stud-
ied in [3] and [22]. In [7,11,27] several MILP and CP models are proposed to
solve disassembly problems but are only able to solve instances up to 150 tasks.
To our knowledge, this work is the first one to propose a CP model able to solve
large-scale RCPSP industrial instances with up to 1500 tasks.
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4 Model

The CP model proposed relies on conditional time-intervals [13,15] implemented
in CP Optimizer [14]. This modeling approach operates under a paradigm where
each interval can be present or not. Resource constraints within this framework
are represented as cumulative functions, which are applied over the time intervals
that can be constrained within a predefined range. A detailed description of the
complete model follows.

minimize (rl?eaﬁ(ei) (1)

minimize Z (@5, X di X fj) (2)
rji,q€ER

subject to

S; = sequence({wj,i Vi € O,q € Q;} U{v;,Yu € U;}) VieR (3)

noQverlap(S;) VieR (4)

bas = step(0, Bqy) + > stepAtStart(a;, m;) +
aiG.AlZli:Aft (5)
> stepAtStart(a;, —m;)
a7:€.A|zli:Fwd
by = step(0, By,) + > stepAtStart(a;, m;) +

aiGAlzli:Left

> stepAtStart(a;, —m;) ©
a;€ Al 2z, =Right
0<bys < Bayx2 ™
0< b, < B x2 )
0, = Z pulse(a;, ;) Viel (9)
a;€A|l;=l

0<o0, <k Ve £ 0)
alternative(a;, {w;; Vj € Rlcj € Ci g}, nig) Vie O,q€ Q; (11)
o< s Vie O,peP; (12)

Variables. Interval variables represent the operations to perform. Each oper-
ation ¢ € O is thus modelled with an interval variable a; € A characterized by
a start s; and an end e; initialized to [0, H — d;] and [d;, H] respectively. These
interval variables are always present and their duration is fixed to the duration of
the corresponding operation: d;. The assignment of resources to operations is also
represented by interval variables. For each requirement ¢ € Q; of each operation
i € O, all the compatible required resources (j € Rlc; € C;q4) are associated to
a corresponding optional interval variable w;;, € € which presence z;; , indi-
cates whether the resource is assigned to the operation. The initial domain of
the interval variables corresponds to the whole planning horizon ([0, H]). Oper-
ation variables are always set to present while assignment variables are optional.
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The unavailabilities of the resources are also modelled as interval variables v; ,,
which are set to the time windows corresponding to the unavailabilities. All the
optional assignment and unavailability interval variables of a same resource are
added to a sequence variable S; (3).

Constraints. Each sequence variable is subject to a noOverlap constraint (4).
This constraint ensures that a resource is never assigned to more than one oper-
ation simultaneously and is not assigned when unavailable.

Balance and occupancy constraints are modelled using cumulative functions.
There are two cumulative functions used for the balance constraints: The cumu-
lative function b,s (5) represents the difference of mass between the Aft and Fwd
zones of the aircraft. The cumulative function by, (6) does the same for the Left
and Right zones. When weight is removed in a balance zone as part of an oper-
ation, it is either added to or subtracted from the relevant cumulative function.
For example, if an operation removes a weight of 50 in the tail of the aircraft,
this amount will be added to the cumulative function b,y while an operation
that removes weight in the cockpit will have this weight subtracted from the b,
function. In order to avoid having to deal with negative cumulative functions,
these are shifted by the amount of tolerated mass difference (B,s or By,). Thus,
the cumulative function starts at the tolerated mass difference and must at all
time be comprised between 0 and twice this amount (7, 8).

Occupancy constraints also use cumulative functions: For each location in the
airplane | € £, a cumulative function o; (9) models the number of technicians
working in this location. This cumulative function is linked to the operation
activities taking place at this location and must not overstep the capacity of the
location k; (10).

An Alternative constraint is used to link the operation activity a; € A with
the optional assignment activities {w;; ,Vj € Rlc; € C; 4} for each requirement
q € Q; of each operation i € O (11). Note that its third parameter is its cardinal-
ity which is set to the amount of the resource required n; 4 so that the constraint
selects exactly the required number of resources among the optional activities.
Finally, precedence constraints ensure that preceding activities are finished when
an activity starts (12).

Objectives. The main objective of the problem is to minimize the makespan
which is modelled as the maximum of the ends of the operation activities (1).
The secondary objective is the total operating cost which corresponds to the
sum of the costs of each assignment. For each assignment activity wj; 4, its
cost is computed as the duration of the activity multiplied by the cost of the
corresponding resource. This cost is then multiplied by the boolean attribute
corresponding to the presence of the assignment activity x;;, (the attribute
presenceOf of an interval variable in CP Optimizer is considered as a value of 1
if true and 0 otherwise in an expression). Thus, only present activities contribute
towards the global cost. The cost objective is the sum of all these costs (2).
The two objectives of the problem are solved using a lexicographical search:
First, the makespan objective is solved to optimality or until a given limit is
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reached. Second, the cost objective is minimized subject to an additional con-
straint that prevents the makespan objective to regress.

5 Experiments

Data. The instances used in the experiments are based on data provided by
an industrial partner from the Planum research project. It was collected during
the full dismantling of a Boeing 737-600 aircraft. It consists in a list of 1459
operations that are performed as part of the aircraft disassembly. Each operation
details the section of the plane where the task takes place; the estimated time and
the man power needed to perform the task. Note that this data is not enough to
make complete instances of the problem as several items are currently missing
and in the process of being collected by the industrial partner. The following
data had to be completed with arbitrary values: the level of certification needed
for each operation as well as the mass removed; all the data relative to the
technicians and some of the precedences between operations.

The instances used in the experiments were created based on this dataset.
Each instance uses the same set of technicians with 21 technicians available. Some
unavailability periods are randomly assigned to some of the technicians. Four
different certification categories are considered: uncertified (11 technicians), Bl
(6), B2 (2) and B1 and B2 (2). A subset of operations chosen randomly requires
either a B1 or a B2 certification. The cost of each technician is expressed as
a value per time period that varies between 750 and 1250 depending on the
certification level of the technician. A mass value between 0 and 50 is assigned
to operations of the four balance zones. The maximum difference of mass allowed
is 100 on the aft - forward axis and 50 on the left - right axis. The instance B737-
600-Full corresponds to the whole set of operations. All the other instances are
subsets of this instance where some of the operations were randomly removed. An
anonymized version of these instances is made available at https://github.com/
cftmthomas/AircraftDisassemblyScheduling as well as the model and results.

Experimental Protocol. The model is implemented in the java API of CP
Optimizer 22.1.1 [14]. Experiments were run on a laptop with a 2.6 GHz Intel
i5 processor and a memory of 16 GB. The model was run on each instance
with a lexicographical search of 1h with 40 min allocated to the first objective
(makespan) and 20 min allocated to the secondary objective (cost). If an optimal
solution is reached for the first objective before the end of its allocated time, the
remaining time is added to the allowed search time for the secondary objective.
The automatic search of CP Optimizer was used. It consists in an adaptive
large neighbourhood search [12] that automatically switches to a failure directed
search [23] if stagnation is detected in order to improve the lower bound of the
objective and prove the solution optimal.
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Table 1. Lexicographical search results

Instance | # ops. | Makespan Cost
1st sol. best sol. obj. switch | best sol.
gap |time |gap |time gap | time gap | time

01 16 0/ 0.02 0 0.020.38 0.23 0 0.26
02 29 [3.61| 0.07 0 0.07 | 0.08 0.49 | 0.01 1.48
03 41 10.53| 0.14 0 0.15/0.15 0.81/0.01 19.59
04 54 10.34| 043 0 0.45|0.22 1.51/0.02| 153.99
05 63 10.38 0.46 0 0.51/0.16 1.08/0.02| 67.18
06 105 |0.73| 0.55 0 1.05]0.20 | 42.37/0.11|1739.50
07 104 |0.78| 0.66 0 1.38 1 0.16 1.94/0.11| 25.54
08 111 0.32| 0.56 0 1.08 1 0.17 2.860.07| 16.58
09 145 10.59| 0.62/0.05 7.8510.17|2401.06 | 0.15 | 2428.92
10 126 | 1.28| 0.57/0.04 2.60 | 0.19 | 2401.04 | 0.12 | 2424.98
20 294 |2.03| 1.48/0.05| 21.67|0.18 2401.99|0.08|2543.88
30 442 10.16| 1.61]0.04| 113.61|0.15 |2402.62|0.10 | 2875.37
40 588 |1.83| 5.49/0.03| 547.91 0.16 | 2402.96 | 0.10 | 3362.61
50 729 1.38| 7.42/0.09| 104.450.13|2401.92|0.10 | 3118.61
60 890 0.54| 25.16|0.10| 477.57|0.16 | 2403.34 | 0.11 | 3544.60
70 1028 |0.62| 30.61|0.19| 711.38|0.16 | 2403.42 | 0.15 | 3583.29
80 1166 | 0.13| 92.13]0.11 | 258.47|0.15|2403.65 | 0.13 | 3538.19
90 1310 |0.17| 97.57/0.16 | 739.67 | 0.17 |2404.26 | 0.14 | 3521.01
Full 1459 |0.20|178.82|0.17|2317.62 | 0.16 | 2403.99 | 0.15 | 3593.69

Search Results. Table 1 reports the experiment results for the makespan and
the cost objective, which are reported as gap values, computed as (obj—LB)/LB
where LB is the lower bound found by the solver at the end of the search.

We can see that on large instances (> 800 tasks), even finding the first solu-
tion can take a lot of time which indicates that it is in itself a difficult problem.
Interestingly, the quality of the first solutions found is already quite good as
their objectives are relatively close to the best solutions obtained at the end of
the search. The model is able to prove the optimality of the best solution found
only on smaller instances (<120 tasks). For the other instances, the gap of the
best solution obtained goes up to 17% of the lower bound. In subsequent exper-
iments where the balance, capacity and certifications constraints were relaxed,
the model was not able to find better solutions for most instances despite being
noticeably faster to find a first solution and during the search. This might indi-
cate that the solutions obtained by the full model are optimal.

Comparison of Objectives. In order to compare the impact of both objec-
tives, the results presented above for the full instance are compared to a lex-
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Fig. 1. Comparison of the objectives during a lexicographical search.

icographical search where the objectives are inverted: The cost is the primary
objective and the makespan the secondary objective. Figure 1 shows the evolu-
tion of the two considered objectives during the search for both approaches.

The solid curves correspond to the lexicographical search on the makespan
objective first. The dashed curves correspond to the inverted lexicographical
search on the cost objective first. Blue curves correspond to the makespan objec-
tive while orange curves correspond to the cost objective. The vertical dotted
line indicates the moment when the objective is changed at 40 min. For both
graphs, the y value at the bottom corresponds to the lower bound computed for
the objective (943 and 9206000 respectively).

We can see that both objectives are in conflict. Indeed, trying to improve one
of them prevents the other to be improved or even degrades it. Furthermore, in
both cases, once the switch of objective occurs, the secondary objective can only
be marginally improved as the main one is constrained and limits the solution
space.

6 Conclusion

This paper presents an aircraft disassembly scheduling problem. While it
shares similarities with the Resource-Constrained Project Scheduling Problem
(RCPSP), it incorporates several unique constraints specific to aircraft disman-
tling, such as capacity and balance limitations, as well as the need for specific
certification levels of technicians to carry out certain tasks. We propose a Con-
straint Programming (CP) model that employs interval variables, sequence vari-
ables, and cumulative functions. The model is assessed using a set of scenarios
comprising up to 1500 tasks, which are derived from real data provided by an
industrial partner. Our experiments demonstrate that the model can effectively
identify feasible solutions for all instances. However, proving optimality is only
feasible for instances with a smaller scale.

Future Work. Several research opportunities remain open based on this work.
One potential avenue is to compare the performance of the CP model with other
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optimization approaches. Another direction for research involves enhancing the
performance of the current model, either by implementing more effective pruning
techniques or by developing custom search heuristics. Additionally, considering
the extensive number of tasks and the time horizon involved, investigating a
rolling horizon search strategy for this problem could also prove worthwhile.
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Abstract. Besides training, mathematical optimization is also used
in deep learning to model and solve formulations over trained neural
networks for purposes such as verification, compression, and optimiza-
tion with learned constraints. However, solving these formulations soon
becomes difficult as the network size grows due to the weak linear relax-
ation and dense constraint matrix. We have seen improvements in recent
years with cutting plane algorithms, reformulations, and an heuristic
based on Mixed-Integer Linear Programming (MILP). In this work, we
propose a more scalable heuristic based on exploring global and local
linear relaxations of the neural network model. Our heuristic is compet-
itive with a state-of-the-art MILP solver and the prior heuristic while
producing better solutions with increases in input, depth, and number
of neurons.

Keywords: Deep Learning - Mixed-Integer Linear Programming -
Linear Regions + Neural Surrogate Models - Rectified Linear Units

1 Introduction

There is a natural role for mathematical optimization in machine learning with
training, where discrete optimization has a “discreet” but growing presence in
classification trees [2,3,12,13,21,28,37,45,81-83,89], decision diagrams [34,44],
decision rules [1,51], and neural networks [7,11,14,47,50,64,68,77].

Now a new role has emerged with predictions from machine learning models
being used as part of the formulation of optimization problems. For example,
imagine that we train a neural network on historical data for approximating
an objective function that we are not able to represent explicitly. Overall, we
start with one or more trained machine learning models, and then we formulate
an optimization model which—among other things—represents the relationship
between decision variables for the inputs and outputs of those trained models.
Since other discrete decision variables and constraints may be part of such opti-
mization models, gradient descent is not as convenient here as it is for training.

These formulations are neural surrogate models if involving neural networks.
Neural networks are essentially nonlinear, and thus challenging to model in math-
ematical optimization. However, we can use Mixed-Integer Linear Programming

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
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(MILP) for popular activations such as the Rectified Linear Unit (ReLU)
[36,39,53,61,67]. Neural networks with ReLUs represent piecewise linear func-
tions [6,63], which we model in MILP with binary decision variables altering
the slopes [72]. As with other activations [26,35,43], ReLU networks have been
shown to be universal function approximators with one hidden layer but enough
neurons [88] and with limited neurons per layer but enough layers [42,55,62].

Many frameworks to formulate neural surrogate models have emerged—
JANOS [10], OMLT [22], OCL [32], OptiCL [56], and Gurobi Machine Learn-
ing [38]—in addition to stochastic and robust optimization variants [29,30,49)].
The applications in machine learning include network verification [4,5,24,69,75],
network pruning [31,73,74], counterfactual explanation [48], and constrained
reinforcement learning [18,27]. In the broader line of work often denoted as con-
straint learning, these models have been used for scholarship allocation [10],
patient survival in chemotherapy [56], power generation [60] and voltage regula-
tion [23] in power grids, boiling point optimization in molecular design [57], and
automated control of industrial operations in general [70,85,87].

However, these models can be difficult to solve as they grow in size. They
have weak linear relaxations due to the dense constraint matrix within each
layer and the big M constraints for each neuron, which sparked immediate and
continued interest in calibrating big M coeflicients [8,24,33,54,80] as well as
in strengthening the formulation and generating cutting planes [4,5,80]. Other
improvements include identifying stable neurons [78,86], exploiting the depen-
dency among neural activations [16,71], and inducing sparser formulations by
network pruning [19,70]. But at the rate of one binary variable per ReLU,
typically-sized neural networks entail considerably large MILPs, hence limiting
the applications where these models are solvable within reasonable time.

We may expect that improving scalability will require algorithms exploiting
the model structure. For example, Fischetti and Jo [33] first observed that a
feasible solution for the MILP mapping from inputs to outputs of a single neural
network is immediate once a given input is chosen. This strategy has been shown
effective at least twice [65,73], whereas finding a feasible solution for an MILP
is generally NP-complete [25]. Another example of special structure comes from
ReLU networks representing piecewise linear functions. Within each part of the
domain mapped as a linear function, which is denoted as a linear region, there is
a direction for locally improving the output. In fact, Perakis and Tsiourvas [65]
developed a local search heuristic that moves along adjacent linear regions by
solving restrictions of the MILP model with some binary variables fixed. How-
ever, the reliance on MILP eventually brings scalability issues back—although
much later in comparison to solving the model without restrictions.

But is there hope for optimization over linear regions at scale? That is akin
to thinking about MILPs as unions of polyhedra in disjunctive programming [9].
While earlier studies have shown that the number of linear regions may grow
fast on model dimensions [6,59,63,66,76], later studies have shown that there
are architectural tradeoffs limiting such growth [20,58,71,72]. Moreover, the net-
works with typical distributions of parameters have considerably fewer linear
regions [40,41]; and gradients change little between adjacent linear regions [84].
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Hence, we may conjecture that the search space is actually smaller and simpler
than expected, and thus that a leaner algorithm may produce good results faster.
In this work, we propose an heuristic based on solving a Linear Program-
ming (LP) model rather than an MILP model at each step of the local search, and
we generate initial solutions with LP relaxations of the neural surrogate model.
Confirming our intuition, this strategy is computationally better at scale, such
as when neural networks have larger inputs, more neurons, or greater depths.

2 Notation and Conventions

In this paper, we consider feedforward networks with fully-connected layers of
neurons having ReLU activation. Note that convolutional layers can be repre-
sented as fully-connected layers with a block-diagonal weight matrix. We also
abstract that fully-connected layers are often followed by a softmax layer [17],
since the largest input of softmax matches the largest output of softmax.

We assume that the neural network has an input € = [x1 z2 ... Zp,]
from a bounded domain X and corresponding output y = [y1 y2 ... ¥m]', and
each layer | € L = {1,2,..., L} has output h! = [n} k... AL ]" from neurons
indexed by i € N; = {1,2,...,n;}. Let W be the n; x n;_; matrix where each
row corresponds to the weights of a neuron of layer I, W} the i-th row of W',
and b the vector of biases associated with the units in layer . With h? for x
and h” for y, the output of each unit ¢ in layer [ consists of an affine function
gt = W!h!=! + b! followed by the ReLU activation h! = max{0, g}}. We denote
the neuron active when h! = g} > 0 and inactive when ht = 0 and g! < 0. When
hl = gl = 0, the state is given by the last nonzero value of g! during local search.

In typical neural surrogate models, the parameters W' and b of each layer
[ € L are constant. The decision variables are the inputs of the network (x =
hY € X) and, in each layer, the outputs before and after activation (g' € R™
and h! € R" for | € L) as well as the activation states (2! € {0,1}™ for [ € L).
By linearly mapping these variables according to the parameters of the network,
each possible combination of inputs, outputs, and activations become a solution
of an MILP formulation. For each layer [ € L. and neuron ¢ € N, the following
constraints associate its decision variables h!, g}, hl, and z!:

T

W/h'"! + b = g (1)
zi=1)—hl =g (2)

(2i=0) = (gi <OAR;=0) (3)
hl >0 (4)

z; €{0,1} (5)

The indicator constraints (2)—(3) can be modeled with big M constraints [15].
We follow the convention of characterizing each linear region by the set
of neurons that they activate [66]. For an input z, let S'(z) C {1,2,...,m}
denote the activation set of layer [. Hence, layer | defines an affine trans-
formation of the form (!Sl(m)(VVlhl’1 + b), where 2V is a diagonal v x v
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Algorithm 1. Local search to walk within and across linear regions.

1: repeat > Local search consists of an improvement loop
2 x' « Optimal solution of LP(z") > Finds best solution within linear region
3 if F(z') > F(z°) then > Checks if there was an improvement
4 d—uzt—2° > Computes direction of improvement d
5: 2’ — 2! +ed > Leaves the linear region along direction d
6 fori«—1,...,n0 do > Loops over all input dimensions
7 if 2! + ede’ ¢ X then > Checks if move is outside input space
8: x? — x} > Corrects move to be inside input space
9: end if

10: end for

11: end if

12: until F(x') < F(x) > Stops when no improvement occurs
13: return z° > Returns best solution found

matrix in which 2 = 1 if i € U and 2] = 0 otherwise for a subset

U CV={1,2,...,v}. For the linear region containing = x°, the output of
the neural network is the affine transformation T't 4+t for T' = HzL:1 25 @Owi
and t = ZlL,:l (HZL“:Z'-H ()SZN('”O)WW) QSZ/("zo)bl/, in comparison to which we
note that the output h’ of layer ¢ is obtained by replacing L with ¢ [46].

3 Walking Along Linear Regions

Let us consider a neural network representing the piecewise linear function f(x),
a linear objective function F(z) = ¢' f(z) to be maximized, and an implicit set
of linear constraints from assuming the input set X to be a polytope.

We can model our problem as an MILP on (z,{g},, {h}2( {2z}, y):

max ¢'y (6)
s.t. (1)-(5) vielL,ie{l,...,n} (7)
x=h"y=ht2xeX (8)

For an input = x°, we can define an LP model by fixing the binary variables

as z! = 1if i € S(x°) and 2! = 0 otherwise. Let us denote it as LP(z°). By not
fixing &, LP () finds an input maximizing F(x) in a linear region with x°.
We propose the local search outlined in Algorithm 1, which is a loop moving
from an input z° to the input «! in the same linear region by solving LP(x").
If we find an improvement, we continue moving along the same direction d =
x! — 2% to the next linear region with a step ed updating °. We expect that
F(x!+ed) > F(x!) since |[VF(z! +ed) — VF(z!)|| is usually small [84]. Ideally,
€ should be small enough to move only to the next linear region while being large
enough to be numerically computed as in the relative interior of that next linear
region. We also adjust the move along each dimension to ensure that x° € X.
Figure 1 illustrates three iterations of improvement with the local search algo-
rithm, each characterized by a pair of points (%, ') denoting a direction of
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improvement: (A, B), (C,D), and (E,F). Among those, the second iteration
shows that a larger step may skip a smaller linear region. Conversely, we could
mistakenly conclude that no further improvement is possible if a smaller step d
is numerically computed in such a way that ! = H = &' + d.

Fig. 1. From a starting point, our local search algorithm moves in a certain direction
indicated by the blue arrow, and then takes a small step into the next linear region
before moving again. We stop when the next linear region has no better solution. (Color
figure online)

We embed the local search in a generator of initial solution outlined in Algo-
rithm 2, which is based on solving variations of the linear relaxation of (6)-(8).
We can compute an input Z that is somewhat aligned with maximizing function
F(x) by solving this relaxation. We denote this model as LR:

max ¢y 9)
s.t. (1)-(4) VieL,ie{l,....,n} (10)
zb e 0,1] viel,ie{l,...,n} (11)
x=h"y=h*2ecX (12)

We then impose a random sequence of constraints on activation states, produc-
ing a solution Z in a different linear region after adding each constraint. The
probability of fixing a neuron are calibrated to produce the most change to the
linear relaxation. We start over from  when no more activations can be fixed.

Related Work. We denote our approach as Relax-and-Walk (RW) and the local
search in [65] as “Sample-and-MIP” (SM). SM is based on generating initial
solutions by random sampling and then solving a restriction of the MILP (6)—(8)
to identify the best solution among adjacent linear regions. SM may find the best
solution locally, but it may take much longer to compute in networks with larger
dimensions. Hence, SM may produce fewer solutions and less improvement.

4 Experiments

We benchmark our RW method with SM [65] and Gurobi 10.0.1. For local
search, we use ¢ = 0.01 since by preliminary tests it was small enough to avoid
skipping linear regions. We ran the code in [79] on 10 cores of a cluster with
Intel(R) Xeon(R) Gold 6336Y CPU @ 2.40 GHz processors and 16 GB of RAM.



226 J. Tong et al.

Algorithm 2. Generation of initial solutions and injection in local search

1 (%, {g}L,, {fl}fzo, {Z}E,,9) — Optimal solution of LR
2: DO LOCAL SEARCH FROM z © First local search; and the only one at &

3: loop > Outer loop defines indefinite run until interrupted
4 (Z,2z) — (z,2) > Uses first LR solution to decide where to go next
5 for {—1,...,L do > Loops sequentially over layers to fix neurons
6: N—{1,2,...,n¢} > Accounts for all neurons to fix in layer £
T while N # () do > Loops to try fixing each neuron once
8 for i € N do > Loops over unfixed neurons
9: if i € S*(%) then > Checks if neuron i is active in last solution Z
10: xi —1—2¢ > If so, measures distance of relaxed binary to 1
11: else

12: Xi — Z¢ > Otherwise, measures distance of relaxed binary to 0
13: end if

14: end for > Produces a shifted probability on x values to pick a neuron
15: k < Element i € N with probability x; + /3, ny(x; +0)

16: N — N\ {k} > Records attempt to fix neuron k € N
17: if k € S*(%) then > Checks if neuron k is active in last solution
18: Add constraint z = 0 to LR > If so, makes it inactive going forward
19: else

20: Add constraint zf =1 to LR > Otherwise, makes it active

21: end if

22: if LR is feasible then > Checks if new constraint keeps LR feasible

23: (a‘c, {g}1,{h}, {2}5:1,37) «— Optimal solution of LR

24: DO LOCAL SEARCH FROM z > Local search at new solution

25: else > In case not, neuron can only have same activation as before

26: Remove constraint on zj; revert (Z, Z) to last feasible solution of LR

27: end if

28: end while > Fixed the entire layer; moves on to the next

29: end for > Fixed all layers; ready to drop constraints

30: Remove all activation constraints from LR

31: end loop > Starts over from (7, 2)

4.1 Random ReLU Networks

Our first experiment replicates and extends the optimization of output value
of randomly initialized neural networks in [65] to test scalability and solution
quality. With a time limit of 1h, we use 5 different networks for each choice of
input sizes ng € {10,100, 1000} and configurations of the form L X n, for depth
L € {1,2,3} and width n, € {100, 500}. We note that solving to optimality with
Gurobi within 1h is very unlikely, except for 1 x 100 with ng = 10.

RW vs. SM: Figure2 shows the pair of values obtained for the same random
network with RW and SM. RW outperforms SM for ny € {100,1000} and n, =
500. The performance is similar for ny = 10, except in the four cases where
Gurobi fails to solve the linear relaxation. Those have minimum value in the
plots. That happens more often when ng is the smallest while L is larger: the
model is likely more sensitive to numerical issues as the linear regions get smaller.
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Fig. 2. Comparison of best objective values obtained by RW and SM in random net-
works. The points are favorable to RW above the line Y = X; and to SW below it.
RW is at least 1% better in 64.4% of the cases, while SM is in 12.2%.

Table 1. Average number of final solutions produced by local search with each method.

Model Size | ng = 10 ng = 100 no = 1000
RW SM RW SM |RW |SM
1 x 100 2882.0 | 2562.2 | 1038.4 | 548.0 | 134.6 | 100.2
1 x 500 174.8| 165.4 80.0 4.4 16.2 1.0
2 x 100 429.2| 2304 | 331.0| 39.8| 55.8| 11.8
2 x 500 10.0 2.8 25.4 1.0 6.0 1.0
3 x 100 421.8| 197.0| 204.0| 18.2| 33.8 4.2
3 x 500 11.5 2.0 15.0 1.0 3.0 1.0

Moreover, we observe that walking is cheaper than MIPing: Table 1
shows that the walking algorithm RW converges more frequent to a local opti-
mum by the time limit. Conversely, the average runtime of MILP restrictions in
SM explodes very quickly when the network gets wider, consistent with Fig. 2.
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This can be explained by the number of unfixed MILP variables growing with
the network dimensions in the SM approach. Moreover, consecutive steps of the
SM approach may reevaluate some neighboring linear regions again.

RW vs. Gurobi: Figure 3 shows a similar comparison between RW and Gurobi,
but with depths combined for conciseness. Gurobi can handle a shallow network
(L = 1) even with the largest input size ng = 1000. When the network is deeper
and the structure of the linear regions more complex [72], directly solving an
MILP is slower. When both width and depth are large, Gurobi cannot find a
feasible solution—see points next to Y-axis. The same four cases with unbounded
relaxation are also difficult for Gurobi—see points near the left bottom.

Input Size: 10 Input Size: 100 Input Size: 1000
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Fig. 3. Comparison of best objective values obtained by RW and Gurobi in random

networks. RW is at least 1% better in 55.1% of the cases, while Gurobi is in 12.4%.

4.2 Optimal Adversary Experiment

Given an input @ = &, the output
neuron for the predicted label ¢, and
the output neuron for another likely
label w, the optimal adversary prob-
lem aims to maximize y,, — y. for an
input « sufficiently near &. We solved
this problem for |z — &|; < A as
in [80] by using a setup derived from
the Gurobi Machine Learning reposi-
tory [38]. Figure 4 shows the result from
testing 50 images from the MNIST
dataset [52] with A =5 for 1 hour, all
of which on a 2 x 500 classifier with
test accuracy 97.04%. In 10% of the
cases, RW found an adversarial input
(positive solution) and Gurobi did not.
When RW does better, it does so by a

wider margin.
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Fig. 4. Comparison of best objective val-
ues obtained by RW and Gurobi in opti-
mal adversary models. RW is at least 1%
better in 68% of the cases, while Gurobi
is in 30%.
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5 Conclusion

We introduced a local search algorithm for optimizing over trained neural net-
works. We designed our algorithm to leverage model structure based on what
is known about linear regions in deep learning. Moreover, our algorithm scales
more easily because it only solves LP models at every step. Last, but certainly
not least, the solutions are usually better in comparison with other methods.
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Abstract. When optimizing problems with uncertain parameter values
in a linear objective, decision-focused learning enables end-to-end learn-
ing of these values. We are interested in a stochastic scheduling problem,
in which processing times are uncertain, which brings uncertain values
in the constraints, and thus repair of an initial schedule may be needed.
Historical realizations of the stochastic processing times are available. We
show how existing decision-focused learning techniques based on stochas-
tic smoothing can be adapted to this scheduling problem. We include
an extensive experimental evaluation to investigate in which situations
decision-focused learning outperforms the state of the art, i.e., scenario-
based stochastic optimization.

Keywords: Stochastic Scheduling - Repair - Decision-focused learning

1 Introduction

Decision-making can be challenging due to the stochastic nature of real-world
processes. This complexity is evident in various contexts, such as manufactur-
ing, where uncertain processing times make it challenging to meet strict customer
deadlines. Formulating Constrained Optimization (CO) models for these prob-
lems is common, but unknown parameter values during decision-making add
challenges, because wrong estimates of the parameters can lead to infeasibilities.

In practice, such infeasibilities are repaired when reality unfolds. For instance,
in a manufacturing system, tasks may be postponed due to delays in earlier stages
to maintain the factory’s flow. Various repair policies and schedule definitions
are used across different contexts.

Historical data, represented as scenarios of unknown parameters like task
duration, are often available. Simple averaging of these scenarios is a common yet
naive approach that ignores uncertainty. Stochastic programming [16] and robust
optimization [1] offer alternatives, each with its challenges, such as scalability
and too conservative solutions. Moreover, modeling realistic repair possibilities
exactly is not always possible in such two-stage optimization approaches.
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Decision-focused learning (DFL), extensively reviewed by [13], introduces
a novel paradigm for stochastic optimization. This approach embeds an opti-
mization model, like Constraint Programming (CP), in a training procedure to
minimize a regret loss [6]. Challenges arise in backpropagation through com-
binatorial optimization problems, where solutions may change discontinuously.
Recent research, including the score-function approach by [17], shows promis-
ing directions for handling uncertainty in constraints. Both exploring DFL with
uncertainty in constraints, and analyzing the applicability of the score-function
method are highlighted as valuable directions for further research [13].

In this research, we explore various scenario-based approaches for stochastic
scheduling. The contribution is threefold: 1) we apply DFL for the first time to
a repairable stochastic scheduling problem with stochastic processing times, 2)
we demonstrate how an existing DFL technique that uses stochastic smoothing
can be used to serve a stochastic scheduling problem where historical realiza-
tions of processing times are used, and 3) we include an extensive experimental
evaluation in which we assess differences in performance between deterministic,
stochastic programming, and a DFL approach.

2 Scheduling with Repair

We illustrate the effect of uncertainty in constraints with an example of schedul-
ing two tasks on a single machine, where the average task lengths are g, = 4,
and ¢o = 5. The machine is not available from ¢ = 5 to ¢ = 10. The task is to
minimize makespan. Using the mean values, the optimal decision is to schedule
first task 2, and then task 1, which gives us a makespan of 14 (see Figure 1),
while scheduling first task 1, and then task 2 results in a makespan of 15.

Now suppose that task 1 is deterministic, and task 2 is stochastic, following
the discrete uniform distribution yo ~ U({3,4,5,6,7}). It still holds that the
expected task lengths are y; = 4, and 2 = 5. When we have yo = 6 and we
schedule task 2 first, the effect of the repair strategy can be seen in Figure 2 and
leads to a makespan of 20. Considering this repair, we can compute the expected
values of the two alternative decisions and find that E[first task 1, then task 2]
= 15 and Ef[first task 2, then task 1] = 16.6. So, considering the underlying
distributions, it is better to first schedule task 1, instead of task 2. We observe
that just using the expected values to come to a decision is not always a good
idea when processing times are uncertain.

3 Decision-Focused Learning

Problem Setting. The goal is to optimize an optimization (e.g. scheduling)
problem z*(y) = argmin, f(z,y) s.t. z € C(y, z), where f(z,y) is the objective
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function given parameters y and decision z and the constraint set C(y, z). How-
ever, the parameters (e.g. processing times) y are unknown at the time of solving.
We are given a data set D = {y;}?_; with historical data on y. A common app-
roach is to use the sample averages of § to solve the deterministic model and
obtain z*(g) (which possibly requires reparations when the true values become
known). Alternatively, we could take inspiration from the literature on DFL.

Decision-Focused Learning. The idea is to predict the unknowns y = hy(D)
based on the data such that the task loss is minimized. Since the unknown
parameters occur in the constraints, predicted decisions must sometimes be cor-
rected using a repair function (such as illustrated in Sect.2). A common task
loss for problems with unknown parameters in the constraints is the so-called
post-hoc regret PRegret loss [9], defined as:

PRegret(y,y) = f(zeorr (U, ), y) — (2" (), y) + pen(z*(Y), zcorr (¥, y)), (1)

where y are the true coefficient values, ¥ are the predicted values, 2*(7) is the
decision based on predicted values, and z*(y) is the optimal decision with perfect
information such as defined by [3]. Then, we have f(z*(y),y), which are the
costs for predicted decisions, and f(2*(y), y), which are true optimal costs. Due
to uncertain parameters in the constraints, predicted decisions must sometimes
be corrected using a repair function such that z*(y) — zeorr(¥,y). How this
reparation is penalized is reflected in pen(z*(9), zcorr (U, y))-

Zero-Gradient Problem. DFL procedures minimize the post-hoc regret loss
by gradient-based optimization with respect to 6 to optimize the prediction
U = ho(D). However, this loss gives a zero-gradient problem because a combina-~
torial optimization solver is embedded in the loss computation [6], which is the
7&”"({;@”’) term in (2).

y

dPRegret(y,y) _ dPRegret(zcorr(¥,Y),Y) 02corr (Y, y) 0y
30 a 0zcorr (4, 9) oy 60

(2)

Stochastic Smoothing. A novel approach by Silvestri et al. [17] shows that this
zero-gradient problem can be solved with a stochastic smoothing trick. The crux
is to use a stochastic estimator § ~ pg(y) (where py(y) is a parameterized distri-
bution) instead of the point estimator § = ho(D). Using a stochastic estimator
makes the loss function an expectation, for which the gradient can be approxi-
mated with the score-function gradient estimator (also known as likelihood ratio
gradient estimator [7]) that uses:

VoEgpo(y) [PRegret(y,y)] = Egepy ) [PRegret(y, y) Vo log(pe(y))]  (3)

for which the derivation can be found in [17]. The most important assump-
tion on py(y) is that the probability density function must be differentiable
with respect to 6. The right-hand side can be approximated with a Monte-
Carlo method [15]. This score-function gradient estimation approach is also the
foundation of the REINFORCE algorithm [19], and various other reinforcement
learning algorithms [18]. How we exactly apply these techniques to our stochastic
scheduling problem is explained in the next section.
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4 From Scenarios to Schedules

Algorithm: We adapt DFL to align with our scheduling problem in Algorithm 1.
The data D = {y;}}, comprises historical examples of processing times y.
We aim to learn which predictor § minimizes the post-hoc regret. For gradi-
ent computation, we use a stochastic estimator parameterized by 6, for which
a common choice is the Normal distribution [18|. During training, we sample
y~N(u=20,-y,0 =0,-5), where both 1 and o are trainable, and initially set
to the sample average §y and sample standard deviation &. In each training step,
we sample a point y; and a prediction g, compute schedule z*(g), and update
0 using the score-function gradient estimator that is provided in equation (3).
After training, the stochastic estimator is treated as a point estimator by using
y = p. Note that the distribution is only needed during training for gradient
computation on the regret loss.

Example: We explain the zero-gradient problem and smoothing technique
with our example from Sect.2. Suppose (y1,y2) = (4,6), but yo is unknown.
Figure 3 shows how 7, affects the regret, which is the line with a discontinuity at
72 = 5, indicating a jump in scheduling priority. The blue curves show different
stochastic estimators, and the small circles the expected regret values when we
sample 7o from each distribution. The line through the circles represents the
smoothened expected regret. We assess the applicability of Algorithm 1 using
this example. The training data has an underlying distribution with y; = 4 and
ya ~ U(3,4,5,6,7). We expect the algorithm to find scaling 62 > 1 to prioritize
scheduling task 1. A small experiment confirms that regret drops when up is
above five as anticipated, see Fig. 4.

Algorithm 1: DFL

Require: Dirain = {yz}?;’i"”’, Diest = {yz}?;eff
Initialize ¥ ~ po(y) such that
y~Np="0,9,0=0,0)

Regret .

for each epoch do Fig. 3. Smoothing
for each batch in Diyqin do
for each instance (y;,2*(y;)) in batch do Regret loss
15

Sample ¥ from pe(y)
Pass 7 to solver to get schedule
Compute post-hoc regret(y, yi)

1.0
0.5

N

0 5 10

end for Epochs

Update 6 with score-function:

0 =6 —1Ir- VoPRegret(y,y:)Velog(pe(¥)) Learned processing times

end for 5

end for - Zi /\f
Pass ¥ = pu to solver to get schedule A
Evaluate post-hoc regret on Diest 0 Epo5chs 10

Fig. 4. Training curves
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5 Experimental Evaluation

To understand the potential of DFL, we compare performance to deterministic
and stochastic programming formulations (Sect.5.2). We hypothesize that both
stochastic programming and DFL outperform the more naive deterministic app-
roach. Furthermore, we explore when DFL or stochastic programming performs
better; we expect that DFL has better scalability to larger instances.

5.1 Problem Instances and Evaluation

We study a variant of the Stochastic Resource Constraint Project
Scheduling Problem (RCPSP). We use two subsets of the PSPLib instances
(being j301 1 to j303_ 10, and j901 1 -to j903_10) [11]. Furthermore, we use
two sets of industry-inspired problem instances (small and large instances'),
related to the factory of our industrial partner DSM-Firmenich. The data
describing these instances is provided in our repository [8]. Originally deter-
ministic, these instances are transformed into stochastic versions by sampling
task durations from Normal distributions with mean d; and standard deviation
\/d;, where d; is the deterministic processing time of task j from the original
instance. We define a scenario as a processing time vector realization for one
problem instance. For each instance, three datasets are created: one with 100
training scenarios, another with 50 for validation and tuning, and a final set of
50 for evaluation.

The evaluation approach evaluates first-stage start times z; decisions based
on the schedule makespan. Tasks unable to start due to resource constraints or
precedence relations undergo a repair policy with (multiple) one-unit time post-
ponements resulting in corrected start times z7°"". A penalty function measures
the sum of start time deviations for all tasks j:

pen(z"(9): 22or (T,9) = P~ D 25 (@, y) — 2(0). (4)
jeJ

Here, p is the penalty coefficient, which we vary across experiments. Evaluation
is conducted using the SimPy discrete-event simulation Python package [14].

5.2 Baseline Methods

We study problem cases where historical realizations of stochastic processing
times are available (without feature data). This section describes two other
scenario-based methods that are included in the experiments.

Deterministic Approach. This is a simple baseline, where we compute sce-
nario averages of the unknown optimization coefficients. The deterministic con-
straint programming (CP) model that uses these averages uses the following
nomenclature: J: set of all tasks, R: set of all resources, S;: set of successors

125 instances with 40 to 480 tasks, 13 resource groups with different capacities.
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of task j, j: subscript for tasks, r: subscript for resources, parameters: y;: pro-
cessing time of task j, r, ;: resource requirement for task j, b.: max capacity of
resource r, minLag, ;: min. difference between start times of tasks j and i, if ¢
is a successor of j and decision variables: x;: interval length for task j. The CP
model is:

Minimize Makespan s.t. (5a)
Max(end _of(x;)) < Makespan — j € J (5b)
startOf(x;) > endOf(x;); ViedJVieS; or
startOf(x;) > minLag; ; + startOf(x;); VieJViels; (5¢)
> Pulse(xjr ;) <b,  VreR (5d)
jeJ
x; : IntervalVar(J, y;) Vied (5e)

In this model, (5b) defines the makespan which should be larger than the finish
time of all tasks, and (5c¢) enforces precedence constraints between two tasks,
where the minLag, 1, is the minimal time difference needed between task a and
b which is used for the industry instances. The CP pulse constraint (5d) models
shared resource usage [4].

Stochastic Programming. The second baseline comprises a scenario-based
stochastic programming formulation (again CP). The repair action is added
to the stochastic model which comprises the possibility to postpone activities,
together with a penalty term for the deviations from the earliest-start-time deci-
sion that is included in the objective. Note that we use the same nomenclature
as for the deterministic model, but we introduce the notion of scenarios w € {2,
and the first-stage earliest-start-time decision variable z; Vj € J.

Minﬁ Z Makespan(w) + p - Z ZstartOf(xj (W) —z; st (6a)

weN weN j
Max;(end_of(xj(w))) < Makespan(w) Yw € 2 (6b)
startOf(x;(w)) > endOf(x;(w) ViedJVielS; or
w)

);
startOf(x; (w)) > minLag; ; + startOf(x;(w)); VieJVieS; Ywe2 (6c)

ZPulse(Xj (W), 1rj) < by Vre R Ywe (6d)

jeJ
zj(w) : IntervalVar(J,y;(w)) ViedJ VYweS (6e)
zj < startOf(x;(w)) ViedJ VYwe? (6f)

5.3 Results

All experiments are done on a virtual server that uses an Intel(R) Xeon(R) Gold
6148 CPU with two 2.39 GHz processors, and 16.0 GB RAM. All CP models
are solved with single thread IBM CP solver [4]. The runtime limits are set per
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Fig. 5. Normalized post-hoc regret per instance set - penalty setting (smaller regret
is better). The box spans from the 25th to the 75th percentile, visualizing the median
and interquartile range.

problem size (max. 60 min.) and provided in the README of the repository [§],
together with the tuned hyperparameters? for deterministic, DFL, and stochas-
tic. Each boxplot in Figure 5 presents the results for the three methods on a
single combination of instance set and penalty setting. The y-axis shows the
distribution of the normalized post-hoc regret among the test instances of that
specific set. We use p = Silze (small), where size indicates the number of tasks,
and p = 1 (large). We tested the significance of the performance difference of
the different algorithms for each setup (a-i) using a paired t-test with o = 0.05,
and the p-values are included in the repository [§].

On smaller instances with small penalties, both DFL and stochastic methods
perform well, with no significant difference. For the large penalty, stochastic
tends to outperform both deterministic and DFL methods significantly in PSPlib
730 instances. Notably, under p = 1 for 730 instances, no repairs were needed
across all instances, emphasizing the robust performance of stochastic when the
instances are small enough. For larger instances like PSPlib 790, DFL becomes
better, even significantly for the small penalty. For the large penalty, there is still
a subset of the instances for which stochastic finds very robust solutions that
do not need repairs, but because for some of the instances the stochastic model
performs much worse than DFL (which is also visible in Fig. 5d), we observe no
significant difference between DFL and stochastic looking at all 90 instances. We
see a somewhat similar pattern in the industrial instances, where again stochastic
is most advantageous for the smaller instances and with a high penalty, although
not significantly better than DFL. For the larger instances, stochastic performs
even worse, especially for the small penalty and DFL is significantly better. We

2 Such as the number of scenarios.
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investigated optimality gaps of the outputs of the stochastic model and found
that even with a time limit of three hours the gaps are on average approximately
around 30%, with outliers of more than 90% (for the largest industry instances)
which shows the scalability issue of stochastic programming.

6 Related Work

Previous studies [2,6,13] focused mainly on comparing prediction-focused versus
DFL approaches for problems with uncertainty in (linear) objectives. The knap-
sack problem is the most prominent [5,12]. As far as we know, the set-up without
feature data is not studied in earlier work [13]. However, the crux of our prob-
lem setting is that uncertain parameters occur in constraints, which can lead to
infeasibilities. Hu et al. [10] were the first who introduced a post-hoc regret that
penalizes for infeasibilities. The methods introduced in their work rely on specific
conditions, such as being recursively and iteratively solvable [9,10]. This work
applies a DFL approach [17] to a pure stochastic repairable scheduling problem,
for which both the repairable scheduling setting and the context without fea-
tures are novel application domains for DFL. It is important to highlight that
before this study we did not know if DFL could work for repairable scheduling.

7 To Conclude, and Continue

This study explores a novel application of DFL to stochastic resource-constrained
scheduling with repairs, where uncertainty is in the constraints, and the deriva-
tive is not smooth by itself. Results indicate that stochastic programming is dom-
inant when it can find the optimal solution, most prominently when the penalty
factor is high and the instances are small enough to find robust solutions that do
not need reparation. In contrast, we have shown that DFL scales better and is
a promising alternative to stochastic programming, even in this pure stochastic
scheduling setup. Furthermore, we highlight the potential of DFL because of
its flexibility across various settings with different repair strategies, providing a
distinct advantage over stochastic programming, in which modeling the exact
repair functions is not always possible. We hypothesize that in a setting with
features related to stochastic processing times the benefits of DFL for stochastic
scheduling are further enhanced, such as shown in earlier research with uncer-
tainty in a (linear) objective [13]. Further interesting directions are investigating
alternative gradient estimators or reinforcement learning-inspired algorithms.
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Abstract. Algorithm selection is a class of meta-algorithms that has
emerged as a crucial approach for solving complex combinatorial opti-
mization problems. Successful algorithm selection involves navigating a
diverse landscape of solvers, each designed with distinct heuristics and
search strategies. It is a classification problem in which statistical features
of a problem instance are used to select the algorithm that should tackle
it most efficiently. However, minimal attention has been given to inves-
tigating algorithm selection decisions. This work presents a framework
for iterative feature selection and explainable multi-class classification
in Algorithm Selection for the Capacitated Lot Sizing Problem (CLSP).
The CLSP is a combinatorial optimization problem widely studied with
important industrial applications. The framework reduces the features
considered by the machine learning approach and uses SHAP analysis to
investigate their contribution to the selection. The analysis shows which
instance type characteristics positively affect the relative performance of
a heuristic. The approach can be used to improve the algorithm selec-
tion’s transparency and inform the developer of an algorithm’s weak
and strong points. The experimental analysis shows that the framework
selector provides valuable insights with a narrow optimality gap close to a
parallel deployment of the heuristic set that generalises well to instances
considerably bigger than the training ones.

Keywords: Algorithm Selection + xAI - Capacitated Lot Sizing -
Feature Selection - SHAP Analysis

1 Introduction

An algorithm selection approach consists of dynamically choosing the most suit-
able algorithm from a diverse set based on problem characteristics. It is a promi-
nent class of meta-algorithms based on the No Free Lunch Theorem [23] that no
individual optimisation algorithm can outperform the competitor in all problem
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classes, and aims to leverage the diversity of available algorithms and to dynami-
cally choose the most suitable one for a given problem instance. This approach is
particularly noteworthy in solving combinatorial optimization problems, where
selecting an appropriate algorithm significantly influences computational effi-
ciency and/or the solution quality [14]. The applicability of algorithm selection
spans a wide range of domains, showcasing its versatility and impact. It has been
successfully applied in areas such as Boolean Satisfiability (SAT) [21,24], Con-
straint Programming [7,18], and combinations of the two [9]. These approaches
quickly dominated the respected fields, and their success led to the creation of
dedicated competitions [16] and problem libraries [1]. Beyond SAT and Con-
straint Programming, algorithm selection has been successfully employed in var-
ious fields, including operations research, artificial intelligence, and data science
[12].

Algorithm selection is an artificial intelligence (AI) supervised multi-class
classification task. Currently, most machine learning (ML) models trained on
large amounts of data are black-box. However, their increased relevance prompts
an effort to reach higher transparency and accountability. For this reason, there
has been a surge in the explainable AT (xAI) approaches. While these have been
recently applied to algorithm selection for ML approaches [13,22], the combina-
torial optimisation selection has not yet been investigated from this perspective.
In that perspective, being able to explain the decision of successful selectors
can lead to useful insights into the strengths and weaknesses of the algorithms.
Providing additional information to the developers and transparency to practi-
tioners.

This work focuses on the Capacitated Lot Sizing Problem (CLSP), an NP-
hard optimization problem with many practical applications [20]. Due to its
complexity, instances relevant to the practitioners are hardly solvable to opti-
mality in a reasonable time. Many different heuristics have been proposed over
the years; these algorithms can provide solutions to very large instances with a
close cost optimality gap at a reduced time compared to an optimal formulation.
In the following setting, the candidates are selected based on the optimality cost
gap with an optimal solution and not on the expected computational time. This
metric is replicable for deterministic algorithms and does not depend on the
hardware in which the algorithms are deployed. Our work is based on the first
algorithm selector for CLSP recently introduced by Kércher and Meyr [10].

In this paper, we introduce an xAI algorithm selection framework for the
well-known CLSP problem. To the best of our knowledge, this is the first algo-
rithm selection approach for combinatorial optimisation that uses SHAP analy-
sis to understand the differences between solvers. We present a tailored iterative
feature selection approach based on random forest feature importance. In an
extensive computational analysis, we show that the performance of the portfo-
lio approach is close to that of an oracle one. The algorithm selection is then
applied to instances bigger than the ones in the training data. To analyse if the
performance and the explanation can generalise to unseen instances of arbitrary
size.
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2 Capacitated Lot Sizing Problem (CLSP)

The Capacitated Lotsizing Problem (CLSP) is a dynamic, single-stage, multi-
product challenge involving limited production capacity. In each period (¢t €
T), production lots for multiple products (j € J) can be placed, subject to a
production line’s time capacity constraint (K;). The production time for one unit
of a product (a;) and the demand for each product in a given period (d;;) are
considered. The demand must be met at all periods, and additional items that are
not used to satisfy the demand are carried over, incurring per unit holding costs
(hcj). Setup costs are associated with initiating production for each product in
a period (sc;). Continuous non-negative variables represent production quantity
(X;¢) and inventory level for each product in each period(l;;), along with a
binary setup variable (Yj;). Conservation of the setup state across periods is
not feasible, and the sequence of lots within a period is not predetermined. The
CLSP is recognized as an NP-hard problem [2].
We consider the formulation presented in [8]:

T J
Minimize: Z Z (hej - Iis + scj - Yie)

t=1 j=1
Demand Constraint: Ij; 1+ X;s —dje =1;; Vje JVteT

J
Capacity Constraint: Zth ca; <Ky VteT
i=1

T
Linkage Constraint: X;; <Y}, - Zdjp Vie JvVteT
p=t
Non-negativity Constraint: X, >0, Y;; €{0,1} Vje JVteT

The problem can be solved to optimality using a MILP solver. For the algo-
rithm selection approach, we considered the following four heuristics: Lambrecht
and Vanderveken (LV) [15], Dixon and Silver(DS) [5], Drogamaci et al. (DPA)
[6] and Giinther (G) [8]. These are the same heuristics used in [10]. A wider
heuristic survey and comparison can be found in [3,11].

We considered the dataset presented in [10], comprising a total of 7200 CSLP
instances generated from a simulated tire manufacturing process. We split the
dataset randomly in 80% training and 20% test. They also provide a dataset of
360 instances that are considerably larger (factor of 2.24). For a more detailed
description and analysis of the dataset, we refer to the original paper. For each
instance, 17 Key Performance Indicators (KPIs) have been computed. These
aim to capture the structural features of the instances.

The KPIs are divided into 3 main groups:

— KPIs 1-8 relative to production utilization, which try to express the level of
difficulty of a problem instance in terms of feasibility or solution quality

— KPIs 9-12 express the course of the demand curve, e.g. increasing/decreasing
patterns or seasonality.
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— KPI 13-17 related to lot shifting and product properties, capturing the het-
erogeneity of the products and statistics considered during the load shifting
process.

3 Methodology

We consider the selection approach to be a multi-class classification problem
and use random forests (RF) for feature and algorithm selection. We opted for
this model after benchmarking against various ML techniques for its accuracy
and simplicity in extracting feature importance. A high number of features can
hinder the model’s explainability. Inputs that are strongly correlated or encode
the same characteristic divide among them the importance, hiding important
patterns. Moreover, a smaller set of features reduces the computational overhead
of their computation and of the classifier.

RF provides the impact of each feature on the classifier’s decision. However,
this rank is strongly affected by correlations and attributes affecting the deci-
sions in a similar way. We designed an iterative method for feature selection that
is particularly effective for this problem. We iteratively train a RF on the dataset
and compute the features’ importance. Then evaluate through cross-validation
an RF trained on the single most important feature, then add the following fea-
ture and repeat until all the features are selected. Finally, we select the minimum
subset of features that gives a similar (or better) accuracy to the complete set. If
the selected subset does not include all the current features, we iterate the pro-
cedure. The goal is to select enough features to preserve information and make
decisions that are as good as the ones taken over the full dataset. However, some
of these features could still be redundant. So, by iterating the overall process, it
is possible to reduce them further. The experimental analysis shows the efficacy
of this technique.

To improve the transparency of the model, we use SHAP (SHapley Additive
exPlanations, [17]). SHAP is a technique in the interpretability and explainabil-
ity of ML models. It is based on cooperative game theory and provides a way to
fairly allocate a value (or contribution) to each feature in a prediction. It helps
to understand the reasons for a decision by attributing the model’s output to
each input feature in a fair and comprehensive manner. It is based on RFs, so
the proxy model used for the explainability is closer to the original one.

4 Experimental Results

In an extensive numerical analysis, we assess the efficacy of the algorithm selec-
tion and the clarity of its explanations and if they are able to generalise to larger
instances.

4.1 Feature Importance and Selection

Figure 1 shows the plots generated during the iterative feature selection process.
The X-axis label contains the KPIs ordered by importance. In the first iteration,
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the maximum is reached after including 7 KPIs. This is reduced to 3 after the
second iteration, and the last one confirms that further reductions would com-
promise the accuracy. The final cross-validation accuracy on the training dataset
of a model trained on KPI 2, 12 and 17 is equivalent to the accuracy reached
using all KPIs. The KPIs selected cover the main aspects of an instance, and
they are one for each KPI group described above:

— KPI 2 is related to utilization. It is the maximum utilization of a period.

— KPI 12 is the slope of the regression line that approximates the demand curve.
It captures the demand trend.

— KPI 17 is the average ratio of setup and holding costs for a lot shift of the size
of an average period demand. The smaller ratio of setup and holding costs
implies that fewer lot shifts are necessary to obtain a high-quality solution.

0.9 0.9

0.8 0.8
307 go7
I e
5 5
8 3
206 206

0.5 0.5

0.4 0.4

2N PO XN DDA 0 6,00 Q N2 v o 1 N L)
Selected Features Selected Features
(a) First iteration (b) Second iteration

Fig. 1. Accuracy of the heuristic selector over increasing subsets of features. In the
third iteration, the order of importance did not change.

It is interesting to see how their relevance changes over different iterations.
The plots clarify the importance of the iterative approach; just selecting the
top 2 features in the first iteration led to an accuracy of less than 60%, while
in the last one, it was almost 80% with the same amount of features. This is
because multiple KPIs are correlated or contribute to the decision in a similar
way, making them redundant. Overall, we managed to reduce the number of
KPIs computed to one-fifth of the original ones with an equivalent accuracy.

4.2 Cost Optimality Gap Performance

The aim of the portfolio is to compute competitive solutions to the CLSP prob-
lem. We compare the plans provided by the different approaches based on their
cost, in particular considering the optimality gap with the optimal solution com-
puted by an MILP solver. The approaches compared are:

— The four heuristics (DPA, LV, DS and G).
— The Algorithm Selector based on Random Forest (RF) trained using all the
KPIs (AS RF).
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— The previous approach deployed on the selected features (AS FS).
— The deep neural network CLSP-Net presented in [10] (AS NN). It is a feed-
forward fully connected network with dropout as a regularizer. We can con-
sider this approach state-of-the-art in AS for CLSP.
— An Oracle approach that always selects the best heuristic. We consider this
as a baseline of what could be achievable by having an AS that always selects
the best heuristic.

The comparison results are presented in Table 1. We can see that the AS algo-
rithms clearly outperform all the individual heuristics, reaching an optimality
gap close to the oracle. The feature reduction minimally affects the accuracy of
the RF. Compared to the deep learning approach, the RF selectors fail to choose
the best heuristic for 2 strong outliers. For this reason, their average optimality
gap is higher, while the median is really close. A reduced set of features leads to a
faster computation of such a set and a quicker classification time. Moreover, the
simplicity of the model improves transparency and has faster hyperparametrisa-

tion.
Table 1. Optimality gap (%) and Accuracy (%) on the test set.
DPA LV |DS G AS RF | AS FS | AS NN | Oracle
Average 4.91| 9.00 3.60 5.21 2.29 2.32 2.28 | 2.02
Median 1.70| 6.76 1.55 1.82 1.26 1.28 1.27 | 1.15
Max 48.46 1 99.04 | 188.38 | 188.38 | 108.02 | 108.02 | 108.02 | 28.22
Accuracy | 43.9 |2.2 35.7 18.2 79.8 78.5 80.5 100.0
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Fig. 2. Feature impact on the classifier decision for the test set. The X-axis contains
the SHAP value; positive values are linked to the selection of the specific class.

4.3 Explainability of the Results

We focused on the 3 most relevant heuristics; the classifier hardly selected LV due
to poor performance. Figure 2 shows the SHAP analysis of the test set results;



Explainable Algorithm Selection for the Capacitated Lot Sizing Problem 249

this provides information on why the classifier is selecting a specific heuristic.
The KPIs are ordered according to their relevance for the specific class, from
top to bottom. Each dot is an instance of the test set; their colour represents if
the KPTI in that instance is low (blue) or high (red). A positive SHAP value, e.g.
points further to the right of the plot, means that KPI is positively contributing
to selecting the specific heuristic. We can see that the slope of the regression line
of the demand (KPI 12) is the most relevant for selecting the DPA or the DS
heuristic. In particular, DS deals better with increasing demand patterns, while
decreasing demand leads to the selection of DPA. G works particularly well on
instances with high maximum utilization (KPI 2). This means that it can better
shift the production to early periods and not with demand-driven production.
In a problem instance with a low ratio of setup and holding costs (KPI 17), lot
shifts (moving a production lot to a period where the setup is already used) are
hardly convenient. These are generally considered easier instances and are those
in which DS does not perform well.

Table 2. Optimality gap (%) and Accuracy (%) on the large dataset.

DPA LV |DS |G AS RF | AS FS | AS NN | Oracle
Average 4.37 |9.74 [3.09 |5.97 |2.08 2.11 2.04 1.91
Median |1.25 |7.95 |1.04 |1.20 0.73 0.74 0.78 0.72
Max 42.25149.18 | 84.3284.32|19.48 1948 1948 19.26
Accuracy 369 [0.6 [389 |23.6 |75.8 73.9 75.6 100.0

4.4 Generalisation on Bigger Instances

A heuristic is designed to solve big instances that are generally not tackleable
by optimal solvers. For this reason, we want to investigate if the accuracy of the
algorithm selection scales on problems considerably larger than the training set.
Table 2 shows the analysis results. We can see that all selectors perform well on
the larger dataset, closing the gap with the Oracle approach. The algorithms
based on RF exhibit a better median but a higher average than the AS NN. The
number of outliers is considerably reduced, and the worst case is the same for
all selectors.

Figure 3 shows how the decision patterns described in the previous sections
generalise to the larger dataset. This consistency, alongside the good performance
of AS F'S, means that an increase in the instance size preserves the relationship
among solvers inside the specific instance type.
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Fig. 3. Feature impact on the classifier decision for the large dataset. The X-axis
contains the SHAP value.

5 Conclusions

This paper introduces an xAT algorithm selection approach for the Capacitated
Lot Sizing Problem (CLSP). The proposed framework, integrating iterative fea-
ture selection and explainable multi-class classification, contributes to enhanc-
ing the transparency of algorithm selection decisions. The experimental analysis
demonstrates the framework’s effectiveness, providing valuable insights with a
narrow optimality gap, closely aligning with a parallel deployment of the heuris-
tic set. Moreover, the framework exhibits robust generalization capabilities on
a test set considerably larger than the training data, showcasing its potential
for informing developers about algorithm strengths and weaknesses in diverse,
real-world scenarios. This work emphasizes the importance of understanding and
explicability in algorithm selection decisions, paving the way for more informed
and transparent approaches to tackling complex optimization challenges.

Several promising avenues emerge from this preliminary work. Concerning
the CLSP, the additional KPIs can improve the model accuracy, for example,
features learned by machine learning in an unsupervised way [4] or extracted by
the heuristics’ binaries [19]. In particular, introducing explainability to the last
one could lead to more informative feedback for the heuristics developers. Addi-
tionally, extending the framework to accommodate a broader array of combina-
torial optimization problems beyond CLSP would contribute to its versatility
and applicability across diverse domains like SAT.

Acknowledgments. This publication has emanated from research supported by Sci-
ence Foundation Ireland under Grant No. 12/RC/2289-P2 at Insight, the SFI Research
Centre for Data Analytics, which is co-funded under the European Regional Develop-
ment Fund, and by the EU Horizon project TAILOR (952215). The authors gratefully
acknowledge useful inputs from Lars Kotthoff.



Explainable Algorithm Selection for the Capacitated Lot Sizing Problem 251

References

10.

11.

12.

13.

14.

15.

16.

Bischl, B., et al.: ASlib: a benchmark library for algorithm selection. Artif. Intell.
237, 41-58 (2016)

Chen, W.H., Thizy, J.M.: Analysis of relaxations for the multi-item capacitated
lot-sizing problem. Ann. Oper. Res. 26, 29-72 (1990). https://doi.org/10.1007/
BF02248584

Copil, K., Wérbelauer, M., Meyr, H., Tempelmeier, H.: Simultaneous lotsizing and
scheduling problems: a classification and review of models. OR Spect. 39(1), 1-64
(2017). https://doi.org/10.1007/s00291-015-0429-4

Dalla, M., Visentin, A., O’Sullivan, B.: Automated SAT problem feature extraction
using convolutional autoencoders. In: IEEE International Conference on Tools with
Artificial Intelligence (ICTAI) (2021)

Dixon, P.S., Silver, E.A.: A heuristic solution procedure for the multi-item, single-
level, limited capacity, lot-sizing problem. J. Oper. Manag. 2(1), 23-39 (1981).
https://doi.org/10.1016,/0272-6963(81)90033-4

Dogramaci, A., Panayiotopoulos, J.C., Adam, N.R.: The dynamic lot-sizing prob-
lem for multiple items under limited capacity. AIIE Trans. 13(4), 294-303 (1981).
https://doi.org/10.1080/05695558108974565

Gebruers, C., Hnich, B., Bridge, D., Freuder, E.: Using cbr to select solution strate-
gies in constraint programming. In: Munoz-Avila, H., Ricci, F. (eds.) ICCBR 2005.
LNCS, vol. 3620, pp. 222-236. Springer, Heidelberg (2005). https://doi.org/10.
1007/11536406-19

Gilnther, H.O.: Planning lot sizes and capacity requirements in a single stage pro-
duction system. Eur. J. Oper. Res. 31(2), 223-231 (1987). https://doi.org/10.1016/
0377-2217(87)90026-9

Hurley, B., Kotthoff, L., Malitsky, Y., O’Sullivan, B.: Proteus: a hierarchical port-
folio of solvers and transformations. In: Simonis, H. (ed.) CPAIOR 2014. LNCS,
vol. 8451, pp. 301-317. Springer, Heidelberg (2014). https://doi.org/10.1007/978-
3-319-07046-9_-22

Karcher, J., Meyr, H.: A machine learning approach for identifying the best solution
heuristic for a large scaled capacitated lotsizing problem. In: Preprint - Research
Square (2023). https://doi.org/10.21203/rs.3.rs-3709286 /v1

Karimi, B., Fatemi Ghomi, S., Wilson, J.: The capacitated lot sizing problem: a
review of models and algorithms. Omega 31(5), 365-378 (2003). https://doi.org/
10.1016/S0305-0483(03)00059-8

Kerschke, P., Hoos, H.H., Neumann, F., Trautmann, H.: Automated algorithm
selection: survey and perspectives. Evol. Comput. 27(1), 3-45 (2019)

Kostovska, A., Doerr, C., Dzeroski, S., Kocev, D., Panov, P., Eftimov, T.: Explain-
able model-specific algorithm selection for multi-label classification. In: 2022 TEEE
Symposium Series on Computational Intelligence (SSCI), pp. 39-46. IEEE (2022)
Kotthoff, L.: Algorithm selection for combinatorial search problems: a survey. In:
Data Mining and Constraint Programming: Foundations of a Cross-Disciplinary
Approach, pp. 149-190 (2016)

Lambrecht, M.R., Vanderveken, H.: Heuristic procedures for the single operation,
multi-item loading problem. AIIE Trans. 11(4), 319-326 (1979). https://doi.org/
10.1080/05695557908974478

Lindauer, M., van Rijn, J.N., Kotthoff, L.: The algorithm selection competitions
2015 and 2017. Artif. Intell. 272, 86-100 (2019)


https://doi.org/10.1007/BF02248584
https://doi.org/10.1007/BF02248584
https://doi.org/10.1007/s00291-015-0429-4
https://doi.org/10.1016/0272-6963(81)90033-4
https://doi.org/10.1080/05695558108974565
https://doi.org/10.1007/11536406_19
https://doi.org/10.1007/11536406_19
https://doi.org/10.1016/0377-2217(87)90026-9
https://doi.org/10.1016/0377-2217(87)90026-9
https://doi.org/10.1007/978-3-319-07046-9_22
https://doi.org/10.1007/978-3-319-07046-9_22
https://doi.org/10.21203/rs.3.rs-3709286/v1
https://doi.org/10.1016/S0305-0483(03)00059-8
https://doi.org/10.1016/S0305-0483(03)00059-8
https://doi.org/10.1080/05695557908974478
https://doi.org/10.1080/05695557908974478

252

17.

18.

19.

20.

21.

22.

23.

24.

A. Visentin et al.

Lundberg, S.M., Lee, S.I.: A unified approach to interpreting model predictions.
Adv. Neural Inf. Process. Syst. 30, 1-10 (2017)

Miiller, D., Miiller, M.G., Kress, D., Pesch, E.: An algorithm selection approach for
the flexible job shop scheduling problem: choosing constraint programming solvers
through machine learning. Eur. J. Oper. Res. 302(3), 874-891 (2022)

Pulatov, D., Anastacio, M., Kotthoff, L., Hoos, H.: Opening the black box: auto-
mated software analysis for algorithm selection. In: International Conference on
Automated Machine Learning, pp. 6-1. PMLR (2022)

Ramya, R., Rajendran, C., Ziegler, H., Mohapatra, S., Ganesh, K., et al.: Capac-
itated Lot Sizing Problems in Process Industries. Springer, Heidelberg (2019).
https://doi.org/10.1007/978-3-030-01222-9

Sadreddin, A., Mouhoub, M., Sadaoui, S.: Portfolio selection for sat instances. In:
2022 IEEE International Conference on Systems, Man, and Cybernetics (SMC),
pp. 2962-2967. IEEE (2022)

Shao, X., Wang, H., Zhu, X., Xiong, F., Mu, T., Zhang, Y.: EFFECT: explainable
framework for meta-learning in automatic classification algorithm selection. Inf.
Sci. 622, 211-234 (2023)

Wolpert, D.H., Macready, W.G.: No free lunch theorems for optimization. IEEE
Trans. Evol. Comput. 1(1), 67-82 (1997)

Xu, L., Hutter, F., Hoos, H.H., Leyton-Brown, K.: SATzilla: portfolio-based algo-
rithm selection for sat. J. Artif. Intell. Res. 32, 565-606 (2008)


https://doi.org/10.1007/978-3-030-01222-9

®

Check for
updates

An Efficient Structured Perceptron
for NP-Hard Combinatorial Optimization
Problems

Bastian Véjar!(®) | Gaél Aglin?, Ali Irfan Mahmutogullar1', Siegfried Nijssen?,
Pierre Schaus?, and Tias Guns!

! Department of Computer Science, KU Leuven, Leuven, Belgium
Bastian.vejar@kuleuven.be
2 ICTEAM, UCLouvain, Louvain-la-Neuve, Belgium

Abstract. A fundamental challenge when modeling combinatorial opti-
mization problems is that often multiple sub-objectives need to be
weighted against each other, but it is not clear how much weight each
sub-objective should be given: consider routing problems that trade off
distance and duration where the relative importance of the two is not
known a priori. In recent work, it has been proposed to use machine learn-
ing algorithms from the domain of structured output prediction to learn
such weights from examples of desirable solutions. However, until now
such techniques were only evaluated on fast-to-solve optimization prob-
lems. We propose and evaluate three techniques that make it feasible to
apply the structured perceptron on NP-hard optimization problems: 1)
using heuristic solving methods during the learning process, 2) solving
well-chosen satisfaction variants of the problems, 3) caching solutions
computed during the learning process and reusing them. Experiments
confirm the validity and speed-ups of these techniques, enabling struc-
tured output learning on larger combinatorial problems than before.

Keywords: Structured output prediction - Combinatorial
optimization - Structured Perceptron

1 Introduction

Combinatorial Optimization (CO) deals with solving optimization problems such
as scheduling and planning problems. These problems are formalized as maxi-
mizing an objective function over a set of feasible solutions defined through a set
of constraints. In many applications, however, multiple objectives can be consid-
ered. Notable examples of this appear in engineering [1,6], economics [13], and
logistics [7]. As an example, in a logistics application, one may wish to trade off
total distance, total travel time, driver familiarity and fairness among drivers.
Since the objectives of a Multi-Objective Combinatorial Optimization Prob-
lem (MOCOP) are possibly conflicting, a nontrivial problem is how to formal-
ize MOCOP problems using a single objective function. The classical methods

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
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either try to enumerate all non-dominated solutions (see, for example, [5]) or use
a weighted linearization of the objectives —turning them into sub-objectives— to
transform the problem into a single-objective optimization problem, for example,
[10]. However, the weights in the latter approach may not be explicitly known
to the decision-maker.

The motivation for this paper comes from the scheduling and production
process of a steel mill company. The company tries to set the weights of many
sub-objectives of their scheduling process, e.g. the difference in height and width
of adjacent products, based on a perception of their importance. This process
requires several iterations of tuning and observing the production process with
these updated parameters. The company, however, has a set of historical pre-
ferred solutions that a machine learning approach can use to learn from.

Structured Output Prediction (SOP) is a family of machine learning tech-
niques used for learning to predict structured objects. When used to learn the
weights of a MOCOP, SOP could be seen as a type of Inverse Optimization (I0)
for mixed-integer linear problems [3,14]. However, unlike in IO, in SOP there is
typically no initial weight vector given and it considers multiple (noisy) solutions
each with different feasible spaces, and the learning focuses on statistical prop-
erties that generalize to unseen instances rather than pure reconstruction. The
SOP methods are known to be effective if calculating the output structure can be
done in polynomial time. Although SOP can also be used over non-polynomial
solvers, the training part of SOP, such as done by the Structured Perceptron
(SP), requires solving a large number of instances with different weights. In the
steel mill company example, the corresponding MOCOP is NP-hard, and finding
an optimal solution requires a large amount of computational power, and hence
training time for SOP.

We hence propose a number of techniques that make it feasible to apply the
SP to hard MOCOP problems, where the goal is to learn the weights of the sub-
objectives. A core idea is that we replace the need for an exact solution of the
MOCOP during the learning process with less demanding alternatives in terms
of solution time and power. Our main observation is that during the learning
process, an optimal solution of a MOCOP can be replaced by any solution that
shows that the current choice of weights does not yet favor the desired solution
according to the training data. Based on this observation we introduce computa-
tional enhancements such as timeouts, a reformulation of the problem based on
the better-score condition, and scanning a cache of historical solutions. Finally,
we conduct computational experiments to observe the benefit of the proposed
methods on multi-objective versions of two NP-hard combinatorial optimiza-
tion problems: the Knapsack Problem (KP) and the Price Collecting Traveling
Salesman Problem (PCTSP).

The contributions of our work are:

— We propose a novel valid update approach for the training of the SP. This
approach exploits any solution that, for the current choice of weights, has a
better score than the preferred solution, to avoid having to solve a MOCOP
optimally for each instance at each training epoch.
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— We also present computational improvements to speed up the training of the
SP. We use a heuristic approach, adding the score criterion as a constraint
and solving a SAT, and solution caching instead of solving an NP-hard opti-
mization problem optimally.

— We test our approach on synthetic data for two different combinatorial prob-
lems, namely, the knapsack (KP) and prize-collecting traveling salesman prob-
lems (PCTSP), of different sizes. The results show that our approach is an
improvement over the standard SP not only in terms of computation time
but also in terms of the quality of learning.

2 Background: Structured Output Prediction

The general goal of SOP is to predict the most relevant structured output given a
description of an input problem. Formally, let D = {(x, y)} be a dataset, where
@ is an input structure (e.g. properties and structural constraints) and y is its
corresponding structured output. X is the set of all possible input structures and
Y is the structured output space consisting of all possible outputs that fulfill the
required structure. The objective of SOP is to learn a hypothesis function h € H
such that for any instance x, it produces an output y’ = h(x) such that y’ € Y
and the distance dist(y,y’) between the desired and the predicted outputs is
as small as possible. The definition of dist(y,y’) is problem specific, e.g. the
number of non-overlapping elements in a set prediction problem.

Multiple algorithms for SOP exist, including the structured perceptron [4],
stochastic sub-gradient [12], and cutting-plane algorithms [8]. We will build on
the seminal SP algorithm of Collins (see [4]). The SP is limited to learning a
linear function over its input. However, this setting exactly matches our case of
learning the weights of a linear objective function (see Sect. 3).

The key issue in structured output prediction is that & and y are structured.
To be able to learn a linear function with weights w, the SP assumes that we
can define a problem-specific representation function @ that maps every valid
input/output pair to a feature vector: @ : X xY R/l Given an input structure
x and a (learned) weight vector w, decoding an output structure (called the
inference task) then becomes: h(x) = arg maxw ' ®(x, y’).

y'ey

Structured Perceptron Algorithm. Algorithm 1 presents its pseudocode. It
starts with an arbitrary initialization of the weights on line 1, e.g. using unit
weights. As long as a global time limit 7" has not been reached, it goes over each
(z,y) instance in the data, and calls the inference algorithm to find the output
structure that maximizes w' ®(x,y’) given the current weight vector w. The
condition on line 5 then checks whether the score of 3y’ : w'®(x,y’) is higher
than the score of the desired solution y. If so y ¢ h(x); hence there is an error
and we should update the weights to make y more favorable. This is done in
line 6, where the coefficients for features where y has a higher value are increased
and others are decreased (scaled by some learning rate 7).
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Algorithm 1 Structured Perceptron

Require: Training dataset D = {(z, y)}, maximum time limit 7', learning rate n
1: w1
2: while time limit 7" has not been reached do
3: for each instance (z,y) in D do

4 Find y’ € Y that maximizes w ' ®(x,y’)
5 if w' d(x,y’) > w' H(x,y) then

6: w e w+ (B, ) - Bz, ')

7: return w

3 SP for Multi-Objective Combinatorial Optimization

The goal of SP for MOCOP is to learn a weight vector w that minimizes the
distance between the weighted linearization of the predicted and true solutions
based on a given data set of features (that fully characterize the optimization
problem) and solution pairs. The learned weights can be used in decision-making
for unseen features in the future.

Formally, let z1(y), ..., zp(y) be the p objective functions of a MOCOP and
let C(y) represent the set of constraints it must satisfy. A formulation with a
weighted linearization of the sub-objectives can be written as:

maxy,  wizi(y) + ...+ wpzp(y) (1)
st. C(y)
where the weights w1, ..., w), represent the importance of sub-objectives 1, ..., p,

respectively. The formulation (1) is commonly used in industrial applications
where the different sub-objectives are typically penalties or bonuses, such as
cost, energy use, profitability, overtime penalties, smoothness penalties, etc.

3.1 Input Structure and Representation Function &

We now show how the SP algorithm can be used, in case of a set of problem
instances and solutions for which the constraint set C may change, but for which
the number of sub-objective functions (z1,...,2p) stays the same as well as the
nature of what they compute. For example, the first sub-objective might compute
the total cost of the solution, the second the total energy consumption, the
third the time-to-build, the fourth how much the total overdue time is, etc.
More formally we assume a dataset {(x,y)'} where &' = (C', (z},...,z))) fully
characterizes the optimization problem, and y® is a solution that satisfies C*.

Given a MOCOP’s input structure = (C, (21, ..., 2p)) we can now see that
the representation function @ is simply the vector of the sub-objective values,
ie., &(x,y) = (z1(y),...,2p(y)) and the inference task in Algorithm 1 line 4
becomes : h(x) = argmax,/ccwi21(y’) + ... + wpz,(y’), that is exactly our
weighted single-objective formulation.
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Ezxample 1. For example, assume a bi-objective KP where y is a vector of binary
decision variables, and we have two value vectors v; and ve and a size vec-
tor s with a total size limit of [. The mathematical problem formulation is
max, w1 (v] y’') + wa(vy y’) s.t. sy’ <1 which corresponds to input structure
x = ((s,1), (v1,v2)) and the representation function ®(x,y) = (v{ y, v, y). Note
how for different instances {(x,y)?} the items might be different, as well as their
sizes and values, but the goal is always to balance the first sub-objective (e.g.
cost) with the second (e.g. durability).

3.2 Scaling up the SP Algorithm

The main issue with using SOP methods like the SP in this setting is that on
line 4 of Algorithm 1, we will have to solve the single-objective CO repeatedly
for each instance at each epoch. Solving it for one instance may take minutes to
hours, which would make training prohibitively slow.

The key observation that we exploit in this paper is that we do not need to
compute (and prove) the optimal solution for the learning to work. In fact, any
feasible solution y’ for which w ' ®(x,y’) > w'®(x,y) (the update condition
on line 5) can be used to do a wvalid parameter update step in line 6.

Based on this observation we take inspiration from computational improve-
ments in related areas such as bilevel optimization [2] and decision-focused learn-
ing [9,11]. More specifically we explore three orthogonal techniques for quickly
finding a feasible solution ¢’ € C that satisfies the update condition:

Heuristic Solving. The first approach is to replace the exact solver by a heuristic
solver. This could be a greedy algorithm, a local search algorithm, or even the
exact solver with a limited timeout. While this is not guaranteed to find a solu-
tion that satisfies the valid update condition, if it does find such a solution then
it can be used. If not, this instance will be skipped in the hopes of encountering
other instances for which the heuristic method does find a usable solution.

Satisfying the Update Condition. An orthogonal approach is based on the real-
ization that an exact solver will spend a lot of time proving optimality. A way
to avoid this effort is to stop the solver as soon as it finds a solution that sat-
isfies the update condition. Alternatively, we can remove the objective function
from the formulation and instead add the valid update condition directly as a
constraint. This turns the problem into a satisfaction problem, which we expect
will often be easier to solve than the optimization variant.

Caching Feasible Solutions. A third approach is to cache all feasible solutions
found in previous solve calls. That is, for any C?, a feasible solution found for one
weight vector w will still be a feasible solution for another weight vector w (this
might not be true for different instances with different C* hence a separate cache
for every C* should be maintained). Given such a cache, before calling the solver
(on line 4), we can first do a simple linear scan over the solutions in the cache
to see if a feasible solution satisfies the valid update condition. If so, no solver
needs to be called and an update step can immediately be applied. Otherwise,
no solution in the cache can be used and a solver should be called.
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4 Experiments

Three metrics are used to evaluate the performance of our proposed techniques:
(1) the cosine distance between the real weights and the predicted weights during
the learning process (lower is better), (2) the solution accuracy (Score) which
measures the similarity of the decisions made with the predicted weight vector
compared to the real one (higher is better) and (3) the cost difference (CA)
when comparing the predicted solutions to the real ones while using the true
coefficients (lower is better). The source code, along with the datasets used
for experimentation, is available in our public repository https://github.com/
Bastian VT /EfficientSP.
The research questions we answer in the computational experiments are:

— RQ1: How does using a heuristic versus an exact solver impact the speed
and quality of learning good weight vectors?

— RQ2: Is there an additional benefit to just computing any solution that leads
to a valid update rule during training?

— RQ3: To what extent does the use of a solution cache avoid the need to call
the solver, and what is the influence on learning speed and quality?

— RQ4: How similar and what is the quality of the solutions obtained from
solving with the true weight vector and the predicted weight vectors?

Problem Formulations. We will use multi-objective versions of two COPs,
namely the Knapsack Problem (KP) and the Price Collecting Traveling Salesman
Problem (PCTSP), used in the computational experiments.

Multi-objective Knapsack Problem. This problem is the one introduced in exam-
ple 1, but generalized to p sub-objectives.

Multi-objective Prize Collecting Traveling Salesman Problem. Let G = (V, E) be
a complete undirected graph, where V is the set of cities and E is the set of edges
connecting the cities. Each edge (4, j) € E has p different values v/, ..., vi that
can be interpreted as different features of that edge such as travel distance, fuel
consumption, the total ascent amount, etc., for which smaller values are pre-
ferred. Each city ¢ € V has a penalty 4* for not being visited and a reward
7t for being visited. Then, the objective of the single-objective formulation
(1) for the multi-objective PCTSP is min, 3, 1 cp (ww;'i + o4 wpuld ) yij +
Wpi1 Y ey 741 — o0;) where Yi; is the binary variable indicating whether edge
(,7) is in the tour (y;; = 1) or not and o, is the binary variable indicating
whether city is visited (o; = 1) or not. The constraints of the model ensure there
is a valid single circuit, link the o; and y;; variables, and constrain the given
minimum reward.

RQ1: Exact Versus Heuristic Solving. Figurel shows the cosine distance
between the true and predicted weight vectors, using an exact or heuristic solver.
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Fig. 1. Cosine distance over time for the heuristic versus an exact solver

Figure 1a shows the results for knapsack (KP) with 1000 items, and Fig. 1b and
1c for the PCTSP with 100/200 stops.

First, for the KP, using an exact solver (shown in purple in Fig.la) does
not allow for improving the predicted weight vector after the first ten iterations.
It spends the rest of the training time unsuccessfully trying to find an optimal
solution for one training instance. When using a timeout, leading to heuristic
solutions, the algorithm continues to decrease its cosine distance because it can
identify valid updates even for instances that are difficult to solve to optimality.

For the PCTSP with 100 stops, the exact solver has a similar issue (shown
in purple in Fig. 1b), after a number of successful update steps it encounters a
hard-to-solve instance and spends the remaining time on it. On the other hand,
the use of timeouts allows the learning to continue. Finally, for the PCTSP with
200 stops, the exact solver behaves analogous to before. But unlike the previous
cases, adding a timeout does not lead to better results; in most cases the timeout
is too low to find a solution, meaning learning can’t progress much either.

RQ2: Valid-Update Solution. Figure 2 presents the cosine distance between
the true and predicted weight vectors when using our valid-update condition
as a constraint (‘any’); we discuss the dotted ‘cache’ lines later. Based on our
previous experiment, we used a timeout of 10s for KP and 120s for PCTSP
instances. The inverted triangle markers indicate the completion of an epoch
(each instance is solved once in an epoch).

We first look at the solid lines (blue and green, ‘heur’ vs. ‘any’). For every
dataset tested, our valid-update approach (‘any’) provides a benefit over heuristic
solving as the cosine distance decreases faster. Solving the satisfaction problem
allows for a larger number of valid updates compared to solving with a timeout.
In Fig. 2¢, we observe for PCTSP-200 spikes in the graph corresponding to an
increase in the cosine distance for the ‘any’ method. We hypothesize that some-
times the solution found when searching for ‘any’ valid update, might be very
different leading to a direction that is not well aligned with the true cost vector;
however, we see that despite these spikes the learning does converge to lower
cosine distances.
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Fig. 2. Cosine distance over time for the techniques presented (Color figure online)

RQ3: Caching Feasible Solutions. We now focus on the yellow and red lines
in Fig. 2 to observe the effect of solution caching. In the first epoch, the perfor-
mance is identical to not using a cache, as all caches are still empty. We observe
that from the second epoch the learning proceeds quicker (more epochs per time
unit) and better (faster decreasing cosine distances) when using a cache. Using a
cache on top of the ‘any’ method (yellow lines) leads to the best results overall.

RQ4: Solution Quality of the Predicted Weights. Finally, we examine the
effect of the proposed methods on the solutions found.

Learning method KP - 1000 PCTSP - 100 | PCTSP - 200
Score |CA |Score |CA |Score |CA
Exact 96.8% |1le-3|33.4% |0.64 |32.9% |2.08

Cache + heur, t = 120 96.4% |1le-3|92.6% |3e-4 |33.8% |1.18
Cache + any, t = 120 | 98.3% | 1e-3 |93.9% | 1le—4 | 75.7% 3e—3

The above table compares the similarity between the solution obtained with
the ground truth weights versus the one obtained with the predicted weights
(Score: higher is more similar) and the cost difference of the predicted and real
solutions with respect to the true coefficients (CA: lower is better). We show
the results for ‘exact’ and caching with heuristic/any valid solution. We see that
better cosine distances (previous experiments) also lead to better solutions. We
also can see that the ‘cache + any’ technique leads to the lowest cost difference
for the PCTSP, with the most significant improvement for the largest dataset.

The introduction of the techniques presented in this paper achieves the high-
est score when they are used together.

5 Conclusion

This paper investigates the use of structured output prediction to learn the
weights of hard multi-objective combinatorial optimization problems. The key
observation is that we don’t need to solve to optimality to get a valid update



Efficient SP for NP-Hard CO Problems 261

for learning. We propose and evaluate three techniques to speed up the solving:
the use of heuristic solving (time limits), the incorporation of a ‘valid update’
condition as a constraint, and a cache that allows to sometimes skip calling the
solver altogether. Our experiments on multi-objective KP and PCTSP problems
showed that these techniques speed up the learning compared to using an exact
solver, with the combination of caching and solving to find any valid update lead-
ing to the best and most scalable results. This opens the door to using structured
output prediction on more realistic and hard-to-solve industrial problems.

Future work includes applying these techniques to other SOP methods; deep-
ening algorithm connections to inverse optimisation and bi-level optimization;
more datasets and standardized measures for evaluating different methods; and
the use and evaluation in real-life applications.
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Abstract. In this paper we investigate formal verification problems for
Neural Network computations. Of central importance will be various
robustness and minimization problems such as: Given symbolic specifi-
cations of allowed inputs and outputs in form of Linear Programming
instances, one question is whether there do exist valid inputs such that
the network computes a valid output? And does this property hold for
all valid inputs? Do two given networks compute the same function? Is
there a smaller network computing the same function?

The complexity of these questions have been investigated recently
from a practical point of view and approximated by heuristic algorithms.
We complement these achievements by giving a theoretical framework
that enables us to interchange security and efficiency questions in neural
networks and analyze their computational complexities. We show that
the problems are conquerable in a semi-linear setting, meaning that for
piecewise linear activation functions and when the sum- or maximum
metric is used, most of them are in P or in NP at most.

1 Introduction

Neural networks are widely used in all kinds of data processing, especially on
seemingly unfeasible tasks such as image [15] and language recognition [10], as
well as applications in medicine [16], and prediction of stock markets [6], just
to mention a few. Khan et al. [14] provide a survey of such applications, a
mathematically oriented textbook concerning structural issues related to Deep
Neural Networks is provided by [3].

Neural networks are nowadays also made use of in safety-critical systems like
autonomous driving [8] or power grid management. In such a setting, when
security issues become important, aspects of certification come into play [7,
11,17]. If we for example want provable guarantees for certain scenarios to be
unreachable, we first need to formulate them as constraints and precisely state
for which property of a network we want verification.

In the present paper we are interested in studying certain verification prob-
lems for NNs in form of particular robustness and minimization problems such
as: How will a network react to a small perturbation of the input [9]7 And how
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likely is a network to change the classification of an input that is altered a little?
These probabilities are crucial when for example a self-driving car is supposed to
recognize a speed limit, and they have already been tackled in practical settings
by simulations and heuristic algorithms. These approaches however will never
guarantee safety, because the conditions under which seemingly correct working
nets suddenly tend to decide irrationally often seem arbitrary and unpredictable
[2,4,20].

Key results will be that a lot of these questions behave very similar under
reasonable assumptions. Note that the network in principle is allowed to compute
with real numbers, so the valid inputs we are looking for belong to some space R"™,
but the network itself is specified by its discrete structure and rational weights
defining the linear combinations computed by its single neurons.

A huge variety of networks arises when changing the underlying activation
functions. There are of course many activations frequently used in NN frame-
works, and in addition we could extend verification questions to nets using all
kinds of activation. One issue to be discussed is the computational model in which
one argues. If, for example, the typical sigmoid activation f(z) = 1/(1 + e~ %)
is used, it has to be specified in which sense it is computed by the net: For
example exactly or approximately, and at which costs these operations are being
performed. In this paper we will cover the most common activation functions,
especially ReLU.

The paper is organized as follows: In Sect.2 we collect basic notions, recall
the definition of feedforward neural nets as used in this paper as well as for the
metrics that we use. Section 3 studies various robustness properties and their
comparison to each other when using different network structures and metrics.
In Sect. 4, we give criteria on whether a network is as small as possible, or if it
can be replaced by a smaller network that is easier to evaluate.

The paper ends with some open questions.

2 Preliminaries and Network Decision Problems

We start by defining the problems we are interested in; here, we follow the
definitions and notions of [21] and [19] for everything related to neural networks.
The networks considered are exclusively feedforward. In their most general form,
they can process real numbers and contain rational weights. This will later on
be restricted when necessary.

Definition 1. A (feedforward) neural network N is a layered graph that repre-
sents a function of type R™ — R™ for some n,m € N. The first layer with label
£ = 0 is called the input layer and consists of n nodes called input nodes. The
input value x; of the i-th node is also taken as its output yo; := ;. A layer 1 <
¢ < L —2 s called hidden and consists of k(¢) nodes called computation nodes.

The i-th node of layer £ computes the output yp; = o¢; (>, c%_l)y(g_l)j + bei))-
J

Here, the oy¢; are (typically nonlinear) activation functions (to be specified later
(e=1)

on) and the sum runs over all output neurons of the previous layer. The Cji
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are real constants which are called weights, and by; is a real constant called bias.
The outputs of all nodes of layer £ combined gives the output (Y10, .-, Yik—1)) of
the hidden layer. The final layer L — 1 is called output layer and consists of
m nodes called output nodes. The i-th node compules an output yr,_1y; in the
same way as a node in a hidden layer. The output (y(L71)o, ...,y(L,l)(m,l)) of
the output layer is considered the output N(x) of the network N.

Note that above we allow several different activation functions in a single
network. This basically is because for some results technically the identity is
necessary as a second activation function beside the 'main’ activation function
used. All of our results hold for this scenario already.

Since we want to study its complexity in the Turing model, we restrict all
weights and biases in a NN to be rational numbers. The problem NNREACH
involves two Linear Programming LP instances in a decision version, there-
fore recall that such an instance consists of a system of (componentwise) linear
inequalities A - < b for rational matrix A and vector b of suitable dimen-
sions. The decision problem asks for the existence of a real solution vector x. As
usual, we refer to this problem as Linear Program Feasibility LPF. By abuse of
notation, we denote by A also the set described by the pair (A, b).

As usual for neural networks, we consider different choices for the acti-
vation functions used, but concentrate the most frequently used one, namely
ReLU(z) = max{0,z}. We name nodes after their internal activation function,
so we call nodes with activation function o(z) = z identity nodes and nodes
with activation function o(x) = ReLU(x) ReLU-nodes for example.

We next recall from [21] the definition of the decision problems NNREACH,
VIP and NE. These problems have been investigated in [11] and [1], specifically
NNREACH in [19,21] and [13].

Definition 2. a) Let F be a set of activation functions from R to R. An instance
of the reachability problem for neural networks NNREACH(F') consists of a
(feedforward) neural network N with all its activation functions belonging to F,
rational data as weights and biases, and two instances A and B of LP in decision
version with rational data, one with the input variables of N as variables, and
the other with the output variables of N as variables. These instances are also
called input and output specifications, respectively. The problem is to decide if
there exists an x € R™ that satisfies the input specifications such that the output
N (z) satisfies the output specifications.

b) The problem verification of interval property VIP(F) consists of the same
instances. The question is whether for all x € R™ satisfying the input specifica-
tions, N(x) will satisfy the output specifications.

¢) The problem network equivalence NE(F') is the question whether two F -
networks N1 and Ny compute the same function or not.

d) The size of a network is T - L; here, T denotes the number of neurons in
the net N and L is the mazimal bit-size of any of the weights and biases. The
size of an instance of NNREACH, VIP or NE is sum of the network size and
the usual bit-sizes of the LP-instances.
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We omit F' in the notation if it is obvious from the context and write
VIP(N, A, B) if VIP(F) holds for the instance (N, A, B). The notations for
the other problems are similar.

We additionally define certain robustness properties that were examined for
example in [18] and use them to assess the computed function in a more metric
way similar to [5].

Definition 3. Let N be a NN, N; the projection of N on the i-th output dimen-
sion, 1 < j <'m an output dimension, T € R", ¢,0 € Q>¢oU{oo} and d a metric
on R™ as well as R™.

a) The classification of a network input x is the output dimension 1 < i <m
with the biggest value N;(x), which is interpreted as the attribute that the input
is most likely to have. We say that N has e-classification robustness in T with
respect to d iff the classification of every input x that is e-close to T is the same
as for T, meaning

CRy4(N,e,Z,j) == Vo : d(z,Z) < e = arg max N;(z) = j

and arbitrary e-classification robustness iff
aCR4(N,e,Z) & 35 € {1,...,m} : CR4(N,e,Z, )

b) We say that N has e-0-standard robustuness in & with respect to dy iff N
interpreted as a function is e-§-continuous in T, meaning

SRa(N,¢€,0,%) :& Vo 1 d(z,Z) <e = d(N(Z),N(z)) < ¢
¢) We say that N has e-L-Lipschitz robustness in & with respect to d iff
LR4(N,e,L,Z) & Vo : d(z,z) <e = d(N(Z),N(z)) < L-d(z,z)

d) For a specific set F' of activation functions, by abuse of notation we denote
by CR4(F) the decision problem whether CR4(N, e, Z, j) holds where we allow as
input only networks N that use functions from F as activations, the notations
for the other problems are defined similarly.

We denote by d, the metric induced by the p-Norm, meaning d,(z,y) =

1

(; (s — ya)?)?

Note that d; and do share the property that all e-balls B, 4(x) are semi-
linear sets and that they can also be described as instances of LPF.

The property aCR seems redundant and unnatural at first, it is however not
equivalent to CR at an extent that one could hastily assume. Note that it is in
general already very hard to calculate the solution of just one network compu-
tation N(z) for given N and x for certain activation functions, the result does
not even have to be rational or algebraic any more. It might even be impossible
to determine the biggest output dimension, i.e., to tell whether N(z); > N(z);,
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for in the Turing model, one is not capable of precisely computing certain sig-
moidal functions, which is why seemingly obvious reductions from CR to aCR
fail. Assume for example that an activation similar to the exponential function
is included, in this case the problem might become hard for Tarskis exponential
problem, which is not even known to be decidable. Checking the properties aCR
and CR is therefore not necessarily of the same computational complexity. We
also need aCR in reduction proofs later on.

3 Complexity Results for Robustness

In network decision problems, d; and ds, behave fundamentally different than
the other p-metrics, for they are the only ones that lead to linear constraints.
General polynomial systems tend have a higher computational complexity than
linear ones, compare for example IR (NP-hard) with LP (in P) or Hilberts tenth
problem (undecidable) with integer linear systems (NP-complete). The following
proposition partially covers the linear part of our network decision problems.

Proposition 1. Let F' be a set of piecewise linear activation functions.

a) The problems VIP(F') and NE(F') are in co-NP
b) Let d € {d1,dw}. Then SR4(F), CRq(F) and LR4(F) are in co-NP.

This is specifically the case for F = {ReLU}.

Proof. Finding a witness for violation of the conditions works essentially the
same for all the above problems, we will perform it for VIP.

The idea of the proof is that an instance is not satisfiable iff there exists an
z € R™ fulfilling the input specifications so that N(z) does not fulfill the output
specifications, meaning at least one of the equations does not hold. We then guess
this equation along with some data that narrows down how the computation on
such an = could behave.

For a no-instance, let x be an input violating the specifications. The certificate
for the instance not to be solvable is not x itself, because we would need to
guarantee that it has a short representation. Instead, the certificate provides
the information for every computation node, in which of the linear intervals
its input is (for ReLU-nodes for example whether it returns zero or a positive
value) when the network computes N (z) together with the index of the violated
output specification. This leaves us with a system like Linear Programming of
linear inequalities that arise in the following way:

n

All of the input specifications Y a;z; < b and the violated output specifica-

i=1

m
tion > a;N(z); > b are already linear. For each o-node computing
i=1

[7
Yoi = U(Z C§-i l)y(eﬂ)j + bei))
J
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that is by the certificate on an interval [, 5] where o(x) coincides with a - x + b,
we add the linear conditions

a < ch'i_l)y(é—l)j +bu <
J

and ,
-1
Yo = a- chz )y(Z—l)j +be +0
J

The only difference to linear programming is that some of the equations are
strict and some are not. This decision problem is also well known to still be in
P by [12], Lemma 14.

The proof works in the same way for the other problems, as the falsehood
of their instances can also formulated as a linear programming instance. For
network equivalence for example, one would guess the output dimension that is
unequal at some point, encode the computation of both networks, and demand
that the outputs in the guessed dimensions are not the same, which is a linear
inequality. |

The proof fails for non-linear metrics such as ds, for the resulting equation
system is not linear any more.

Lemma 1. Let F be a set of activations containing ReLU. For any X € [1, ],
there are polynomial time reductions from d = do, or d = dy to d = dy for

CR4(F),aCRy(F) and SRy(F).

Proof. We will show how to reduce from d; for a network N by constructing a
network N’ that shows the same behavior in B, 1(Z) as the given network and
a sufficiently similar behavior on B, »(Z). The proof for d is analogous, as it
only relies on the e-ball to be a convex semi-linear set.

The idea for all three problems is to first retract a superset of the e-ball to
it so that N = N o T, where T(B. 1(Z)) = B 1(Z).

Let (N, e, , ) be an instance of CRy (F'). The equivalent instance (N’ ¢, Z, j)
of CR,(F) is constructed as follows:

We first insert n new layers before the initial input layer, the first of them
becomes the new input layer. These layers perform a transformation 7" that has
the following properties:

Vz € B.1(Z) : T(z) = z. This ensures that if the initial instance failed the
property CR;(F'), the new one fails CRo (F).

Vo € B, A(Z) : T(x) € B, 1(Z). This ensures that if the initial instance fulfilled
the property CR;(F'), the new one fulfills CRo (F).

Such a function is for example

T(x); =ReLU(x;) — ReLU (x; + z_: |T(z),| —¢)
7(R€LU(*$1) + RSLU(*itz + i |T($)J‘ — 8))

because B, 1(Z) C B, »(Z) and T'(x) € B, 1(Z)Vx € R™
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For CR the reduction is complete, for aCR it is essentially the same. For
SR, we perform as one further step a transformation P of N(z) into a one-

m

dimensional output, namely P(N(z)) = > |N(x);|. It is easily seen that N(z) €
i=1

Bi(e) & P(N(z)) € B1(e) = [0,¢]. |

The previous Theorem as well as the following Proposition rely on the semi-
linearity of the final sets, a crucial property when using the Ellipsoid Method or
the ReLU function. When . This is the reason why we are restricted to metrics
where balls are semi-linear sets. When moving on to d) for arbitrary A, we cross
the presumably large gap in computational complexity between NP and JR.

Proposition 2. Let A € {1,00}. Then VIP({id}), NNReach(id), NE(id),
SRa({id}), CRx({id}), aCRA({id}) and LR\ ({id}) are in P.

Proof. NN Reach(id) is a special case of Linear Programming Feasibility. For the
other problems, we argue that their complements are in P=co-P. Note that LPF
is still in P if we allow strict linear inequalities. The complements of VIP({id}),
NE(id), SRx({id}), CRA({id}), aCR({id}) and LR ({id}) are global disjunc-
tions of LP-instances of linear size, so all of these Problems are in P. |

The following Lemma proved in [21] allows us to strengthen a couple of results
on complexities in the semi-linear range of network verification.

Lemma 2. An identity node can be expressed by two ReL U nodes without chang-
ing the computed function.

The Lemma looks somewhat trivial, however for all our decision problems it
shows that adding id to the set F' of allowed activations already containing ReLU
does not change the computational complexity. Furthermore, when reducing one
such problem to another one, we can assume id to be among the activations and
freely use it in the reductions, as for example in the next Lemma.

Lemma 3. Let F' be a set of activation functions.

i) aCRy(F) is polynomial time reducible to CR4(F).

it) If d is induced by a p-norm and if ReLU € F, then CR4(F) is polynomial
time reducible to aCRq(F).

Proof. i) To see if aCR4(N,¢,Z) holds, check CR4(N,e,Z,j) for all possible j
and see if one of them holds.

ii) For the reverse direction, let (N, ¢, Z, j) be an instance of CR4(F'). We will
construct an instance (Np, e, %) of aCR so that

CRd(N,E, Cf,j) = aCRd(Nh,s,f)

The idea is to apply a function f on the output that collects any possible overlap
of all dimensions other than j. This function is then modified to a function h
with 3 output dimensions described by a network Nj, where one dimension is
the constant zero function, and it is guaranteed to be negative in both remaining
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dimensions at some point. Also, iff f was at some point positive, which happens
exactly if there was an overlap, so should at least one component of h be. Since h
is at some point negative in the second and third dimension, the only candidate
for the pointwise biggest output dimension is the first, and this is the case
iff there was an overlap in the output of the initial network. This means that
CR4(N,e,Z,j) & CRy(Np,e,Z,1) & aCRyq(Np, e, Z). It remains to show that
such functions f, h exist and that they can be described by a network Nj,.

Note that the following functions can be computed by neural networks that
are modifications of N:

f(z) = Z ReLU(N(z); — N(x);)

g9(x) = f(z) — ReLU(f(x) — 1)

Note that f(z) > 0 and f(z) = 0 iff j is the index for a maximal component.
Furthermore if f(x) > 1, then g(z) = 1 and if f(z) € [0,1] then g(z) = f(z).
Thus, g = 0 iff CR4(N, ¢, %, j). Now define h as

h(z) = (0, g(z) — %ReLU(xl —I1),9(x) — ?ReLU(fl —x1)).
where 6 € Q is chosen so that § < e, meaning = + deq,Z — de; € B, 4(T) where
€1 = (1, 0, ceey O)

Let Ny, be the network computing h. When asked if aCRy(Ny, e, T), the sec-
ond and third dimensions of & cannot be the pointwise biggest, the only possible
candidate is 0 (j=1) because ha(Z + dey), h3(T — der) < —1. Also, g is constantly
0 iff CRA(N,¢,Z,j) holds, on the other hand g = 0 holds iff aC Ry (N, €, Z), so
CR)\(N,E,f,j)@aORA(Nh,&.f‘). |

Theorem 1. Let F' be a set of activation functions. We have that

i) SRoo (F) is linear time reducible to VIP(F),

ii) CRoo (F) is linear time reducible to VIP(F),

i11) if id € F, then SR (F) is linear time reducible to CRyo(F),

i) if ReLU € F, then CRq(F) is linear time reducible to SRq(F) for any
metric d.

Proof. i) Let (N, ¢,0, %) be an instance of SRo (F'). To construct an equivalent
instance of VIP(F), we introduce two copies of the network N and view them
as one big network N’ with an input dimension twice the input dimension of N.
We demand by input specification that the input of the first copy of N is & and
the input of the second copy is in the e-ball of Z with respect to || - || oo, which is
equivalent to Vi € {1,...,n} : —e < T; —x; < ¢, a linear equation system that we
denote A. Similarly, we demand by output specification that N (z) is in the 0-ball
of N(Z), which is equivalent to Vi € {1,...,m} : =0 < N(Z); — N(x); < 4, we
denote this system B. This gives us the VIP(F)-instance (N', A, B) for which
we have VIP(N', A, B) & SR(N,¢,4,Z).
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ii) Let (N,e,Z,j) be an instance of CRo(F). We construct an equivalent
instance of VIP(F) as follows. The network remains N, the input specifications

m
areVi € {1,...,n} : T;—e < z; < T;+¢ and the output specification is A N(z); <
i=1
N(.’E)J
iii) Let (N, ¢,0,Z) be an instance of SRy, (F') with m the output dimension of

N. To construct an equivalent instance (N', ¢, Z,2m+1) of CR (F), we perform
the computation of two copies of the network N in parrallel, which constitutes

a new network N’ as follows (Fig. 1):

>

>
>
>
>
>
>
>

1

©

Fig. 1. Idea iii)

The first copy is shifted by one layer, so the layer that was the input layer is
now in the first hidden layer with no incoming connections and the bias of node
i is &;, so that first copy just computes the value N(Z). The input layer of N’ is
the input layer of the second copy, so the second copy of N computes N(z). We
add a layer of id-nodes at the end of it that does not change the output but let
it have the same number of layers as the first copy. We add one layer connecting
both copies after the old output layer, this one becomes the new output layer,
and it computes

(N(x)1 = N(Z)1y ey N(@) — N(Z)m, N(T)1 — N(2)1, ooy N(T)n — N(2) 1, 9).

The node corresponding to the last value N'(z)2,41 = ¢ has no incoming con-
nections and bias §. We have that Vi € {1,...m} : |[N(Z); — N(z);|] < ¢ iff
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Vi€ {1,...m}: N(Z); — N(z); <dAN(z); — N(Z); <6, so the two instances
are in fact equivalent.

iv) Let (N,e,Z,j) be an instance of CRy4(F). We construct an equivalent
instance (N',e,0,Z) of SRq(F') as follows: We add two additional layers after
the old output layer. The first one computes a; = ReLU (N (x); — N(x);) for all
i, these values are all 0 everywhere on By (%) iff CR4(N, €, Z, j) holds. The next

added layer computes 5 = ReLU (Y «;), this value is 0 everywhere on By (%)
i=1

iff CR4(N,¢,Z,7) holds. Now we have that CR4(N,¢,Z,j) < SRq(N',£,0,%) A
N'(z) = 0, so it remains to encode that last condition as a SRy (F)-instance.
The function

f(z) = En:ReLU(:Ei —Z;) + ReLU(Z; — x;)
i=1

is 0 in Z and strictly positive everywhere else and there exists an F-network Ny
computing f. The networks N’ and Ny can be combined to an F-network N”/
computing g(x) = ReLU(N' — Ny)(z). If SR4(N’,¢,0, %) holds, then

N'(z) = 0 & g(z) = Wz € B.(z) & SRa(N", ,0, ).

The conditions SR4(N’,¢,0,Z) and SR4(N",€,0,Z) can be formalized as a single
SR, instance by merging both nets N’ and N” into a single larger one, so the
reduction is in fact many-one. |

Proposition 3. Let F' be a set of activation functions. If id € F, then NE(F)
is linear time reducible to CR4(F) for any metric d.

Proof. Let (N, N’) be an instance of NE(F). We merge both networks N and
N’ into one network N’ by identifying/contracting their corresponding inputs
and subtracting their corresponding outputs both ways to obtain the output
layer

(N(z)1 — N'(2)1, ..., N(@), — N'(2)n, N'(x)1 — N(2)1, ey N' (%) 1, — N ()1, 0).

The last output node is always 0, this can be forced by introducing an id-node
that has bias 0 and no incoming connections. Now

NE(N,N') < CRy(N",0,0,2m + 1),
which concludes the proof. |

Note that for Lipschitz robustness and standard robustness also global vari-
ants make sense:

Definition 4. Let N be a NN, T € R"™ and €,6 € Q>9. We say that N has
(global) e-0-standard robustness wrt the metric d iff it has e-0-standard robust-
ness in every T € R™:

glob-SR,(N,¢&,0) ==V, Z : d(x — Z|) < e = d(N(Z) — N(x)) <.

We define glob-LR,; analogously, note that it coincides with L-Lipschitz con-
tinuity independent of €.
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This equivalence does not hold for local Lipschitz robustness: The function
x - xo(x) is e-1-Lipschitz robust in 0 for every e, but not Lipschitz-continuous in
any e-ball around 0.

Remark 1. Global arbitrary e-classification robustness glob-aCR,; for a network
N, meaning it has arbitrary e-classification robustness in every input z € R™,
hardly ever happens at all. We have that only very artificial functions map inputs
to different classes and still have global (arbitrary) classification robustness,
for between two areas of different classification, there must be a dividing strip
of diameter £ in which both classifications must be choosable. The function
f: R — R? where

0, for x < —1
z+1, for —1<x<—

f= (jﬁ;) where fi(z) =1 1, for —i<a<i |, folx)=1- fi(z)
x—1, for%§m<1
1, forl <z

for example is globally 1-classification robust. Such functions however are
unlikely for a network of “natural origin” for these areas of equal classification
do not occur in usual training methods.

Theorem 2. Let F be a set of activation functions containing ReLU. Then:
i) glob-SR (F) reduces to NE(F).
ii) glob-SR . (F), LR (F) and glob-LR__(F) are co-NP-hard.

Proof. i) We reduce an instance (N, ¢, §) of glob-SR__ (F) to an instance (N', N"')
of NE(F) by using the ReLU-function to check whether certain values are posi-
tive or not and by forcing the differences ||Z; — ;|| to be smaller than €, again
with the use of ReLU-nodes. We construct the network N’ as follows: The input
(z,y) = (21, s, Tny Y1, -, Yn) has twice the dimension of the input of N. On the
first half (z1,...,z,) we execute N to obtain N(z). For each of the y; in the
second half, we compute

1
f(yi) = - (ReLU(y;) — ReLU(y: — 1) = 5)
by ReLlU-nodes in the first hidden layer, a bias of —% in the second and a weight
of ¢ in the third. Note that im(f) = [—¢,¢], we interpret f(y;) as &; — ;.

We now execute N again, this time on (z1 + f(y1),...,Zn + f(yn)) to obtain
N(z 4+ Z — x) = N(Z). We compute both N(z) — N(Z) and N(Z) — N(z) by
ReLU-nodes with bias —J to obtain
N'(2,) = (ReLU(N (@)1 — N(x)y — 6), ReLU(N(x)1 — N(@)1 — 6), ..
ReLU(N(Z)m — N(2)m — 6), ReLU(N (), — N(Z)m — 0)).

SRS (N, e,6) holds iff N” is constantly 0. The second network N/ consists of 2n
input nodes, no hidden layer and 2m output nodes with all weights and biases
0. This network will compute 0 independently of the input, so

SRS (N,¢e,0) & NE(N',N").
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i1) We reduce an instance ¢ of 3-SAT with n clauses to an instance (N, 0o, n—
1) of the complement of glob-SR({ReLU}). The idea is to associate pairs of
literals and their negations with pairs of nodes with the property that at least
one of these nodes must have the value zero. We then interpret the zero-valued
node as false and the other one, that may have any value in [0, 1], as true and
replace A and V by gadgets that work with the function ¥ : R — [0, 1] defined
as x — ReLU(x) — ReLU (x —1). Note that it is easily constructable in a ReL.U-
network and ¥l ) = id|[,1]-

For the reduction, introduce for each variable a inp an input variable o7 and
use the first two hidden layers to compute ag := ¥(ay). Use the third hidden
layer to propagate ay as well as to compute =g := 1 — a. In the fourth hidden
layer compute o := 2- ReLU (arz — ) for every atom as well as for the negations.
Note that & = 0 or ~av = 0 and the other one can be anything in [0, 1]. In the fifth
and sixth hidden layer compute for every clause (a, b, ¢) the value ¥ (a+8+7). In
the seventh layer, add all nodes from the sixth layer, this is the overall output of
the network. If the instance of 3-SAT is solvable, then N (x) = n is reachable via
setting the true atoms to 1 and the false ones to 0. The value N(y) = 0 is always
reachable, just assign every variable the value % This means that if the 3-SAT
instance is solvable, then  and y are witnesses that glob-SR_ (N, co,n — %) is
false. On the other hand, if the 3-SAT instance is not solvable, then for every
input ¥(a+ B+ ) = 0 for at least one of the clauses, so N(z) < n — 1. Now
we always have that N(y) > 0 because ¥ > 0, so |[N(z) — N(y)| < n —1 and
glob-SR (N, 00,n — 1) is true.

We reduce 3-SAT to LR (F') and glob-LR (') in the same way, the instance
for LRoo(F) is (N, 3,2n—1,(3, ..., 3)) with the same network N as constructed
above for glob-SR ({ReLU}). We chose n—1 < +-& < n so that LRoo (NN, £, 2n—
1, (%, - %)) is equivalent to glob-SR__(N,oc0,n — %) This is true because the
minimum of N (z) is 0 attained in (1, ..., 3) and the maximum is either n if the
3-SAT instance is satisfiable or at most n — 1 if it is not, taken on the boundary
of the unit hypercube. The growth between the minimum and the maximum is
linear because the intersection points where ReLU is not differentiable are in
(%, e %) and on the boundary of the unit hypercube, but never in between.

The instance (N, §,2n — 1) constructed by the reduction to glob-LR, (F) is
the same, because no other pair of points x,  will lead to a steeper descent if the
network was derived from a SAT-instance that is not satisfiable. This is because
the steepest descent must necessarily point to the minimum if the function is

linear along the connecting line and no other local minimum exists. |

Corollary 1. glob-SR. ({ReLU}), NE({ReLU}), CRo({ReLU}),
SR ({ReLU}), LRoo ({ReLU}) and VIP({ReLU}) are co-NP-complete.

Proof. VIP({ReLU}) is in co-NP by Theorem 1 and glob-SR_ ({ReLU}) is co-
NP hard by Theorem 2, ii). The chain of reductions in between is provided by
Theorem 2 i), Theorem 3, and Theorem 1 iv), ). [ ]
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4 Network Minimization

In this section, we want to analyze different criteria on whether a network is
unnecessarily huge. The evaluation of a function given as a network becomes
easier and faster for small networks, it is therefore desirable to look for a tradeoff
between accuracy and runtime performance. In the worst case, a long computa-
tion in an enormously big network that was assumed to be more accurate due
to its size, could lead to rounding errors in both the training and the evaluation,
making the overall accuracy worse than in a small network.

Definition 5. Let F' be a set of activations, N an F-network and K the set of
nodes of N.

a) N is called minimal, if no other F-network with less many nodes than N
computes the same function. The decision problem MIN(F) asks whether a given
F-network N is minimal, in that case we write MIN(N).

b) Let Y C K be a subset of the nodes, Gy the underlying graph of G and

v its subgraph induced by K\Y . The network N’ whose underlying is G and
where all activations, biases and weights are the same as in the corresponding
places in N, is said to be obtained from N by deleting the nodes in Y. By abuse
of notation we denote it by N\K := N'.

¢) A subset Y C K of hidden nodes of a network N is called unnecessary,
if the network N\Y produced by deleting these nodes still computes the same
function and otherwise necessary. The problem to decide whether sets of nodes
are necessary is NECE(F), we write NECE(N,Y) if Y is necessary.

d) If NECE(N,Y) for all non-empty subsets Y C K of nodes, we write
ANECE(N), this also defines a decision problem in the obvious way.

It obviously holds that MIN(N) = ANECE(N), the reverse direction how-
ever does not hold in general:

Example 1. A network can contain only necessary nodes and still not be minimal.
Consider for example the {id, ReLU }-network N that consists of an input node
x, two hidden nodes y;,; = ReLU(x) and y; 2 = ReLU(—x) and one output node
with weights 1 and -1 and bias 0, so it computes y2 = id(y1,1 — y1,2) = =. The
network represents the identity map and is not minimal, because the smallest
{id, ReLU }-network M computing the identity consists of an input node, no
hidden nodes and one output node with activation id, weight 1 and bias 0.
However every non-empty subset of hidden nodes in N is necessary; if we delete
y1,1, the remaining network computes the negative part = = min{0, z} of the
input, if we delete y; 2 it computes the positive part and if we delete both it
computes the zero-function for the last node has no more incoming nodes at all
and thus returns the empty sum. We call this network Q.!

Also consider the net K computing the zero-function in the following way:
In the first hidden layer, compute y1,1 = y1,2 = ReLU(z), the output-node is

! This also illustrates that the smallest network M that is equivalent to N is in general
not isomorphic to a substructure of N.
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connected to both with weights 1 and -1, respectively, and bias 0, so it computes
0= ReLU(x) — ReLU(z). In K, both hidden nodes on their own are necessary,
the subset containing both however is not, because when deleting those two, we
remain with the network ) that also computes the zero-function.

Theorem 3. Let id € F, then the complement of NECE(F) and NE(F) are
linear-time equivalent.

Proof. The first reduction is trivial,
NECE(N7 {yla ey yk}) ~ _‘NE(N7 N\{yla ooy Z/k})

For the other direction, let M, N be two F-networks. We construct an
instance of NECE(F') that is equivalent to - NE(N, M) as follows:

First, we merge N and M into a network P that computes N(z) and M(x),
then computes y = N(x)— M (z) in the last hidden layer and then propagates the
value P(x) = id(y) to the output layer. Now if y is deleted, P\{y} = 0, because
then the output node would have no incoming edges at all, so it would compute
the identity over the empty sum, which is 0. It follows that y is unnecessary iff
P =0, which in turn is the case iff N = M meaning NE(N, M), so we have that
~NE(N, M) < NECE(P, {y}). |

Theorem 4. Let F only contain semi-linear functions. Then

i) MIN(F) is in 117 .
ii) ANECE(F) is in IIF.

Proof. i) We argue that co-MIN is in X{". The algorithm non-deterministically
guesses a smaller representation M of the function/network N and then
proves that NE(N, M), which is co-NP-complete, see [21].

ii) In the same way, observe that co-ANECE(F) can be solved by non-
deterministically guessing an unnecessary subset ¥ and then showing that
the network remaining after deleting Y is equivalent to the original net. W

Theorem 5. If id is among the activations, NE reduces to ANECE in polyno-
maal time.

Proof. Let (N, M) be an instance of NE. First, merge both N and M into one
network by subtracting their corresponding output nodes. Then delete all nodes
that are constantly zero. These are detected layer-wise starting with the nodes
right after the input layer. For each node n, delete all nodes that do not affect
it in the sense that they are in subsequent layers, in the same layer, or in a
previous layer but with no connection or connection with weights 0 towards n.
Then allocate one additional id-node in the following layer and connect it to n
with weight 1 and no bias. ]
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5 Conclusion

We examined the computational complexity of various verification problems such

as robustness and minimality for neural networks in dependence of the activation

function used. We explained the connection between the distance function in

use and the complexity of the resulting problem. We provided a framework for

minimizing networks and examined the complexities of those questions as well.
Further open questions are:

1.) Is LR (ReLU) complete for co-NP? Are LR (F) and LR (F) in general
reducible on each other?

2.) Do sets described by functions computed by networks using only ReLU (or
only semi-linear activations) have more structure than just any semi-linear
set? Can this structure be exploited to calculate or approximate the measure
of such a set quicker than with the known algorithms?

3.) Are ANECE and MIN(F) ITf-complete if F only contains semi-linear func-
tions?

4.) Several results rely on the identity activation. Can this be omitted? Or is
there a problem that becomes substantially easier when the identity map is
dropped?
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Abstract. Deep generative models excel at replicating the mechanisms that gen-
erate a specific set of sequential data. However, learning the underlying con-
straints preventing the generation of forbidden sequences poses a challenge.
Recently, RL-Tuner, a reinforcement learning framework designed for the ad hoc
fine-tuning of a neural model to adhere to given constraints, was enhanced to
learn from the output of two constraint programming models. The first model
computes a score representing the number of constraint violations from the cur-
rently generated token while the second model provides the marginal probability
of that token being generated if no additional violation is allowed. In this paper,
we significantly enhance the latter framework in three ways. First, we propose a
simplified architecture that requires only a single constraint programming model.
Second, we evaluate constraint violations in a more accurate and consistent man-
ner. Third, we propose a reward signal based on belief propagation on this new
model that further improves performance. Our experiments, conducted on the
same learning task of music generation, demonstrate that our approach surpasses
the previous framework both in terms of convergence speed during training and
in post-training accuracy. Additionally, our approach exhibits superior general-
ization to longer sequences than those used during training.

1 Introduction

Sequential data exists everywhere we look, from text corpus to musical compositions
and even stock market time series. They are important as much as they are abundant, as
showcased by impressive advances in natural language processing through the devel-
opment of Large Language Models (LLM). Their impact will only continue to grow
as new advances are made in the field of machine learning. As powerful as generative
models can be, it is increasingly desirable to control what is generated amid concerns
about factual accuracy and potential bias [15], but also when the output is only valid if
it exhibits a given (combinatorial) structure. Learning such structure from data can be
difficult, may require a prohibitive amount of training data, or suffer from slow conver-
gence. Consider the following approach: given a generative neural network pre-trained
for a certain task, experts create a CP model to enforce domain-specific rules. For music
it could be classic rules of counterpoint whereas for robotics it could be safety rules
when operating around humans or to avoid breaking the robot. This CP model can then
be used to fine-tune the neural network using reinforcement learning.
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RL-Tuner [13], a reinforcement learning framework to fine-tune a neural model
in an ad hoc fashion in order to satisfy given structural constraints, was recently
enhanced [14] by replacing such ad hoc constraint penalties with a pair of constraint
programming (CP) models, one which computes a score representing the number of
constraint violations from the currently generated token and the other, the marginal
probability of that token being generated if no additional violation is allowed, through
the use of a CP solver computing such probability distributions over finite domains
with belief propagation [20]. Our contribution builds on the idea of leveraging marginal
probabilities to craft a reward signal to further increase the performance of the RL agent
while simplifying the previous architecture. First, we redesign the CP part to require a
single (soft) model. Second, we evaluate constraint violations in a more accurate and
consistent manner. Third, we propose a reward signal based on the mathematical expec-
tation of the number of constraint violations represented as a discrete random variable.

We give next some fundamental background in Sect. 2 and then review some related
work in Sect. 3. The neuro-symbolic architecture we contribute is detailed in Sect. 4. It is
followed by an empirical evaluation in Sect. 5. Finally, Sect. 6 makes some concluding
remarks.

2 Background

2.1 Reinforcement Learning

Reinforcement learning is a machine learning paradigm in which an agent tries to max-
imize rewards collected by interacting with an environment and by learning from expe-
rience gained from previous interactions to make better decisions. Each time the agent
carries out an action, it moves from a state to another one. The sequence of states
encountered by the agent is called an episode. One approach to find the optimal policy is
to learn the value of an action A; when taken at a particular state .S; through the reward
R, it receives: such approaches are known as value-based methods. Q-Learning [23] is
a specific value-based method that approximates the value of an action at a given state.
To use it on problems with large numbers of states and actions, it is paired with a deep
neural network, thus giving it the name Deep Q-Learning (DQN) [17], to learn the rep-
resentation of state-action pairs. Following previous work [14], we will use a DQN to
approximate the state-action values and to sample actions for the agent to take.

2.2 Belief Propagation-Based Constraint Programming

Standard constraint propagation, exchanging information between constraints and vari-
ables about unsupported variable-value pairs, has been generalized to exchanging infor-
mation about each variable-value pair’s likelihood of being part of a solution (CP-
BP) [20], an unsupported pair corresponding to the special case of zero likelihood.
Such message passing typically will not reach a fixpoint but will iterate (until some
stopping criterion) between constraint-to-variable and variable-to-constraint message
phases, following the classic belief propagation message update equations [18]. These
enriched messages coming from constraints are computed using weighted counting
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algorithms specialized for each type of constraint. As a result, this CP-BP framework
computes for a given constraint satisfaction problem (CSP) a marginal probability dis-
tribution 6, over the domain of each variable v which approximates the true marginal
probability 6,,(d) of variable v being assigned value d in a solution drawn uniformly at
random. Such information has been used to design novel branching heuristics to solve
CSPs [3,5] and to build neuro-symbolic Al systems featuring CP [14].

3 Related Work

In recent years there have been many attempts at addressing the difficulty of learning
structured output in neural networks. We restrict our attention to approaches able to
handle fairly general structure and group them into layer-based and loss-based methods.

Layer-based methods add a differentiable layer in a neural network architecture,
through which back-propagation can take place. SATNet [22] designs a differentiable
maximum satisfiability (MAXSAT) solver. Neural Logic Machines [10] adopt a tensor
representation of logic predicates to build a neural architecture. Semantic Probabilistic
Layers [1] translate hard symbolic constraints into a differentiable logic circuit.

Loss-based methods are a looser combination proposing regularization terms in the
loss function. A Semantic Loss function [24] was defined for an arbitrary sentence in
propositional logic. Neuro-Symbolic Entropy Regularization [2] relies on logic circuits.
CL-STE [26] combines Straight-Through Estimators with an encoding of logical con-
straints in conjunctive normal form as a loss function. DRNets [6] and CLR-DRNets [4]
use the concept of entropy to define loss functions for discrete constraints. An adapta-
tion of the negative pseudo-loglikelihood loss function is used to learn discrete graphical
models [8].

Outside such classification, NeurASP [25] and DeepProbLog [16] integrate neural
networks into their (probabilistic) logic programming language.

RL-Tuner [13] is a reinforcement learning architecture built to fine-tune a generative
neural model using domain knowledge in the form of constraints. Even though it was
used on a task in the music domain, in principle it is applicable to an arbitrary generative
task in any domain. A trained generative neural network is cloned (blue boxes in Fig. 1)
so that its copy can be fine-tuned through reinforcement learning (green boxes in Fig. 1)
using combined rewards from the original neural network (log p(A¢|St)) to reflect the
similarity to the trained network and from the domain knowledge constraints to reflect
the satisfaction of the constraints. The contribution from the latter consisted of some
manually-derived weighted sum of penalties.

CP-based RL-Tuner [14] replaced the ad hoc constraints and penalties with a pair
of CP models (pink box in Fig. 1): the Violations model to evaluate the number of con-
straint violations from the currently generated token, and the Marginals model to evalu-
ate the probability of that token being generated if no additional violation is allowed. On
a melody generation task, it was shown that a reward signal combining the number of
additional violations and the marginal probability of no additional violation after each
action taken increased constraint satisfiability with respect to the original RL-Tuner
while maintaining similarity to the output of the pretrained neural network (NN).
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Fig. 1. CP-based RL-Tuner framework and our proposed modification.

4 Proposed Improved Framework

However, the CP-based RL-Tuner framework [14] brought some technical challenges
and inefficiencies at the level of the CP models, which we explain below. Because it is in
the nature of an RL agent to sometimes take illegal actions in the course of an episode,
both CP models must tolerate past constraint violations. To isolate the impact of the
next action, regardless of previous violations, a constraint’s scope is restricted to future
actions, with some adjustments. For example, the upper bound of an ATMOST con-
straint may be reduced depending on whether the value whose number of occurrences
we restrict appeared in previous actions. Or for a REGULAR constraint we play out on
the corresponding automaton the sequence of actions so far in order to determine the
current “initial” state. And therefore after each new action two new CP models must be
created: the Marginals model, featuring hard constraints so that the computed marginals
correspond to having no future constraint violation, and the Violations model, featur-
ing soft constraints (through reification or a soft/optimization version) in order to allow
and then count constraint violations. This repeated creation of slightly different mod-
els is technically cumbersome and comes at a computational cost. The architecture we
propose greatly improves on this.

4.1 Simplified Architecture

Figure 1 gives a schematic representation of our generic architecture, highlighting what
we change with respect to the CP-based RL-Tuner architecture. The RL/DQN part driv-
ing the learning remains the same and is generic. The neural network (and its clone)
serves the generative task in the same way but its nature (e.g. LSTM [11], Trans-
former [21]) can change depending on the domain. What does change is the CP part,
where we replace the two CP models by a single one as explained below.

The design choice made by Lafleur et al. (2022) [14] of using both a hard and a
soft CP model was motivated by the desire to reflect in the reward both the number
of constraint violations brought about by the current action (requiring the soft model)
and the likelihood of that action leading to an episode with no further constraint viola-
tion (requiring a hard model so that the corresponding marginal probability 6 4, (a) only
reflects violation-free episodes). In other words, a combination of the present and of the
future (or promise). It was also remarked by Lafleur et al. (2022) that the two comple-
ment each other well during training. In order to simplify this architecture, we give up
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on the “future” component but, as we will see in Sect. 4.3, replace it by something in
the same spirit.

We define a single soft CP model and, even more importantly, use the same one
throughout an episode as opposed to a sequence of slightly-different ones. It essen-
tially corresponds to the initial Violations model in CP-based RL-Tuner where, instead
of restricting the scope and adjusting the arguments of constraints (and create a new
model) as an episode proceeds, we simply perform variable assignments on the same
model.

The CP model is defined over a sequence of finite-domain variables (A4;)7_; rep-
resenting the actions taken by the agent during the episode (or equivalently the tokens
generated). It also includes a variable V' corresponding to the number of constraint vio-
lations. The relevant constraints are formulated in their reified or soft form and to each
we associate a violation variable representing its individual number of violations. A
SUM constraint relates them to variable V.

4.2 Evaluating Constraint Violations

To count the number of constraint violations from the Violations model, Lafleur et
al. (2022) [14] use V,,;n, the minimum value in the domain of the variable that sums
violations from every constraint. Despite adjusting constraints to ignore violations due
to past actions, some inconsistencies about counting violations can still creep in. Con-
sider the following example. We wish to generate a sequence of two tokens in which
values a and b should each appear, and count one violation for each missing value. We
can use a SOFT-GCC constraint [12] on these values to model this. Suppose the first
token generated is c: the constraint reports a minimum of one violation because there
is only one other token to generate and two missing required values. So V,;, = 1. A
new SOFT-GCC on the remaining token is then posted without adjusting the requirement
for a and b since none have been met. Suppose the second token is again c: this time
Vimin = 2. So this second action will receive a negative reward twice as large as the
first even though they are equally responsible. A fairly simple way to fix this, which we
investigate, is to use instead AV,,,;, = Vnt”-n — Vj;; where V' represents the violations
variable at time step ¢ (i.e. after the t*” token has been generated). This would correct
the previous inequity and is in general more consistent.

4.3 Reward Signal

The probability-based reward 0 4, (a) of [14] only takes into account sequences for
which no additional violations are allowed. On the one hand, good quality solutions of
very low numbers of additional violations are ignored. On the other hand, if constraints
are softened then that reward takes into account all solutions good and bad. We address
this by considering the marginals for the violations variable instead of that for the cur-
rent action. We propose a reward signal based on the change in the expected value of V,

which we call AE. After an action A; the expected value of the cost variable V' is given

by E[V] = ZZVI? ar;;gl() i - 0%, (i). The difference between it and the expected value at

the previous time step gives us our proposed reward signal: AE = E[V!] — E[V!71].
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Note that this is another advantage of having a probability distribution over domains
with the CP-BP framework: one can compute expected values.

For example consider generating a binary sequence of length 5 with the rule that
each repeated note creates one violation, enforced by a COSTREGULAR constraint on
variables Ay, ..., A5 with the number of violations represented by variable V. Suppose
the first three actions have been taken: A; = 0,4 = 1, A3 = 1. The remaining
sequences are 01100, 01101, 01110, and 01111 which have 2, 1, 2, and 3 violations
respectively, so E[V?=3] = 2. If the agent chooses action A, = 1, E[V*=%] = 2.5 and
so AE = 2.5 — 2 = 0.5 whereas action A4 = 0 yields AL =1.5 -2 = —0.5.

S Empirical Evaluation

We conducted an empirical evaluation' of our improved framework, especially its new
reward signal but also the way constraint violations are counted, by reusing the learning
task on which RL-Tuner and CP-based RL-Tuner were previously evaluated. Given a
data set of melodic lines, the goal is to learn to generate melodies that resemble the
style of the input while respecting basic rules from music theory. To obtain a more
direct comparison with Lafleur et al. (2022) [14], we opt to use the same musical corpus
which is the soprano voices of Bach’s chorales obtained using the Music21 [7] library
and transpose the compositions to C major. The dataset is split into 329 compositions
for training and 75 for validation. Following the original paper [13], we use a neural
architecture based on long short-term memory (LSTM) cells. This network is pretrained
using the music corpus to predict the next musical note, we were able to obtain a final
validation accuracy of 54% (similar to [14] due to the small size of the corpus). We
then use one copy of this network for our DQN to sample actions (next musical note to
generate) and another copy to evaluate the similarity of the musical note generated with
respect to the original music corpus.

5.1 CP Model

A melody is represented as a temporal sequence of note variables whose domain is the
set of pitches. Auxiliary variables are also defined, such as those representing intervals
(difference between consecutive pitches), to ease the expression of the relevant con-
straints. Many of the music rules are naturally modeled using REGULAR constraints: for
our soft model we use COSTREGULAR [9] with a unit cost associated to each transition
corresponding to a possible violation. For rules about undesirable pitches or intervals,
an AMONG constraint associates a variable to the number of occurrences, which we
use as the number of violations. For simpler constraints such as equality, we reify them
and use the Boolean variable as the violation variable. We refer the reader to [14] for
details about the variety of music rules being enforced. We implement this model using
the MiniCPBP solver [19] providing marginal probabilities to compute the reward sig-
nals discussed in the previous section. We perform 10 iterations of belief propagation.
During training, the solver receives the action taken by the agent (pitch value chosen)
at step ¢ and assigns it to variable Ay, constraint propagation and belief propagation are
then performed before computing and returning the rewards.

! https://github.com/ChYinn/RL_Tuner_CPBP.
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Table 1. Hyper-parameters for our models

Parameter Value | Parameter Value
number of layers (LSTM) | 2 learning rate 0.001
hidden size (LSTM) 100 | memory size 32000
discount rate 0.5 episodes per epoch 400
batch size 128 | number of epochs 8
target network update rate | 0.01 | random action probability | 0.1

5.2 DQN Training and Evaluation

We use the hyper-parameters shown in Table 1 to pre-train our LSTM using musical
data and to fine-tune it within the RL-Tuner framework. Training involves generating
musical notes one by one until we obtain a melody of 32 notes. After 400 episodes of
training, we evaluate our model by randomly sampling a melody of length 32 and 64
to evaluate it by taking the average log p(A;|S;) reward obtained from the pre-trained
LSTM and by calculating the total number of violations using the CP model.

5.3 Comparing Reward Signals

There are two metrics when evaluating our models. We would like our agents to learn to
respect the constraints imposed on their actions while also keeping a level of similarity
to the neural network that was pretrained on the musical corpus. We therefore consider
a reward signal to be better when the trained model is able to generate sequences that
are equivalent in one metric but superior in another, or superior in both.

The reward signal received by the agent is of the form log p(A;|S;) + k x R where
k is a balance parameter and R is the CP-based reward. Lafleur et al. (2022) [14] found
that the combination k = 2 and R = 40 x 0 A, (a) + Vinin worked best. They also
experimented with k¥ = 2 and R = V4. For our R = AFE, we chose k = 4 after
experimenting with a few values. Notice that another advantage of our single-CP-model
architecture is that one does not also need to tune the balance between the reward com-
ponent from each of the two CP models, making tuning much simpler. We also compare
2 X AVypin against 2 X Vi, to illustrate how the Violations model can be improved by
simply changing how violations are counted (Sect. 4.2).

5.4 Experimental Results

Looking at the top two graphs at Fig. 2, we notice that 4 x AF has the lowest number of
violations (and fastest convergence) when generating sequences of the training length
(32) while also obtaining higher log p(A;|S;) based rewards when compared to 2 x
(40 x 0 4,(a) + V). Itis only slightly surpassed by 2 X V,,;,, and 2 X AV}, in terms of
log p(A¢|S:) but at the expense of much higher numbers of violations. This means the
agent trained using our new reward is able to generate sequences that are competitively
similar with respect to the pretrained LSTM while also obtaining the lowest number
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Fig. 2. Evaluation of agents (using four different reward signals) during training after each epoch.
Agents generate 10 melodies of length 32 and 64 which are then evaluated using our two metrics:
LSTM similarity and constraint satisfaction. The curves and shaded areas respectively represent
the mean and standard deviation.

of violations. Looking at the bottom graphs, we observe that the gain in performance
increases for both metrics when generating sequences twice as long as those seen during
training: this exemplifies better generalization.

Comparing 2 x AV, ;. and 2 X V,,,;,,, we observe comparable results on both metrics
for sequences of length 32 but a marked advantage of the former for length 64. This
illustrates the improvement made by simply correcting how violations are counted.

6 Conclusion

‘We improved a reinforcement learning framework designed to fine-tune a neural model
to adhere to given structural constraints. We greatly simplified its architecture with
respect to the CP part, reducing it to a single CP model throughout an episode and
making its implementation considerably more straightforward. We introduced a reward
signal that improves the resulting model’s ability to generate sequences respecting con-
straints while slightly diminishing its similarity to the original model. The results also
show that agents trained using our reward signal exhibit better generalization.

Acknowledgements. Financial support for this research was provided by NSERC Discovery
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Abstract. Neural network verification aims at providing formal guaran-
tees on the output of trained neural networks, to ensure their robustness
against adversarial examples and enable deployment in safety-critical
applications. This paper introduces a new approach to neural network
verification using a novel mixed-integer programming (MIP) rolling-
horizon decomposition method. The algorithm leverages the layered
structure of neural networks by employing optimization-based bound
tightening (OBBT) on smaller sub-graphs of the original network in
a rolling-horizon fashion and tightening the bounds in parallel. This
strategy strikes a balance between achieving tighter bounds and ensur-
ing the tractability of the underlying mixed-integer programs. Extensive
numerical experiments, conducted on instances from the VNN-COMP
benchmark library, demonstrate that the proposed approach yields sig-
nificantly improved bounds compared to existing efficient bound propa-
gation methods. Notably, the proposed method proves effective in solving
open verification problems. Our code is built and released as part of the
open-source mathematical modeling tool Gravity (https://github.com/
coin-or/Gravity), which is extended to support generic neural network
models.

Keywords: Neural Network Verification - Optimization-Based Bound
Tightening - Mixed-Integer Programming - Decomposition

1 Introduction

Neural networks are being applied in critical systems and high-consequence
decision-making settings, e.g., power systems [2] and autonomous driving [4].
How can we trust these models when the stakes are too high, when the price
of failure is prohibitive or even life-threatening? To justify trust, these models
need to provide robustness guarantees. For example, in the context of power grid
applications, a guarantee that a slight change in input (power system state) will
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not lead to unreasonable fluctuations in output (control actions predicted by
the network). Mathematical optimization can provide such guarantees. While
local optimization methods are acceptable for training these models, global
optimality—i.e., a formal certificate that no better solution exists—is needed
to provide robustness guarantees. There has been significant recent interest in
providing verifiable properties for neural networks using global methods such as
mixed-integer programming (MIP) [6,7,10]. MIP solvers are appealing because
they can, in principle, perform complete verification for many network architec-
tures. Unfortunately, global optimization methods come with a hefty computa-
tional price tag, and using off-the-shelve solvers is not a scalable approach.
Improving the scalability of global methods for neural network verification
is an active research area, with approaches such as mathematical reformulations
[15], cutting planes [1], zonotopes [11], custom-built branch-and-bound algo-
rithms and relaxations [12,16-22], to name a few. In 2020, a community-driven
effort led to the creation of the VNN competition [3], which has been held yearly
since. The competition’s goal is to “allow researchers to compare their neural
network verifiers on a wide set of benchmarks”. The «, 3-CROWN team has
consistently won this competition since its inception [16-21]. In this paper, we
are hoping to bring the use of mixed-integer programming for neural network
(NN) verification one step closer to viability. For this purpose, we tackle the ver-
ification problem as defined in [3], using a mixed-integer programming decom-
position approach combined with optimization-based bound tightening (OBBT)
[5]. OBBT is extensively used in global optimization solvers to reduce variable
domains, especially for nonconvex mixed-integer nonlinear programs (MINLPs)
[8]. The OBBT algorithm solves two auxiliary optimization problems for each
decision variable. In its initial form, OBBT relies on convexifying the feasible
region and using variables’ bounds as objective functions. In this work, we pro-
pose to preserve the mixed-integer nature of the subproblems, leveraging instead
our proposed rolling horizon decomposition. One nice property of OBBT is its
amenability to parallelization, since each auxiliary problem can be run indepen-
dently. We take advantage of parallelization along with other speedup methods
such as early termination using cutoff values as outlined in our approach below.

2 Problem Statement

In the domain of neural network verification, a “white-box” model is given,
granting full visibility into the network’s architecture and parameters [3]. Our
verification challenge, based on the framework established by Bunel et al. [4], is
to ascertain whether a neural network, denoted as function f with L layers, pro-
duces outputs that satisfy a desired property P for all inputs within a specified
range C.

Formally, we verify that for any input xo € C, the network’s output y(*)
adheres to the property P(y(L))7 encapsulated by the implication:

xp €C = P(y(L)).
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For instance, in assessing local robustness, we determine whether all inputs
within an e-ball around a data point a with label y, are classified as y, by the
network. This property is widely used in image classification cases, where we
assess if a network’s output label remains consistent under perturbations within
a small tolerance.

2.1 MIP Encoding for Trained Neural Networks

Transitioning neural network architectures into a mixed-integer programming
(MIP) format is key for verification. This process, in line with Tjeng et al.’s [14]
methodology, enables the application of mathematical programming for thor-
ough network analysis. The MIP model thus becomes a crucial tool for effective
verification strategies.

Consider a neural network with an input vector x(¥) := xo € R". In this
network, n; represents the number of neurons in the i-th layer. The network
consists of L layers, where each layer i has an associated weight matrix W) e
R™*"i-1 and a bias vector b®) € R™, for i € {1,...,L}. Let y*) denote the
pre-activation vector and x(?) the post-activation vector at layer i, with x(¥) =
a(y(i)). The output of the network is y(©). Although o could be any activation
function, we will assume it is the ReLU function throughout this paper. Figure 1
presents a fully connected neural network with ReLLU activation functions.

Gemm

B (10x256)
c (10)
transB =1

Gemm

B (256x256)
C (256)
transB =1

Gemm

B (256x784)
C (256)
transB =1

(tnputo ) (cemmao)

1x784x1 1x10

Fig. 1. A fully connected neural network with ReLLU activation functions, showcasing
the architecture used for MNIST digit classification.

In network verification, we typically define f such that a non-negative out-
come of f(y*)) > 0 indicates the satisfaction of the desired property. Therefore,
if an adversarial input x € C results in a negative value of f, this is taken as evi-
dence that the verification instance fails to meet the required property, providing
a counter-example. In short:

If Exgg)v € C such that f(yéld'\),) < 0, then P(ygi‘\),) does not hold.
If vx(@ € ¢, f(y™) > 0,then P(y™) holds.

The optimization problem is as follows:
min  f(y")
st y@ =wOx=1 4 p@) vie{l,...,L},
x = o(y@), vie{l,...,L—1},
x0 ec.
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Specifically, if all operators within the trained neural network are piecewise-
linear, then the neural network can be linearly represented within the mixed-
integer linear programming (MILP) framework. If the activation function is a
ReLU function, the MILP formulation of z = o(y) = ReLU(y) = max(0,y) is
given by:

>0, x>y, e <y—I(1—2), z<wu-z z€{0,1}

where [, u are the respective lower and upper bound on y. The binary variable
z indicates the activation state of the ReLU.

A ReLU neuron unit can be classified into different categories based on its
input domain [I,u]: it is deemed “Inactive” if u < 0, “Active” if I > 0, and
“Unstabilized” when [ < 0 and u > 0. The neuron is called “Stabilized” if it
meets either the Active or Inactive condition.

2.2 Bound Tightening

In practice, solving the mixed-integer program (1) can be computationally pro-
hibitive for large neural networks. As a result, it has been proven effective to
introduce additional bounds on intermediate layers. Specifically, the problem

states .
min  f(y")
s.t. Constraints of model (1),

. ) ) 2
xl(l)gx(z)gxq(f), Vie{l,...,L—1}, @

u

In model (2), yl(l) and yg) denotes the vector lower and upper bound respectively
for pre-activation output y() at layer i; we similarly define these bounds for post-
activation x(*). Hence, the additional constraints form hyper-rectangles around
the outputs. It is crucial to note that the bounds on y(? play a much more
important role than those on x(¥) as they serve as the input to the ReLU layer
and consequently determine the stabilization of the ReLLU neuron. When a ReLU
is stabilized, the binary variable indicating its active state becomes fixed to either
0 (inactive) or 1 (active). This stabilization leads to a reduction in the number
of binary variables in the problem.
There are several methods to derive bounds for intermediate layers:

— Interval Bound Propagation (IBP): This method employs interval bound
propagation to establish bounds for each layer [9].

— DeepPoly: This method uses a custom polyhedral abstract domain relax-
ation. It assigns concrete lower and upper bounds to every neuron in a neural
network. Symbolic bounds are formulated as linear combinations of the neu-
rons in the network’s previous layer [13].

— CROWN: This method efficiently leverages linear bound propagation to
adaptively determine the lower and upper bounds of neural networks [22].

— a-CROWN: This approach builds upon and enhances CROWN, further
tightening the linear bounds by utilizing gradients [18].
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— Optimization-Based Bound Tightening (OBBT): This approach rep-
resents the exact bound tightening technique, which involves solving MIP
problems [5].

The following remarks can be made about the above methods. First, it is
widely accepted that IBP, while simple and fast, yields very weak bounds, espe-
cially for deep networks. Second, DeepPoly and CROWN are based on the same
polyhedral relaxations, and therefore yield the same bounds [12]. Third, because
a-CROWN augments CROWN with a gradient-based procedure, it achieves
(both in theory and in practice) tighter bounds than CROWN [12,18]. Finally,
as noted in [12], because IBP, CROWN /DeepPoly and a-CROWN are all based
on polyhedral (linear) relaxations, they cannot break the convex relaxation bar-
rier described in [12], though a-CROWN matches this theoretical limitation.
Note that the convex relaxation barrier presented in [12] is equivalent to LP-
based OBBT, wherein bounds are tightened iteratively by solving only the linear
relaxation of each OBBT problem. Therefore, in order to further tighten bounds,
any procedure must explicitly consider the binary variables associated to each
ReLU neuron.

In our work, the primary objective is to obtain tighter bounds. To achieve
this, we utilize optimization-based bound tightening, focusing on achieving the
tightest box bounds for intermediate layers.

3 Methodology

We introduce the Optimization-Based Bound Tightening with Rolling Horizon
(OBBT-RH) here. The method builds upon the MIP-based Optimization-Based
Bound Tightening approach, as tighter bounds for intermediate layers in model
(2) will in general result in faster solve times. Therefore, applying tighter bounds
can speed up the verification process, allowing it to scale to larger models.

OBBT is formulated as two optimization subproblems for each neuron, seek-
ing to find its maximum and minimum bound. Specifically, let y,(f) denote the
k-th neuron at layer ¢ subject to network constraints. Given 0 < s < t < L, the
problem states:

max/min y,(f)

st y® =wOx(-D 4 p@) Vie{s+1,...,t},
y <y@ <y Vie{s+1,...,t}, (3)
xW = g(y®), Vie{s+1,...,t—1},
x(M < x(® < x(® Vie{s,....,t —1}.

However, as the number of neural network layers included in the OBBT instances
(3) increases, the OBBT process becomes intractable. To address this issue, we
propose a decomposition method in OBBT-RH to reduce the number of layers
considered in each OBBT instance.
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Algorithm 1. OBBT-RH
Require: Rolling horizon sequence S = {(s;,¢;) | j € [J]} where J is a positive integer
1: for j=1,...,J do

2: for each neuron £k =1,...,n; do

3: Solve problem (3) to obtain max and min values of y,it-j).
4: end for

5: end for

Ensure: Lower/upper bounds {yl(i)}, {yq(f)} foralli=1,...,L.

1 3
2

ns am

Fig.2. OBBT-RH with horizon length 2: S = {(0,2),(1,3),(2,4)}, meaning that
(Slytl) - (072)7 (827t2) = (173)7 (837t3) = (274)

The proposed OBBT-RH in Algorithm 1 leverages problem (3) to present
an effective method for the verification of deep neural networks. OBBT-RH
sequentially decomposes the neural network into manageable problem size, focus-
ing on smaller sub-graphs of the original network. This method hence applies
optimization-based bound tightening within a rolling horizon framework, effec-
tively balancing the achievement of tighter bounds against maintaining the
tractability of the mixed-integer programming problems involved.

3.1 Rolling Horizon Sequence

We introduce a rolling horizon strategy for selecting sequences S of layers within
a neural network for bound tightening. The rolling horizon length, denoted as
H, determines the maximum number of General Matrix Multiplications (Gemm)
layers to be included in each sub-graph. We begin with an initial pair (sq,%1)
representing the starting and ending layers of the window, where s; is the starting
layer and ¢, is the tightening layer. Each subsequent pair (s;,¢;) in the sequence
S is constructed by shifting the window toward the end layer, with H guiding
the span of the window and indicating the layers selected for bound tightening in
each iteration. For instance, considering the ReLU neural network, we selected
t; =min(j+1,L—1) and s; = max(0,¢; — H). Indeed, the choice of s; and ¢; can
be adjusted for various neural network architectures, highlighting the inherent
flexibility of our approach.

The end goal is to tighten the neurons’ bounds right before ReLU layers,
thus each ¢ in the sequence is a layer that precedes a ReLU layer. Figure 2 shows
the OBBT-RH with horizon length H = 2 for a neural network with 5 lay-
ers. For H = 2, the sequence S = {(0,2),(1,3),(2,4)} includes pairs (Input,
Gemm?2), (Gemm1, Gemma3), and (Gemm2, Gemm4), each ending just before a
ReLU layer. As H increases to 3, the sequence S = {(0,2), (0, 3), (1,4)} includes
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pairs (Input, Gemm?2), (Input, Gemm3) and (Gemm1, Gemm4), and for H = 4,
S = {(0,2),(0,3),(0,4)} and it includes {(Input, Gemm?2), (Input, Gemm3),
(Input, Gemm4)}, now encompassing all Gemm layers leading to a ReLU oper-
ator.

The length of the rolling horizon has direct impact on bound tightness and
computational time: A longer horizon considers more layers simultaneously,
which could help in stabilizing more ReLLU neurons and thus simplifying the
MIP problem. However, this benefit comes at the cost of increased computational
resources. A shorter horizon will generally require less computation, beneficial
for efficiency. However, it loses information in the previous layers and produces
looser bounds.

One important advantage of this rolling horizon approach is the tightened
bounds for neurons in previous layers can speed up the tightening process for
neurons in subsequent layers. Note that IBP is equivalent to OBBT for the
first ReLU layer if the intermediate layer is linear. We take advantage of this
observation to avoid building sub-MIPs leading to this layer.

3.2 Early Termination in the Case of ReLU Activation

Mazimizing Neuron Output: When solving the MIP (3) to maximize the output

of a neuron y,(:), if the upper bound reaches zero, it indicates that the neuron

will be inactive (y,(:) < 0). Hence, further bound tightening is unnecessary, and
the process can be terminated early.

Minimizing Neuron Qutput: Similarly, when minimizing the output of a neuron,
if the lower bound exceeds zero, it implies that the neuron will remain active
(y,(f) > 0). In this case, the OBBT process can also be terminated early.

In either case, the ReLU neuron is stabilized. Therefore, introducing such
an early termination criterion speeds up the bound tightening process. In this
paper, we simplify our model by assuming a linear structure for the neural
network, wherein each layer is dependent solely on its immediate predecessor.
However, real-world neural networks often exhibit more complex dependencies,
where a given layer may depend not just on its immediate predecessor, but also
on layers further back in the sequence. In such cases, the decomposition process
becomes more complicated. We propose using Breadth-First Search (BFS) to
navigate these complex dependencies. BFS can effectively trace the shortest path
from the final layer ¢ to an initial layer s, ensuring that all relevant inter-layer
dependencies, including those extending over multiple layers, are appropriately
captured for conducting bound tightening of intermediate layers.

3.3 Parallelization of OBBT Sub-MIPs

We take advantage of the graph-structure of neural networks by recognizing that
the bounds on each neuron in a given layer can be independently tightened. This
observation allows us to distribute the computational effort of solving sub-MIPs
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corresponding to each neuron using independent threads in parallel. Our imple-
mentation uses both the Message Passing Interface (MPI) for multi-machine clus-
ters as well as single-machine multi-threading to parallelize our rolling-horizon
algorithm.

4 Numerical Results

4.1 Setup

Benchmark Dataset. Numerical experiments were conducted on all 90 instances
from the mnist_fc benchmark within the VNN-COMP benchmark library [3].

Comparison Metrics. We primarily focus on the following metrics. First, the
number of ReLU neurons stabilized (Table1). Second, bounds range of ReLU
neurons input (Table2). Third, LP relaxation bounds of the MIPs with bounds
on intermediate layers (Table 3). Lastly, the proportion of instances that can be
verified and their computing times (Table4).

Implementation Details. The auto_LiRPA package is used to calculate IBP,
CROWN;, and a-CROWN bounds. A GPU V100 is used for generating these
bounds. Note that the code of auto_LiRPA returns errors for five instances (51,
54, 60, 76, 85) when computing the a-CROWN bounds. Therefore, for a fair
comparison, these instances have been removed. The authors were not able to
install DeepPoly and its required dependencies; this method is therefore not
included in the results. Nevertheless, recall that DeepPoly and CROWN employ
the same relaxations and thus yield numerically identical bounds [12]. The opti-
mization problems were formulated with mathematical modeling tool Gravity
(https://github.com/coin-or/Gravity) in C++ and solved using Gurobi 10.0.2.
The experiments are carried out on the High-Performance Computing (HPC)
platform provided by the Partnership for an Advanced Computing Environment
(PACE) at Georgia Institute of Technology, Atlanta, Georgia. Within this bench-
mark, the setting for OBBT-RH horizon length is dynamically adjusted based on
the network architecture. Specifically, for neural networks with three layers, the
rolling horizon length H is set to two. In the case of networks with five layers,

Table 1. Average number of neurons (inactive, active, stabilized, unstabilized) for each
method in the benchmark.

Method Inactive | Active | Stabilized | Unstabilized
IBP 118.21 |4.21 122.42 633.53
CROWN 1 435.67 |18.72 |454.39 301.56
a-CROWN | 466.67 |19.93 | 486.60 269.35
OBBT 621.95 |31.91 |653.86 102.09
OBBT-RH | 622.25 | 31.93 | 654.18 101.78
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Table 2. Average bounds range for each method in the benchmark.

Method Bounds Range
IBP 2028.35
CROWN | 96.16
a-CROWN | 53.52

OBBT 12.87
OBBT-RH | 12.38

H is set to three, while for those with seven layers, H is set to five. OBBT can
be seen as a special case of OBBT-RH, wherein the horizon length is equal to
the depth of the neural network.

Additionally, during the initialization phase of OBBT-RH instances, IBP
bounds are applied to intermediate layers. To further enhance efficiency, a par-
allel approach is employed for tightening the input of each ReLU layer. Given
that each ReLU layer in this benchmark comprises 256 neurons, a total of 512
CPU threads are requested, with 2 threads used for each OBBT-RH instance.
This strategy of parallelization enables the independent and simultaneous tight-
ening of bounds for each ReLU layer, significantly boosting the process’s overall
efficiency. In addition, since the goal of each OBBT-RH instance is to tighten
the bounds, we have set Gurobi’s MIPFocus parameter to value 3 to enhance
the quality of the bounds. Moreover, to avoid excessively long solving times for
some instances, a 30-second time limit is enforced on each OBBT-RH instance.
Therefore, with the need to solve both maximization and minimization problems
for unstabilized neuron, the maximum time required for OBBT-RH in one layer
is one minute.

4.2 Comparison with Other Bound Tightening Methods

The aim is to compare the bound tightness produced by various methods. Specif-
ically, the goal is to maximize the number of stabilized neurons, thereby reducing
the count of binary variables. Additionally, for those unstabilized neurons, the
approach seeks to tighten their input bounds as much as possible, aiding in the
stabilization of subsequent layer neurons. After determining the bounds preced-
ing the ReLU layers, the LP relaxation bounds of the MIPs will be compared
with the intermediate layers’ generated bounds. Lastly, the evaluation will focus
on the end-to-end comparison of the number of verified instances as well as the
time taken across different methods.

In terms of results, Table 1 presents the average number of neurons catego-
rized as inactive, active, stabilized and unstabilized for different bound tight-
ening methods. The OBBT-RH method demonstrates a higher average across
all layers from all instances. Table 2 shows the average bounds range for each
verification method in a benchmark setting. OBBT-RH outperforms the other
methods with the tightest bounds, indicating its effectiveness in bounding neu-
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ron activations within the network. Table 3 presents the average LP relaxation
bounds for MIPs using the bounds produced by each method. These LP relax-
ation bounds indicate the tightness of the solution space. OBBT shows the least
negative value, implying a closer approximation to the MIP’s optimal solution,
whereas OBBT-RH has a slightly higher value than OBBT. Table 4 includes the
end-to-end verification results by comparing the efficiency of MIP-based veri-
fication where variable bounds are computed using different bound tightening
methods. BT stands for the bound tightening time and MIP stands for the final
MIP solving time with the tightened bounds. A total time limit of 20 min is
set for each approach. Overall, MIP with OBBT-RH bounds verifies the most
instances (either by proving robustness or finding an adversarial example) than
other approaches, and achieves a 2.2x speedup over CROWN-based methods. In
addition, OBBT-RH yields 1.25x speedup over OBBT, mostly thanks to shorter
bound-tightening times.

4.3 Solving MIP with Tight Bounds

After computing bounds for the intermediate layers, we use these bounds to
solve the MIP instances. This is achieved by first obtaining the variable bounds
for intermediate layers and then constructing the MIPs using the model as out-
lined in (2) for each verification instance. In the verification context, tighten-
ing the domain of the input for ReLU activations strengthens the MIP for-
mulation by decreasing the big-M coefficients. Furthermore, it can stabilize
ReLU units-eliminating binary variables-when a ReLU’s input is proven to
be always non-negative or always non-positive. This combined effect-yielding
stronger relaxations and reducing the number of binary variables-results in sub-
stantial improvements when solving the final MIPs corresponding to the veri-
fication problems with the tightened bounds. In addition to incorporating the
tight bounds into the MIP, we also set the Gurobi cutoff parameters to 0. This
parameter setting is critical as it ensures that nodes with a lower bound greater
than 0 are pruned, thereby enhancing the efficiency of the verification process.
The end-to-end results are shown in Table4, with OBBT-RH outperform-
ing the other methods as discussed above. Figure 3 shows the performance of
various methods in verifying instances within the benchmark, highlighting the

Table 3. Average LP relaxation bounds of the MIPs for each method in the benchmark.

Method LP Bounds
IBP —25232.25
CROWN —1169.45
a-CROWN | —577.91
OBBT —-0.64
OBBT-RH | —24.77
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Table 4. End-to-end comparison on all instances. All time are in seconds.

Method #Verified | #Timeout | Time (sec)
BT MIP  Total
IBP+MIP 37 48 3.54 | 708.60 712.14
CROWN+MIP 62 23 3.54 | 345.89|349.43
a-CROWN-+MIP | 61 24 4.93 | 340.74 | 345.66
OBBT+MIP 79 6 121.20 | 81.07 |202.27
OBBT-RH+MIP |80 5 90.19 | 64.66 154.85
100
oo
& 60
E 40 { 4 4
.g
5—9 —e— IBP+MIP
e CROWN+MIP
—— a-CROWN+MIP
—e— OBBT-RH+MIP
—&— OBBT+MIP
0

T T T : .
0 200 400 600 800 1000 1200
Solve Time (sec)

Fig. 3. Performance comparison of the MIP-based verification for different bound-
tightening methods.

trade-off between tight bounds and verification time. For low time budgets, fast
bound tightening methods such as IBP, CROWN, and a-CROWN are more
effective, verifying a greater number of instances quickly. However, as the time
budget increases, OBBT-RH and OBBT, which prioritize tighter bounds, begin
to outperform the faster methods by verifying a higher proportion of instances.
Notably, OBBT-RH is more efficient than OBBT, verifying more instances in
less time. Moreover, our approach has successfully closed several challenging
instances (48, 78, 83) that previously posed difficulties for state-of-the-art com-
plete verifiers. With our proposed method for generating OBBT-RH bounds, we
successfully closed instance 48 within five minutes, a feat not achieved by any
complete verifiers from the VNN competition.
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Comparison of Stabilized Neurons in Each Layer by Method
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Fig. 4. Comparison of stabilized neurons in each layer by different methods on
instance 48.

4.4 Sensitivity Analysis 1: Length of Rolling Horizon

To assess the impact of horizon length on the performance of OBBT-RH, we
conducted a sensitivity analysis. Due to the high computational cost of solving
each OBBT instance to optimality, the sensitivity analysis was only conducted
on instance 48. The analysis involved varying the horizon length of OBBT-RH,
denoted as OBBT-RH-H, where H represents the horizon length. For instance,
OBBT-RH-3 indicates an OBBT-RH variant with a horizon length of 3. Figure 4
compares the number of stabilized neurons across each layer by OBBT-RH with
varying horizon lengths. The analysis reveals a clear trend: OBBT-RH-3 demon-
strates a significant increase in the number of stabilized ReLLU units compared
to its counterpart, OBBT-RH-2, which employs a rolling horizon of length 2.
OBBT-RH-2 stabilizes 0 ReLUs in the 3rd and 4th ReLU layers. It should also
be emphasized that, considering early-stopping, OBBT-RH-3 stabilizes almost as
many neurons as OBBT. This suggests that our proposed MIP-based approach,
with an appropriately set rolling horizon, can effectively enhance the tightness
of neuron bounds.

4.5 Sensitivity Analysis 2: The Effect of Early Stop

In the process of bound tightening, OBBT-RH is utilized to refine the input
bounds of each neuron. This task is computationally intensive, requiring the
solution of MIPs for both the upper and lower bounds of potentially hundreds
of neurons.

Early stopping is a technique introduced to reduce the computational burden.
It achieves this by terminating the bound tightening process before reaching the
optimal solution under certain conditions.
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Comparison of Bound Tightening Time in Each Layer by Method
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Fig. 5. Comparison of bound tightening time for each layer by different OBBT-based
methods on instance 48.

To prevent any single OBBT-RH instance from taking an excessively long
time, we have set a 30-second time limit. This decision is informed by empirical
evidence indicating that many bounds exhibit only marginal improvement after
30s. Therefore, this time limit is selected to balance the achievement of high-
quality bounds with the need for reasonable computing time.

Figure5 illustrates the impact of early stopping on bound tightening time
across different network layers, presented in a log-scale format. We cease further
tightening of a neuron once it stabilizes, regardless of the application of early
stopping. To assess the effectiveness of early stopping, we compare the number
of stabilized neurons with and without this criterion. As depicted in the figure,
early stopping-particularly with a 30-second time limit-does not significantly
affect neuron stabilization. This finding supports the use of early stopping as an
effective strategy to enhance the scalability of OBBT-RH without significantly
compromising the quality of the bounds obtained. Due to the prolonged solving
time required for tightening the inputs of the ReLLU3 and ReLU4 layers with
OBBT-RH-3 and OBBT without early stop (exceeding 4 h), we resorted to using
24 threads to run a single OBBT instance. Therefore, the actual solving time
with 2 threads would be even longer.

5 Conclusion and Future Work

We present a new algorithm integrating bound-tightening and mixed-integer pro-
gramming with a rolling horizon strategy as a promising approach for verifying
neural networks. Our method is particularly suited for handling networks where
tighter bounds are needed but cannot be obtained from existing effective bound
propagation methods. Future work will focus on extending this methodology
to other types of nonlinear operators and further improving the computational
efficiency of the verification process.
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Abstract. Recently, deep neural networks have demonstrated remark-
able performance in addressing combinatorial optimization challenges.
The expressive power of graph neural networks combined with Rein-
forcement Learning (RL) enabled learning heuristics that rival or even
surpass conventional methods. Such advancements have paved the way
for Neural Combinatorial Optimization (NCO), an emerging paradigm
that enables end-to-end heuristic learning without the reliance on expert
knowledge. In this paper, we propose an NCO approach to learn heuris-
tics for the vast family of Combinatorial Optimization Problems (COPs)
defined on K-partite hypergraphs, including multi-dimensional assign-
ment or scheduling problems. Central to our approach is the ability
to represent sophisticated functions on K-partite hypergraphs, using a
novel family of neural networks. We show that our heuristic competes
with other ones in comparable settings and that our method can also be
applied to more complex real-life assignment and scheduling problems.

Keywords: Learning Based-Heuristics - Neural Combinatorial
Optimization - Graph Neural Networks - Deep Reinforcement Learning

1 Introduction

Combinatorial optimization, the search for an optimum value item within a dis-
crete set, holds immense practical significance across various application fields
and has a long history of research, notably in the Operations Research com-
munity. Traditionally, addressing these problems has involved the deployment
of either exact or approximate optimization methods. But a substantial frac-
tion of these problems cannot be solved within a reasonable timeframe (e.g., the
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knapsack problem, the traveling salesman, or the multi-dimensional assignment
problems), rendering their exact solutions computationally infeasible [11]. In
such cases, heuristics emerge as a pragmatic alternative, aiming to strike a bal-
ance between solution quality and computational efficiency [1,2,5,14,16,19].
However, the design of effective heuristics often demands specialized expert
knowledge and can be time and resource consuming.

Recently, a paradigm shift has been observed with the advent of Neural Com-
binatorial Optimization (NCO) [3]. Approaching combinatorial challenges from
a reinforcement learning [26] perspective, NCO enables the swift learning of good
heuristics, reducing the need for domain expertise. Despite its potential to learn
constructive heuristics, NCO demands meticulous neural network architecture
and optimization considerations. Numerous combinatorial problems, particularly
those with intricate structures, remain largely unexplored by NCO. In this work,
we expand the scope of tackled problems, by addressing the broad family of com-
binatorial challenges arising from K-partite hypergraphs, extending the Deep
Bipartite Assignment (DBA) framework introduced by [12]. We develop Deep
K-partite Assignment (DKA), a generic NCO method, based on Transformer
architectures [27] and designed to tackle optimization problems expressed via
K-partite hypergraphs. In this paper, we make three contributions.

1. To the best of our knowledge, combinatorial problems on K-partite hyper-
graphs for K > 2 is addressed here for the first time with an NCO perspective.

2. We propose a new graph neural network architecture, which generalizes the
one proposed in [12] from bipartite graphs to K-partite hypergraphs, and
offers a much desired flexibility in NCO, permitting training on one problem
size and performing inference on another.

3. We use this architecture to incrementally construct efficient heuristics for
solving a set of COPs on K-partite hypergraphs, and demonstrate empirically
their relevance and efficiency.

2 Background and Related Work

Hypergraphs (HG). Let V be a finite set where each element is referred to
as a node. An undirected HG H = (V| E) is defined by a set V' of nodes and a
set E where each element e € E is a non-empty subset of V. Each subset e of
E is called a hyperedge (HE). While a regular edge in a graph connects exactly
two nodes, a HE in a HG can connect any number of nodes, from one to the size
of the entire set V. This flexibility enables HGs to model intricate and multiple
types of relationships, going beyond the representational capacity of standard
graphs. A standard graph is simply a HG where all HEs have a cardinality of
2. To learn functions defined on the complex structure of HGs, several neural
network architectures have recently emerged as HG neural networks [7,10]. A
weighted HG is denoted H = (V, E, W), where each scalar value in W is the
weight of the corresponding HE in E. In a K-partite weighted HG, the set of
vertices V' is partitioned into K disjoint subsets Vi,...,Vk. Each HE e € FE
contains exactly one vertex from each partition V; (hence its cardinality is K,
and K-partite HGs are also K-uniform).
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COPs on K-Partite HGs. K-partite HGs efficiently describe a broad spec-
trum of difficult COP’s. For instance, the Multi-dimensional Assignment Prob-
lem (MAP) in dimension K counsists in grouping together items from K disjoint
sets of the same cardinality for a minimal overall cost; e.g. assigning workers
(set 1) to tasks (set 2) and time windows (set 3) is a 3-dimensional assignment
problem. This problem arises in many real-life situations such as multi-target
tracking, manufacturing, course scheduling, or multi-sensor data fusion [6,9,20],
and can be represented by a K-partite weighted HG, where each HE stands
for the grouping of K items together from the disjoint K partition of nodes.
A solution to such a problem is a subset among the set E of HEs and can be
represented by a binary vector z € {0, 1}|E|.

MAPs are NP-hard in general (for K > 2), highlighting the necessity to
develop heuristic methods to tackle them efficiently. Similarly, K-partite HGs are
also significantly useful in resource allocation problems, such as the multi-Level
generalized assignment problem [4,8,13]. Additionally, K-partite HGs play a role
in scheduling problems. A notable instance is the extension of unrelated parallel
machine scheduling to incorporate multiple time windows [29], a generalization
of the classical problem defined by [15]. Formally, COPs on K-partite HGs can
be expressed as:

[Vl [Vi |
i ; bject t C <b 1
zeﬁlﬁw‘ Z 2;1 Wi, ixsTiy..ix) subject to () <b, ()
where ¢(Wj, iy, %iy..i) is the cost of choosing HE (iy,...,ix) (i.e. setting

Zi, i = 1) and C(z) < b is a set of problem-specific constraints.

Reinforcement Learning (RL) [26] addresses the challenge of developing a
decision-making strategy for an entity (or agent) that iteratively interacts with
a dynamical system. At every iteration, both the entity and the context can be
defined using a state s from the state space S. The agent takes an action a from
the action space A, which prompts the system to transition to a subsequent
state s’, determined by the transition probability P(s'|s,a), while receiving a
reward denoted by R(s,a). The tuple M = (S,.A,P,R) constitutes a Markov
Decision Process (MDP) [21], where we consider an initial state probability dis-
tribution pg(s) on S . A policy, encapsulated by parameters 6, is portrayed as
mg(a|s), which translates states into likely actions. The objective in training an
RL agent is to uncover the policy that elevates the anticipated cumulative return,
expressed as J(mg) = E[>_,2 7' R(s¢,a¢)] where vy € [0,1) is a discount factor.

Graph Neural Network (GNN) and Message Passing. In recent years,
Graph Neural Networks have emerged as powerful tools for tasks defined on
graph structures [17]. GNNs excel in processing graph data through message
passing, which involves exchanging and processing information based on the
neighborhoods of nodes and edges. Various GNN models have been implemented
to handle increasingly complex graph structures, such as bipartite graphs [12],
heterogeneous graphs [31], or relational graphs [23]. Our contribution aims to
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develop suitable message passing strategies for K-partite HGs by defining an
appropriate neighborhood and function, enabling the efficient learning heuristics.

Learning Based Heuristics. Recently, a new approach known as NCO has
emerged as a promising paradigm for solving COPs. In a foundational work,
[28] introduced the pointer network, a novel architecture designed to solve
permutation-based problems such as convex-hull and travelling salesman prob-
lems. Building upon this, [3] employed RL to shift away from label ties, learning
heuristics exclusively through reward signals, thereby addressing both travelling
salesman and knapsack problems. RL is used to learn constructive heuristics
functions that incrementally build solutions step by step, optimizing a cumu-
lative reward based on partial solutions. The efficiency of these constructive
heuristics relies significantly on the chosen neural architecture. Finding the right
function with the appropriate inductive biases is crucial for the heuristic to
effectively navigate the solution space and make smart incremental decisions.
[18] proposed an attention model rooted in the transformer architecture [27],
demonstrating impressive outcomes on a variety of routing challenges. Recently,
the research landscape has witnessed a proliferation of advanced NCO archi-
tectures, each meticulously crafted to address distinct combinatorial challenges.
Notable among these are solutions for the job shop scheduling problem [31] which
leverage directed acyclic GNN, and most similar to our work, the 2D assignment
problem [12] employing bipartite GNN.

3 A Generic Family of Neural Policies on K-Partite HG

3.1 K-Partite HG Neural Network

The main contribution of this work is
the development of a novel K-partite HG
neural network policy, designed for learn-
ing solutions to a variety of combinato-
rial problems. Central to our formalisa-
tion is the concept of the dual H* of
a HG H = (V,E,W) [30]. In this dual
H* = (E*,V*,W*), the roles of nodes
and HEs are interchanged, where each
node in E* corresponds to a HEs in F
and each HEs in V* corresponds to a
node in V. The set W* represents the
weight or the attribute of the nodes E*.
We reinterpret a K-partite HG as a K-
relational multigraph (K-multigraph). A
K-multigraph is characterized by K dif-
ferent.t.ypes of edges (relations) and the Fig. 1. Complete bipartite and 3-partite
capability for any two nodes to be con- (Only a limited number of HEs are
nected by multiple edges. represented.) HGs with their respective
dual representations
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In the dual formulation, nodes are linked by relation ¢ (ranging from 1 to K)
if their associated HEs in H intersect in partition V;. In the upcoming method-
ological discussions, “node” refers to an element in H*, (a HE in H).

K-Partite HG Encoder and Practical Implementation. We propose a new
HG neural network encoder Fjy, central to which is a new message-passing layer.
This layer has the unique ability to learn embeddings from a K-partite HG. This
approach is fundamentally based on the dual formulation of HGs (Fig. 1), which
facilitates a more conventional representation of message passing between nodes
(Fig. 2).

Our encoder first processes the
node attributes w; € W* through
a learned linear projection, z{ =
go(w}). The embeddings update via
L layers, each with K distinct sublay-
ers 01,...,0k, using different adja-
cency matrices Ay for various rela-
tions. Node embeddings from layer

3

@9;@
OO0 e

{ are denoted by zi(z), for ¢ ranging

from 1 to L. @

Message Passing Layer. Follow- MHA,(z,A))  MHA,(z,Ay) MHAy(z, A3)
ing the Transformer architecture [27],

each attention layer consists of two Fig.2. Message passing in 3-partite HG:
sublayers: a multi-head attention node embeddings in H* are learned using
(MHA) layer that executes message K-distinct functions, corresponding to each
passing between the nodes and a fully relation. The node embeddings are updated
connected feed-forward (FF) layer. u.sing multi-head attention across each rela-
Each sublayer adds a skip-connection %™

and batch normalization (BN).

Algorithm 1: Message passing layer

Parameters: 60,,...,0
Input: Nodes embeddings 21, adjacency matrices Ai, ..., Ag
P Z(Zfl)
for kinl...,K do
z+— BN(z+ MHAy, (z,Ag)) // Message passing across
partition k
z«— BN(z + FFy,(2)) // Normalization and projection

Build on top of this new encoder, a policy head pg focuses on the sequential
construction of a solution X € {0, 1}‘E*‘. Mathematically, our policy mp :=
pooEy is a function that accepts a K-multigraph H*. It outputs a score p; for each
node, representing the probability of including the node in the partial solution.
The 6 parameters are optimized by Proximal Policy Optimization (PPO) [24].
Drawing inspiration from the method described in [3], the policy employs a



Learning Heuristics for COPs on K-Partite Hypergraphs 309

mask M to identify and avoid selecting nodes that would violate the specific
constraints of the problem. This ensures that only feasible nodes are considered
during the assignment process, maintaining the integrity of the solution with
respect to the problem constraints. Following [3], we scale the node scores (before
masking) within [—C, C] using tanh action function. Then we compute the final
output probability p; using a softmax:

C - tanh (pg (zZ(L))) ifi ¢ M e @)
u; = Pi= =
—00 otherwise leill eui

We employ RL to optimize this node selection policy. To achieve this, we
delineate the underlying MDP as outlined below and illustrated in (Fig.3):

The state represents the solution to an instance at timestep t. To do so
sy = {W*}U{X.} is defined as the union of the HG and the partial solution.

The action a; points to the index of the forthcoming node to be added in
the partial solution.

The transition function P(s¢41]s¢, at) is influenced by the assignment prob-
lem specifics. However, in most cases, the subsequent state s;11 is deterministi-
cally derived from s; through a simple update to the current solution, X,.

The reward function is typically contingent on the nodes weights W*. The
overarching objective is to maximize the reward given by r(s¢, ar) = c¢(W*, az).
As an example, in specific case of the MAP, the reward function is simply
r(st,ar) = W*[a:] which is the weight of the node indexed by as.

So

Fig. 3. DKA Policy trained via RL sequentially selects a node to construct a solution
to a 3D assignment problem. The agent’s current state at each step is represented as
s encapsulating both HG and the partial solution.

4 Experiments and Discussion

To validate our method, we benchmark DKA against established heuristics on
several problems, notably the well-known 3D Assignment Problem (3DAP) [20].
We explore two variants: a random version (‘r’), with arbitrary assignment costs
and a geometric version (‘g’), where costs correspond to the area of the triangle
formed by assignments [25]. Instances are denoted as 3(type)n, e.g., 3r10 for a
3DAP with random costs and 10 elements in each subset. Our learned heuristics
are compared against random and established constructive heuristics: Greedy
[16], Max-regret [1,2], ROM [14], and ROM-shift [16] (Table 1).
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Table 1. Average solution costs for various heuristics across 500 instances of 3DAP;
lower values indicate better performance. Values in parentheses represent the execution
time in milliseconds (ms).

Random | Greedy | Max-regret | ROM ROM-shift | DKA
3r5 (|) |2.465 (0) 0.833 (0)  0.632 (0) |0.687 (0)|0.533 (0) |0.452 (33)
3r10 (]) [4.999 (0) 0.921 (0) 0.568 (3) |0.749 (0) | 0.619 (2) |0.330 (69)
3rl5 (]) | 7.468 (0) | 0.945 (0) | 0.553 (6) | 0.810 (2) | 0.683 (5) |0.269 (121)
3g5 (1) ]0.380 (0) 0.160 (0)  0.103 (0) |0.090 (0) | 0.0712 (0) | 0.063 (33)
3g10 (]) |0.757 (0) | 0.208 (0) | 0.096 (3) |0.084 (0) | 0.067 (2) |0.0365 (69)
3g15 () 1.152 (0) | 0.220 (0) | 0.084 (6) |0.077 (2) |0.063 (5) |0.026 (121)

Our study addresses two correlated problems: the Multi-Level General-
ized Assignment Problem (MGAP) [4,13] and the Unrelated Parallel Machine
Scheduling with Multiple Time Windows (UPMSMTW) [29]. Both problems
entail assigning multi-level tasks to resources, with the MGAP focusing on task
weights and the UPMSMTW on time windows, both impacting the profit based
on the task level, thus introducing additional complexity. MGAP instances are
denoted by MGAP (resource number)r(task number)t(level number)l, such as
3r20t3l. In contrast, UPMSMTW instances are represented as (machine num-
ber)m(task number)t(time window number)w, for example, 2m20t3w. The
objective is to maximize profit while adhering to capacity constraints-for MGAP,
not surpassing weight limits, and for UPMSMTW, avoiding time window over-
laps. Benchmark comparisons for MGAP are drawn against Greedy, MGAPHI,
and MGAPH2 heuristics described in [8], whereas UPMSMTW is benchmarked
against Greedy [22] (See Table 3) (Table 2).

Table 2. Average solution costs for various heuristics across 500 instances of MGAP;
higher values indicate better performance. Values in parentheses represent the execu-
tion time in milliseconds (ms).

Random | Greedy MGAPH1 |MGAPH2 |DKA
2r10t21 (1) | 4.381 (1) |6.603 (2) |6.711 (9) |6.802 (11) |7.007 (66)
2r20t21 (1) |8.441 (2) | 13.594 (3) | 13.843 (14) | 14.021 (16) | 14.846 (125)
2r40t51 (1) | 17.257 (3) | 26.960 (5) | 27.143 (21) | 27.583 (24) | 29.760 (240)
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Table 3. Average solution costs for various heuristics across 500 instances of MGAP
and UPMSMTW; higher values indicate better performance. Values in parentheses
represent the execution time in milliseconds (ms).

UPMSMTW

Random | Greedy DKA
2m20t2w (1) |4.962 (1) |8.266 (2) | 8.630 (13)
3m20t3w (1) | 7.539 (1) |12.987 (3)|13.360 (17)
4m100t3w (1) | 46.735 (2) | 75.003 (4) | 80.821 (111)

In Table 4, we demonstrate that our agent can generalize in a zero-shot man-
ner to larger instances than those encountered during training. This capability
underscores the model’s adaptability and robustness in handling increased prob-
lem complexities.

Table 4. Zero-shot generalization performance of a model trained on 3rl15.

Random | Greedy Max-regret | ROM ROM-shift | DKA
3r30 (]) | 14.975 (0) | 0.963 (0) |0.519 (30) |0.918 (6) |0.807 (20) | 0.221 (4000)
3r40 (]) | 19.970 (0) | 0.969 (2) |0.510 (47) |0.970 (10) |0.865 (30) | 0.244 (22000)
3r50 (]) | 24.919 (0) | 0.974 (30) | 0.625 (793) | 0.979 (173) | 0.907 (51) | 0.243 (61000)

A key aspect of our model is the
use of K unique parameters 61, ..., 0k
in the message-passing layer. Our

Table 5. Results of ablation study on three
problems: impact of K distinct parameters.

ablation study on small-scale prob- Oh#. . #0x|h=.. =0k
lems highlights the importance of  (3r5) (1) 0.452 0.677
treating the HG as a K-multigraph  (2r20t21) (1) |14.050 9.076
and using distinct parameters for each ~ (2r20t2w) (1) 8.630 8.102

relation (Table 5).

Experimental Settings

All the experiments were run on a desktop machine (Intel 19, 10th generation
processor, 64 GB RAM) with a single NVIDIA RTX 3090 GPU, using Python.
The parameters in Table 5 were used to optimize our policy (Table 6).
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Table 6. Hyperparameters used in the study.

Hyperparameter Value Hyperparameter Value
Number of layers 4 Number of attention heads per layer | 8
Node embeddings dimension | 128 Number of parallel environments 256
Episode length 256 Discount factor vy 1
Optimizer (6 of PPO) Adam (Ir = 2e — 5) | PPO epochs 3
PPO clip 0.2 PPO GAE X 0.95
PPO value loss coefficient 0.5 PPO entropy loss coefficient 0.01
PPO batch size 256

The training time of DKA on the 3DAP varies with the size, taking 1h for
3r5, 8h for 3r10, and 14 h for 3r15 as an indication. Similarly, for MGAP and
UPMSMTW, the training durations align closely, starting at 1 h for the smallest
instances and extending up to 14 h for the largest ones.

5 Conclusion, Limitation and Future Work

We have proposed the first GNN architecture that can learn heuristics for K-
partite HG without the need for expert knowledge, relying solely on reward
signals through deep RL. This expands the application of neural constructive
heuristics to these family of problems. Ongoing experiments suggest that our
model can outperform several established heuristics and generalize to larger,
unseen problems. Our architecture, designed for COPs, could be applicable in
other domains where problem can be modeled as K-partite HG. However, our
framework is currently limited to relatively small instance sizes due to significant
memory requirements, which grow exponentially with the number of partition.
We anticipate that DKA could surpass other methods in uncertain settings.
Future work on DKA will explore scalability and complex, uncertain problems,
such as satellite constellation scheduling under cloud uncertainties.
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