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The Pearcey process is a universal point process in random matrix theory.
In this paper, we study the generating function of the Pearcey process on any
number m of intervals. We derive an integral representation for it in terms
of a Hamiltonian that is related to a system of 6m + 2 coupled nonlinear
equations. We also obtain asymptotics for the generating function as the size
of the intervals get large, up to and including the constant term. This work
generalizes some results of Dai, Xu and Zhang, which correspond to m = 1.

1. Introduction and statement of results. In random matrix theory, the universality
conjecture asserts that the microscopic behavior of the eigenvalues of large random matrices
is similar for many different models. More precisely, it is expected that the local eigenvalue
statistics only depend on the symmetry class of the matrix ensemble and on the nature of the
point around which these statistics are considered [28, 30, 38]. The Pearcey process is one of
the canonical point processes from the theory of random matrices: it models the asymptotic
behavior of the eigenvalues near the points of the spectrum where the density of states admits
a cusp-like singularity. This process appears in Gaussian random matrices with an external
source [12, 13, 8], Hermitian random matrices with independent, not necessarily identically
distributed entries [27], and in general Wishart matrices with correlated entries [32]. The
Pearcey process is also universal in a sense that goes beyond random matrix theory: it appears
in certain models of skew plane partitions [39] and of Brownian motions [1, 2, 8, 46, 31].

Determinantal point processes form a special class of point processes whose correlation
functions can be written as determinants involving a kernel. We refer to [43] for an introduc-
tion on this subject. The Pearcey process is the determinantal point process on R associated
with the kernel

7) /! _ 7)/ / 7)// o 7)
(1) KP(z,y) = (2)Q"(y) — P'(x) Q' (y) + P"(x)Q(y) — pP(x)Q(y) 7
r—y

where p € R,

1 o 144 _py24; 1 Lydy py2y s
P(l’) / 672t —£t +lmdt, Q(y) / ezt +5t +Ztydt,
by

and ¥ = (e 00,0) U (0,e "1 00) U (e~ 1 00,0) U (0,65 00). As p increases, the point con-
figurations with few points near O are increasingly likely to occur, and when p tends to +oo,
the Pearcey process “factorizes" (in the sense of gap probabilities) into two independent Airy
processes [6]. Important progress on the large gap asymptotics for any fixed p € R have only
recently been obtained in [23].
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This paper is inspired by the work [24] of Dai, Xu and Zhang, and is concerned with the
moment generating function of the Pearcey process. Let X be a locally finite random point
configuration distributed according to the Pearcey process, and let N (z) :=#{{ € X : { €
(—x,x)} be the associated counting function. We are interested in the m-point generating
function

(1.2) F(r¥, ) [He“’N(mf },

where

r >0, m € Ns, U= (uy,...,up) €R™ T=(x1,...,2m) R

ord

and RO = {(21,...,2m) 10 <21 < ... < Ty < +00}.

Our main results are stated in Theorems 1.3 and 1.4 below and can be summarized as
follows:

» Theorem 1.3 establishes an integral representation for F'(rZ,«) in terms of a Hamiltonian
related to a system of 6m + 2 coupled differential equations. This system of equations
admits at least one solution, which we derive from the Lax pair of a Riemann-Hilbert (RH)
problem. The asymptotic properties of this solution are stated in Theorem 1.1.

* Theorem 1.4 is concerned with the asymptotic properties of the generating function as
the size of the intervals get large. Specifically, Theorem 1.4 gives a precise asymptotic
formula, up to and including the constant term, for F'(r&, @) as r — +o0.

For m =1, Theorems 1.1, 1.3 and 1.4 have previously been obtained in [24]. The general
case m > 2 allows to capture the correlation structure of the Pearcey process, see Corollary
1.5, and to analyze the joint fluctuations of the counting function, see Corollary 1.6. We also
expect the case m = 2 of Theorem 1.4 to play an important role in future studies of the
rigidity of the Pearcey process (we comment more on that at the end of this section).

The relevant system of 6m + 2 coupled differential equations depends on unknown func-
tions which are denoted by

(1.3) po(r), ao(r), pik(r), Gi(r), k=123, j=1....m,

and is as follows:

po(r) = —V2 35 25p; 3(r)4j2(r),
ao(r) = V235 xjpj2(r)gjn (r),
QI§~,1(7") = 2811(r)gj1 (r) + 254j,2(r) + 2931 (r)a;3(r),
(1.4) @ o(r) = V2po(r)ajgia (r) + 2S92(r)gj2(r) + x5453(r),
¢ 5(r) = (rz? + 2513(r)) g1 (r) + v2q0(r)zjq5,2(r) + 2S33(r) g 3(r),
Pia(r) = =251 (r)pja(r) — V2po(r)ajpja(r) — (ra? + 2S13(r)p;s(r),
Pia(r) = —xjpj1(r) — 282 (r)pja(r) — vV2qo(r)zp;a(r),
Pia(r) = —2831(r)pja(r) — xpj2(r) — 2S33(r)p;a(r),
where j =1,...,m, (-)" denotes the derivative with respect to r, and

Skl Zp]k q], kvl:17273‘
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Furthermore, we require the functions (1.3) to satisfy the following m relations

(1.5) > pik(gr(r) =0,  j=1,....m.

Note that the functions (1.3) also depend on &, although this is not indicated in the notation.
Let

H(r) = H(r;po,q0,{Pj1,9,1,P5,2, 2,2, P53, 35,3} j=1)
be defined by

\fpo Zx]p]2 QJl +\/CJO Zﬂfjpj?) %2 r)

+ijp], r)aj2(r +ijpj2 (r)ajs(r —i—Zm: 5,3(1)¢51(r)

Jj=1 Jj=1

4 % <<S11(?”) — Soo(r) + 533(7"))2

e —2> 3 (Pk,l (r)pes(r) — Pk,3(7“)Pe,1(7“)> (%,1(7")(14,3(7“) - %,3(7”)%1(7"))) :

k=1 (=1
It is readily checked that ¢)(r) = 22 (r), pj(r) = —g—g(r) and

Apo
OH OH
(1.7) ¢ (r) = =——(r), Pl (r) = —=—(r), i=1,...,m, k=1,2,3,
)= g ) B =5 =),

and therefore H is a Hamiltonian for the system (1.4)—(1.5).

THEOREM 1.1. Let p € R,
r >0, m € N>, 0= (u1,...,un) ER™,  and T=(z1,...,2m) R

ord

There exists at least one solution (po,qo,{Pj1,41,Pj2, qj,g,pj73,qj73}§n:1) to the system of
equations (1.4) and (1.5) satisfying the asymptotics (1.8) and (1.11) below. As r — 400, we
have

3
(1.8a) po(r) \f waér +\1[<§4+ >+O( )

. —_i 50s(rz;) NE Y5
pia(r) = 30 (rz;) Aj;
m 2/3
3 2
(18b) < (eosttsr) = B+ 223wt costvy ) + ) ) 1+ 00 1),
=1 X
- _ b 10s(ra;) Ui . -2
(1.8¢) pJ’Q(r)_gm'e y cos(V(r))(1+O(r~=)),
1
(1.8) pj,3<r>=—3m 05(022) (1) =5 4 cos(9 (1) + 5)(1 + O(r 1)
j

(1.8e) qo(r Zugxzr +<—p+ )—1—0( ),
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(A8 gy (r) = 2ie™ 300 (ra) ™5 Aysin(0 (1) = §)(1+ O()),
(1.82)  qja(r) = —2ie~2%0%) A;sin(d;(r)) (1 + O(r~3)),

1

qj73(r)_27/€ 203(T$7)(ij)§Aj

(1.8h) X <Sin(19]( % —qugT/?)sm (r) — g)) (1—1—(’)(7'_%)),
where 03(r) = %T% + 57“%,
2/3
Uk U ﬁxk
(1.9) A;=I'(1- 27”)\ exp (— - Z Z o arctan 34—22/3>
k= ]+1
7&
3v3 s \/3p
19]( ):_ ] (ij)3+ 4 (T‘Tj) +a‘rgr( 27rz)
m 2/3 2/3
() loe L) S o T 9T
(1.10) o (310g(razj)+log2> Z 5, log \3:2-/3—3;%/3| ;
= J

w:=es and T is Euler’s Gamma function. Furthermore, the asymptotic formulas (1.8)
hold uniformly for p m compact subsets of R, for @ in compact subsets of R™, and for & in
compact subsets of RT™. As r — 0, we have

ord
_ 1P L1 P2y
(1.11a) Po—\f<54 >+O() QO—\/E(—M+2>+O(T),

(1.11b) pjvl(T):O(T‘), pj,2(r) =0(1), pj,3(r) =0O(r), Jj=1...,m,
(I.11e)  gj1(r)=0(1), gj2(r)=0O(r), g;,3(r) =0(1), j=1,...,m.

REMARK 1.2. Interestingly, for m = 1, the following stronger statement holds: there ex-
ists at least one solution (po, go, P1,1,91,1,P1,2, 41,2, P1,3,¢1,3) to the system of equations (1.4)
and (1.5), which, in addition to satisfying the asymptotics (1.8) and (1.11), is also such that
the functions pg and gq satisfy a system of coupled differential equations, see [24, equations
(2.19)—(2.20)] (see also [12, equations (3.25)—(3.26)] for p = 0). However, it is unclear to us
if this system of coupled differential equations admits a natural analogue for m > 2.

It is well-known since the works of Jimbo, Miwa, Mori and Sato [37] and of Tracy and
Widom [44, 45] that the 1-point generating functions of the universal sine, Airy and Bessel
point processes are naturally related to the theory of Painlevé equations. We also refer to [33,
3] for some Hamiltonian structures associated with the m-point functions of the sine and Airy
processes, and to [21, 19] for some representations of the m-point functions of the Airy and
Bessel processes in terms of the solution to a system of m coupled Painlevé equations. It was
shown in [24, Theorem 2.2] that the 1-point function of the Pearcey process admits an elegant
representation in terms of a Hamiltonian associated to a system of 8 coupled differential
equations. Our first main result generalizes [24, Theorem 2.2] to arbitrary m € Nyg.

THEOREM 1.3. Letp€ R,

r>0, m € Ny, T=(u1,...,um) €ER™, and T=(x1,...,xm) R

ord
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The following relation holds

(1.12) F(r¥, i) = exp (2 /7" H(T)d’r),
0

with H given by (1.6), and where (po, qo,{pj1,9,1,0j.2, 9,2, Dj3; qj’g};-”zl) is a solution to
the system of equations (1.4) and (1.5) which satisfies the asymptotic formulas (1.8) and
(1.11). Furthermore,

(1.13) H(r)=0(1), asr—0,
and as r — 400,
(1.14)
m \/g % 1 2 1 u2 Ui 5
1) =Y (Youseirs = sl 4 - o0, ) + 0

j=1
where ¥;(r) is defined in (1.10).

Since the functions (po, g0, {Pj,1, 45,1, 14,2, 25,2, Pj,3, qj,g};”:l) appearing in the integral rep-
resentation (1.12) are rather complicated objects, it is natural to try to approximate F'(rZ, @)
for small and large values of  with some explicit asymptotic formulas. Because F'(rZ, @) is
a Fredholm determinant on an interval of size proportional to r (see (2.1) below), the asymp-
totics of F'(r#, ) as r — 0 can be easily obtained. A much more complicated question is to
approximate F'(r,u) for large values of . In the case of the sine, Airy and Bessel processes,
the asymptotics for the m-point generating functions are known, see [5, 15] for the sine pro-
cess, [10, 17] for the Airy process, [11, 14] for the Bessel process and [20] for the transition
between the Bessel and Airy processes. The asymptotics for the 1-point generating function
of the Pearcey process, up to and including the notoriously difficult constant term, have been
established in [24, Theorem 2.3]. We provide here the generalization of [24, Theorem 2.3] to
arbitrary m € Nsg.

THEOREM 1.4. Let
pER, m € Ny, G=(u1,...,um) €ER™, and T=(x1,...,2py) R

ord

As r — 400, we have

(1.15) F(rZ, @) =exp <Zu],up r;) + Z%ﬁ(my) + Z wupX(zk, 5)

j=1 7j=1 1<j<k<m

+3 " 2log (G(1 - 2)G(1+ 24)) + 0<ri>),

j=1
where G is Barnes’ G-function, and [i,, o? and ¥ are given by
3\[ \[p 2
pol) = s = 5w
1 9
2 _
o(x) = ylogaﬁ + ﬁlogf,
2/3 2/3
>( ) L 7 il
l’k?':U = 5 Og T o9/q  o9/a. >
J 2 |m?/3 _ x2/3]

k
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where w =5 . Furthermore, (1.15) holds uniformly for p in compact subsets of R, for u in
compact subsets of R™, and for T in compact subsets of R;ﬁn. The asymptotic formula (1.15)
can also be differentiated any number of times with respect to uy, ... ,u,, at the expense of
increasing the error term in the following way. Let F (rZ, @) be the right-hand side of (1.15)
without the error term, and denote the error term by € = log F(rZ, @) — log F(rZ, @). For
any ki,...,kn € N>o, we have

)k1 +...tkm

ks ko f (logr
(1.16) okt one = 0( "

), asr— +00.

We end this section by providing several applications of Theorem 1.4, and we also discuss
its relevance in future studies of the rigidity of the Pearcey process.

Applications of Theorem 1.4. Using (1.15) with m =1, (1.16),
dulog F(r,u)ly=o =E[N(r)] and 92log F(r,u)|y,=0 = Var[N(r)],

it readily follows that

(1.17) E[N(r)] :up(r)—k(?(l;g/;a), as r — 400,
2
(1.18) Var[N (r)] = o%(r) + ! ;;E + (9<(1:§/7;) ), as r — 400,

where g is Euler’s gamma constant. These asymptotic formulas for the expectation and vari-
ance of N (r) are not new and were already obtained in [24, equations (2.30) and (2.31)]. We
see from (1.18) that the large r asymptotics of Var[N(r)] are of the form ¢, logr + c2 + o(1)
for some explicit constants ¢; and co. The asymptotics for the variance of the counting func-
tions of other classical point processes such as the sine, Airy and Bessel point processes are
also of the same form [42, 15, 17, 14] (with different values for ¢; and c¢3). This phenomena
is expected to be universal, in the sense that it is expected to hold for many point processes
in random matrix theory and other related fields, see the very general predictions [40, 41].
We emphasize that the proof of (1.17) and (1.18) only relies on Theorem 1.4 with m = 1.
Using Theorem 1.4 with m = 2 allows to obtain new results on the correlation structure of
the Pearcey process. More precisely, using (1.15) with m = 2, (1.16), and

2 F((xlva))(uvu))
Oulog ( F (1, u)F (2, ) )

=2Cov (N (1), N(22)),

u=0

we directly obtain the following result.

COROLLARY 1.5. Let x3 > x1 > 0 be fixed. As r — +0o0,

ogr)?
Cov(N (rz1),N(rza)) = S(zg, ;) + O<(17§/3) >

In [24, Corollary 2.4], the authors also proved that the random variable (N(r) —
pp(r))/+/0%(r) converges in distribution as r — +oco to a normal random variable with

mean 0 and variance 1. Using Theorem 1.4, we obtain the following generalization of this
result.
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COROLLARY 1.6. Let0 <21 <...<Zpy <400 be fixed and consider the random vari-
ables N ]m defined by

N Na) — ) g,
J o(rx;)
As r — 400, we have
(1.19) (N NS NG L N, 1),

where I, is the m X m identity matrix, and N' (6, I,,) is a multivariate normal random
variable of mean 0 = (0, .. .,0) and covariance matrix I,

PROOF. Let ay,...,a, € R be arbitrary and fixed (i.e. independent of r). It directly fol-

. 3T j .
lows from (1.2) and (1.15) with u; = fTﬁ? j=1,...,m, that
(e ] -on (54 0{
e’y | =e - + , as r — +o00.
e P o 2 logr
In other words, the moment generating function of (Nl(r),NQ(T), e ,N,(,f)) converges as

 — +00 pointwise in R to the moment generating function of A (0, I,,,). This implies the
convergence in distribution (1.19) by standard probability theorems, see e.g. [7, Corollary of
Theorem 25.10]. O

Possible future applications of Theorem 1.4. Corollary 1.6 gives information about the joint
fluctuations of the counting function at m well-separated points rx1, ..., rZ,,. A more diffi-
cult question is to understand the global rigidity of the Pearcey process, that is, to understand
the maximum fluctuation of the counting function. In recent years in random matrix theory,
there has been a lot of progress in the study of ridigity of various point processes, see [29, 4]
for important early works, [34] for the sine process, and [18] for the Airy and Bessel point
processes. Of particular interest for us is the following result on the rigidity of the Pearcey
process, which was proved in [16] (by combining results from [18] and [24]): for any € > 0,
the probability that

44/2 44/2

(1.20) pp(z) — (;[ + e> logz < N(z) < pp(z) + <3\[ + 6) logz forallz >r
™ T

tends to 1 as » — —+o00. Roughly speaking, this means that with high probability and for all

large =, N () lies in a tube centered at y,(z) and of width (% + 2€) log z, see Figure 1

(left). Equivalently, (1.20) can be rewritten for the normalized counting function as follows

(1.21) lim P <Sup N@) = pp(@)| 4*? +e> —1,

r—00 T logx 3

see Figure 1 (right). It has also been conjectured in [16] that the upper bound (1.21) is sharp,
in the sense that the following complementary lower bound is expected to hold: for any € > 0,

(1.22) lim P <Sup N(z) = ()| 42 _ e> —1,

r—00 >r logz 3T

and this is also supported by Figure 1 (right). Such lower bounds are notoriously difficult to
prove.

By analogy with the method developed in [22], we expect that Theorem 1.4 with m =
2 will be useful to establish (1.22). However, we also expect that proving (1.22) will also
require other estimates that are not provided in this paper, such as the large r asymptotics for
E[eut N (rz1)+uaN(r22)] when simultaneously |1 — 2| — 0. This regime requires a completely
different analysis than the one of Theorem 1.4, and we shall not pursue this here.
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FIG 1. Rigidity of the Pearcey process (the pictures are taken from [16]). Left: the smooth blue lines correspond
to the upper and lower bounds in (1.20) with e = 0.05, and N () is the discontinuous blue line. Right: the blue

line is w, and the four orange lines correspond to the constants +4v2 \[ + €, +4v2 \[ — e with e =0.05.

Outline. Relying on the fact that the Pearcey kernel K [1,3 ¢ is known to be integrable (of size 3)
in the sense of [35], we use in Section 2 the general method of [25] to express O, log F'(rZ, @)
in terms of the solution ® to a 3 x 3 RH problem. In Section 3, we derive the system of
equations (1.4) and establish the formula 0, log F'(rZ, @) = 2H (r) by analyzing a natural
Lax pair associated to ®. In Section 4, we use the Deift-Zhou [26] steepest descent method
to obtain the large r asymptotics of ®. A main technical challenge here is to analyze the
behavior of the global parametrix at certain points, which becomes particularly delicate for
m > 2, see e.g. the asymptotic formulas of Subsection 4.3.2. The steepest descent analysis
of ® for small r is simpler and is performed in Section 5. In Section 6, we use the small
and large r asymptotics of ® together with some remarkable identities for the Hamiltonian
to complete the proofs of Theorems 1.1, 1.3 and 1.4.

2. Differential identity. The main result of this section is a differential identity which
expresses O, log F'(rZ, i) in terms of the solution ® to a 3 x 3 RH problem.

It is well-known, see e.g. [43, Theorem 2], that the moment generating function (1.2) is
equal to the Fredholm determinant

(2.1) F(r,d) =det (1 - lzﬁe), Eppe = Z(l - Sj)/CpPe|rA_,-7

j=1
where s; := e TUm € (0,400), j =1,...,m,
Alz(—:cl,xl), Aj:(—xj,—l’j_l)U(JIj_l,fL'j), J=2,...,m,

and ICEBIT 4, is the trace-class operator acting on L?(rA;) whose kernel is Kfe. We now
recall a formula from [8] which expresses Kfe in terms of the solution ¥ of a 3 x 3 RH
problem.

2.1. Background from [8].

RH problem for V.
(@) ¥:C\ {U?:OE]- U {0}} — C3*3 is analytic, where

2o = (0, +00), S = e (0, +00), Sy =e'i (+00,0),

(2.2) S5 = (—00,0), S =e i (400,0), S5 =e"%(0,400).
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(b) For z € U?:Ozj, we denote U, (z) (resp. U_(z)) for the limit of ¥(s) as s — z
from the left (resp. right) of U?ZOE]- (here “left" and “right" refer to the orientation of
U%_o%; as indicated in (2.2)). For z € %2, we have Uy (z) = ¥_(2)J;, j =0,...,5, where
Jo, J1, J2, J3, J4 and J5 are respectively given by

010\ /100\ /100 001 100\ /100
2.3) —100]|,[111],{o10|,{ 0o10],l0o10],[11-1
001/ \oo1 111 ~100/ \1-11/) \oo 1

(¢) As z — o0, £Im z > 0,

2.4) U(z) =1/ 2?7(€§Z'\I/0 (I + i + (’)(22)>diag (zfé, 1, zé)Lie@(Z),
z

where

1 00 0 ws(p) O
(2.5) Uy = 0 10}, U= (FRe(p) 0 n3(p)+5],
k3(p) + %01 0 Re(p) O
3 6 4 2
_r P Y L
falP) =51~ 6 A R TR TR
~ p 1 - p? 1
Ro(p) = re(p) + ra(p) — 3, Ro(p) = re(p) — Ka(p)® + = — =,
3 3 9 3
—w w?l w? w1
Lio=| -1 11}, L =1111],
—w?wl ww?l
i 1
2.6) O(z) = d%ag (01(2),02(2),03(2)), Imz>0,
diag (62(2),601(2),03(2)), Imz<D0,
with 0 (z) = %w%z% + gwkzg, k=1,2,3,and w = es.
(d) ¥(z) remains bounded as z — 0.
Consider the following functions
2.7) Pj(2) :/ emit'TEPFiEG 5 —0,1,...,5,
r;
where
Ty =(—00,+00), I'y = (i00,0] U [0, 00), I'y = (oo, 0] U [0, —00),

I's = (—ioco, 0] U[0,—00), T'y=(—ico,0]U[0,4+00), I'5=(—ioco,ic0),
and define

Po(z) P1(z) Pa(2)
(2.8) U(z)= | Py(z) Pi(z) Pi(z) |, zeC.
Po(2) Pi(2) P{(2)

It was shown in [8, Section 8.1] that the RH problem for ¥ admits a unique solution which

can be explicitly written in terms of P;, j = 0,...,5. For example, for arg z € (7, ‘%’r), we

have W(z) = W(z). The explicit expression of W in the other sectors is not needed for us so



10

we do not write it down, but we refer the interested reader to [8, equations (8.12)—(8.17)].
The Pearcey kernel can be written as follows (see [8, equation (10.19)]):

(2.9) KMe(z,y) = (011)U(y) " U(z)(100)",  z,yeR,

2ri(z —y)
where (-)! denotes the transpose operation. Let f(f,)e be the kernel of the operator Ia;e ap-
pearing in (2.1):

m

KPe(z,y) =Y (1= s) K (2, 9)xra; (¥),
j=1

where X 4, denotes the characteristic function of A;, i.e. xa,(x) =1 if z € A; and 0 other-
wise. From (2.9), it is easy to see that K [1,3 ¢ can be written as

~ f(z)th

(2.10) KL () = 2 y(y),
where
@2.11)

! (=)

~ i=1 XrA; (y)

f(a) =W(2) | 0], h(y) = = Zs]xrg (v

0 i
with 5; := 57*217”3] and Bj = (—xj,z;), j =1,...,m. Since @ € R™, it follows from (1.2)

that F'(rZ, ) € (0,+00). Thus, by (2.1), we have det(1 — IEEG) > 0 and in particular 1 — IEEG
is invertible. Using now standard identities for trace-class operators, we obtain

(2.12) 9, log F(r#, @) = , log det(1 — KP¢) = —Tr((l - iEPPe)*larlEpPe)

m—1
:—ij< lim R(v,v)+ lim va) x]< lim R(v,v)+ lim R(v, v)>
v e vN\—TT; = vN\TT, v\ —rz;

where R is the kernel of the resolvent operator (1 — iEPPe)—liEPPe. Formula (2.10) shows in

particular that IN(EG is integrable (of size 3) in the sense of [35]. Hence, by [25, Lemma 2.12],
we have

(2.13) R(u,v) = w, u,v €R,
u—v
where
2.14) F(u)=(1- Ege)*lf(u) =Yi (u)f(u), H(v) =Y "(v)h(v), u,v € R,
and Y is given by
2.15) Y(z)=1— /mm Fwh(w)',

vz, W—Z

Furthermore, Y is the unique solution to the following RH problem.
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FIG 2. Jump contours Eg), k=0,1,...,6.

RH problem for'Y .
@) Y :C\ [~rzm, r2m] — C3*3 is analytic.
(b) Y satisfies the jumps
(2.16)
Yy (z) =Y_(x)(I — 2nif(z)h(z)"), T € (—=TTm,TTm) \ U;ﬁ:_ll{—rxj, T}
(©) Asz—00,Y(z)=1+2 +0(272).
(d) As z = 2z, € UL {—raj,rz;}, we have Y (2) = O(log(z — z4)).

Now, we apply a transformation which changes Y into another function & whose jump ma-
trices are piecewise constant. Following [24, eq (3.24)], we define ®(z) = ®(z;r) as

Y (2)¥(2), ze IUIITUIV U VI,
o1 Y (2)¥(2), zell,
(2.17) B(z) = —=— 1-1-1
Feoi vy @) |o1 o], zev,
00 1

\

where the regions I, IT III, IV, V and VI are shown in Figure 2. It is easily verified from the
RH problems for Y and W that ® satisfies the following RH problem.

RH problem for ®.

(@) ¢:C)\ {U?ZOEY) U{ =72, 72m } } — C3*3 is analytic, where

5 = (ram, +00), BV =1 +e% (0, +00), 5 = 1y + T (+00,0),
(2.18)

Eér) = (=00, —TrTm), Ey) = —rT, + e*%(—i—oo,O), Eg) N (1) +00),

and Eg) = (=rxm,rTy), see also Figure 2.

(b) For 2 € £\, we have @, (2) = ®_(2)J;, j =0,...,5, where Jo,J1,J, J3,Js and
Js are given by (2.3). For z € (—rzp,rzm) \ U?‘:—ll{—rxj,mj}, we have &, (2) =

®_(z)Js(z), where
ISj Sj
Js(z)=1010 |, z€rAj, j=1,...,m.
001
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(¢) Asz— 00, xImz >0,

P P 1 1
(2.19) D(z) = <I+1+2+(9( )>diag (2—5,1,25)@6@@,
where ®1,P, are independent of z and &; = ¥, + ‘IfalYl Y.
(d) Asz—rxj, j=1,...,m, we have
(2.20)
( ) ( ) 1, zell,
1 —sjlog(z —rz;) —s;log(z — rz;
~ 1 —Si11 —5.
B(z) =d;(z) | 0 1 0 EARERAS

0 0 1

where we recall that s; := *5="._ The matrix (T>j is analytic at rz; and satisfies

(2.21) Eﬁ(z) :tﬁgo)(r) ([+(I>§~1)(T')(Z—Tl'j) +(’)((z—rxj)2)>, z—rej,

for some matrices <I>§-0) (r) and <I>§-1)(r).
(e) @ satisfies the symmetry

-100
(2.22) ®(2) = —diag (1, -1, 1)®(—2)B, B=| 001
010
PROPOSITION 2.1.  We have
1)
(2.23) Oy log F(rZ, u) 225]33] K ))21 + <<I>j (7“))31]

PROOF. The proof is a minor adaptation of [24, Proposition 3.5]. For v € R, by (2.11),
(2.14) and (2.17), we have

(2.24)
1 m —t 0
2 p2 )\ _
F(v) = \/?eGZ\I’OQ)Jr( v) 0], H(v) = E sixrB, (V) ——2— @4 (v) 7" [ 1
0 =1 Ime'si 1
j 3

Using (2.13), (2.17), (2.22) and (2.24), for v € R we find
’U) = ZstTBj (U) ([(I)_i_(y)_l(I)/_"_ (U)] 21 + [q)+(v>_1q)/+ (U)]?,l) = R(_Ua _U)a
j=1

which allows us to rewrite (2.12) as

m—1

Oy log F (r¥, @) —Qij vhrrr;: R(v,v) +2 Z%Uh% R(v,v)

J=1
= —QZﬂfjﬁj <[‘1>+($j)_1‘1>'+($j)]21 + [¢+(wj)_1<1’5r(ﬂfj)]31>'
j=1

By (2.20) and (2.21), [®. (2;) "'/, ()], = (@} (r))pa. forall j =1,...,m and k = 2,3,
which finishes the proof. O
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3. Lax pair. In this section,

» we find an explicit solution to (1.4)—(1.5) in terms of P,
* we prove the relation 0, log F'(rZ, @) = 2H (r),
¢ we derive some further identities for H which will be useful in Section 6.

These results generalize part of the content of [24, Section 4] to arbitrary m € Nsg.

PROPOSITION 3.1.  The functions (po,qo,{Pj,1, 9,1, P52, 95,2, Pj,3, 3,3} j=1) defined by

_Ly(r _L(p_
(3.1) po(r):= 7 (3 + <I>1,23), qo(r) == \/5(3 <1>1,12),
pja(r) " 0 j1(r) o 1
(3.2) | pja(r) | i=—5;@ () (1], |@ialr) | =27 () [O], j=1,...,m,
pj3(1) 1 qj,3(1) 0

satisfy (1.5) and the system of coupled equations (1.4).

REMARK 3.2. Since & exists by (2.14), (2.15) and (2.17), Proposition 3.1 implies that
there exists at least one solution to (1.4)—(1.5).

PrOOF. Following [24], we will proceed by analyzing the following Lax pair
L(z;7) = 0.9(z;7r) - ®(z;7) 7L, U(z;r):=0,®(z;7) - ®(z;7) L.

Since the jump matrices of ® are independent of z and r, L(z) = L(z;7) and U(z) = U(z;7)
are analytic in C\ {—rzy,,...,—rz1, 0,rx1,... 72y }. Furthermore, using (2.22), we infer
that they satisfy

(3.3)
L(z) = —diag(1,—1,1)L(—z)diag (1,—1,1), U(z)=diag(1,—1,1)U(—=2)diag (1,—1,1).

By (2.19), (3.1) and (3.3), we find

000 I
(3.4) L(z)= (000 ] z+Ao(r) + 2L +0(7?),  asz— oo,
100 &
where
010 000 0 1 0
35  Ao(r)=|L01|+ @, [000]|=v2p0(r) 0O 1],
050 100 0 v2go(r) 0
—30% 000 000 010
Li=[ 000+ @, [000]|+][000]®1,®1|+ |®1,|501]],
003 100 100 050

and where we have used the notation [B1, Bs] := B1B2 — B2;. Also, by (2.20)—(2.21) and
(3.2), we have

(3.6) L(z)= A(r) +0(1), asz—rzy, j=1,....m
Z =TT,
with
011 qj.1
3.7 Aj(r)= —5]'(1);0) (r){000 ‘Dg-o) (")t = a2 | (Pi1pi2pss)-

000 45,3
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Since det ®(z) is constant, we have TrL(z) = TrA;(r) = Zizlpmk(r)qj,k(r) = 0, which
already proves (1.5). Combining (3.3), (3.4) and (3.6), we have shown that

000

A, .
(3.8) L(z)=[000] + Ao Z( JM),
200 z—mj z—i-mj
where
qj,1
(3.9) A_j(r) =diag (1, —1,1)A;(r)diag (1,-1,1) = | —gj2 | (pj1 —pj2Dj3)-
q;5,3
For the computation of U, we use (2.19) and (2.20)—(2.21) to obtain
AA
U(z)=0(z1), as z — 00, U(z):—a:jﬁ—k(’)(l), as z — ;.
Z—rrj
Using also (3.3), we conclude that
“ Aj(r) A_j(r)
1 = —x; — :
(3-10) U(Z) Z( xJZ—ij+ij+Tl'j

Jj=1

It remains to show that the functions (po,qo, {pjyl,Qj’l,pj’Q,Qj’Q,pj73,q]"g};nzl) satisfy the
system of equations (1.4). For this, we note that the compatibility condition 0,0, ®(z) =
0,0,P(z) is equivalent to the relation

(3.11) OrL(z) — 0,U(2) =[U(z),L(2)].
On the other hand, by (3.8) and (3.10), we have

Aj(r)  AL(r)
3.12 0.L(z) — 0,U(2) = Ay(r -
(3.12) PL(z) = 0.U(z) = +Jz_:<z—m]+z+m]>
Substituting (3.8) and (3.10) in the above two equations, and then taking z — oo, we get
- 000 0 0 0
Ap="w; A= A5, [000] | = [ 227 25p)5052 0 O,
: 100 0 2377 ©pj2q;1 0

which yields the first two equations in (1.4). We now prove the last six equations of (1.4). A
direct computation using (2.20) and (2.21) shows that

(3.13)

z;L(2) + U(2) = (2;0.9(2) + 0,®(2)) @(2) ' = 8T<I>§0) (r)- (I)éo) (r) ' 4o(1) asz—rxy,
and using (3.8) and (3.10), we get

1

(3.14) i L(z)+U(z) = M;(r) — ;Aj('r) +o0(1) as z — ra;,
with
000 Lo 251 zj 283
(3.15) Mj = 0 00 —I—.’EJA()—I- Z A= ﬁpoxj %SQQ T
rz 00 " k=—m ra? + 2513 v/ 2qox; 2533
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In (3.15), we have omitted the r-dependence of various functions for notational convenience.
Combining (3.13) and (3.14) yields

0 1 0
0,0 (r) = ( M;(r) — TAj(r)> o (r).
Taking the first column of the above equation and using (1.5), (3.5) and (3.2), we get

(3.16) (d51(r) &5(r) di5(1)" = M(r) (431(r) gj.2(r) a;3(r))"

and it is a direct computation to verify that (3.16) is equivalent to the third, fourth and fifth
equations of (1.4). Finally, using (3.8), (3.10), (3.11) and (3.12), and letting z — rx;, we get

(3.17) A (r) = —[A;(r), Mj(r)].
Combining (3.17) with (3.5) and (3.16), we get
(1).1(r) Pl o(r) P 5(r)) = = (pja () pj2(r) pja(r)) M(r),

which yields the last three equations in (1.4). ]

For later use, we also note that by taking z — oo in (3.4) and then by reading the z~! term
of the (1,3) entry, we get

(3.18)

m

D (Ajas(r) + Ajus(r) =283 (r) = g + ®112(r) — P123(r) = p— V2(po(r) + qo(r)),
j=1

where we have also used (3.8) and (3.1). In the rest of this section, we prove some identities
for H which will be useful in Section 6.

PROPOSITION 3.3.  Let H be the Hamiltonian given in (1.6) with (po, qo,{pj1,4;1,Pj.2,
4j,2,Dj.3, qjyg}g’"”zl) defined as in (3.1)—~(3.2). We have

(3.19) O log F(r, i) = 2H (r).

PROOF. By (2.23), the claim (3.19) is equivalent to

(3.20)
m 1 O ]. 1 m 1) (1
Hr)== sjz;Tr [ @) [000] | == sz, [(<I>§ (7“))21 +@; )(T)>3J :
j=1 000 j=1

Let #(r) be the right-hand side of (3.20). We must show that H(r) = H(r). By reading the
O(1) term in the expansion of 0,®(z) = L(2)®(2) as z — rz; (using (3.8) and (2.20)), we
obtain

011
321 o) =s; [V, [000
000

000 m
+390) 1| [ 0 00 +A0(7”)+Z( Adr) | _Aelr) >+A—j(7’) 30 ().

TT; —TT rri+re 2ra; J
rz; 00 f;l- J ¢ jrrEe J
J
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Substituting (3.21) in the right-hand side of (3.20) leads to

m 0 00
=Y s5z;(011) ()| [ 0 00| +Ag(r)
j rx; 00
LA Y A0 | g0 (o
(3.22) + Z + o (r) | 0
— 7Ty ’I“.Tj + ray 2rxz; 0
475]
Inserting (3.2) and (3.5) in (3.22), we get
¢
¢ —¢ -
H:ij Pj2 Vapo 0 1 +Z<rx'—rxg rx-—i—rxg) 27“;' 1.2
=1 \pj3 rey V2q0) =1 N J 7] \gi3

The double sum in the above expression can be simplified as
¢

t
m p]l m A A Qj,l 1 m pj,l m qj,l
4 —/
j 2| =) | iz | D (Ac+ A )| a
> | pia Z(rxj_Werjer) %2 =5 pj,2 ( 0+ e) )2

1 =1 ; i=1\pj3/) (=1 -
Jj= Dj.3 = 45,3 J DPj.3 = 45,3
Using (3.7) and (3.9), it is now a direct computation to check that indeed H(r) = H(r),
which concludes the proof. O

PROPOSITION 3.4.  Let H be the Hamiltonian given in (1.6) with (po, qo, {Pj1, 4,1, Pj.2
45,2,0j,3, 4, 3}?"”:1) defined as in (3.1)—~(3.2). We have

m 3
(3.23) po(r Z Z r)g;,(r) — H(r)
1d -
=H(r)+ 1$< +; p;2(r)aj2(r) + 2pj3(r)g;s(r)] —37“H(7“))-
Furthermore,
(3.24)
0 ( ‘|‘z Zp], qj k; T ) d’l" (Z Zp] kT 'yq] k; )+p0(r)avq0(r)>
k=1 j=1 k=1j=1
where v is any parameter among uq, . . . , Up.

PROOF. Formula (3.23) follows directly from (1.4) and (1.5), and formula (3.24) follows
from (1.7) together with

OH OH OH OH
Oy H = 8—p087p0 + Ra'yQO + Z Z ( i Oypjk + Ak qujv’“) :

O

4. Asymptotic analysis of ®(z;7) as 7 — 4o0o. In this section, we perform a Deift-
Zhou steepest descent analysis to obtain the large r asymptotics of ®. The case m = 1 of this
analysis was previously done in [24].
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F1G 3. Jump contours for the RH problem for S with m = 2.

4.1. First transformation: ® — T. Define

“.1) T(z) = diag (3, 1,775) ®(rz;r)e 902,
The jumps for 7" on (—xy,, z,,) are given by

e02(rz)—01(rz) sj Sj692 (r2)—0s(rz)
T (2)=T_(2) 0 ef1(r2)—0(rz) 0 , z € (xj_1,2j),

0 0 1

893,+(rz)—93,,(rz) Sj692,,(rz)—92,+(rz) S

Ti(2)=T-(2) 0 1 0 , Z€(—xj,—xj_1),
0 0 693*_(TZ)_03’+(TZ)

where j =1,...,m, g := 0, and where we have used

(93’+(Z) = 92,,(2), 917+(Z) = 937,(2), 01,,(2) = 92,+(2), z < 0.

As z — oo, &Im z > 0, we have
. Tl —2 . 1 1
T(z)=(I+—+4+0(z7) |diag (27 5,1,25 | Ly
z
where T = ldiag (ré, l,r_é)éldiag (r‘é, l,ré).

4.2. Second transformation: T — S. For each j =1,...,m, let ;. and 7; _ be open
curves, lying in the upper and lower half planes respectively, starting at ;1 and ending at
x;. We also orient the open curves y_;  := —v; _ and y_; _ := —v; 4 from —z; to —x;_1.
Let

VmAl 4 = Egl), Yml,— = Zél), Yem—1,4 = 251)7 Yom—1,— 1= ES),

Sm+1:=1, Tymy1 =400 and for j =1,...,m,m + 1, define
1 0 0 1 0 0
I, (2) = e"l(”;;e?(”) 1 —ehr2)=0:02) | g () = 692(”>;91(TZ> 1 efe(r2)—0s(rz)
0 0 1 0 0 1
1 0 0 1 0 0
-0 (2) = eesvz)qewz) eeg(m)l—ez(m)(ll D)= eea@‘ﬂo—ez“z) _693(7‘2'1)—91(7“,2) 1

Sj Sj
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The next transformation is defined by

Jy,_(2), Imz<O0and zabovey; -, je{l,...,m},
Jy, . (z)7!, Imz>0and zbelowy;4, je{l,...,m},

(42)  S(z)=T(2)S Jy_,,(2)7', Imz>0andzbelowy_;, je{l,....,m},
oy, _(2), Imz <0and zabovey_; _, je{l,...,m},
I, otherwise.

S satisfies the following RH problem.

RH problem for S.
(@) S:C\Xg— C3*3is analytic, where ¥ g := (—00, +00) U U;Sl (V= Uvj+ Uy—j+ U
V=ji-)-
(b) For z € ¥g \ ULo{—wj,2;}, S4+(2) = S—(2)Js(2), where
JS(’Z):J’Yj,f(Z)v ZE’Yj,—v JS(Z):‘]’Yj,+(Z)7 ZE'}/]',+,
Js(z) = Jr e (2), ZE€Y—j+> Js(z) = Iy, (2), ZE€N—j,—
0 Sj 0 0 0 Sj
Js(z) = —sj_l 00), ze(zj_1,2j), Js(z)=| 0 10|, ze(—zj—zj_1),
0 01 —s;100
where j=1,...,m,m+ 1.
(c) As z — 0o, £2Im z > 0, we have

T 1 1
S(z)= <I+ ?1 + (9(2—2)>diag (2_5, 1,25>Li.

(d) Asz— 2z, € UL {—xj,z;}, we have S(z) = O(log(z — z4)).
Asz—0,5(2) =0(1).
(e) S satisfies the symmetry S(z) = —diag (1, —1,1)S(—=z)B, where B is defined in (2.22).

4.3. Global parametrix. Using the definitions of 6,0,,60s given in (2.6), it is easily
checked that Jg(z) — I as r — oo for each z € U;”:ng (%_ U+ Uy—j+ U fy_j7_). The
following RH problem, whose solution is denoted /N and called the global parametrix, has
the same jump conditions on (—oo, +00) than the RH problem for S, and no other jumps. We
will show in Subsection 4.7 that [V is a good approximation to S outside small neighborhoods
of UJ" o{—z;,x;}. The RH problem for N is as follows.

RH problem for N.

(@) N:C\ (—o00,+00) — C3*3 is analytic.
(b) N satisfies the following jump relations:

0 OSj

N+(Z):N*(Z) 0 10 ; ZG(—$j,—$j,1), j:17"'am7m+]—7
—s5;100
0 st

Ni(z)=N_(2) —sj_l 00], z€(xj_1,2j), j=1,...,mym+1.

0 01
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(c) As z — 0o, 2Im 2z > 0, we have
1 1 1
@3) M) = (14 TN+ 0 Jaing (1,59

for a certain matrix V.
(d) As z = 2z, € ULy {—aj, 25}, N(2) = O(1).
As z — 0, N(z) = O(1)diag (75,1, 23)O(1).
(e) N satisfies the symmetry N(z) = —diag (1,—1,1)N(—z)B.
For m = 1, the above RH problem was solved explicitly in [24, Section 5.3]. Let us define

1 1 Sj . 1
—U; = —— |10 —— = ce.a M.
omi 0 2w Csil T

(44) 5j =

Inspired by [24], we consider three functions d;, d2, ds defined by

z% mz w_lzé mz 1

AMw™z3), Imz <0, A(z3), Imz <0,
where
m o2 3N B 11 11
4.5) Az) = H (2_;/3> , zeC\ ((—x?n,xfn) U w‘l(—x%,xﬁ@)).

j=1 % 27 T

The branch structure for \ is such that A(z) =1+ O(z~!) as z — oo, and

3 3 _emi, = 3 .
@6 (e =A-(xQ 0 ST )0 pape) Je L m),
sj*l, zEe?(x;_l,x;)U(a:;_l,x;), jed{l,...,m},

where the boundary values A and A_ are taken with respect to the orientation of the contour
as stated in (4.5). Using (4.5)—(4.6), it can be verified that

@4.7)  N(z):=Cydiag(z73,1,23)Lodiag (d1(2),do(2),d3(z)),  +Imz >0,

is the unique solution to the RH problem for IV, where

1 00
4.8) Cy = 0 10
~iV/3YT Biad 01

It the next subsections we compute more detailed asymptotic expansions than those stated in
conditions (c¢) and (d) of the RH problem for V.

4.3.1. Asymptotics of N(z) as z — 0o.  As z — 0o, £Im z > 0, we have
1 1 1
(4.9) N(z)=(I+-N;+ (’)(22)>diag (275,1,25) L
z

where N is of the form

0iv3Y T, Bia 0
(410 M=lx 0 iEY Bl
0 * 0

The entries (IN1)21 and (NN1)s2 can also be computed explicitly, but their expressions are
longer and not important for us.
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4.3.2. Asymptoticsof N(z)asz — x5, j=1,...,m. Asz—xz;,Imz>0,j=1,...

di(2) = d) (2 — 1) (1+d') (2 — 1)) + O((z — 2;)?)),

. m ;. 2/3 2/3 3,
S0 _ (3\/§$j>ﬁ;6_,rifj H (xj/ Wzk/ )8
Lax; — 2/3 2/3\8;
2 s, (xj/ _xk/ )ﬁ
g _ w=5)8 i 2(w — Dy * B
La; = 6w — 1)z, — 32 1/3( ?/3 — xz/s)(sz/:s _ wxi/g)

=
do(2) = dy) (2 — ;)% (1 +d5) (2 — 2;) + O((z — z;)?)),

v m 2/3  2/3\8:
80— () e
22~ \ 3134, @ P

k=1
k#j
m 2/3
&) = L=5905 | < 2(1 - w?)a; "By
2,5 — 13 2/3 2/3v,. 2/3 2/3y°
6(w —1)z; =1 3223 (2 J/ —mk/ )(a:j/ —w%k/ )
d3(z) = dy) (1+dS) (2 —aj) + O((z — 2;)%)).
m . 2/3 2/378,
3z 2/3 2/3\g, ’
k=1 (xj/ _ka/ )P
k#j
4O _ 2w+ Df; n f: 2(w? — w)zy B
S _ . 1/3, 2/3 2/3 3 2/3\"
3(w—1)z; 1 3 / (x ]/ —ka/ )(ZL'j/ —w%k/ )
k#j
In the above asymptotic expansions, all branches are the principal ones: for example, for the
product appearing in dgoi , we have
m 2/3 2/3\ By m 2/3 m
x" —wx
H ( 32 k) = exp (— Ziﬁk arctanL Z m’ﬁk>,
/3 2/3 B 2/3 2/3
w1 (@ =) k=1 + 22 k=j+1
k#j k#j
arg H 2/3 2/3),3k = Z Zﬁk log m mod 2.
= I = ;T
Hence,as z = x;,Imz>0,j=1,...,m,
(4.11) N(z)= (N + (z = 2 )ND + O((z — 2;)%)) (2 — z;) 7572,
where 031 = diag (1,—1,0) and
-1/3 1/3 0 0 0
(4.12) () CNdlag( / ,1, ]/ )L diag (dgi ,déij,dgi)

( ) =Cy (dlag( 1/3 1/3)L+dlag (d(o) d( ) dg?;]d( ) d(O) d( )

1 ] 1z, 3,z '3,x;

+ diag (—%xf4/3 0,z

J 1 3L 2/3)L+dlag (d( ) dgoi ?dgojz' ))
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4.3.3. Asymptotics of N(z) as z— 0. As z—0,Imz >0,
de(2) = (1+dy25 +0(23)),  (=1,2,3,

W=

0 —mi S By m B 3 0) _ 40 _
O e B Tt i, o= d -

dg()] =(1-w?) Zﬁkx?, dg()) =(w-1) Zﬁkxlzg, d% (W —w Zﬁkxk ,
k=1 k=1

where the branches are the principal ones. As z — 0, Im z > 0,
(4.13)
N(z) = Cndiag (73,1, 25) Ly diag (d\"), d3 y, d5 ) (I + 23 diag (d1'), d5}), di) + O(z §)>.

w ZL:1 ﬁk

o

:S].’

Local parametrices. For each p € {—xp,...,—21,0,21,...,2p}, we let D, be a small
open disk centered at p. The local parametrix P?) is defined inside D,, has the same jumps
as S in D, and satisfies S(z) P?)(z)~! = O(1) as z — p. Furthermore, we require P*) to
satisfy the following matching condition with P(°°) on 0Dy

(4.14) PP (2)=(I+0(1)P>®)(z),  asr— 4oo,
uniformly for z € 0D,

4.4. Local parametrix near xj, j =1,...,m. Since the (1,2) and (2,1) entries of Jg(z)

have each a discontinuity at z = z;, we can follow [36] and build P(®5) ysing the model RH
problem ®y¢ which is presented in Appendix A. We also refer to [24, Section 5.5] for more
details about this construction. The local parametrix Pi) is of the form

PriG,11(r3 fo, (2): B7) Pricaa(ro fu, (2): 57) 0
4.15) PU)(2) = By (2) | ®ucar(ri fa, (2); B)) Prc.o2(r fa, (2); 8;) 0
0 0 1

73,1

< (Sij—s-l)i - eié(92(7“,2)791(rz))a3,114xj(Z)7

10 0
01e%202)=0:(r2) | 2 e {z:Imz >0} NDy, \ (U4 UQjs14),
00 1
Ap(2) = 10 0
01eh(r2)=0s(r2) [ = 2 e {z:Imz <0} N Dy, \ (- UQjy1,-),
00 1
I, otherwise,

where 031 = diag (1, —1,0), £ stands for £Im z > 0, E,, is analytic in D, and given by
5541 03,1 I
37_1' s mz >0
By, ()= N(2)(s5551) + ¢ (0 10 el (3 £, (2)) B0,
—-100],Imz<0
001

and f;, is given by

i (2) = 14 [(Balr2) = 01(r2)) = (Balray) — h(r)] = Y2 (3% — ) = 205 — ).
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It is easily checked that A, (z) is exponentially small as r — oo uniformly for z € D,
and that

(4.16)

. . 1 p
. (x;) =0, a/: Z; :z<\/§x1~/3—p>7 g/c/. Zj =Z< + )
Jo, (@) Jo,(25) / \/§x;/3r2/3 fa, () V323 Sﬁxjf/sﬁ/i%

J

Using (4.11), we obtain
4.17) Em( i) = N( )\/7031 —3(02(rz;)— 91(7”361))031<T3|f< )‘)5;0317

£ (@ (1) ic;? di it di)
2f /_ 6] +d 1,z; 3\/];1 d(O)J Sij d(?ij
. (0) " (0)
N1 N B zc_? die, fi (25) (1) iy sy
(4.18) By (z;) By (x5) = i, 47 2f’ i tdag, 3V3z; dy) |
i, iz, L& (1)
3v/3x; d(;’)r] 3v/3x; dﬁ”;ﬂ 3,x;
1 4 .
e s(0a(ra)=0.(re) (231 #1 ()P
4.19) ¢ = /51¢ (ralfs, (x))"
Using (A.2), we obtain
(4.20)

Puc1(Bj)11 Pra,i(B))12 0 .
Eq, (2) | Prc,1(B5)21 PuG,1(B5)22 0 E,, (2)71 Lo,

PEN NG =T+ ———
NG 7 fo,(2) 0 0 1

as 7 — +oo uniformly for z € 9D,,.

4.5. Local parametrix near —xj, j =1,...,m. P(=%3) can be constructed in terms of

Ppg in a similar way as P\@3). Alternatively, we can use the symmetry stated in condition
(e) of the RH problem for S. This observation saves us some effort and allows us to see
immediately that

(4.21) PE®)(z) = ~diag (1,—1,1)P®)(2)B,  2€D_,,.

4.6. Local parametrix near 0. For the local parametrix P(?), we need to use the model
RH problem for ¥ from [8] (and which is recalled in Subsection 2.1 for the convenience of
the reader). Define

(4.22) PO (z) = Ey (z)\If(rz)e_e(”)diag (31_5 ,83,8%),

where Ej is analytic inside Dy and given by

1, (r2)"5)05 Y, £Imz >0,

W=

3 02, A T T
Fol) = =\ a=e T iN (2)ding (51,57 * s, )L diag ((72)

and
1 00 3
U= 0 10], ,ig:gz—g.
k3 + 201

In a similar way as in [24, Proposition 5.13], we verify that P(9) has the same jumps as S
inside Dy. It is also clear from condition (d) of the RH problem for ¥ that P(9)(z) remains



GENERATING FUNCTION OF THE PEARCEY PROCESS 23

bounded as z — 0. Finally, using (4.22) and (2.4), we obtain

(4.23)
1 ~ PN . R 053 0
PON(2) " =1+ 5 Eg(2)U1Eo(z) ' + 00 75),  Wi={00r3+%],
rez 00 0

as 7 — 4oo uniformly for z € 3Dy, where
Eo(2) := N(z)diag (s}, s, *,s, *) L3 diag (2%,1,27%).
For future reference, using (4.13) we note that EO(O) =Cy.

4.7. Final transformation. Define

S(z)N(z)71, z€C\ (U;”:1 (Dy, UD_3,) U DO),

J

4.24 R(z) =
(4.24) (2) {S(Z)P(p)(z)_l, 2€Dp, pe{—Tm,...,—21,0,21,...,Tm}.

Using the analysis of Subsections 4.4—4.6, we conclude that R is analytic in UTZI(D:E,- U
D_,,) UDy, and therefore R is analytic in C \ ¥, where
YR :=UML,(0D,, UID_,,) UOD U Xs \ (UfLy (D, UD_,,) UDy UR).

For convenience, we orient the boundaries of the 2m + 1 disks in the clockwise direction,
and for z € ¥, we define Jx(z) := R_'(2)R, (2). Using the definitions (2.6) of 6, 65,63,
condition (b) of the RH problem for .S and (4.24), we verify that

Jr(z)=T+0(e™ ), as 1 — +oo uniformly for z € £ \ (UL, (D, UD_,,) U Dy)
for a certain ¢ > 0. Also, by (4.20), (4.21) and (4.23), we have
Jr(z) =1+ (9(7“_%), as 7 — +oo, uniformly for 2 € Uj, (0D, UOD—,),

Jr(z) =1+ Ji,l;/(f) + (’)(r’g), as r — 400, uniformly for z € 9Dy,

where J) () = %Eo(z)\fllﬁo(z)*l. Hence, R satisfies a small norm RH problem [26], and
we have

(4.25) R(z)=1+ R(l)(z)r% + (9(7“73), as r — 400,
uniformly for z € C \ ¥, with
1 ()(z)dz [ CxTaCx! D
(4.26) RW(z) = 7{ S (z)dz — z z & Do,
27 Jop, T —2 %_J(U(z)7 2 € Dy,

and where we recall that 0Dy is oriented in the clockwise direction. (the method of [26] also
implies that R exists for all sufficiently large r; note however that here we already know
from (2.15) and from det(1 — IEEE) > 0 that Y exists for all r > 0, which implies by the
transformations Y — & — 17" — S — R that R also exists for all r > 0). Finally, the same
analysis as in [20, Section 3.5] shows that for any k1,...,ky € N>g with by +... + K, > 1,
we have

4.27)
o Ok R(z) =08 .. 9k R(l)(z)rfg + O((log r)lir“'H“’"r*%), as r — 400,

uniformly for z € C\ Xp.
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5. Asymptotic analysis of ® as » — 0. The analysis of ® as r — 0 is much sim-
pler than the large r analysis of Section 4. Here we generalize [24, Section 6] to arbitrary
m € Nsg. Let § > 0 be fixed. Define

5.1)
Ji,  for argz < Z and arg(z — 72.,) > 7,
2 3n
N(z) = — /zie_%i\llglllf(z) y Jg_,l for argz > 37 and arg(z + rap) < <F, )
T Jy+, for argz < —<F and arg(z +rxp,) > -,
Jit, for argz > — and arg(z —roep) < —7,
and for |z| < 6, define
(5.2) PO(2):=—\/Ze Tiv, 1 0(2)
J zel,
1, z e 1l,
011 1
S; +1 Jy z €1ll,
14+ 22 (log(z — ray) — log(= + 1)) [ 000
Z og(z —rx;) —log(z +rx;) T —
000 2 73
JVIG I, zev,
JIg z € VI,

where the principal branches are chosen for the log, and we recall that s, 1 := 1, the regions
I, IT, I11, IV, V and VI are shown in Figure 2, ¥ is defined in (2.8), and the matrices J;,
7=0,...,5 are defined in (2.3). Let

= ®(2)N(2)7!, |2l >,
5.3 R = ~
©3) () { B(2)PO(2)"1, |2 <.
The definitions (5.1) and (5.2) also ensure that R has no jumps on U?ZOEY). Since
_ _ 15]'_15]'_1 18j8j
G4 PO PO =mdn |0 1 0 |=[010]=0_(2)'d, ()
0 0 1 001

holds for all z € (— ~TTj, T 1) U (rzj—1,7z;), it follows that R(z) is also analytic in
(=rTm,rTm) \ U { ra;,ra;}. Furthermore, from a direct inspection of (5.2) and (5.3),
we see that the smgularltles of R( )at z = —ry,,...,—rey,0,rz1,. .., 72, are removable.
Hence, R(z) is analytic for z € C \ {z : |z| = 6}. Let us orient the circle |z| =4 in the
clockwise direction, and define Jz .= R"'R,. By (5.3), J 5(2) = PO (2)N(z)~1, and by

(2.4), (2.19) and (5.3), R( )=1+0(z~ ) as z — co. We also check using (5.1) and (5.2)
that Jz(2) = I + O(r) as r — 0 uniformly for |z| = §. Thus

(5.5) R(z)=1+0(r), as r — 0 uniformly for z € C\ {z : |z| = d}.
6. Proof of the main results.

6.1. Proof of Theorem 1.1. We already proved in Section 3 that the functions (po, qo,
{Pj1,45,1,p2,49.2,0j3 qj,g};”:l) defined by (3.1)—(3.2) exist and satisfy (1.4)—(1.5). In this
subsection we complete the proof of Theorem 1.1 by obtaining the asymptotic formulas (1.8)
and (1.11).
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Asymptotics of po, qo, pj and q;j as v — +oo. We first compute the asymptotics of pgy
and qo using (3.1). Using (4.25) and (4.26), we see that R(z) =1 + % +O(272) as z — oo,
where

(6.1) Ry ZCN(I\&CKRT*% —I—O(T*%), as r — +o0.

Inverting the transformations ® — 7" +— S — R in the region outside the disks using (4.1),
(4.2) and (4.24), we get

®(rz) = diag (r_é, l,ré)R(z)N(z)eQ(”), z€C\ (UL (Dy, UD_y,) UDy).
From this expression, (2.19) and (4.9), we deduce that

&y =rdiag (r~7,1,r3)(Ry 4+ Ny )diag (rs,1,773),
which implies by (4.10) and (6.1) that

p3 03
p P
Q112 = 2\”35:@% + F1 g tor 2, <I’123—zxfrs§ B2 +—+6+0( ),

as r — +oo. Substltutlng these asymptotics in (3.1) gives the large r asymptotics of py and
qo stated in (1.8a) and (1.8e).

We now compute the large r asymptotics of p;x, 7 =1,...,m, k=1,2,3 using the defi-
nitions (3.2). It follows from (2.20) and (2.21) that

1sjlog(rz —rxz;) sjlog(rz —rx;)

Oy — 15
(6.2) .7 (r) = Zlggj ®(rz) | 0 1 0
zell 0 0 1

For z € D;, and z outside the lenses, by (4.1), (4.2) and (4.24) we have

1

(6.3) ®(rz) = diag (r~3,1,73)R(z) P (2)e®?).

Hence, using also (4.15), we get

©) . L q’HG,ll(T%ij(Z)E Bj)
64) 0 (r) = diag (r5, 1,04 Rlaj) Bo, (25) Jim | | @ugan(rt fo (2)36)
ZEII 0
(I)H(;’lg(T%ij (2);85) 0 vor ~ 1sjlog(rz —rxj) sjlog(rz —raj)
P 2a(rs fo,(2);8;) 0 | (s58541)” 7+ ©(2) [ 0 1 0
0 1 0 0 1
where
10 0 , 10 0
6.5) B(2) = edE:rA=00Nms (1 20)-0:002) | (002 _ =22 (01 1
00 1 00 e2%(r2)
Using (4.4), we note that
sin(m83;) 1 5

™ TBOT(A—=B) /5541
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Therefore, using (A.4), we can rewrite (6.4) as

93(Tar )

diag (r~5,1,73) R(2;) By, ()

)
. 1s;(logr —log(rs|fy, (x;)])) s;(logr — log(rs | f4, (x;)]i))
x diag (T'”,1) | 0 1 1
0 0 020 (rz;)

(0)
6.6) @;7(r)=e€"

where

P(1-5;)  (sjsip)t/* (T7(1-8;) o
(6.7) T — [ (sisiea) {5,) (F(l 5) T2 ”r)
. COA+8;)  —(s58;41)" (F( B;) +9 —Z7T> 5
(o)1 — T(—=;)  \T(-p;) ' “TE

and g is Euler’s gamma constant. Combining (6.6) with (3.2), we get

93(mj) 1

diag (%, 1,5 R(2y) B () (19, T, 0)'

(Qj,l qj2 Qj,3)t =e

03(ra;)

(pj1 pj2 pj73)t:—e > s diag (r3, 1,77 3)R(2;) "' E, (xj)_tdiag((Tg.O))_t,l) (01 O)t.

We then obtain (1.8b), (1.8c), (1.8d), (1.8f), (1.8g) and (1.8h) after a long computation. We
omit the details.

Asymptotics of po, qo, pj i and g; as v — 0. Using (5.3) and (5.5), we have, for |z| > 0,
o2 \—1 _
B(z) = (LZeTi) T+ 0P U(2),  asr—0.
Using also (2.4) and (3.1), we obtain (1.11a).
We now compute the asymptotics of p;x and q;r, j=1,...,m, k=1,2,3 as r — 0.
Recall that p;; and g; are defined in (3.2). Using (5.2) and (5.3), for z € IIN {2 : |2] <
St} we get

~ N m 011
O(rz) = R(rz) \/ﬂo = .\I/(rz I-— Zsj <log(rz —rx;) — log(rz + m?j)) 000
5 s 000

It then follows from (6.2) that

L
6

el j=1 000
and then by (2.8) and (5.5), we get

S m 011
ﬁ(ﬁ/@)—i—(’)(r)) I+Zsjlog(2mcj) 000

N j=1 000

_ m 011
~ gyl o
<I>§-O) (r) = R(rzj) \/ﬂo -W(rz;) | I+ Zsj log(2rx;) [ 00 O) ,
o (r) = )

On the other hand, by [24, equation (7.22)], we have

B(0) (10 0)' = (Po(0) 0 PH0)',  #(O)(011)" = (0 5y 0>t’

where P (0) # 0. The asymptotics of (1.11b) and (1.11c) now directly follows from (3.2).
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6.2. Proof of Theorem 1.3. The asymptotics of H(r) as » — 0 given by (1.13) are di-
rectly obtained from (1.6) and (1.11a)—(1.11c). Since F'(0Z,%) = 1 by (1.2), the integral
representation (1.12) follows by integrating (3.19) from 0 to an arbitrary r > 0. To compute
the asymptotics of H(r) as r — 400, we follow the method of [24] and rely on (3.20). Using
(2.20) and (2.21), we obtain

1sjlog(rz —rxj) sjlog(rz —rx;) '

W) = L@ (-1 3
6.8) @,7(r)= ;(I)j (r) Zlgrxlj (rz) (0 1 0 ,
z€ll 0 0 1

where ’ denotes the derivative with respect to z. We see from (6.6) that

0 _ 1 ) . 0)\ — _ _ . 1 _1
(011) @V (r) L = e3%02) (01 0) diag (Y)Y, 1) By, () R(z;) diag (r3,1,775).
Also, by (6.3) and (4.15), we have

!/

1sjlog(rz —rxj) sjlog(rz — ru;) 1 ) )
lim |®(rz) |0 1 0 0| =diag(r~s,1,73)
Z—)IJ
z€ell 0 0 1 0
PriG,11(r0 fr,(2); ) Pricaz(rs f,(2): 55) O s ~
X le{%j R(2)Ez,; (2) | @ug21(rs fu, (2); B)) Pra.22(r5 fo, (2); ;) 0] (858541)” ¢ O(2)
z€ll 0 0 1

where © is defined in (6.5). A direct computation using (A.4) shows that this last limit is
given by
(6.9)

_ 93(rzj)

e 2 diag(r_é,1,7“%)[R'(xj)Ex.( j)diag (Tgo),l)—|—R(acj)E;j(xj)diag(T;O),l)

J

+ 75 o (2 R(xj) Ea, (2;)diag (Y01, 0) — 5020 R(a)) B, (27)diag (Y47, 1)] (100)°
(1) B;m

where Tj’ﬂ = A

Combining the above equations with (3.20), we then find

H(r)= —% iﬁm [diag ()L 1) By, (2) L R(xj) " R () Ex, (2;)diag (T, 1)
j=1

(6.10)
+ diag (Y) ™, 1) B,

J

()7 B, (y)diag (Y),1) + 73 f, (a)diag (Y5, 0)| .

The first part in the sum in (6.10) decays as » — 400 by (4.25); more precisely

diag (T\”) 1, 1) By, (2) " R(xj) "' R (a)) Ex, (z;)diag (T, 1) = O(r %), asr — +oc.

J

For the second part in (6.10), we use (6.7) and get

[diag ((Y\) 1, 1) By, (2;) " EL (2;)diag (T, 1)],,

I'(1— j 2 — I'(1 j 2 —
= &# [Ea:j(xj) 1E:;:j(wj)]21 - % [Eacj(wj) 1E:/z:j(mj)}12

+ AL ([, () B ()] 5, — (B () B ()], ).
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This expression can be further simplified using (4.18) and (4.19). After a rather long compu-
tation, as r — 400 we obtain

DB ([, (0,) 7 B (25)] 5 — By () ()] )

2
! <5 +2i @m(aﬁj)) +O(r ),

3x;

L(1-5;)? - L(1+8;)? -
L (B, ()T B ()], — 2L B ()7 B ()],

where we recall that ¥;(r) is defined in (1.10). For the third and last term in (6.10), we use
(A.5) and (4.16) to write

[T

4 . i} 2
[rsf;j(xj)dlag(T§1),0)]21 =r f:/cj ($J)T§12)1 = ]( \fl‘ rs 4 — d 3>.

5 \/§le/ 3"

Substituting the above formulas in (6.10), and noting the remarkable simplification

—5)8.
22’5]5"]1“1 dlm Zzlﬁjx]lm (H)

dw—1)z 2/35 1'2/353 w—5)6;
+ Z <3 2/3 273y 2]3 2/3 > ZQ@B]x]Im< w— 1)z, ) Z”BJ’
1<j#k<m T, )(1:] —Wwry J

we obtain (1.14). This finishes the proof of Theorem 1.3.

6.3. Proof of Theorem 1.4. Integrating (3.23) from O to an arbitrary r > 0, we get

/OT H(r)dr = /0 (m +ZZ Pk () (T)) 0

Jj=1k=1
1 “ "
610 =g+ 3 (el +%ﬂ<mﬂe)—%ﬂeﬂ
7=1 =0
For convenience, we write 0 = 0,...,0) e R™,

g::(ﬁla"'vﬁm)a gﬁ::(ﬁla'“vﬁboa'“?o)’ B}::(ﬁla"'765—1aﬁ2707"'70)'
We also write explicitly the dependence of Pj ks Gj.ks Po, qo and H in 31,..., 3, using the

notation p; (7 :6), gk (r :B), po(r; B), qo(r;3) and H(r;3). By (4.4), the parameter ~ in
(3.24) can also be chosen to be any parameter among f1,. .., By,. Let £ € {1,...,m}. Using

(3.24) with E = 54_1 and v = (4, and integrating in r from 0 to r and integrating in 3, from
0 to By, we get

/OT (pO( +§:§:pﬂﬂﬁf )4(7 3)—1{(7;5}))617

Jj=1k=1

r m 3
—/0 <p0(T Be-1)ao (73 Be— +Zij,k(T;5@—1)Q§,k(7;ﬁﬁ—1)—H(T;ﬁe—ﬂ)dT

Jj=1k=1
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(6.12)

/ (ZZM r3 )0, 45k (7 ;52)+po(r;32)3ﬁgqo(rsﬁé)> ds;,

k=1j=1

where we have used (1.11a)—(1.11c¢) to conclude that

/ (ZZM (0; 5,) %qgk(;52)+po(0;§2)3,3,;q()(0;52)>d62=

k=1 j=1
Summing (6.12) over £ =1,...,m, we then obtain
[ (it e 5+ 303 palriAdiule )~ Hrsf) Jar
0 j=1k=1
r m 3
—/0 <p0(7';0)Q6(7';0)+ ij,k(T;O)CJ;,k(T;O)—H(T;0)>d7
j=1k=1

(6.13) :Z/ ( ijk 3)95,;.6(73 B}) + po(r ;52)3,8;(10(7“;32)>d52-

k=1 j5=1
If B¢ =0 (or equivalently, if sy = s441), it follows from (3.2) that p,1(r) = pea(r) =
pes(r) =0 for all r > 0. Also, by (3.20), we have H(rﬁ) =0, and by (2.11) and (2.16),
we have Y'|> - = I. Hence, by (3.1) and the relations ®; = ¥; + \IJO_1Y1\I!0 and (2.5), we

7(5—4 £) and go(r; 0) (—5—4+§).Thus,

NG

\_/

Ql
L,

have pq(r; 0 7

[ (om0 00+ 30 Y a0 0 (730 Jar =0
0 -
7j=1k=1

and (6.13) can be simplified as

m 3
(6.14) / (porﬂqo BY+> > piklr qj,w;ﬁ)—H(T;E))dT

j=1k=1

Be 3. ¢ o N N
—Z/ < ij,k ,54)3ﬁ;qj,k(7’;ﬁ2>+P0(7“;52)aﬁ;%(7";52)>dﬁé-

k=1 j=1
Substituting (6.14) in (6.11), we obtain
(6.15)
m 3 7/ ~
/ H(rsf)dr =Y /0 (Zij7k<r;ﬂz>aggqj,k<r;ﬁz> +po(r;52)0,3;qo(r;ﬂé)>dﬁé
=1 k=1 j=1

- 411<2p0( Jao(r; ) Z <2p] 1(73.8)a51 (73 8) + pja(r3 B) g0 (s q)) — 3rH (r; 4)>
j=1

—, -,

+ 590(0; B)aol0; ),
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where we have also used (1.5). Using (1.8b)—(1.8d), (1.8f)—(1.8h) and (4.27), we get
Pi1 (73 80)93,05,1 (75 Be) = pj.1 (73 Be) a1 (3 Be) D, 1og 4,1 (5 Be)

. 2’Lﬁ] . 9 2 27 : O f 2/3
_3<s1n(2 j(r,ﬁg)—?)qL(Sln(Q ( ﬁg **)Z 3ify 2/3>

(6.16)
(85Z10g./4 (By) + cot (¥ ;(r B) — g)aﬁzﬁ]) <1—|—(’)<1:2g/§>>, as r — 400,

where we have explicitly written the dependence of ¥J; and A; in r and Eg. For the quanti-

ties pj 2 (7; ﬁ})@ge q;2(r; ﬁg) and p;3(r; B})Qge ¢;,3(7; 5}), we obtain after another computation
(using again (1.8b)—(1.8d), (1.8)-(1.8h) and (4.27)) that

(6.17)

Pi2(r; Be)0s,q5,2(r; Be) = — 2ij sin (20;) <5’5[ log A; (B) + cot(ﬁj)f)gﬁj) (1 + O(%)) :
(6.18)

P;3(r; )9, 4;3(r; Be) = [_2935 sin (20; + %) <8,6’z log A; (By) + cot (v + ’5)3/3@193')

+ 20 (sin(20;) — ) <{aﬁg log A; (Br) + cot(d; — T)0,0 }Zﬂﬁn o+ Vil /)]

as 7 — 400, where ¥; = 9;(r; Eg). Furthermore, using (1.9) and (4.4), we find
B} — 251 + 9, 1og|T(1 = By)l, ifj=¢,
0 ", log A; B@ = w2/3 w23
5 log A;(Be) logﬁ, ifj < 1.
Combining the asymptotics (6.16)—(6.18) we get
2/3 2/3
2 ) logr
35t a0 = (s ooy o 20, -0 (5 )

k=1 j5=1

as 1 — +oo, where again 9; = ;(r; ;). Using (3.18) and the fact that pj,1(r) = pj(r) =
p;,3(r) =0if 5; =0, we note that

(73 )50 1) = —VE'S (s Bdasar ;5@)365610(7“;36)—<QO(7“;5€)—\%>354<10(7‘;5£)-

7=1
Integrating this identity in 3, from 0 to an arbitrary S, € iR, we get

Be . . .
/0 po(r; B1)p,90(r; By)d By = \[2/ Pia(r; B (r 73 B0)9p,qo (1 By)d By

Be

(6.19) - qu(r;ﬁéf - QO(T;@)}

Sl

Be=0
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Using (1.8d), (1.8e), (1.8f) and (4.27), as r — 400 we get

¢
(6200 — V2> pia(r; Be)a;a(r; B)9s.q0(r; Br)

=1

£ logr
—Z 2/35]< s1n(219(;54))—1>+(9<rz/3>.
Hence, substituting (6.16)—(6.20) in (6.15), we obtain

T . m Be o
/ H(r; B)dr = -2 / { zﬁjaﬂf 5(r: By) + 1840, V(7 Be)}dﬁé

- (;qo(r;g)2 — L (s A)) + <;qo(7“;6)2 — L ol 0)) + 1190( 3)q0(0; B)

V2 V2
1 S L& S - S - S
-3 <2po<r;/3>qo<r;ﬁ> =3 (2pa s Bz (13 ) + paa(r: Daa(rs B)) = 3rH(r ))
j=1
(6.21)
+(9(1:2g/§>, as r — +oo.
Since po(r; 0) = T(i £y, qo(r;0) = %(—gg +2) = o(0; ), we see that
1 o o 1 . . . 4 2
622 (Gan(rs07 = o)) + 5onl0: Do 0: ) =~ an(055) = - 2
Also, using (1.8), (1.14) and (3.18), we obtain
1 1 -
- (0002~ L) - § (2 (=3 (3001510 +2ia0)0320) a0t (r)
w(r) (P |~ 3 1 ¢
-2l (2 ;pj,3<r>qj,1<r>) =00+ 33 () + et
(6.23)
4 2
Z(zﬁj rT;) 3—\2 iBj(re)s — 53) —;Tﬁ—l—%—i-(’)(r_g), as r — 4o00.

It follows from [24, equation (7.51)] that

m Be N m
624) 23" [ iB0,01(r: F)as; = 3 log (GU1+ )61 = )
=1 =1

+ Zﬁf (1 - %log(r:zj) — log <g)>
j=1

For m > 2, we also need the relation

B, (-1 m (-1 |x2/3_wx§/3‘

(6.25) —22/0 Zz/ﬁﬁg/ (r; B))dy = —222/33@1%'2/32/3’7
/=1

(=1 j=1 J Ly
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which can be proved directly from (1.10) and a direct computation. The asymptotic formula
(1.15) (without the error term) now follows after substituting (6.22) and (6.23) in (6.21) and
performing a rather long calculation which uses (6.24) and (6.25). The fact the the error term
in (1.15) is (’)(r‘g) and not O(r‘§ log r) follows directly from (1.12) and (1.14), and (1.16)
follows from (4.27). This finishes the proof of Theorem 1.4.

APPENDIX A: CONFLUENT HYPERGEOMETRIC MODEL RH PROBLEM

In this appendix we recall a well-known model RH problem, whose solution depends on a
parameter (3 € iR and is denoted Py (-) = Pua(-; 5).

(@) @pi : C \ Yug — C?*2 is analytic, where Yug = e%( 00,00) U e%(—oo,oo) U

e+ (—00,00).
(b) Py satisfies the jump relations

(A.1) dua i (2) = Pua_(2)Jk,  zellC k=1,....6,
where
G = (0,i00), i = (O,e%ioo), e = (6_%00,0),
I = (—ico,0), THG = (¢ % 00,0), THG = (0,e7 00),
and

~ 0 e ™\ = 0 ™\ < = 10y » = 10
Jl = <—6i7r6 0 ) 5 J4: <_6—iﬂ'5 0 ) s J2 :J6: <€i7r’3 1> y Jg :J5 = (e_iﬂﬁ 1) .

(c) As z— o0, z ¢ X, we have

(A2) - ,
10101, ) o oy £
Oug(z)=(1+ —+0(z z P7%%e 28 0-1 x x
G (2) ( . (=) <10>,—2<argz<2,
where 2 = [z|Pe’P 918 with arg 2 € (—%, T ) and
-1 7(B) —I'(-p)
A3 @ = ) T (BL1)
(A.3) nG,1(8) =08 <—T(—,3) 1 ) 7(B) T(B+1)

(d) Puc(z) =0(logz) as z — 0.

This model RH problem can be solved explicitly using confluent hypergeometric functions
[36]. By a computation similar to [15, equation (A.9)] and [24, equation (A.10)], we have
(A4)

sm(7r5)
Bpc(2) = YOI+ 10z +0(2?) <(1) 1logz) ; as z — 0, argz € (3F, 21,
where
(0) r(1-5) Fiﬂ) (FF( g)) +298 - ”) 1) B
(A.5) TV = (- B) , Ty == ,
L(1+8) ¢ —1 ( —7 +27E — iw) sin(m )

~E 1s Euler’s gamma constant and

log z =log |z| + iarg z, argz € (—5,%).
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