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The Pearcey process is a universal point process in random matrix theory.
In this paper, we study the generating function of the Pearcey process on any
number m of intervals. We derive an integral representation for it in terms
of a Hamiltonian that is related to a system of 6m + 2 coupled nonlinear
equations. We also obtain asymptotics for the generating function as the size
of the intervals get large, up to and including the constant term. This work
generalizes some results of Dai, Xu and Zhang, which correspond to m= 1.

1. Introduction and statement of results. In random matrix theory, the universality
conjecture asserts that the microscopic behavior of the eigenvalues of large random matrices
is similar for many different models. More precisely, it is expected that the local eigenvalue
statistics only depend on the symmetry class of the matrix ensemble and on the nature of the
point around which these statistics are considered [28, 30, 38]. The Pearcey process is one of
the canonical point processes from the theory of random matrices: it models the asymptotic
behavior of the eigenvalues near the points of the spectrum where the density of states admits
a cusp-like singularity. This process appears in Gaussian random matrices with an external
source [12, 13, 8], Hermitian random matrices with independent, not necessarily identically
distributed entries [27], and in general Wishart matrices with correlated entries [32]. The
Pearcey process is also universal in a sense that goes beyond random matrix theory: it appears
in certain models of skew plane partitions [39] and of Brownian motions [1, 2, 8, 46, 31].

Determinantal point processes form a special class of point processes whose correlation
functions can be written as determinants involving a kernel. We refer to [43] for an introduc-
tion on this subject. The Pearcey process is the determinantal point process on R associated
with the kernel

KPe
ρ (x, y) =

P(x)Q′′(y)−P ′(x)Q′(y) +P ′′(x)Q(y)− ρP(x)Q(y)

x− y
,(1.1)

where ρ ∈R,

P(x) =
1

2π

∫ ∞

−∞
e−

1

4
t4− ρ

2
t2+itxdt, Q(y) =

1

2π

∫
Σ
e

1

4
t4+ ρ

2
t2+itydt,

and Σ= (e
πi

4 ∞,0)∪ (0, e
3πi

4 ∞)∪ (e−
3πi

4 ∞,0)∪ (0, e−
πi

4 ∞). As ρ increases, the point con-
figurations with few points near 0 are increasingly likely to occur, and when ρ tends to +∞,
the Pearcey process “factorizes" (in the sense of gap probabilities) into two independent Airy
processes [6]. Important progress on the large gap asymptotics for any fixed ρ ∈R have only
recently been obtained in [23].
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This paper is inspired by the work [24] of Dai, Xu and Zhang, and is concerned with the
moment generating function of the Pearcey process. Let X be a locally finite random point
configuration distributed according to the Pearcey process, and let N(x) := #{ξ ∈X : ξ ∈
(−x,x)} be the associated counting function. We are interested in the m-point generating
function

F (rx⃗, u⃗) := E
[ m∏
j=1

eujN(rxj)

]
,(1.2)

where

r > 0, m ∈N>0, u⃗= (u1, . . . , um) ∈Rm, x⃗= (x1, . . . , xm) ∈R+,m
ord ,

and R+,m
ord := {(x1, . . . , xm) : 0< x1 < . . . < xm <+∞}.

Our main results are stated in Theorems 1.3 and 1.4 below and can be summarized as
follows:

• Theorem 1.3 establishes an integral representation for F (rx⃗, u⃗) in terms of a Hamiltonian
related to a system of 6m + 2 coupled differential equations. This system of equations
admits at least one solution, which we derive from the Lax pair of a Riemann-Hilbert (RH)
problem. The asymptotic properties of this solution are stated in Theorem 1.1.

• Theorem 1.4 is concerned with the asymptotic properties of the generating function as
the size of the intervals get large. Specifically, Theorem 1.4 gives a precise asymptotic
formula, up to and including the constant term, for F (rx⃗, u⃗) as r→+∞.

For m = 1, Theorems 1.1, 1.3 and 1.4 have previously been obtained in [24]. The general
case m≥ 2 allows to capture the correlation structure of the Pearcey process, see Corollary
1.5, and to analyze the joint fluctuations of the counting function, see Corollary 1.6. We also
expect the case m = 2 of Theorem 1.4 to play an important role in future studies of the
rigidity of the Pearcey process (we comment more on that at the end of this section).

The relevant system of 6m+ 2 coupled differential equations depends on unknown func-
tions which are denoted by

p0(r), q0(r), pj,k(r), qj,k(r), k = 1,2,3, j = 1, . . . ,m,(1.3)

and is as follows:

p′0(r) =−
√
2
∑m

j=1 xjpj,3(r)qj,2(r),

q′0(r) =
√
2
∑m

j=1 xjpj,2(r)qj,1(r),

q′j,1(r) =
2
rS11(r)qj,1(r) + xjqj,2(r) +

2
rS31(r)qj,3(r),

q′j,2(r) =
√
2p0(r)xjqj,1(r) +

2
rS22(r)qj,2(r) + xjqj,3(r),

q′j,3(r) = (rx2j +
2
rS13(r))qj,1(r) +

√
2q0(r)xjqj,2(r) +

2
rS33(r)qj,3(r),

p′j,1(r) =−2
rS11(r)pj,1(r)−

√
2p0(r)xjpj,2(r)− (rx2j +

2
rS13(r))pj,3(r),

p′j,2(r) =−xjpj,1(r)− 2
rS22(r)pj,2(r)−

√
2q0(r)xjpj,3(r),

p′j,3(r) =−2
rS31(r)pj,1(r)− xjpj,2(r)− 2

rS33(r)pj,3(r),

(1.4)

where j = 1, . . . ,m, (·)′ denotes the derivative with respect to r, and

Skl(r) =

m∑
j=1

pj,k(r)qj,l(r), k, l= 1,2,3.
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Furthermore, we require the functions (1.3) to satisfy the following m relations
3∑

k=1

pj,k(r)qj,k(r) = 0, j = 1, . . . ,m.(1.5)

Note that the functions (1.3) also depend on x⃗, although this is not indicated in the notation.
Let

H(r) =H(r;p0, q0,{pj,1, qj,1, pj,2, qj,2, pj,3, qj,3}mj=1)

be defined by

H(r) =
√
2p0(r)

m∑
j=1

xjpj,2(r)qj,1(r) +
√
2q0(r)

m∑
j=1

xjpj,3(r)qj,2(r)

+

m∑
j=1

xjpj,1(r)qj,2(r) +

m∑
j=1

xjpj,2(r)qj,3(r) +

m∑
j=1

rx2jpj,3(r)qj,1(r)

+
1

2r

((
S11(r)− S22(r) + S33(r)

)2
− 2

m∑
k=1

m∑
ℓ=1

(
pk,1(r)pℓ,3(r)− pk,3(r)pℓ,1(r)

)(
qk,1(r)qℓ,3(r)− qk,3(r)qℓ,1(r)

))
.(1.6)

It is readily checked that q′0(r) =
∂H
∂p0

(r), p′0(r) =−∂H
∂q0

(r) and

q′j,k(r) =
∂H

∂pj,k
(r), p′j,k(r) =− ∂H

∂qj,k
(r), j = 1, . . . ,m, k = 1,2,3,(1.7)

and therefore H is a Hamiltonian for the system (1.4)–(1.5).

THEOREM 1.1. Let ρ ∈R,

r > 0, m ∈N>0, u⃗= (u1, . . . , um) ∈Rm, and x⃗= (x1, . . . , xm) ∈R+,m
ord .

There exists at least one solution (p0, q0,{pj,1, qj,1, pj,2, qj,2, pj,3, qj,3}mj=1) to the system of
equations (1.4) and (1.5) satisfying the asymptotics (1.8) and (1.11) below. As r→+∞, we
have

p0(r) =

√
3

2
√
2π

m∑
ℓ=1

uℓx
2

3

ℓ r
2

3 +
1√
2

(
ρ3

54
+

ρ

2

)
+O(r−

2

3 ),(1.8a)

pj,1(r) =− 1

3πi
e

1

2
θ3(rxj)(rxj)

1

3
uj
Aj

×
(
cos(ϑj(r)− π

3 ) +

√
3

2π

m∑
ℓ=1

uℓ
x
2/3
ℓ

x
2/3
j

cos(ϑj(r) +
π
3 )

)
(1 +O(r−

2

3 )),(1.8b)

pj,2(r) =
1

3πi
e

1

2
θ3(rxj) uj

Aj
cos(ϑj(r))(1 +O(r−

2

3 )),(1.8c)

pj,3(r) =− 1

3πi
e

1

2
θ3(rxj)(rxj)

− 1

3
uj
Aj

cos(ϑj(r) +
π
3 )(1 +O(r−

2

3 )),(1.8d)

q0(r) =−
√
3

2
√
2π

m∑
ℓ=1

uℓx
2

3

ℓ r
2

3 +
1√
2

(
− ρ3

54
+

ρ

2

)
+O(r−

2

3 ),(1.8e)
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qj,1(r) = 2ie−
1

2
θ3(rxj)(rxj)

− 1

3Aj sin(ϑj(r)− π
3 )(1 +O(r−

2

3 )),(1.8f)

qj,2(r) =−2ie−
1

2
θ3(rxj)Aj sin(ϑj(r))(1 +O(r−

2

3 )),(1.8g)

qj,3(r) = 2ie−
1

2
θ3(rxj)(rxj)

1

3Aj

×
(
sin(ϑj(r) +

π
3 )−

√
3

2π

m∑
ℓ=1

uℓ
x
2/3
ℓ

x
2/3
j

sin(ϑj(r)− π
3 )

)
(1 +O(r−

2

3 )),(1.8h)

where θ3(r) =
3
4r

4

3 + ρ
2r

2

3 ,

Aj = |Γ(1− uj

2πi)| exp
(
− uj

3
−

m∑
k=j+1

uk
2

−
m∑
k=1
k ̸=j

uk
2π

arctan

√
3x

2/3
k

x
2/3
k + 2x

2/3
j

)
,(1.9)

ϑj(r) =−3
√
3

8
(rxj)

4

3 +

√
3ρ

4
(rxj)

2

3 + argΓ(1− uj

2πi)

− uj
2π

(
4

3
log(rxj) + log

9

2

)
−

m∑
k=1
k ̸=j

uk
2π

log
|x2/3j − ωx

2/3
k |

|x2/3j − x
2/3
k |

,(1.10)

ω := e
2πi

3 and Γ is Euler’s Gamma function. Furthermore, the asymptotic formulas (1.8)
hold uniformly for ρ in compact subsets of R, for u⃗ in compact subsets of Rm, and for x⃗ in
compact subsets of R+,m

ord . As r→ 0, we have

p0 =
1√
2

(
ρ3

54
+

ρ

2

)
+O(r), q0 =

1√
2

(
− ρ3

54
+

ρ

2

)
+O(r),(1.11a)

pj,1(r) =O(r), pj,2(r) =O(1), pj,3(r) =O(r), j = 1, . . . ,m,(1.11b)

qj,1(r) =O(1), qj,2(r) =O(r), qj,3(r) =O(1), j = 1, . . . ,m.(1.11c)

REMARK 1.2. Interestingly, for m= 1, the following stronger statement holds: there ex-
ists at least one solution (p0, q0, p1,1, q1,1, p1,2, q1,2, p1,3, q1,3) to the system of equations (1.4)
and (1.5), which, in addition to satisfying the asymptotics (1.8) and (1.11), is also such that
the functions p0 and q0 satisfy a system of coupled differential equations, see [24, equations
(2.19)–(2.20)] (see also [12, equations (3.25)–(3.26)] for ρ= 0). However, it is unclear to us
if this system of coupled differential equations admits a natural analogue for m≥ 2.

It is well-known since the works of Jimbo, Miwa, Môri and Sato [37] and of Tracy and
Widom [44, 45] that the 1-point generating functions of the universal sine, Airy and Bessel
point processes are naturally related to the theory of Painlevé equations. We also refer to [33,
3] for some Hamiltonian structures associated with the m-point functions of the sine and Airy
processes, and to [21, 19] for some representations of the m-point functions of the Airy and
Bessel processes in terms of the solution to a system of m coupled Painlevé equations. It was
shown in [24, Theorem 2.2] that the 1-point function of the Pearcey process admits an elegant
representation in terms of a Hamiltonian associated to a system of 8 coupled differential
equations. Our first main result generalizes [24, Theorem 2.2] to arbitrary m ∈ N>0.

THEOREM 1.3. Let ρ ∈R,

r > 0, m ∈N>0, u⃗= (u1, . . . , um) ∈Rm, and x⃗= (x1, . . . , xm) ∈R+,m
ord .
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The following relation holds

F (rx⃗, u⃗) = exp

(
2

∫ r

0
H(τ)dτ

)
,(1.12)

with H given by (1.6), and where (p0, q0,{pj,1, qj,1, pj,2, qj,2, pj,3, qj,3}mj=1) is a solution to
the system of equations (1.4) and (1.5) which satisfies the asymptotic formulas (1.8) and
(1.11). Furthermore,

H(r) =O(1), as r→ 0,(1.13)

and as r→+∞,

H(r) =

m∑
j=1

(√
3

2π
ujx

4

3

j r
1

3 − ρ

2
√
3π

ujx
2

3

j r
− 1

3 +
u2j

3π2r
− uj

3
√
3πr

cos(2ϑj(r))

)
+O(r−

5

3 ),

(1.14)

where ϑj(r) is defined in (1.10).

Since the functions (p0, q0,{pj,1, qj,1, pj,2, qj,2, pj,3, qj,3}mj=1) appearing in the integral rep-
resentation (1.12) are rather complicated objects, it is natural to try to approximate F (rx⃗, u⃗)
for small and large values of r with some explicit asymptotic formulas. Because F (rx⃗, u⃗) is
a Fredholm determinant on an interval of size proportional to r (see (2.1) below), the asymp-
totics of F (rx⃗, u⃗) as r→ 0 can be easily obtained. A much more complicated question is to
approximate F (rx⃗, u⃗) for large values of r. In the case of the sine, Airy and Bessel processes,
the asymptotics for the m-point generating functions are known, see [5, 15] for the sine pro-
cess, [10, 17] for the Airy process, [11, 14] for the Bessel process and [20] for the transition
between the Bessel and Airy processes. The asymptotics for the 1-point generating function
of the Pearcey process, up to and including the notoriously difficult constant term, have been
established in [24, Theorem 2.3]. We provide here the generalization of [24, Theorem 2.3] to
arbitrary m ∈ N>0.

THEOREM 1.4. Let

ρ ∈R, m ∈N>0, u⃗= (u1, . . . , um) ∈Rm, and x⃗= (x1, . . . , xm) ∈R+,m
ord .

As r→+∞, we have

(1.15) F (rx⃗, u⃗) = exp

( m∑
j=1

ujµρ(rxj) +

m∑
j=1

u2j
2
σ2(rxj) +

∑
1≤j<k≤m

ujukΣ(xk, xj)

+

m∑
j=1

2 log
(
G(1− uj

2πi)G(1 + uj

2πi)
)
+O(r−

2

3 )

)
,

where G is Barnes’ G-function, and µρ, σ2 and Σ are given by

µρ(x) =
3
√
3

4π
x

4

3 −
√
3ρ

2π
x

2

3 ,

σ2(x) =
4

3π2
logx+

1

π2
log

9

2
,

Σ(xk, xj) =
1

π2
log

|x2/3j − ωx
2/3
k |

|x2/3j − x
2/3
k |

,
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where ω = e
2πi

3 . Furthermore, (1.15) holds uniformly for ρ in compact subsets of R, for u⃗ in
compact subsets of Rm, and for x⃗ in compact subsets of R+,m

ord . The asymptotic formula (1.15)
can also be differentiated any number of times with respect to u1, . . . , um at the expense of
increasing the error term in the following way. Let F̃ (rx⃗, u⃗) be the right-hand side of (1.15)
without the error term, and denote the error term by E = logF (rx⃗, u⃗)− log F̃ (rx⃗, u⃗). For
any k1, . . . , km ∈N≥0, we have

∂k1
u1

. . . ∂km
um

E =O
(
(log r)k1+...+km

r2/3

)
, as r→+∞.(1.16)

We end this section by providing several applications of Theorem 1.4, and we also discuss
its relevance in future studies of the rigidity of the Pearcey process.

Applications of Theorem 1.4. Using (1.15) with m= 1, (1.16),

∂u logF (r,u)|u=0 = E[N(r)] and ∂2
u logF (r,u)|u=0 = Var[N(r)],

it readily follows that

E[N(r)] = µρ(r) +O
(
log r

r2/3

)
, as r→+∞,(1.17)

Var[N(r)] = σ2(r) +
1+ γE
π2

+O
(
(log r)2

r2/3

)
, as r→+∞,(1.18)

where γE is Euler’s gamma constant. These asymptotic formulas for the expectation and vari-
ance of N(r) are not new and were already obtained in [24, equations (2.30) and (2.31)]. We
see from (1.18) that the large r asymptotics of Var[N(r)] are of the form c1 log r+ c2 + o(1)
for some explicit constants c1 and c2. The asymptotics for the variance of the counting func-
tions of other classical point processes such as the sine, Airy and Bessel point processes are
also of the same form [42, 15, 17, 14] (with different values for c1 and c2). This phenomena
is expected to be universal, in the sense that it is expected to hold for many point processes
in random matrix theory and other related fields, see the very general predictions [40, 41].
We emphasize that the proof of (1.17) and (1.18) only relies on Theorem 1.4 with m = 1.
Using Theorem 1.4 with m = 2 allows to obtain new results on the correlation structure of
the Pearcey process. More precisely, using (1.15) with m= 2, (1.16), and

∂2
u log

(
F ((x1, x2), (u,u))

F (x1, u)F (x2, u)

)∣∣∣∣
u=0

= 2Cov
(
N(x1),N(x2)

)
,

we directly obtain the following result.

COROLLARY 1.5. Let x2 > x1 > 0 be fixed. As r→+∞,

Cov
(
N(rx1),N(rx2)

)
=Σ(xk, xj) +O

(
(log r)2

r2/3

)
.

In [24, Corollary 2.4], the authors also proved that the random variable (N(r) −
µρ(r))/

√
σ2(r) converges in distribution as r → +∞ to a normal random variable with

mean 0 and variance 1. Using Theorem 1.4, we obtain the following generalization of this
result.
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COROLLARY 1.6. Let 0< x1 < . . . < xm <+∞ be fixed and consider the random vari-
ables N (r)

j defined by

N
(r)
j =

N(rxj)− µρ(rxj)√
σ2(rxj)

, j = 1, . . . ,m.

As r→+∞, we have (
N

(r)
1 ,N

(r)
2 , . . . ,N (r)

m

) d−→ N (⃗0, Im),(1.19)

where Im is the m × m identity matrix, and N (⃗0, Im) is a multivariate normal random
variable of mean 0⃗ = (0, . . . ,0) and covariance matrix Im.

PROOF. Let a1, . . . , am ∈ R be arbitrary and fixed (i.e. independent of r). It directly fol-
lows from (1.2) and (1.15) with uj =

√
3π
2

aj√
log r

, j = 1, . . . ,m, that

E
[ m∏
j=1

eajN
(r)
j

]
= exp

( m∑
j=1

a2j
2

+O
(

1√
log r

))
, as r→+∞.

In other words, the moment generating function of
(
N

(r)
1 ,N

(r)
2 , . . . ,N

(r)
m

)
converges as

r→+∞ pointwise in Rm to the moment generating function of N (⃗0, Im). This implies the
convergence in distribution (1.19) by standard probability theorems, see e.g. [7, Corollary of
Theorem 25.10].

Possible future applications of Theorem 1.4. Corollary 1.6 gives information about the joint
fluctuations of the counting function at m well-separated points rx1, . . . , rxm. A more diffi-
cult question is to understand the global rigidity of the Pearcey process, that is, to understand
the maximum fluctuation of the counting function. In recent years in random matrix theory,
there has been a lot of progress in the study of ridigity of various point processes, see [29, 4]
for important early works, [34] for the sine process, and [18] for the Airy and Bessel point
processes. Of particular interest for us is the following result on the rigidity of the Pearcey
process, which was proved in [16] (by combining results from [18] and [24]): for any ϵ > 0,
the probability that

µρ(x)−
(
4
√
2

3π
+ ϵ

)
logx≤N(x)≤ µρ(x) +

(
4
√
2

3π
+ ϵ

)
logx for all x > r(1.20)

tends to 1 as r →+∞. Roughly speaking, this means that with high probability and for all
large x, N(x) lies in a tube centered at µρ(x) and of width

(
8
√
2

3π + 2ϵ
)
logx, see Figure 1

(left). Equivalently, (1.20) can be rewritten for the normalized counting function as follows

lim
r→∞

P
(
sup
x>r

∣∣∣∣N(x)− µρ(x)

logx

∣∣∣∣≤ 4
√
2

3π
+ ϵ

)
= 1,(1.21)

see Figure 1 (right). It has also been conjectured in [16] that the upper bound (1.21) is sharp,
in the sense that the following complementary lower bound is expected to hold: for any ϵ > 0,

lim
r→∞

P
(
sup
x>r

∣∣∣∣N(x)− µρ(x)

logx

∣∣∣∣≥ 4
√
2

3π
− ϵ

)
= 1,(1.22)

and this is also supported by Figure 1 (right). Such lower bounds are notoriously difficult to
prove.

By analogy with the method developed in [22], we expect that Theorem 1.4 with m =
2 will be useful to establish (1.22). However, we also expect that proving (1.22) will also
require other estimates that are not provided in this paper, such as the large r asymptotics for
E[eu1N(rx1)+u2N(rx2)] when simultaneously |x1−x2| → 0. This regime requires a completely
different analysis than the one of Theorem 1.4, and we shall not pursue this here.
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-0.2
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0.4

0.6

ρ=−1.31

FIG 1. Rigidity of the Pearcey process (the pictures are taken from [16]). Left: the smooth blue lines correspond
to the upper and lower bounds in (1.20) with ϵ= 0.05, and N(x) is the discontinuous blue line. Right: the blue

line is N(x)−µρ(x)
logx , and the four orange lines correspond to the constants ±4

√
2

3π + ϵ, ±4
√
2

3π − ϵ with ϵ= 0.05.

Outline. Relying on the fact that the Pearcey kernel KPe
ρ is known to be integrable (of size 3)

in the sense of [35], we use in Section 2 the general method of [25] to express ∂r logF (rx⃗, u⃗)
in terms of the solution Φ to a 3 × 3 RH problem. In Section 3, we derive the system of
equations (1.4) and establish the formula ∂r logF (rx⃗, u⃗) = 2H(r) by analyzing a natural
Lax pair associated to Φ. In Section 4, we use the Deift–Zhou [26] steepest descent method
to obtain the large r asymptotics of Φ. A main technical challenge here is to analyze the
behavior of the global parametrix at certain points, which becomes particularly delicate for
m ≥ 2, see e.g. the asymptotic formulas of Subsection 4.3.2. The steepest descent analysis
of Φ for small r is simpler and is performed in Section 5. In Section 6, we use the small
and large r asymptotics of Φ together with some remarkable identities for the Hamiltonian
to complete the proofs of Theorems 1.1, 1.3 and 1.4.

2. Differential identity. The main result of this section is a differential identity which
expresses ∂r logF (rx⃗, u⃗) in terms of the solution Φ to a 3× 3 RH problem.

It is well-known, see e.g. [43, Theorem 2], that the moment generating function (1.2) is
equal to the Fredholm determinant

F (rx⃗, u⃗) = det
(
1− K̃Pe

ρ

)
, K̃Pe

ρ :=

m∑
j=1

(1− sj)KPe
ρ |rAj

,(2.1)

where sj := euj+...+um ∈ (0,+∞), j = 1, . . . ,m,

A1 = (−x1, x1), Aj = (−xj ,−xj−1)∪ (xj−1, xj), j = 2, . . . ,m,

and KPe
ρ |rAj

is the trace-class operator acting on L2(rAj) whose kernel is KPe
ρ . We now

recall a formula from [8] which expresses KPe
ρ in terms of the solution Ψ of a 3 × 3 RH

problem.

2.1. Background from [8].

RH problem for Ψ.

(a) Ψ :C \ {∪5
j=0Σj ∪ {0}}→C3×3 is analytic, where

Σ0 = (0,+∞), Σ1 = e
πi

4 (0,+∞), Σ2 = e
3πi

4 (+∞,0),

Σ3 = (−∞,0), Σ4 = e−
3πi

4 (+∞,0), Σ5 = e−
πi

4 (0,+∞).(2.2)
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(b) For z ∈ ∪5
j=0Σj , we denote Ψ+(z) (resp. Ψ−(z)) for the limit of Ψ(s) as s → z

from the left (resp. right) of ∪5
j=0Σj (here “left" and “right" refer to the orientation of

∪5
j=0Σj as indicated in (2.2)). For z ∈Σj , we have Ψ+(z) = Ψ−(z)Jj , j = 0, . . . ,5, where

J0, J1, J2, J3, J4 and J5 are respectively given by 0 1 0
−1 0 0
0 0 1

 ,

1 0 0
1 1 1
0 0 1

 ,

1 0 0
0 1 0
1 1 1

 ,

 0 0 1
0 1 0
−1 0 0

 ,

1 0 0
0 1 0
1−1 1

 ,

1 0 0
1 1−1
0 0 1

 .(2.3)

(c) As z →∞, ±Im z > 0,

Ψ(z) =

√
2π

3
e

ρ2

6 iΨ0

(
I +

Ψ1

z
+O(z−2)

)
diag (z−

1

3 ,1, z
1

3 )L±e
Θ(z),(2.4)

where

Ψ0 =

 1 0 0
0 1 0

κ3(ρ) +
2ρ
3 0 1

 , Ψ1 =

 0 κ3(ρ) 0
κ̃6(ρ) 0 κ3(ρ) +

ρ
3

0 κ̂6(ρ) 0

 ,(2.5)

κ3(ρ) =
ρ3

54
− ρ

6
, κ6(ρ) =

ρ6

5832
− ρ4

162
− ρ2

72
+

7

32
,

κ̃6(ρ) = κ6(ρ) +
ρ

3
κ3(ρ)−

1

3
, κ̂6(ρ) = κ6(ρ)− κ3(ρ)

2 +
ρ2

9
− 1

3
,

L+ =

−ω ω2 1
−1 1 1
−ω2 ω 1

 , L− =

ω2 ω 1
1 1 1
ω ω2 1

 ,

Θ(z) =

{
diag (θ1(z), θ2(z), θ3(z)), Im z > 0,

diag (θ2(z), θ1(z), θ3(z)), Im z < 0,
(2.6)

with θk(z) =
3
4ω

2kz
4

3 + ρ
2ω

kz
2

3 , k = 1,2,3, and ω = e
2πi

3 .
(d) Ψ(z) remains bounded as z → 0.

Consider the following functions

Pj(z) =

∫
Γj

e−
1

4
t4− ρ

2
t2+itzdt, j = 0,1, . . . ,5,(2.7)

where

Γ0 = (−∞,+∞), Γ1 = (i∞,0]∪ [0,∞), Γ2 = (i∞,0]∪ [0,−∞),

Γ3 = (−i∞,0]∪ [0,−∞), Γ4 = (−i∞,0]∪ [0,+∞), Γ5 = (−i∞, i∞),

and define

Ψ̃(z) =

P0(z) P1(z) P4(z)
P ′
0(z) P ′

1(z) P ′
4(z)

P ′′
0 (z) P ′′

1 (z) P ′′
4 (z)

 , z ∈C.(2.8)

It was shown in [8, Section 8.1] that the RH problem for Ψ admits a unique solution which
can be explicitly written in terms of Pj , j = 0, . . . ,5. For example, for arg z ∈ (π4 ,

3π
4 ), we

have Ψ(z) = Ψ̃(z). The explicit expression of Ψ in the other sectors is not needed for us so
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we do not write it down, but we refer the interested reader to [8, equations (8.12)–(8.17)].
The Pearcey kernel can be written as follows (see [8, equation (10.19)]):

KPe
ρ (x, y) =

1

2πi(x− y)

(
0 1 1

)
Ψ̃(y)−1Ψ̃(x)

(
1 0 0

)t
, x, y ∈R,(2.9)

where (·)t denotes the transpose operation. Let K̃Pe
ρ be the kernel of the operator K̃Pe

ρ ap-
pearing in (2.1):

K̃Pe
ρ (x, y) :=

m∑
j=1

(1− sj)K
Pe
ρ (x, y)χrAj

(y),

where χAj
denotes the characteristic function of Aj , i.e. χAj

(x) = 1 if x ∈ Aj and 0 other-
wise. From (2.9), it is easy to see that K̃Pe

ρ can be written as

K̃Pe
ρ (x, y) =

f(x)th(y)

x− y
,(2.10)

where

f(x) = Ψ̃(x)

1
0
0

 , h(y) =

∑m
j=1(1− sj)χrAj

(y)

2πi
Ψ̃(y)−t

0
1
1

=

m∑
j=1

sjχrBj
(y)Ψ̃(y)−t

0
1
1

 .

(2.11)

with sj :=
sj+1−sj

2πi and Bj = (−xj , xj), j = 1, . . . ,m. Since u⃗ ∈ Rm, it follows from (1.2)
that F (rx⃗, u⃗) ∈ (0,+∞). Thus, by (2.1), we have det(1−K̃Pe

ρ )> 0 and in particular 1−K̃Pe
ρ

is invertible. Using now standard identities for trace-class operators, we obtain

(2.12) ∂r logF (rx⃗, u⃗) = ∂r log det(1− K̃Pe
ρ ) =−Tr

(
(1− K̃Pe

ρ )−1∂rK̃Pe
ρ

)
=−

m∑
j=1

xj

(
lim

v↗rxj

R(v, v)+ lim
v↘−rxj

R(v, v)

)
+

m−1∑
j=1

xj

(
lim

v↘rxj

R(v, v)+ lim
v↗−rxj

R(v, v)

)
,

where R is the kernel of the resolvent operator (1− K̃Pe
ρ )−1K̃Pe

ρ . Formula (2.10) shows in
particular that K̃Pe

ρ is integrable (of size 3) in the sense of [35]. Hence, by [25, Lemma 2.12],
we have

R(u, v) =
F(u)tH(v)

u− v
, u, v ∈R,(2.13)

where

F(u) = (1− K̃Pe
ρ )−1f(u) = Y+(u)f(u), H(v) = Y −t

+ (v)h(v), u, v ∈R,(2.14)

and Y is given by

Y (z) = I −
∫ rxm

−rxm

F(w)h(w)t

w− z
dw.(2.15)

Furthermore, Y is the unique solution to the following RH problem.
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−rxm rxm

I

VI

II

V

III

IV

π
4

FIG 2. Jump contours Σ(r)
k , k = 0,1, . . . ,6.

RH problem for Y .

(a) Y :C \ [−rxm, rxm]→C3×3 is analytic.
(b) Y satisfies the jumps

Y+(x) = Y−(x)(I − 2πif(x)h(x)t), x ∈ (−rxm, rxm) \ ∪m−1
j=1 {−rxj , rxj}.

(2.16)

(c) As z →∞, Y (z) = I + Y1

z +O(z−2).
(d) As z → z∗ ∈ ∪m

j=1{−rxj , rxj}, we have Y (z) =O(log(z − z∗)).

Now, we apply a transformation which changes Y into another function Φ whose jump ma-
trices are piecewise constant. Following [24, eq (3.24)], we define Φ(z) = Φ(z; r) as

Φ(z) =
Ψ−1

0√
2π
3 e

ρ2

6 i



Y (z)Ψ(z), z ∈ I∪ III∪ IV ∪VI,

Y (z)Ψ̃(z), z ∈ II,

Y (z)Ψ̃(z)

1−1−1

0 1 0

0 0 1

 , z ∈V,

(2.17)

where the regions I, II III, IV, V and VI are shown in Figure 2. It is easily verified from the
RH problems for Y and Ψ that Φ satisfies the following RH problem.

RH problem for Φ.

(a) Φ :C \ {∪6
j=0Σ

(r)
j ∪ {−rxm, rxm}}→C3×3 is analytic, where

Σ
(r)
0 = (rxm,+∞), Σ

(r)
1 = rxm + e

πi

4 (0,+∞), Σ
(r)
2 =−rxm + e

3πi

4 (+∞,0),

Σ
(r)
3 = (−∞,−rxm), Σ

(r)
4 =−rxm + e−

3πi

4 (+∞,0), Σ
(r)
5 = rxm + e−

πi

4 (0,+∞),

(2.18)

and Σ
(r)
6 = (−rxm, rxm), see also Figure 2.

(b) For z ∈ Σ
(r)
j , we have Φ+(z) = Φ−(z)Jj , j = 0, . . . ,5, where J0, J1, J2, J3, J4 and

J5 are given by (2.3). For z ∈ (−rxm, rxm) \ ∪m−1
j=1 {−rxj , rxj}, we have Φ+(z) =

Φ−(z)J6(z), where

J6(z) =

1 sj sj
0 1 0
0 0 1

 , z ∈ rAj , j = 1, . . . ,m.
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(c) As z →∞, ±Im z > 0,

Φ(z) =

(
I +

Φ1

z
+

Φ2

z2
+O(z−3)

)
diag

(
z−

1

3 ,1, z
1

3

)
L±e

Θ(z),(2.19)

where Φ1,Φ2 are independent of z and Φ1 =Ψ1 +Ψ−1
0 Y1Ψ0.

(d) As z → rxj , j = 1, . . . ,m, we have

Φ(z) = Φ̂j(z)

1−sj log(z − rxj)−sj log(z − rxj)
0 1 0
0 0 1




I, z ∈ II,1−sj+1 −sj+1

0 1 0

0 0 1

 , z ∈V,

(2.20)

where we recall that sj :=
sj+1−sj

2πi . The matrix Φ̂j is analytic at rxj and satisfies

Φ̂j(z) = Φ
(0)
j (r)

(
I +Φ

(1)
j (r)(z − rxj) +O((z − rxj)

2)
)
, z → rxj ,(2.21)

for some matrices Φ(0)
j (r) and Φ

(1)
j (r).

(e) Φ satisfies the symmetry

Φ(z) =−diag (1,−1,1)Φ(−z)B, B =

−1 0 0
0 0 1
0 1 0

 .(2.22)

PROPOSITION 2.1. We have

∂r logF (rx⃗, u⃗) =−
m∑
j=1

2 sjxj

[(
Φ
(1)
j (r)

)
21

+
(
Φ
(1)
j (r)

)
31

]
.(2.23)

PROOF. The proof is a minor adaptation of [24, Proposition 3.5]. For v ∈ R, by (2.11),
(2.14) and (2.17), we have

F(v) =

√
2π

3
e

ρ2

6 iΨ0Φ+(v)

1
0
0

 , H(v) =

m∑
j=1

sjχrBj
(v)

Ψ−t
0√

2π
3 e

ρ2

6 i
Φ+(v)

−t

0
1
1

 .

(2.24)

Using (2.13), (2.17), (2.22) and (2.24), for v ∈R we find

R(v, v) =

m∑
j=1

sjχrBj
(v)

([
Φ+(v)

−1Φ′
+(v)

]
21

+
[
Φ+(v)

−1Φ′
+(v)

]
31

)
=R(−v,−v),

which allows us to rewrite (2.12) as

∂r logF (rx⃗, u⃗) =−2

m∑
j=1

xj lim
v↗rxj

R(v, v) + 2

m−1∑
j=1

xj lim
v↘rxj

R(v, v)

=−2

m∑
j=1

xjsj

([
Φ+(xj)

−1Φ′
+(xj)

]
21

+
[
Φ+(xj)

−1Φ′
+(xj)

]
31

)
.

By (2.20) and (2.21),
[
Φ+(xj)

−1Φ′
+(xj)

]
k1

= (Φ
(1)
j (r))k1, for all j = 1, . . . ,m and k = 2,3,

which finishes the proof.
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3. Lax pair. In this section,

• we find an explicit solution to (1.4)–(1.5) in terms of Φ,
• we prove the relation ∂r logF (rx⃗, u⃗) = 2H(r),
• we derive some further identities for H which will be useful in Section 6.

These results generalize part of the content of [24, Section 4] to arbitrary m ∈ N>0.

PROPOSITION 3.1. The functions (p0, q0,{pj,1, qj,1, pj,2, qj,2, pj,3, qj,3}mj=1) defined by

p0(r) :=
1√
2

(ρ
3
+Φ1,23

)
, q0(r) :=

1√
2

(ρ
3
−Φ1,12

)
,(3.1) pj,1(r)

pj,2(r)
pj,3(r)

 :=−sjΦ
(0)
j (r)−t

0
1
1

 ,

qj,1(r)
qj,2(r)
qj,3(r)

 := Φ
(0)
j (r)

1
0
0

 , j = 1, . . . ,m,(3.2)

satisfy (1.5) and the system of coupled equations (1.4).

REMARK 3.2. Since Φ exists by (2.14), (2.15) and (2.17), Proposition 3.1 implies that
there exists at least one solution to (1.4)–(1.5).

PROOF. Following [24], we will proceed by analyzing the following Lax pair

L(z; r) := ∂zΦ(z; r) ·Φ(z; r)−1, U(z; r) := ∂rΦ(z; r) ·Φ(z; r)−1.

Since the jump matrices of Φ are independent of z and r, L(z) = L(z; r) and U(z) = U(z; r)
are analytic in C \ {−rxm, . . . ,−rx1, 0, rx1, . . . , rxm}. Furthermore, using (2.22), we infer
that they satisfy

L(z) =−diag (1,−1,1)L(−z)diag (1,−1,1), U(z) = diag (1,−1,1)U(−z)diag (1,−1,1).
(3.3)

By (2.19), (3.1) and (3.3), we find

L(z) =

0 0 0
0 0 0
1 0 0

z +A0(r) +
L1

z
+O(z−2), as z →∞,(3.4)

where

A0(r) =

0 1 0
ρ
3 0 1
0 ρ

3 0

+

Φ1,

0 0 0
0 0 0
1 0 0

=

 0 1 0√
2p0(r) 0 1

0
√
2q0(r) 0

 ,(3.5)

L1 =

−1
3 0 ρ

3
0 0 0
0 0 1

3

+

Φ2,

0 0 0
0 0 0
1 0 0

+

0 0 0
0 0 0
1 0 0

Φ1,Φ1

+

Φ1,

0 1 0
ρ
3 0 1
0 ρ

3 0

 ,
and where we have used the notation [B1,B2] := B1B2 − B2B1. Also, by (2.20)–(2.21) and
(3.2), we have

L(z) =
Aj(r)

z − rxj
+O(1), as z → rxj , j = 1, . . . ,m(3.6)

with

Aj(r) =−sjΦ
(0)
j (r)

0 1 1
0 0 0
0 0 0

Φ
(0)
j (r)−1 =

qj,1
qj,2
qj,3

(pj,1 pj,2 pj,3) .(3.7)
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Since detΦ(z) is constant, we have TrL(z) = TrAj(r) =
∑3

k=1 pj,k(r)qj,k(r) = 0, which
already proves (1.5). Combining (3.3), (3.4) and (3.6), we have shown that

L(z) =

0 0 0
0 0 0
z 0 0

+A0(r) +

m∑
j=1

(
Aj(r)

z − rxj
+

A−j(r)

z + rxj

)
,(3.8)

where

A−j(r) = diag (1,−1,1)Aj(r)diag (1,−1,1) =

 qj,1
−qj,2
qj,3

(pj,1 −pj,2 pj,3
)
.(3.9)

For the computation of U , we use (2.19) and (2.20)–(2.21) to obtain

U(z) =O(z−1), as z →∞, U(z) =−xj
Aj(r)

z − rxj
+O(1), as z → rxj .

Using also (3.3), we conclude that

U(z) =

m∑
j=1

(
− xj

Aj(r)

z − rxj
+ xj

A−j(r)

z + rxj

)
.(3.10)

It remains to show that the functions (p0, q0,{pj,1, qj,1, pj,2, qj,2, pj,3, qj,3}mj=1) satisfy the
system of equations (1.4). For this, we note that the compatibility condition ∂z∂rΦ(z) =
∂r∂zΦ(z) is equivalent to the relation

∂rL(z)− ∂zU(z) = [U(z),L(z)].(3.11)

On the other hand, by (3.8) and (3.10), we have

∂rL(z)− ∂zU(z) =A′
0(r) +

m∑
j=1

(
A′

j(r)

z − rxj
+

A′
−j(r)

z + rxj

)
.(3.12)

Substituting (3.8) and (3.10) in the above two equations, and then taking z →∞, we get

A′
0 =

m∑
j=1

xj

A−j −Aj ,

0 0 0
0 0 0
1 0 0

=

 0 0 0
−2
∑m

j=1 xjpj,3qj,2 0 0

0 2
∑m

j=1 xjpj,2qj,1 0

 ,

which yields the first two equations in (1.4). We now prove the last six equations of (1.4). A
direct computation using (2.20) and (2.21) shows that

xjL(z) +U(z) =
(
xj∂zΦ(z) + ∂rΦ(z)

)
Φ(z)−1 = ∂rΦ

(0)
j (r) ·Φ(0)

j (r)−1 + o(1) as z → rxj ,

(3.13)

and using (3.8) and (3.10), we get

xjL(z) +U(z) =Mj(r)−
1

r
Aj(r) + o(1) as z → rxj ,(3.14)

with

Mj =

 0 0 0
0 0 0
rx2j 0 0

+ xjA0 +
1

r

m∑
k=−m
k ̸=0

Ak =

 2
rS11 xj

2
rS31√

2p0xj
2
rS22 xj

rx2j +
2
rS13

√
2q0xj

2
rS33

 .(3.15)
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In (3.15), we have omitted the r-dependence of various functions for notational convenience.
Combining (3.13) and (3.14) yields

∂rΦ
(0)
j (r) =

(
Mj(r)−

1

r
Aj(r)

)
Φ
(0)
j (r).

Taking the first column of the above equation and using (1.5), (3.5) and (3.2), we get(
q′j,1(r) q

′
j,2(r) q

′
j,3(r)

)t
=M(r)

(
qj,1(r) qj,2(r) qj,3(r)

)t
,(3.16)

and it is a direct computation to verify that (3.16) is equivalent to the third, fourth and fifth
equations of (1.4). Finally, using (3.8), (3.10), (3.11) and (3.12), and letting z → rxj , we get

A′
j(r) =−[Aj(r),Mj(r)].(3.17)

Combining (3.17) with (3.5) and (3.16), we get(
p′j,1(r) p

′
j,2(r) p

′
j,3(r)

)
=−

(
pj,1(r) pj,2(r) pj,3(r)

)
M(r),

which yields the last three equations in (1.4).

For later use, we also note that by taking z →∞ in (3.4) and then by reading the z−1 term
of the (1,3) entry, we get

m∑
j=1

(Aj,13(r) +A−j,13(r)) = 2S31(r) =
ρ

3
+Φ1,12(r)−Φ1,23(r) = ρ−

√
2(p0(r) + q0(r)),

(3.18)

where we have also used (3.8) and (3.1). In the rest of this section, we prove some identities
for H which will be useful in Section 6.

PROPOSITION 3.3. Let H be the Hamiltonian given in (1.6) with (p0, q0,{pj,1, qj,1, pj,2,
qj,2, pj,3, qj,3}mj=1) defined as in (3.1)–(3.2). We have

∂r logF (rx⃗, u⃗) = 2H(r).(3.19)

PROOF. By (2.23), the claim (3.19) is equivalent to

H(r) =−
m∑
j=1

sjxjTr

Φ
(1)
j (r)

0 1 1
0 0 0
0 0 0

=−
m∑
j=1

sjxj

[(
Φ
(1)
j (r)

)
21

+Φ
(1)
j (r)

)
31

]
.

(3.20)

Let H(r) be the right-hand side of (3.20). We must show that H(r) =H(r). By reading the
O(1) term in the expansion of ∂zΦ(z) = L(z)Φ(z) as z → rxj (using (3.8) and (2.20)), we
obtain

(3.21) Φ
(1)
j (r) = sj

Φ(1)
j (r),

0 1 1
0 0 0
0 0 0



+Φ
(0)
j (r)−1


 0 0 0

0 0 0
rxj 0 0

+A0(r) +

m∑
ℓ=1
ℓ ̸=j

(
Aℓ(r)

rxj − rxℓ
+

A−ℓ(r)

rxj + rxℓ

)
+

A−j(r)

2rxj

Φ
(0)
j (r).
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Substituting (3.21) in the right-hand side of (3.20) leads to

H(r) =−
m∑
j=1

sjxj
(
0 1 1

)
Φ
(0)
j (r)−1

 0 0 0
0 0 0
rxj 0 0

+A0(r)

+

m∑
ℓ=1
ℓ̸=j

(
Aℓ(r)

rxj − rxℓ
+

A−ℓ(r)

rxj + rxℓ

)
+

A−j(r)

2rxj

Φ(0)
j (r)

1
0
0

 .(3.22)

Inserting (3.2) and (3.5) in (3.22), we get

H=

m∑
j=1

xj

pj,1
pj,2
pj,3

t

 0 1 0√

2p0 0 1

rxj
√
2q0 0

+

m∑
ℓ=1
ℓ̸=j

(
Aℓ

rxj − rxℓ
+

A−ℓ

rxj + rxℓ

)
+

A−j

2rxj


qj,1
qj,2
qj,3

 .

The double sum in the above expression can be simplified as

m∑
j=1

xj

pj,1
pj,2
pj,3

t
m∑
ℓ=1
ℓ̸=j

(
Aℓ

rxj − rxℓ
+

A−ℓ

rxj + rxℓ

)qj,1
qj,2
qj,3

=
1

2

m∑
j=1

pj,1
pj,2
pj,3

t
m∑
ℓ=1
ℓ̸=j

(
Aℓ +A−ℓ

)qj,1
qj,2
qj,3

 .

Using (3.7) and (3.9), it is now a direct computation to check that indeed H(r) = H(r),
which concludes the proof.

PROPOSITION 3.4. Let H be the Hamiltonian given in (1.6) with (p0, q0,{pj,1, qj,1, pj,2,
qj,2, pj,3, qj,3}mj=1) defined as in (3.1)–(3.2). We have

p0(r)q
′
0(r) +

m∑
j=1

3∑
k=1

pj,k(r)q
′
j,k(r)−H(r)(3.23)

=H(r) +
1

4

d

dr

(
2p0(r)q0(r) +

m∑
j=1

[
pj,2(r)qj,2(r) + 2pj,3(r)qj,3(r)

]
− 3rH(r)

)
.

Furthermore,

∂γ

(
p0(r)q

′
0(r)+

3∑
k=1

m∑
j=1

pj,k(r)q
′
j,k(r)−H(r)

)
=

d

dr

( 3∑
k=1

m∑
j=1

pj,k(r)∂γqj,k(r)+p0(r)∂γq0(r)

)(3.24)

where γ is any parameter among u1, . . . , um.

PROOF. Formula (3.23) follows directly from (1.4) and (1.5), and formula (3.24) follows
from (1.7) together with

∂γH =
∂H

∂p0
∂γp0 +

∂H

∂q0
∂γq0 +

m∑
j=1

3∑
k=1

(
∂H

∂pj,k
∂γpj,k +

∂H

∂qj,k
∂γqj,k

)
.

4. Asymptotic analysis of Φ(z; r) as r → +∞. In this section, we perform a Deift-
Zhou steepest descent analysis to obtain the large r asymptotics of Φ. The case m= 1 of this
analysis was previously done in [24].
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−xm −x1 0 x1 xm

FIG 3. Jump contours for the RH problem for S with m= 2.

4.1. First transformation: Φ→ T . Define

T (z) = diag
(
r

1

3 ,1, r−
1

3

)
Φ(rz; r)e−Θ(rz).(4.1)

The jumps for T on (−xm, xm) are given by

T+(z) = T−(z)

eθ2(rz)−θ1(rz) sj sje
θ2(rz)−θ3(rz)

0 eθ1(rz)−θ2(rz) 0
0 0 1

 , z ∈ (xj−1, xj),

T+(z) = T−(z)

eθ3,+(rz)−θ3,−(rz) sje
θ2,−(rz)−θ2,+(rz) sj

0 1 0

0 0 eθ3,−(rz)−θ3,+(rz)

 , z ∈ (−xj ,−xj−1),

where j = 1, . . . ,m, x0 := 0, and where we have used

θ3,+(z) = θ2,−(z), θ1,+(z) = θ3,−(z), θ1,−(z) = θ2,+(z), z < 0.

As z →∞, ±Im z > 0, we have

T (z) =

(
I +

T1

z
+O(z−2)

)
diag

(
z−

1

3 ,1, z
1

3

)
L±

where T1 =
1
rdiag

(
r

1

3 ,1, r−
1

3

)
Φ1diag

(
r−

1

3 ,1, r
1

3

)
.

4.2. Second transformation: T → S. For each j = 1, . . . ,m, let γj,+ and γj,− be open
curves, lying in the upper and lower half planes respectively, starting at xj−1 and ending at
xj . We also orient the open curves γ−j,+ :=−γj,− and γ−j,− :=−γj,+ from −xj to −xj−1.
Let

γm+1,+ := Σ
(1)
1 , γm+1,− := Σ

(1)
5 , γ−m−1,+ := Σ

(1)
2 , γ−m−1,− := Σ

(1)
4 ,

sm+1 := 1, xm+1 := +∞ and for j = 1, . . . ,m,m+ 1, define

Jγj,−(z) =

 1 0 0
eθ1(rz)−θ2(rz)

sj
1−eθ1(rz)−θ3(rz)

0 0 1

 , Jγj,+
(z) =

 1 0 0
eθ2(rz)−θ1(rz)

sj
1 eθ2(rz)−θ3(rz)

0 0 1

 ,

Jγ−j,+
(z) =

 1 0 0
0 1 0

eθ3(rz)−θ1(rz)

sj
eθ3(rz)−θ2(rz) 1

 , Jγ−j,−(z) =

 1 0 0
0 1 0

eθ3(rz)−θ2(rz)

sj
−eθ3(rz)−θ1(rz) 1

 .
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The next transformation is defined by

S(z) = T (z)



Jγj,−(z), Im z < 0 and z above γj,−, j ∈ {1, . . . ,m},
Jγj,+

(z)−1, Im z > 0 and z below γj,+, j ∈ {1, . . . ,m},
Jγ−j,+

(z)−1, Im z > 0 and z below γ−j,+, j ∈ {1, . . . ,m},
Jγ−j,−(z), Im z < 0 and z above γ−j,−, j ∈ {1, . . . ,m},
I, otherwise.

(4.2)

S satisfies the following RH problem.

RH problem for S.

(a) S :C \ΣS →C3×3 is analytic, where ΣS := (−∞,+∞)∪
⋃m+1

j=1

(
γj,− ∪ γj,+ ∪ γ−j,+ ∪

γ−j,−
)
.

(b) For z ∈ΣS \ ∪m
j=0{−xj , xj}, S+(z) = S−(z)JS(z), where

JS(z) = Jγj,−(z), z ∈ γj,−, JS(z) = Jγj,+
(z), z ∈ γj,+,

JS(z) = Jγ−j,+
(z), z ∈ γ−j,+, JS(z) = Jγ−j,−(z), z ∈ γ−j,−

JS(z) =

 0 sj 0
−s−1

j 0 0

0 0 1

 , z ∈ (xj−1, xj), JS(z) =

 0 0 sj
0 1 0

−s−1
j 0 0

 , z ∈ (−xj ,−xj−1),

where j = 1, . . . ,m,m+ 1.
(c) As z →∞, ±Im z > 0, we have

S(z) =

(
I +

T1

z
+O(z−2)

)
diag

(
z−

1

3 ,1, z
1

3

)
L±.

(d) As z → z⋆ ∈ ∪m
j=1{−xj , xj}, we have S(z) =O(log(z − z⋆)).

As z → 0, S(z) =O(1).
(e) S satisfies the symmetry S(z) =−diag (1,−1,1)S(−z)B, where B is defined in (2.22).

4.3. Global parametrix. Using the definitions of θ1, θ2, θ3 given in (2.6), it is easily
checked that JS(z) → I as r → ∞ for each z ∈ ∪m+1

j=1

(
γj,− ∪ γj,+ ∪ γ−j,+ ∪ γ−j,−

)
. The

following RH problem, whose solution is denoted N and called the global parametrix, has
the same jump conditions on (−∞,+∞) than the RH problem for S, and no other jumps. We
will show in Subsection 4.7 that N is a good approximation to S outside small neighborhoods
of ∪m

j=0{−xj , xj}. The RH problem for N is as follows.

RH problem for N .

(a) N :C \ (−∞,+∞)→C3×3 is analytic.
(b) N satisfies the following jump relations:

N+(z) =N−(z)

 0 0 sj
0 1 0

−s−1
j 0 0

 , z ∈ (−xj ,−xj−1), j = 1, . . . ,m,m+ 1,

N+(z) =N−(z)

 0 sj 0
−s−1

j 0 0

0 0 1

 , z ∈ (xj−1, xj), j = 1, . . . ,m,m+ 1.
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(c) As z →∞, ±Im z > 0, we have

N(z) =

(
I +

1

z
N1 +O(z−2)

)
diag (z−

1

3 ,1, z
1

3 )L±,(4.3)

for a certain matrix N1.
(d) As z → z⋆ ∈ ∪m

j=1{−xj , xj}, N(z) =O(1).
As z → 0, N(z) =O(1)diag (z−

1

3 ,1, z
1

3 )O(1).
(e) N satisfies the symmetry N(z) =−diag (1,−1,1)N(−z)B.

For m= 1, the above RH problem was solved explicitly in [24, Section 5.3]. Let us define

βj :=
1

2πi
uj =

1

2πi
log

sj
sj+1

, j = 1, . . . ,m.(4.4)

Inspired by [24], we consider three functions d1, d2, d3 defined by

d1(z) =

{
λ(z

1

3 ), Im z > 0,

λ(ω−1z
1

3 ), Im z < 0,
d2(z) =

{
λ(ω−1z

1

3 ), Im z > 0,

λ(z
1

3 ), Im z < 0,
d3(z) = λ(ωz

1

3 ),

where

λ(z) =

m∏
j=1

(
z2 − ωx

2/3
j

z2 − x
2/3
j

)βj

, z ∈C \
(
(−x

1

3
m, x

1

3
m)∪ ω−1(−x

1

3
m, x

1

3
m)
)
.(4.5)

The branch structure for λ is such that λ(z) = 1+O(z−1) as z →∞, and

λ+(z) = λ−(z)

{
sj , z ∈ (−x

1

3

j ,−x
1

3

j−1)∪ e−
2πi

3 (x
1

3

j−1, x
1

3

j ), j ∈ {1, . . . ,m},
s−1
j , z ∈ e

πi

3 (x
1

3

j−1, x
1

3

j )∪ (x
1

3

j−1, x
1

3

j ), j ∈ {1, . . . ,m},
(4.6)

where the boundary values λ+ and λ− are taken with respect to the orientation of the contour
as stated in (4.5). Using (4.5)–(4.6), it can be verified that

N(z) :=CNdiag (z−
1

3 ,1, z
1

3 )L±diag (d1(z), d2(z), d3(z)), ±Im z > 0,(4.7)

is the unique solution to the RH problem for N , where

CN :=

 1 0 0
0 1 0

−i
√
3
∑m

j=1 βjx
2/3
j 0 1

 .(4.8)

It the next subsections we compute more detailed asymptotic expansions than those stated in
conditions (c) and (d) of the RH problem for N .

4.3.1. Asymptotics of N(z) as z →∞. As z →∞, ±Im z > 0, we have

N(z) =

(
I +

1

z
N1 +O(z−2)

)
diag (z−

1

3 ,1, z
1

3 )L±(4.9)

where N1 is of the form

N1 =

0 i
√
3
∑m

j=1 βjx
2/3
j 0

⋆ 0 i
√
3
∑m

j=1 βjx
2/3
j

0 ⋆ 0

 .(4.10)

The entries (N1)21 and (N1)32 can also be computed explicitly, but their expressions are
longer and not important for us.
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4.3.2. Asymptotics of N(z) as z → xj , j = 1, . . . ,m. As z → xj , Im z > 0, j = 1, . . . ,m,

d1(z) = d
(0)
1,xj

(z − xj)
−βj
(
1 + d

(1)
1,xj

(z − xj) +O((z − xj)
2)
)
,

d
(0)
1,xj

=

(
3
√
3xj
2

)βj

e−
πiβj

6

m∏
k=1
k ̸=j

(x
2/3
j − ωx

2/3
k )βk

(x
2/3
j − x

2/3
k )βk

+

,

d
(1)
1,xj

=
(ω− 5)βj
6(ω− 1)xj

+

m∑
k=1
k ̸=j

2(ω− 1)x
2/3
k βk

3x
1/3
j (x

2/3
j − x

2/3
k )(x

2/3
j − ωx

2/3
k )

,

d2(z) = d
(0)
2,xj

(z − xj)
βj
(
1 + d

(1)
2,xj

(z − xj) +O((z − xj)
2)
)
,

d
(0)
2,xj

=

(
2

3
√
3xj

)βj

e−
πiβj

6

m∏
k=1
k ̸=j

(x
2/3
j − x

2/3
k )βk

+

(x
2/3
j − ω2x

2/3
k )βk

,

d
(1)
2,xj

=
(1− 5ω)βj
6(ω− 1)xj

+

m∑
k=1
k ̸=j

2(1− ω2)x
2/3
k βk

3x
1/3
j (x

2/3
j − x

2/3
k )(x

2/3
j − ω2x

2/3
k )

,

d3(z) = d
(0)
3,xj

(
1 + d

(1)
3,xj

(z − xj) +O((z − xj)
2)
)
,

d
(0)
3,xj

= e
πiβj

3

m∏
k=1
k ̸=j

(x
2/3
j − ω2x

2/3
k )βk

(x
2/3
j − ωx

2/3
k )βk

,

d
(1)
3,xj

=
2(ω+ 1)βj
3(ω− 1)xj

+

m∑
k=1
k ̸=j

2(ω2 − ω)x
2/3
k βk

3x
1/3
j (x

2/3
j − ωx

2/3
k )(x

2/3
j − ω2x

2/3
k )

.

In the above asymptotic expansions, all branches are the principal ones: for example, for the
product appearing in d

(0)
1,xj

, we have∣∣∣∣∣
m∏
k=1
k ̸=j

(x
2/3
j − ωx

2/3
k )βk

(x
2/3
j − x

2/3
k )βk

+

∣∣∣∣∣= exp

(
−

m∑
k=1
k ̸=j

iβk arctan

√
3x

2/3
k

x
2/3
k + 2x

2/3
j

−
m∑

k=j+1

πiβk

)
,

arg

m∏
k=1
k ̸=j

(x
2/3
j − ωx

2/3
k )βk

(x
2/3
j − x

2/3
k )βk

+

=−
m∑
k=1
k ̸=j

iβk log
|x2/3j − ωx

2/3
k |

|x2/3j − x
2/3
k |

mod 2π.

Hence, as z → xj , Im z > 0, j = 1, . . . ,m,

N(z) = (N (0)
xj

+ (z − xj)N
(1)
xj

+O
(
(z − xj)

2
)
)(z − xj)

−βjσ3,1 ,(4.11)

where σ3,1 = diag (1,−1,0) and

N (0)
xj

=CNdiag (x−1/3
j ,1, x

1/3
j )L+diag (d(0)1,xj

, d
(0)
2,xj

, d
(0)
3,xj

),(4.12)

N (1)
xj

=CN

(
diag (x−1/3

j ,1, x
1/3
j )L+diag (d(0)1,xj

d
(1)
1,xj

, d
(0)
2,xj

d
(1)
2,xj

, d
(0)
3,xj

d
(1)
3,xj

)

+ diag (−1
3x

−4/3
j ,0, 13x

−2/3
j )L+diag (d(0)1,xj

, d
(0)
2,xj

, d
(0)
3,xj

)
)
.
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4.3.3. Asymptotics of N(z) as z → 0. As z → 0, Im z > 0,

dℓ(z) = d
(0)
ℓ,0 (1 + d

(1)
ℓ,0z

2

3 +O(z
4

3 )), ℓ= 1,2,3,

d
(0)
1,0 = e−πi

∑m
k=1 βk(−ω)

∑m
k=1 βk = s

− 2

3

1 , d
(0)
2,0 = d

(0)
3,0 = ω

∑m
k=1 βk = s

1

3

1 ,

d
(1)
1,0 = (1− ω2)

m∑
k=1

βkx
− 2

3

k , d
(1)
2,0 = (ω− 1)

m∑
k=1

βkx
− 2

3

k , d
(1)
1,0 = (ω2 − ω)

m∑
k=1

βkx
− 2

3

k ,

where the branches are the principal ones. As z → 0, Im z > 0,

N(z) =CNdiag (z−
1

3 ,1, z
1

3 )L+diag (d(0)1,0, d
(0)
2,0, d

(0)
3,0)
(
I + z

2

3 diag (d(1)1,0, d
(1)
2,0, d

(1)
3,0) +O(z

4

3 )
)
.

(4.13)

Local parametrices. For each p ∈ {−xm, . . . ,−x1,0, x1, . . . , xm}, we let Dp be a small
open disk centered at p. The local parametrix P (p) is defined inside Dp, has the same jumps
as S in Dp, and satisfies S(z)P (p)(z)−1 =O(1) as z → p. Furthermore, we require P (p) to
satisfy the following matching condition with P (∞) on ∂Dp:

P (p)(z) = (I + o(1))P (∞)(z), as r→+∞,(4.14)

uniformly for z ∈ ∂Dp.

4.4. Local parametrix near xj , j = 1, . . . ,m. Since the (1,2) and (2,1) entries of JS(z)
have each a discontinuity at z = xj , we can follow [36] and build P (xj) using the model RH
problem ΦHG which is presented in Appendix A. We also refer to [24, Section 5.5] for more
details about this construction. The local parametrix P (xj) is of the form

P (xj)(z) =Exj
(z)

ΦHG,11(r
4

3 fxj
(z);βj) ΦHG,12(r

4

3 fxj
(z);βj) 0

ΦHG,21(r
4

3 fxj
(z);βj) ΦHG,22(r

4

3 fxj
(z);βj) 0

0 0 1

(4.15)

× (sjsj+1)
−σ3,1

4 e±
1

2
(θ2(rz)−θ1(rz))σ3,1Axj

(z),

Axj
(z) =



1 0 0

0 1 eθ2(rz)−θ3(rz)

0 0 1

 , z ∈ {z : Im z > 0} ∩Dxj
\ (Ωj,+ ∪Ωj+1,+),1 0 0

0 1 eθ1(rz)−θ3(rz)

0 0 1

 , z ∈ {z : Im z < 0} ∩Dxj
\ (Ωj,− ∪Ωj+1,−),

I, otherwise,

where σ3,1 = diag (1,−1,0), ± stands for ±Im z > 0, Exj
is analytic in Dxj

and given by

Exj
(z) =N(z)(sjsj+1)

σ3,1

4


√

sj+1

sj

σ3,1

, Im z > 0 0 1 0
−1 0 0
0 0 1

 , Im z < 0

e−
1

2
(θ2(rxj)−θ1(rxj))σ3,1(r

4

3 fxj
(z))βjσ3,1 ,

and fxj
is given by

fxj
(z) = r−

4

3

[
(θ2(rz)− θ1(rz))− (θ2(rxj)− θ1(rxj))

]
=

i
√
3

4

(
3(z

4

3 − x
4

3

j )−
2ρ

r
2

3

(z
2

3 − x
2

3

j )
)
.
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It is easily checked that Axj
(z) is exponentially small as r → +∞ uniformly for z ∈ Dxj

,
and that

fxj
(xj) = 0, f ′

xj
(xj) = i

(√
3x

1/3
j − ρ

√
3x

1/3
j r2/3

)
, f ′′

xj
(xj) = i

(
1

√
3x

2/3
j

+
ρ

3
√
3x

4/3
j r2/3

)
.

(4.16)

Using (4.11), we obtain

Exj
(xj) =N (0)

xj

√
sj+1

σ3,1e−
1

2
(θ2(rxj)−θ1(rxj))σ3,1(r

4

3 |f ′(xj)|)βjσ3,1 ,(4.17)

Exj
(xj)

−1E′
xj
(xj) =


f ′′
xj

(xj)

2f ′
xj

(xj)
βj + d

(1)
1,xj

ic−2
j

3
√
3xj

d
(0)
2,xj

d
(0)
1,xj

− ic−1
j

3
√
3xj

d
(0)
3,xj

d
(0)
1,xj

− ic2j
3
√
3xj

d
(0)
1,xj

d
(0)
2,xj

−
f ′′
xj

(xj)

2f ′
xj

(xj)
βj + d

(1)
2,xj

− icj
3
√
3xj

d
(0)
3,xj

d
(0)
2,xj

icj
3
√
3xj

d
(0)
1,xj

d
(0)
3,xj

ic−1
j

3
√
3xj

d
(0)
2,xj

d
(0)
3,xj

d
(1)
3,xj

 ,(4.18)

cj =
√
sj+1e

− 1

2
(θ2(rxj)−θ1(rxj))

(
r

4

3 |f ′
xj
(xj)|

)βj .(4.19)

Using (A.2), we obtain

P (xj)(z)N(z)−1 = I +
1

r
4

3 fxj
(z)

Exj
(z)

ΦHG,1(βj)11 ΦHG,1(βj)12 0
ΦHG,1(βj)21 ΦHG,1(βj)22 0

0 0 1

Exj
(z)−1 +O(r−

8

3 ),

(4.20)

as r→+∞ uniformly for z ∈ ∂Dxj
.

4.5. Local parametrix near −xj , j = 1, . . . ,m. P (−xj) can be constructed in terms of
ΦHG in a similar way as P (xj). Alternatively, we can use the symmetry stated in condition
(e) of the RH problem for S. This observation saves us some effort and allows us to see
immediately that

P (−xj)(z) =−diag (1,−1,1)P (xj)(z)B, z ∈D−xj
.(4.21)

4.6. Local parametrix near 0. For the local parametrix P (0), we need to use the model
RH problem for Ψ from [8] (and which is recalled in Subsection 2.1 for the convenience of
the reader). Define

P (0)(z) =E0(z)Ψ(rz)e−Θ(rz)diag (s
− 2

3

1 , s
1

3

1 , s
1

3

1 ),(4.22)

where E0 is analytic inside D0 and given by

E0(z) =−
√

3

2π
e−

ρ2

6 iN(z)diag (s
2

3

1 , s
− 1

3

1 , s
− 1

3

1 )L−1
± diag ((rz)

1

3 ,1, (rz)−
1

3 )Ψ−1
0 , ±Im z > 0,

and

Ψ0 =

 1 0 0
0 1 0

κ3 +
2ρ
3 0 1

 , κ3 =
ρ3

54
− ρ

6
.

In a similar way as in [24, Proposition 5.13], we verify that P (0) has the same jumps as S
inside D0. It is also clear from condition (d) of the RH problem for Ψ that P (0)(z) remains
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bounded as z → 0. Finally, using (4.22) and (2.4), we obtain

P (0)(z)N(z)−1 = I +
1

r
2

3 z
Ê0(z)Ψ̂1Ê0(z)

−1 +O(r−
4

3 ), Ψ̂1 =

0 κ3 0
0 0 κ3 +

ρ
3

0 0 0

 ,

(4.23)

as r→+∞ uniformly for z ∈ ∂D0, where

Ê0(z) :=N(z)diag (s
2

3

1 , s
− 1

3

1 , s
− 1

3

1 )L−1
± diag (z

1

3 ,1, z−
1

3 ).

For future reference, using (4.13) we note that Ê0(0) =CN .

4.7. Final transformation. Define

R(z) =

{
S(z)N(z)−1, z ∈C \

(
∪m
j=1 (Dxj

∪D−xj
)∪D0

)
,

S(z)P (p)(z)−1, z ∈Dp, p ∈ {−xm, . . . ,−x1,0, x1, . . . , xm}.
(4.24)

Using the analysis of Subsections 4.4–4.6, we conclude that R is analytic in ∪m
j=1(Dxj

∪
D−xj

)∪D0, and therefore R is analytic in C \ΣR, where

ΣR := ∪m
j=1(∂Dxj

∪ ∂D−xj
)∪ ∂D0 ∪ΣS \

(
∪m
j=1 (Dxj

∪D−xj
)∪D0 ∪R

)
.

For convenience, we orient the boundaries of the 2m + 1 disks in the clockwise direction,
and for z ∈ ΣR, we define JR(z) :=R−1

− (z)R+(z). Using the definitions (2.6) of θ1, θ2, θ3,
condition (b) of the RH problem for S and (4.24), we verify that

JR(z) = I +O(e−cr), as r→+∞ uniformly for z ∈ΣR \
(
∪m
j=1 (Dxj

∪D−xj
)∪D0

)
for a certain c > 0. Also, by (4.20), (4.21) and (4.23), we have

JR(z) = I +O(r−
4

3 ), as r→+∞, uniformly for z ∈ ∪m
j=1(∂Dxj

∪ ∂D−xj
),

JR(z) = I + J(1)(z)
r2/3 +O(r−

4

3 ), as r→+∞, uniformly for z ∈ ∂D0,

where J (1)(z) = 1
z Ê0(z)Ψ̂1Ê0(z)

−1. Hence, R satisfies a small norm RH problem [26], and
we have

R(z) = I +R(1)(z)r−
2

3 +O(r−
4

3 ), as r→+∞,(4.25)

uniformly for z ∈C \ΣR, with

R(1)(z) =
1

2πi

∮
∂D0

J (1)(x)dx

x− z
=

{
CN Ψ̂1C

−1
N

z , z /∈D0,
CN Ψ̂1C

−1
N

z − J (1)(z), z ∈D0,
(4.26)

and where we recall that ∂D0 is oriented in the clockwise direction. (the method of [26] also
implies that R exists for all sufficiently large r; note however that here we already know
from (2.15) and from det(1 − K̃Pe

ρ ) > 0 that Y exists for all r > 0, which implies by the
transformations Y → Φ→ T → S → R that R also exists for all r > 0). Finally, the same
analysis as in [20, Section 3.5] shows that for any k1, . . . , km ∈N≥0 with k1 + . . .+ km ≥ 1,
we have

∂k1
u1

. . . ∂km
um

R(z) = ∂k1
u1

. . . ∂km
um

R(1)(z)r−
2

3 +O((log r)k1+...+kmr−
4

3 ), as r→+∞,

(4.27)

uniformly for z ∈C \ΣR.
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5. Asymptotic analysis of Φ as r → 0. The analysis of Φ as r → 0 is much sim-
pler than the large r analysis of Section 4. Here we generalize [24, Section 6] to arbitrary
m ∈ N>0. Let δ > 0 be fixed. Define

Ñ(z) :=−
√

3
2πe

− ρ2

6 iΨ−1
0 Ψ(z)×


J1, for arg z < π

4 and arg(z − rxm)> π
4 ,

J2, for arg z > 3π
4 and arg(z + rxm)< 3π

4 ,

J−1
4 , for arg z <−3π

4 and arg(z + rxm)>−3π
4 ,

J−1
5 , for arg z >−π

4 and arg(z − rxm)<−π
4 ,

(5.1)

and for |z|< δ, define

(5.2) P̃ (0)(z) :=−
√

3
2πe

− ρ2

6 iΨ−1
0 Ψ̃(z)

I +

m∑
j=1

sj − sj+1

2πi

(
log(z − rxj)− log(z + rxj)

)0 1 1
0 0 0
0 0 0




J−1
1 , z ∈ I,

I, z ∈ II,

J−1
2 , z ∈ III,

J−1
2 J−1

3 , z ∈ IV,

J−1
1 J−1

0 J−1
5 , z ∈V,

J−1
1 J−1

0 , z ∈VI,

where the principal branches are chosen for the log, and we recall that sm+1 := 1, the regions
I, II, III, IV, V and VI are shown in Figure 2, Ψ̃ is defined in (2.8), and the matrices Jj ,
j = 0, . . . ,5 are defined in (2.3). Let

R̃(z) :=

{
Φ(z)Ñ(z)−1, |z|> δ,

Φ(z)P̃ (0)(z)−1, |z|< δ.
(5.3)

The definitions (5.1) and (5.2) also ensure that R̃ has no jumps on ∪5
j=0Σ

(r)
j . Since

P̃
(0)
− (z)−1P̃

(0)
+ (z) = J5J0J1

1 sj − 1 sj − 1
0 1 0
0 0 1

=

1 sj sj
0 1 0
0 0 1

=Φ−(z)
−1Φ+(z)(5.4)

holds for all z ∈ (−rxj ,−rxj−1) ∪ (rxj−1, rxj), it follows that R̃(z) is also analytic in
(−rxm, rxm) \ ∪m−1

j=1 {−rxj , rxj}. Furthermore, from a direct inspection of (5.2) and (5.3),
we see that the singularities of R̃(z) at z =−rxm, . . . ,−rx1,0, rx1, . . . , rxm are removable.
Hence, R̃(z) is analytic for z ∈ C \ {z : |z| = δ}. Let us orient the circle |z| = δ in the
clockwise direction, and define JR̃ := R̃−1

− R̃+. By (5.3), JR̃(z) = P̃ (0)(z)Ñ(z)−1, and by
(2.4), (2.19) and (5.3), R̃(z) = I +O(z−1) as z →∞. We also check using (5.1) and (5.2)
that JR̃(z) = I +O(r) as r→ 0 uniformly for |z|= δ. Thus

R̃(z) = I +O(r), as r→ 0 uniformly for z ∈C \ {z : |z|= δ}.(5.5)

6. Proof of the main results.

6.1. Proof of Theorem 1.1. We already proved in Section 3 that the functions (p0, q0,
{pj,1, qj,1, pj,2, qj,2, pj,3, qj,3}mj=1) defined by (3.1)–(3.2) exist and satisfy (1.4)–(1.5). In this
subsection we complete the proof of Theorem 1.1 by obtaining the asymptotic formulas (1.8)
and (1.11).



GENERATING FUNCTION OF THE PEARCEY PROCESS 25

Asymptotics of p0, q0, pj,k and qj,k as r→+∞. We first compute the asymptotics of p0
and q0 using (3.1). Using (4.25) and (4.26), we see that R(z) = I + R1

z +O(z−2) as z →∞,
where

R1 =CN Ψ̂1C
−1
N r−

2

3 +O(r−
4

3 ), as r→+∞.(6.1)

Inverting the transformations Φ 7→ T 7→ S 7→ R in the region outside the disks using (4.1),
(4.2) and (4.24), we get

Φ(rz) = diag (r−
1

3 ,1, r
1

3 )R(z)N(z)eΘ(rz), z ∈C \
(
∪m
j=1 (Dxj

∪D−xj
)∪D0

)
.

From this expression, (2.19) and (4.9), we deduce that

Φ1 = r diag (r−
1

3 ,1, r
1

3 )(R1 +N1)diag (r
1

3 ,1, r−
1

3 ),

which implies by (4.10) and (6.1) that

Φ1,12 = i
√
3r

2

3

m∑
j=1

βjx
2

3

j +
ρ3

54
− ρ

6
+O(r−

2

3 ), Φ1,23 = i
√
3r

2

3

m∑
j=1

βjx
2

3

j +
ρ3

54
+

ρ

6
+O(r−

2

3 ),

as r →+∞. Substituting these asymptotics in (3.1) gives the large r asymptotics of p0 and
q0 stated in (1.8a) and (1.8e).

We now compute the large r asymptotics of pj,k, j = 1, . . . ,m, k = 1,2,3 using the defi-
nitions (3.2). It follows from (2.20) and (2.21) that

Φ
(0)
j (r) = lim

z→xj

z∈II

Φ(rz)

1 sj log(rz − rxj) sj log(rz − rxj)
0 1 0
0 0 1

 .(6.2)

For z ∈Dxj
and z outside the lenses, by (4.1), (4.2) and (4.24) we have

Φ(rz) = diag (r−
1

3 ,1, r
1

3 )R(z)P (xj)(z)eΘ(rz).(6.3)

Hence, using also (4.15), we get

(6.4) Φ
(0)
j (r) = diag (r−

1

3 ,1, r
1

3 )R(xj)Exj
(xj) lim

z→xj

z∈II

[ΦHG,11(r
4

3 fxj
(z);βj)

ΦHG,21(r
4

3 fxj
(z);βj)

0

· · ·

· · ·
ΦHG,12(r

4

3 fxj
(z);βj) 0

ΦHG,22(r
4

3 fxj
(z);βj) 0

0 1

 (sjsj+1)
−σ3,1

4 Θ̃(z)

1 sj log(rz − rxj) sj log(rz − rxj)
0 1 0
0 0 1

]

where

Θ̃(z) = e
1

2
(θ2(rz)−θ1(rz))σ3,1

1 0 0

0 1 eθ2(rz)−θ3(rz)

0 0 1

eΘ(rz) = e−
θ3(rz)

2

1 0 0
0 1 1

0 0 e
3

2
θ3(rz)

 .(6.5)

Using (4.4), we note that

sin(πβj)

π
=

1

Γ(βj)Γ(1− βj)
=− sj√

sjsj+1
.
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Therefore, using (A.4), we can rewrite (6.4) as

Φ
(0)
j (r) = e−

θ3(rxj)

2 diag (r−
1

3 ,1, r
1

3 )R(xj)Exj
(xj)(6.6)

× diag (Υ(0)
j ,1)

1 sj(log r− log(r
4

3 |f ′
xj
(xj)|i)) sj(log r− log(r

4

3 |f ′
xj
(xj)|i))

0 1 1

0 0 e
3

2
θ3(rxj)

 ,

where

Υ
(0)
j =

 Γ(1−βj)
(sjsj+1)1/4

(sjsj+1)1/4

Γ(βj)

(
Γ′(1−βj)
Γ(1−βj)

+ 2γE − iπ
)

Γ(1+βj)
(sjsj+1)1/4

−(sjsj+1)1/4

Γ(−βj)

(
Γ′(−βj)
Γ(−βj)

+ 2γE − iπ
) ,(6.7)

and γE is Euler’s gamma constant. Combining (6.6) with (3.2), we get(
qj,1 qj,2 qj,3

)t
= e−

θ3(rxj)

2 diag (r−
1

3 ,1, r
1

3 )R(xj)Exj
(xj)

(
Υ

(0)
j,11 Υ

(0)
j,21 0

)t
,(

pj,1 pj,2 pj,3
)t
=−e

θ3(rxj)

2 sjdiag (r
1

3 ,1, r−
1

3 )R(xj)
−tExj

(xj)
−tdiag ((Υ(0)

j )−t,1)
(
0 1 0

)t
.

We then obtain (1.8b), (1.8c), (1.8d), (1.8f), (1.8g) and (1.8h) after a long computation. We
omit the details.

Asymptotics of p0, q0, pj,k and qj,k as r→ 0. Using (5.3) and (5.5), we have, for |z|> δ,

Φ(z) =
(√

2π√
3
e

ρ2

6 i
)−1

(I +O(r))Ψ−1
0 Ψ(z), as r→ 0.

Using also (2.4) and (3.1), we obtain (1.11a).
We now compute the asymptotics of pj,k and qj,k, j = 1, . . . ,m, k = 1,2,3 as r → 0.

Recall that pj,k and qj,k are defined in (3.2). Using (5.2) and (5.3), for z ∈ II ∩ {z : |z| <
δ r−1} we get

Φ(rz) = R̃(rz)
Ψ−1

0√
2π√
3
e

ρ2

6 i
Ψ̃(rz)

I −
m∑
j=1

sj

(
log(rz − rxj)− log(rz + rxj)

)0 1 1
0 0 0
0 0 0

 .

It then follows from (6.2) that

Φ
(0)
j (r) = R̃(rxj)

Ψ−1
0√

2π√
3
e

ρ2

6 i
Ψ̃(rxj)

I +

m∑
j=1

sj log(2rxj)

0 1 1
0 0 0
0 0 0

 ,

and then by (2.8) and (5.5), we get

Φ
(0)
j (r) =

Ψ−1
0√

2π√
3
e

ρ2

6 i
(Ψ̃(0) +O(r))

I +

m∑
j=1

sj log(2rxj)

0 1 1
0 0 0
0 0 0

 .

On the other hand, by [24, equation (7.22)], we have

Ψ̃(0)
(
1 0 0

)t
=
(
P0(0) 0 P ′′

0 (0)
)t
, Ψ̃(0)−t

(
0 1 1

)t
=
(
0 1

P ′
1(0)

0
)t

,

where P ′
1(0) ̸= 0. The asymptotics of (1.11b) and (1.11c) now directly follows from (3.2).
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6.2. Proof of Theorem 1.3. The asymptotics of H(r) as r → 0 given by (1.13) are di-
rectly obtained from (1.6) and (1.11a)–(1.11c). Since F (0x⃗, u⃗) = 1 by (1.2), the integral
representation (1.12) follows by integrating (3.19) from 0 to an arbitrary r > 0. To compute
the asymptotics of H(r) as r→+∞, we follow the method of [24] and rely on (3.20). Using
(2.20) and (2.21), we obtain

Φ
(1)
j (r) =

1

r
Φ
(0)
j (r)−1 lim

z→xj

z∈II

Φ(rz)
1 sj log(rz − rxj) sj log(rz − rxj)
0 1 0
0 0 1

′

,(6.8)

where ′ denotes the derivative with respect to z. We see from (6.6) that(
0 1 1

)
Φ
(0)
j (r)−1 = e

1

2
θ3(rxj)

(
0 1 0

)
diag ((Υ(0)

j )−1,1)Exj
(xj)

−1R(xj)
−1diag (r

1

3 ,1, r−
1

3 ).

Also, by (6.3) and (4.15), we have

lim
z→xj

z∈II

Φ(rz)
1 sj log(rz − rxj) sj log(rz − rxj)
0 1 0
0 0 1

′1
0
0

= diag (r−
1

3 ,1, r
1

3 )

× lim
z→xj

z∈II

R(z)Exj
(z)

ΦHG,11(r
4

3 fxj
(z);βj) ΦHG,12(r

4

3 fxj
(z);βj) 0

ΦHG,21(r
4

3 fxj
(z);βj) ΦHG,22(r

4

3 fxj
(z);βj) 0

0 0 1

 (sjsj+1)
−σ3,1

4 Θ̃(z)

′1
0
0


where Θ̃ is defined in (6.5). A direct computation using (A.4) shows that this last limit is
given by

e−
θ3(rxj)

2 diag (r−
1

3 ,1, r
1

3 )
[
R′(xj)Exj

(xj)diag (Υ(0)
j ,1) +R(xj)E

′
xj
(xj)diag (Υ(0)

j ,1)

(6.9)

+ r
4

3 f ′
xj
(xj)R(xj)Exj

(xj)diag (Υ(0)
j Υ

(1)
j ,0)− rθ′

3(rxj)
2 R(xj)Exj

(xj)diag (Υ(0)
j ,1)

] (
1 0 0

)t
where Υ

(1)
j,21 =

βjπ√
sjsj+1 sin(πβj)

. Combining the above equations with (3.20), we then find

H(r) =−1

r

m∑
j=1

sjxj

[
diag ((Υ(0)

j )−1,1)Exj
(xj)

−1R(xj)
−1R′(xj)Exj

(xj)diag (Υ(0)
j ,1)

+ diag ((Υ(0)
j )−1,1)Exj

(xj)
−1E′

xj
(xj)diag (Υ(0)

j ,1) + r
4

3 f ′
xj
(xj)diag (Υ(1)

j ,0)
]
21
.

(6.10)

The first part in the sum in (6.10) decays as r→+∞ by (4.25); more precisely

diag ((Υ(0)
j )−1,1)Exj

(xj)
−1R(xj)

−1R′(xj)Exj
(xj)diag (Υ(0)

j ,1) =O(r−
2

3 ), as r→+∞.

For the second part in (6.10), we use (6.7) and get[
diag ((Υ(0)

j )−1,1)Exj
(xj)

−1E′
xj
(xj)diag (Υ(0)

j ,1)
]
21

= Γ(1−βj)2√
sjsj+1

[
Exj

(xj)
−1E′

xj
(xj)

]
21

− Γ(1+βj)2√
sjsj+1

[
Exj

(xj)
−1E′

xj
(xj)

]
12

+ Γ(1−βj)Γ(1+βj)√
sjsj+1

([
Exj

(xj)
−1E′

xj
(xj)

]
22

−
[
Exj

(xj)
−1E′

xj
(xj)

]
11

)
.
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This expression can be further simplified using (4.18) and (4.19). After a rather long compu-
tation, as r→+∞ we obtain

Γ(1−βj)Γ(1+βj)√
sjsj+1

([
Exj

(xj)
−1E′

xj
(xj)

]
22

−
[
Exj

(xj)
−1E′

xj
(xj)

]
11

)
=

1

sj

(
β2
j

3xj
+ 2iβjIm (d

(1)
1,xj

)

)
+O(r−

2

3 ),

Γ(1−βj)2√
sjsj+1

[
Exj

(xj)
−1E′

xj
(xj)

]
21

− Γ(1+βj)2√
sjsj+1

[
Exj

(xj)
−1E′

xj
(xj)

]
12

=
2

3
√
3xj

iβj
sj

cos(2ϑj(r)) +O(r−
2

3 ),

where we recall that ϑj(r) is defined in (1.10). For the third and last term in (6.10), we use
(A.5) and (4.16) to write[

r
4

3 f ′
xj
(xj)diag (Υ(1)

j ,0)
]
21

= r
4

3 f ′
xj
(xj)Υ

(1)
j,21 =

iβj
sj

(
−
√
3x

1

3

j r
4

3 +
ρ

√
3x

1/3
j

r
2

3

)
.

Substituting the above formulas in (6.10), and noting the remarkable simplification
m∑
j=1

2iβjxjIm (d
(1)
1,xj

) =

m∑
j=1

2iβjxjIm
(

(ω− 5)βj
6(ω− 1)xj

)

+
∑

1≤j ̸=k≤m

Re
(

4(ω− 1)x
2/3
k βkx

2/3
j βj

3(x
2/3
j − x

2/3
k )(x

2/3
j − ωx

2/3
k )

)
=

m∑
j=1

2iβjxjIm
(

(ω− 5)βj
6(ω− 1)xj

)
=

m∑
j=1

β2
j ,

we obtain (1.14). This finishes the proof of Theorem 1.3.

6.3. Proof of Theorem 1.4. Integrating (3.23) from 0 to an arbitrary r > 0, we get∫ r

0
H(τ)dτ =

∫ r

0

(
p0(τ)q

′
0(τ) +

m∑
j=1

3∑
k=1

pj,k(τ)q
′
j,k(τ)−H(τ)

)
dτ

− 1

4

[
2p0(τ)q0(τ) +

m∑
j=1

(
pj,2(τ)qj,2(τ) + 2pj,3(τ)qj,3(τ)

)
− 3τH(τ)

]r
τ=0

.(6.11)

For convenience, we write 0⃗ = (0, . . . ,0) ∈Rm,

β⃗ := (β1, . . . , βm), β⃗ℓ := (β1, . . . , βℓ,0, . . . ,0), β⃗′
ℓ := (β1, . . . , βℓ−1, β

′
ℓ,0, . . . ,0).

We also write explicitly the dependence of pj,k, qj,k, p0, q0 and H in β1, . . . , βm using the
notation pj,k(r; β⃗), qj,k(r; β⃗), p0(r; β⃗), q0(r; β⃗) and H(r; β⃗). By (4.4), the parameter γ in
(3.24) can also be chosen to be any parameter among β1, . . . , βm. Let ℓ ∈ {1, . . . ,m}. Using
(3.24) with β⃗ = β⃗ℓ−1 and γ = βℓ, and integrating in r from 0 to r and integrating in βℓ from
0 to βℓ, we get∫ r

0

(
p0(τ ; β⃗)q

′
0(τ ; β⃗ℓ) +

m∑
j=1

3∑
k=1

pj,k(τ ; β⃗ℓ)q
′
j,k(τ ; β⃗ℓ)−H(τ ; β⃗ℓ)

)
dτ

−
∫ r

0

(
p0(τ ; β⃗ℓ−1)q

′
0(τ ; β⃗ℓ−1) +

m∑
j=1

3∑
k=1

pj,k(τ ; β⃗ℓ−1)q
′
j,k(τ ; β⃗ℓ−1)−H(τ ; β⃗ℓ−1)

)
dτ
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=

∫ βℓ

0

( 3∑
k=1

m∑
j=1

pj,k(r; β⃗
′
ℓ)∂β′

ℓ
qj,k(r; β⃗

′
ℓ) + p0(r; β⃗

′
ℓ)∂β′

ℓ
q0(r; β⃗

′
ℓ)

)
dβ′

ℓ,

(6.12)

where we have used (1.11a)–(1.11c) to conclude that∫ βℓ

0

( 3∑
k=1

m∑
j=1

pj,k(0; β⃗
′
ℓ)∂β′

ℓ
qj,k(0; β⃗

′
ℓ) + p0(0; β⃗

′
ℓ)∂β′

ℓ
q0(0; β⃗

′
ℓ)

)
dβ′

ℓ = 0.

Summing (6.12) over ℓ= 1, . . . ,m, we then obtain∫ r

0

(
p0(τ ; β⃗)q

′
0(τ ; β⃗) +

m∑
j=1

3∑
k=1

pj,k(τ ; β⃗)q
′
j,k(τ ; β⃗)−H(τ ; β⃗)

)
dτ

−
∫ r

0

(
p0(τ ; 0⃗)q

′
0(τ ; 0⃗) +

m∑
j=1

3∑
k=1

pj,k(τ ; 0⃗)q
′
j,k(τ ; 0⃗)−H(τ ; 0⃗)

)
dτ

=

m∑
ℓ=1

∫ βℓ

0

( 3∑
k=1

m∑
j=1

pj,k(r; β⃗
′
ℓ)∂β′

ℓ
qj,k(r; β⃗

′
ℓ) + p0(r; β⃗

′
ℓ)∂β′

ℓ
q0(r; β⃗

′
ℓ)

)
dβ′

ℓ.(6.13)

If βℓ = 0 (or equivalently, if sℓ = sℓ+1), it follows from (3.2) that pℓ,1(r) = pℓ,2(r) =

pℓ,3(r) = 0 for all r > 0. Also, by (3.20), we have H(r; 0⃗) = 0, and by (2.11) and (2.16),
we have Y |

β⃗=0⃗
≡ I . Hence, by (3.1) and the relations Φ1 = Ψ1 +Ψ−1

0 Y1Ψ0 and (2.5), we

have p0(r; 0⃗) =
1√
2
( ρ

3

54 +
ρ
2) and q0(r; 0⃗) =

1√
2
(− ρ3

54 +
ρ
2). Thus,∫ r

0

(
p0(τ ; 0⃗)q

′
0(τ ; 0⃗) +

m∑
j=1

3∑
k=1

pj,k(τ ; 0⃗)q
′
j,k(τ ; 0⃗)−H(τ ; 0⃗)

)
dτ = 0

and (6.13) can be simplified as

(6.14)
∫ r

0

(
p0(τ ; β⃗)q

′
0(τ ; β⃗) +

m∑
j=1

3∑
k=1

pj,k(τ ; β⃗)q
′
j,k(τ ; β⃗)−H(τ ; β⃗)

)
dτ

=

m∑
ℓ=1

∫ βℓ

0

( 3∑
k=1

ℓ∑
j=1

pj,k(r; β⃗
′
ℓ)∂β′

ℓ
qj,k(r; β⃗

′
ℓ) + p0(r; β⃗

′
ℓ)∂β′

ℓ
q0(r; β⃗

′
ℓ)

)
dβ′

ℓ.

Substituting (6.14) in (6.11), we obtain

∫ r

0
H(τ ; β⃗)dτ =

m∑
ℓ=1

∫ βℓ

0

( 3∑
k=1

ℓ∑
j=1

pj,k(r; β⃗
′
ℓ)∂β′

ℓ
qj,k(r; β⃗

′
ℓ) + p0(r; β⃗

′
ℓ)∂β′

ℓ
q0(r; β⃗

′
ℓ)

)
dβ′

ℓ

(6.15)

− 1

4

(
2p0(r; β⃗)q0(r; β⃗)−

m∑
j=1

(
2pj,1(r; β⃗)qj,1(r; β⃗) + pj,2(r; β⃗)qj,2(r; β⃗)

)
− 3rH(r; β⃗)

)

+
1

2
p0(0; β⃗)q0(0; β⃗),



30

where we have also used (1.5). Using (1.8b)–(1.8d), (1.8f)–(1.8h) and (4.27), we get

pj,1(r; β⃗ℓ)∂βℓ
qj,1(r; β⃗ℓ) = pj,1(r; β⃗ℓ)qj,1(r; β⃗ℓ)∂βℓ

log qj,1(r; β⃗ℓ)

=−2iβj
3

(
sin
(
2ϑj(r; β⃗ℓ)− 2π

3

)
+
(
sin(2ϑj(r; β⃗ℓ))−

√
3
2

) ℓ∑
n=1

√
3iβn

x
2/3
n

x
2/3
j

)

×
(
∂βℓ

logAj(β⃗ℓ) + cot(ϑj(r; β⃗ℓ)− π
3 )∂βℓ

ϑj

)(
1 +O

( log r
r2/3

))
, as r→+∞,

(6.16)

where we have explicitly written the dependence of ϑj and Aj in r and β⃗ℓ. For the quanti-
ties pj,2(r; β⃗ℓ)∂βℓ

qj,2(r; β⃗ℓ) and pj,3(r; β⃗ℓ)∂βℓ
qj,3(r; β⃗ℓ), we obtain after another computation

(using again (1.8b)–(1.8d), (1.8f)–(1.8h) and (4.27)) that

pj,2(r; β⃗ℓ)∂βℓ
qj,2(r; β⃗ℓ) =−2iβj

3
sin
(
2ϑj

)(
∂βℓ

logAj(β⃗ℓ) + cot(ϑj)∂βℓ
ϑj

)(
1 +O

( log r
r2/3

))
,

(6.17)

pj,3(r; β⃗ℓ)∂βℓ
qj,3(r; β⃗ℓ) =

[
−2iβj

3 sin
(
2ϑj +

2π
3

)(
∂βℓ

logAj(β⃗ℓ) + cot(ϑj +
π
3 )∂βℓ

ϑj

)(6.18)

+ 2iβj

3

(
sin(2ϑj)−

√
3
2

)({
∂βℓ

logAj(β⃗ℓ) + cot(ϑj − π
3 )∂βℓ

ϑj

} ℓ∑
n=1

√
3iβn

x2/3
n

x
2/3
j

+
√
3i

x
2/3
ℓ

x
2/3
j

)]

×
(
1 +O

( log r
r2/3

))
as r→+∞, where ϑj = ϑj(r; β⃗ℓ). Furthermore, using (1.9) and (4.4), we find

∂βℓ
logAj(β⃗ℓ) =

−2πi
3 + ∂βℓ

log |Γ(1− βℓ)|, if j = ℓ,

log
|x2/3

j −ωx
2/3
ℓ |

|x2/3
j −x

2/3
ℓ |

, if j < ℓ.

Combining the asymptotics (6.16)–(6.18), we get
3∑

k=1

ℓ∑
j=1

pj,k(r; β⃗ℓ)∂βℓ
qj,k(r; β⃗ℓ) =

ℓ∑
j=1

βj

(
x
2/3
ℓ

x
2/3
j

− 2√
3
sin(2ϑj)

x
2/3
ℓ

x
2/3
j

− 2i∂βℓ
ϑj

)
+O

(
log r

r2/3

)
as r → +∞, where again ϑj = ϑj(r; β⃗ℓ). Using (3.18) and the fact that pj,1(r) = pj,2(r) =
pj,3(r) = 0 if βj = 0, we note that

p0(r; β⃗ℓ)∂βℓ
q0(r; β⃗ℓ) =−

√
2

ℓ∑
j=1

pj,3(r; β⃗ℓ)qj,1(r; β⃗ℓ)∂βℓ
q0(r; β⃗ℓ)−

(
q0(r; β⃗ℓ)−

ρ√
2

)
∂βℓ

q0(r; β⃗ℓ).

Integrating this identity in βℓ from 0 to an arbitrary βℓ ∈ iR, we get∫ βℓ

0
p0(r; β⃗

′
ℓ)∂β′

ℓ
q0(r; β⃗

′
ℓ)dβ

′
ℓ = −

√
2

ℓ∑
j=1

∫ βℓ

0
pj,3(r; β⃗

′
ℓ)qj,1(r; β⃗

′
ℓ)∂β′

ℓ
q0(r; β⃗

′
ℓ)dβ

′
ℓ

−
[
1

2
q0(r; β⃗

′
ℓ)

2 − ρ√
2
q0(r; β⃗

′
ℓ)

]βℓ

β′
ℓ=0

.(6.19)
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Using (1.8d), (1.8e), (1.8f) and (4.27), as r→+∞ we get

(6.20) −
√
2

ℓ∑
j=1

pj,3(r; β⃗ℓ)qj,1(r; β⃗ℓ)∂βℓ
q0(r; β⃗ℓ)

=

ℓ∑
j=1

x
2/3
ℓ

x
2/3
j

βj

(
2√
3
sin(2ϑj(r; β⃗ℓ))− 1

)
+O

(
log r

r2/3

)
.

Hence, substituting (6.16)–(6.20) in (6.15), we obtain∫ r

0
H(τ ; β⃗)dτ =−2

m∑
ℓ=1

∫ βℓ

0

{ ℓ−1∑
j=1

iβj∂β′
ℓ
ϑj(r; β⃗

′
ℓ) + iβ′

ℓ∂β′
ℓ
ϑℓ(r; β⃗

′
ℓ)

}
dβ′

ℓ

−
(
1

2
q0(r; β⃗)

2 − ρ√
2
q0(r; β⃗)

)
+

(
1

2
q0(r; 0⃗)

2 − ρ√
2
q0(r; 0⃗)

)
+

1

2
p0(0; β⃗)q0(0; β⃗)

− 1

4

(
2p0(r; β⃗)q0(r; β⃗)−

m∑
j=1

(
2pj,1(r; β⃗)qj,1(r; β⃗) + pj,2(r; β⃗)qj,2(r; β⃗)

)
− 3rH(r; β⃗)

)

+O
( log r
r2/3

)
, as r→+∞.

(6.21)

Since p0(r; 0⃗) =
1√
2
( ρ

3

54 +
ρ
2), q0(r; 0⃗) =

1√
2
(− ρ3

54 +
ρ
2) = q0(0; β⃗), we see that(

1

2
q0(r; 0⃗)

2 − ρ√
2
q0(r; 0⃗)

)
+

1

2
p0(0; β⃗)q0(0; β⃗) =− ρ

2
√
2
q0(0; β⃗) =

ρ4

216
− ρ2

8
.(6.22)

Also, using (1.8), (1.14) and (3.18), we obtain

−
(
1

2
q0(r)

2− ρ√
2
q0(r)

)
− 1

4

(
2p0(r)q0(r)−

m∑
j=1

(
2pj,1(r)qj,1(r) + pj,2(r)qj,2(r)

)
−3rH(r)

)

=
q0(r)√

2

(
ρ

2
+

m∑
j=1

pj,3(r)qj,1(r)

)
+

3

4
rH(r) +

1

4

m∑
j=1

(
2pj,1(r)qj,1(r) + pj,2(r)qj,2(r)

)

=

m∑
j=1

(
3
√
3

4
iβj(rxj)

4

3 −
√
3ρ

2
iβj(rxj)

2

3 − β2
j

)
− ρ4

216
+

ρ2

8
+O(r−

2

3 ), as r→+∞.

(6.23)

It follows from [24, equation (7.51)] that

(6.24) − 2

m∑
j=1

∫ βℓ

0
iβ′

ℓ∂β′
ℓ
ϑℓ(r; β⃗

′
ℓ)dβ

′
ℓ =

m∑
j=1

log
(
G(1 + βj)G(1− βj)

)
+

m∑
j=1

β2
j

(
1− 4

3
log(rxj)− log

(
9

2

))
.

For m≥ 2, we also need the relation

− 2

m∑
ℓ=1

∫ βℓ

0

ℓ−1∑
j=1

iβj∂β′
ℓ
ϑj(r; β⃗

′
ℓ)dβ

′
ℓ =−2

m∑
ℓ=1

ℓ−1∑
j=1

βjβℓ log
|x2/3j − ωx

2/3
ℓ |

|x2/3j − x
2/3
ℓ |

,(6.25)
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which can be proved directly from (1.10) and a direct computation. The asymptotic formula
(1.15) (without the error term) now follows after substituting (6.22) and (6.23) in (6.21) and
performing a rather long calculation which uses (6.24) and (6.25). The fact the the error term
in (1.15) is O(r−

2

3 ) and not O(r−
2

3 log r) follows directly from (1.12) and (1.14), and (1.16)
follows from (4.27). This finishes the proof of Theorem 1.4.

APPENDIX A: CONFLUENT HYPERGEOMETRIC MODEL RH PROBLEM

In this appendix we recall a well-known model RH problem, whose solution depends on a
parameter β ∈ iR and is denoted ΦHG(·) = ΦHG(·;β).

(a) ΦHG : C \ ΣHG → C2×2 is analytic, where ΣHG = e
πi

4 (−∞,∞) ∪ e
πi

2 (−∞,∞) ∪
e

3πi

4 (−∞,∞).
(b) ΦHG satisfies the jump relations

(A.1) ΦHG,+(z) = ΦHG,−(z)J̃k, z ∈ ΓHG
k , k = 1, . . . ,6,

where

ΓHG
1 = (0, i∞), ΓHG

2 = (0, e
3πi

4 ∞), ΓHG
3 = (e−

3πi

4 ∞,0),

ΓHG
4 = (−i∞,0), ΓHG

5 = (e−
πi

4 ∞,0), ΓHG
6 = (0, e

πi

4 ∞),

and

J̃1 =

(
0 e−iπβ

−eiπβ 0

)
, J̃4 =

(
0 eiπβ

−e−iπβ 0

)
, J̃2 = J̃6 =

(
1 0

eiπβ 1

)
, J̃3 = J̃5 =

(
1 0

e−iπβ 1

)
.

(c) As z →∞, z /∈ΣHG, we have
(A.2)

ΦHG(z) =

(
I +

ΦHG,1(β)

z
+O(z−2)

)
z−βσ3e−

z

2
σ3

eiπβσ3 , π
2 < arg z < 3π

2 ,(
0−1
1 0

)
,−π

2 < arg z < π
2 ,

where zβ = |z|βeiβ arg z with arg z ∈ (−π
2 ,

3π
2 ) and

(A.3) ΦHG,1(β) = β2

(
−1 τ(β)

−τ(−β) 1

)
, τ(β) =

−Γ(−β)

Γ (β + 1)
.

(d) ΦHG(z) =O(log z) as z → 0.

This model RH problem can be solved explicitly using confluent hypergeometric functions
[36]. By a computation similar to [15, equation (A.9)] and [24, equation (A.10)], we have
(A.4)

ΦHG(z) = Υ(0)(I +Υ(1)z +O(z2))

(
1 sin(πβ)

π log z
0 1

)
, as z → 0, arg z ∈ (3π4 , 5π4 ),

where

Υ(0) =

Γ(1− β) 1
Γ(β)

(
Γ′(1−β)
Γ(1−β) + 2γE − iπ

)
Γ(1 + β) −1

Γ(−β)

(
Γ′(−β)
Γ(−β) + 2γE − iπ

) , Υ
(1)
21 =

βπ

sin(πβ)
,(A.5)

γE is Euler’s gamma constant and

log z = log |z|+ iarg z, arg z ∈
(
− π

2 ,
3π
2

)
.
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[28] L. Erdős and H.-T. Yau, Universality of local spectral statistics of random matrices, Bull. Amer.
Math. Soc. 49 (2012), 377–414.
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