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!BSTRACT
4WISTED BILAYER GRAPHENE DISPLAYS MANY FASCINATING PROPERTIES THAT CAN BE TUNED BY VARYING THE
RELATIVE ANGLE �ALSO CALLED TWIST ANGLE	 BETWEEN ITS LAYERS� !S A NOTABLE FEATURE� BOTH THE ELECTRONIC
FLAT BANDS AND THE CORRESPONDING STRONG ELECTRON LOCALIZATION HAVE BEEN OBTAINED AT A SPECIFIC
@MAGIC� ANGLE �∼�.�◦	� LEADING TO THE OBSERVATION OF SEVERAL STRONGLY CORRELATED ELECTRONIC
PHENOMENA� 3UCH A DISCOVERY HAS HENCE INSPIRED THE CREATION OF A NOVEL RESEARCH FIELD CALLED
TWISTRONICS� I�E� AIMING TO EXPLORE NOVEL PHYSICAL PROPERTIES IN VERTICALLY STACKED �$ STRUCTURES WHEN
TUNING THE TWIST ANGLE BETWEEN THE RELATED LAYERS� )N THIS PAPER� A COMPREHENSIVE AND SYSTEMATIC
STUDY RELATED TO THE ELECTRONIC PROPERTIES OF TWISTED MULTILAYER GRAPHENE �4-'	 IS PRESENTED BASED
ON ATOMISTIC CALCULATIONS� 4HE DEPENDENCE OF BOTH THE GLOBAL AND THE LOCAL ELECTRONIC QUANTITIES ON
THE TWIST ANGLE AND ON THE STACKING CONFIGURATION ARE ANALYZED� FULLY TAKING INTO ACCOUNT ATOMIC
RECONSTRUCTION EFFECTS� #ONSEQUENTLY� THE CORRELATION BETWEEN STRUCTURAL AND ELECTRONIC PROPERTIES
ARE CLARIFIED� THEREBY HIGHLIGHTING THE SHARED CHARACTERISTICS AND DIFFERENCES BETWEEN VARIOUS 4-'
SYSTEMS AS WELL AS PROVIDING A COMPREHENSIVE AND ESSENTIAL OVERVIEW� /N THE BASIS OF THESE
INVESTIGATIONS� POSSIBILITIES TO TUNE THE ELECTRONIC PROPERTIES ARE DISCUSSED� ALLOWING FOR FURTHER
DEVELOPMENTS IN THE FIELD OF TWISTRONICS�

�� )NTRODUCTION

4WISTED MULTILAYER GRAPHENE �4-'	 REFERS TO STRUCTURES OF VERTICALLY STACKED GRAPHENE LAYERS WHEN ONE OR A
FEW LAYERS ARE ROTATED RELATIVE TO THE OTHERS BY ARBITRARY ANGLES ;�n��=� THUS CREATING THE SO
CALLED MOIR�
SUPERLATTICES� 4HE FIRST MEMBER OF 4-' SYSTEMS� TWISTED BILAYER GRAPHENE �4",'	� HAS RECENTLY ATTRACTED
GREAT INTEREST FROM THE SCIENTIFIC COMMUNITY SINCE IT EXHIBITS FASCINATING PROPERTIES� LEADING TO THE
EXPLORATION OF SEVERAL NOVEL FEATURES AS SURPRISING AS SUPERCONDUCTIVITY THAT CAN NOT BE OBSERVED IN
CONVENTIONAL GRAPHENE SYSTEMS ;��=� )N PARTICULAR� AND MOST REMARKABLY� ELECTRONIC PROPERTIES OF 4",' CAN
BE TUNED BY VARYING THE TWIST ANGLE θ ;��� ��=� ESPECIALLY LEADING TO THE OBSERVATION OF LOCALIZED FLAT BANDS
NEAR THE &ERMI LEVEL AT A CRITICAL ANGLE �"�.�◦	 CALLED @THE MAGIC ANGLE� ;��� ��=� !T THIS CRITICAL ANGLE�
MANY
BODY EFFECTS ARE THEREFORE SIGNIFICANTLY ENLARGED ;��n��= AND CHARGE CARRIERS DO NOT POSSESS ENOUGH
KINETIC ENERGY TO ESCAPE FROM THEIR STRONG MUTUAL INTERACTIONS� THUS FORMING NOVEL STRONGLY CORRELATED
ELECTRONIC STATES� 3UCH A STRONG ELECTRONIC CORRELATION IN MAGIC
ANGLE 4",' IS THE KEY INGREDIENT FOR
OBSERVING SEVERAL NOVEL PHENOMENA SUCH AS SUPERCONDUCTIVITY� CORRELATED INSULATING STATES� MAGNETISM� AND
EVEN QUANTIZED ANOMALOUS (ALL EFFECTS ;��n��=�

4HE OBSERVATIONS MENTIONED HAVE BEEN CONSIDERED AS REAL SCIENTIFIC BREAKTHROUGHS� CREATING A NASCENT
FIELD OF @TWISTRONICS� ;��=� )NDEED� AFTER THE DISCOVERY OF MAGIC
ANGLE 4",'� THE RESEARCH OF OTHER TWISTED
SYSTEMS HAS BECOME AN EMERGING TOPIC� )N ADDITION TO 4-'� THE EXPLORED SYSTEMS INCLUDE ALSO TWISTED
SUPERLATTICES OF OTHER �$ LAYERED MATERIALS SUCH AS GRAPHENE ON HEXAGONAL BORON NITRIDE� GRAPHENE ON
TRANSITION
METAL DICHALCOGENIDE LAYERS� VAN DER 7AALS MOIR� SUPERLATTICES OF TRANSITION
METAL DICHALCOGENIDE
LAYERS� AND SO ON �E�G� SEE ;��n��= AS WELL AS THE RECENT REVIEW ;��= AND REFERENCES THEREIN	� 4HESE EXPLORATIONS
HAVE ALSO INSPIRED RESEARCHERS TO EXTENDEDLY APPLY THE TWIST APPROACH TO OTHER PHYSICAL SYSTEMS� E�G� MAGNETIC
�$ MATERIALS ;��n��= AND PHOTONIC LAYERED STRUCTURES ;��n��=� )N OVERALL� THE PROPERTIES OF THOSE SYSTEMS ARE
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DEFINITELY DEPENDENT OF THEIR CONSTITUTING LAYERS AND IMPORTANTLY� CAN BE TUNED BY VARYING THEIR TWIST ANGLE�
SIMILAR TO THOSE OBSERVED IN 4",'� )N PARTICULAR� IN THE 4-' CASES� ELECTRONIC FLAT BANDS AND ACCORDINGLY� THE
STRONGLY CORRELATED ELECTRONIC PHENOMENA HAVE BEEN SIMILARLY OBSERVED AROUND THEIR MAGIC ANGLE �E�G� SEE IN
;�� �� ��� ��n��=	� -OREOVER� MORE TUNABLE POSSIBILITIES CAN BE OBSERVED IN 4-' ;�n�� �� �� ��� ��� ��=� DUE TO
A LARGER NUMBER OF LAYERS AND THE PLENTY OF STACKING CONFIGURATIONS ;��=� COMPARED TO 4",'� )N THIS CONTEXT�
A COMPREHENSIVE UNDERSTANDING OF THE ELECTRONIC PROPERTIES OF 4-' IS HIGHLY DESIRABLE� 3OME NEW 4-'S ;��
�� ��� ��= HAVE BEEN VERY RECENTLY PRODUCED EXPERIMENTALLY� AND HENCE THEIR CORRESPONDING ELECTRONIC
PROPERTIES ARE NEEDED TO BE MORE EXHAUSTIVELY CLARIFIED� )N ADDITION� A GOOD UNDERSTANDING OF THOSE TWISTED
SYSTEMS COULD BE ALSO HELPFUL FOR RESEARCH OF TWISTED STRUCTURES BASED ON OTHER �$ MATERIALS�

/N THE THEORETICAL SIDE� THOUGH A LARGE NUMBER OF WORKS DEVOTED TO THE ELECTRONIC PROPERTIES OF SOME
4-' HAS BEEN REPORTED �E�G� IN ;��� ��� ��� ��� ��n��=	� A SYSTEMATICAL STUDY ON THIS SUBJECT IS HOWEVER STILL
MISSING� 2EMARKABLY� IT HAS BEEN SHOWN THAT ATOMIC RECONSTRUCTION �I�E� THE STRUCTURE RELAXATION	
SIGNIFICANTLY OCCURS IN 4",' AT LOW ANGLES �!�.�◦	� THUS STRONGLY INFLUENCING THEIR ELECTRONIC PROPERTIES� I�E�
ESPECIALLY THE FORMATION OF ELECTRONIC FLAT BANDS AS WELL AS THE ELECTRONIC LOCALIZATION PICTURES ;��� ��� ��=� 4HE
STRUCTURAL AND ELECTRONIC PROPERTIES OF 4",' ALSO EXHIBIT A STRONG CORRELATION ;��=� THAT EXPLAINS ESSENTIALLY
THE CORRESPONDING ELECTRONIC LOCALIZATION FEATURES� &ULLY TAKING INTO ACCOUNT THE ATOMIC RECONSTRUCTION EFFECTS
IS THEREFORE MANDATORY TO COMPUTE ACCURATELY THE ELECTRONIC PROPERTIES OF 4-'� WHICH HAS NOT BEEN PROPERLY
CONSIDERED YET IN ALL WORKS PREVIOUSLY PUBLISHED IN THE LITERATURE�

4HIS PAPER AIMS TO INVESTIGATE SYSTEMATICALLY THE MOST COMMON AND ESSENTIAL ELECTRONIC PROPERTIES OF
4-' BY ATOMISTIC CALCULATIONS� WHICH FULLY TAKE THE ATOMIC RECONSTRUCTION INTO ACCOUNT� &IRST� TWISTED BILAYER
GRAPHENE IS INVESTIGATED TO ILLUSTRATE THE OVERALL STRUCTURAL AND ELECTRONIC PROPERTIES INDUCED BY THE TWISTING
EFFECTS� 3OME OF THESE PROPERTIES ARE COMMONLY OBSERVED IN OTHER MULTILAYER STRUCTURES� !FTERWARD� THE STUDY
FOCUSES ON SEVERAL TYPICAL TWISTED MULTILAYER �MORE THAN TWO GRAPHENE LAYERS	 SYSTEMS AROUND THEIR MAGIC
ANGLES� AT WHICH ELECTRONIC FLAT BANDS AND STRONG ELECTRON LOCALIZATION ARE OBSERVED� 4HE CORRELATION BETWEEN
THE OBTAINED ELECTRONIC AND STRUCTURAL PROPERTIES IS ALSO CLARIFIED� %LECTRONIC �BOTH GLOBAL AND LOCAL	
QUANTITIES OBTAINED DEPENDING ON THE TWIST ANGLE AND THE STACKING CONFIGURATION ARE ANALYZED IN DETAILS� THUS
HIGHLIGHTING THE SHARED CHARACTERISTICS AND DIFFERENCES BETWEEN 4-'S� &INALLY� ON THE BASIS OF THESE
INVESTIGATIONS� POSSIBILITIES TO TUNE THESE ELECTRONIC PROPERTIES ARE DISCUSSED�

�� -ODELING METHODOLOGY

!S MENTIONED PREVIOUSLY� THE ATOMIC RECONSTRUCTION IS SIGNIFICANT AND HENCE TAKING INTO ACCOUNT THESE
STRUCTURAL EFFECTS IS MANDATORY TO MODEL ACCURATELY THE ELECTRONIC PROPERTIES OF TWISTED GRAPHENE SYSTEMS�
ESPECIALLY� AT SMALL TWIST ANGLES AROUND AND BELOW THE MAGIC ONE� )N THIS WORK� WE USED CLASSICAL FORCE
FIELDS
TO COMPUTE THE ATOMIC STRUCTURE RELAXATION� -ORE SPECIFICALLY� INTRALAYER FORCES ARE COMPUTED USING THE
OPTIMIZED 4ERSOFF AND "RENNER POTENTIALS ;��=� WHILE INTERLAYER FORCES ARE MODELED USING THE
+OLMOGOROVn#RESPI POTENTIALS ;��� ��=� 4HE ATOMIC STRUCTURE WAS OPTIMIZED UNTIL ALL FORCE COMPONENTS ARE
SMALLER THAN ��� ME6�ATOM AND THE ELECTRONIC CALCULATIONS WERE THEN PERFORMED� 4HE ATOMIC STRUCTURE
RELAXATION OBTAINED BY THIS METHOD IS SHOWN TO BE IN GOOD AGREEMENT WITH EXPERIMENTS ;��� ��n��= AS WELL AS
THE RESULTS OBTAINED BY OTHER �BOTH QUANTUM AND SEMI
CLASSICAL	 METHODS ;��� ��n��=� EXCEPT THAT THE
INTRALAYER EQUILIBRIUM #n# BOND DISTANCE IS SLIGHTLY OVERESTIMATED BY∼�% ;��=�

3IMILARLY TO PREVIOUS WORKS ;��� ��=� THE ELECTRONIC PROPERTIES OF 4-' �SCHEMATIZED IN FIGURE �	 WERE
THEN COMPUTED USING THE PZ TIGHT
BINDING �4"	 (AMILTONIANS AFTER THE STRUCTURAL OPTIMIZATION HAS BEEN FULLY
ACHIEVED� (OPPING ENERGIES TNM BETWEEN CARBON #
SITES ARE DETERMINED BY THE STANDARD 3LATERn+OSTER
FORMULA

TNM = COS� φNM6PPσ(RNM)+ SIN� φNM6PPπ(RNM) ��	

WHERE THE DIRECTION COSINE OF #RNM =#RM −#RN ALONG /Z AXIS IS COSφNM = ZNM/RNM� 4HE DISTANCE
DEPENDENT
3LATERn+OSTER PARAMETERS ARE DETERMINED AS ;��=

6PPπ(RNM) = 6 �
PPπ EXP
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&IGURE �� 4WISTED MULTILAYER GRAPHENE SYSTEMS INVESTIGATED IN THIS WORK� 3-
STRUCTURES ARE TWISTED SYSTEMS CREATED BY PUTTING AND
ROTATING A GRAPHENE MONOLAYER ON TOP OF A MULTILAYER �N LAYERS	 GRAPHENE THAT IS EITHER IN !" STACKED OR IN !"# STACKED� 4HESE
STRUCTURES ARE HEREAFTER ABBREVIATED AS 3-
�!"	N AND 3-
�!"#	N� RESPECTIVELY� !3
STRUCTURES ARE ALTERNATIVELY TWISTED SYSTEMS OF
N GRAPHENE MONOLAYERS� ABBREVIATED AS !3N� $" IS THE ABBREVIATION OF TWISTED DOUBLE BILAYER GRAPHENE SUPERLATTICES� !T LAST� !-N

STRUCTURES �N= �,�,�,�,�	 ARE ALTERNATIVELY TWISTED SYSTEMS CONTAINING� AT LEAST� ONE "ERNAL STACKING GRAPHENE BILAYER�

)N THIS WORK� THE 4" (AMILTONIAN WAS FURTHER SIMPLIFIED FROM THE MODEL CONSIDERED IN ;��=� I�E� ONLY
COUPLINGS LIMITED BY RINPLANE " �.�� ¢ WERE TAKEN INTO ACCOUNT� 4HIS APPROXIMATION PRESENTS AN ADVANTAGE
THAT THE MATRIX OF 4" (AMILTONIAN IS VERY SPARSE SO AS TO MAKE CALCULATIONS FEASIBLE FOR SMALL TWIST ANGLES
AND�OR MULTILAYER SYSTEMS IN WHICH THE NUMBER OF # ATOMS COULD BE HUGE� 7ITHIN THIS APPROXIMATION� THE
4" PARAMETERS ;��= ARE SLIGHTLY ADJUSTED AS FOLLOWS�

6 �
PPπ =−�.� E6, 6 �

PPσ = ���.� ME6,
Qπ
A�

=
Qσ
D�

= ��.�� NM−�,

A� = �.���� NM, D� = �.�� NM, RC = �.��� NM, λC = �.���� NM

)NDEED� SUCH AN ADJUSTED 4" (AMILTONIAN FAIRLY ACCURATELY REPRODUCES THE ELECTRONIC PROPERTIES OF 4",' AS
OBTAINED IN ;��= AS WELL AS IN EXPERIMENTS� E�G� IN ;��� ��� ��=� !S A CLEAR ILLUSTRATION� THE ALMOST FLAT BANDS
NEAR THE &ERMI LEVEL IS PERFECTLY REPRODUCED IN THE RELAXED 4",' IN THE VICINITY OF THE MAGIC ANGLE �I�E�∼�.�◦�
SEE FIGURE � BELOW	 AS EXPERIMENTALLY OBSERVED �E�G� SEE IN ;��=	�

�� 4WISTED BILAYER GRAPHENE

!S THE SIMPLEST 4-' STRUCTURE� 4",' EXHIBITS MOST CLEARLY ESSENTIAL ELECTRONIC PROPERTIES INDUCED BY THE
TWISTING EFFECTS� 4HESE PROPERTIES AS WELL AS THEIR CORRELATION WITH THE STRUCTURAL PROPERTIES� THAT GENERALLY ALSO
APPEAR IN OTHER 4-'S �AS EXAMPLES� SEE IN ;��� ��= AS WELL AS ILLUSTRATION IN FIGURES �� AND �� IN SECTION �	�
WILL BE THEREFORE REVISED AND SYSTEMATIZED IN THIS SECTION�

4YPICAL IMAGES ILLUSTRATING THE EVOLUTION OF THE STACKING STRUCTURE IN 4",' WHEN VARYING THE TWIST ANGLE θ
ARE PRESENTED IN FIGURE �� 4HE STACKING VECTOR T� AS ILLUSTRATED IN THE BOTTOM
LEFT PANEL� INDICATES THE SMALLEST
DISPLACEMENT APPLIED LOCALLY TO ONE LAYER TO RECOVER THE !! STACKING AT THE CONSIDERED POSITION� )N GENERAL�
4",' SUPERLATTICE INCLUDES THREE TYPICAL STACKING REGIONS� !! STACKING� !"�"! STACKING REGIONS AND SOLITON
LINES BETWEEN !"�"! ONES �CALLED 30 FOR @SADDLE POINT�	� 4HE PRESENTED IMAGES ILLUSTRATE THAT THE MAGIC ANGLE
∼�.�◦ SEPARATES 4",' INTO TWO REGIMES� θ > �.�◦ �LARGE ANGLES	 AND θ < �.�◦ �SMALL ONES	 ;��=� !T LARGE

�
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&IGURE �� 3TACKING STRUCTURE OF 4",' IMAGED BY THE SPATIAL VARIATION OF STACKING VECTOR T �AS DEFINED IN THE INSET OF BOTTOM
LEFT
PANEL	 WHEN VARYING THE TWIST ANGLE θ� &OUR TOP IMAGES ARE �$ REAL
SPACE REPRESENTATION OF |T| WHILE THE BOTTOM
LEFT ONE IS A PLOT
OF |T| EXTRACTED ALONG THE LINE CONNECTING "!n30 �SOLITON LINE	�!"n!! STACKING REGIONS� 4HE BOTTOM
RIGHT DIAGRAM IS A SIMPLE
DESCRIPTION OF THE STACKING PROPERTIES OF 4",' IN THE DIFFERENT θ
REGIMES �FROM LARGE TO SMALL TWIST
ANGLES	�

ANGLES� THE MOIR� SUPERLATTICE EVOLVES SMOOTHLY AND BOTH !! AND !"�"! STACKING REGIONS ARE CONTINUOUSLY
ENLARGED WHEN DECREASING THE TWIST ANGLE� (OWEVER� !! STACKING REGIONS GET SATURATION WHEN θ DECREASINGLY
APPROACHES ���◦� !T SMALL ANGLES� WHEREAS THE SIZE OF !! STACKING REGIONS IS UNCHANGED� !"�"! REGIONS ARE
CONTINUOUSLY ENLARGED WHEN DECREASING θ� ACCORDING TO THE ENLARGEMENT OF MOIR� CELLS� 4HUS� IN ADDITION TO
THE CRITICAL ANGLE �I�E� MAGIC ANGLE	∼�.�◦� THERE ARE TWO 4",' CLASSES� SEPARATED BY SUCH ANGLE AND EXHIBITING
DISTINCT STACKING STRUCTURES� AS SUMMARIZED IN THE BOTTOM
RIGHT DIAGRAM OF FIGURE ��

4HE STRUCTURAL PROPERTIES DISCUSSED ABOVE CRUCIALLY GOVERN THE ELECTRONIC FEATURES OF 4",'� AS ILLUSTRATED
BY THE TYPICAL ELECTRONIC STRUCTURES IN FIGURE � AS WELL AS THE LOCAL DENSITIES OF STATES �,$/3	 IMAGES IN
FIGURE �� )N LARGE
ANGLE 4",'� $IRAC FERMIONS ARE STILL PRESERVED AT LOW ENERGIES BUT A REMARKABLE
RENORMALIZATION OF THEIR &ERMI VELOCITY IS OBTAINED ;��=� AS SEEN IN FIGURE � FOR θ " �.��◦� )N ADDITION� SADDLE
POINTS EMERGE AT THE CROSSING OF $IRAC CONES �I�E� AT THE -
POINT IN THE SUPERLATTICE "RILLOUIN REGION	� YIELDING
VAN (OVE SINGULARITIES IN THE DENSITY OF STATES �$/3	 AT ENERGIES THAT ARE LOWERED DOWN WHEN DECREASING θ�

�



*� 0HYS� -ATER� � �����	 ������ 6 ( .GUYEN ET AL

&IGURE �� %LECTRONIC BANDSTRUCTURE OF 4",' FOR THE TWIST ANGLE θ < �.�◦ �LEFT IN BLUE	� θ " �.�◦ �CENTER IN RED	 AND θ > �.�◦

�RIGHT IN BLACK	� 4HE CORRESPONDING DENSITY OF STATES �$/3	 ARE PRESENTED ON THE EXTREME RIGHT WITH THE SAME COLOR SCALE FOR THE
THREE MOIR� STRUCTURES�

&IGURE �� 2EAL
SPACE ,$/3 IMAGES IN 4",' AT DIFFERENT TWIST ANGLES� %NERGY IS FIXED WHERE THE STRONGEST ELECTRONIC LOCALIZATION IS
OBTAINED� I�E� AT THE VAN (OVE SINGULARITY POINT IN $/3 �SEE FIGURE �	 FOR θ > �.�◦ AND AT ZERO ENERGY FOR θ ! �.�◦�

7HEN θ APPROACHES ���◦� TWO �ELECTRON AND HOLE	 VAN (OVE SINGULARITIES MERGE AT ZERO ENERGY AND
ACCORDINGLY THE LOW ENERGY BANDS ARE FLATTENED� RESULTING IN THE OBSERVATION OF AN EXTREMELY HIGH $/3 PEAK
AT THAT ENERGY �SEE FIGURE � FOR θ " �.��◦	� 4HE ANGLE ���◦ HAS BEEN THUS CALLED THE @MAGIC ANGLE� ;��=� 7HEN
FURTHER DECREASING θ� THE ELECTRONIC BANDS BECOME MORE DISPERSIVE AGAIN �SEE FIGURE � FOR θ " �.��◦	�
2EMARKABLY� IT HAS BEEN SHOWN THAT FULLY TAKING THE STRUCTURE RELAXATION INTO ACCOUNT� THE ELECTRONIC FLAT BAND
�ACCORDINGLY� THE LOCALIZED $/3 PEAK AT ZERO ENERGY	 AS AT ���◦ IS NO LONGER OBSERVED FOR SMALL ANGLES<�.�◦

AS DISCUSSED IN DETAILS IN ;��=� -OREOVER� EVEN THOUGH IT IS NOT PRESENT IN THE GLOBAL ELECTRONIC QUANTITIES� THE
STRONG ELECTRONIC LOCALIZATION IS STILL OBSERVED LOCALLY IN !! STACKING REGIONS� WHICH HAS BEEN EXPERIMENTALLY
CONFIRMED IN ;��=�

4HESE DISTINCT ELECTRONIC PROPERTIES OF 4",' AT LARGE AND SMALL ANGLES ARE VISUALLY ILLUSTRATED BY THE ,$/3
PICTURES IN FIGURE � AS WELL AS THEIR CORRELATION WITH THE STRUCTURAL PROPERTIES DISCUSSED IN FIGURE �� !CTUALLY�
THE ,$/3 IN FIGURE � ARE REPRESENTED IN EACH CASE AT THE STRONGEST LOCALIZATION POINT� &IRST� THE STRONG

�
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ELECTRONIC LOCALIZATION IS OBSERVED IN THE !! STACKING REGION FOR ALL TWIST ANGLES� 2EMARKABLY� THE REAL
SPACE
ELECTRONIC LOCALIZATION EXHIBITS THE SIMILAR θ
DEPENDENCE� COMPARED TO THAT OF STACKING STRUCTURE PRESENTED IN
FIGURE �� )NDEED� WHILE IT IS CONTINUOUSLY ENLARGED WHEN REDUCING θ ABOVE ���◦� THE REAL
SPACE ,$/3 PEAK
OBTAINED IN !! STACKING REGIONS IS MAXIMUM AT θ " �.�◦ AND SATURATES IN THE REGIME<�.�◦� 4HESE RESULTS
DEMONSTRATE CLEARLY A STRONG CORRELATION BETWEEN THE STRUCTURAL PROPERTIES AND THE ELECTRONIC LOCALIZATION
FEATURES IN 4",'�

-ORE REMARKABLY� THE OBSERVATION OF ELECTRONIC FLAT BANDS IS FOUND TO BE ESSENTIALLY RELATED TO THE
MAXIMUM ELECTRONIC LOCALIZATION IN !! STACKING REGIONS AND THEIR MAXIMUM CONTRIBUTION TO THE GLOBAL
ELECTRONIC PROPERTIES OF THE SYSTEM �SEE ALSO DISCUSSIONS IN SECTION �	� 4HESE FEATURES ARE CONCURRENTLY
OBTAINED AT θ " �.�◦� 4O CLARIFY SUCH OBSERVATION� WE NOTICE ADDITIONALLY HERE THAT THE STRONGEST ELECTRONIC
LOCALIZATION IN ENERGY IS FAVORABLE �UNFAVORABLE	 IN !! STACKING REGIONS �OTHER STACKING REGIONS	 ;��=� !T LARGE
ANGLES>�.�◦� THE ELECTRONIC LOCALIZATION IN !! STACKING REGIONS �SEE FIGURE � FOR θ " �.��◦	 AND CONSEQUENTLY
THE GLOBAL LOCALIZATION IN ENERGY �SEE THE EXTREME RIGHT PANEL OF FIGURE �	 ARE RELATIVELY WEAK� 7HEN DECREASING
θ IN THIS REGIME� THE ELECTRONIC LOCALIZATION IN !! STACKING REGIONS AND THEIR CONTRIBUTION ARE CONTINUOUSLY
ENHANCED� !CCORDINGLY� GLOBAL LOCALIZATION �I�E� $/3	 PEAKS INCREASE AND THEIR POSITIONS CONCURRENTLY MOVE
TOWARDS ZERO ENERGY� !T θ " �.�◦� ALL THESE EFFECTS ARE MAXIMIZED AND CONSEQUENTLY THE ELECTRONIC FLAT BANDS
ARE OBTAINED� 7HEN FURTHER DECREASING θ IN THE REGIME BELOW ���◦� EVEN THOUGH A STRONG ELECTRONIC
LOCALIZATION IS STILL LOCALLY OBSERVED IN THE SATURATED !! STACKING REGION� THE INCREASING CONTRIBUTION OF !"�"!
STACKING ONES GRADUALLY DIMINISHES THE GLOBAL ELECTRONIC LOCALIZATION AND HENCE FLAT BANDS CAN NOT BE
OBSERVED AGAIN ;��=� THUS PRECLUDING THE EMERGENCE OF OTHER �I�E� SMALL	 MAGIC ANGLES PREDICTED BY OTHER
THEORETICAL CALCULATIONS ;��=�

&INALLY� IT IS WORTH NOTING THAT EVEN THOUGH THEY COULD BE QUANTITATIVELY AFFECTED BY THE PRESENCE OF A
LARGER NUMBER OF LAYERS AND�OR BY A MORE COMPLICATEDLY STACKED CONFIGURATION� THE STRUCTURAL AND ELECTRONIC
FEATURES SIMILAR TO THOSE PRESENTED ABOVE ARE STILL OBSERVED IN OTHER 4-'S� SIMPLY BECAUSE ALL THESE FEATURES
ARE ESSENTIALLY GOVERNED BY TWISTING EFFECTS�

�� 4WISTED MULTILAYER GRAPHENE

4HE ELECTRONIC PROPERTIES OF TWISTED GRAPHENE SYSTEMS CONTAINING MORE THAN TWO LAYERS AS SCHEMATIZED IN
FIGURE � ARE NOW INVESTIGATED� 4HE CREATION OF THESE SYSTEMS COULD BE SIMPLY CONSIDERED AS ADDING ONE OR A
FEW GRAPHENE LAYERS TO A 4",' ONE� 3INCE THESE 4-' SHARE A SIMILAR θ
DEPENDENCE WITH 4",' �E�G� AS SEEN
IN ;��� ��=	� THE PRESENT STUDY IS MAINLY FOCUSED ON THE MAGIC
ANGLE CASES WHERE LOW
ENERGY BANDS ARE MOST
FLAT AND THUS STRONGLY CORRELATED ELECTRONIC PHENOMENA CAN BE OBSERVED�

���� 2OTATED GRAPHENE MONOLAYER ON GRAPHENE MULTILAYER
7E FIRST CONSIDER 4-' OBTAINED WHEN ONE ROTATED GRAPHENE MONOLAYER IS PLACED ON TOP OF A GRAPHENE
MULTILAYER �I�E� 3-
SYSTEMS IN FIGURE �	 AS RECENTLY ACHIEVED EXPERIMENTALLY IN ;��=� 4HEIR ELECTRONIC
BANDSTRUCTURES ARE PRESENTED IN FIGURE � IN BOTH CASES WHEN THE GRAPHENE MULTILAYER IS EITHER IN AN
!"
STACKED FORM OR IN AN !"#
STACKED ONE�

&IRST OF ALL� THE 3-
�!"	� �I�E� TWISTED MONOLAYER
BILAYER	 SYSTEM AT ITS MAGIC ANGLE EXHIBITS A
BANDSTRUCTURE �SEE ON TOP OF FIGURE �	 WITH ISOLATED FLAT BANDS� SIMILAR TO THAT OBTAINED IN THE MAGIC
ANGLE
4",'� 4HE MAIN DIFFERENCE BETWEEN TWO CASES IS THAT THESE BANDS �ACCORDINGLY� ZERO
ENERGY $/3 PEAK	 ARE
OBSERVED TO BE LESS FLAT �LOWER	 THAN THOSE OF 4",'� .OTE THAT CONTINUUM (AMILTONIAN CALCULATIONS ;��= HAVE
SHOWN THAT THE BANDWIDTH OF FLAT BANDS IN 3-
�!"	� SYSTEM IS GENERALLY NARROWER THAN THAT OBTAINED IN
MAGIC
ANGLE 4",'� 4HIS IS INDEED ALSO CONFIRMED BY OUR CALCULATIONS FOR SYSTEMS AT THE SAME TWIST ANGLE IN
THE REGIME θ $ �.�◦� 4HE RESULTS IN THE MAGIC ANGLE CASE HOWEVER EXHIBIT AN OPPOSITE BEHAVIOR� I�E� THE
BANDWIDTH OF THE MAGIC
ANGLE 3-
�!"	� SYSTEM IS LARGER THAN THAT OBTAINED IN MAGIC
ANGLE 4",'� 4HIS IS
ACTUALLY CONSISTENT WITH THE RESULTS PRESENTED IN ;��� ��= FOR ATOMIC RECONSTRUCTED SUPERLATTICES� 4HESE RESULTS
COULD BE UNDERSTOOD AS A CONSEQUENCE OF THE FACT� AS DISCUSSED IN THE PREVIOUS SECTION� THAT THE BAND FLATNESS
HAS A STRONG CORRELATION WITH THE REAL
SPACE ELECTRONIC LOCALIZATION THAT IS BASICALLY STRONGER IN !!
STACKING
REGIONS ;��=� )N 3-
�!"	� SYSTEMS� THE CORRESPONDING REGIONS ARE OBTAINED IN AN !!"
STACKED FORM� I�E� A
MIXTURE OF !!
 AND !"
STACKING CONFIGURATIONS WHILE THE LATTER IS UNFAVORABLE FOR THE ELECTRONIC LOCALIZATION�
3UCH MIXTURE DIMINISHES THE ELECTRONIC LOCALIZATION IN THE 3-
�!"	� SYSTEM� 4HIS IS VISIBLY ILLUSTRATED BY
COMPARING THE TOTAL ,$/3 IN FIGURE � WITH THAT OBTAINED IN MAGIC
ANGLE 4",' �SEE FIGURE � FOR θ " �.��◦	
AND IS FURTHER DEMONSTRATED IN FIGURE �� IN SECTION �� THUS EXPLAINING ESSENTIALLY THE LESS FLAT BANDS OBTAINED
IN THE 3-
�!"	� CASE�

)N ADDITION� ANOTHER INTERESTING FEATURE IS FOUND IN FIGURE � THAT FLAT BANDS IN THE MAGIC
ANGLE 3-
�!"	�
SYSTEM EXHIBIT A COEXISTENCE OF LAYER
RESOLVED LOCALIZED
DELOCALIZED BEHAVIORS� I�E� THEY ARE SPATIALLY LOCALIZED
ON THE TWISTED SIDE WHEREAS DELOCALIZED ON THE BILAYER SIDE� 4HIS UNIQUE FEATURE HAS BEEN ALSO EXPERIMENTALLY

�
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&IGURE �� %LECTRONIC BANDSTRUCTURES OF DIFFERENT 3-
SYSTEMS AT THEIR MAGIC ANGLE� /N TOP� THE RESULTS IN 3-
�!"	� �I�E� TWISTED
MONOLAYER
BILAYER	 STRUCTURE ARE PRESENTED� /THER SYSTEMS INCLUDING 3-
�!"	N AND 3-
�!"#	N �SEE THE DEFINITION IN FIGURE �	 AT
THEIR MAGIC ANGLE∼�.�◦ ARE COMPUTED AND PRESENTED IN THE SECOND AND THIRD ROWS� RESPECTIVELY� WITH N= �,�,�,� �FROM LEFT TO
RIGHT	� /N TOP
RIGHT� $/3 VERSUS ENERGY IN 3-
�!"	� STRUCTURE IS ALSO SUPERIMPOSED�

CONFIRMED IN A RECENT WORK ;��= AND THE DELOCALIZED CORRELATED ELECTRONIC STATES HAVE BEEN SIMILARLY EXPLORED
IN TWISTED DOUBLE BILAYER GRAPHENE ;��=� .OTE THAT ELECTRONIC STATES DELOCALIZED EITHER IN THE GRAPHENE PLANE
OR IN DIFFERENT LAYERS ARE GENERALLY OBTAINED IN TWISTED SYSTEMS CONSISTING OF MORE THAN TWO LAYERS AS THE
3-
�!"	� SYSTEM HERE AND OTHERS CONSIDERED BELOW� WHERE CERTAIN LAYERS ARE STRONGLY INFLUENCED BY THE MOIR�
SUPERLATTICE INTERACTIONS WHEREAS THE WEAK EFFECTS TAKE PLACE IN OTHER LAYERS� -OREOVER� THE OBSERVED
COEXISTENCE OF LOCALIZED
DELOCALIZED ELECTRONIC STATES ESSENTIALLY HAS A TIGHT RELATIONSHIP WITH THE WEAK
REAL
SPACE LOCALIZATION IN THE 3-
�!"	� SYSTEM DISCUSSED ABOVE�

7HEN THE NUMBER OF GRAPHENE LAYERS OF THE MULTILAYER COUNTERPART INCREASES� BOTH SYSTEMS 3-
�!"	N
AND 3-
�!"#	N EXHIBIT CLEARLY DISTINCT ELECTRONIC PROPERTIES �SEE FIGURE �	� )N PARTICULAR� WHILE THE ELECTRONIC
STRUCTURE OF 3-
�!"	N SYSTEMS PRESENTS BOTH FLAT BANDS AND DISPERSIVE ONES AT LOW ENERGIES� FLAT BANDS IN
3-
�!"	N SYSTEMS ARE STILL CLEARLY ISOLATED FROM HIGH
ENERGY BANDS FOR N" �� (OWEVER� THE ENERGY GAPS
BETWEEN THE MENTIONED BANDS IN THE LATTER CASE IS REDUCED WHEN INCREASING N AND IS CLOSED FOR N� �� 3UCH
DISTINCT PROPERTIES COULD BE EXPLAINED BY THE DIFFERENCE IN ELECTRONIC PROPERTIES OF !"
 AND !"#
STACKED
GRAPHENE MULTILAYER SYSTEMS� I�E� WHILE !"#
STACKED SYSTEMS HOST A SINGLE BAND THAT IS PARTIALLY FLAT AROUND
ZERO ENERGY� THERE IS A MIXTURE OF SEVERAL �INCREASING WITH N	 PARABOLIC AND LINEAR BANDS IN THE !"
STACKED
ONES ;��=�

4O FURTHER CLARIFY THE DIFFERENCE BETWEEN THESE TWO SYSTEMS� WE ANALYZE THEIR LAYER DECOMPOSED $/3
�,$
$/3	 IN FUNCTION OF ENERGY IN FIGURE �� &OR THE 3-
�!"	� SYSTEM� BESIDES THE COEXISTENCE OF
LAYER
RESOLVED LOCALIZED
DELOCALIZED STATES PRESENTED IN FIGURE �� ,$
$/3 STILL EXHIBITS THE USUAL BEHAVIOURS
SIMILAR TO THAT OBSERVED IN MAGIC
ANGLE 4",'� (OWEVER� OTHER DISTINCT FEATURES ARE FOUND FOR 3-
SYSTEMS

�



*� 0HYS� -ATER� � �����	 ������ 6 ( .GUYEN ET AL

&IGURE �� 4OTAL ,$/3 AND LAYER DECOMPOSED ,$/3 IN 3-
�!"	� SYSTEM IN FIGURE � AT ZERO ENERGY�

WITH A LARGER NUMBER OF GRAPHENE LAYERS� )N PARTICULAR� THE ELECTRON LOCALIZATION IS MOSTLY OBSERVED IN THREE
TOP LAYERS OF 3-
�!"	N STRUCTURES WHERE THE MOIR� SUPERLATTICE INTERACTIONS TAKE PLACE� (OWEVER� THE
LOCALIZATION IS OBTAINED IN BOTH TOP AND BOTTOM OUTERMOST LAYERS OF 3-
�!"#	� AND 3-
�!"#	� SYSTEMS
�SEE ILLUSTRATION IN FIGURE � FOR 3-
�!"#	� ONE	� -OREOVER� WHEN THE NUMBER OF LAYERS N FURTHER INCREASES�
SUCH ELECTRON LOCALIZATION IN 3-
�!"#	N SURPRISINGLY CHANGES� I�E� THE EFFECT IN THE TOP OUTERMOST LAYERS IS
DIMINISHED WHILE IT IS ENHANCED IN THE BOTTOM ONES� 7HEN N IS LARGE ENOUGH� THE ELECTRON LOCALIZATION IS
MOSTLY OBSERVED IN THE BOTTOM OUTERMOST LAYERS AS ILLUSTRATED IN FIGURE �� FOR THE 3-
�!"#	� SYSTEM�

���� !LTERNATIVELY TWISTED GRAPHENE MONOLAYERS
4-'S CREATED BY ALTERNATIVELY ROTATING ��,θ,�,θ, . . .	 GRAPHENE MONOLAYERS �I�E� !3N STRUCTURES IN FIGURE �	
HAVE BEEN ALSO VERY RECENTLY OBTAINED EXPERIMENTALLY AND SHOWN TO EXHIBIT SEVERAL NOVEL STRONGLY CORRELATED
PHENOMENA ;�� �� �� ��� ��� ��= � 4HE MAGIC ANGLE OF THESE !3N STRUCTURES CAN BE ESTIMATED BY THE SIMPLE
EXPRESSION θ-!

N = � θ-!
N COS(π/(N+ �))) WITH θ-!

� " �.�◦ AS PROPOSED IN ;��� ��=� 4HIS IS INDEED
DEMONSTRATED IN FIGURE � WHERE �ALMOST	 FLAT BANDS ARE OBTAINED IN !3N STRUCTURES NEAR θ-!

N � (OWEVER�
DIFFERENT FROM THE RESULTS SUGGESTED BY THE EFFECTIVE CONTINUUM MODELS ;�� �� ��� ��=� THE 4" BANDSTRUCTURE
HERE PRESENTS FOUR DEGENERATE FLAT BANDS �MORE VISIBLY SEEN IN SECTION � WHEN A VERTICAL ELECTRIC FIELD IS
APPLIED	 AND Nn� ADDITIONAL LINEAR BANDS AT LOW ENERGIES� -OREOVER� SADDLE POINTS �ACCORDINGLY� VAN (OVE
SINGULARITIES IN $/3	 OCCUR IN DISPERSIVE BANDS FOR N# �� 4HE LOW
ENERGY BANDS IN THESE !3N SYSTEMS ARE ALSO
SHOWN TO BE GENERALLY FLATTER THAN THOSE OBTAINED FOR THE 3-
STRUCTURES PRESENTED IN FIGURE �� THUS
CONFIRMING AGAIN OUR DISCUSSION ABOVE ABOUT THE PROPERTY OF ELECTRON LOCALIZATION IN THE PRESENCE OF "ERNAL
STACKING BILAYER GRAPHENE� .OTE THAT ANOTHER DIFFERENCE BETWEEN SYSTEMS WITHOUT AND WITH "ERNAL STACKING
BILAYER GRAPHENE HAS BEEN ALSO DISCUSSED IN ;��=� )NDEED� IN THIS STUDY� SIGNIFICANT SUBLATTICE POLARIZATION HAS
BEEN OBSERVED IN THE LATTER CASE� LEADING TO WEAKER ELECTRON
PHONON COUPLINGS THAN THOSE OBTAINED IN TWISTED
SYSTEMS OF GRAPHENE MONOLAYERS ONLY�

�
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&IGURE �� ,AYER DECOMPOSED $/3 �,$
$/3	 IN SOME 3-
SYSTEMS CONSIDERED IN FIGURE ��

&IGURE �� %LECTRONIC BANDSTRUCTURES OF ALTERNATIVELY TWISTED SYSTEMS OF GRAPHENE MONOLAYERS SCHEMATIZED ON TOP
LEFT �I�E� THE !3N
SYSTEMS SPECIFIED IN FIGURE �	 WITH θ NEAR THEIR MAGIC ANGLE θ-!

N �SEE TEXT	� /N TOP
RIGHT� $/3 VERSUS ENERGY IN !3�
STRUCTURE IS
ALSO SUPERIMPOSED�

4O UNDERSTAND MORE DEEPLY THEIR ELECTRONIC PROPERTIES� THE LAYER DECOMPOSED $/3 OBTAINED IN THESE !3N
STRUCTURES IS PRESENTED IN FIGURE �� 2EMARKABLY� THE STRONG ELECTRONIC LOCALIZATION TAKES PLACE IN THEIR CENTERED
LAYERS� IN CONTRAST TO THOSE OBSERVED IN 3-
ONES PRESENTED IN FIGURE �� -OREOVER� ,$
$/3 IN THE CENTERED

�
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&IGURE �� ,AYER DECOMPOSED $/3 �,$
$/3	 IN SOME !3
SYSTEMS CONSIDERED IN FIGURE �� /N BOTTOM
LEFT� A ZOOM
COMBINED
PICTURE OF THE RESULTS IN !3� STRUCTURE IS PRESENTED�

LAYERS PRESENTS BEHAVIORS THAT ARE VERY SIMILAR TO THOSE OBTAINED IN MAGIC
ANGLE 4",'� )N PARTICULAR� THE
STRONGLY LOCALIZED $/3 PEAK IS LIKELY ISOLATED FROM HIGH
ENERGY ELECTRONIC STATES BY FINITE ENERGY GAPS�
#ONTRASTINGLY� ,$
$/3 IN OTHER LAYERS �ESPECIALLY� THE OUTERMOST ONES	 EXHIBIT SOME SIGNATURES OF DISPERSIVE
BANDS� I�E� THE CHARACTERISTICS OF LINEAR BANDS AND VAN (OVE SINGULARITIES INDUCED BY THE TWIST AS VISIBLY SHOWN
IN THE ZOOM
IMAGE ON THE BOTTOM OF FIGURE �� 4HUS� THE FLAT BANDS AND DISPERSIVE ONES OF !3N STRUCTURES
EXHIBIT OPPOSITELY SPATIAL PROPERTIES� I�E� WHEREAS THE FORMER IS LOCALIZED IN THE SYSTEM CENTER� THE LATTER IS
OBSERVED IN OUTER LAYERS� 4HIS IMPLIES THAT THERE IS ASLO A COEXISTENCE OF LOCALIZED
DELOCALIZED ELECTRONIC STATES
IN THE !3N SYSTEMS OF LARGE N�

7HEN !3N SYSTEMS ARE CREATED� ANOTHER REMARKABLE POSSIBILITY COULD IN PRINCIPLE BE OBTAINED� IN
PARTICULAR� ONE OR A FEW GRAPHENE LAYERS ARE ROTATED BY θ�� = θ+ ��◦ �INSTEAD OF θ	 AS ILLUSTRATED ON TOP OF
FIGURE ��� SIMILAR TO THAT REPORTED IN ;��= FOR GRAPHENE�H". STRUCTURES� !CTUALLY� SUCH θ��
ROTATIONS DO NOT
CHANGE THE LATTICE ORIENTATION OF THE GRAPHENE LAYER� COMPARED TO THE SIMPLE θ
ROTATED SYSTEMS CONSIDERED IN
FIGURES � AND �� (OWEVER� THREE !!!
� !"!
 AND "!"
STACKING REGIONS OBTAINED IN THE LATTER CASE ARE CHANGED
TO !!"
� !""
 AND !"#
STACKING ONES IN THE !3N SYSTEMS WITH θ+ ��◦ ROTATIONS� LEADING TO SIGNIFICANT
CHANGES IN THEIR ELECTRONIC STRUCTURE� )NDEED� THE FLAT ELECTRONIC BANDS ARE OBSERVED AT ANOTHER TWIST ANGLE AS
SHOWN IN FIGURE ��� COMPARED TO SIMILAR STRUCTURES �I�E� WITH THE SAME NUMBER OF LAYERS	 PRESENTED IN
FIGURES � AND �� )N ADDITION� DISPERSIVE BANDS AT LOW ENERGIES ARE GENERALLY NO LONGER LINEAR ONES� 4HESE
CHANGES CAN BE CLARIFIED BY ANALYZING THE STRUCTURAL PROPERTIES OF TWO CONSIDERED TYPES OF !3N SYSTEMS �E�G�
SEE IN FIGURE �� FOR THE !3� CASES	� )N PARTICULAR� WHEN COMPARED TO THE FIRST TYPE �I�E� WITH θ ROTATIONS ONLY	�
THE TOP LAYER OF THE !3� SYSTEM IN FIGURE ���A	 PRESENTS A TOTALLY DIFFERENT BUCKLING PATTERN �SEE THE TOP PANELS
IN FIGURE ��	� 3IMILARLY� THE MIDDLE LAYER OF THE LATTER SYSTEM IS NO LONGER FLAT AS THAT OBSERVED IN THE FORMER
ONE �SEE THE PANELS IN THE SECOND ROW OF FIGURE ��	� !CCORDINGLY TO THESE DIFFERENT STRUCTURAL PROPERTIES� THESE
TWO SYSTEMS EXHIBIT TOTALLY DIFFERENT ,$/3 IMAGES AS SHOWN IN THE BOTTOM OF FIGURE ��� 4HESE RESULTS THUS
CLARIFY THE DIFFERENCE IN THEIR ELECTRONIC STRUCTURES DISCUSSED ABOVE�

���� /THER 4-' SYSTEMS
)N THE PRESENCE OF "ERNAL STACKING GRAPHENE BILAYER� MORE COMPLICATED 4-'S CAN BE CREATED AS ILLUSTRATED IN
FIGURE �� INCLUDING TWISTED DOUBLE BILAYER GRAPHENE �$"
SYSTEM	 AND ALTERNATIVELY TWISTED STRUCTURES
�!-N
ONES WITH N= �,�,�,�,�	� 4HEIR ELECTRONIC BANDSTRUCTURES AT THE MAGIC ANGLE ARE PRESENTED IN
FIGURE ��� &IRST� THE ISOLATED FLAT BANDS ARE ONLY OBTAINED IN MAGIC
ANGLE $"
STRUCTURE ;��=� SIMILAR TO THOSE

��
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&IGURE ��� %LECTRONIC BANDSTRUCTURES OF !3N SYSTEMS WHEN ONE OR A FEW LAYERS ARE ADDITIONALLY ROTATED BY ��◦ �SEE THE ILLUSTRATION
ON TOP	� )N �A	 AND �B	� THE TOP LAYER OF !3� AT θ " �.��◦ AND !3� AT θ " �.��◦� RESPECTIVELY� IS ADDITIONALLY ROTATED BY ��◦� )N �C	�
SUCH ADDITIONAL ��◦
ROTATION IS APPLIED TO TWO TOP LAYERS OF !3� AT θ " �.��◦�

&IGURE ��� 4HE STRUCTURAL AND ELECTRONIC PROPERTIES OF TWO !3� STRUCTURES� !3� AT θ " �.��◦ IN FIGURE � �SEE IN THE LEFT	 AND !3� AT
θ " �.��◦ CONSIDERED IN FIGURE ���A	 �SEE IN THE RIGHT	� )MAGES IN THE FIRST AND SECOND ROWS PRESENT THE SPATIAL VARIATION OF
OUT
OF
PLANE DISPLACEMENTS IN THE TOP AND MIDDLE LAYERS� RESPECTIVELY� ,$/3 OF TWO SYSTEMS AT ZERO ENERGY IS PRESENTED IN THE
BOTTOM IMAGES�

��
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&IGURE ��� %LECTRONIC BANDSTRUCTURES OF 4-'S INCLUDING $"
 �I�E� TWISTED DOUBLE BILAYER GRAPHENE	 AND !-
STRUCTURES
�ALTERNATIVELY TWISTED STRUCTURES CONTAINING� AT LEAST� ONE "ERNAL STACKING BILAYER� AS SCHEMATIZED IN FIGURE �	� #ALCULATIONS WERE
PERFORMED AT THEIR MAGIC ANGLES WHERE LOW
ENERGY BANDS ARE MOST FLAT�

OBTAINED IN 4",' AND IN 3-
�!"#	N ONES WITH N" �� )N THE CASE OF !-N
SYSTEMS� THE FLAT BANDS CAN BE
MORE EASILY OBTAINED IF THE MIDDLE LAYER IS A GRAPHENE MONOLAYER �I�E� !-� AND !-� ONES	� WHEREAS THE
LOW
ENERGY BANDS ARE GENERALLY LESS FLAT IF IT IS A "ERNAL STACKING BILAYER� )N ADDITION� SIMILAR TO THE
!3N
STRUCTURES� DISPERSIVE BANDS ARE ALWAYS ADDITIONALLY OBTAINED AT LOW ENERGIES� WHICH IS LIKELY AN INHERENT
PROPERTY OF ALTERNATIVELY TWISTED SYSTEMS� /NCE MORE� THE LOW
ENERGY BANDS OF THOSE SYSTEMS IN THE PRESENCE
OF "ERNAL STACKING BILAYERS ARE SHOWN TO BE LESS FLAT THAN THOSE PRESENTED ABOVE FOR SYSTEMS OF GRAPHENE
MONOLAYERS ONLY�

&OR COMPLETENESS� WE INVESTIGATE IN FIGURE �� THE ELECTRONIC BANDSTRUCTURES OF MOIR�
OF
MOIR� GRAPHENE
SUPERLATTICES� THAT CAN GENERALLY BE OBTAINED WHEN DIFFERENT TWIST ANGLES BETWEEN ADJACENT LAYERS ARE APPLIED�
!N EXAMPLE PRESENTED HERE IS TRILAYER GRAPHENE CREATED BY VERTICALLY STACKING MAGIC
ANGLE 4",' �I�E�
θ�� " �.��◦	 AND ONE ROTATED �BY THE ANGLE θ��	 GRAPHENE MONOLAYER� 7E PARTICULARLY CONSIDER TWO CASES� A
LARGE ANGLE θ�� " ��.��◦ AND A SMALL ONE θ�� " �.��◦� !CTUALLY� WHEN θ�� IS LARGE� THE INTERACTION BETWEEN THE
GRAPHENE MONOLAYER AND THE MAGIC ANGLE 4",' HAS NO SIGNIFICANT EFFECT AT LOW ENERGIES� I�E� THE OBTAINED
LOW
ENERGY BANDS ARE APPROXIMATELY A SIMPLE COMBINATION OF THE BANDS OF THOSE TWO SYSTEMS� 4HIS FEATURE IS
VERY SIMILAR TO THOSE OBTAINED IN 4",'S IN THE LARGE ANGLE REGIME WHEN THEIR LOW
ENERGY BANDS CAN BE
CONSIDERED AS A COMBINATION OF THE LINEAR BANDS OF TWO GRAPHENE MONOLAYERS� (OWEVER� WHEN θ�� IS SMALL
�I�E� ����◦ CONSIDERED HERE	� THE MENTIONED INTERACTION HAS SIGNIFICANT EFFECTS ON THE ELECTRONIC STRUCTURE� IN
PARTICULAR� THE BANDWIDTH OF FLAT BANDS IS SIGNIFICANTLY ENLARGED� COMPARED TO THAT OBTAINED IN MAGIC
ANGLE
4",'� 4HESE RESULTS SUGGEST THAT BESIDES TWISTED GRAPHENE SYSTEMS INVESTIGATED ABOVE� OTHER MORE
COMPLICATED TWISTED MULTILAYER ONES� FORMING MOIR�
OF
MOIR� SUPERLATTICES� SHALL GENERALLY EXHIBIT MORE
COMPLICATED ELECTRONIC STRUCTURES WITH LESS OPPORTUNITY FOR OBSERVING THE FLAT BANDS AND ACCORDINGLY� STRONG
ELECTRON LOCALIZATION�

��
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&IGURE ��� %LECTRONIC BANDSTRUCTURES OF MOIR� OF MOIR� GRAPHENE SUPERLATTICES CREATED BY PUTTING ONE ROTATED �BY θ��	 GRAPHENE
MONOLAYER ON TOP OF MAGIC
ANGLE 4",' �I�E� θ�� " �.��◦	� 4WO TYPICAL CASES� PARTICULARLY� LARGE ANGLE �θ�� " ��.��◦	 AND SMALL
ANGLE �θ�� " �.��◦	� ARE PRESENTED�

�� &LATTENING ELECTRONIC BANDS AND TUNABILITY

!S EMPHASIZED IN SECTION �� THE ELECTRONIC FLAT BANDS IN RECONSTRUCTED 4",' IS ESSENTIALLY OBTAINED IN THE
SITUATION WHEN THE REAL
SPACE LOCALIZATION IN !! STACKING REGIONS AND THEIR CONTRIBUTION TO THE GLOBAL
ELECTRONIC PROPERTIES ARE CONCURRENTLY MAXIMIZED AT THE MAGIC ANGLE� )N FACT� AS IT WILL BE DEMONSTRATED
BELOW� SUCH FEATURE IS COMMONLY OBSERVED IN 4-'S AND HENCE COULD BE CONSIDERED AS THE PRACTICAL ORIGIN OF
THEIR OBSERVED FLAT BANDS�

&IRST� IT IS WORTH REMINDING THAT BASED ON CONTINUUM MODELS ;��=� THE FIRST MAGIC ANGLE OF 4",' CAN BE
ESTIMATED USING THE EQUATION

θ-! ≈ �W/(�πT) ��	

WHERE W AND T STAND FOR INTERLAYER AND INTRALAYER TUNNELING STRENGTHS� RESPECTIVELY� )NDEED� θ-! ≈ �.�◦ IS
OBTAINED� IN VERY GOOD AGREEMENT WITH EXPERIMENTS ;��� ��� ��� ��=� WITH W= ����� E6 AND T= ��� E6�
#ALCULATIONS USING CONTINUUM MODELS ;��� ��= HAVE ADDITIONALLY PREDICTED A DISCRETE SERIES OF OTHER MAGIC
ANGLES<�.�◦� (OWEVER� IN AGREEMENT WITH THE EXISTING EXPERIMENTS �MOST CLEARLY� SEE RECENT ARTICLES
;��� ��=	� ATOMISTIC CALCULATIONS HAVE DEMONSTRATED IN ;��= AND AS DISCUSSED IN SECTION � THAT THESE SMALL
MAGIC ANGLES CAN NOT BE PRACTICALLY OBTAINED IN RECONSTRUCTED 4",'S� 4HIS IS ESSENTIALLY DUE TO THE FACT THAT
WHILE IT GETS MAXIMUM AT θ " �.�◦� THE GLOBAL ELECTRONIC LOCALIZATION IS PROGRESSIVELY REDUCED� ACCORDING TO
THE INCREASING CONTRIBUTION OF !"�"! STACKING REGIONS WHEN REDUCING θ BELOW<�.�◦ AS SEEN IN FIGURE � AND
MORE VISIBLY IN THE LEFT
PANEL OF FIGURE ��� )NTERESTINGLY� ALL THESE FEATURES ARE SIMILARLY OBSERVED IN OTHER
4-'S AS SEEN IN TWO EXAMPLES� I�E� !3� AND 3-
�!"	� SYSTEMS� PRESENTED IN FIGURE ��� )NDEED� THEIR
ELECTRONIC FLAT BANDS �I�E� MAGIC ANGLE	 ARE EXACTLY OBTAINED WHEN THE REAL
SPACE LOCALIZATION IN !!! AND !!"
STACKING REGIONS� RESPECTIVELY� AND THEIR CONTRIBUTION TO THE GLOBAL ELECTRONIC PROPERTIES OF THE SYSTEM ARE
CONCURRENTLY MAXIMIZED� -OREOVER� THE COMMONNESS OF SUCH OBSERVATION IS FURTHER EMPHASIZED AS IT IS ALSO
VALID IN 4-'S WHEN IN
PLANE STRAINS AND�OR VERTICAL PRESSURE ARE APPLIED TO TUNE THE MAGIC ANGLE VALUE �SEE
FIGURE ��� ESPECIALLY� THE FULL ILLUSTRATION IN FIGURES ���A	n�D		� /N THE BASIS OF THOSE RESULTS� WE THUS CONCLUDE
THAT THE MAXIMIZATION OF REAL
SPACE ELECTRONIC LOCALIZATION IN REGIONS WHERE THE !! STACKING CONFIGURATION IS
PRESENTED COULD BE CONSIDERED AS THE ESSENTIAL ORIGIN OF THE FLAT ELECTRONIC BANDS OBSERVED IN 4-'S�

)N ADDITION� THE RESULTS IN FIGURE �� ARE ANOTHER ILLUSTRATION OF FEATURE DISCUSSED ABOVE THAT AT THEIR MAGIC
ANGLES� THE REAL
SPACE ELECTRONIC LOCALIZATION IN THE PRESENCE OF "ERNAL BILAYER GRAPHENE �I�E� THE 3-
�!"	�
STRUCTURE HERE	 IS SIGNIFICANTLY WEAKER THAN THAT IN THE SYSTEMS OF GRAPHENE MONOLAYERS ONLY� 4HIS FEATURE
EXPLAINED WHY LESS FLAT BANDS �ACCORDINGLY� SMALLER LOCALIZED $/3 PEAK IN ENERGY	 ARE OBTAINED IN
MAGIC
ANGLE SYSTEMS CONTAINING "ERNAL BILAYER GRAPHENE� COMPARED TO OTHER STRUCTURES�

!S MENTIONED� THE DEPENDENCE OF MAGIC
ANGLE θ-! ON INTERLAYER AND INTRALAYER TUNNELING STRENGTHS
DESCRIBED IN EQUATION ��	 SUGGESTS THAT θ-! CAN BE TUNED BY MODIFYING W AND T� FOR INSTANCE� BY APPLYING
IN
PLANE STRAINS AND VERTICAL PRESSURE ;��� ��� ��n��= AS ILLUSTRATED IN FIGURE ��� )N PARTICULAR� THE INTRALAYER
HOPPING ENERGIES ARE REDUCED BY A TENSILE IN
PLANE STRAIN WHILE THE INTERLAYER TUNNELING STRENGTH INCREASES

��
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&IGURE ��� 3PATIAL VARIATION OF ,$/3 IN 4",'� !3� AND 3-
�!"	� SYSTEMS WHEN VARYING THE TWIST ANGLE AROUND THEIR MAGIC ONE�
4HE PRESENTED ,$/3 IS EXTRACTED ALONG THE LINE CONNECTING REGIONS WHERE !!� 30� !"�"! STACKING CONFIGURATIONS OCCUR�
#ALCULATIONS ARE PERFORMED AT ENERGY WHERE THE STRONGEST ELECTRONIC LOCALIZATION IS OBTAINED� I�E� AT THE ELECTRON VAN (OVE
SINGULARITY POINT FOR LARGE θ AND AT ZERO ENERGY FOR θ BELOW THE MAGIC ANGLE�

&IGURE ��� %LECTRONIC STRUCTURES OF 4-'S MODULATED BY STRAIN AND VERTICAL PRESSURE� 4",' AT θ " �.��◦ IS CONSIDERED IN �A	 FOR
THE PRISTINE CASE� IN �B	 WITH A BIAXIAL STRAIN OF �%� AND IN �C	 WITH A VERTICAL PRESSURE 0" �.�� '0A� 4HE CORRESPONDING ,$/3
OBTAINED AT THE STRONGEST ELECTRONIC LOCALIZATION POINT IS PRESENTED IN �D	� %LECTRONIC BANDSTRUCTURES OF !3� AT θ " �.��◦ WITH
0= � AND"���� '0A IS DISPLAYED IN �E	 AND �F	� RESPECTIVELY� 4HE RESULTS OF 3-
�!"	� AT θ " �.��◦ WITH 0= � AND"���� '0A ARE
IN �G	 AND �H	� RESPECTIVELY�

WHEN A VERTICAL PRESSURE IS APPLIED ;��=� THUS INCREASING θ-! AS SHOWN� %VEN THOUGH THEY COULD BE
QUANTITATIVELY DIFFERENT� THESE TUNABLE POSSIBILITIES ARE COMMONLY OBTAINED IN ALL 4-'S AS ILLUSTRATED IN
FIGURE �� FOR !3� AND 3-
�!"	� STRUCTURES�

!NOTHER TUNABILITY HAS BEEN ACTUALLY EXPLORED ;�� �� �� ��� ��=� I�E� BY A VERTICAL ELECTRIC FIELD �%
FIELD	 AS
ILLUSTRATED IN FIGURES ��n��� &IRST� FIGURE �� PRESENTS TYPICAL PICTURES SHOWING THE %
FIELD EFFECTS IN
MAGIC
ANGLE TWISTED DOUBLE BILAYER GRAPHENE �I�E� $"
STRUCTURE	� COMPARED TO THOSE IN THE 4",' STRUCTURE� )T
SHOWS THAT THE %
FIELD GENERALLY PRESENTS STRONGER EFFECTS IN $"
STRUCTURE THAN IN 4",' ONE� 4HIS COULD BE
SIMPLY UNDERSTOOD AS A DIRECT CONSEQUENCE OF THE FACT THAT %
FIELD CAN MODULATE THE BANDSTRUCTURE AND OPEN

��
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&IGURE ��� %FFECTS OF VERTICAL ELECTRIC FIELD %⊥ ON THE ELECTRONIC BANDSTRUCTURE OF 4",' AT θ " �.��◦ AND $-
STRUCTURE AT
θ " �.��◦�

&IGURE ��� %LECTRIC FIELD �%⊥	 EFFECTS ON THE ELECTRONIC BANDSTRUCTURE OF !3� AT θ " �.��◦ �A	 AND �E	� !3� AT θ " �.��◦ �B	 AND
�F	� !3� AT θ " �.��◦ �C	 AND �G	� AND !3� CONSIDERED IN FIGURE ���A	 AT θ " �.��◦ �D	 AND �H	�

A BANDGAP IN "ERNAL STACKING BILAYER GRAPHENE� WHICH IS NOT OBSERVED FOR MONOLAYER GRAPHENE� 4HESE RESULTS
THUS EMPHASIZE THAT VERTICAL %
FIELD IS A GOOD DEGREE OF FREEDOM TO CONTROL THE FLAT BAND AND STRONGLY
CORRELATED ELECTRONIC PHENOMENA IN TWISTED SYSTEMS CONTAINING "ERNAL STACKING BILAYER GRAPHENE� INDEED AS
REPORTED IN ;�� �� �� ��� ��=�

!LTERNATIVELY TWISTED MULTILAYER SYSTEMS OF GRAPHENE MONOLAYERS �I�E� !3 STRUCTURES	 IS ANOTHER EXAMPLE
THAT HAS SHOWN A GOOD TUNABILITY BY VERTICAL %
FIELD ;�� �� ��=� )N PARTICULAR� WHEN AN %
FIELD IS APPLIED� A
DISTINCT FEATURE OBSERVED IN !3 STRUCTURES IS THAT THE FLAT BANDS CAN STRONGLY HYBRIDIZE WITH THE $IRAC BANDS�
LEADING TO THE CONTROLLABILITY OF THE BANDWIDTH AND INTERACTION STRENGTH IN THE FLAT BANDS� )N FIGURE ��� THE
ELECTRONIC BANDSTRUCTURE OF !3N �N= �,�,�	 IS PRESENTED FOR TWO DIFFERENT %
FIELDS� )N ADDITION TO THE
MENTIONED HYBRIDIZATION� SOME OTHER INTERESTING EFFECTS ARE FOUND� )NDEED� WHILE TWO FLAT BANDS HYBRIDIZE
WITH TWO $IRAC BANDS� TWO OTHER FLAT BANDS ARE STILL OBSERVED IN THE !3� CASE� &OR THE !3� SYSTEMS� FOUR $IRAC
BANDS ARE OBSERVED AT LOW ENERGIES �SEE FIGURE �	 AND HENCE THE HYBRIDIZATION TAKES PLACE FOR ALL FOUR FLAT
BANDS WITH THESE FOUR $IRAC BANDS WHEN A LARGE %
FIELD IS APPLIED� -OREOVER� THE HYBRIDIZED FLAT BANDS CAN BE

��
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&IGURE ��� ,AYER DECOMPOSED $/3 �,$
$/3	 IN SYSTEMS CONSIDERED IN FIGURES ���E	 AND �F	 WHEN AN ELECTRIC FIELD %⊥ = ��
ME6¢−� IS APPLIED�

SEPARATED IN ENERGY BY THE %
FIELD� 3IMILAR FEATURES OCCUR FOR !3N SYSTEMS WITH N# �� EXCEPT THAT BESIDES FOUR
$IRAC BANDS HYBRIDIZING WITH FLAT BANDS� THE REMAINING $IRAC BANDS ARE STILL OBSERVED NEAR THE &ERMI LEVEL
AND A LARGER SEPARATION OF HYBRIDIZED FLAT BANDS IS OBTAINED�

&OR THE !3N STRUCTURES INVESTIGATED IN FIGURE �� WHEN A θ�� ROTATION IS APPLIED� THE %
FIELD EVEN PRESENTS
DIFFERENT EFFECTS� COMPARED TO THE CONVENTIONAL CASES IN FIGURE �� )N PARTICULAR� INSTEAD OF THE BAND
HYBRIDIZATION� FLAT BANDS IN SUCH SYSTEMS ARE INCREASINGLY ISOLATED FROM OTHER DISPERSIVE BANDS WHEN AN
%
FIELD IS APPLIED� AS SEEN IN FIGURES ���D	 AND �H	 FOR THE !3� SYSTEM OF FIGURE ���A	� 4HESE RESULTS COULD BE
SIMPLY UNDERSTOOD BY ITS DIFFERENT STRUCTURAL PROPERTIES� COMPARED TO THE CONVENTIONAL !3� ONE OF FIGURE � AS
ANALYZED IN FIGURE ���

&INALLY� TO CLARIFY MORE COMPLETELY THOSE OBSERVED ELECTRONIC FEATURES OF !3N SYSTEMS� WE ANALYZE THEIR
LAYER DECOMPOSED $/3� WHEN AN %
FIELD IS APPLIED� IN FIGURE ��� )N THE !3� CASE� EVEN THOUGH THE BAND
HYBRIDIZATION OCCURS� CHANGES IN ,$
$/3 ARE RELATIVELY WEAK AT THE CONSIDERED %
FIELDS� 4HIS COULD BE
BECAUSE BESIDES TWO HYBRIDIZED FLAT BANDS� OTHER TWO FLAT BANDS ARE STILL PRESERVED NEAR THE &ERMI LEVEL AS
MENTIONED ABOVE� 3TRONGER %
FIELD EFFECTS ON ,$
$/3 ARE FOUND IN THE CASES OF A LARGER NUMBER OF LAYERS� )N
PARTICULAR� THE SINGLE LOCALIZED $/3 PEAK AT ZERO %
FIELD IS GENERALLY SEPARATED INTO TWO PEAKS WHEN AN %
FIELD
IS APPLIED� )NTERESTINGLY� THOSE TWO PEAKS ARE SHOWN TO BE LIKELY SEPARATED IN DIFFERENT LAYERS� )NDEED� THE
ELECTRON LOCALIZED PEAK IS MOSTLY OBSERVED IN THE BOTTOM LAYERS WHEREAS THE HOLE PEAK IN THE TOP ONES IN THE
CASE OF !3� AND !3� SYSTEMS IN FIGURE ��� 4HESE RESULTS SUGGEST POSSIBILITIES TO CONTROL THE SPATIAL DEPENDENCE
OF ELECTRON LOCALIZATION AND THEREFORE OF STRONGLY CORRELATED ELECTRONIC PHENOMENA IN THOSE TWISTED SYSTEMS�

�� 3UMMARY

5SING ATOMISTIC CALCULATIONS� THE ELECTRONIC PROPERTIES OF 4-' SYSTEMS ARE SYSTEMATICALLY STUDIED� &IRST� IT IS
SHOWN THAT BOTH THEIR STRUCTURAL AND ELECTRONIC PROPERTIES EXHIBIT A COMMON FEATURE THAT THERE IS A UNIQUE
MAGIC ANGLE AT WHICH THE ELECTRONIC LOCALIZATION IN REGIONS CONTAINING !! STACKING CONFIGURATION AND ITS
CONTRIBUTION TO THE GLOBAL PROPERTIES OF THE SYSTEM ARE CONCURRENTLY MAXIMIZED� &LAT ELECTRONIC BANDS AND
STRONGLY CORRELATED ELECTRONIC PHENOMENA ARE THEREFORE OBTAINED AT THIS CRITICAL CASE� )N ADDITION� THE
STRUCTURAL AND ELECTRONIC �PARTICULARLY� ELECTRONIC LOCALIZATION	 PROPERTIES ARE SHOWN TO EXHIBIT A STRONG
CORRELATION� #ONSEQUENTLY� THE MAGIC ANGLE SEPARATES 4-' SYSTEMS INTO TWO CLASSES� I�E� IN SMALL AND LARGE
ANGLE REGIMES� EXHIBITING DISTINCT PROPERTIES AS CLEARLY ILLUSTRATED BY THE PRESENTED RESULTS OBTAINED IN 4",'
;��=� -OREOVER� THE STRONG CORRELATION BETWEEN THE MAXIMIZATION OF ELECTRONIC LOCALIZATION IN !! STACKING
REGION AND THE OBSERVATION OF FLAT BANDS PRESENTS AN UNKNOWN PHYSICAL VIEW ABOUT THE ORIGIN OF MAGIC ANGLE�
4HE ELECTRONIC PROPERTIES OF MAGIC
ANGLE 4-'S CONTAINING MORE THAN TWO GRAPHENE LAYERS ARE SHOWN TO
EXHIBIT SOME OTHER DISTINCT PROPERTIES� DUE TO THE PRESENCE OF A LARGE NUMBER OF LAYERS AS WELL AS VARIOUS
STACKING CONFIGURATIONS� )N PARTICULAR� THE FLAT BANDS AND DISPERSIVE ONES AT LOW ENERGIES CAN BE CONCURRENTLY
OBTAINED IN SOME STRUCTURES SUCH AS 3-
�!"	N AND ALTERNATIVELY TWISTED ONES� 4HE COEXISTENCE OF
LOCALIZED
DELOCALIZED ELECTRONIC STATES SPATIALLY SEPARATED ARE OBSERVED� !T LAST� THESE 4-'S PRESENT GOOD

��
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POSSIBILITIES FOR TUNING ELECTRONIC PROPERTIES BY EXTERNAL FIELDS� &INALLY� THE MAGIC ANGLE IS ALSO SHOWN TO BE
NICELY TUNABLE BY THE EFFECTS OF STRAIN AND�OR VERTICAL PRESSURE� /UR STUDY THEREBY PROVIDES A COMPREHENSIVE
OVERVIEW AS WELL AS HIGHLIGHTS THE ESSENTIAL AND OUTSTANDING ELECTRONIC PROPERTIES OF TWISTED GRAPHENE SYSTEMS
THAT COULD BE HELPFUL FOR FURTHER DEVELOPMENTS IN TWISTRONICS RESEARCH�

$ATA AVAILABILITY STATEMENT

!LL DATA THAT SUPPORT THE FINDINGS OF THIS STUDY ARE INCLUDED WITHIN THE ARTICLE �AND ANY SUPPLEMENTARY FILES	�
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