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Abstract

Multivariate extreme value distributions are a common choice for modelling mul-
tivariate extremes. In high dimensions, however, the construction of flexible and par-
simonious models is challenging. We propose to combine bivariate extreme value dis-
tributions into a Markov random field with respect to a tree. Although in general
not an extreme value distribution itself, this Markov tree is attracted by a multivari-
ate extreme value distribution. The latter serves as a tree-based approximation to an
unknown extreme value distribution with the given bivariate distributions as margins.
Given data, we learn an appropriate tree structure by Prim’s algorithm with estimated
pairwise upper tail dependence coeflicients or Kendall’s tau values as edge weights. The
distributions of pairs of connected variables can be fitted in various ways. The resulting
tree-structured extreme value distribution allows for inference on rare event probabili-
ties, as illustrated on river discharge data from the upper Danube basin.

Keywords. Kendall’s tau; Markov tree; Multivariate extreme value distribution; Prim’s
algorithm; probabilistic graphical model; rare event; tail dependence

1 Introduction

The modelling of tail dependence and extreme events has become a statistical problem of
great interest. Through asymptotic theory, extreme value theory postulates models for sam-
ple extremes (extreme value distributions) and excesses over high thresholds (generalized
Pareto distributions), both univariate and multivariate. Fields of application include mete-
orology and climatology (heat waves, wind storms, floods), finance (stock market crashes),
reinsurance (large claims), and machine learning (anomaly detection). Text-book treatments
can be found in Coles (2001), Beirlant et al. (2004) and de Haan & Ferreira (2006), while
Davison & Huser (2015) provides a more recent survey of the field.

Multivariate extreme value distributions arise as the possible limiting distributions of
normalized component-wise maxima of independent copies of a random vector. Their con-
struction, however, is not straightforward because of their complicated dependence structure.
Non-parametric inference on multivariate extreme value distributions is usually performed
in terms of dependence functions such as the angular or spectral measure (Einmahl et al.,
2001; Einmahl & Segers, 2009), the Pickands dependence function (Deheuvels, 1991) and
the stable tail dependence function (Huang, 1992; Drees & Huang, [1998). Early reviews of
parametric models can be found in Coles & Tawn (1991), Kotz & Nadarajah (2000, Chap-
ter 3), and Beirlant et al. (2004, Chapter 9). Well-known parametric models include the
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logistic and negative logistic families (Gumbel, 1960; Tawn, [1990), the Hiisler—Reiss model
(Husler & Reiss, [1989), mixtures of Dirichlet distributions (Boldi & Davison, 2007), the pair-
wise beta distribution (Cooley et al., 2010), max-linear factor models (Einmahl et al., 2012),
the extremal ¢ process (Davison et al., [2012), and models based on Bernstein polynomials
(Hanson et al., [2017). Some generic construction principles yielding known and new exam-
ples are proposed in Ballani & Schlather (2011)) and Kiriliouk et al. (2019). Although these
methods perform quite well and have reasonable efficiency in low and moderate dimensions,
their application in higher dimensions remains challenging stemming from the potentially
complex dependence structure of multivariate extreme value distributions, computational
challenges, and the need to balance flexibility with parsimony.

Graphical models represent relatively simple probabilistic structures and are a popular
way to model multivariate distributions in a sparse way. Lately, the intersection of extreme
value theory and graphical models has attracted quite some attention. Gissibl & Kliippel-
berg (2018) introduced max-linear models on directed acyclic graphs, whose dependence
structures were further investigated in Gissibl et al. (2018). Segers (2020) studied the limit
theory of extremes of regularly varying Markov trees, with applications to structured Hiisler—
Reiss distributions in Asenova et al. (2021) and with extensions to Markov random fields
on block graphs in Asenova & Segers (2021)). In parallel, Engelke & Hitz (2020) proposed a
way to factor the density of multivariate generalized Pareto distribution on graphs through a
variation on the Hammersley—Clifford theorem related to a kind of redefined conditional inde-
pendence, followed by Engelke & Volgushev (2020), who studied a data-driven methodology
of identifying the underlying graphical structures for such a factorization. An illuminating
review of sparse models for multivariate extremes is given in Engelke & Ivanovs (2021).

The goal of this paper is to approximate a potentially unknown multivariate extreme
value distribution by another multivariate extreme value distribution constructed from a
Markov random field with respect to a tree, or Markov tree in short. As special cases
of graphical models, Markov trees have simple and tractable structures. The conditional
independence relations they satisfy are equivalent to a certain factorization of their joint
distribution and eventually lead to an effective dimension reduction. The application of
Markov trees in the modelling of multivariate probability distribution goes back to the
seminal paper by Chow & Liu (1968), who approximate a d-dimensional discrete distribution
by a product of pairwise distributions linked up by a tree. It was demonstrated that in many
cases, this method provides a reasonable approximation to the full distribution, capturing
at least the marginal distributions and some important features of the joint dependence
structure. The idea remains attractive in modern practice. In Horvath et al. (2020), for
instance, such Markov tree approximations are used in the context of anomaly detection in
machine learning.

A Markov tree involves a set of conditional independence relations between random vari-
ables. However, Papastathopoulos & Strokorb (2016) have shown that for a max-stable
random vector with positive continuous density, conditional independence of two random
variables given the other ones implies unconditional independence of the two variables. Ex-
cept for trivial cases, a random vector with a multivariate extreme value distribution and a
continuous density can therefore not satisfy any conditional independence relations. Hence,
the method of Chow & Liu (1968) cannot be applied directly to multivariate extreme value
distributions. Still, Engelke & Volgushev (2020) and Segers (2020) demonstrated that condi-
tional independence relations can be incorporated into distributions of multivariate extremes
through the lens of excesses over high thresholds. Based on these findings, we propose a
method based on graphical models that consists of merging bivariate extreme value distri-
butions along a tree.

Given a multivariate extreme value distribution and a tree on the set of variables, we



construct a Markov tree by letting each connected pair of variables have the same distribution
as the corresponding bivariate margin of the extreme value distribution. The Markov tree
constructed in this way is shown to belong to the domain of attraction of another extreme
value distribution. This second multivariate extreme value distribution serves as a tree-
based approximation to the first one, fully determined by the tree structure and certain
bivariate margins. Explicit expressions of such a tree-structured multivariate extreme value
distribution (see Definition below) are derived from those of joint tails of Markov trees.

In practice, the true extreme value distribution is unknown and needs to be estimated
from the data. To do so, we implement a three-step procedure: (1) Select the maximum
dependence tree which has the maximal sum of edge weights, taken as the pairwise estimates
of the upper tail dependence coefficient A or Kendall’s 7; (2) Estimate the dependence struc-
tures of all the pairs of adjacent variables on the maximum dependence tree; (3) Measure
the goodness-of-fit of the constructed model by comparing the distributions of nonadjacent
pairs of variables in the original extreme value law on the one hand and in its tree-based ap-
proximation on the other hand. It is worth noting that, in the second step, different extreme
value parametric families can be assumed for different adjacent pairs and different estima-
tion methods can be applied for the parameters. All in all, the three steps combined provide
a flexible and computationally feasible way to fit a flexible class of tree-based multivariate
extreme value distributions.

Some theoretical results corresponding to the modelling procedure are also obtained. If
the original multivariate extreme value distribution has a tree-based dependence structure,
then with probability tending to one, the set of maximum dependence trees weighted by
the upper tail dependence coefficients contains the true tree structure. Moreover, the joint
estimator of the parameters of all the edge-wise bivariate dependence structures is still
asymptotically normal, provided all the edge-wise estimators have a certain asymptotic
expansion.

We illustrate the procedure to the average daily discharges of rivers in the upper Danube
basin, estimating the probability of extreme flooding in at least one of several gauging
stations. Specifically, for j =1,...,d, let §; be the discharge at location j and let u; denote
a given water level at station j. The probability of interest is

P(& >wupor ... or &g >ug). (1.1)

Under the assumption that & = (£1,...,&4) belongs to the domain of attraction of a multivari-
ate extreme value distribution, the above probability is estimated based on a tree-structured
approximation of the attractor.

The paper is organized as follows. In Section 2l we give some preliminaries related to
multivariate extreme value distributions and Markov trees. The model construction and its
properties are discussed in Section Bl The statistical procedure is detailed in Section @ A
simulation study is conducted in Section Bl and a data analysis of the discharges of rivers
in the upper Danube basin is given in Section All proofs as well as some additional
illustrations related to the simulations and the case study are postponed to the Appendix
in Section [Al

2 Preliminaries

2.1 Multivariate extreme value theory

Put V = {1,...,d} for some integer d > 2. Let & = (&,,v € V), i = 1,...,n, be an
independent random sample from & = (§,,v € V) with univariate marginal distribution
functions F, for v e V. We say £ is in the (mazimum) domain of attraction of H, notation



¢ € D(H), if there exist sequences a, = (ay4,v € V) € (0,00)¢ and by, = (by,,v € V) € RY
such that

r}i_{goIP’ (iglaxn@,v < Ty + by gy V € V) = H(x), x=(xy,veV)e RY, (2.1)
for a limiting distribution H with non-degenerate margins. The distribution H is called
a multivariate extreme value or max-stable distribution. An extreme value distribution is
called simple if its margins are unit-Fréchet, that is, H,(z) = exp(-1/z) for z € (0, 00)
and v € V. By monotone marginal transformations, we can convert any extreme value
distribution into a simple one without changing its copula. This allows us to deal with the
marginal distributions and the dependence structure separately. To focus on the latter, we
often consider simple multivariate extreme value distributions. For more background on
multivariate extreme value distributions, see for instance Resnick (1987, Chapter 5) and
Beirlant et al. (2004, Chapter 8).
A multivariate extreme value distribution function H with general margins can be rep-
resented by
H(x)=exp{-{(-log Hy(xy),veV)}, (2.2)

for € R? such that H,(z,) >0 for all v € V, and where £: [0, 00)¢ - [0, 00) is the so-called
stable tail dependence function of H and €, from whose distribution it can be recovered via

((y) = tlirglot{l ~P(Fy(&) <1-tly,,veV)}, y € [0,00)%, (2.3)

see Huang (1992) or Drees & Huang (1998). The dependence structure of an extreme value
distribution is completely described by the stable tail dependence function. In the bivariate
case, & = (£1,&2), this dependence function is closely related to the upper tail dependence
coefficient defined by

A:tlith(l—Fl(gl)st‘l,l—Fg(gg)st‘l), (2.4)

which captures the extremal dependence along the main diagonal of the positive plane. The
identity A =2—-¢(1,1) is clear by the definitions.

2.2 Regularly varying Markov trees

A graph is a pair (V, E), where V is a finite set of nodes and E ¢ {(a,b) e V xV :a#b} is a
set of paired nodes called edges. A graph is called undirected if (a,b) € E implies (b,a) € E.
A path from a to b, with notation [a ~ b], is a collection {(ug,u1), (u1,u2),..., (Up-1,un)}
of distinct and directed edges such that ug = @ and u, = b. An undirected graph is connected
if for any pair of distinct nodes a and b, there is a path from a to b. A cycle is a path whose
start and end nodes are the same. A tree is an undirected, connected graph without cycles.
For any distinct nodes a and b on a tree, there is a unique path from a to b.

Let T = (V,E) be a tree and let Y = (Y,,v € V) be a d-variate random vector indexed
by the nodes of 7. For disjoint and nonempty subsets A, B and C of V, we say that C
separates A from B in T if any path from a node in A to a node in B passes through at
least one node in C. We call Y a Markov tree on T if it satisfies the global Markov property,
i.e., whenever C separates A from B, the conditional independence relation

YA LYs| Y, (2.5)

holds, where Y4 = (Y, a € A) for AcV and we write Yy, as Y when A=V,
We first recall some results corresponding to Markov trees and multivariate extreme value
distributions. The following condition is adapted from Segers (2020) and ensures the weak



convergence of the conditional distribution of the tree given that it exceeds a high threshold
at a fixed variable. Condition 2I](i) is an assumption about the high level transformation.
Condition 2.](ii) controls the probability of extremes caused by non-extremes.

Condition 2.1. For a non-negative Markov tree Y = (Y,,v € V') on the tree T = (V, E):

(i) for every e = (a,b) € E, there exists a version of the conditional distribution of Y} given
Y, and a probability measure p, on [0, 00) such that for every y € [0, 00) in which the
distribution function y ~ p.([0,y]) is continuous, we have

P(y,' Yo <7 | Yy =ya) > 1e([0,2]), o — o0 (2.6)

(ii) for every edge e = (a,b) € E such that pu.({0}) >0, we have

Vn >0, limlimsup sup P(ya_le >n| Yy =eyq)=0.
00 yg—o0 €€[0,4]

Assume Y = (Y,,v € V) is a non-negative Markov tree on 7 = (V, E) satisfying Condi-
tion 211 If for every u € V' we have

tP(Y, >t) > 1, t — oo, (2.7)
then by Theorem 2 and Corollary 5 in Segers (2020), we have
Pt 'Y <z |V, >t) > P(W,<z), - oo, (2.8)

in all continuity points @ € [0, 00)¢ of the distribution function of W,,. The weak limit W, is
equal in distribution to W@,,, where W is a unit-Pareto random variable that is independent
of the random vector @, = (©,,,,v € V') called tail tree and given by ©,, =1 together with

Ouov= ] M, veV~{u},

e€[u~v]

in terms of independent random variables M., for e € E, with marginal distributions . in
(@8). In fact, the random vector ®,, is the weak limit of the conditional distribution of t 1Y
given that Y, =t as t > co. The random vector Y is called a regularly varying Markov tree.
The distributions p. of the random variables M, can be arbitrary except for the fact that
always E[M,] < 1, see the proof of Proposition

By Theorem 2 in Segers (2020), the convergence in (28] implies that Y is in the domain
of attraction of a simple multivariate extreme value distribution, i.e., for independent random
samples Y = (Yiyp,veV),i=1,...,n, generated from Y, the convergence (2.1]) holds with
apy =mn and b, , =0 for v e V. To stress the importance of such extreme value distributions,
which emerge as the weak limits of normalized component-wise maxima of independent
copies of Markov trees, we state the following definition.

Definition 2.2. A d-variate extreme value distribution H is said to have a dependence
structure linked to the tree T = (V,E) if, up to increasing marginal transformations, it
contains in its domain of attraction a non-negative regularly varying Markov tree Y =
(Yy,v e V) on T satisfying Condition 21l and Eq. (27). We call H a tree-structured extreme
value distribution.

The stable tail dependence function and upper tail dependence coefficients of a tree-
structured extreme value distribution H are given by the coming propositions.



Proposition 2.3. Let H be a tree-structured extreme value distribution as in Definition[2.2
with respect to T = (V,E). Let (M, e € E) be independent random variables with marginal
distributions pe in (2.6). The stable tail dependence function of H is

d
ﬁ(y)ng{jHﬁ?fd(yvj [H Me)— maxd(yvj [H M)} (2.9)

L j=i+l,... L
e€[v;~v;] e e€[v;~v;]

where v1,...,vq 1S an arbitrary permutation of 1,...,d. The mazimum over the empty set is
defined as zero and My, is interpreted as one if uw =wv. If, in addition, we have E(My) =1
for all (a,b) € E, then

(y) =E{ max |y, H M, |} =E{ max |y, H M.|+.
g=l,d ! e€[v1~v;] v=l,....d e€[1~v]

Proposition 2.4. Let the random vector X = (X,,v € V') have distribution H as in Propo-
sition[2.3. For distinct a,b eV, the stable tail dependence function of (X4, Xp) is

gab(l',y) :ya+yb_E{min(yaayb l—[ ME)}7 x7y207

e€[a~b]

while its upper tail dependence coefficient is

Aab:E{min(l, [ Me)}. (2.10)

e€[a~b]

Proposition 2.5. Let X be the random vector in Proposition [2.7] and let Ay, be the upper
tail dependence coefficient of (Xy, Xy). For any distinct nodes a,b,u € V such that u is on
the path from a to b, we have

)‘au)\ub < )\ab < min()\aw )‘ub) (211)

A sufficient condition for the inequality on the right-hand side to be strict is that, for any
eeE and any € >0, we have P(1-e <M, <1)>0 and P(1< M. <1+¢) >0.

The inequality on the right-hand side of (ZI1]) can be an equality, even in non-trivial
situations. Let for instance e1,Y5,c3 be independent unit-Fréchet random variables and
define Y; = max(Ya,¢;)/2 for j € {1,3}. Then Y; and Y3 are conditionally independent given
Ys and (Y1,Y5,Y3) is a regularly varying Markov tree with respect to the tree 1-2-3. Still,
the tail dependence coefficients are A2 = Agg = A\13 = 1/2. Note that P(Mis = 0) = P(M2 =
2) = 1/2 while ]P’(Mgg = 1/2) = 1, so that indeed E{min(l,MlgMgg)} = E(M12M23) = 1/2
and E{min(1, Mi2)} =1/2.

The left-hand side inequality of (2II]) can be an equality too. For instance, if (a,u)
and (u,b) are edges and if Mg, and M,, are bounded by 1 almost surely, then A\, =
E{min(1, My, Myp)} = E(MayMyp) = E(Mgy) E(Myp) = E{min(1, My,,)} E{min(1, M)} =
)‘au)\ub-

Remark 2.6. For any pair a,b € V of distinct nodes, Proposition and a recursive
argument imply
H Ae < Agp £ min .

ec[a~b] e€[a~b]



3 Model definition and properties

3.1 Model construction

Let G be a simple d-variate extreme value distribution to be approximated by a tree-
structured extreme value distribution on a tree 7 = (V, E). As before, write V' = {1,...,d}.
Assume Z = (Z,,v € V) is a random vector with distribution G having stable tail depen-
dence function ¢. We construct a Markov tree, denoted by Y = (Y,,v € V), on T by the
following definition.

Definition 3.1. Given are a d-variate simple extreme value distribution G and a tree T =
(V, E). We define the Markov tree Y = (Y,,v € V') by the following two properties:

(1) the random vector Y satisfies the global Markov property (2.5]) with respect to T;
(2) for each pair (a,b) € E, the distribution of (Y;,Y}) is the same as the one of (Z,, Zp).

By the construction, the distribution of (Y;,Y3) for (a,b) € F is bivariate extreme value
with unit-Fréchet margins. Thus Condition .11 is satisfied and Y is a regularly varying
Markov tree (Segers, 2020, Example 3). Hence the conclusions in Propositions hold
for Y. Let Gjs denote the limiting extreme value distribution of scaled component-wise
maxima of independent random samples from Y. The representation of Gy follows directly
from Eq. (2.2]) and Proposition 23]

Corollary 3.2. The Markov tree Y in Definition [31 is in the domain of attraction of a
simple d-variate extreme value distribution Gy with dependence structure linked to the tree
T . More precisely, for x = (z,,ve V) € (0,00]%, we have

Gur(x) = exp {—EM(l/xv,v eV)}
with stable tail dependence function ™ given by the right-hand side in 29).

For a given extreme value distribution G, every different tree 7 on V leads to a different
tree-structured approximation Gj;. We will come back to the choice of T in Subsection .11

The distribution G is determined by the increments M., see Corollary B.2] whose laws
e can be calculated through the limit in Condition 1) if G is known. Alternatively,
the distribution of M, for e = (a,b) can also be obtained from the stable tail dependence
function of (Z,, Z},) analogously as in Proposition 3.9 in Asenova et al. (2021): we have

dgab(xa 1)

0<z<oo, (3.1)
where £, is the stable tail dependence function of (Z,, Z;,) and where the derivative is taken
from the right (which always exists by convexity of 4).

The stable tail dependence functions ¢ and ¢M of G and its tree-based approximation
G, respectively, are different in general. Still, they share the same margins for pairs of
adjacent nodes in T, i.e., £gp = E% for (a,b) € E. The difference between ¢ and ¢* becomes
visible when studying pairs (a,b) not in E or when considering higher-order margins.

3.2 Measuring the approximation error

Given the extreme value distribution G, it is theoretically possible to get an explicit expres-
sion of Gy in Corollary But how well can G be approximated by Gps? This question
is important because, like in Chow & Liu (1968), the Markov assumption is not believed



to be satisfied exactly, especially not in high dimensions. Still, it may provide a reasonable
approximation, and the question is how large or small the approximation error really is.

By construction, the adjacent pairs on the tree have precisely the same dependence
structure as the corresponding pairs of the original max-table distribution. But for pairs
of random variables which are nonadjacent on the tree, the tail dependence is in general
distinct since the Markov tree has enclosed conditional independence in the model and this
may influence the dependence structure of the limiting tree-based extreme value distribution.
Therefore, differences can be expected to arise in the nonadjacent pairs on the tree. For
a,beV, let \yp and )\% denote the upper tail dependence coefficients of the variables with
indices ¢ and b in G and in G}y, respectively. For the reason just explained, we focus on
a,b eV with a # b such that (a,b) ¢ £ and quantify the approximation error by

Dy = 3 AN = Aap|- (3.2)
a,beV,a+b,(a,b)¢FE

Note that D7 also equals ¥, pey/ |)\% — Aab| since )\% = \gp for (a,b) € E or when a =b. The
quantity D7 can be interpreted as the cumulative difference in bivariate tail dependence
between the two extreme value distributions.

3.3 Examples

We explain the construction through two examples. Throughout the rest of this paper, the
symbols G, Gar, Y and Z are defined in the same way as in Subsection B.Il Further,
Zy = (Zé\/[ ,v € V) denotes a random vector with distribution function Gp;. For nonempty
U c V, let the stable tail dependence functions of Zy = (Z,,v € U) and Z}Y = (ZM,v e U)
be denoted by ¢y and 65/[ , respectively, where we write £y as £, when U = {a,b} and where
the subscript U is omitted when U = V.

Example 3.3 (Hiisler-Reiss model). Assume I' = (744 )u,vev i @ dxd dimensional symmetric,
conditionally negative definite matrix with elements 7, € [0, 00) satisfying vy, = 0 for u eV,
i.e., a'T'a < 0 for any nonzero d-dimensional column vector a = (a,,v € V) such that
Yver @y = 0. For a € (0,00)%, let G(x) be a Hiisler Reiss distribution (Hiisler & Reiss, 1989)
defined by

G(x) = exp {— Z x;lfﬁd,l (log Lo, %w,v eV ~{u}; EVM)},
ueV Ly 2

where Xy, = (Ugb)a,be\/\{u} is the (d—1) x (d - 1) dimensional square matrix with elements
02 = (Yau + Vou = Yab)/2. The function ®, (z;X) is the p-dimensional normal cumulative
distribution function with zero mean and covariance matrix X, with subscript omitted when

p = 1. For nonempty U ¢V, the stable tail dependence function of (Z,,v e U) is

o(@v) = 3 vy (g2 + 220 eV ()i Zua ), v = (@uueD) e[0,0),
uelU Ly

where |U| denotes the number of elements in U. Consequently, we have

)‘ab:2{1_(1>(\/%/2)}7 a,beV.

From Proposition 2.1 of Asenova et al. (2021), G is also a Hiisler-Reiss extreme value
distribution parameterized by the variogram matrix I'p; = (7%)u,yev with elements

Taw= 2 e (3.3)

e€[u~v]

8
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Fig. 1 Structures 7@ (left) and 7(®) (right) for a tree with 4 nodes.

Thus \M = Xy, for (a,b) € E and

A%=2{1—<1>(2—1 *y%)} (a,b) ¢ E.

Consider the 4-dimensional Hiisler—Reiss extreme value distributions with variogram
matrices

'y = , 'y =

0
4
< (3.4)

N SN
w0 O
0w O 0o
© oo o
0 R O
N RN
o i
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For a tree having 4 nodes, two types of tree structures, 7(® and 7 in Fig. @ can be used
to create Markov trees.

Given a tree, we can construct Markov trees and obtain the variogram matrix of Gy
through (3.3]). Table [Il presents the value of D7 defined in (3.2]) of the constructed models
corresponding to different tree structures. As was expected, the value of Dy is zero if G is a
tree-structured extreme value distribution itself and the model G is constructed based on
the real tree structure of G: this is the case for the Hiisler—Reiss distribution with variogram
matrix I'y.

Example 3.4 (Asymmetric logistic model). We also consider a special case of the asym-
metric logistic model of Tawn (1990). For a parameter vector ¥ = (1p,,v € V) € [0,1]¢,
let

G(x) = exp {— > L= % —max(%)}’ x € (0,00]%.

ueV  Lu ueV: \ Ty,

It appears as the distribution function of the max-linear model Z = (Z,,v € V') with

Zy =max {ye, (1 —y)ey }, (3.5)

where € and ¢,, for v € V, are independent unit-Fréchet random variables. For U ¢ V, the
stable tail dependence function of (Z,,v e U) is

ty(zy) = Z (1= u) Ty + mz%}{ (Vuy)
uell ue

which implies that
)\ab Zmin(¢aa¢b)7 a7b€‘/7 a#b.

By (31), the distribution of My, for (a,b) € E is discrete with at most two atoms:

(s

P(May = 0) = 1 - g, P(Mab -

) - v (3.6)



Write V; = {i,...,d} and e = (ep,es) for e € E. By Corollary and the maximum-—
minimums identity, the stable tail dependence function of Gy is

d
M) =Yt S I T | {win )

i=1 @+UcV; ecUjeu [i~7]

d
_21/%_—11 Z (_1)(IU\+1) H ]1/16,, {rﬁi(?(yjzpj)}; (3.7)

@+UCV; eeUjer[(i-1)~j

see Appendix [A]l for details. Moreover, for a,b € V, a # b and (a,b) ¢ F, it follows from
Proposition [24] and the distribution of M, for e € E in (3.6]) that

Mg {min( [ M)}:min( [T %e I wes) (3.8)

ec[a~b] e€[a~Db] e€[a~b]

For the 4-variate asymmetric logistic models with parameter vectors ¥, = (0.8,0.7,0.4,0.2)
and ¥s = (0.5,0.4,0.3,0.2), the numeric results of D7 in ([8.2)) for different trees are given
in Table [T

Table 1: The values of Dy in (3.2) and Sy, in (&I) for the 4-variate Hiisler-Reiss model
in Example 3.3 and the 4-variate asymmetric logistic model in Example B.4] based on trees
with structures 7(® and 7® in Fig. M where (7,7,k,1) in the second column denotes the
tree T with vy =i, vp = j, ve = k and vy = in tree structure 7(®) or 7®).

Hiisler—Reiss Asymmetric logistic
Structure Trees T, T, o, o,

ST, Dr ST, Dr St. Dr S, Dr

(1,2,3,4) 0.632 0.638 0.952 0.038 1.3 0376 0.9 0.490
(1,2,4,3) 0.632 0.638 0.792 0.384 1.1 0.716 0.8 0.630
(1,3,2,4) 0.632 0.638 0.632 0.488 1.0 0.568 0.8 0.560
(1,3,4,2) 0.632 0.638 0.632 0.564 0.8 1.076 0.7 0.750
(1,4,2,3) 0.632 0.638 0.520 0.686 0.8 0.908 0.7 0.700

(@ (1,4,3,2) 0.632 0.638 0.680 0.435 0.8 1.076 0.7 0.750
(2,1,3,4) 0.792 0.346 0.792 0.384 1.3 0.344 0.9 0.466
(2,1,4,3) 0.792 0.346 0.680 0.567 1.1 0.704 0.8 0.616
(2,3,1,4) 0.792 0.346 0.520 0.686 1.0 0.548 0.8 0.540
(2,4,1,3) 0.792 0.346 0.360 0.919 0.8 0.888 0.7 0.680
(3,2,1,4) 0.792 0.346 0.680 0.435 1.3 029 0.9 0.450
(3,1,2,4) 0.792 0.346 0.632 0.564 1.3 0.284 0.9 0.446
(1,2,3,4) 0.952 0 0.520 0.669 1.3 0.160 0.9 0.350

) (2,3,4,1) 0.632 0.580 0.792 0.272 1.3 0.240 0.9 0.420
(3,4,1,2) 0.632 0.580 0.792 0.272 1.0 0.660 0.8 0.560
(4,1,2,3) 0.632 0.580 0.520 0.669 0.6 1.200 0.6 0.800

4 Estimation and modelling

In this section, we assume the data are drawn from a distribution that, up to increasing
marginal transformations, is attracted by a simple extreme value distribution G. Given such
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a set of data, we propose a three-step procedure to construct a tree-structured dependence
model for extremes. The three steps were given in the introduction and are detailed below.

4.1 Structure learning for the Markov tree

To construct the model, a tree structure is required. So the first crucial step is to choose
an appropriate tree structure from all possible candidates. In the framework of structure
learning for graphical models, a commonly used way is to give each edge a weight in the
complete graph and then choose the tree with maximum or minimum sum of weights along its
edges; see for instance Chow & Liu (1968), Horvath et al. (2020) and Engelke & Volgushev
(2020). We follow this method and try to find the tree structure which can retain the
dependence of G as much as possible.

An intuitive way to define the edge weight of a pair of variables is by the value of a
bivariate dependence measure. Here we consider the upper tail dependence coefficient A
defined in (2.4]) as well as Kendall’s 7. Another possible edge weight, advocated in Engelke
& Volgushev (2020), is the extremal variogram. In that paper, the upper tail dependence
coefficient is used as edge weight as well but under the name ‘extremal correlation’. Note
that, in contrast to Engelke & Volgushev (2020), we do not assume that G is tree-structured.

The upper tail dependence coefficient of a random vector is the same as the one of the
extreme value distribution to which it is attracted, and this provides a motivation for using
this coeflicient when given data sampled from a distribution in the domain of attraction of
an extreme value distribution. For Kendall’s tau, however, this argument does not hold:
its value can differ considerably between the data-generating distribution and the extreme
value distribution to which it is attracted. Nevertheless, the method based on Kendall’s tau
performs well in the simulations and in the case study in Sections [l and [6] and this is why
we include it here too.

Let wqp denote the weight associated to (a,b) € V x V| with w € {\,7}. We define the
set of mazimum (tail) dependence trees by

T =argmax Sy, where S, = Y we for T =(V,E), (4.1)
T (a,b)eE

the maximum being taken over all possible trees over the set V', and with Ay, and 7 the tail
dependence coefficient and Kendall’s tau, respectively, of the data-generating distribution
for the pair of variables indexed by (a,b) € V2. The notation 7 will be used for a generic
member of the set T;, which will often be a singleton.

If G has a dependence structure linked to a tree 7T, then the latter belongs to the set
of maximum dependence trees Ty weighted by the upper tail dependence coefficients. If,
moreover, the latter set is a singleton, then 7 can be identified as the unique maximum
dependence tree. A sufficient condition is that the inequality on the right-hand side of
Proposition is strict.

Proposition 4.1. Let G be an extreme value distribution with dependence structure linked
to a tree T = (V,E) as in Definition[222. Then the tree T belongs to Ty in ({AI)) with edge
weights equal to the biariate upper tail dependence coefficients of G, that is, ¥ (4 p)eE Aab 2
Y (@ pyerr Ay for any tree T' = (V,E"). The set Ty is a singleton and thus equal to {T}
if for every triple of distinct nodes a,u,b € V with u on the path between a and b we have
)‘ab < min()\au, Aub)

By way of example, consider the 4-variate Hiisler—Reiss distribution G' with variogram
matrix Ty in B4). This G is structured along the tree 7 on the right-hand side of
Fig. [l with (a,b,c,d) = (1,2,3,4). According to Table [Il the value of S7; is maximized
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uniquely at the true tree, with value 0.952. In general, however, the collection of trees TY in
Proposition LIl need not be singleton, not even if 0 < Ay, < 1 for all (a,b) € V xV with a # b.
For a counter-example, see the trivariate regularly varying Markov tree after Proposition 2.5]
for which all pairwise tail dependence coefficients are equal to 1/2 and thus all trees have
the same sum of edge weights.

In practice, the true extreme value distribution G is unknown and the edge weights
must be estimated from the data. Assume we observe independent copies &% = (&ip,veV),
i=1,...,n, of the d-variate random vector € = (&,,v € V') with marginal distributions F;, for
v € V such that the standardized vector (1/(1 - F;,(&,)),v € V') belongs to the max-domain
of attraction of G. Equivalently, we have relation (23] for & with ¢ equal to the stable
tail dependence function of the random vector Z with distribution function G. Note that
& does not necessarily belong to the domain of attraction of a multivariate extreme value
distribution since the margins are not required to be attracted by univariate extreme value
distributions. From Corollary 2.3l the Markov tree Y constructed in Definition B.1] has the
same stable tail dependence function as the random vector Z,; with distribution Gjs in
Corollary B2l since Y € D(G)s). Moreover, for all (a,b) € E, the pairs (Yg,Y}) and (Z, Zp)
are equal in distribution by construction. Consequently, the stable dependence functions
of all adjacent pairs on T of €, Z, Y and Z); are identical. The same statement holds
also for the upper tail dependence coefficients. Note that the increasing component-wise
transformations z, — 1/(1 — F},(z,)) have no effect on A and 7. Thus we can estimate the
edge weights directly from samples drawn from &.

For (a,b) € E, we take account of the empirical estimator of 7, for (£,,&) given by

Tab _z > {sen(&ia—&a)sen(&p —&ip) )

Cn(n-1) 1o

which, by classical theory of U-statistics, is consistent and asymptotically normal as n — oo;
see, e.g., van der Vaart (1998, Theorem 12.3 and Example 12.5). Let 1(-) denote the
indicator function. For the upper tail dependence coefficient defined in (2.4]), we consider
the empirical estimator of Ay, for a,b € V defined by

5‘ab =

1 & ~ kyx -~ kx

k_ Z 1 Fna(éi,a) >1- — Fnb(&i,b) >1-— ; (42)
A 4=1 n n

where Fpo(z) = n7! 71 1(&ja < ) is the empirical distribution function of £, and k) =

kx(n) is an intermediate sequence such that ky — oo and ky/n — 0 as n — oo. Its consis-

tency and asymptotic normality were shown, for example, in Schmidt & Stadtmiiller (2006).

Consequently, for @ € {\, 7}, we define

T = argmax S, = arg max > Qa (4.3)
T T:(VvE) (a,b)eE

to be the collection of maximum dependence trees with respect to the estimated edge weights
Wap- A generic tree in the set T;; will be denoted by 7.

Proposition 4.2. Let Ty be the set of mazimum dependence trees in (A1) weighted by
the tail dependence coefficients and let T; in [E3) be its sample equivalent based on the
empirical tail dependence coefficients in ([A2). If kyx = kx(n) is an intermediate sequence
such that ky — oo and ky/n — 0 as n - oo, then

P(T5 cTy) ~ 1, n — oo.
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Moreover, if T is a singleton, with unique element Ty, then, with probability tending to
one, Ty is a singleton too and its unique element T, satisfies

P(’f;\*:ﬂ*)%L n — oo.

By the consistency of the empirical estimator of Kendall’s 7 (van der Vaart, 1998, Ex-
ample 12.5), a similar result as in Proposition holds for TT* as well. The assertion and
the proof are completely similar to those for A and are omitted for brevity.

Once all edge weights w,; have been computed, Prim’s algorithm is used to find a global
optimizer 7* in (E3), the solution being unique if all edge weights are distinct. The time
complexity of this procedure to find a tree with d nodes is O(d?), see Prim (1957) and
Papadimitriou & Steiglitz (1998, Theorem 12.2). The algorithm is given in Appendix [A.2]

4.2 Estimation of pairwise dependence structures

Once a tree structure (V, E) is specified, we are able to construct a Markov tree according to
Definition B.Il For simplicity, we assume henceforth that the tree is fixed and non-random.
In practice, the tree is inferred from the data, but under the conditions of Proposition [4.2]
it is with probability tending to one equal to a fixed tree.

Since Gy in Corollary is determined by the tree and the distributions of M, with e €
E, it is sufficient to estimate the bivariate distributions of the adjacent pairs. Ultimately, this
comes down to the estimation of bivariate dependence structures, as the univariate marginal
distributions are standardized. We will estimate the bivariate stable tail dependence function
Ly, of each adjacent pair (Z,, Z;) with (a,b) € E, which also equals the stable tail dependence
function £ of (Y,,Ys) and of (ZM, ZM) as discussed in Subsection 1l

The estimation of the stable tail dependence function dates back to Huang (1992) and
Drees & Huang (1998) and has been extensively investigated in the literature, see for instance
Peng & Qi (2008), Einmahl et al. (2012), Beirlant et al. (2016), Einmahl et al. (2016),
Kiriliouk et al. (2018), and the references therein.

In our framework, for each e = (a,b) € E, we assume that the stable tail dependence
function £, of (Z,, Zy) belongs to a parametric family {(z,vy) — ¢(z,y;Be), Be € B}, where
the parameter B¢ = (Be1,- .., Bep.)’ belongs to some parameter space B, € RP¢ of dimension
pe > 1. The stable tail dependence functions for different pairs are allowed to belong to
different parametric families. Assume that the true parameter B2 of £ belongs to the interior
B? of B.. Let 3y = ( Vee E) be the (X .cppe) x 1 column vector of true parameters. It
is to be noted that Definition of a tree-structured extreme-value distribution does not
pose any constraints whatsoever on the combination of parametric families and parameter
values. This flexibility greatly facilitates model construction and statistical inference.

For each e = (a,b) € E, we estimate the parameter 30 using only the data in components
a and b. Define

;én = (Bn,eae e E)

to be the estimator of By, where Bn,e is any consistent estimator of ,@2 for e € F/. Since the
convergence in probability of a sequence of vectors is equivalent to convergence of every one
of the component sequences separately (van der Vaart, 1998, Theorem 2.7), the estimator ,@n
is jointly consistent provided the estimators of BY for e € E are all consistent. The analogous
statement for convergence in distribution is, however, not true. Still, we show that the joint
estimator is asymptotically normal if the edge-wise estimators have a certain asymptotic
expansion in terms of the empirical stable tail dependence function, which is recalled below.
The expansion is shared by the estimators proposed in Einmahl et al. (2008), Einmahl et al.
(2012) and Einmahl et al. (2018), as we will show as well.
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Given an independent random sample &' = (Giw,veV),i=1,...,n, let Rf) denote the
rank of & , among &; 4, ...,&n,w for v € V. The empirical stable tail dependence function £, j,
is

- 1& ; 1 ; 1
€n,k(:c):EZ]l(Ri>n+§—/m1 or ... orRzl>n+§—kxd), x € [0,00)?,
i=1

where k = k(n) is an intermediate sequence such that k — oo and k/n — 0 as n - oo (Huang,
1992; Drees & Huang, 1998). The asymptotic distribution of ¢, j was studied in Einmahl
et al. (2012) and Biicher et al. (2014) under the following assumption.

Assumption 4.3. Let k = k(n) be an intermediate sequence such that k — oo and k/n — 0
as n — oo. There exists ¢ > 0 such that the following two asymptotic relations hold:

(C1) t7 1 P[1- Fi(&) <txyor ... or 1—Fy(&g) <tag] - £(x) = O(t°) as t | 0, uniformly in
TeN; = {we [0,1]% :wy + -+ wg = 1};

(C2) k=o (n%/(“%)) as n — oo.

Let W be a mean-zero Gaussian process on [0,oo)d with continuous trajectories and
covariance function

E[W (2)W (y)] = (z) + L(y) Lz vy), x,ye[0,00)%

where x vy = (max{xj,yj})?zl. Further, let £;(x) denote the right-hand partial derivative
of ¢ with respect to the j-th coordinate, for j € {1,...,d}. Since ¢ is convex, this one-sided
partial derivative always exists and is continuous in points where the ordinary two-sided
partial derivative exists. Consider the stochastic process « on [0, 00)? defined by

d .
0@) =W (@)~ Lh@)W (ae).  we(0.0)" (4.4)
Jj=

where e; denotes the j-th canonical unit vector in R%. In Einmahl et al. (2012, Theorem 4.6),
the asymptotic distribution of \/E(@nk — /) is established with respect to the topology of
uniform convergence on [0,1]¢. An additional condition needed on £ is that éj is continuous
in & whenever z; > 0. For certain models, however, this condition fails; a counter-example is
the asymmetric logistic distribution in Example[3.4l A more general result is given in Biicher
et al. (2014, Theorem 5.1), who establish weak convergence of ﬂ(@nk—ﬁ) in a slightly weaker
topology but without additional differentiability conditions on £. The topology is based on
epi- and hypographs of functions, whence the name hypi-topology. What concerns us here
is that the topology is still strong enough to yield weak convergence in certain LP-spaces
and thus of certain integrals of the empirical stable tail dependence function. This will be
crucial when studying parameter estimates based on énk

Theorem 4.4. Let pi,...,uq be finite Borel measures on [0,1]d such that for all j €
{1,...,d} and r € {1,...,q}, the set of points & with x; > 0 in which {; is not continu-
ous is a py-null set. Let 1, € L*>(pu,) for all v € {1,...,q}. Then as n — oo, we have

(f, o VE st - t@) i@ @) 2 ([ a@ i@ m@a) . (@)

q q
r=1 r=1

q

The limit is centered multivariate normal with covariance matriz 3 = (oy5)} .4

having entries
grs:/ml]d f[m]dﬂ«:[a(x)a(y)]wr(w)ws(y)ﬂr(dw)us(dy)-
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Remark 4.5. The measures p, in Theorem [£.4] can be discrete, in which case (L.5) states
the asymptotic normality of the finite-dimensional distributions of ﬂ{én,k(x) —{(x)}, at
least in points « € [0,1]% such that for every j € {1,...,d} we have either xzj =0 or éj is
continuous in .

In the bivariate case, the non-parametric estimator én,k7e(xa,xb) of le(xq,xp) for e =
(a,b) € E becomes

. 1» A 1 . 1 .
U o e(Tasap) = % Z 1 (sz >n+ 3~ kxq or Ry >n+ 5~ kxb) =l k(xeeq + THED).
i=1

As the formula indicates, it arises from @nk by setting x; = 0 whenever j # a and j # b.

Assumption 4.6. There exist an intermediate sequence k = k(n) and, for every e = (a,b) €
E, a finite Borel measure v, on [0,1]* and a vector of functions ¥, = (Y1, .., Vep,)" :
[0,1]? - RP¢ in L?(v,) such that the following two properties hold:

(i) As n — oo, we have

\/E (Bn,e - 32) = ‘[[071]2 \/E (én,k,e(xm xb) - ge(xm xb)) /l;be(xaa xb) Ve(d(xaa xb)) + Op(l)'
(4.6)

(ii) For c € {a,b}, the set of points (z4,xp) such that z. > 0 and such that the first-order
partial derivative of £, with respect to z. does not exist is a v.-null set.

Corollary 4.7. Under Assumptions[{.3 and[].6], for the same intermediate sequence k(n),
we have

\/E(Bn—ﬁo)i(f

[0,1]2 a($a€a+xb€b)¢e($a,$b) Ve(d(xmxb))) ) n — oo,

e=(a,b)eE

with « as in [E4]). The limit vector is centered multivariate normal with covariance matrix
3 = (Beer)e,ere whose block indexed by e = (a,b) and ¢’ = (a',b") in E is of dimension pe x pes
and is given by

Dee! = ‘[[071]2 A(},l]Q E [Oz(.%'aea + mbeb) a(warear + xbrebr)]
Pe(Ta, ) Ye(Tar, xb’)T Ve(d(wa, 2p)) Ver (d(Tar, 7))

Corollary .7 allows for a combination of different estimators for the edge parameters
Be, as long as each of them satisfies Assumption In the next examples, we discuss three
such estimators.

Example 4.8 (M-estimator). The idea behind the M-estimator proposed in Einmahl et al.
(2012) is that of matching weighted integrals of the empirical stable tail dependence function
with their model-based values. For integer ge > pe, let ge = (ge1,- - Geq.)’ ¢ [0,1]% = R% be
a column vector of Lebesgue square-integrable functions such that the map ¢, : B, - R%
defined by

e = Le(Ta, Tp; e\La, dz,d
0e(B) = [ | el 158) 9elra, 1) Al

is a homeomorphism between BY and ¢, (B?). For e = (a,b) € E, the M-estimator ,B};/Ik . of

@Y is a minimizer of the criterion function

Ge . 2
Qn,k,e(ﬁ) = mz::1 I:f[071]2 {En,k,e(xaaxb) - ge(xaaxbh@)} ge,m(xaaxb) dxadxb:l .
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Suppose that ¢, is twice continuously differentiable and that the g. x p. Jacobian matrix
Ve (BY) has rank p.. Following the proof of Theorem 4.2 in Einmahl et al. (2012), it can be
shown that expansion (4.6]) holds with v, the two-dimensional Lebesgue measure and with

Ye(a, 1) = {v‘Pe(Bg)TV‘Pe(BS)}il v‘Pe(Bg)Tge(xmxb)- (4.7)

By convexity, the function {, is differentiable Lebesgue almost everywhere. Corollary E.7]
thus applies with v, and v, as stated.

Example 4.9 (Method of moments). The moments estimator of Einmahl et al. (2008)
arises as the special case g, = pe of the M-estimator of Einmahl et al. (2012) discussed in
Example 4.8 above. Rather than as a minimizer of a criterion function, the estimator A};/{g/,[e
is defined as the solution of the equation

f[o 1]2 én’k7e(xa’ ) ge(Ta, p) dxq d T = Pe (ﬁ%%e) )

The Jacobian matrix Ve, (32) being an invertible square p. x p. matrix, the function 1), in
(#) simplifies to
-1
¢e($a,$b) = {VQOe(Bg)} ge(xaaxb)-

Example 4.10 (Weighted least squares estimators). The weighted least squares estimator
studied in Einmahl et al. (2018) avoids the integration of stable tail dependence functions,
facilitating computations. Let ¢ > p. and let cé, ..., c¥ be g, points in (0,1]%. For B, € B,
set

i/n,k,e = (én,k,e (CZL) ym=1,... 7Qe) s Le(IBe) = (ge (CZL§B6) ym=1,... aQe) .

Assume L. is a homeomorphism from B, to L¢(B.). Let ©.(83¢) be a ¢ x ¢. dimensional
symmetric, positive definite matrix, twice continuously differentiable as a function of 3,
and with a smallest eigenvalue that remains bounded away from zero uniformly in 3.. The
weighted least squares estimator ,@XY;E of ,@2 is defined as

BZYI%,E = agg I;lin (i’n,k,e - Le(IBe))T Qe(ﬁe) (i/n,k,e - Le(IBe)) .

In the numerical examples in Sections [land ] Q.(3.) is set to be the ge x g, identity matrix.
Assume that L. is twice continuously differentiable on a neighbourhood of BY and that
the g, x p Jacobian matrix VLe(Bg) has rank p,. Define the p x ¢.-dimensional matrix

A, = {VL(8) Q(BY)VL(8)) " VL.(8))"0.(8)).

Assume that the first-order partial derivatives of /. exist in all g, points ¢*. Then the vector
Vk (Lmk,6 - L, (,89,)) is asymptotic normal by Theorem [£.4] and Remark By Theorem 2
in Einmahl et al. (2018), we have

VE(BYES -B8Y) = AcVE (L — Le(BY)) +0p(1),  n— oo

This expansion is of the form (&6 with v, the counting measure on the points cl,...,cl

and with e = (e 1,...,%ep. )" having component functions
we,j(xmxb) = (Ae)j,m if ($a,$b) = CZL-

Corollary L7 thus applies.
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4.3 Measuring the goodness-of-fit

As soon as the bivariate margins of all the adjacent pairs on Y are estimated, an estimate
of distribution function G s can be obtained from Corollary by replacing the unknown
quantities in there by their estimates. Likewise, a model-based estimate 5\% of the upper
tail dependence coefficient )\% can be obtained from (2ZI0). Thus we take

Dr- % M- (43)
a,beV,(a,b)¢E

as a consistent estimator of Dy defined in (8.2 to measure the goodness-of-fit, where j\ab is
the empirical estimator of Ay, given in (L.2).

5 Simulation study

To evaluate the performance of the proposed approach, we perform our modelling procedure
on random samples from the Hiisler-Reiss and asymmetric logistic extreme value distribu-
tions in ExamplesB.3land B dlrespectively. To achieve a more realistic situation, we add some
lighter-tailed noise. Specifically, starting from random vectors Z, for i = 1,...,n, drawn
independently from a simple Hiisler—Reiss or asymmetric logistic distribution, we construct
the samples from a random vector € by

=27 +¢, i=1,...,n, (5.1)

where €', for i = 1,...,n, are independent of Z’ and are themselves independent and
identically distributed random vectors with independent Fréchet(2) distributed entries, i.e.,
P(el <) = exp(-1/z?) forz >0 and v e V.

The measure ﬁT in (4.8) is calculated to assess the model’s goodness-of-fit. The resulting
tree-based models are applied to the estimation of the rare event probabilities in (I.T]). To do
that, we need take account of both the dependence structure and the margins of the sample.
Thus it is more convenient to work with the assumption that a general random vector £ is in
the domain of attraction of a multivariate extreme value distribution H with margins H, for
v € V. This is equivalent to the assumption (1/(1-F,(&,)),v € V') € D(G) with G the simple
multivariate extreme value distribution that relates to H through G(x) = H(H: (e”/**),v €
V') (the superscript arrow denoting the functional inverse), together with the condition that
F), is in the domain of attraction of the univariate extreme value distribution H, for v eV
respectively. Then by Eq. (8.81) in Beirlant et al. (2004), we have

P& >uyor ... or &g>uq)~»1—-G(-1/log F,(uy), veV)
v 1-Gp(-1/1log Fy(uy), veV) (5.2)

for thresholds u, such that all probabilities F,(u,) are close to unity.

For the random vector € with copies constructed in (5.I]), we know that € € D(G) with
G equal to the common distribution of Z?, i =1,...,n. Moreover, the marginal distributions
F,, v eV, belong to the domain of attraction of the unit-Fréchet distribution G,, so that
—log F,,(uy) ~ 1/u, provided w, is sufficiently large. Therefore, the rare event probability
on the left-hand side of (5.2)) can be approximated by 1 - Gjs(w) by plugging the marginal
approximations into the quantity on the right-hand side. We will show boxplots of the
logarithm of the relative approximation error

1 —GM(’U/)

AE = log T~ F(a)

(5.3)
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where G is the estimate of Gy based on the three-step procedure in Section @ and F
is the joint cumulative distribution function of £&. For simplicity, three components are
considered simultaneously. In each experiment, we take u;, for j = 1,2,3, as the 0.999
empirical marginal quantiles and u; = oo for j = 4,...,d. All simulations are done in R.
Realizations of samples of the Hiisler—Reiss distribution are simulated using the package
graphicalExtremes (Engelke et al., [2019). Samples of the asymmetric logistic distribution
are generated through (B.3). The true probability 1 — F(u) is calculated by numerical
integration as implemented in the package cubature (Narasimhan et al.,[2019) based on the
convolution of Z and e: F(u) = /[O,u] G(ur —z1,...,uq — xq) [Tyey (22,7 exp(-1/22)) d .

5.1 Hiisler—Reiss distribution

The Hiisler—Reiss distribution may have a dependence structure linked to a tree, see Exam-
ple B3l Random samples can be generated from either a general Hiisler-Reiss distribution
or a structured one. Both cases are considered and experiments are based on 300 repetitions
with samples of size n = 1000. The procedure is detailed in Appendix [A.2]

For random samples generated from the 10-dimensional Hiisler—Reiss distribution with
variogram matrix I's in Table dl and dependence structure linked to the tree given in Fig.
of Appendix [A.2] the proportion of wrongly estimated edges

|EAUJ*0ET|
d-1

for w e {\, 7} is recorded. For Kendall’s tau, all trees 7.* found in the 300 replications are
the same as the true one, while for the upper tail dependence coeflicient, there are about
23.2% of replications in which 7}\* does not agree with the true tree in one out of nine edges
and 1.3% of replications where two out of nine edges are wrong. This is partly caused by
the selected k) = 0.1n for the estimation of X. Fig. [6] of Appendix [A.2] shows an interesting
tendency in the influence of k) on the number of replications where 7}* does not coincide
with the true tree: the best proportion ky/n does not appear in the region close to zero
but around 0.5, even if the estimation bias is large for such kj. This provides a practical
argument for using Kendall’s tau to learn the tree structure, even though 7 is not a measure
of tail dependence.

Recall that the limiting distribution G} is also a Hiisler—Reiss distribution with vari-
ogram matrix I'j; which can be recovered from the estimated parameters of bivariate stable
tail dependence functions and the selected tree structure, see Example B3l A Hiisler—Reiss
distribution is totally determined by its variogram matrix. Therefore, the distance between
the variogram matrix Ty = (’)/Z];/[ )i,jev of the tree-based model G and the true variogram
matrix I' = (;;) jev can also be used to measure the approximation error. We compare the
variogram matrices through the Frobenius norm of their difference. Boxplots of the relative
distance of T'y; to T given by

R N 1/2
Ty -Tr (2 29 (B = i)
T = 1/2
H HF I:Z(iizl Z?ﬂ ’ij]

(5.4)

based on 300 replications are given in Fig. Bl The parameters of the stable tail dependence
functions are estimated using the moments estimator, the M-estimator and the weighted
least squares estimator discussed in Subsection The moments estimator and M-estimator
turned out to have quite similar performances, which is why we only show the results for
the M-estimator and weighted least squares estimator. The two types of edge weights seem
comparable in the sense of approximation distance even though A is not as good as 7 in
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Fig. 2 Boxplots of % (left) and D, in @X) (right) for 10-dimensional HiislerReiss

distribution with variogram matrix I's based on 7;" (Lambda) and 7;* (Tau), where bivariate
stable tail dependence functions are fitted based on M-estimator (M) and weighted least
squares estimator (WLS) at k =50,75,...,200 (300 samples of size n = 1000)

recovering the true tree structure. Compared with the M-estimator, the weighted least
squares estimator is more sensitive to the choice of k. Boxplots of Dy basically correspond
to those of the relative distance of I'y; to T, supporting the use of 157- as a goodness-of-fit
measure.

The model based on 7;* is used to estimate the probability in (II). From Fig. Bl we see
that the proposed models underestimates the probability in (II]). This is mainly caused by
the underestimation of the variogram matrix.

For samples generated from the 10-dimensional Hiisler—Reiss distribution with variogram
matrix I'y which is not necessarily tree-structured, the simulation results have similar pat-
terns as those in the first case but with larger errors. The variogram matrix I'y and boxplots
can be found in Table dl and Fig. [[H8 in Appendix

5.2 Asymmetric logistic distribution

In reality, we do not know the true distribution G. The bivariate distribution family we use
to model adjacent pairs may be different from the true one. To see the estimation error in
this scenario, we generate samples from the 5-dimensional asymmetric logistic distribution
in Example B4] (a special max-linear model) with randomly generated parameter W3 =
(0.763,0.835,0.602,0.747,0.859).  Still, we model the adjacent pairs on the constructed
Markov tree by bivariate Hiisler-Reiss distributions.

According to Fig. @ the two types of edges weights, A and 7, still exhibit a similar
performance. Larger k leads to a higher accuracy for both estimators in terms of ZA)%,
while the weighted least squares estimator behaves better than the M-estimator for the
chosen k, as can also be seen from the approximation error on the right-hand panel in the
figure. However, compared with the experiments for the Hiisler—Reiss distribution above,
the approximation errors are much larger.
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Fig. 3 Boxplot of the approximation errors of the rare event probability in (5.3)) based on
7_; for 10-dimensional Hiisler-Reiss distribution with variogram matrix I's, where bivariate
stable tail dependence functions are fitted using the M-estimator (M) and the weighted least
squares estimator (WLS) at k = 50,75,...,200, the levels uy,us,us are taken as the 0.999
empirical marginal quantiles and u; = co for j =4,...,d (300 samples of size n = 1000)
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Fig. 4 Boxplots of D7, (left) in (&) based on 7;\* (Lambda) and 7* (Tau) and the approx-
imation errors (right) of the rare event probability in (5.3) based on 7;* for 5-dimensional
asymmetric logistic distribution with parameter vector W3 in Section 2] where bivariate
Hiisler—Reiss stable tail dependence functions are fitted with M-estimator (M) and weighted
least squares estimator (WLS) at k = 50,75,...,200 (300 samples of size n = 1000)
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6 Application

In this section we consider the average daily discharges recorded at 31 gauging stations in the
upper Danube basin covering parts of Germany, Austria and Switzerland. The topographic
map can be found in Figure 1 of Asadi et al. (2015) and the data are available in the
supplementary materials of that paper. The series at individual stations have lengths from
54 to 113 years, with 51 years of data for all stations from 1960 to 2010. The average daily
discharges were measured in m3/s, ranging from 20 to 1400. Following Asadi et al. (2015)
and Engelke & Hitz (2020), we only consider the daily discharges in the summer months
(June, July and August) to get rid of the seasonality. The information for summer discharges
at each station is given in Table [l of Appendix [A.2]

For i =1,...,n, denote the daily mean discharges at the station j on day 7 by &; ; and
assume the distribution function of &' = (&1, ...,&;.4) belongs to the domain of attraction of
a multivariate extreme value distribution function. We are concerned about the probability
that there will be a flood above a certain (high) threshold for at least one site within the
considered stations, precisely, the probability in (LI). In view of (5.2]), the modelling can be
split into two parts: fitting the marginal distributions and estimating the simple tree-based
multivariate extreme distribution function Gpy.

Extreme discharges often occur in clusters. To remove the clusters and create a sequence
of independent and identically distributed variables, we follow the procedure in Asadi et al.
(2015) for each of the 51 summer periods. It ranks the data within each series and starts
from the day with the highest rank of the period across all series (only one series when
extracting univariate events) and takes a window of 9 days. An event is formed by taking
the largest observation within this window. Then the data in this window are deleted and
the process is repeated to form a new event. All events are found when no window of 9
consecutive days remains.

6.1 Marginal fitting

Under the assumption that the distribution of & belongs to the domain of attraction of
a multivariate extreme value distribution, the marginal distributions are also attracted by
univariate extreme value distributions. In line with asymptotic theory, we model high-
threshold excesses by the generalized Pareto distribution to obtain the margins F} for j =
1,...,d. Since the extremal behavior from any available earlier data does not change relative
to the 51 common years, see Asadi et al. (2015), all the available data for each station are
used to do the marginal fitting.

For j=1,...,d and 0 <p <1, let g;, be the empirical p-quantile of & ; and put Z; = {i €
{1,...,n} & > qjp}. For each station j, let 6; >0 and 7§j € R be the maximum likelihood
estimates of the scale and shape parameters of the generalized Pareto distribution fitted to
the excesses &; j — q;,p for i € Z;. Let N; and n; denote the sample size at station j and the
number of elements in Z;, respectively. Then the tail distribution function 1-F} is estimated
by

1- Fj(x) :%{1—GPD(x—qjvp;&j,79j)}, (6.1)
J

where GPD(-;0,1) denotes the cumulative distribution function of the generalized Pareto
distribution with scale parameter o > 0 and shape parameter 1 € R.

In pursuit of a good fit, an appropriate threshold g;, has to be found. By inspection of
the mean residual life plot, it was decided to set the threshold for margin j equal to g;, for
p =0.9. The number of declustered excesses used for the estimation at each station as well
as the corresponding thresholds ¢; , and maximum likelihood estimates of 6; and 1§j of fitted
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generalized Pareto distribution for j = 1,...,31 are given in Tables [6] and [7] of Appendix [A.3]
respectively.

6.2 Estimation of the dependence structure

In this subsection, we approximate the dependence structure between extremes of the 31
gauging stations by a multivariate extreme value distributions Gj; related to a Markov
tree. After declustering, there are N = 428 independent observations from the 51 years
of data for all stations. The tree structure corresponding to the physical flow connections
at these stations is presented in Fig. [l while the tree structures 7;\* and 7+ ([@3) are
given in Fig. [0 of Appendix [A.3l We construct the extreme value distribution Gj; by
fitting the Hiisler—Reiss distribution to all pairs of connected variables and estimate their
parameters by the moments estimator, the M-estimator and the weighted least squares
estimator with k = 65. The estimated GPD-based marginal probability in (€ and the
probability P (€4 > ug or &7 > u7 or &13 > uy3) of flooding at one or more stations 4, 7 and 13,
which are connected differently on the maximum dependence trees 7;\* and 't* (Fig. of
Appendix [A.3)), are given in Tables 2] and B respectively, where u; for j = 4,7,13 are taken
as the 0.95, 0.99, 0.995 and 0.999 empirical quantiles of the 51-year samples. Compared
with the empirical probabilities, the tree-based model yields higher estimates of the flooding
probabilities. As shown in Table 2] this may be partly due to the difference between the non-
parametric and GPD-based estimates of the marginal probabilities F}(u;) for j =4,7,13.

Table 2: GPD-based estimates 1 - Fj(u;) of marginal tail probability in (6I) with u; taken
as the 0.95, 0.99, 0.995 and 0.999 empirical quantiles of the 51-year samples for j =4,7,13

Uj 45,095 45,099 450995 ¢5,0.999
1-F,  652% 1.87% 0.99% 0.22%

1-F  6.66% 1.69% 1.03% 0.15%
1-Fi3 7.02% 1.90% 1.18% 0.33%

Table 3: Empirical and model-based estimates of the flooding probability (L] over the 0.95,
0.99, 0.995 and 0.999 empirical quantiles of the 51-year samples at stations 4, 7 and 13 in
the upper Danube basin, where bivariate Hiisler—Reiss stable tail dependence functions of
connected pairs on maximum dependence tree 7;\* and ’t* are fitted with moments estimator
(MM), M-estimator (M) and weighted least squares estimator (WLS) at k = 65

Uj 45,0.95  44,0.99 450995 ¢5,0.999
Empirical 8.44% 1.88% 1.02% 0.21%

MM  9.71% 2.65% 1.58% 0.38%
~, M 9.72% 2.65% 1.58% 0.38%

75 WLS 9.62% 2.62% 1.56% 0.37%
MM  9.54% 2.61% 1.55% 0.37™%

s M 9.55% 2.61% 1.55% 0.37%
T WLS 9.26% 2.53% 1.50% 0.37%
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A Appendix

A.1 Proofs

Proof of Proposition[2.3. By assumption, there exists a regularly varying Markov tree Y
satisfying Condition 21l and (27)) such that Y € D(G), where G is a simple multivariate
extremes value distribution transformed from H. Moreover, G and H have the same stable
tail dependence functions. Thus it is sufficient to derive the result in terms of G. Let
v1,...,0q be an arbitrary permutation of 1,...,d. Since Y satisfies Condition 2.1] it follows
from (27) and Theorem 2 in Segers (2020) that

d

nIP’(U{YU > nyv})
v=1

=n ZP(YW > MYy, Yo, SMYu;,J =i+ 1,.00,d) +nP(Yy, > nyy,)
i=1

d-1

M

nP(Yy, > nyy, ) P(Yo, <nyu;,j=i+1,...,d | Yy, >nyy,) +nP(Yy, > nyy,)

7

¢ .
e I

Il
—_

Yol P (W00, < Yo, [y, j=i+1,...,d) (A1)

)

as n — oo, where the probability in the sum (A is interpreted as 1 for i = d. Recall that
W is unit-Pareto distributed and is independent of @,,. By the fact that 1/W is uniformly
distributed on [0, 1], we have

y;il]P’(WGUZ,UJ _yvj/yvﬂj —Z+1 d)
1
= y;il [0 P{@vi’vj < (Yo, u) Yo J =i +1,... ,d}du
1
_ -1 -1 -1
l/yvi
= /0 P i Hl, ,d(yv] @vmvj) <updu
= /OOIP max (yf.l@v, U,) <u<yl0, , tdu
0 jitl,,d N7 v T
_ -1 _ -1
-k {jnz;l,z.l.)fd (yvf @”i’”j) j:gli}f.,d (yvj Ouie; )} ’ (A-2)

where the last step follows from [;°P(A < u < B)du = E[[;°1(A < u < B)du] =
E[max(A, B) — A] for non-negative random variables A and B. By (1)) with a,, = n

and by, , =0, (AJ)-(A2) and ([2.2), we have
d
U(y) =-logG(1/y1,...,1/yq) = lim nIP’(U {Yy > ny, )

d
= Z; E { max (yyj @Ui,vj) -

j=l7"'7d ] Z+]‘7 *y

2 (1,00 )} , (A3)

where the maximum over the empty set is defined as zero. The identity ©,, ., = eepv;mw;] Me
yields the desired expression of £, which is totally determined by the distributions of the
increments M, with e € F.
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Assume E(M,p) = 1 for all (a,b) € E. Then E(©y,,) = I1(ap)e[uwv] E(Map) = 1 for u,v e V
by the independence of M, for e € E. Thus it follows from Corollary 3 in Segers (2020) that
the root-change formula

E {g (®v/®v7u) ev,u}
E(Oyu)

E{g(@u)} =

holds for any Borel measurable function g : [0,00)% \ {0} - [0, 0], where 0 denotes the
d-dimensional vector whose components are zero. For fixed y = (y,,v € V'), taking g;(x) =
max;—; .. d (yvjxvj) for ¢ =2,...,d and using the root-change formula we have

E{Amax (yvj @Ui,vj)} = E[ max {yvj viw; 1(Ouy iy > 0)}:|

]=Z,...,d ] Z? 7

=E |:®'U17'Uz 1 .maX {(yvj @U“’UJ ) /@Ui’vi_l }:|

J=. 7

=E { max (yvj @Uz’—lyvj )} E (@Uz’yvi—l )

j=t,...,d
:E{J z, d ( yUJ@Ui_l,vj)}y

where the first step holds since E(©,, , 4,) = 1 implies P(O,, ., , > 0) =1 by Corollary 3 in
Segers (2020). Consequently, in view of ([A.3]) and the above equality we obtain

d
l(y) = ZE{ max (yvj Uz,vj)} Z {] , 7d(yvjevi_l,vj)}

=1 j 27 7
- E{ji‘%f‘i‘f‘,d <yvj@w>}-
The final identity holds because vy, ...,vy was an arbitrary permutation of 1,...,d. O

Proof of Proposition[24) For ya,yy >0, setting d = 2 in (2.9) and using the relation max(z,y) =
x +y—min(z,y) yields

Eab(yaayb):E{maX(yaayb H Me) Yb H M}-‘r-yb

e€[a~b] e€[a~b]
=Yat+yp—E min(ya,yb I Me) .
e€[a~b]
The desired result for Ay, follows since Agp =2 — £4(1,1). The proof is complete. O

Proof of Proposition[2.8. Let Y = (Y,,v € V) be the Markov tree on 7T associated to H in
Definition For each pair (a,b) € E, the tail dependence coefficient of (Yg,Ys) equals the
one of (X4, Xp). Thus it is sufficient to derive the result in terms of Y.

For ¢ > 0, note that

nP(Y, >nd, Yy >n)<nP(Yy>n)—1 (A.4)

as n — oo by (Z7). From the equality

foxu»(x > u)du = E{min(X,z)}
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for a non-negative random variable X and for = > 0, we find by (2.7, (2.8]) and the fact that
1/W is uniformly distributed on [0,1] that

nP(Y, >nd, Y, >n) =nP(Y, >nd) -P(Y, >n| Y, >nd)
= 0V P(W My, > 1/6) = 6P P(6 My, > 1/W)
= 07 E{min(6Mgp, 1)} = E{min(Mq,1/6)}

as n — oo. Combining the above display with (A.4]) and letting § — 0 we obtain
E(My) <1, (a,b) € E. (A.5)
The concavity of the function y » min(1,zy) implies that
min(1,zy) <min(l,z) - (1 -y)z 1(z < 1), (z,y) € [0,00)?, (A.6)

as can be confirmed by a case-by-case analysis. Let u be a node on the path from a to
b and write A = [Tee[awu] Me and B = [leefywp) Me. We have E[B] < 1 by (A.5) and the
independence of the increments M, for e € E. Using Proposition 24] we have, since A and
B are independent and non-negative,

Aap = E{min(1,AB)} < E{min(1,A4)} - {1-E(B)}E{A1(A<1)} (A.7)
<E{min(1,A4)} = Agu.

Interchanging the roles of A and B yields Ay < Ayp. The inequality (A6 is strict whenever
x>1>zyorz<l<zy IfP(1-e<M,<1)>0and P(1 < M, <1+¢) >0 for every
e € E and every € > 0, then also P(A > 1> AB) >0 and P(A <1< AB) > 0. But then
min(1, AB) < min(1,A) - (1-B)AL(A < 1) with positive probability, yielding a strict
inequality in (A.7)).

As for the lower bound, the inequality min(1,s) min(1,¢) < min(1,st) for non-negative
reals s and t and the independence of M., e € E, yields, with A and B as above,

Aab = E{min(1, AB)} > E{min(1, A) min(1, B)} = E{min(1, A) } E{min(1, B)} = AguAup,
as required. The proof is complete. ]

Derivation of Eq. (31). For x, € R such that v € V, we have, by the maximum-minimums
identity

maxa, = Y. (-DIUF min .

Ve @iUcV veU
Recall that V; = {i,...,d} and e = (ep,e5) for e € E. Without loss of generality, let v; = ¢
for the permutation v1,...,v4 of 1,...,d in Corollary and (29). Then, in view of the
distribution of M, for e € E given in Eq. (8.6]) and by applying the above display, we have
from Corollary that

fM(y):Zd;E{maxd(yj [1 Me)}—iE{max (yj [H M)}

J=25eens e€[i~j] JTaees (i-1)~3]
d
5y () min(y, T
i=1 @+UCV; Jjeu eefi~j]
d
3 3 coefun(y T oM
i=2 g=UcV; v ee[(i-1)~7]
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Proof of Proposition[{-1l Let T' = (V,E’) be any tree with the same node set V as the
true tree 7 = (V, E). As in the proof of Proposition 5 in Engelke & Volgushev (2020), an
application of Hall’s marriage theorem (Hall, [1935) yields a bijection f: E — E’ with the
property that every edge (u,v) € E is mapped to an edge f((u,v)) = (u’,v") € E' such that
(u,v) belongs to the path [u’ ~ v'] in T. By Proposition 2.5 Ayy 2 Af(y,) and thus

;5'7‘A = Z )\uv > Z Af(u,v) = Z )\u,v, = S’TA"

(u,v)eE (u,v)eE (u' w'")eE’

It follows that T belongs to the collection Ty of maximum tail dependence trees.

Suppose in addition that Ay, < min(Agy,, Ayp) for any triple of distinct nodes a, u,b such
that u lies on the path between a and b. If 7' = (V, E") is different from 7T, then there is
at least one edge (u,v) € E such that f((u,v)) = (uv/,v") is different from (u,v). By the
additional condition, we then have Ay, > Ay7v. The inequality in the above display is thus
strict, implying that 7T is the unique maximizer of the sum of edge weights. O

Proof of Proposition[{.2, Let T* = (V,E*) be an arbitrary tree in Ty. We show that for
any tree 7' = (V, E") not in Ty, we have

P(S’Q’ < 5’7-;) -1, n- oo. (A.8)
By definition of T;, this implies
P(T eTy) >0, n-oo.

As this is true for any 7' not in T, we can then conclude that P (T; c T)f) - 1asn— oo.
To show (A.S), note that, by definition of T, we have

The consistency of the empirical tail dependence coefficients A\ forecE (Drees & Huang,
1998; Schmidt & Stadtmiiller, 2006) implies

5’,&,_5’7—; => Ae - > Ae = Y Ae- D, Ae+0p(1) = S77 = S1r +0p(1), n— 00,
ecE’ ecE* ecE’ ecE*

yielding the convergence in (A8)), as required.

If Ty is a singleton, say {7}, then the relation Ty ¢ T implies that Ty (which is
non-empty since it is the set of maximizers over a finite domain) is a singleton too and that
its only element, say 7;\*, is equal to 7. O

Proof of Theorem [{.4 By Theorem 5.1 in Biicher et al. (2014), we have weak convergence
of a, = \/E(Zn,k —¢) in the so-called hypi-topology on the set of bounded functions on [0, 1]%
to a process which, thanks to the condition on the p,-almost everywhere continuity of éj, is
ur-almost everywhere equal to o in (4.4]). By Corollary 3.3 in the same article and again by
the assumption on éj, we obtain the weak convergence of v, to a in L?(j,); indeed, with
probability one, the process « is continuous p,-almost everywhere, thanks to the assumption
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on éj and the fact that W(0) = 0. The linear functional L*(u,) = R: f = [ fi,. dp, for
r € {1,...,q} being continuous, an application of the continuous mapping theorem yields
the result. The limit in (£3]) is a linear transformation of a Gaussian process and therefore
Gaussian as well. The formula for the covariance matrix follows by Fubini’s theorem.

An alternative proof is to proceed by a Skorohod construction as in the proof of Propo-
sition 7.3 in Einmahl et al. (2012). The term involving the partial derivatives ¢; is handled
via the dominated convergence theorem: the pointwise convergence for p,-almost every
x € [0,1]% holds true thanks to the condition on the partial derivatives €j O

Proof of Corollary[{.7 For e = (a,b) € E, the map
T.:[0,11* = [0,1]7: (24, 73) = Ta€a + Tv€)
pushes the measure v, on [0,1]? forward to the measure p. = T,#, on [0,1]¢ given by
te(A) = ve ({(:ca,:cb) € [0, 1]2 P Tg€q + Tpep € A})

for Borel sets A ¢ [0,1]%. The support of s, is contained in {x € [0,1]? : z; = 0 if j #
a and j # b}. By the change-of-variables formula, integrals with respect to p. and v, are
related through f[071]d f(x) pe(dx) = f[071]2 F(Te(za,2p)) ve(d(za, xp)).

Put ay, = \/E(@nk - 0). By Slutsky’s lemma, the 0,(1) term in Assumption does
not matter for the convergence in distribution. Since @nk,e(xa,xb) = én,k(Te(xa,xb)) and
similarly for /. and ¢, the main term on the right-hand side of (6]) can be written as

»[[O,l]d Ckn(CC) /l;be(-%'a,.%'b) ,U'e(d (E)

This is a random vector of dimension p., each component of which has the same form as the
entries of the random vector on the left-hand side of (£5]). Indeed, the measure p, in (Z5)
is equal to the measure p, here, while the function v, in (&3] is the equal to the function
x — 1)e j(2q,2p) here, where 1), ; is one of the p. component functions of .. The conclusion
now follows from Theorem (4.4} Assumption [L.6(ii) ensures that the smoothness condition in

Theorem [4.4] is fulfilled. ]

A.2 Additional material and results for simulation study in Section

In this subsection, we list some additional material for the simulation study: Prim’s algo-
rithm in Algorithm [I} the simulation and fitting procedure for Hiisler—Reiss distributions
in Algorithm [} the variogram matrices I's and T'y in Table [ the tree structure in Fig. B}
the simulation results for the proportion of misidentified trees in 300 replications for the
10-dimensional Hiisler-Reiss distribution in Fig. [6 and the boxplots of %, lA)Tw and
the estimation error of rare event probability in Fig. [[H8l
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Fig. 5 Tree structure for 10-dimensional Hiisler—Reiss distribution with variogram matrix
I'3 in Table [ used for generation of samples in Subsection .1
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Fig. 6 Proportion of misidentified trees in 300 replications based on samples from 10-
dimensional Hiisler—Reiss distribution with variogram matrix I's in Table @ and dependence
structure linked to the tree in Fig.
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Fig. 7 Boxplots of % (left) and D, in @X) (right) for 10-dimensional HiislerReiss

distribution with variogram matrix T'y based on 7;" (Lambda) and 7;* (Tau), where bivariate
stable tail dependence functions are fitted based on M-estimator (M) and weighted least
squares estimator (WLS) at k =50,75,...,200 (300 samples of size n = 1000)
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Fig. 8 Boxplot of approximation errors of rare event probability in (5.3]) based on 7.* for 10-
dimensional Hiisler—Reiss distribution with variogram matrix I'y, where bivariate stable tail
dependence functions are fitted with M-estimator (M) and weighted least squares estimator
(WLS) at k =50,75,...,200; levels uj,usz,us are taken as 0.999 empirical marginal quantiles
and u; = oo for j=4,...,d (300 samples of size n = 1000)
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Algorithm 1: Prim’s algorithm

1.

Choose a starting point v € V. Define the node set and edge set of the maximum
dependence tree as V' = {v} and E' = @.

. While V' # V', choose an edge e = (a,b) with maximal weight @&, such that a € V' and

beV'.

. Set V' =V'u{b} and E' = E' u{(a,b)}.
. End when V' =V.

Algorithm 2: Simulation and fitting procedure for Hiisler—Reiss distributions in

Section
1. (a) If a sample linked to a real tree structure is wanted, a random tree structure with d

nodes is generated primarily. Then we generate d — 1 random parameters ; ; from the
interval [0.1,1] for each adjacent pairs on the tree and complete the variogram matrix
according to the tree structure using the function complete_Gamma in package
graphicalExtremes;

(b) Otherwise, we obtain a conditionally negative definite variogram matrix I" by
transforming a (d — 1) x (d — 1) dimensional positive definiteness covariance matrix X
with random eigenvalues in the interval [0.6,3]. The matrix ¥ is generated using the
command genPositiveDefMat in package clusterGeneration and the transformation
is achieved using the command Sigma2Gamma in package graphicalExtremes;

. Generate a random sample from the Hiisler—Reiss distribution with variogram matrix I"

using the command rmstable or rmstable_tree (for tree structure) in package
graphicalExtremes and add the independent noise generated from Fréchet(2) to the
sample;

. Calculate the empirical bivariate upper tail dependence coefficient matrix and Kendall’s

7 using the commands emp_chi_mat in package graphicalExtremes and corkendall in
package copula respectively;

Select maximum spanning tree based on empirical estimates of A and 7 using Prim’s
algorithm in Algorithm [T}

. Estimate parameters of stable tail dependence functions of adjacent pairs on selected

tree by the moments estimator in Einmahl et al. (2008), M-estimator in Einmahl et al.
(2012) and weighted least squares estimator in Einmahl et al. (2018), where the
weighted functions for M-estimator are taken as ¢1(x,y) =1 and go(z,y) = z and the
weighted functions for the other two estimators are taken as one in the simulation study.
The locations used for the weighted least squares estimator are (1,1), (2,1) and
(0.5,1.5) throughout the simulation study;

. Calculate D7, in (@) to measure the goodness-of-fit of the constructed model;

Repeat Steps 2-6 for 300 times.
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Table 4: Variogram matrices I's and I'y for 10-dimensional Hiisler—Reiss distributions used
for generation of samples in simulation study in Subsection 5.1l where the former has de-
pendence structure linked to the tree in Fig.

0 1.499 3.563 3.258 2.168 0.500 2.395 1.814 2.852 1.246
0 2.064 1.759 0.669 0.999 0.896 0.315 1.353 1.745

0 0.305 2.733 3.063 1.168 2.379 1.624 3.809

0 2428 2758 0.863 2.074 1.319 3.504

0 1.668 1.565 0.354 2.022 2.413

I's = 0 1.895 1.313 2.352 0.746
0 1.211 0.456 2.641

0 1.667 2.059

0 3.097

0

0 1.154 1.352 0.981 1.415 1.044 0.773 0.877 0.860 1.373

0 2.797 2.060 2.789 2.092 1.684 1.901 1.762 2.754

0 2.366 2.935 2.473 2117 2.245 2.220 2.908

0 2422 1989 1.699 1.826 1.782 2.379

T, - 0 2.518 2.184 2.305 2.283 2.923

0 1.720 1.866 1.801 2.476
0 1.581 1.513 2.135

0 1.660 2.260

0 2.235
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A.3 Additional information and analysis for Danube discharge data in
Section

In this subsection, we list additional material related to the data analysis of daily discharges
of rivers in the upper Danube basin: the information for the original discharge data in
Table B} the number of declustered excesses over the 0.9 sample quantile of average daily
discharges at 31 gauging stations in Table[B} the tree-like river network in the upper Danube
basin in Fig. @ the maximum dependence trees 7;\* and ’t* selected based on 51 years of
discharge data in Fig.[I0} and the parameter estimates of the generalized Pareto distribution
fitted to excesses over the 0.9 marginal empirical quantile for each gauging station in Table [1

Table 5: The start and end recording dates and sample size of original data for Summer
(June, July and August) discharges at 31 gauging stations in the upper Danube basin

Station Start End Size Station Start End Size
1 1901-06-01 2010-08-31 10120 17 1959-06-01 2013-08-31 5060
2 1901-06-01 2013-08-31 10396 18  1959-06-01 2013-08-31 5060
3 1926-06-01 2013-08-31 8096 19 1950-06-01 2013-08-31 5888
4 1924-06-01 2013-08-31 8280 20 1960-06-01 2013-08-31 4968
5 1926-06-01 2013-08-31 8096 21 1901-06-01 2013-08-31 10396
6 1901-06-01 2013-08-31 10396 22 1951-06-01 2013-08-31 5796
7 1924-06-01 2013-08-31 8280 23 1921-06-01 2013-08-31 8556
8 1924-06-01 2013-08-31 8280 24 1930-06-01 2013-08-31 7728
9 1924-06-01 2013-08-31 8280 25 1901-06-01 2013-08-31 10396

10 1954-06-01 2013-08-31 5520 26 1959-06-01 2013-08-31 5060
11 1901-06-01 2013-08-31 10396 27 1931-06-01 2013-08-31 7636
12 1901-06-01 2013-08-31 10396 28 1951-06-01 2013-08-31 5796
13 1921-06-01 2013-08-31 8556 29 1901-06-01 2013-08-31 10396
14 1926-06-01 2013-08-31 8096 30 1901-06-01 2013-08-31 10396
15 1959-06-01 2013-08-31 5060 31 1957-06-01 2013-08-31 5244
16 1959-06-01 2013-08-31 5060 - — - -

Table 6: The number of declustered excesses over the 0.9 sample quantile of average daily
discharges at 31 gauging stations in the upper Danube basin

Station 1 2 3 4 ) 6 7 8 9 10 11
Excesses 226 192 166 179 185 248 198 204 216 149 347
Station 12 13 14 15 16 17 18 19 20 21 22
Excesses 348 229 159 102 125 126 116 140 125 282 136
Station 23 24 25 26 27 28 29 30 31 - —-
Excesses 153 143 262 126 208 177 326 322 155 —- ——
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Table 7: Parameter estimates of the generalized Pareto distribution fitted to excesses over
the empirical quantile ¢;, (rounded to the nearest integer) of daily discharges at gauging
station j =1,...,31 in the upper Danube basin

A~

Station 4jp 0j 1§j Station Qjp o 9
1 2680 749.596  0.029 17 106 70.874 0.079
2 1040 387.594  0.017 18 75 72.553 0.040
3 715  278.147 0.074 19 57  54.261 0.161
4 715 289.252  0.047 20 236 142.385 0.098
5 598 232.214  0.057 21 193  96.663 0.036
6 577 225.447  0.027 22 173 91.849 0.016
7 553 252.046 -0.025 23 58  40.197 0.202
8 309 136.322  0.046 24 44 33.902 0.199
9 270 136.070  0.054 25 51 41917 0.243
10 212 120.944 -0.016 26 45 29.339 0.413
11 114 77.116 0.030 27 38 24.371  0.409
12 54 35.780  0.032 28 94  65.412 0.249
13 1630 579.764  0.123 29 90  66.082 0.139
14 315 120.868 0.124 30 578 275.008 0.116
15 296 123.116  0.089 31 544  256.610 0.205

16 162 103.409  0.092 — — —_— —

2 13
\ T 14 AN
3 AN 30
| 15 I
4 | 31
/ \ 16 |
5 \ 28
25 23 | 17 |
| | 6 \ 29
26 24 | 18
\ 7 |
27 \\ 19
8
| 20
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|

Fig. 9 Tree-like structure of the river network in the upper Danube basin. Each node
represents a numbered gauging station along the rivers and water flows toward gauging
station 1.
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Fig. 10 Maximum dependence trees 7;\* (left) and 7;* (right) in (@3) selected based on the
declustered excesses of 51 years of average daily discharges at 31 gauging stations in the
upper Danube basin. The empty nodes are those which have different neighbours from the

tree structure of the river network in Fig. [0
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