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Abstract

We introduce the new notion of the pairwise myopic-farsighted stable set to study stable matchings under
the assumption that players can be both myopic and farsighted. For the special case where all players are
myopic, our concept predicts the set of matchings in the core. When all players are farsighted, we provide
the characterization of pairwise myopic-farsighted stable sets: a set of matchings is a pairwise myopic-
farsighted stable set if and only if it is a singleton consisting of a core element. This result confirms the
result obtained by Mauleon et al. (2011) with a completely different effectivity function and provides a new
special case where the farsighted stable set is absolutely maximal (Ray and Vohra, 2019) and coincides
with the Strong Rational Expectations Farsighted Stable Set (Dutta and Vohra, 2017). When myopic and
farsighted players interact, matchings outside the core can be stable and the most farsighted side can achieve
its optimal stable matching.
© 2020 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The matching literature can be divided into two streams, depending on whether players are
assumed to be myopic or farsighted. In the seminal contribution by Gale and Shapley (1962),
all players are assumed to be myopic and the properties of stable matchings are analyzed. In the
well-known marriage model, a matching is stable if no individual player prefers to destroy an
existing match and no pair of players prefers to form a match between them. Gale and Shapley
(1962) have shown that the set of stable matchings of a marriage problem is non-empty, a result
which implies that the core of a marriage problem is non-empty. The myopic approach is also
followed in Ehlers (2007), who has characterized the von Neumann-Morgenstern (vINM) stable
sets in marriage problems and has shown that the set of matchings in the core is a subset of any
vNM stable set and a vINM stable set can contain matchings outside the core. Wako (2010) shows
that the vINM stable set exists and is unique. Demuynck et al. (2019) introduce the myopic stable
set and show it coincides with the core for matching problems.

Notions like the core, the VNM stable set, and the myopic stable set are myopic since the
players do not anticipate that individual and coalitional deviations are countered by subsequent
deviations. These concepts are based on the direct dominance relation and neglect the destabi-
lizing effect of indirect dominance relations as introduced by Harsanyi (1974) and Chwe (1994).
Indirect dominance captures the idea that coalitions of farsighted players can anticipate the ac-
tions of other coalitions and consider the end matching that their deviations may lead to.

Based on the concept of indirect dominance, several solution concepts assume farsighted be-
havior of the players in matching models. Diamantoudi and Xue (2003) have shown that in
hedonic games with strict preferences core partitions are always contained in the largest consis-
tent set due to Chwe (1994)." However, the largest consistent set may contain more matchings
than those matchings that are in the core. Mauleon et al. (2011) characterize the vINM farsight-
edly stable sets as all singletons that contain a core element and show that the farsighted core,
defined by Diamantoudi and Xue (2003) as the set of matchings that are not indirectly dominated
by other matchings, can be empty.” Mauleon et al. (2014) characterize one-to-one matching prob-
lems for which indirect dominance implies direct dominance. In this kind of matching problems,
any solution concept based on direct or indirect dominance (like the core or the farsighted core)
will give the same predictions.

In many real-life matching problems, one may expect that players with different degrees of
farsightedness interact. Also, there might be an asymmetry in the degree of farsightedness be-
tween the two sides of the market. For instance, between hospitals and physicians (or firms and
workers more generally) or between schools and students, one would expect the hospitals and
the schools to be more farsighted than physicians and students. Hospitals and schools have much
more market experience and therefore may be better positioned to contemplate the chain of re-
actions that follows a deviation.

In the present paper, we study marriage problems that allow for the interaction between my-
opic and farsighted players and we propose the new notion of a pairwise myopic-farsighted
stable set to study the matchings that are stable in this context. Central in the definition of a

I Other approaches to farsightedness in coalition and network formation are suggested by the work of Xue (1998),
Mauleon and Vannetelbosch (2004), Page et al. (2005), Herings et al. (2004, 2009, 2019), Page and Wooders (2009), and
Ray and Vohra (2015) among others.

2 The farsighted core only exists when the core contains a unique matching and no other matching indirectly dominates
the matching in the core.
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pairwise myopic-farsighted stable set is the notion of a pairwise myopic-farsighted improving
path. A pairwise myopic-farsighted improving path is a sequence of matchings that can emerge
when farsighted players form or destroy matches based on the improvement the end matching
offers relative to the current matching while myopic players form or destroy matches based on
the improvement the next matching offers relative to the current matching. Each matching in the
sequence differs from the previous one in that either a new match is formed or an existing one is
destroyed.

A pairwise myopic-farsighted stable set is the set of matchings satisfying internal and external
stability with respect to the notion of a pairwise myopic-farsighted improving path. That is,
there is no pairwise myopic-farsighted improving path from any matching in the set to another
matching in the set (internal stability) and there is a pairwise myopic-farsighted improving path
from any matching outside the set to some matching in the set (external stability). In the special
case where all players are myopic, the pairwise myopic-farsighted stable set is equivalent to the
pairwise CP vNM set of Herings et al. (2017) and is equal to the core of the marriage problem.

At the other extreme, when all players are farsighted, we show that the pairwise myopic-
farsighted stable sets are characterized as the singletons consisting of a core element. To show
this result, we establish first that a set of matchings is a pairwise myopic-farsighted stable set
if and only if it is a VNM farsightedly stable set as defined in Mauleon et al. (2011). Next we
use their characterization of the vINM farsightedly stable set as the singletons consisting of a
core element. The vNM farsightedly stable set defined in Mauleon et al. (2011) results when
coalitions of arbitrary size are allowed to move and improvements are required to be strict for
all players involved in the move. Hence, our result improves upon and adds to the robustness of
the characterization result obtained in Mauleon et al. (2011) by showing that, with a completely
different effectivity function, every singleton core element is also a pairwise myopic-farsighted
stable set when all players are farsighted.

We then relate our result to some recent theoretical developments regarding a conceptual
drawback of the farsighted stable set: the maximality issue. Indeed, while coalitional moves im-
prove on existing outcomes along a farsighted objection, coalitions might do even better by an
alternative deviation. Also, other coalitions may not agree to a particular farsighted objection and
want to impose their favored moves. Dutta and Vohra (2017) propose the rational expectations
farsighted stable set (REFS) and the strong rational expectations farsighted stable set (SREFS)
that restrict coalitions to hold common, history-independent expectations that incorporate maxi-
mality regarding the continuation path. They show that the REFS and the SREFS coincide with
the farsighted stable set in cases where the latter consists of states with a single-payoff vector.
When this is the case, the farsighted stable set also incorporates the strictest variant of maximal-
ity imposed by Ray and Vohra (2019), called absolute maximality. Absolute maximality calls
for immunity to all deviations, not just by the coalition that moves or by those coalitions that
intersect the one that moves, but by any coalition. We show that in case all players are farsighted,
a pairwise myopic-farsighted stable set is absolutely maximal and coincides with a REFS and an
SREFS.

We also study situations where the two sides of the market are heterogeneous in their degree
of farsightedness. We fully analyze the typical example where the preferences of men and women
are diametrically opposed and show that in case all players on one side are myopic and at least
one player on the other side is farsighted, the optimal stable matching of the farsighted side
constitutes the unique pairwise myopic-farsighted stable set. In all other cases, any core outcome
and no other outcome is sustained by the pairwise myopic-farsighted stable set.
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We present an example where all women are farsighted and all men are myopic and there ex-
ists a matching that is weakly preferred to the woman-optimal stable matching by all women and
strictly preferred by some women. We show that it is possible to support this non-core matching
as a singleton pairwise myopic-farsighted stable set. This illustrates that the interaction between
myopic and farsighted players can lead to outcomes that cannot be supported in homogeneous
cases.

Moreover, under certain conditions guaranteeing that the woman side is more farsighted than
the man side, it can be shown in general that selection among core elements is possible; i.e.,
the most farsighted side is able to achieve its optimal stable matching. The result implies that
the presence of some farsighted women is enough to guarantee that the woman-optimal sta-
ble matching can always be reached, starting from any other matching, by means of a pairwise
myopic-farsighted improving path. Thus, also the myopic women benefit from the presence of
farsighted women.

The paper is organized as follows. Section 2 introduces marriage problems and standard no-
tions of stability. Section 3 defines the pairwise myopic-farsighted stable set and characterizes
the implications of all possible constellations regarding farsightedness in an example where pref-
erences of men and women are diametrically opposed. It also analyzes the special case where all
players are myopic. Section 4 provides the characterization of the pairwise myopic-farsighted
stable set when all players are farsighted and relates it with other results obtained by different
solution concepts. Section 5 studies heterogeneous societies where myopic and farsighted play-
ers interact and shows that matchings outside the core can be stable and that the most farsighted
side can achieve its optimal stable matching. Section 6 concludes.

2. Marriage problems

A marriage problem consists of a finite set of players N, partitioned into a set of men M and
a set of women W. The set of non-empty subsets of N is denoted by A. Each player i € N
has a complete and transitive preference ordering >; over the players of the opposite sex and
the prospect of being alone. Preferences are assumed to be strict. We write j ~; j’ if player i is
indifferent between players j and j’, which can only be the case if j = j/, and j >; j'if j =; j/
or j ~; j'. We denote the preference profile ((>;)mem, (=w)wew) by >. A marriage problem
is a triple (M, W, >).

A matching is a function u : N — N satisfying the following properties:

(i) For every m e M, u(m) € W U {m}.
(ii) Forevery w e W, u(w) e M U {w}.
(iii) Foreveryi e N, u(u(@)) =i.

The set of all matchings is denoted by M. Given a matching u € M, player i is said to be
single if ;1 (i) = i. A matching u is individually rational if each player is acceptable to his or her
partner, so for every i € N it holds that u(i) >; i. A matching p that is not individually rational
can be blocked by a player with an unacceptable partner. For a given matching u, a pair (m, w)
is said to form a blocking pair if m and w are not matched to one another but prefer each other to
their partners at u, i.e. w >, w(m) and m >,, u(w). A matching p is stable if it is not blocked
by any single player or any pair of players.

Given a matching ¢ € M with man m € M matched to woman w € W, so u(m) = w, the
matching w’ that is identical to u, except that the match between m and w has been destroyed by
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either m or w, is denoted by u — (m, w). Given a matching u € M such thatm € M and w € W
are not matched to one another, the matching w that is identical to u, except that the pair (m, w)
has formed at i’ and their partners at u are now single at 1/, is denoted by u + (m, w).

For every i € N, we extend the preference ordering >; over the player’s potential partners to
the set of matchings M in the following way. We say that player i prefers the matching u’ to
the matching w if /(i) >; u(i) and we write p' >; w. We write u’ ~; w if w'(i) ~; u(i), and
W =i if = poor '~

For S ¢ NV, u(S) = {u(i) | i € S} denotes the set of partners of players in S at 1. A coalition
S € NV is said to block a matching 1« € M if there exists a matching 1’ € M such that u'(S) = S
and ' >g wu, where ' =g u is defined as ' >; u for every i € S. The core of the marriage
problem (M, W, >) consists of all matchings that are not blocked by any coalition. We denote
the set of matchings that belong to the core by C.

It has been shown by Gale and Shapley (1962) that the core of a marriage problem is non-
empty. Also, a matching is stable if and only if it is not blocked by a coalition of size one or two if
and only if it belongs to the core, see Theorem 3.3 in Roth and Sotomayor (1990). Knuth (1976)
has shown that the core of a marriage problem is a distributive lattice. In particular, there is a
man-optimal stable matching M and a woman-optimal stable matching ;W . For any matching
W in the core, for every m € M, it holds that /,LM >m . Similarly, for any matching u in the core,
for every w € W, it holds that 1"V >, u.

3. The pairwise myopic-farsighted stable set

The literature on matching problems can be divided into two streams, depending on whether
the approach taken is myopic or farsighted. Up to now, no solution concept has been proposed in
order to allow for heterogeneity in the degree of farsightedness among players. In the following,
we propose the notion of a pairwise myopic-farsighted stable set to study the matchings that are
stable when myopic and farsighted players interact with each other.

Let F C N denote the set of farsighted players. The set F is allowed to be empty and is
also allowed to contain all players. A pairwise myopic-farsighted improving path is a sequence
of matchings that can emerge when farsighted players form or destroy matches based on the
improvement the end matching offers them relative to the current matching while myopic players
form or destroy matches based on the improvement the next matching in the sequence offers them
relative to the current one.

Definition 1. Let (M, W, >) be a marriage problem with set of farsighted players F. A pairwise
myopic-farsighted improving path from a matching u € M to a matching u’ € M\ {u} is a
finite sequence of distinct matchings wo, ..., pr with o = u and uy = ' such that for every
£e{0,...,L — 1} either (i) or (ii) holds:

i) Uetr1 = e — (m, w) for some (m, w) € M x W such that

W1 (m) =y pe(m) ifmeM\F,
mr(m) =, pe(m)  ifmekF,
or

et1(w) >y pe(w) ifwe W\ F,
mp(w) =y pe(w)  ifwekF.

5
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(ii) Wetr1 = Me + (m, w) for some (m, w) € M x W such that

W1 (m) =, pe(m) ifmeM\F,
mr(m) =, pe(m)  ifmerF,

and

{ fer1(w) =y we(w) ifwe W\ F,
mr(w) >y pe(w)  ifwerF,

with at least one of these preferences being strict.

Each matching in the sequence differs from the previous one in that either an existing match
in the previous matching is destroyed like in case (i) or a new match is formed between a man
and a woman that are not matched to one another in the previous matching as in case (ii). Notice
that in the definition of a pairwise myopic-farsighted improving path we follow the approach
used by Jackson and Wolinsky (1996) when defining pairwise stable networks as well as the
approach used by Jackson and Watts (2002) when defining improving paths and assume that a
pair of players can form a match between them if at least one player has a strict preference to do
sO.

If there exists a pairwise myopic-farsighted improving path from a matching p to a matching
', then we write u — w’. The set of all matchings that can be reached from a matching u € M
by a pairwise myopic-farsighted improving path is denoted by & (), so

h(p) ={n e M| pu— '}

The pairwise myopic-farsighted stable set results when we replace the conditions of internal
and external stability in the VNM stable set as based on direct dominance by the conditions as
based on the pairwise myopic-farsighted improving paths.

Definition 2. Let (M, W, >) be a marriage problem with set of farsighted players F. A set of
matchings V C M is a pairwise myopic-farsighted stable set if it satisfies:

@) Internal stability: For every w, u’ € V, it holds that ' ¢ h(u).
(ii) External stability: For every u € M\ V, it holds that h(n) NV # @.

Condition (i) of Definition 2 corresponds to internal stability. For any two matchings © and
w' in the pairwise myopic-farsighted stable set V it does not hold that u© — w’. Condition (ii)
of Definition 2 expresses external stability. For every matching u outside the pairwise myopic-
farsighted stable set V it holds that there is u’ € V such that u — u'.

The next result shows that all matchings in a pairwise myopic-farsighted stable set are indi-
vidually rational.

Theorem 1. Let (M, W, =) be a marriage problem with set of farsighted players F. Let V be a
pairwise myopic-farsighted stable set and let u € V. Then p is individually rational.

The proof of Theorem 1, as well as the other proofs, can be found in the Appendix. The
proof is by contradiction. Suppose some not individually rational p belongs to V. Then one
can show that u ¢ h(uw — (m,w)), where (m, w) is a match in p involving an unacceptable
partner, irrespective of whether m and w are myopic or farsighted. At the same time it holds that

6
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uw — (m,w) € h(w), so by internal stability it holds that u — (m, w) ¢ V, whereas by external
stability there is u’ € V such that i’ € h(u — (m, w)). We argue next that then also u’ € h(u),
leading to a violation of internal stability of V, a contradiction.

Consider the case where all players are myopic, so F' = . Definition 2 then boils down to
the pairwise CP vNM set as defined in Herings et al. (2017). This set differs from the standard
notion of a vNM set in three important ways. The standard definition, as used for instance in
Ehlers (2007) and Wako (2010), violates the assumption of coalitional sovereignty, the property
that an objecting coalition cannot determine the organization of players outside the coalition.’
On the importance of respecting coalitional sovereignty, we also refer to Ray and Vohra (2015).
Second, the standard definition of the vINM set is such that it does not take into account that a
deviation by a coalition can be followed by further deviations. The pairwise CP vINM set follows
the approach by van Deemen (1991) and Page and Wooders (2009), which takes into account
that if a matching is blocked by some coalition and the resulting matching is not in the stable set
itself, then further deviations will take place. This observation leads van Deemen (1991) to define
the generalized stable set for abstract systems and Page and Wooders (2009) to define the stable
set with respect to path dominance. Third, we restrict ourselves to deviations by single players
and pairs. It follows from the results in Herings et al. (2017) that identical results are obtained
when coalitions of arbitrary size are allowed to move.

The following result is stated as Theorem 1 in Herings et al. (2017). The proof is based on the
fact that, at a core element, myopic pairwise improvements are impossible and on the result by
Roth and Vande Vate (1990) claiming that, from any matching that does not belong to the core,
a core element can be reached by a finite sequence of myopic pairwise improvements.

Theorem 2. Let (M, W, =) be a marriage problem with set of farsighted players F = (. A set of
matchings is a pairwise myopic-farsighted stable set if and only if it is equal to the core.

The pairwise myopic-farsighted stable set coincides with the core when all players are my-
opic. But, in general, under the presence of some farsighted players, does the pairwise myopic-
farsighted stable set coincide with the core?

In Example 1, we consider the most basic situation of conflict between the objectives of men
and women, where the most preferred woman of each man ranks him as the worst possible
marriage partner.

Example 1. Consider the marriage problem (M, W, =) with two men, M = {m, m»}, and two
women, W = {w;, wa}. Assume F = W, so the women are farsighted and the men are myopic.
The preferences of men and women are diametrically opposed to each other:

mp o my Wi Wz
wp w3 mp mj
w2 Wi mip; mj.

There are seven possible matchings, illustrated in Fig. 1. The man-optimal stable matching is
equal to ue and the woman-optimal stable matching to p7. Table 1 presents the matchings that
can be reached from a given initial matching by means of a pairwise myopic-farsighted improv-
ing path. Notice that 1" € h(uM) because the farsighted woman w first leaves m; to become

3 Echenique and Oviedo (2006) and Konishi and Unver (2006) study solution concepts for many-to-many matching
problems that respect coalitional sovereignty.
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mi wq mq wq my wi my w mi wq mq wq mq wq
([ J ([ J *—=0 [ J [ J [ J [ J *——=
my w2 m2 w2 m2 w2 m2 w2 mp w2 mp w2 mp w2
([ ([ J [ J [ J [ J *—0 ([ J *——=

M1 1753 n3 77} Ms He 2%

Fig. 1. All possible matchings in Example 1, where g = uMand 7 =WV

Table 1

The set of matchings that can be reached by a
pairwise myopic-farsighted improving path in
Example 1 when F = {wy, wy}. It holds that
ne=pMand 7 = V.

" h(p)

M1o| M2 M3 M4 M5 Me M7
2 M5 M6 M7
U3 | M2 U5 e M7
4 M3 He M7
Us U3 K4 He M7
M6 w7
W7 u3 Us

single at the matching u4. Next, the farsighted woman w, marries m to arrive at the matching
w3. Next, wq marries m» to reach /LW.

We argue that the set V = {1V} is a pairwise myopic-farsighted stable set. The condition
of internal stability in Definition 2 is satisfied since the set V is a singleton. Since for every
we M\ {uV}, it holds that uV € h(u), the condition of external stability in Definition 2 is
satisfied as well. We have shown that V = {uV} is a pairwise myopic-farsighted stable set.

It is not hard to demonstrate that there are no other pairwise myopic-farsighted stable sets.
Let V be a pairwise myopic-farsighted stable set not equal to {V}. The condition of internal
stability in Definition 2 together with the fact that 1V € h(u) for every i € M\ {V} implies
that

v,

To satisfy the condition of external stability in Definition 2, it should therefore hold that
uzevVoruseV.

Since h(ue) = {7} and w7 ¢ V, external stability implies that
He V.

Since g € h(u3) and ue € h(s), we obtain a contradiction with internal stability.

We next analyze the case in which exactly one player is farsighted, say woman w. Table 1
remains almost unchanged, except that it is no longer the case that u3 belongs to 4 (w7). The
argument that V = {uV} is a pairwise myopic-farsighted stable set remains unaffected. The
argument that there is no other pairwise myopic-farsighted stable set proceeds along the same
lines as before and becomes slightly easier. A
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Table 2

The set of matchings that can be reached by a
pairwise myopic-farsighted improving path in
Example 2 when F = N. It holds that ug = uM

and pu7 = MW.

H h(p)

131 H2 M3 M4 K5 He K7
1753 ns K6 M7
n3 | K2 Hne U7
4 n3 He K7
ns Hna ne U7
M6 H7
7 He6

Example | shows that in the most basic situation of conflict between the objectives of men and
women, farsighted women are able to obtain their most preferred solution. Moreover, this is the
unique prediction as made by the concept of the pairwise myopic-farsighted stable set. In fact,
it is not even needed that both women are farsighted. Even if only one of them is farsighted, the
woman-optimal stable matching results as the unique prediction. These findings are generalized
in the Theorems 6 and 7 in the Appendix.

Example 2. We take the same primitives as in Example 1, but now vary the assumptions with
respect to farsightedness.

The case where nobody is farsighted leads to a concept that is equivalent to the pairwise CP
vINM set of Herings et al. (2017). It follows from Theorem 2 that the core is the unique pairwise
myopic-farsighted stable set, so V = {uM, uV}.

We now turn to the case where all players are farsighted, F = N. Table 2 presents the match-
ings that can be reached from a given initial matching by means of a pairwise myopic-farsighted
improving path. Since both wg and w7 can be reached from any other matching, it follows that
both {6} and {7} are pairwise myopic-farsighted stable sets. It is easily verified that there are
no other pairwise myopic-farsighted stable sets. As in the case of completely myopic players,
we obtain all core elements as the unique prediction, be it that these elements are predicted as
singletons in the farsighted case. In Section 4, we generalize this finding to arbitrary matching
problems where all players are farsighted.

The case where all players are farsighted with the exception of one player, say F =
{m1, wy, wy}, is very close to the situation where everyone is farsighted. Compared to Table 2,
the only change is that 3 € h(us) and w3 € k(7). This will not affect the analysis and the
conclusion that the woman-optimal stable matching and the man-optimal stable matching can be
both sustained as singleton pairwise myopic-farsighted stable sets and there are no other pairwise
myopic-farsighted stable sets remains.

The final case is where one player on each side is farsighted, say F = {m, wi}. Table 3
presents the matchings that can be reached from a given initial matching by means of a pair-
wise myopic-farsighted improving path. Since both e and @7 can be reached from any other
matching, it follows that both {u¢} and {7} are pairwise myopic-farsighted stable sets. It is
easily verified that there are no other pairwise myopic-farsighted stable sets. The predictions are
therefore identical to the case where all players are farsighted. A
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Table 3

The set of matchings that can be reached by a
pairwise myopic-farsighted improving path in
Example 2 when F = {m, w1}. It holds that

ne=uM and p7 = uW.

1 h()

M| M2 Mz oma M5 e M7
w2 us  He M7
u3 | 12 He M7
ta | ma o p3 He M7
ts | m2  uz opa He M7
Ue w7
1 | o He

Example 2 illustrates that any core element can be sustained in some pairwise myopic-
farsighted stable set in case both sides of the markets are similar in terms of their degree of
farsightedness as well as in the case where all players are farsighted except one.

In Examples 1 and 2, the number of farsighted women is at least as large as the number of
farsighted men. The analysis for all other cases follows by symmetry arguments. For instance,
if the only farsighted player is a man, then symmetry dictates that the unique pairwise myopic-
farsighted stable set is the singleton containing the man-optimal stable matching.

4. The farsighted society

In this section we consider the case where all players are farsighted. Contrary to the case
where all players are myopic, the myopic-farsighted stable set does not reduce to a concept that
has been studied in the literature before. Still, it turns out to be helpful to give the definition of the
vNM farsightedly stable set of Mauleon et al. (2011), which results when coalitions of arbitrary
size are allowed to move and improvements are required to be strict for all players involved in a
move.

Definition 3. Given a matching u € M, a coalition S € A is able to enforce the matching p’ €
M if the following conditions hold: (i) u'(i) ¢ {u (i), i} implies {i, ,u’(i)} C S and (ii) u/'(i) =
i # u(@) implies {i, u (@)} NS # @.

If, given some matching 1, coalition S can enforce matching p’, then any match in u’ that
does not exist in u should be between players in S. Moreover, if a match in u is destroyed, then
at least one of the two players involved in that match should belong to S.

Definition 4. Let (M, W, =) be a marriage problem with set of farsighted players F = N.
A coalitional farsighted strictly improving path from a matching u € M to a matching u' €
M\ {u} is a finite sequence of distinct matchings wo, ..., gz with uo = and uy = i’ such
that for every £ € {0, ..., L — 1} there is a coalition Sy, € A/ that can enforce ¢4 from ¢ and,
forevery i € S, pp (i) >; pe(i).

Let some i € M be given. The set of matchings u’' € M such that there is a coalitional
farsighted strictly improving path from u to i is denoted by g(u).

10
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Definition 5. Let (M, W, >) be a marriage problem with set of farsighted players F = N. A set
of matchings V C M is a vNM farsightedly stable set if it satisfies:

@) Internal stability: For every w, u’ € V, it holds that ' ¢ g(u).
(ii) External stability: For every u € M\ V, it holds that g(u) NV # @.

Mauleon et al. (2011) show that the vNM farsightedly stable sets are characterized as all
singletons that consist of a core element. The next result confirms that the same characterization
applies to the pairwise myopic-farsighted stable set when all players are farsighted.

Theorem 3. Let (M, W, >) be a marriage problem with set of farsighted players F = N. A set
of matchings is a pairwise myopic-farsighted stable set if and only if it is a singleton consisting
of a core element.

For the proof of Theorem 3, we show that in case F = N a set of matchings V is a pairwise
myopic-farsighted stable set if and only if it is a vINM farsightedly stable set. In other words, in
case F = N it does not make a difference whether arbitrary coalitions are allowed to move while
requiring strict improvements or only singleton and pairs while requiring weak improvements
with at least one player improving strictly. This result significantly improves upon the charac-
terization result obtained in Mauleon et al. (2011) by showing that, with a completely different
effectivity function, every singleton core element is also a pairwise myopic-farsighted stable set
when all players are farsighted.

In a recent paper, Dutta and Vohra (2017) criticize the farsighted stable set introduced in
Ray and Vohra (2015) because it does not fully capture the idea of optimal behavior embodied
in backward induction. Coalitions involved in a farsighted objection are not required to make
the, in a Pareto sense, most profitable moves that may be available to them. Consequently,
when there are multiple continuation paths, the farsighted stable set can yield unreasonable
predictions. Dutta and Vohra (2017) restrict coalitions to hold common, history-independent ex-
pectations that incorporate maximality regarding the continuation path and propose two related
solution concepts: the rational expectations farsighted stable set (REFS) and the strong rational
expectations farsighted stable set (SREFS).* Let us define both concepts formally for matching
problems.

In order to deal simultaneously with the pairwise approach of the pairwise myopic-farsighted
stable set and the coalitional approach of the vNM farsightedly stable set, we introduce the ef-
fectivity correspondence E : M x M — 2V where, for u, i’ € M, the collection E(u, ')
consists of all the coalitions that can replace u with u'. The empty coalition is assumed to be
able to replace p with pu, i.e., to stay at p. Under the pairwise approach, singletons can de-
stroy their link, so in case ' = u — (m, w) then both {m} and {w} are part of E(u, u'). Pairs
can form a link, while simultaneously destroying the links with their existing partners, so in case
1 =+ (m, w) then {m, w} belongs to E (1, u'). Under the coalitional approach, the conditions
under which § € E(u, ') are given in Definition 3.

Dutta and Vohra (2017) modify Jordan’s (2006) approach to farsightedness by interpreting an

4 Dutta and Vartiainen (2020) have extended the rational expectation stable set of Dutta and Vohra (2017) by allowing
coalitions to condition their behavior on the history of states.

11
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expectation as describing the expected transition from one state to the next.” More formally, for
a matching u € M, we define I'(u) = (y (), T (1)), where y () is the matching that players
expect to result after matching p by a move of coalition 7T(u) € E(u, y(r)). If y(u) = u,
then 7' (i) = ), meaning that no coalition is expected to change w. Such a matching is said to
be stationary. An expectation is a function I' = (y, T) : M — M x 2V . The set of stationary
matchings is denoted by X(T").

Given an expectation function I' = (y, T), let y* denote the k-fold composition of y. We
define the function ¥ : M — M x 2V by defining ¥ (1) = T(y* 1 ()).

An expectation I is absorbing if for every u € M, there exists k € N such that y*(u) is
stationary. For an absorbing expectation I', the function y* : M — M is obtained by defining
y*(u) = y* (), where k € N is such that y* () is stationary.

Definition 6. An absorbing expectation I is rational if it has the following three properties:

(I) If y (u) = u, then, for every u’ € M, for every S € E(u, '), it holds for some i € S that
w=i v ().

(E) If y () # u, then (u, y (), ..., yL(p,) = y*(w)) is such that, for every £ € {0, ..., L —
1}, forevery i € T(y“ (W), y* () =i ¥ ().

(M) If y(u) # u, then for every u’ € M such that T () € E(u, u'), it holds for some i €
T () that y*(u) =i y*(u).

The set of stationary matchings X(I") of a rational absorbing expectation I" is a rational ex-
pectations farsighted stable set (REFS).

Condition (I) requires that if u is stationary, then from p no coalition is effective in making a
profitable move consistent with y. Condition (I) is weaker than farsighted internal stability since
it requires internal stability only with respect to those farsighted objections that are consistent
with the common expectation I". Condition (E) requires that if w is a non-stationary state, then
there is a farsighted strictly improving path from 1 to a stationary matching y © (1) that is consis-
tent with T It follows from the definition in (E) that y =1 (u) # £ (), so L is the first period
that a stationary matching is reached along the path. Condition (E) is stronger than farsighted
external stability since it requires that the path is consistent with the common expectation I'.
We can simplify (E) to the equivalent requirement that if y () # w, then, for every i € T (u),
y*(u) =; . Condition (M) is the maximality condition. It requires that if T (u) is expected to
move from p to y(u), then the members of 7' (u) cannot strictly improve in the long run by
making another move.

A stricter version of maximality is strong maximality. Strong maximality rules out deviations
by any coalition that intersects the coalition stipulated to move.

(M) If y (i) # w, then, for every u’ € M, for every S € E(u, 1) such that S N T () # @, it
holds for some i € S that y*(u) >; y*(u).

An expectation I satisfying (I), (E), and (M’) is a strong rational expectation. The set of
stationary matchings X(I") of a strong rational absorbing expectation I' is said to be a strong
rational expectations farsighted stable set (SREFS).

5 Jordan (2006) expresses farsightedness in terms of commonly held consistent expectations regarding the final out-
come from any state. A stationary state of ¢ is i € M such that ¢ () = . For matching problems, an expectation is
then a function ¢ : M — M such that for every u € M, ¢ (¢ (1)) = ().

12
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Dutta and Vohra (2017) show that REFS and SREFS can be very different from farsighted
stable sets as defined in Ray and Vohra (2015). However, one interesting case in which both
solution concepts coincide with a farsighted stable set is when all elements of the farsighted
stable set lead to the same payoff vector, see Theorem 1 of Dutta and Vohra (2017).°

We use the terminology pairwise REFS and pairwise SREFS when the effectivity function
only allows for moves by singletons and pairs and we refer to coalitional REFS and coalitional
SREFS when coalitions of arbitrary size can be effective. It is easily verified that the proof of
Theorem 3 remains valid when we replace weak improvements by strict improvements. Theo-
rem 1 of Dutta and Vohra (2017) applies and we obtain the following result.

Theorem 4. Let (M, W, >) be a marriage problem with set of farsighted players F = N. A set
of matchings is a pairwise myopic-farsighted stable set if and only if it is a pairwise (coalitional)
REFS if and only if it is a pairwise (coalitional) SREFS.

Recently, Ray and Vohra (2019) have incorporated the strictest variant of maximality, called
absolute maximality. Absolute maximality asks for immunity to all deviations, not just by the
coalition that moves or by those coalitions that intersect the one that moves. Apart from the
strengthening of maximality, Ray and Vohra (2019) also allow for history-dependent expecta-
tions. They refer to a history-dependent expectation as a negotiation process. Let us define this
concept formally for matching problems.

A farsighted strictly improving path from a matching u € M to a matching u’ € M\ {u} is
a finite sequence of distinct matchings o, ..., ur with o = u and up = u’ such that for every
£e€{0,...,L — 1} there is a coalition Sy € E(u¢, it¢+1) such that, for every i € S¢, up (@) >;
e (). The set of matchings ' € M such that there is a farsighted strictly improving path from
wu to ' is denoted by f(1). A set of matchings V C M is a farsighted stable set if it satisfies
internal and external stability with respect to f.

A history « is a finite sequence of matchings along with coalitions that are effective in making
the transitions. If there is no change of matching, the empty coalition is recorded. An initial
history is just a single matching. Let u(«) be the last matching in history «. A negotiation process
I" is such that for each history o, I'(0) = (y (), T (@0)), where T («) € E(u(«), y (e)). Moreover,
if y () = p (), then it holds that 7' () = @. Given any history «, I" induces a continuation chain.
A matching u is stationary if, at any « with (o) = p it holds that y («) = . That is, once at u,
the continuation chain displays u forever. The set of stationary matchings is denoted by X(T").

The negotiation process I' is absorbing if after every history the continuation chain ends in
a stationary matching. For an absorbing negotiation process I, for every history «, let y*(«)
denote the stationary matching reached from o.

The next definition is based on Section 4 of Ray and Vohra (2019), where farsighted domi-
nance of the negotiation process is required at every conceivable history.

Definition 7. A farsighted stable set V is absolutely maximal if V = ("), where T is an ab-
sorbing negotiation process such that:

@) If y*(a) = (), then, for every u' € M, for every S € E(u(a), u'), it holds for some
i € S that w(a) >; y*(a, S, u').

6 Bloch and van den Nouweland (2020) analyze farsighted stable sets in abstract systems when agents have het-
erogeneous expectations over the dominance paths. They show that any singleton farsighted stable set with common
expectations is a farsighted stable set with heterogeneous expectations.

13
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(BE) If y*(a) # (), then, for every i € T (&), y*(a) >; u().
(M*) If y*(a) # (), then, for every u' € M, for every S € E(u(a), '), it holds for some
i € S that w(a) =; y*(a, S, 1).

Conditions (I) and (M*) together require that there is no history at which a coalition S can
deviate an obtain a higher long-run payoff for each of its members. Proposition 1 in Ray and
Vohra (2019) states that any farsighted stable set with a single payoff vector is absolutely maxi-
mal. Recalling that the proof of Theorem 3 remains valid when we replace weak improvements
by strict improvements, we obtain the following result.

Theorem 5. Let (M, W, >) be a marriage problem with set of farsighted players F = N. A set
of matchings is a pairwise myopic-farsighted stable set if and only if it is absolutely maximal.

5. The heterogeneous society

Several results in the matching literature point towards the core as the set of reasonable out-
comes, but are not able to discriminate between different core elements. Does the introduction of
heterogeneity in terms of farsightedness among the two sides of the market allow us to discrim-
inate between different core elements? A closely related issue is whether the most farsighted
side is able to obtain its optimal stable matching. For instance, is it always possible to reach
the woman-optimal stable matching ©%V from any matching  # 1V by means of a pairwise
myopic-farsighted improving path in case the woman side is more farsighted than the man side?
The answer is affirmative under certain conditions.

Example 3. Consider the marriage problem (M, W, >), which corresponds to Example 2.31
of Roth and Sotomayor (1990) with the roles of men and women reversed. It holds that M =
{m1,my, m3} and W = {wy, wy, wz}. Assume F = {w1, wr, w3}, so all women are farsighted
and all men are myopic. The preferences of the players are as follows.

i m m3 Wi W2 W3
wp w3z wj mp mjp  mj
w2 wp w2 mp mpz mjp
w3 w2 w3 ms3 m3z ms.

By applying the deferred acceptance algorithm of Gale and Shapley (1962), it can be easily
verified that the woman-optimal stable matching is equal to

wWVm) = wi,
wVimy) = ws,
wVims) = ws.

The matching & defined by

wimy) = ws,
wim2) = wi,
nwim3) = wy,

is strictly preferred by w; and w3 to 1" and does not make a difference for w,. However, the
pair (m1, wy) can block i, so w does not belong to the core.

14
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Fig. 2. Myopic-farsighted improving path in Example 3 to move from wWV o m.

We show that iz € h(u'V), so it is possible that farsighted women leave the woman-optimal
stable matching by means of a pairwise myopic-farsighted improving path. To see this, consider
the pairwise myopic-farsighted improving path uo, ..., u4 with o = %V and 4 =, where
w1 = o — (my, wy), w2 = 1 — (M2, w3), u3 = U2 + (M2, wy), and pg = uz + (my, w3). This
pairwise myopic-farsighted improving path is illustrated in Fig. 2.

The move to w1 is initiated by w; who is farsighted and therefore wants to destroy her match
with m in the anticipation of ending up in a match with m,. Similarly, the move from p to
W2 is initiated by w3 who is farsighted and is willing to divorce m» in the expectation of being
matched with m. The transition to u4 = @ is completed by the subsequent marriages of the
single players m> and w and the single players m; and wj3. A

The non-core element 7z in Example 3 is strictly preferred by two out of three women to "V,
whereas the third woman is indifferent. The next example shows that {i} is a pairwise myopic-
farsighted stable set. This example is important since it shows that in heterogeneous societies,
it is possible for the farsighted side to do better than in any core element. However, as shown
in Sections 3 and 4, this is not possible in the homogeneous case where all players are either
myopic or farsighted. In homogeneous societies a pairwise myopic-farsighted stable set only
contains core elements.

Example 4. We take the same primitives as in Example 3. In Example 3 it has been shown that
7 € h(uV). We show now that for every € M \ {Jx} it holds that 7z € h(s). It then follows that
{i} is a pairwise myopic-farsighted stable set.

Let some u € M\ {ix} be given such that w(w;) 7% m. We define uo = and p; = po +
(m1, wy). Notice that g(w) = m2 >y, no(wy) and wy >y, po(my), so m; and w; are willing
to form the match and reach p|. Next, we take pu» = w1 — (m1, wy). The purpose of this step
is to make mj single. Woman w; is willing to do so since w(w1) = my >y, m1 = pu1(wy).
Next, we make m3 single by setting 3 = o + (m3, wy) and pug4 = u3z — (m3, wy). It can be
verified that m3 and w; are willing to form the match at w, and w; is willing to destroy this
match next. Notice that u4(my) # wy, whereas m| and m3 are single at p4. We now define
w5 = pa + (my, w3), e = ps + (mo, wy), and w7 = ue + (m3, wr). It is easily verified that the
latter three moves involve strict improvements for the marrying couple. Since @7 = i, we have
shown that ug, ..., (17 is a pairwise myopic-farsighted improving path from u to .
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Fig. 3. Myopic-farsighted improving path in Example 3 to move from 7z to uW.

Now let some u € M be given such that p(w;) = m. We can use exactly the same argument
as in the previous paragraph, only skipping the very first step since now m| and wj are already
linked. A

In Example 5, we show that uV € h(x) despite the fact that all women are farsighted, 7 is
strictly preferred by two out of three women to 'V, whereas the third woman is indifferent.

Example 5. We take the same primitives as in Example 4. We show that uV € h(jz). So even
though the three women are farsighted, it is possible that they move from 7t to a matching that
none of them strictly prefers and that is strictly worse for women w; and ws3. To verify this
statement, consider the pairwise myopic-farsighted improving path w, ..., a4 with uo = and
pa = uV, where i = po + (my, wa), po = w1 + (ma, w3), u3 = w2 + (my, wi), and pg =
u3 + (m3, wy). This pairwise myopic-farsighted improving path is illustrated in Fig. 3.

Since m is myopic and w» is farsighted, it is possible to establish a match between them
as man m strictly prefers wy = pu1(mp) to w3 = po(m1) and woman w, is indifferent since
Ho(wz) = wa(wy). Since at u; woman w3 has become single, she is willing to form a match
with my, her partner in the end matching of the sequence, moving from w1 to wy. Since at o
woman w; is single, she is willing to team up with m1, her partner in the end matching of the
sequence, leading to the matching w3. Woman wy has become single at 3 and marries m3 in
order to move to the end matching 4. The men are myopically improving in each step of the
sequence. A

Moreover, under certain conditions guaranteeing that the woman side is more farsighted than
the man side, it can be shown in general that {V} is a pairwise myopic-farsighted stable set.
In order to guarantee that one side is more farsighted than the other side, two cases are formally
analyzed in the Appendix. First, we assume all men to be myopic, whereas women can be either
myopic or farsighted. Next, we assume all women to be farsighted, whereas any given man can
be either myopic or farsighted.

For every m € M, let w*(m) € W U {m} denote the top choice of m, so w*(m) >,, w for every
w € W and w*(m) >, m. We say that top-ranked women are farsighted if for every m € M it
holds that w*(m) € F U {m}. When top-ranked women are farsighted, then the top choice of
every man is either a farsighted woman or to remain single. Intuitively this corresponds to the
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requirement that the farsighted side is desirable. It is automatically satisfied when all women are
farsighted.

Theorem 6 in the Appendix states that in a marriage problem with set of farsighted players
F C W being such that top-ranked women are farsighted, {;«V} is a pairwise myopic-farsighted
stable set. Thus, if the farsighted side is desirable, then that side is able to induce its optimal
stable matching. Second, Theorem 7 in the Appendix states that in a marriage problem with set
of farsighted players F D W, {1V} is a pairwise myopic-farsighted stable set. Thus, in case
all women are farsighted, they can achieve the woman-optimal stable matching, irrespective of
whether men are myopic or farsighted. The fact that we can reach a designated core element is
striking, certainly when taking into account that the celebrated result of Roth and Vande Vate
(1990) only shows that some core element can always be reached by means of a pairwise myopic
improving path from any initial matching.

6. Concluding discussion

We propose the pairwise myopic-farsighted stable set to study stable matchings under the
assumption that players can be both myopic and farsighted. For the special case where all players
are myopic, our concept predicts the set of matchings in the core. When all players are farsighted,
we provide the characterization of pairwise myopic-farsighted stable sets: a set of matchings is a
pairwise myopic-farsighted stable set if and only if it is a singleton consisting of a core element.
This result confirms the characterization obtained by Mauleon et al. (2011) with a completely
different effectivity function and provides a new special case where the farsighted stable set is
absolutely maximal (Ray and Vohra, 2019) and coincides with the Strong Rational Expectations
Farsighted Stable Set (Dutta and Vohra, 2017). In heterogeneous societies where myopic and
farsighted players interact, matchings outside the core can be stable and the most farsighted side
can always obtain its optimal stable matching.
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Appendix

Proof of Theorem 1. Suppose p is not individually rational. Then there is m € M and w € W
such that u(m) = w, m >, w or w >,, m. Without loss of generality, assume m >, w. We show
first that u ¢ h(u — (m, w)) by distinguishing two cases.
Casel. me M\ F.

Suppose uo, ..., 1 is a pairwise myopic-farsighted improving path from po = u — (m, w) to
nr = u. We prove by induction that, for every £ =0, ..., L, pe(m) >, m. Since po(m) =m, it
clearly holds that po(m) >,, m. Assume, for some £ =0, ..., L — 1, it holds that p,(m) >,, m.
We show that wey1(m) >, m. We distinguish between three cases when moving from u, to
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es1: a. m creates a match with a woman different from w, (m); b. m becomes single; c. m is not
affected. In Case a it holds that ppy1(m) >, pe(m) >=,, m, in Case b that pey1(m) =m >, m,
and in Case c that w41 (m) = we(m) >, m. We have shown that g4 (m) >, m. It follows that
ur(m) =, m, yielding a contradiction to m >, p (m) = w. Consequently, there is no pairwise
myopic-farsighted improving path from u — (m, w) topifme M\ F.

Case2.m e F.
Suppose wo, ..., 1L is a pairwise myopic-farsighted improving path from po = u — (m, w) to
ur = . Since p — (m, w) >,, W, it is not possible that m is involved in the formation of a match
with a woman when moving from g to w1, so wi(m) = m. By repeating this argument, we
find that i (m) = --- = up(m) = m, a contradiction to py (m) = w. Consequently, there is no
pairwise myopic-farsighted improving path from p — (m, w) tou if m € F.

Combining Cases 1 and 2, we have shown that u ¢ h(u — (m, w)).

On the other hand, u — (m, w) € h(u), so by u € V and internal stability of V it follows that
w — (m,w) ¢ V. By external stability of V it holds that there is u’ € h(u — (m, w)) such that
uwev.

Let i, ..., up with u; = u — (m, w) and uy = ' be a pairwise myopic-farsighted improv-
ing path from u — (m, w) to u'. We distinguish between two cases.

Casel. me M\ F.
It holds that u — (m, w) >,, u. Therefore, it follows that o, t1, ..., ur with po = p is a pair-
wise myopic-farsighted improving path from p to i’ and therefore u’ € h(w). This contradicts
the fact that V is internally stable.

Case2.m e F.
Since i’ € h(uw — (m, w)) and m € F, it follows as before that ' (m) >,, m. Therefore it holds
that po, (1, ..., mz With o = p is a pairwise myopic-farsighted improving path from w to w’

and therefore u’ € h(w). This contradicts the fact that V is internally stable. O

Proof of Theorem 3.

Step 1. Let u, 4’ € M be such that u and ' are individually rational. If ©’ € g(u), then u' €
h(w).

Let wo, ..., ur be such that uo = w, up = @/, and, for every € € {0, ..., L — 1}, there is a
coalition Sy € N that can enforce w1 from wy and, for every i € Sp, pup (i) >; we(i).

We start by showing that if, for some i € N, uy (i) =i, then, forevery £ € {0, ..., L —1},i ¢
S¢. Leti € N be such that py (i) =i. Since wo(i) >; i, it follows that i ¢ So and 1) = uo(i)
or uy(i) =1i,s0 u1(i) >; i. By repeating this argument, we obtain the desired conclusion that for
every £ €{0,..., L —1},i ¢ Sy. It follows that, for every i € S¢, (i) >; i.

Let some £ € {0, ..., L — 1} be given. We define

DY = {meSi|puem)eW\ S,
D] = {weSi|pew)eM\ S},
D; = {weSe|pe(w)e S,

as the men in Sy who at u, destroy their match with a woman outside Sy, the women in S, who at
(e destroy their match with a man outside S¢, and the women in S, who at 1, destroy their match
with a man inside S¢. Let Dy = D? U Dl} U D%. The cardinality of D, is denoted by d;. We define
the set Ay = {m € Sy | o1 (m) € W} as the set of men that form a match when going from w,
to we+1. Note that enforceability of ey implies that pey(m) € S¢. The cardinality of Ay is
denoted by ay. Take an arbitrary order of the individuals in Dy, say iy, ..., iq,—1, and an arbitrary
order of the men in Ay, say mo,...,mq,—1. We define vg o = ug. For k € {0, ...,dy — 1}, we
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define the matching ve k11 = vk — (ik, e (ix)). For k € {0, ..., a¢ — 1}, we define the matching

Ve, dp+k+1 = Ve, dp+k + (M, o1 (my)).
Consider the sequence of matchings

UO,Ov ey vo,d()-‘ra()—la Ul,Oa [RRR) vL—],()a KRR VL—],dL_1+aL_|—1 ) vL—l,dL_|+aL_1 .
Notice that vy _1 4, ,+a, , = nr. We argue that this sequence is a pairwise myopic-farsighted
improving path from vo o =L to vi_1,d; +a,_; =M1 .

Let some £ € {0,...,L — 1} and some k € {0, ...,d; — 1} be given. It holds that v; s+ =
vek — (ik, e (ix)) and pp (ix) =i, pe(ix) = ve i (ix)-

Let some £ € {0,..., L — 1} and some k € {0, ...,a, — 1} be given. For wy = pe41(my), it
holds that v x11 = vg x + (my, wy). Moreover, we have wy (mg) >m, pe(my), pp (my) >m, mg,
mrL(wi) >y pe(wi), and pp (wi) >y, wg. It also holds that vy (mg) = pe(my) or ve g (my) =
my, and vg x (wg) = pe(wi) or vy x(wy) = wy. In all cases, we find that pp (mg) >, ver(mi)
and pp (Wg) >y Vex(wi).

We have shown that ' € h(u).

Step 2. Let u, u' € M be such that u' is individually rational. If ' € h(w), then p’ € g(w).

Let m, w € N be such that u(m) = w. We show that u'(m) >,, u(m) or u'(w) >, u(w) or
W' (m) = w. Suppose w(m) =, w'(m), w(w) =y w'(w), and w'(m) # w. Since p(m) # ' (m)
and p(w) # w'(w), it follows that pw(m) >, u'(m) and w(w) >y u'(w). Let uo, ..., up with
o = and g = ' be a pairwise myopic-farsighted improving path from w to . It follows
immediately that m and w cannot be involved in the move from g to (11, so w1 (m) = w. Repeat-
ing this argument, it follows that pz (m) = w, leading to a contradiction since py (m) = u'(m) #
w.

We now construct a coalitional farsighted strictly improving path vy, vi, v from vg = u to
vy = i/, For each pair m, w € N such that u(m) = w # /' (m), select m if ' (m) >, w(m) and
select w otherwise. By the result of the previous paragraph, we have u'(w) >, w(w) in the latter
case. Let N! be the, possibly empty, set of selected players. We define vy = 1+ and we let v; be
the matching obtained when all players in N'! destroy their match. Notice that the coalition N
can enforce v and, for everyi € N 1

Vo (i) = ' (@) =i p(d).

At vy, every m € M is single or matched to p'(m).
Let

M?={me M| (m)#vi(m)

be the set of men that are married at 1’ to a woman different from vy (m). By the construction of
v1, it holds that all these men are single. Let W2 = 1/ (M?) be the matches of the men in M? at
w'. By the construction of vy, all women in W? are single at v;. Since x4’ is individually rational,
it holds that

W (m) =, m=vi(m), meM?,
wWWw) =y w=v(w), weW2.

The coalition M>U W? can enforce v, = 11’ by forming the remaining marriages and all coalition
members are strictly better off by doing so. We have shown that u’ € g(u).

Step 3. V is a pairwise myopic-farsighted stable set if and only if it is a singleton consisting of a
core element.
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=
By Theorem 1, it holds that every matching in V is individually rational. It now follows from
Steps 1 and 2 that V is a vNM farsightedly stable set and Theorem 2 of Mauleon et al. (2011)
now implies that V is a singleton consisting of a core element.

P

Let 1/ be a core element. It suffices to show that, for every u € M \ {u'}, it holds that u’ € h(u).
Let some u € M \ {i/} be given. We first remove any matches from p that violate individual
rationality. We define the sets M and W! by

M' = {meM|m>y, pm))},
Wl = {(weW|uw)¢ M and w >, u(w)).

The cardinality of M is denoted by k' and the cardinality of W! by k2. Take an arbitrary or-
der of the men in M!, say my, ..., myi_y, and an arbitrary order of the women in wi, say
wo, ..., Wy2_1. Define pog = u. For £ € {0, ..., k' — 1}, we define the matching ey = (g —
(mg, w(my)). For £ € {0, o k2 — 1}, we define the matching pug1y, | = g1y, — (We, w(we)).
It holds that the matching ju;1,2 is individually rational. If 1,2 = ', then, obviously,
O, - - -5 Mgl o2 18 @ pairwise myopic-farsighted improving path from u to u/, so u' € h(w).
Otherwise, it holds that 14;1 42 € M \ {u}. By Theorem 1 of Mauleon et al. (2011) it holds that
{1} is a VNM farsightedly stable set, so in particular " € g(uz1442). Since the matchings pug1, .2
and y are individually rational, it follows from Step 1 that ' € h(py1,2). Since ' is individu-
ally rational, it holds that the composition of p, . .., ;12 and the pairwise myopic-farsighted
improving path from g1 42 to p” is a pairwise myopic-farsighted improving path from u to 1/,
sou €h(w). O

Theorem 6. Let (M, W, >) be a marriage problem with set of farsighted players F C W and
such that top-ranked women are farsighted. Then {WV} is a pairwise myopic-farsighted stable
set.

Proof. Since {MW} is a singleton, Condition (i) of Definition 2, internal stability, is satisfied.
Condition (ii) of Definition 2, external stability, follows from Lemmas | and 3 below. 0O

We prove first that the woman-optimal stable matching 1 can be reached from any matching
w with the property that, for every w € W, uWV (w) >, 1(w). Since the core has a lattice structure
and the woman-optimal stable matching 1" is weakly preferred by all women to any other core
element, Lemma 1 covers all matchings p that belong to the core.

Lemma 1. Let (M, W, >) be a marriage problem with set of farsighted players F C W and such
that top-ranked women are farsighted. For every u € M \ {uV} such that, for every w € W,
wW (w) =y w(w) it holds that ©%v € h(w).

Proof. Let 1 € M \ {u™} be a matching such that, for every w € W, uW(w) =, u(w). We
construct a pairwise myopic-farsighted improving path s, ..., uz from o= to up = uW
Let

W ={we W\ F|uV(w) >, u(w) and u(w) € M)

be the, possibly empty, set of myopic women w who strictly prefer u" (w) to (w) and who
are not single at 1. Let k! be the cardinality of W'. The set of men married at x4 to a woman
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w € W!is denoted by M!' = (W'). Let M? be the, possibly empty, subset of M such that, for
every m € M°, w*(m) = m. Let k° be the cardinality of M°. Take any order of the men in M,
say mo, ..., myi_q, such that the first k° men belong to MO,

For ¢ € {0, ..., k" — 1}, we define the matching e+ = pe — (myg, (my)), so the k% men in
M sequentially destroy their matches. For £ € {k°, ..., k! — 1}, we define the matching jto4 =
e + (mg, w*(my)), so the k! — kY men in the set M1 sequentially marry their top choices. We
argue that the sequence of matchings o, ..., ;1 is the first part of a pairwise myopic-farsighted
improving path from 1 to uV by showing that

(i) forevery £ € {0, ..., k' — 1}, pes1(me) = w*(mg) >m, pe(my),

(i) for every € € {(k, ..., k" =1}, wr(w*(me)) = u¥ (W* (me)) =gy e (W* (my)).
Letsome £ €0, ..., k' —1be given. The strict preference in (i) holds because m, is married to
the myopic woman p,(mg) € W \ F, whereas his top choice is either to be single or to marry a
farsighted woman.

We now show that (ii) holds. Let some ¢ € k°,...,k! — 1 be given. If pg(w*(my)) =
w(w*(my)), then it holds that u™ (w*(my)) >w*(my) Me(w*(mg)) by assumption. Otherwise,
there is ¢’ < £ such that

w*(my) = w*(mg) and pe(w*(me)) = e (W*(me)) =my.

Suppose mgr >=y*(m,) wW (w*(my)). Then wV (my) # w*(my), so it follows that w* (m ) >my
wW (my). Now the pair (my, w*(me)) can block uV, a contradiction. Consequently, it holds
that u (w*(my)) >w*(m,) My, Which is equivalent to wW (w*(my)) = w(mg) Le(W*(my)), so
(ii) holds.

At 1, every man in M I'is either single or married to his top choice.

Let

M?={me M| pum)eF\ (W m))

be the, possibly empty, set of men that are married at u;1 to a farsighted woman different from
uw(m). For every m € M? it holds that either m € M' and 1 (m) = w*(m) # uw(m), or
me M\ M" and M1 (m) € F is such that uw(ukl (m)) > g1 (m) 1M, where in the latter case we
use that p1(m) = pu(m). Let k2 be the cardinality of the set M 2 Take an arbitrary order of the
men in M2, say mo, ..., m2_q.

For £ € {0, ..., k* — 1}, we define the matching Mgl = Mylpg — (Mg, iy (mye)), so the
k? farsighted women married to the men in M? sequentially destroy their matches under i1 and
all men in M? become single.

We argue that the sequence of matchings w1, ..., ug1, 2 is the second part of a pairwise
myopic-farsighted improving path from 1 to "W by showing that, for every £ € {0, ..., k> — 1},
™ (g1 o (me)) >t (me) e

Let some ¢ € {O,...,k2 — 1} be given. If my € M \ M!, then the assertion above is ob-
viously true, so consider the case m € M'. Suppose m, Z it 4y (me) uw(ule(mg)). Since
Myl g o(me) =w*(my) # ,uW(mg) by construction of M?2, we have my > w*(my) uw(w*(mg)) and
w*(me) >m, /LW(mg), so the pair (mg, w*(my)) blocks ;LW, a contradiction. Consequently, it
holds that /LW(,bLkl_HZ(WZ@)) >Mkl+((’"£) my.

At 1,1, every man m € M! is single or married to his top choice w*(m) € W. If this top
choice is different from " (m), then his match is destroyed when moving from Uil to ,ukl+k2.
Therefore, at p;1, 2, every man m € M !'is single or matched to " (m). Also, every man m €
M\ M! is single or matched to W (m).
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Let
M3 ={m e M | 2(m) =mand u (m) e W)
be the, possibly empty, set of men that are single at z¢;1;2 and married at uW. Let
w3 = {w e W g g2(w) =w and /Lw(w) € M}

be the, possibly empty, set of women that are single at 1,12 and married at uW. Let k3 =
|[M3| = |W3| be the cardinality of these sets. Take an arbitrary order of the men in M?, say
my, ..., My3_1.

For € €{0,...,k* — 1}, we define fp1 4424011 = it piage + (me, WV (mye)), so the men in
M? sequentially marry the women in W to whom they are matched under 1V until we arrive at
Mgl 1 j2 3 = w1t holds that

gz per1me) = WY (me) =y me = oy o (me),
oo we) = V(W) =w, we =20 (we),  ifwge W\ F,
gt o) = N (We) =u, we = g gy (we),  ifwg €F,

so the conditions in Definition 1 are satisfied. O

The next lemma is known as the blocking lemma and is due to J.S. Hwang. It is presented as
Lemma 3.5 in Roth and Sotomayor (1990). For an arbitrary matching u € M, we define the set
of women that strictly prefer i to %V by W (1), so

W) ={weW | pmw) >y 1" (w)).

Since 1" is the woman-optimal stable matching, we have for every u € C that W (u) = 0.

Lemma 2. Let (M, W, >) be a marriage problem and let i@ € M be an individually rational
matching. If W (i) is non-empty, then there is a pair (m, w) € p(W(w)) x (W \ W(un)) that
blocks .

Lemma 2 states that if the set of women that strictly prefer the individually rational match-
ing  to % is non-empty, then there is a blocking pair (m, w) such that m is married to a
woman strictly preferring 1 and w is weakly preferring 1"V . Lemma 2 is crucial for the proof of
Lemma 3, which complements the case studied in Lemma 1.

Lemma 3. Let (M, W, >) be a marriage problem with set of farsighted players F C W and
such that top-ranked women are farsighted. For every u € M such that W () # @ it holds that

wV e h(w).

Proof. Let u € M be a matching such that W(u) # @. We construct a pairwise myopic-
farsighted improving path jo, ..., iz from o= to uy = pu'. Let

W= {w € (M) | (W) =) w or w =y p(w)}

be the, possibly empty, set of women that are involved in a match that is not individually ra-
tional for at least one of the partners involved and denote the cardinality of W! by k'. Take an
arbitrary order of the women in wl, say wo, ..., wyi_;. For £ € {0, ..., Kl — 1}, we define the
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matching (41 = e — ((we), we), so the player who is involved in a match under p that is not
individually rational destroys his or her match.

Consider the set W(u;1) of women w € W that strictly prefer p;1(w) to uw(w). The set
W (uy1) is empty if and only if all women in W (u) were matched at x to a man that preferred to
be single. For £ € {kl,kl + 1, ...}, whenever W (u,) # 0, select some (myg, we) € pe(W (1eg)) X
(W \ W (ue)) that blocks p¢. Such a pair (mg, wy) is guaranteed to exist by Lemma 2. We define
the matching pe41 = e + (me, we).

We argue next that after a finite number of steps, say k2, W (1,1 12) = . Since for every £ >
k', the man involved in the block is married, it follows that the cardinality of the set pg(W (1))
of men married to women in W () is weakly decreasing in £ and that these sets are nested in
one another. It holds that pg11(m¢) = we >, pe(me) and, for every m € we(W(pe)) \ {me},
Wes1(m) = we(m). Man my strictly improves and all other men in wg(W (1)) remain married
to the same partner. It follows that cycling is impossible, so after a finite number of steps k> we
have W (w1 42) =9.

Since W (114 42) = @, the matching ;12 is either equal to wW or satisfies the assumptions
of Lemma 1. In the former case we are done, in the latter case we proceed as in the proof
of Lemma | to complete the construction of the pairwise myopic-farsighted improving path
leading to V. It remains to be verified that for every £ € {0, ..., k! + k> — 1} the conditions of
Definition 1 are satisfied.

Consider some ¢ € {0, ..., Kl — 1} and let (my, we) be such that wey1 = e — (mg, wy). It
holds that mg >, e(me) or we >y, pe(we). In the former case, we have that

Mer1(me) =myg >, pe(myg),

and in the latter case that

mer1(we) = wg >y, he(we), ifwee W\ F,
prwp) = V(W) zw, we =, me(we), if weeF,

so the conditions of Definition 1 are satisfied.
Consider some ¢ € {kl, o kK — 1}. Since (mg, wy) blocks iy, it follows that

o1 (me) >m, pe(me) and poy1(We) >w, pe(we).

It holds that wy, € W\ W(u), so

1Y (we) =, e (we).

Irrespective of whether wy is farsighted or myopic, the conditions of Definition | are therefore
satisfied. O

Now, we assume all women to be farsighted, whereas any given man can be either myopic or
farsighted.

Theorem 7. Let (M, W, >) be a marriage problem with set of farsighted players F D W. Then
(uW} is a pairwise myopic-farsighted stable set.

Proof. Since {11V} is a singleton set, Condition (i) of Definition 2, internal stability, is satisfied.
Condition (ii) of Definition 2, external stability, follows from Lemmas 4 and 5 below. O
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We prove first that the woman-optimal stable matching 1 can be reached from any matching
u different from MW with the property that, for every w € W, ,uw(w) >w m(w). This covers the
case where y is a core element different from pW.

Lemma 4. Let (M, W, >) be a marriage problem with set of farsighted players F > W. For
every € M\ {uW} such that, for every w e W, u¥ (w) >, w(w) it holds that u"%V € h(w).

Proof. Let ;1 € M \ {™W} be a matching such that, for every w € W, u" (w) =, u(w). We
construct a pairwise myopic-farsighted improving path s, ..., uz from o= to up = uW
Let

W!={wew|uV(w) >, u(w) and u(w) € M}

be the, possibly empty, set of women who strictly prefer W (w) to 1 (w) and who are mar-
ried at u. Let k' be the cardinality of W!. Take an arbitrary order of the women in W!, say
wo, ..., Wel_q-

For ¢ {0, ..., k' — 1}, we define the matching o1 = g — (e(wye), we), so the k! women
in W! sequentially destroy their matches. We show that the sequence of matchings w1, ..., i1
is the first part of a pairwise myopic-farsighted improving path from 1 to 'V by showing that for
every £ € {0, ..., k' — 1} we have ur (we) = ™ (wy) >wy Me(we). This follows since e (we) =
w(wye) and by the definition of wl.

At ;1 every woman is either single or married to her partner at «". It then follows that at
W1 every man is either single or married to his partner at 1. Let

W2={we W | " w) >y pupw)}

be the set of women that strictly prefer the match at u'V to being single. Let k> be the car-
dinality of the set W2. Take an arbitrary order of the women in W2, say wy, ..., wy2_;. For
£=0,...,k* =1, we define m¢ = ™ (wy).

For £ =0, ..., k*— 1, we define the matching Ml yprq = Mgioe + (mg, wy), so the k% women
in W? sequentially marry their partner at «"V. It holds that p; = gy = wW. Observe that the
sequence of matchings w1, ..., 142 is the final part of a pairwise myopic-farsighted improv-
ing path from p to VW since it holds that, for every £ € {0, ..., k> — 1},

M pep1(me) = pV(me) =my me=pupay(me), ifmge M\ F,
prme) = uVme) =m, me=pp(me), ifmgeF,
prwe) = WV (we) =w, we = gy e(we). m

We now turn to the case where the matching  is such that some women prefer u to u%, so
the set of women W (u) that strictly prefer their match at y to the one at 1"V is not empty.

Lemma S. Let (M, W, >) be a marriage problem with set of farsighted players F D W. For
every ;€ M such that W () # @ it holds that W™ € h().

Proof. Let © € M be a matching such that W(u) # . We construct a pairwise myopic-
farsighted improving path po, ..., uz from po = to g = ™. Let

W= {w e w(M) | (W) =) wor w =y w(w)}
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be the, possibly empty, set of women that are involved in a match that is not individually rational
for at least one of the partners and denote the cardinality of W! by k!. Take an arbitrary order
of the women in W!, say wo, ..., wyi_j. For £ € {0, ..., K- 1}, we define my = u(wy) to be
the man married to wy at w and we define the matching ey = e — (myg, wy), so the player
who is involved in a match under u that is not individually rational destroys his or her match. We

argue that the sequence of matchings (o, ..., ;1 is the first part of a pairwise myopic-farsighted
improving path from p to V.
Let some £ € {0, ..., k! — 1} be given. It holds that m, >m, We OF Wg >y, M. In the former

case, we have that

Mer1(me) = mg>p, pe(me), ifmee M\ F,
prwe) = pNme) =m, me =m, pe(me), ifmg €F,

whereas in the latter case it holds that
pr(we) = 1V (we) =4, we =, pe(we),

so the conditions of Definition 1 are satisfied.
Let

W2 ={we W () | (w) € F)

be the, possibly empty, set of women that prefer their match at j1;1 to the one at «"V and that are
matched to a farsighted man. We denote the cardinality of W2 by k2 and take an arbitrary order

of the women in W2, say wo, ..., wy2_j. For£€{0,..., K2 — 1}, we define my = 1 (we) to be
the man married to wy at p;1 and we define the matching pg1, .1 = pyp14, — (Mg, we), O man
my destroys his match with wy. We argue that the sequence of matchings 1, ..., ug1 42 is the
second part of a pairwise myopic-farsighted improving path from p to V.

Let some £ € {0, ..., k%> — 1} be given. Since my >, wW (wy) and uW is a core element, it
holds that

pr(me) = ™ (m) =, we = pgr o (my),

so the conditions of Definition 1 are satisfied.

Consider the set W (j41,2) of women that strictly prefer (i1 2 (w) to wW (w). By construc-
tion of 451,42 it holds that the men in the set w1 g2 (W (ug1,42)), who are married to a woman
in W(uy1,42), are all myopic. For £ € {0, 1, ...}, whenever W (1,2, ,) # @, select some

(mg, we) € (Mk1+k2+z(w(l$kl+k2+e))) x (W W(Mkl+k2+z))

that blocks w142, ,. Such a pair (m¢, w) is guaranteed to exist by Lemma 2. We define the
matching pg1 2 g = Mgt pp2ae + (me, we).

We argue next that after a finite number of steps, say k3, W (14 52443) = 0. Since for every
£ > 0, the man involved in the block is married to a woman in W (u1,42, ), it follows that the
cardinality of the set w142, o (W (py14424,)) is weakly decreasing in £ and that these sets are
nested in one another. It holds that pig1 2y 1 (M) = We >, g1 4124 0(me) and, for every m €
Mt 2 oW g2 o)) \ {me}, pp g2y o (m) = gy 4240 (m). Man my is strictly improving
and all other men in g1 g2, o (W (g1 4424 0)) remain married to the same partner. It follows that
cycling is impossible, so after a finite number of steps k> we have W g2443) =9.

We argue that the sequence of matchings ¢, 1\#2, ooy Mgiy 2143 is the third part of a pairwise
myopic-farsighted improving path from p to u*.
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Let some £ € {0,...,k> — 1} be given. Since the set of men Mtz (W (g 4240)) s a
subset of w12 (W (pg1,42)), it holds that m, is myopic. Since (g, we) blocks figi 2, it
follows that

Mot k241 (M0) >my It g2 40 (me).
It holds that wy € W\ W (11 4244), SO

pr(we) = W (we) =4, pe(we).

The conditions of Definition | are therefore satisfied.

Since W (uyi42453) = ¥, the matching 141,243 is either equal to u" or satisfies the as-
sumptions of Lemma 4. In the former case we are done, in the latter case we proceed as in the
proof of Lemma 4 to complete the construction of the pairwise myopic-farsighted improving
path leading to V. O
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