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Abstract

This paper generalizes the results of Hausman and Taylor (1981), Schmidt and
Sickles (1984), Cornwell, Schmidt and Sickles (1990) and Park and Simar (1992)
to the efficient IV estimation of panel models in which the random effects are
correlated with a subset of the regressors. The model in which this estimator has
particular promise is the stochastic frontier model in which it is posited that ineffi-
ciency is correlated with certain characteristics of the determinants of technology,
or observable proxies for heterogeneity in the application of that technology, which
renders the random components treatment of efficiency inconsistent. In the spirit
of Robinson (1988) our semiparametric model assumes a particular form for the
frontier production function while considering the joint density of the individual
firm-specific effects and those regressors with which they are potentially correlated
as unknown. Efficiency of the slope parameters and the asymptotic properties of
the level of the frontier function are explored. We illustrate our new estimator in
an analysis of productive efficiency between selected European and American air-
lines after domestic deregulation in the U.S. and prior to recent European reforms
implemented in the course of EC integration.
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1. Introduction

The model we analyse in this paper assumes N independent observations
(X, Z;,Y;) which are written as

Yi=XB+Zy+a;+eu, t=1,...,T (1.1)

where X; = (X/4,....X[1), Z; = (Zn,..., Ziv) and Y; = (Yi1,...,Yir). The X;
are i.i.d. (d — 1) x T-dimensional random vectors with unknown density function
g, and 8 is a (d — 1)-dimensional unknown vector. The e;; are considered i.i.d.
random variables from N (0, 0?) with unknown o2, and the (a;, Z!)" are i.i.d. from
a unknown density h. The support of the marginal density of a is considered
bounded above (below). It is assumed that the e;, (a;, Z;z) and X;; are indepen-
dent. Let (o, Z')’ denote the generic observations (o, Z!) and Z = T! Zthl Zs.
Throughout this paper, it is assumed that the density & is of the form,

h(a, z) = har(a, 2)p(2)

where hj; is the joint density of (o, Z) and p is an arbitrary function. This
assumption essentially tells us that Z depends on a only through Z, i.e. through

longrun movements in Z;.

Although equation (1.1) is the generic panel data model, an appealing empir-
ical motivation for the appropriate treatment of (1.1) is to estimate firm specific
efficiency levels in a stochastic panel production frontier model (c.f. Schmidt and
Sickles, 1984; Cornwell, Schmidt and Sickles, 1990). The availability of panel data
allows one to identify the realization of «; for a particular firm and thus overcome
the limitation of single cross-sections (or time series) which allow only the identi-
fication of the expectation of «; conditional on stochastic noise (Jondrow, Lovell,
Materov and Schmidt, 1982).

In this paper we derive the asymptotic lower bound for estimating 3 in the
presence of nuisance parameters o2 and h, while allowing for dependencies between
tha random effects and the regressors. The efficient semiparametric estimator of
[ attains this lower bound. We present the estimator, as well as predictors of the
individual effects whose construction utilizes the efficient estimator of 5 and pro-
vide proofs of their asymptotic properties. We provide an estimator of the level of

the frontier function B(h), which is the upper boundary of the support of h,s, and

1



examine its rate of convergence to the desired quantity. It is this boundary esti-
mator on which is based the estimates of firm specific relative technical efficiency.
We focus on the case in which the random effects are correlated with one regres-
sor. The generalization to an arbitrary number of regressors which leads naturally
to a general semiparametric test of the orthogonality of regressors and effects is
left to future research. We are unaware of any asymptotic results (beyond consis-
tency) involving the level of the frontier function when such correlations exist (c.f.
Schmidt and Sickles, 1984).

In section 2 we derive the asymptotic lower bound for estimating 3 and the
efficient estimator of § for the generic panel data model (1.1) with correlation
between «; and the regressor Z;;. Section 3 considers the frontier estimation of the
boundary of the support of the density of «; and its asymptotic behavior. Section
4 discusses the use of this estimator in the modeling of efficiency differentials
between selected European and American air carriers using a newly constructed
data set whose use has been limited to modeling the provision of revenue service
(Good, Nadiri, Roeller and Sickles, 1992). We consider here the provision of
capacity service on domestic and international routes and discover a substantial
gap in efficiency levels in favor of the American carriers. The data are from 1976-
1986 and cover the four largest European and eight largest American carriers.
Our results point to the practically and usefulness of the semiparametric frontier
estimator when efficiencies are potentially correlated with incentive incompatible
factors which, e.g. allow for substantial subsidies to European airlines which carry
excessively bloated labor forces, ostensively to expedite the service competition
objectives of the national flag carrier. They also point to the applicability of the
semiparametric frontier estimator for a wide class of empirical modeling scenarios
which nests most linear panel data problems. Section 5 concludes. Proofs of major

theorems are in the appendix.



2. Efficient estimation of slope parameters

Throughout this section except Theorem 2.3, the time period T is considered
fixed. The notion of efficient estimation in semiparametric models is well estab-
lished in Begun, Hall, Huang and Wellner (1983), and Bickel, Klaassen, Ritov and
Wellner (1992). An excellent survey found in Newey (1990). Below we briefly

outline the basic ideas in our context.

Write (X, Z,Y) for “generic” observations. Let P be the set of all possible
joint distributions of (X, Z,Y). Let 8 = (8’,)’. One calls Py a regular parametric
submodel of P if Po(C P) can be represented as {Py,) : § € R%,n € S
open C R*} and at every (6p,m) the mapping (6,7) — Py, is continuously
Hellinger differentiable (see Ibragimov and Has’minskii 1981, Section 1.7). Suppose
P(= Pg,,n,)) belongs to a regular parametric submodel Py of P. Let L(X,Z,Y,
6,7m) denote the log likelihood of an observation from Py ) and let £y(X, Z,Y) =
0L/00] (g4 ,ny) and £, (X, Z,Y) = 00/0n;|(9y,n,) Where n = (n1,...,mk). Let [£]
denote the linear span generated by {/,, };?:1. The information bound for 6 is,

then, given by
I(P;60,Py) = Epl*t* (X, Z,Y)

where
0" =Ly —TI(Ly|[Ly))

and the notation II(¢]S) denotes the vector of projections of each component of
¢ onto the space S in Ly(P). This definition of information bound is extended
to the case where we only assume that P € P. Consider the class of all regular
parametric submodels with £ = 1 containing P, and denote it by C. Let [£,(Py)]
denote the linear span generated by ¢, for a submodel Py. Then the information
bound for # under P is defined by

I(P;0,P) = B 0*0* (X, Z,Y)
where
0 =Ly —T1(L|V)

and V is the closed linear span (called tangent space)of the union of [¢, (Py)] over
the class C. The random variable ¢* is called the efficient score function. It is

well known that I(P;0,Pg) — I(P;6,P) is positive semidefinite for any regular
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parametric submodel Py (e.g. Bickel, Klaassen, Ritov and Wellner 1992). An

estimator éN is called efficient in P if
Lp(VN(Oy —0))) — N(0,I7(P;0,P)).

Now we will exhibit the information bound for the model (1.1). To this end,
let Y = (Yq,...,Y7), X = (X1{,...,X}) and Z = (Z4,...,Zr) for the generic
observations (X, Z,Y). Let S;(0) = Y; — X/8 — Zyy and Uy(6) = S;(0) — S(6)
where S(0) = T~1 Zthl S¢(0). Let

w(z1, ) = / b1 — g (t, 22)ds = g % hag (- 22)(21)

be the density of (§(6),Z) where & = o/v/T and Z = T~! Zthl Z, and let

7\2
IOZ/(w) (Zl,Zg)dzleQ
w

where and below w’ denotes the first derivative of w with respect to the first
component. Define

T
Sw(X) =EpT™") (X, — X)(X; - X)'

t=1

Sp(X) = Ep(X — Ep(X))(X — Ep(X))

T
Sw(Z) =EpT™"Y (2 — 2)?
t=1
T J— —
Sw(X,Z)=EpT™ "> (Z - Z)(X, - X)
t=1
Iw(X,Z2)  Zw(Z)
where X = T~! Zthl x¢. Throughout this paper we will assume that Iy < co, and
Yw, Xp(X) exist and are nonsingular.
Letting I = I(P;6,P) and dropping the argument @ in U;(f) and S(6), we
have the following theorem.

Theorem 2.1. Let ¢* = (EEI,K‘Y)’. The efficient score function and the

information bound for estimating 6 for the model (1.1) are given by
T B W
=02 UX,— (X - Ep(X))—~(8,72),
t=1
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T
Z,y; = U_Q Z UtZt7
t=1

E_QZw(X)—FIoEB(X) 0
I —
0 725w (2)

Remark 2.1. When h and o2 are known, the ¥ g(X) in the information
bound is replaced by EpX X

Remark 2.2. It can be seen that the information bound I in Theorem 2.1
coincides with I(P;6,Pgy) where Py is a regular parametric submodel obtained
by parametrizing has (@, z) by hyr (0, Z) = ho(a — pp — 1%z, Z) for fixed hg. This is
called the least favorable regular parametric submodel of P.

We now construct an efficient estimator of §. The idea is to proceed as in
the classical estimation of the location problem: Let £ = I=1¢*. This is called the

efficient influence function having the properties Epl = 0 and Epll! = 11,

(a) Find a consistent estimator 6y of 6.

(b) Consider [ as g(m, 2,9,0,02,h). Construct a suitable estimator
U0 X0, 20, Y, Xy 2, Yy) Of (-, -, -,0, 02, 1).

(¢) Form

N
On =On + N7 UXi, Zi, Vi, 003 X1, 20, Y0, -, XN, Zn, Vi)
=1

as the efficient estimator.

For a preliminary estimator Oy of 0, we use the within estimator obtained
from regressing Yj; — Y; on X;; — X; and Z; — Z; by the ordinary least squares
method. In fact,

~ N T J—

; BN & \—1 Xt — Xy -
On = | - =(NTX = Yi:—-Y;
v= () = s S5 (FiIz) 0T

where Sy is the sample version of My . It is straightforward to show that, as
N — oo (with fixed T'), we have

Lp(VN(Oy —0)) — N(0,7°55}). (2.1)
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In view of Theorem 2.1, the within estimator is not efficient. However, it
already lies in a N'/2-neighborhood of 6, which is enough for the final estimator
given below to be efficient.

To construct the efficient estimator, define an estimator of w by the kernel

estimator,

N
ﬁ)(tl, to, 9) =N"! Z KsN (tl — ?Z(O))KSN (tg — 71) +cN
i=1
where K,(t) = K(t/s)/s, K(t) = e7'(1 + e %)%, and sy, cy tend to zero at
some proper rates as specified below. Note that we use the same kernel function
K and the bandwidth sy for both S; and Z;. One may use two different kernels
and bandwidths here, but we avoid this just for the simplicity of presentation. A

straightforward extension to the latter case is possible.

Define

where X = Zf\;l Zthl Xit/(NT). The efficient estimator is now defined by

4 ~

N T .
Z[Z Tt Xit )52 — (Xi — X)—(Si, Zi,0N)]

0N —9N+N_1I_1 i=1 t=1 N (2 2)
ZZUitZzt/U
i=1 t=1
where ~
P (TEW(X)/02+IOEB(X) 0 )
0 TZW(Z)/é2 ’

and &2, Uit, S; are used for &2(91\7), Uit (On), Si(On).
Let {¢n}, {sn} be such taht

en —0, sy—0, Ncash — oo
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as N — oo. Let hps1 and hpso denotre the marginal density of a and Z respectively.

Remark 2.3. Alternative root-n consistent first step estimators could be
used. For example, the efficient instrumental variables estimator for panel fron-
tier models introduced by Cornwell, Schmidt, and Sickles (1990) provides a more
efficient first step estimator of 8 and « when Xj;; is orthogonal to the effects. We
use the within IV estimator here in part to highlight the role of our estimator in
testing arbitrary orthogonality conditions between the random effects and selected
sets of regressors. If one was uncertain about which regressors were orthogonal to
the effects, then a more robust test would rely on differences among the within
estimates and our efficient semiparametric estimates instead of possibly more pow-
erful tests involving differences between the efficient IV estimates and the efficient
semiparametric estimates using effiicent IV in the first step. Moreover, the use
of within estimates to form our efficient semiparametric estimator points to an
intuitive result that within estimates of v in (1.1) are equivalent to the efficient
semiparametric estimator of + using within in the first step. This can be seen by
inspection of (2.2). Since the least squares residuals Uy are orthogonal to Z;; by
construction and since I is block diagonal, the last entry in 0 N, 7Y, is equivalent to

the last entry in On, 7, which is the within estimate of ~.

Theorem 2.2. Assume [e'lg(z)dz < oo for some ¢t > 0, and
/|u\2hM(u,z)dudz < o0o. If hys, hari and by are bounded, then

LP(\/N(éN —0)) = N(0,I71).

Remark 2.4. The assumption on g in the above theorem is far from being
optimal for the asymptotic efficiency of the estimator. In fact, existence of mo-
ments Ep|X|” up to some order would be sufficient with some changes for the
rates of ¢y and sy. But we choose to use this mostly for the simplicity of the

presentation.

It would be interesting to investigate the asymptotic properties of x5 when
T also goes to infinity. For this, we need to assume that R;; = (X[, Z;)' are
ii.d. d-dimensional random vectors from unknown density function g;. Append
the subscript T (in addition to ) in all the corresponding sequences of random

vectors and numbers. The following theorem will be useful in the next section. It
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needs also some additional asumptions on the consistency of the first step estimator

0 ~,7 which are obviously shared by our within estimator of 6.

Theorem 2.3. Let R denote the generic observations R;;. Suppose Ep|R|? <
oo and Ep(R — Ep(R))(R — Ep(R))’ is nonsingular.

(i) If
VT(On1 —0) = O,y(1) when N is fixed and T — oo (2.3)

then, when N fixed, T' — oo and TS?VVT — 00,
VT(On.r —0) = 0p(1)
(ii) Further if
V/(N,T)(On.1 — 0) = 0,(1) when both N, T — oo (2.4)
then, when N, T — oo, Tsth — 0o and NT_lsﬁ?T =0(1),

VNT Oy —0) = 0,(1).

3. Individual effects and level of frontier function

In this section, we append the subscript T in all the related quantities to
stress their dependence on T'. Given the efficient estimator 6 ~,7 at hand, it would
be natural to predict «; by

a; = Si(On 7).

Since there will be no asymptotics for this predictor if T is fixed, we will let T" go
to infinity to investigate its asymptotic properties. As in Theorem 2.3, we need to
assume that R;; are i.i.d. d-dimensional vectors from unknown density g;. In the

following theorem, N may be fixed or tend to infinity.

Theorem 3.1. Under the assumptions of Theorem 2.3., as T — oo and
TS?V’T — 00,
L]D(\/T(OA(z — Oél)) — N(O,G‘Q).

Remark 3.1. When one is interested in predicting the difference a; — «;

(the relative technical inefficiencies of the i-th firm with respect to the j-th firm),
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one can predict this by & — d&;. This predictor has the asymptotic N(0,20?)
distribution when normalized by /T under the same assumptions of the above

theorem.

If we let B denote the upper boundary of the support of hjpsq, then the frontier
function will be B + 2’8 + 2. Since we already have an efficient estimator of 6,
it remains to estimate B to get an estimator of this function. A natural estimator
of this quantity would be

B= Si(On.r)-
max Si(fy.r)

The following two theorems will be useful to investigate the asymptotic property

of this estimator. For this let a(y) = JHax ;.
_7’_

Theorem 3.2. Under the assumptions of Theorem 2.3 and if / el gy (z)de <

oo for some t > 0, as T" — oo and Ts?vj — 00,
(i) when N is fixed,

(ii) when N goes to infinity,
VT (B - avy) = Op( logN).

How close o) to B is illustrated by the following theorem. For this, suppose
the density hjpsq1 satisfies
hyri(B —x) > Cx” (3.2)

as x | 0 for some constant C' > 0 and v > 0. This condition requires that the

density hps1 should have a certain amount of mass near the boundary point B.

Theorem 3.3. Under the assumptions of Theorem 2.3 and the condition
(3.2), as N — oo,
o) — B = 0y(N~7).

The implication of Theorem 3.2 and 3.3 is clear. For example, when v = 0
(the case where the density at the boundary stays away from zero, such as shifted

half-normal and exponential),
B—B=0,(T""%logN + N71)

if both N and T go to infinity.



4. Data and Empirical results

Our airline data set consists of a panel of the four largest European carriers
and the seven largest American airlines. These four European carriers supply ap-
proximately half of the international traffic of all airlines based in Europe. The
seven U.S. carriers supply virtually all of the scheduled international traffic of the
U.S. airline industry. We follow these carriers with annual observations during the
time period 1976 to 1986. The primary source for our data is the The Digest of
Statistics from the International Civil Aviation Organization (ICAO). Using this
source, we construct a set of four airlines inputs: Labor, Energy, Materials and
Aircraft Fleet. In addition, aggregate airline outputs and several of its character-
istics are constructed. Details of data construction can be found in Good, et al.
(1992).

Our labor input is an aggregate of five separate categories of employement used
in the production of air travel. These categories include pilots (as well as copilots
and other cockpit crew), flight attendants, mechanics, ticketing and passenger
handlers, and other employees. A Tornqvist multilateral index number is used to

aggregate these subcomponents.

Fuel expenses are given for each carrier in ICAO’s Financial Data Series. The
airline’s fuel price is estimated as a weighted average of the domestic fuel price
(weighted by domestic available ton-kilometers), and regional prices (weighted by

international available ton-kilometers in the relevant region).

Expenditures on supplies, services and ground based capital equipment are
combined into a single input aggregate called materials. Purchasing power parity
exchange rates are adjusted by allowing for changes in market exchange rates and
changes in price levels. These subcomponents are aggregated using a multilateral

index number procedure and are termed materials.

Detailed information for aircraft fleets is provided in ICAQO’s Fleet and Per-
sonnel Series. In addition to counts of the total number of aircraft, we construct
the percentage of the fleet which is widebodied (a measure of average equipment
size) and the percentage of the fleet which is turboprop (a measure of aircraft

speed).
Information regarding the carrier’s physical outputs are obtained from ICAQO’s
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Commercial Airline Traffic Series. While this source permits several possible dis-
aggregations, we consider three components of airline output: passenger service,
cargo operations, and incidental services (which includes equipment leasing, main-
tenance provided to other carrier’s equipment, etc.). Revenues for passenger, cargo
and incidental outputs are obtained in ICAQ’s Financial Data Series. The coun-
try’s purchasing power parity is used as a price deflator for incidental output.
Revenue ton-kilometers is used as a quantity deflator for passenger and cargo
outputs. As with the inputs, these three components are aggregated using a mul-
tilateral index number procedure. Capacity ton miles is then derived as the ratio

of revenue ton mile and passenger load factor.

Two characteristics of airline output are also calculated. An average stage
length which provides a measure of the length of individual route segments in the
carrier’s network and the number of route kilometers which provides a measure of

total network size.

Efficient semiparametric and within parameter estimates and standard er-
rors for the stochastic panel frontier production function are provided in table
1. We base the efficient estimator of 3 on a bandwidth s chosen by the boot-
strap procedure proposed by Park and Simar (1992). For a given bandwith s,
compute BN’T(S). Then resample in each (X;,Y;) to construct M pseudo-samples
(X7, V)N m=1,...,M, of size T. Let B]*V(Zf) (s) be the pseudo sample
bootstrap version of BN,T(S). The bootstrap optimal choice is then given by s* =
argmin, C(s) where C(s) = (1/M) M [30™ (s)— By ()] [Br 4 (5) — B0 (5)).
Our estimates are based on M = 1000 and consisted of a grid search in the inter-
val [0.1,2.0]. The optimal value of s* was 0.13. We then reestimated 3 using this

selected bandwith on the original data.

As table 1 indicates, output elasticities of the factor inputs vary somewhat,
from 0.26 for capital to 0.46 for labor. Efficiency gains from our efficient semipara-
metric frontier estimator vis-a-vis the within estimator range from a high of about
55% (for labor) to less than 1% (for logarithm of network size). The technology
is assumed to have long run constant returns to scale with respect to these factor
inputs. The t-statistics for the test of constant returns to scale in the provision
of capacity service is —0.98. Average annual productivity growth over the sample
was a relatively healthy 3.1% for these firms. Owing to their clear size disadvan-

tage, fleets of turboprop aircraft were unable to provide the route capacity enjoyed
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by jet aircraft. Of the two network characteristics, only the network variable ap-
pears to have statistically significant explanatory power. A ten percent increase
in density (ten percent reduction in number of route kilometers flown) would tend
to increase the provision of route capacity by about 1.24 percent. The model
fits for the two treatments for random efficiency effects are quite comparable.
Hausman-Wu specification tests on the orthogonality conditions imbedded in our
efficient semiparametric estimator yield a X'2-statistic of 8.858 which is significant
at only the 19% level and indicates that the orthogonality of firm efficiency levels
with all inputs (other than long-run movements in the work force), capital charac-
teristics and output characteristics cannot be rejected at conventional significance
levels. Table 2 presents the firm specific relative efficency levels and rankings based
on the efficient semiparametric and within estimates. The relative efficiencies and
rankings are quite comparable across the two statistical treatments. An efficiency
gap of approximately 15% appears to exist between the European and American
carriers. These relative efficiencies and rankings are in rough agreement with those
found in Good, Nadiri, Roeller, and Sickles (1992) using revenue service output,

the within estimator and a different temporal parameterization of efficiency.
5. Conclusions

This paper has introduced a new estimator which can be used to model ran-
dom effects when the effects are orthogonal to selected regressors. If the effects
are interpreted as firm inefficiencies in a panel stochastic frontier, then our new
estimator can be viewed as a semiparametric generalization of the efficient IV es-
timator introduced by Hausman and Taylor (1981) and Cornwell, Schmidt and
Sickles (1990). We have illustrated our estimator by considering a newly con-
structed panel of European airlines and their American competitors to ascertain
efficiency differentials in the provision of capacity service while allowing for inef-
ficiency to be correlated with long-run adjustements in the personnel of national
flag carriers. Often the national flag carriers are viewed by their governments as
an extension of government and, as such, the potential for labor slack is quite real.
Efficiency differences between the European and American carriers in our sample

point to a gap of approximately 15% over the sample period 1976-86.
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Table 1

Efficient Semiparametric and Within Parameter Estimates

Variable

InCapital

InLabor

LnMaterials

Percent Turbo

Percent Wide

InStagelength

InNetworksize

time

Adjusted R?

And Standard Errors

Efficient Semiparametric

Parameter

Estimate

0.2717

0.4611

0.2672

—0.1603

—0.0867

0.0011

—0.1210

0.0312

0.994

Standard

14

Error

0.05903

0.04130

0.07204

0.13566

0.17453

0.07774

0.04881

0.00283

Within

Parameter

Estimate

0.2744

0.4611

0.2645

—0.1814

—0.1189

—0.0084

—0.1248

0.0315

0.999

Standard

Error

0.07222

0.07512

0.07464

0.14307

0.21618

0.07815

0.04935

0.00342



Table 2

Relative Efficiency Levels and Rankings
of European and American Airlines in the
Provision of Capacity Service (1976-1986)

Efficient Semiparametric Within
Level Ranking Level Ranking
European Carriers
Air France 0.695 7 0.700 )
Alitalia 0.546 11 0.543 11
British Air 0.640 9 0.644 9
Lufthansa 0.630 10 0.628 10
American Carriers
American 0.726 4 0.722 4
Continental 0.702 5 0.695 6
Delta 0.700 6 0.693 7
Eastern 0.670 8 0.665 8
Northwest 1.000 1 1.000 1
TWA 0.761 3 0.759 3
United 0.769 2 0.766 2
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Appendix

Proof of Theorem 2.1. We can write the log likelihood of (X, Z,Y") from
P(G,UQ,h7g)7

T
L(X.Z,Y:0,0% h,g) = loglg(X)] = T log(2r0?)/2— 3 (Y, — X|B — Zin)?/20%+

t=1
(Y-X B-77)?/26%+ log / exp|—(Y =X B—Z~y—u)?/26% har (u, Z)du+ logp(Z).
Thus,

T /
é,@ — g% — 0722Ut(9)Xt 7? (1:;) (§(0>77)?

/

0L e A AN
l, = 3= ;Ut(e)zt -Z <> (5(0),7),

w

5 = (AR U)o 7 / 7 2(5(0) —w)? ~ T

% ¢ (S(8) — w))har(w, Z)du/w(S(8), Z)}.

0y =

Now, by the standard arguments in calculating tangent spaces (see, for ex-

ample, Bickel, Klaassen, Ritov and Wellner 1992), V' is given by
V=Vi+V+V;
where
Vi ={a(X):a € Ly(P),Epa(X) = 0},
Vo ={b(S,Z) : b€ Ly(P), Epb(S,Z) =0}

and V3 is [(y2]. Let £ = (£}, £,)". By the prescription described in Section 2, £*
can be calculated by projecting £ onto V. This can be done by first projecting ¢
onto V1 + V5 and then onto the orthogonal complement of V3 + V5 in Vi + Vo 4+ V3,

yielding
£5
= =0 = II({| V1 + Va) = II(£ = I1({|Vy + V2)|Wh)
&
where

Wy, = [&,2 — H(K,,z\Vl + Vg)]
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Calculation of £} is very similar to calculation of £* in Park and Simar (1992)

and hence ommitted. For calculating £, first note that

0, —TI(0,|Vi + Vo) = £, — TI(£,| V1)
- H(gv - H(£7|Vl)|W2)

where Wo = {b(S,Z) — Eb(S,Z) : b € Ly(P)}. Furthermore,
by —II(6y|V1) = &y — E((4|X)

Now,

va - H(£7|V1)|W2] = _75(§77) + E|
E(UtZt|§a 7) = E(Ut)E(ZtGa 7) =

The first equality above follows from the fact that U; and (S, Z, Z;) are indepen-

dent. Hence

T
by =TI, VL + V) = Z

Now we need only verify that Z?:l U:(0)Z; is perpendicular to Wi. But this

follows from the facts

T
lyr = T(Ly2| V2 + Vo) = (20) 71 ) (U7
t=1

T T
E(ZUt'ZUtZ):

t=1 t=1

Proof of Theorem 2.2. Let f; * fo denotes the convolution of two dimen-

sional density functions f; and fo, i.e.,

Ji* fo(z1,m2) = /fl(xl —y1, %2 — y2) f2(y1, y2)dy1dys.

Then we can write

wN(t17t2) = Elf)(tl,tg) = LSN * W+ CN

= /qsg(tl —u)hy(u,t2)du + cn

17



where hy = hpy * L, (t1,t2) = Ks, (t1)Ksy (t2). The proof is then very similar
to the proof of Theorem 2.2 in Park and Simar (1992). One thing that is not so

straightforward to prove is

EFﬁGjyfﬂEZDQHQ (A.2)
WN w

We will show (A.2).

From (A.1), we can write
why(ty,to) =73 /(u —t1)¢[F  (t1 — w)|hn (u, to)du.
The absolute value of the above term is now bounded by
52 / l— 1|y (s £) s - wiy (t1, £2)

by an inequality of Chebyshev [Hardy, Littlewood and Pdlya (1952), page 43].
Hence
Wiy

2
(M2 0m) <20 PR Gta)ducs [ 1P o)),

The fact that w)y/wy (t1,%2) — w'/w(t1,t2) and hy(t1,t2) — har(t1,t2) for every

(t1,t2) reduces, by dominated convergence, the proof of (A.2) to showing

E/|u|2h§V(u,7)du—> E/|u|2hﬁ4(u,7)du (A3)

E/|§|2hfv(u,7)du—> E/|§|2h%w(u,7)du (A.4)
For (A.3), by exchanging the order of integrations,
E/|u\2h?v(u,7)du://[/ lu|?h3; (u, to)w(ty, ta)dt, | dudts.

Since hy and the marginal densities of w are bounded, the integral inside the
bracket is bounded by Clu|*hy (u,t2). Furthermore,

//|u|2hN(u,t2)dudt2 = E|al? +s?v/x2K(x)da:

s Blaf? = //|u|2hM(u,t2)dudt2.

18



By dominated convergence, (A.3) is verified. Finally, (A.4) is an immediate con-

sequence of boundedness of hy and dominated convergence.

Proof of Theorem 2.3. For simplicity drop the subscript (N, T) in §N7T, 9AN,T

and sy,p. From (2.2) we have

= A+ Ay + A3

Since 62(f) = O,(1) we have I = O,(T), hence |A3| is bounded by O, (T~ s ).
Observe that

N T N T
SN Uin(@)Ris = —NTEw (0 —0) + > > Uis(0)Ris (A.5)
i=1 t=1 i=1 t=1
Noting that 71~ Sy /62(0) = J + O, (T~ s~2) where J is the identity matrix, we
have by (A.5)

T
A4 A3 = (0= 0)0,(T's2) + N1 YN " Uin(0) R /6°(6)

i=1 t=1

N T
Combining (2.4), (A.6) and the fact that (NT)~1/2 Z Z Uit(0)Rir = Op(1), we

i=1 t=1
get (NT)Y/2(A; + Ay) = O,(1). This establishes (ii).

The proof of (i) is virtually the same, hence omitted.
Remark: Note that when 6 is the within estimator, As is identically equal to

zero (see remark 2.3).
Proof of Theorem 3.1 Since ; = S;(0) — &; and &; = gl(é) we have:
TV (6; — ;) = —=T*R,(6 — 0) + T/?(S;(6) — o)

The first term tends to zero by Theorem 2.3. The second term is T"/?g; which has
the N(0,0?) distribution.
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Proof of Theorem 3.2. Case (i) is obvious from Theorem 3.1. Case (%)

follows since F max |X;|, E max |Z;| and E max |T1/25i| are O(log N).
1<i<N 1<i<N 1<i<N
Proof of Theorem 3.3. For any given M > 0,

PN |a(y) — B(h)| < M] = Play) < B(h) — MN~7+1]
=[1 - h(B(h) — SMN~5T)MN~ 71N
where 0 < § < 1. Using condition (3.2), we can bound the probability by

(1—Dy MY FIN=HN for some D; > 0. Since this can be bounded by exp(— Dy M7*1)
for some Dy > 0, the theorem follows.
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