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Abstract

The statistical framework for the Malmquist productivity index (MPI) is now well-developed
and emphasizes the importance of developing such a framework for its alternatives. In this
paper, we try to fill this gap in the literature for another popular measure, known as the Hicks—
Moorsteen productivity index (HMPI). Unlike MPI, the HMPI has a total factor productivity
interpretation in the sense of measuring productivity as the ratio of aggregated outputs to
aggregated inputs and has other useful advantages over MPI. In this work, we develop a novel
framework for statistical inference for HMPI in various contexts: when its components are
known or when they are replaced with non-parametric envelopment estimators. This will be
done for a particular firm’s HMPI as well as for the simple mean (unweighted) HMPI and the
aggregate (weighted) HMPI. Our results further enrich the recent theoretical developments of
nonparametric envelopment estimators for the various efficiency and productivity measures.
We also examine the performance of these theoretical results for both the unweighted and
weighted mean of HMPI for a finite sample, using Monte-Carlo simulations and also provide
an empirical illustration along with the computation code.

Keywords Hicks—Moorsteen productivity index - Data envelopment analysis - Aggregate -
Central limit theorem

Mathematics Subject Classification C12 - C14 - C43 - C67

1 Introduction

Two widely used approaches for quantifying changes in productivity over time in the empir-
ical research are the Malmquist productivity index (MPI) (Caves et al., 1982) and the
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Hicks—Moorsteen productivity index (HMPI) (Diewert, 1992; Bjurek, 1996). Both MPI and
HMPI are commonly estimated using Data Envelopment Analysis (DEA) and Stochastic
Frontier Analysis (SFA) estimators, as well as possessing equivalences or approximation
relationships with various empirical indices (Fisher, Tornqvist, etc.) under certain condi-
tions.

HMPI has several appealing properties compared to MPL! E.g., HMPI has a total factor
productivity (TFP) interpretation (Bjurek, 1996; Grifell-Tatjé & Lovell, 1999) in the sense
of measuring productivity as the ratio of aggregated outputs over aggregated inputs, while
MPI has TFP properties only under the assumptions of constant returns to scale (CRS) for
the technology, but not under variable returns to scale (VRS) (Grifell-Tatjé & Lovell, 1995).
It is known that, theoretically, MPI and HMPI coincide under the assumptions of CRS and
homotheticity, yet otherwise can produce different results.” Another limitation of MPI is that
some efficiency components of MPI may not be well defined under VRS-type and FDH-type
technologies when working in input or output orientation (Fére et al., 1994a), as is typically
done in practice.? Also see the work of Briec and Kerstens (2009, 2011) for a more in-depth
discussion and Kerstens et al. (2010), Fre et al. (2021) for some empirical examples.4

Since its introduction in the 1990s, HMPI and its other variations (e.g., Luenberger-HMPI
proposed by Briec & Kerstens, 2004) have been extensively applied to assess productivity
changes for a variety of contexts.’ Recent empirical applications in the literature span various
countries, sectors, and industries. Notably, country-level applications are documented in Shen
and Valdmanis (2022), Abad and Ravelojaona (2022), Shen et al. (2023) and Deng et al. (2023)
while agricultural sector analyses are conducted by O’Donnell (2010), Kerstens and Van de
Woestyne (2014), Kerstens et al. (2018), Shen etal. (2019), BaleZentis et al. (2021) and Ang et
al. (2023). Transportation and logistics applications are explored in See and Li (2015), Seufert
et al. (2017) and Abad and Ravelojaona (2017), banking sector evaluations in Epure et al.
(2011) and Arjomandi et al. (2014), pharmaceutical industry assessments in Mohammadian
and Rezaee (2020), and water company analyses in Sala-Garrido et al. (2018) and Walker et
al. (2021). High-tech sector investigations are detailed in Chen et al. (2022) and Chen and
Liu (2023), legal sector inquiries in Chen et al. (2024), textile industry studies in BaleZentis
et al. (2022), education sector examinations in Aparicio et al. (2018), and electricity sector
research in Jin et al. (2020). An overall look through the literature suggests that MPI has so
far enjoyed a much greater volume of research relative to HMPI. One reason for this, we

! It is also worth noting that MPI exhibits its own strengths in comparison to HMPI. Specifically, MPI has
various appealing decompositions that dissect productivity into various components, including changes in
technical efficiency across variable and constant returns to scale, scale efficiency changes, and technology
changes (Grosskopf, 1993; Fire et al., 1994b; Simar & Wilson, 1998, 2019, 2023). Meanwhile, the literature
on decomposition of HMPI seems to be still at its early stage (e.g., see Diewert & Fox, 2017).

ZE g., refer to the work of Fire et al. (1996) and explore more recent findings in Fire et al. (2021). Therefore,
the productivity measured using MPI and HMPI would be different generally and the statistical inference on
them could also be different, except under the assumptions of CRS and homotheticity.

3 Asdiscussed in Simar and Wilson (2019) and Kneip etal. (2021), the utilization of hyperbolic measures helps
all components of productivity change, derived through different decompositions of MPI, remain well-defined
in wider situations.

4 We present one example in Section A.1 of the online Appendix A to illustrate this point: when MPI has
an infeasible problem but HMPI does not. Moreover, it is also possible that both MPI and HMPI are not
well-defined for some points in the technology sets, as illustrated in Section A.2 of the online Appendix A,
which appears to be a new insight on HMPI.

5 1t is worth noting that the statistical results developed in this paper for HMPI can be adapted to other
variations of HMPI, such as Luenberger-HMPI, which is for a HMPI-type index with directional distance
functions instead of the Shephard’s distance functions.
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think, could be the absence of a rigorous statistical foundation developed specifically for
HMPI that would enable reliable statistical inference. Through this study, we aim to address
this gap by providing such a theoretical foundation.

Recently, Kneip et al. (2015) laid the groundwork for statistical inferences regarding the
simple average of technical efficiency that were estimated via nonparametric envelopment
estimators, such as DEA and Free Disposal Hull (FDH) approaches. This enabled many
further theoretical developments in efficiency and productivity analysis estimated using non-
parametric frontier efficiency methods. Based on Kneip et al. (2015), Kneip et al. (2021)
has extensively advanced the statistical inference for DEA estimated MPI, measured with
respect to the conical hull of a VRS production frontier. Their contribution encompasses
the statistical inference development for both the DEA estimates of a specific firm’s MPI
and the simple average (unweighted) of DEA estimates of MPI. More recently, Pham et al.
(2024) developed analogous framework for the aggregate (weighted harmonic-type mean) of
DEA-estimated MPI. However, the framework for statistical inference for HMPI estimates
has remained absent.

In this manuscript, building upon prior theoretical contributions, which notably include
the works of Kneip et al. (2015, 2021) and Pham et al. (2024), we address a significant gap
in the existing literature. Specifically, we delve into establishing the statistical properties
of DEA estimators for both the simple mean HMPI and the aggregate HMPI (Mayer &
Zelenyuk, 2019) and thus develop the framework for statistical inference for HMPI. We
additionally perform numerous Monte-Carlo (MC) experiments to assess the effectiveness
of the obtained statistical findings for the simple mean and aggregate HMPI in a wide range
of finite samples. Finally, using the most recent Penn World Table data, we examine the
productivity changes for countries/regions from 1990 to 2019 to illustrate the usefulness of
the developed theoretical results for HMPI in the empirical analyses.

The rest of our study is structured in the following way. In Sect. 2, we provide the theo-
retical background on Debreu—Farrell distances, individual HMPI, the simple mean and the
aggregate HMPI. The estimators are also introduced in this section. Sections 3 and 4 establish
the statistical results for the simple mean and aggregate HMPI, respectively. Section5 per-
forms extensive MC experiments to examine the finite-sample performance of the developed
statistical results in Sects. 3 and 4. In Sect. 6, we use one real data set to illustrate the above
developed theoretical results. Additional results, including the regularity assumptions for the
model, the lemmas used in the main text, all the proofs of the theorems, inference based
on geometric means, and additional simulation results, are provided in the Supplementary
Document.

2 The theoretical foundation

2.1 The economic model of production

Represent x as a p-dimensional input vector in Rfl and y as a g-dimensional output vector
in ]Rﬂ. The standard production or technology set can be expressed as

W' = {(x, y) | x can produce y at time #}. 2.1

The typical regularity assumptions provided in the online Appendix B are imposed on W'.
The upper boundary of the production set W’ is given as

W=, ) | (r,y) € W, (x,ay) ¢ W', VA e (1,00)}, (2.2)
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which is typically called the technology frontier.®
The widely used output-oriented Debreu—Farrell distance measure is defined as

A,y |9 :=sup{r > 0| (x, Ay) € W'}, 2.3)

which provides the maximal feasible proportional increase of all outputs, while keeping the
technology and inputs unchanged. The input-oriented Debreu—Farrell distance measure is

O(x,y | W) :=inf {0 > 0] (Ox,y) € ¥'}, (2.4)

which provides the maximal feasible proportional decrease of all inputs, while keeping the
technology and outputs unchanged. These measures are reciprocal to the Shephard’s output
and input distance functions, and hence are primal characterizations of technology, and dual
to revenue and cost functions, respectively.’

2.2 The Hicks—Moorsteen productivity indices

LetS, = {(X 1.1, Yil), (X l.z, Yl.2)}l'.':l be a randomly selected sample of the input—output pairs
for n firms observed in two periods. Further, let S, = {(X!, Y/)}!'_, be the subsample of S,
observed only in period ¢. Each individual firm in period ¢ is assumed to potentially have
access to the frontier W*?. The change in productivity for the firm indexed as i between period
1 to period 2 measured by HMPI (Diewert, 1992; Bjurek, 1996) can be defined as

—1/2
(KL V2L (KLY (02 ) (R )\
= X .
’ o (X2, v 1whyo(xLy 1 wl) oo (X2 v w2) /0 (X, Y| w2)
When H; is less than 1, equal to 1, or greater than 1, it signifies a decrease, no change, or an
increase in productivity for firm i over time, respectively. In empirical studies, researchers

often focus on the productivity change for the sample over time, which can be measured
using the equally weighted geometric averages of the individual HMPI, given by

n 1/n
H, = (]_[ H,~> , (2.6)
i=1

where H, < 1, = 1,or > 1, indicates that the productivity for the sample of n firms has
decreased, remained unchanged or increased over time.
Now consider the log versions of HMPI. Denote

1
) [loga (X} v? | W!) —loga (XY} | ¥')

‘H; :=log H;
—log6 (X7, Y | W) +1logo (X}, v | ') 2.7)
+logx (X7, Y7 | W?) —loga (X2, v} | ¥?)

—log (X7, Y7 | W?) +1logb (X]. Y7 | w?)],

6 Analogous results can be developed when the true technology is replaced with its conical closures, which
we leave to the readers.

7" All the theories in this paper can be developed in terms of Shephard’s distances. Our choice of Debreu—Farrell
distances is due to convenience.
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for the ith firm, and
— 1 1 &
H, :=1logH, = - Zlog H;, = . Z'H,‘, (2.8)

for the sample of n firms. Clearly H,, is a point estimate of
wr = E(H;). 2.9)

Note that in the above aggregation in (2.8), each observation is treated equally, with weight
1/n, and so whether it is a very small DMU (firm or country) or a very large one that dom-
inates the economy of the whole group, their productivity score (say 1.1 representing 10%
growth) will have exactly the same weight in the aggregate. Thus, such a simple aggregate
measure, as an equally-weighted mean of productivity scores, may mis-represent the aggre-
gate productivity of the group due to ignoring the heterogeneity and the economic importance
of each DMU being aggregated.

The alternative will be to take the economic importance (e.g., the revenues and/or costs) of
each individual into account and consider the aggregate HMPI for the whole sample (Mayer
& Zelenyuk, 2019), defined as

G (i S XL Y2 ) /5T ST (XL Y )
n -—
Y W (XA v el Y wle (xh v et .10
172 .
o S ST (XE YR IR /Y S (X Y )
Y WA (X2, Y2 | W)/ Y Whe (X! v | w?)
where
tyt
p'Y!
St = =——=> 2.11)
CoXiLpy!
and
wi= L’i, 2.12)
i wX;

denote the revenue and cost weights (respectively) for the ith firm at the time 7. Additionally,
ple Rﬁ’r Landw’ € Ri . represent the row vector of output and input prices (respectively),
assumed to be consistent across different firms at the same time ¢.

To simplify, we let

Vii=xr(x! Y2|\D) YA Vi =a(x vt el plyl,
Vi =0 (X} vl w?x?, v4i=9( . »|\IJ)w X/,
Vs,,:x(xz Y2 W) p?YE Ve =a (XA Y9 plyl, (2.13)
V7,,»=9( Y2 wix?, Vg, =0(X i,Y,-2|\IJ)w X/,

Voi=p Yi , Vioi=rp Yil, Vii = w2X1-2, Viz, = wIX,-l,
and denote

ws = E(Vyi), (2.14)
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and

_ 1 &
vs,n=;;vs,i, s=1,2,...,12. (2.15)
=

Now consider the log version of H,, defined as 2, = log H,. Analogous to Pham et al.
(2024), we can show that

1 _ _ _ _
(log Vi,n —log Vo, — log V3, + log Vi

gn:_i

+log Vs, —log Ve, — log V7., +log Vs ) (2.16)
+log Vo, — log Vig,n — 1og Vi1 + log Vi,
which is a point estimate of
1
§ = —5(ogus —loguy —log s + log g
(2.17)

+ log s — log e — log 7 + log 1ug)
+log o — log ju1p — log w11 + log 2.

While the asymptotic theorems presented in this paper bear some analogies to those found
in previous literature (Kneip et al., 2021; Pham et al., 2024), our aim is not to merely restate
those findings. It is worth noting here that, compared to the simple mean and aggregate MPI
(Kneip et al., 2021; Pham et al., 2024), for the simple mean and aggregate HMPI, there is
an additional layer of complexity that is also novel. In particular, it is needed to consider
the “counterfactual coupling” of inputs observed in one period with outputs observed in a
different period, and in particular, reflecting this in the regularity assumptions that make
such “counterfactual coupling” well-defined. Furthermore, compared to aggregate MPI in
Pham et al. (2024), we have 12 terms instead of 6 terms for the aggregate HMPI, and most
of these terms did not appear in Pham et al. (2024). The increased number of terms is due
to considering both input orientation and output orientation together in one measure. This
additional complexity could be one of the reasons for the absence of rigorous statistical
foundation for HMPI, and we aim to fill this gap by developing such a theoretical foundation
in this paper.

All the above quantities of A(X!,Y? | W), A(x!,Y! | wh), aX2,Y? | ¥?),
AMXE Y, oxA v el o),y | wh, X2, Y7 | ¥?), and 0(X], Y7 | ¥?)
are the true (or theoretical) quantities, which are not directly observed in empirical analysis
and need to be estimated using sample data. In the online Appendix C, we establish the
central limit theorems (CLT) results for the case when the various Farrell-Debreu quantities
are known. These results will be the benchmark case that will be more generally useful,
e.g., when various estimators (e.g., DEA, etc.) are used for estimating the Farrell-Debreu
quantities. Also, these results are the baseline results that we rely on to develop the CLT
results for DEA estimators discussed in Sects. 3—4.

2.3 DEA estimators of individual and aggregate indices

In the presence of a randomly selected sample S, the output-oriented Farrell-Debreu dis-
tance A(x,y | W') and the input-oriented Farrell-Debreu distance 6(x,y | W¥') can be
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accomplished using the VRS-DEA estimator, expressed as,

n n
X(x,y | S = , max {k | Ay < ZsiYi’, x> Zs,-Xf,

PSS i=l1 i=1
n
Zsi:l,AZO,Vsizo}, (2.18)

i=1

and

n n
fex.y S = min {015 =Y s ox = Y sxl,
et i=1 i=1
n
Y si=1,020 Vs> 0}, (2.19)

i=1

respectively. The corresponding CRS-DEA estimators for A(x, y | W) and 0 (x, y | ¥') can
be obtained by deleting >/, s; = 1 in (2.18) and (2.19), respectively. However, we will
focus on VRS-DEA estimators in this study because this is where HMPI has an advantage
over MPL8

Plugging the various estimates of Debreu—Farrell distances into the components of H;
defined in (2.7), we can obtain the individual HMPI estimate as

-~

Hi = —% [logh (X}, Y7 |S)) —logh (X!, Y| S))

—log (X2, 1! | 8}) +10gd (X}, v} | S})

(2.20)
+logh (X7, Y7 | S2) — loga (X2, Y/ | S?)
—logh (X7, Y2 | S2) +logd (x}, ¥? 1 82)].
The estimation of the simple mean HMPI, denoted as 174, can be conducted through
1 n
rin =~ 271,-. @2.21)
=
On the other hand, the aggregate HMPI, ¢, can be estimated by
—~ 1 e - - e
Cn = _5(10g M1n — lOg H2.n — IOg M3.n + 10g H4.n
(2.22)

+ IOg ﬁS,n - log ﬁf),n - 10g ﬁ7,n + 10g ﬁS,n)
+log ftg,, — log L10,n — log 11,0 + 10g [L12,n,

8 The origins of various DEA estimators go back to the works of Farrell (1957), Charnes et al. (1978), Banker et
al. (1984), to mention a few. It is one of the most popular approaches, with well-developed statistical properties
(as we describe in the next section). We acknowledge that there are also other alternative good estimators in
the literature, e.g., see Aigner et al. (1977), Schmidt and Sickles (1984), Daouia and Simar (2007), Amsler
et al. (2017), Parmeter and Zelenyuk (2019), Olesen and Ruggiero (2022), Tsionas et al. (2023), to mention
just a few. See Ch. 8-16 in Sickles and Zelenyuk (2019) and Kumbhakar et al. (2022a, 2022b) for a more
detailed discussion about the various approaches and references. Developing the analogous frameworks for
these estimators would require separate papers, though what we present here serves as an important stepping
stone for such works.
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where
P P
M,,,:;;vs,i, s=1,2,....,8, (2.23)
and
Arn = Ve, r=9,10,11,12, (2.24)
and where

Vii=rXL Y2 18Hp*YE, Vo =axl vl shp'yl,

Vi =6(X2, Y | Shw?Xx?, Vi, =6(x}, v} | 8hw'x!,
Vsi =aXL Y21 SHP*YE, Vei= XL Y 1 SHp'Y],

\77,,»=§(x‘ Y? | SHw?X?, Vg,,:ﬁ(xi,y,?w,f)w x},

_ _ 1 ¢ — 1 ¢
V9,n=*21? Yz, VlO,n:;ZplYilv Vll,n:EZwZXiz:
i=1 i=1
Vi = LS wix.
s nl_l 1

(2.25)

3 Asymptotic theory for the simple mean HMPI

In principle, the theorems we develop here and in the following section, and the strategy of
their proofs, are analogous to those in Kneip et al. (2021) and Pham et al. (2024). However,
they require fairly tedious adaptations of the derivations, especially for the aggregation HMPI.
and so we leave these to the online Appendix E. Meanwhile, here we will present the essence
of the most important results, the spelling out of which is important for practitioners who
want to understand the essence of the results and the building blocks needed for the actual
computations of the estimates, the bias, the standard errors and the confidence intervals.
Further, the statistical inference based on the original, geometric means of the simple mean
and aggregate HMPI, are presented in the online Appendix F.

Our first novel result establishes the asymptotic theory for the individual HMPI, which
is summarized in Lemma D.3 of the online Appendix D (the analog of Theorem 3.3 in
Kneip et al., (Kneip et al., 2021)). The results established in Lemma D.2 of the online
Appendix D provide essential tools to derive the statistical properties for the simple mean
HMPI, which is provided in Theorem 1 (the analog of Theorem 3.5 in Kneip et al., 2021).

Theorem 1 Under Assumptions in online Appendix B, as n — oo,

~ _ _3 3
E(@r) = wr + Crn™ + 0 (™ (logm ), (.1
1 — E(@rn) = ﬁn — iy + 0,7, (32)
oh = Z(Hl ina)® 5 o (3.3)

The value of « is determined by 2/(p + q + 1) when the technology V' displays VRS and
2/(p + q) when the technology W' exhibits CRS.
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In turn, the results above can be used to establish the CLT for the simple mean HMPI (the
analog of Theorem 3.6 in Kneip et al., 2021), which we summarize below.

Theorem 2 Under Assumptions in online Appendix B, as n — 00,
Vi (B = = Crn™ = 0 ¥ (logm®)) 5 NO.0d), (34

where recall that O(nfg"(log n)%") = o0(n™") and Cy is a constant.

From (3.1), we can see that /i1 , is an estimator of 114, that exhibits bias, with the bias term
in the order of O (n™"). The impact of this bias term on the asymptotic behavior of the DEA
estimator, L7, can be evaluated by Cy/nn~* in (3.4). When k > 1/2, Cp/nn™" goes
to zero asymptotically, implying that Theorem 2 can be used directly to make an inference
by ignoring the bias term Cyn ™% ; When k = 1/2, Cy+/nn™* goes to an unknown constant,
indicating that Theorem 2 cannot be used directly; When k < 1/2, C¢+/nn™* goes to infinity
asymptotically, implying that Theorem 2 cannot be used directly.

To conduct statistical inference using Theorem 2 for the case « < 1/2, we adjust the
sample size adapting the method of Kneip et al. (2021). Consider L7, as a randomly
subsampled version (with a sample size of n, = |1n>*]) of fiz¢.,.” More specifically,

~ 1 ~
Arn, = — > Hi, (3.5)
RRUCIRANTR AL

where S,,, refers to a randomly selected subsample with a sample size of n, from the original
data set S,,.'% The statistical properties of I3 n, are established by the subsequent theorem,
which is the analog of Theorem B.1 in the work by Kneip et al. (2021).

Theorem 3 Under Assumptions in online Appendix B, when k < 1/2, asn — oo,

N (ﬁwk = Cxn ™ = 0 (n*%K(log n)%K)) L oN(0.6F). (36
where Cyy is the same constant as in Theorem 2.

When « < 1/2, the bias term in (3.6), Cy . /n,n="%, is stabilized as n — oco. However,
to make an inference, we still need to estimate the bias term Cyn ™" for the case k < 1/2.
In a manner analogous to the simple mean MPI context (Kneip et al., 2021), the bias term
estimate for {7, can be reliably determined through the generalized jackknife method,
which is outlined in the following.

Foreverym =1,2,..., M, where M < ( ), randomly divide S, into two equal-

n
[n/2]
sized subsamples Sy /2,1, and Sy/2,2,m, satisfying Sy/2.1,m N Spj22m = ¥ and Syp2,1,m U
Snj2.2,m = S,,.!! Furthermore, for every [ = 1, 2, separate the subsample S, /2 ,,» by periods
1 and 2 into S;/Z’l’m and 53/2,1,;" (respectively). Foreveryl = 1,2and m = 1,2,..., M,

9 |n2¢| represents the greatest integer that is no larger than n2¢ . Further ne <nask < 1 /2.

10 please note that in this context, ﬁi as defined in (2.20) is calculated individually for each i within the
subsample. However, it is computed in relation to all the observations in the sample S, instead of the subsample
Sy, » and then averaged over all i in that sub-sample (with a size of ny) to derive i3y, o

T por simplicity, we make the assumption that » is an even number.
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calculate
Hrtnj2lm = > —E[logk (Xi 1S, /Zlm> — log2 (Xi s /21m)
til(x!.y L x7.r?)
E‘Sn/Z.I m}
- IOga(Xi IS, /2lm) + log0 ( v'|s /21m) (3.7
+logh (X2, V21823, ) —logh (X2 ¥ 152 00.m)
_logg(xi 1S /2zm)+1g (X] Y2 1S /21111)]
and
e I ~
K nj2,m = 5 (MH,n/z,l,m + MH,n/z,z,m) . (3.8)

The bias term estimate for [i4 , is provided by

M
- 1 o _
Brnsem =57 2 Q=07 @y m = rin)- (3.9)

m=1

The asymptotic behavior of the bias term estimate, EH, n.c.M» 18 provided by the following
theorem (the analog of Eq. (B.6) in Kneip et al., 2021), which can be used to make inferences
on the true unobserved simple mean of HMPI.

Theorem 4 Under Assumptions in online Appendix B, as n — 00,

B —K —3 3k —-1/2

By =Cnyn 4+ 0 (n 2% (logn)z ) +opn ), (3.10)
where Cyy remains consistent with the constant defined in Theorems 2 and 3.

Combining Theorems 2, 3 and 4, we can derive the subsequent theorem that can be used
to make inferences on the simple mean of HMPL.

Theorem 5 Under Assumptions in online Appendix B, for k > 2/5,
~ - d
Vi (T = Bronsem = i = Ritni) = N(O,03), 3.11)
and if k < 1/2, we have
~ = d
Vi (rtn, = Brinwm — 1 = Ragni) = N0, 07), (3.12)
where Ryq.nx = O(n~2*(logn)?*) = o(n~").

Note that O'H is not observed, but we can use its empirical version O'H, as (3.3) shows that
crH is a consistent estimate of O'H The asymptotic confidence intervals at 100(1 — «)% for
1 are subsequently expressed as

|:ﬁ7'{,n - §H,H,K,M + q)?la/z 6'\7-(/\/711|, (313)
if k > 2/5 and
|:ﬁ7'(,n,{ - §7—{,11,K,M =+ Qfla/z 6'\7"(/\/ nk]a (3.14)
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if k < 1/2.12 Analogous to Kneip et al. (2021), both (3.13) and (3.14) are applicable when
k =2/5, but (3.14) is suggested due to a smaller remainder term, as /1, Ry, converges
to zero more quickly than /7Ry .«

4 Asymptotic theory for the aggregate HMPI

4.1 Basic results

Our first novel result for the aggregate (or weighted mean) HMPI is to derive the sta-
tistical properties for the first and second centered moments of V;; fori = 1,2,...,n

and s € {1,2,..., 8}, which are provided in the Theorem 6 (the analog of Theorem 1 in
Pham et al., 2024).

Theorem 6 Under Assumptions in online Appendix B, for all s € {1,2,...,8}, asn — 00,
there exists constants 0 < Cy < 00 so that foralli € {1,2,...,n},
E(WVyi—Vi)=Cn*+0 (n—%K(logn)%K) , 4.1)
and
E([Vy,i — Vsil?) = o(n™), (4.2)

and for j #1i,s* € {1,2,...,8},
|E([Vyi — E(Vs)] % [Vyrj — E(Ver DD = 0(n™ ). 4.3)

In turn, from Theorem 6, we can derive the subsequent theorem, which is the analog of
Theorem 2 in Pham et al. (2024).

Theorem 7 Under Assumptions in online Appendix B, for all i € {1,2,...,n}, s,s* €
{1,2,...,8}, andr € {9,10, 11, 12}, as n — o0,
-~ 3 3
E(Vsi) = ps + Cen™* + O(n™ 2% (logn)2"¥), (4.4)
Cov(Vy i, Ve ) = 05 + 0(n™/?), 4.5)
Cov(Vyi, Vyi) = 0y + 0(n™*/?). (4.6)

Drawing upon Theorem 7, we can deduce the statistical properties for [y, and the consis-
tency of o+, 05, and 0,,+. We summarize this in the next theorem, which is the analog of
Theorem 3 in Pham et al. (2024).

12 The Monte Carlo results provided in Sect. 5 demonstrate that the confidence intervals for the estimated
simple mean HMPI tend to under-cover the true values in situations with small sample sizes and large dimen-
sions. This observation aligns with similar patterns observed in unweighted and weighted technical efficiency
in the studies of Kneip et al. (2015) and Simar and Zelenyuk (2018), as well as unweighted and weighted MPI
in the studies of Kneip et al. (2021) and Pham et al. (2024). To address this issue, one can consider adapting the
data sharpening method, as proposed by Nguyen et al. (2022) and Zelenyuk and Zhao (2023), and employing
the alternative estimator for the variance, following the approach outlined by Simar et al. (2023, 2024). This
adaptation can further enhance the inference of the developed CLT in scenarios characterized by small sample
sizes and large dimensions. The same approach can also be extended to improve the inference of the aggregate
HMPI presented in Sect. 4.
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Theorem 8 Under Assumptions in online Appendix B, for all s,s* € {1,2,...,8}, r,r* €
{9,10, 11, 12}, as n — oo,
~ _ _3 3
E@lon) = s + Con™ + 0 (n™3(logm ), @.7)
Hsn = Esn) = Vo — s +0p(n~'72), (4.8)
~ —~ d
\/ﬁ(ﬂs,n - E(/Ls,n)) - N(O, Oss), (49)
_ Il g s o o ~
Ogs* = ; Z(Vs,i — Ws,n) (Vs i — s n) 5 Oss*, (4.10)
i=1
1 n
~ = ~ ~ p
Osr = 0 Z(Vs,i = s,))(Vri = Ur.n) = Or, 4.11)
i=1
1 n
~ ~ ~ p
Grrn = — D (Vi = ) Vi i = Thye.n) = Orpe. (4.12)
i=1

The results obtained from Theorem 8 yield the following CLT, which allows researchers
to permit inference for the aggregate HMPI.

Theorem 9 Under Assumptions in online Appendix B, as n — 00,
ﬁ(a —t—Cn -0 (n—%K(logn)%K)) 4N, o)), (4.13)

where recall that O(n_%"(log n)%") = o(n™") and C¢ is a constant.

From (9), we can see that ?,, is an estimator of ¢ with bias on the order of O (n™%). The
impact of this bias term on the asymptotic behavior of the DEA estimator, E,,, can be evaluated
by Ce/nn™* in (4.13). When « > 1/2, Cy/nn™* goes to zero asymptotically, implying
that Theorem 9 can be used directly to make an inference by ignoring the bias term C,n™".
When « = 1/2, C¢4/nn™* goes to an unknown constant, indicating that Theorem 9 cannot
be used directly; When k < 1/2, C;/nn™* goes to infinity asymptotically, implying that
Theorem 9 cannot be used directly.

To make an inference using Theorem 9 for the case « < 1/2, we adjust the sample size
adapting the theory from Pham et al. (2024). Consider?nk as arandomly subsampled version

(with a sample size of n, ) of En More specifically,

—~ 1 . . . .
lne = —E(log Kin, —log o, —logs u, + logiia n,

+ 10g ﬁS,nK - IOg ﬁ6,n,( - 10g ﬁ7,n,< + 10g ﬁ&n,() (4'14)
+log [Z9,n, —log 10,n, —10g 11,0, + 10 X121, ,
where
~ 1 =~
R, = — > Veios=1,2,....8, (4.15)
Ny
(i1(x}. Y X2, ¥2)eS, )
and
- 1
Arne = — > Ve r=9,10,11, 12, (4.16)

K
{il(x}.v} X2, Y?)eSu}
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and where S, refers to a randomly selected subsample with a sample size of n, from the
original data set S,,.'> The statistical properties of ;,, are then established by the theorem
below, which is the analog of Theorem 6 in Pham et al. (2024).

Theorem 10 Under Assumptions in online Appendix B, when k < 1/2, as n — 00,

(oo fuent)) 4 o).

where Cy is the same constant as in Theorem 9.

4.2 Estimating the bias

Drawing inspiration from the approach presented in Pham et al. (2024), the bias of E,, can
be reliably determined through the generalized jackknife method, which is outlined in the
following.

Foreverym = 1,2, ..., M, where M < (Ln’;2 J)’ randomly divide S, into two equal-

sized subsamples S;,/2,1,m and S22, satisfying S,/2.1,m N Suy2,2,m = ¥ and S;p21,m U
Snj2.2,m = S,,.'4 Furthermore, for every [ = 1, 2, separate the subsample S;, /2,7, by periods
1 and 2 into 82/2 1.m and 83/2 1.m (respectively). Forevery l = 1,2andm = 1,2,..., M,
denote I; € {i I(X1 Y1 X2 Y2) € Su/2,1,m} and calculate

R 2 ~ . 2 ~
Kitm = ;Z)‘( cls /21m)1’ Y2, foam = ;ZA<X}’Y} n/ZIm) p'y!,
iel; iGI[
~ 2 7 1 ~ 1 1y1
MH3,l,m = ; Ze (X Y, |S /Zlm) Halm = (X Y, |§ /21m> w X,
iel; ZEII
. 2 ~ —~
Psim=—D 5 (X Y21 S2nam) PYE Mot =~ X7, /21m) p'Y!,
iel; lE[
_ 2~
M7,l,m:;ZG<Xi25Y2 /21m> Hs1m = — ZQ( *1/21"1)1”
iel; ze]
(4.18)
and define
—~ 1 R - R -
Snj2im = ) (log 721,1,m — 10g [W2,1,m — 10 13,1, + 10g 14.1,m
~ ~ ~ ~ 4.1
+10g 105,1,m — 10g [6,1.m — 108 [17,1.m + 108 [18.1,m) (4.19)
+ log fig — log fi1o — log 11 + log it12,
and
~ 1 ~ —~
gn/Z,m = E(gn/Z,l,m + §t1/2,2,m)~ (4~20)
13 Here, it is important to note that VX’,- fors € 1,2,..., 8 (as expressed in (2.25)), is calculated individually

for every firm i within the subsample. However, it is computed with respect to all the data points in S, instead
of Sy, . Subsequently, it is averaged over all i in that sub-sample (with a size of n) to derive [is 5, -

14 por simplicity, we make the assumption that » is an even number.
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The bias term estimate for the aggregate HMPI estimate /g\,, is provided by
| M
Brnwenr = 25 2@ =07 (G0 —8) - “21)
m=1

The asymptotic behavior of the bias term estimate, 73\;,”, «, M 1s provided by the following
theorem.

Theorem 11 Under Assumptions in online Appendix B, as n — 00,
B = Cen™ + 0™ 2% (logn)3*) + o(n™"/%), (4.22)

where C; represents the same constant as specified in Theorems 9 and 10.

4.3 Making inferences

Combining Theorems 9, 10 and 11, we have the following theorem that can be used to make
inferences on the aggregate HMPI.

Theorem 12 Under Assumptions in online Appendix B, for k > 2/5,

-~ d
\/E(z‘\n - B;‘,n,x,M - - R;‘,n,/c) - N(Oa 04'2)7 (423)
and if k < 1/2, we have
~ d
e @, = Bt —¢ = Rense) = N(0.07), (4.24)

3 3
where Ry« = O(n~2%(logn)2*) = o(n™").
However, the true variance a? expressed in (C.5) of the online Appendix C is unobserved,
but can be estimated using its empirical version, which is denoted as '5?. More specifically,

52 = V&l S[VE,, (4.25)

where V/{\n denotes the column vector representing the gradient of /En concerning [ ,, i.e.,
o~ ‘)A
Vgn =[ n ];=1

=i, 12> and where

i, 1 i, 1 i, 1 i, 1

aﬁl,n 2,fll,n ’ aﬁZ,n 2ﬁZ,n ' aﬁS,n 2ﬁ3,n ' aﬁ4,n 2ﬁ4,n ’

3z, 1 3z, 19 1 3z, 1
L - e )
aMS,n 2/1«5,n 8/'4«6,n 2/“6,n a,LL7,n 2/'4«7,n a,u«&n 2/«’«8,n

Aln 1 Aln 1 Aln 1 An 1

—~ — =X —~ — T ) —~ — T ) —~ = = .
09,n  M9n OM10.n K1on  Of11,n Wit,n 0120 Mi12n

And, S is the covariance matrix with the (s, s™)th element as ’Z\S,X* = Oy, Where s, s* €
{1,2,...,12}.

Drawing upon Theorem 8, we can derive the following theorem which establishes the
consistency of the empirical version of the variance of the aggregate HMPI.

Theorem 13 Under Assumptions in online Appendix B, as n — 00,

525 ol 4.27)
where 0{2 is the true variance of ¢ and 3{2 is its empirical version given by (4.25).
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Upon obtaining 2 from (4.25), based on Theorem 12, the asymptotic confidence intervals
at 100(1 — )% for ¢ are provided by

[& — Bensem = 07, 3;/\/ﬁj|, (4.28)
if « > 2/5 and
|:/§\n,( - §§,n,l{,M =+ d>1__1a/2 6'\(‘/\/ nlci|; (4.29)

if & < 1/2.15 In line with the methodology proposed by Pham et al. (2024), when « = 2/5,
both (4.28) and (4.29) are valid. However, it is advisable to use (4.29) due to a smaller
remainder term, as /1, R, converges to zero more rapidly than Jn Rene-

5 Monte-Carlo evidence

5.1 Details on MC simulations

The data generation process in our MC simulations is the same as that in Pham et al. (2024).
We specify the true technology as

14
y=v'@ =[]ea -0, (5.30)
j=1
for the first period and
p
y=v2) =0 +8) [ [ - DI, (5.31)

Jj=1

for the second period. Note that the parameter § > 0 is used to control the magnitude of the
productivity change. Specifically, the case with § = 0 indicates no productivity change. The
higher the value of §, the larger increase of the productivity change.

We employ the identical method as Pham et al. (2024) to first generate the time correlated
inputs of these two periods, denoted as x! = (x/;, x5, ..., xl.’p), fori = 1,...,n, and
t = 1, 2, and then generate the time correlated true Debreu—Farrell output-oriented distances,
denoted as )L(xf , yi’ | W) forr = 1, 2.16 For additional information on generating correlated
random variables, refer to Appendix EC.3 in Pham et al. (2024). The observed outputs for
t = 1, 2 can be obtained as

vi= v ah /A v e, (5.32)

15 Similar to the findings for the simple mean HMPI, our MC results, available in Sect. 5, reveal that the
confidence intervals for the estimated aggregate HMPI exhibit under-coverage of the true values in scenarios
with small sample sizes and large dimensions. To enhance the inference of the developed CLT for the aggregate
HMPI in such situations, one could consider adapting the data sharpening method, as suggested by Nguyen
et al. (2022) and Zelenyuk and Zhao (2023), along with employing the alternative estimator for the variance,
following the approach outlined by Simar et al. (2023, 2024).

16 1t is worth noting that it is not necessary that there is a correlation among the true Debreu—Farrell output-
oriented distances. Setting the correlation to zero in our simulations confirmed this by leading to the same
conclusions. We thank one anonymous referee for bringing up this question.

@ Springer



Annals of Operations Research

and
vE = vraH/aGd vE v, (5.33)

respectively. Thus, a simulated sample can be obtained as S,, = {()ci1 oy x2, yiz)}?:y More-
over, as the dimension of outputs is 1, we have k(xil, yl.2 | ol = A(xif, yl.f | \Ill)yil/y? and
Mgyl W2 = A6 y] 1)y

To determine the true values of the simple mean and aggregate HMPI, we need to know
the true Debreu—Farrell input-oriented distances, which can be computed using the following
methods. Suppose we want to compute the true Debreu—Farrell input-oriented distance of
the observation (x, y) toward W, i.e., O (x, y | ¥'). Fixing (x, y), (x, y | ¥') must be the
solution to f(a) = y — ¥'(ax) = 0 with the domain a > ap, = man:l,z,...,p{ij} It can
be shown that f(a) is a decreasing function, f(a;i,) =y > 0, and lim,_, 4~ f(a) = —o0.
Hence there must be a unique solution to f(a) = 0, which can be obtained using the
uniroot command in R. Thus, 0(x, y | ¥') is unique. The true values of the simple mean
and aggregate HMPI are obtained by randomly simulating 10, 000, 000 observations and
computing it according to (2.8) and (2.16), respectively.

We consider various values of p € {1,2,3,4,5,7} and § = {0.00, 0.02, 0.04}. For each

value of p, the corresponding values of 8; and input prices w; for j = 1,2, ..., p, and the
value of the output price p; are presented in Table G.1, where we assume the input and output
prices are identical for these two periods. More specifically, we let w! = w? = (wy, ..., w »)

and p1 = p2 = p;. For each set of simulations measured using (n, 8, p), we conduct 1, 000
replications. Moreover, we present the rejection rates and the coverages to evaluate the power
and significance of the tests developed in Sects. 3 and 4.

Before showcasing the MC results and to streamline the notation, we have the following
notation for the simple mean HMPIL.

(i) Using the standard CLTs, i.e., using /7 consistency and without the bias correction.
(i) Using our developed statistical results, i.e., using (3.13) and (3.14) for p + ¢ < 4 and
p + q > 4, respectively.
(iii) Using (3.14) for p 4+ g > 4, but with the recentered version, i.e., using

|:ﬁ'H,n - §H,n,K,M =+ (D;la/z 6:’H/«/ nK]' (534)

For the aggregate HMPI, we use the following notation,

(i) Using the standard CLTs, i.e., using /n consistency and without the bias correction.
(ii) Using our developed statistical results, i.e., using (4.28) and (4.29) for p + ¢ < 4 and
p + q > 4, respectively.
(iii) Using (4.29) for p 4+ g > 4, but with the recentered version, i.e., using

[3, — Benwew = O7 ) 3;/«/;n,(:|. (5.35)

5.2 Main results from MC simulations

We present the primary Monte Carlo results for the case § = 0.04, while the results for
8 = 0.00 and § = 0.02 are reported in the online Appendix G. The results presented in
Tables 1, 2, 3 and 4 for the rejection rates and coverages for the simple mean and aggregate
HMPI, generally support the developed statistical results in Sects. 3 and 4.
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Table 1 Rejection rates for test for the simple mean productivity change g with § = 0.04

P q n 0.10 0.05 0.01
® (1) ) (i) ® (i1)

1 1 20 0.544 0.544 0.437 0.437 0.247 0.247
1 1 50 0.809 0.809 0.728 0.728 0.534 0.534
1 1 100 0.936 0.936 0.903 0.903 0.796 0.796
1 1 200 0.997 0.997 0.992 0.992 0.976 0.976
1 1 300 1.000 1.000 1.000 1.000 0.996 0.996
1 1 500 1.000 1.000 1.000 1.000 1.000 1.000
1 1 1000 1.000 1.000 1.000 1.000 1.000 1.000
2 1 20 0.782 0.766 0.704 0.691 0.558 0.541
2 1 50 0.968 0.965 0.944 0.943 0.864 0.860
2 1 100 1.000 1.000 0.999 0.998 0.992 0.991
2 1 200 1.000 1.000 1.000 1.000 1.000 1.000
2 1 300 1.000 1.000 1.000 1.000 1.000 1.000
2 1 500 1.000 1.000 1.000 1.000 1.000 1.000
2 1 1000 1.000 1.000 1.000 1.000 1.000 1.000
P q n 0.10 0.05 0.01

(1) (i1) (i) (1) (i1) (iil) (1) (i1) (iii)
3 1 20 0919 0752 0.798  0.890  0.675  0.721 0.792  0.504  0.515
3 1 50 0999 0966 0987 0997 0940 0969 0984 0858 0912
3 1 100 1.000  0.998 1.000 1.000  0.995 1.000 1.000 0980  0.997
3 1 200 1.000 1.000 1.000 1.000 1.000 1.000 1.000  0.999 1.000
3 1 300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
3 1 500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
3 1 1000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
4 1 20 0.983 0.839  0.850 0962  0.757  0.781 0915  0.583 0.578
4 1 50 1.000 0974  0.997 1.000 0957  0.982 1.000  0.851 0.927
4 1 100 1.000  0.996 1.000 1.000  0.993 1.000 1.000 0974  0.999
4 1 200 1.000 1.000 1.000 1.000 1.000 1.000 1.000  0.999 1.000
4 1 300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
4 1 500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
4 1 1000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 1 20 0.998  0.850  0.901 0995 0.786  0.834  0.981 0.623 0.642
5 1 50 1.000  0.980  0.999 1.000  0.963  0.990 1.000  0.891 0.963
5 1 100 1.000  0.996 1.000 1.000  0.992 1.000 1.000  0.975 1.000
5 1 200 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 1 300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 1 500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
5 1 1000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
7 1 20 1.000  0.872  0.949 1.000  0.826  0.890 1.000  0.677  0.699
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Table 1 continued

P q n 0.10 0.05 0.01
[6) (i1) (iii) [6) (1) (i) () (1) (i)

7 1 50 1.000 0.972 1.000 1.000  0.956 1.000 1.000 0.899 0.977
7 1 100 1.000 0.999 1.000 1.000  0.995 1.000 1.000 0.981 1.000
7 1 200 1.000 0.999 1.000 1.000 0.999 1.000 1.000 0.999 1.000
7 1 300 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
7 1 500 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
7 1 1000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

We first check the power of our developed hypothesis test. For the simple mean HMPI
with results presented in Table 1, we find that when § = 0.04, i.e., when the productivity
indeed increases from period 1 to period 2, the rejection rates using our developed statistical
results (i.e., using (ii)) increase toward 100% when the sample size n increases, regardless
of the dimension p. This result also holds for the aggregate HMPI presented in Table 2.
Consequently, the results of the rejection rates presented in Tables 1 and 2 indicate that our
developed hypothesis tests in Sects. 3 and 4 are very good at detecting a false null hypothesis.

We then check the significance of our developed hypothesis test. We see that the cov-
erages for the simple mean HMPI presented in Table 3 and the aggregate HMPI presented
in Table 4 increase toward the corresponding nominal coverage (1 — o) when the sample
size n increases.!” Moreover, as the sample size n increases, the coverages of the recentered
method (iii) are larger than (ii) and increase toward 100% instead of the nominal coverage,
even though the width of the estimated confidence intervals using (ii) is equal to that using
(iii). The outcome aligns with the Monte Carlo results reported in Kneip et al. (2015) and
Pham et al. (2024) for the simple mean technical efficiency and the aggregate MPI (respec-
tively). Furthermore, analogous to Pham et al. (2024), we see that the developed statistical
results perform quite well even in small sample sizes for both the simple mean and aggregate
HMPI. E.g., when p = 2, the nominal coverage is 95% and the sample size n = 20, the
coverage of the estimated confidence interval is 0.908 for the simple mean HMPI and 0.821
for the aggregate HMPI.

It is worth noting that for both the simple mean and aggregate HMPI, (i) (the standard
CLT) has the similar coverage as (ii) for low dimensions (such as p < 4), but for high
dimensions p > 5, we see that the coverage using (ii) is larger than those using (i) when the
sample size n > 300. This result is consistent with Pham et al. (2024) that the bias of the
simple mean and aggregate HMPI might be too small or even canceling out in some special
cases, leading to the similar performance of (i) and (ii).

17 When p = 3 and ¢ = 1 such that k = 2/5, for both the simple mean and aggregate HMPI, we also find
that the sub-sampling method (using (3.14) or (4.29)) is better than the full sample method (using (3.13) or
(4.28))(this MC result is not presented in the main text), confirming our discussion in Sects. 3 and 4 that the
sub-sampling method is better than the full sample method when x = 2/5. This result is consistent with Kneip
etal. (2015), Simar and Zelenyuk (2018) and Pham et al. (2024) for the simple mean technical efficiency, the
aggregate technical efficiency, and the aggregate MPI, respectively.
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Table 2 Rejection rates for test for the aggregate productivity change ¢ with § = 0.04

p q n 0.10 0.05 0.01
(1) (i) 1) (i) (1) (i1)

1 1 20 0.746 0.746 0.630 0.630 0.420 0.420
1 1 50 0.975 0.975 0.951 0.951 0.853 0.853
1 1 100 1.000 1.000 1.000 1.000 0.990 0.990
1 1 200 1.000 1.000 1.000 1.000 1.000 1.000
1 1 300 1.000 1.000 1.000 1.000 1.000 1.000
1 1 500 1.000 1.000 1.000 1.000 1.000 1.000
1 1 1000 1.000 1.000 1.000 1.000 1.000 1.000
) i 20 0.923 0.879 0.883 0823 0.755 0.719
2 1 50 0.997 0.995 0.997 0.995 0.988 0.975
2 1 100 1.000 1.000 1.000 1.000 1.000 1.000
2 1 200 1.000 1.000 1.000 1.000 1.000 1.000
2 1 300 1.000 1.000 1.000 1.000 1.000 1.000
2 1 500 1.000 1.000 1.000 1.000 1.000 1.000
2 1 1000 1.000 1.000 1.000 1.000 1.000 1.000
p q n 0.10 0.05 0.01

(1) (i1) (ii1) (1) (i1) [Gid) (1) (i) (ii1)
31 20 0969 0787 0812 0940 0721 0740 0865 0572  0.591
31 50 0999 0974 0982 0999 0950 0973 0993 0877  0.923
3 1 100  1.000 1.000 1000 1.000 0998 1.000 1.000 0988  0.999
3 1 200 1.000 1.000 1.000 1.000 1000 1.000 1.000 1000  1.000
3 1 300 1.000 1.000 1.000 1.000 1000 1.000 1.000 1000  1.000
3 1 500 1.000 1.000 1.000 1.000 1000 1.000 1.000 1000  1.000
3 1 1000 1.000 1.000 1.000 1.000 1000 1.000 1.000 1000  1.000
T 1 20 0998 0864 0882 0993 0812 0824 0974 0681 0.712
4 1 50 1.000 0978 0993  1.000 0959 0983 1000 0911  0.944
4 1 100  1.000 0998 1.000 1.000 0996 1.000 1000 0988  1.000
4 1 200 1.000 1000 1.000 1000 1.000 1.000 1000  1.000  1.000
4 1 300  1.000 1000 1.000 1.000 1.000 1.000 1000 1.000  1.000
4 1 500  1.000 1000 1.000 1.000 1.000 1.000 1.000  1.000  1.000
4 1 1000 1.000 1000 1.000 1000 1.000 1.000 1000 1.000  1.000
5 1 20 1000 0.868 0891 0999 0816 0859 0994 0.691  0.722
5 1 50 1.000 0984 0997 1000 0970 0993 1000 0929  0.965
5 1 100  1.000 1.000 1.000 1.000 0997 1.000 1.000 0990  1.000
5 1 200 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.999  1.000
S 1 300 1.000 1.000 1000 1.000 1000 1.000 1.000 1000  1.000
s 1 500 1.000 1.000 1.000 1.000 1000 1.000 1.000 1000  1.000
S 1 1000 1.000 1.000 1.000 1.000 1000 1.000 1.000 1000  1.000
7 1 20 1000 0896 0938 1.000 0842 0897 1.000 0.705  0.762
7 1 50 1.000 0987 0998 1000 0979 0997 1000 0937  0.982
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Table 2 continued

P q n 0.10 0.05 0.01
(1) (i1) (ii1) (1) (i) (111) (1) (i) (ii1)
100 1.000 0998  1.000 1.000 0998  1.000 1.000 0990  0.999
200 1.000 1.000 1.000 1.000 1.000  1.000 1000  1.000  1.000
300 1.000  1.000  1.000 1000 1.000  1.000 1000  1.000  1.000
500 1000 1.000 1.000 1.000  1.000 1000  1.000  1.000  1.000
1000 1.000  1.000 1.000 1.000 1.000 1000 1.000  1.000  1.000

NN g2
—_ = = =

Table 3 Coverages of estimated confidence intervals for the simple mean HMPI g with § = 0.04

p q n 0.90 0.95 0.99b
® (i) @ (i) ® (i1)

1 1 20 0.898 0.898 0.947 0.947 0.988 0.988
1 1 50 0.883 0.883 0.939 0.939 0.996 0.996
1 1 100 0.890 0.890 0.952 0.952 0.990 0.990
1 1 200 0.883 0.883 0.931 0.931 0.984 0.984
1 1 300 0.897 0.897 0.952 0.952 0.995 0.995
1 1 500 0.897 0.897 0.943 0.943 0.991 0.991
1 1 1000 0.879 0.879 0.936 0.936 0.983 0.983
2 1 20 0.876 0.838 0.944 0.908 0.982 0.968
2 1 50 0.890 0.878 0.950 0.944 0.988 0.984
2 1 100 0.902 0.899 0.953 0.962 0.993 0.991
2 1 200 0.900 0.901 0.949 0.957 0.993 0.991
2 1 300 0.910 0.899 0.953 0.954 0.994 0.990
2 1 500 0.898 0.888 0.956 0.947 0.987 0.989
2 1 1000 0.915 0.911 0.959 0.953 0.994 0.993
P q n 0.90 0.95 0.99

@ (1) (iii) @ (i1) (iii) () (i1) (iii)
3 1 20 0.855 0.806  0.894 0915 0884 0936 0975  0.961 0.981
3 1 50 0879  0.865 0950 0933 0922 0976  0.981 0978  0.998
3 1 100 0.878  0.901 0985 0939 0956 0993 0989  0.986 1.000
3 1 200 0.880 0909 0990 0945 0956  0.998  0.990  0.990 1.000
3 1 300 0.901 0902 0998 0958  0.956 1.000  0.990  0.994 1.000
3 1 500 0.904 00911 0999 0952  0.956 1.000  0.989  0.993 1.000
3 1 1000 0.888  0.893 0999  0.941 0.946 1.000 0986  0.991 1.000
4 1 20 0896  0.843 0925 0940 0.899 0960 0976  0.965 0.987
4 1 50 0.881 0.865 0987  0.931 0929 099 0993  0.989 1.000
4 1 100 0.886  0.882 0994  0.941 0.932 1.000  0.985  0.984 1.000
4 1 200 0.885 0.890 1.000 0943  0.927 1.000  0.993  0.980 1.000
4 1 300 0910  0.899 1.000 0950  0.948 1.000 0992  0.994 1.000
4 1 500 0.877  0.916 1.000 0932  0.958 1.000 0983  0.990 1.000
4 1 1000 0906  0.893 1.000 0952  0.940 1.000  0.995 0.988 1.000
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Table 3 continued

P q n 0.90 0.95 0.99
[6) (i1) (iii) [6) (1) (i) () (1) (i)

5 1 20 0.881 0.815 0.939 0.941 0.890 0.968 0.984 0.961 0.991
5 1 50 0.872 0.870  0.990  0.937 0.933 0.994 0.988 0.986 0.999
5 1 100 0.910 0.893 0.999 0.956 0.945 1.000 0.992 0.987 1.000
5 1 200 0.906 0.889 1.000 0950  0.945 1.000 0.988 0.984 1.000
5 1 300 0.874 0.903 1.000  0.934 0.958 1.000 0.986 0.992 1.000
5 1 500 0.894 0.906 1.000  0.949 0.948 1.000 0.987 0.990 1.000
5 1 1000 0.891 0.900 1.000  0.943 0.960 1.000 0.990 0.991 1.000
7 1 20 0.867 0.795 0.941 0.916 0.873 0.967 0.972 0.958 0.989
7 1 50 0.890 0.867 0.998 0.948 0.935 1.000 0.987 0.982 1.000
7 1 100 0.907 0.890 1.000  0.956 0.946 1.000 0.995 0.990 1.000
7 1 200 0.900 0.885 1.000  0.950  0.927 1.000 0.992 0.984 1.000
7 1 300 0.856 0.900 1.000 0917 0.939 1.000 0.988 0.983 1.000
7 1 500 0.884 0.901 1.000  0.948 0.949 1.000 0.987 0.990 1.000
7 1 1000 0.885 0.896 1.000  0.931 0.940 1.000 0.991 0.984 1.000

6 Empirical illustrations

To conduct a direct comparison with the productivity change measured using MPI as in
Zelenyuk and Zhao (2023), in the following illustration we use the same data and conduct
the same analyses for HMPL.!'3 The commonly employed data set, Penn World Table data
(PWT 10.0), is employed to estimate the simple mean and aggregate HMPI. Analogous
to Pham et al. (2024) and Zelenyuk and Zhao (2023), we assume that countries/regions
produce GDP using labor and capital stock and we estimate separately for all 84 countries
(27 developed countries and 57 developing countries) for the period 1990-2019. Analogous
to Zelenyuk and Zhao (2023), we conduct the analyses for pairs of years with 5-year intervals
and the entire period from 1990 to 2019 to examine the progression of the simple mean and
aggregate HMPI. Moreover, when computing aggregate HMPI, we let the revenues on the
outputs and expenses on the inputs be equal to the real GDP. Tables 5 and 6 present the
estimated results.

First, we can see that for most of the rows, the estimates before the bias correction are
largely different from those after the bias correction, illustrating the practical importance in
the empirical analyses to correct the bias in estimates for the simple mean and aggregate
HMPL. If the bias is not corrected, the productivity change might be over- or under-estimated
or even the direction of the productivity change is flipped, leading to biased conclusions.
E.g., Table 5 shows that productivity for the whole sample decreased by 5.51% from 2005
to 2010 before the bias correction, which is substantially smaller than 8.90% after the bias
correction. One example that demonstrates the flipped direction for the productivity change
is that in Table 6 which shows that the productivity for the whole sample increased by 2.34%
between 2000 and 2005 before the bias correction, while it decreased by 2.96% after the bias
correction.

18 To provide tools for the practitioners, the code used in this illustration is available in the GitHub. See https://
github.com/srzhao89/szz-hm for more details.
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Table 4 Coverages of estimated confidence intervals for the aggregate HMPI ¢ with § = 0.04

p q n 0.90 0.95 0.99
(1) (i1) ) (i) (1) (i)

1 1 20 0.890 0.890 0.940 0.940 0.980 0.980
1 1 50 0.872 0.872 0.929 0.929 0.988 0.988
1 1 100 0.905 0.905 0.947 0.947 0.987 0.987
1 1 200 0.889 0.889 0.935 0.935 0.988 0.988
1 1 300 0.913 0913 0.952 0.952 0.993 0.993
1 1 500 0.888 0.888 0.943 0.943 0.984 0.984
1 1 1000 0.906 0.906 0.940 0.940 0.988 0.988
) i 20 0.856 0.747 0.922 0.821 0.976 0915
2 1 50 0.869 0.824 0.926 0.884 0.985 0.957
2 1 100 0.889 0.865 0.942 0.917 0.982 0.978
2 1 200 0.859 0.847 0.921 0915 0.980 0.980
2 1 300 0.888 0.886 0.943 0.935 0.991 0.985
2 1 500 0.883 0.872 0.937 0.925 0.987 0.988
2 1 1000 0.892 0.881 0.949 0.941 0.990 0.992
p q n 0.90 0.95 0.99

(1) (i1) (111) (1) (i1) (ii1) (1) (i) (iii)
31 20 0825 0733 0781 0884 0817 0.873 0953 0919  0.949
31 50 0859 0813 0900 0920 0893 0951 0985 0967 0.986
3 1 100 0851 0862 0955 0913 0909 0983 0984 0978  1.000
3 1 200 0872 0883 0977 0936 0937 0991 0982 0983  0.999
3 1 300 0873 0875 0989 0940 0931 0999 0981 0991  1.000
3 1 500 088 0887 0989 0933 0948 0999 0982 0988  1.000
3 1 1000 0862 0891 0994 0921 0939 1.000 0981 0982  1.000
T 1 20 0838 0731 0801 0905 0814 0867 0965 0921 0950
4 1 50 0.825 0798 0917 0908 0.880 0959 0973 0954  0.991
4 1 100 0848 0851 0973 0910 0920 0991 0974 0974  0.999
4 1 200 0868 0858 0991 0928 0922 0997 0983 0986  1.000
4 1 300 0899 0877 0999 0946 0934 1.000 0987 0991  1.000
4 1 500 0863 0907 0997 0927 0951 1.000 0971 0987  1.000
4 1 1000 0865 0881 1.000 0926 0949  1.000 0985 0986  1.000

Second, analogous to Pham et al. (2024), we also see fairly significant distinctions between
the simple mean and the weighted aggregate approaches of HMPI. E.g., for the whole sample,
Table 5 shows that the productivity decreased significantly in the periods 1990-1995 and
2005-2010, while it increased significantly from 2000 to 2005. However, Table 6 shows a
continuous decline in productivity from 2000 to 2019, illustrating that the evolution of the
productivity changes over the sample period is different between the unweighted and weighted
approaches. Moreover, although both tables show that productivity for the entire sample
decreased from 2005 to 2010, Table 5 indicates that the productivity decreased by about
8.90%, while Table 6 indicates it decreased much more, by about 20.18%, when considering
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Table 4 continued

P q n 0.90 0.95 0.99
() (i1) (iii) @ (i) (i) ) (1) (i)
20 0.839 0.726 0.827 0.908 0.813 0.891 0.969 0912 0.956
50 0.872 0.837 0.951 0.934 0.895 0.980 0.975 0.963 0.994

100 0.866  0.860  0.988  0.931 0.921 0.998 0.986  0.980 1.000
200 0.873 0.874 0999 0934 0915 1.000  0.987 0.980 1.000
300 0.867 0.895 1.000  0.922  0.948 1.000  0.975 0.990 1.000
500 0.852  0.901 1.000  0.922  0.940 1.000  0.980  0.988 1.000
1000 0.878 0.908 1.000  0.928 0.953 1.000 0979  0.993 1.000
20 0.840  0.742  0.853 0910  0.813 0.899  0.968 0.927 0.962
50 0.878 0836 0974 0924 0.899 0990 0980  0.967 0.999
100 0.873 0.865 0.993 0.945 0924 0999 0982  0.981 1.000
200 0.862  0.883 1.000  0.920  0.930 1.000  0.981 0.984 1.000
300 0.839 0.896 1.000  0.902  0.939 1.000 0959  0.979 1.000
500 0.856  0.897 1.000 0910  0.935 1.000  0.978 0.984 1.000
1000 0.862 0.900 1.000  0.923 0.937 1.000 0973 0.981 1.000

I N B N BN | Y Y Y Y Y Y |
[ T T S e e T e e

the weight of each individual country. This result suggests the importance of examining both
unweighted and weighed HMPI to better understand the change in productivity for a group.

Third, the productivity changes for the developed and developing countries are generally
different. E.g., both Tables 5 and 6 indicate that the productivity for the developed countries
significantly increased in the periods 1995-2000, 2000—2005 and 2015-2019, and decreased
from 2005 to 2010. However, for developing countries, Tables 5 and 6 do not reach a consensus
on the significance of the productivity change for all the periods we considered, except for
1995-2000, during which both tables identify a significant decrease in productivity.

Finally, we compare the differences and similarities among the productivity changes mea-
sured using HMPI versus those measured using MPI with the results presented in Tables 2
and 3 of Zelenyuk and Zhao (2023). It is worth reminding that the MPI in Zelenyuk and Zhao
(2023) is computed relative to the conical hull of the production set (i.e., using the conical
technical efficiency) while assuming that the technology may still exhibit VRS. Meanwhile,
the HMPI here is measured relative to the production set while assuming that the technology
exhibits VRS. To simplify our discussions below, we only focus on the entire sample.

In terms of similarities for the unweighted approach, both Table 5 in our paper and Table 2
in Zelenyuk and Zhao (2023) find that productivity experienced a notable decrease between
1990 and 1995 and an increase from 2000 to 2005. In terms of differences for the unweighted
approach, Table 5 in our paper also finds that productivity measured using HMPI significantly
decreased from 2005 to 2010 while Table 2 in Zelenyuk and Zhao (2023) finds that produc-
tivity measured using MPI significantly increased from 1995 to 2000. In terms of similarities
for the weighted approach, both Table 6 in our paper and Table 3 in Zelenyuk and Zhao (2023)
find that productivity significantly decreased from 2005 to 2010. In terms of differences for
the weighted approach, Table 6 in our paper also finds that productivity measured using HMPI
significantly decreased in the periods 2000-2005, 2010-2015, 2015-2019 and 1990-2019,
while Table 3 in Zelenyuk and Zhao (2023) finds that productivity change measured using
MPI was not significant for all the remaining periods except 2005-2010.
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The differences and similarities between the HMPI and MPI vividly illustrate that exam-
ining the productivity change measured using HMPI might provide a different picture from
that using MPI, potentially implying different policy implications. Whether it is the HMPI or
the MPI that should be used, or perhaps both, is another interesting question (related to eco-
nomic theory, index numbers theory, context, etc.). What is important, however, is that both
are developed on par with each other, in terms of the theoretical framework for estimating
and making inferences, and this is what we have aimed to achieve in this paper.

7 Conclusions

In this paper, we address a gap in the existing literature by establishing statistical inference
procedures for DEA estimators related to a specific firm’s HMPI, the unweighted simple
mean HMPI, and the weighted aggregate HMPI. These findings contribute to the ongoing
advancement of theoretical results concerning efficiency and productivity estimators derived
from non-parametric frontier methods, including Kneip et al. (2015) for the simple mean
efficiency, Simar and Zelenyuk (2018) for the aggregate efficiency, Simar and Wilson (2019)
for the decompositions of the MPI, Simar and Wilson (2020) for the overall and allocative
efficiency, Kneip et al. (2021) for the simple mean MPI, Kneip et al. (2022) for the conical
FDH estimators, and Pham et al. (2024) for the aggregate MPI, among others.

We further conduct the MC simulations to assess the effectiveness of the developed CLT
for both the simple mean and aggregate HMPI in finite samples. The MC results generally
support our developed statistical results. We also utilize a real data set to demonstrate the
developed statistical results for the productivity change measured using HMPI by comparing
with those measured using MPL

Future research could focus on deriving asymptotic properties for the decompositions
of the HMPI, analogous to Simar and Wilson (2019) for the decompositions of the MPL!?
Another interesting strand of future work could be to develop an analogous theory for the prof-
itability/allocative Hicks—Moorsteen productivity index proposed by Mayer and Zelenyuk
(2019). Another promising direction could be to customize the methods recently introduced
by Nguyen et al. (2022), Simar et al. (2023, 2024), and Zelenyuk and Zhao (2023) to possibly
enhance the accuracy of finite approximation of the developed CLT for both the simple mean
and aggregate HMPI, particularly in scenarios characterized by large dimensions and small
sample sizes.

Supplementary Information ~ The online version contains supplementary material available at https://doi.
org/10.1007/s10479-024-06288-8.
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