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1 Introduction

This paper addresses the question of existence of a competitive equilibrium in
a Ramsey economy in which dicerent agents evaluate the future dicerently and
investment is irreversible. Since we consider an in..nite horizon growth model
the setting is formally for an economy with in..nitely many commodities. Debreu
(1954) was the ..rst who extended the equilibrium analysis to such economies.
Following his early work many methods have been used to prove existence of
competitive equilibria in in..nite dimensional spaces: core equivalence (e.g. Peleg
and Yaari (1970)), limit of equilibria of ..nite dimensional economies (e.g. Bewley
(1972)), demand approaches (e.g. Florenzano (1983)), Negishi approaches, either
in its topological version (e.g. Magill (1981), Dana, Le Van and Magnien (1997),
Aliprantis, Border, and Burkinshaw (1997)), or in its dual version using the
weight system associated with a Pareto-optimum (e.g. Dana and Le Van (1991),
Kehoe, Levin and Romer (1991), Hadji and Le Van (1994), Dana and Le Van
(2000), Duran and Le Van (2001) ). Aliprantis, Border, and Burkinshaw (1990)
and Becker and Boyd (1997) contain modern expositions of these approaches.

Our strategy for tackling the question of existence relies on exploiting the
link between Pareto-optima and competitive equilibria. In that respect our proof
is in the line of Dana and Le Van (1991), Kehoe, Levin and Romer (1991),
Hadji and Le Van (1994), Duran and Le Van (2001). We ..rst study the Pareto-
optimum problem involving individual weights in a social value function. We
next show that with any optimal path (k”;c”) one can associate a price system
p for the consumption good and a price r for the initial capital stock such that
(k®; c®; p;r) constitute a price equilibrium with transfers. The ..nal step to obtain
an equilibrium is to prove that there exists a set of welfare weights such that these
transfers equal to zero. By doing so, we convert the in..nite-dimensional ..xed
point problem stated in terms of prices and commodities into a ..nite-dimensional
..xed point problem involving individual weights in a social value function.

Our paper is in the line of Dana and Le Van (1991) for a second aspect: in
our model agents are heterogeneous. But observe that the model in Dana and
Le Van (1991) is more complicated with many sectors and recursive preferences.
In our model individuals’ preferences are additively separable and there is one
sector. The counter-part is that the proofs are much simpler and we obtain more
properties for the optimal and equilibrium paths. Our model is a generalization of
Duran and Le Van (2001) because we allow heterogeneous agents, but as in their
model we constrain gross investment to be non negative (this constraint is not



imposed in the usual Ramsey model of Kehoe, Levine and Romer (1991), Dana
and Le Van (1991). Intertemporal models with irreversibility, i.e.nonnegative
gross investment, have been studied by Mitra (1983) and Mitra and Ray (1983).
But these papers do not deal with the problem of existence of equilibrium, and
the time horizon is ..nite). We emphasize that our paper might be useful for
macroeconomists who work on heterogeneity and do not want to use sophisticated
mathematical tools.

As we said before, this strategy allows us to obtain detailed results concern-
ing the properties of competitive equilibria. In particular, we show that in case
where all agents have the same discount factor (i.e. the problem is stationary) the
optimal trajectory converges to a steady state: some k® > 0 which is determined
by the common discount factor. The proof of this result is a simple modi..ca-
tion of existing proofs (e.g. Benhabib and Nishimura, (1985)) and is based on
monotonicity of the optimal capital sequence.

When we allow heterogeneous discount factors proving convergence of the
optimal path is not so simple. The complications arise largely from the fact
that the Pareto-optimum problem is now nonstationary, so it can not have a
steady state. Hence, one cannot conclude that the optimal path is monotonic.
Nevertheless, by exploiting additional properties of optimal paths, we are able to
prove that the optimal capital sequence has a unique accumulation point: some
ks > 0 which is the steady state for the stationary problem in which every agent
has a discount factor equal to the maximum one. In addition to the convergence
result we are able to give a partial characterization for the dynamics of the optimal
capital sequence. We show that there exists an integer T (large enough) such that
the optimal sequence (ki) either converges decreasingly to k® or it converges to
k® withky,, Kk forallt _ O

Finally, using the Inada condition for the instantaneous utility functions, we
show that the consumption paths of all agents with a discount factor equal to
the maximum one converge to strictly positive stationary consumptions while the
consumption paths of the remaining agents converge to zero.

These results are related to the ones obtained by Becker (1980) and Bewley
(1982). Becker also proves that the long-run equilibrium capital stock is deter-
mined by the maximum discount factor while Bewley proves that there exists
some date T such that beyond this date the consumption of the agents with a
discount factor less than the maximum one will be equal to zero (but in his proof
implicitly assumes that the marginal utilities are bounded above).

The paper is organized as follows: In section 2 we set up a simple one sector



multi-agent economy. Section 3 provides a characterization of the competitive
equilibrium for this economy. Section 4 describes the Pareto-optimum problem
and proves existence of optimal paths. Section 5 analyzes properties of optimal
paths. The existence of a competitive equilibrium is proven in section 6. A
conclusion is given in section 7.

2 The model

We consider an intertemporal one sector model with m _ 1 consumers and one
..rm. The preferences of each consumer take the usual additively separable form,

“tui(cit), where 0 < 7 < 1 is the discount factor and c;x denotes the quantity
t=0
which agent i consumes at date t. Production possibilities are represented by a

gross production function F and a physical depreciation rate 0 < + < 1. The
initial endowment of capital, the single reproducible productive factor, is k, _ 0

P
and #; > 0 is the share owned by consumer i. Obviously, ~ #; = 1 and #iko

i=1
is the endowment of consumer i. Consumers also share the pro..t of the ..rmin

each period; ®; > 0 is the share owned by consumer i; and ®; = 1. Formally,
i=1
the economy is described by the list,

E=FfRL; u;i=1;:0m; (®;#);i=1;::5m; RYL; ko, F; o

We introduce now some notation. For any initial condition kg _ 0, when k =
(ky;ko; ) issuchthat 0 (1§ ke  keva  F(ko) + (1§ 1)k for all t, we say
it is feasible from ko and we denote the set of all feasible accumulation paths by
1 (ko). Let ¢t = (C1ut; Co:t; i Cmit) denote the mj vector of consumptions of all
agents at date t. A consumption sequence ¢ = (cy;C,; :::2) is feasible from kg _ 0

P

when there exists k 2 § (ko) such that 0 Cit F(ke)+ (1 i t)ke i Kees for
-

all t. The set of feasible from k| consumptioln sequences is denoted by 8(kg). We

next specify the properties assumed for the preferences and the technology.

Assumption 1 For i =1;::;;m; ui : R+ §¥ R is continuous, strictly concave,
strictly increasing and twice dicerentiable. Moreover, ui(0) =0 and u}(0) = +1..

Assumption 2 The gross production function F : R+ j ¥ R4 is continuous,
strictly concave, strictly increasing and twice dicerentiable. Moreover, F(0) = 0;
F'(0) >—=i= j 1++and F'(1) = 0.



If we de..ne the interest rate by r = —L— j 1 then F'(0) > —— 1 1+ means
that at the origin the marginal product'ivity of capital is grea'ter than the sum
of interest rate and depreciation rate. Since this sum is the cost of investment,
zero capital stock is not optimal for investment. Moreover, F(1) = 0 rules out
a sustained growth of the stock of physical capital.

Since F' is dizerentiable and F'(0) > #; for all ko > 0 there exists some
0 <k? ko such that F(k") + (1 § £)k® > k’. Hence, for all ko > 0 there is a
feasible, interior, stationary accumulation-consumption plan described by k° and
¢’ such that ﬁj’c? = F(KY) j zk’. Further, F'(1) < * implies the existence of a

i=1
maximum sustainable capital stock: some k > 0 for which F (k) + (1 j +)k <

kiok >k and F(k) + (1 j )k = K. In order to save notation we de..ne
f(k) = F(k) + (1 j t)k. Observe that under the previous assumptions we have
f'(0) > == and f'(1) < 1.

min

3 Characterization of Equilibrium

A competitive equilibrium for this model consists of a sequence (po;ps; ) 2
I7'nfOg of prices for the consumption good, a price r > 0 for the initial capital

(a) For ewery i, c; solves the consumer’s problem

max Eui(ci;t)
t=0
X

st PeCit  #irko + ®i%
t=0

where % is the pro..t of the single .rm. The maximum is taken over |7 .
(b) k yields the maximal pro..t % for the ..rm over production plans (kg; K) 2
R, £ I3 subject to the feasibility constraints

X
max Pe[F(ke) i Kew1] 1 rko
t=0
st (Lidke kea Tk, 8t_0

ko . 0; isgiven:
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(c) Markets clear

X
Ci:t + Kew1 = F(ke); 8t _ 0:
i=1
To prove existence of a competitive equilibrium we follow the Negishi approach:
we ..rst study the Pareto-optimal paths and then show that there exists a Pareto-
optimum the transfer payments of which equal zero. The next section describes

the Pareto-optimum problem and proves existence of optimal paths.

4  The Pareto-optimum problem

4.1 E1><istence of solutions
2

Ya

P

Let¢ = _q;i5.m).i. 0and ;=1 . Given nonnegative welfare weights
i=1

. = (15 .m) 2 € we maximize a weighted sum of the individual consumers’

utilities subject to feasibility constraints

x X
max Ji ui(ci)
i=1 t=0
>
sit: Cit + kivr  F(ky); 8t _ 0

i=1
1§tk keq; 8_0
ko . 0; isgiven:
F?—t
L iui(ci-t), where (,;k;c) 2 ¢£ } (ko) E£8(ko): To prove

i=1 t=0
existence of an optimal path we follow the classical method using continuity of

both u; and f. While the latter will ensure that § (ko) and 8(ko) are compact
the former will ensure that U is continuous in which case Weirstrass Theorem
applies.

P
De.neU(,;k;c) =

Lemma 1 For all ko _ 0, a) there exists A(ko) such that k 2 } (ko) implies
ki  A(ko); 8t; b) 3 (ko) and 8(ko) are compact in the product topology, c) 0
ui(ci) B(ko); 8i;8t; where B(ko) is an upper bound.

Proof: (a) follows for A(ko) = maxfko;Fg; where K is the maximum sustainable
capital stock. Then (b) follows from this bound and Tychonov Theorem, while
(c) isaconsequence of 0 cit T(A(ko)) A(ko); 8i;8t. m
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P®_ . . . .
De..ne the sequence ui(c;) = iui(ci.p). Since this sequence is increasing
=0
and bounded it converges and we can write

X X—t —t
ULikie)= i ui(Cie) = i Ui (G
i=1 t=0 t=0i=1
Lemma 2 For all ko _ 0; U(¢) is continuous over € £ } (ko) £ 8(ko) with respect
to the relative product topology.

Proof: Consider a sequence (,";k";c") 2 ¢ £ } (ky) £ 8(ky) that converges to
(.;k;c) 2 ¢ £ 1(ko) £ 8(ko): We just have to show that U (,"; k";c") converges
to U(,;k;c). Since (,";k";c™) 2 ¢ £ § (ko) £ 8(ko) we have k'  A(ko) and
0 ciy TF(A(ko)) A(ko); 8i;8n. Therefore, 0  ui(ciy §(k0); 8i; 8n: Note
also that

U n.knn = U ke H XX: n—t  r~n = Tt (n -

J (> , C )l (31 1C)J si |uI(C|;t) b .i |u|(Cl;t)
t=0 i=1

X X X X

+ i ui(Ci) +

t=T+li=1 t=T+1li=1

K- ot . Z

i Uil i L Ui(Ci)

XX XX
+ B(ko) i + B(ko) i
t=T+1i=1 t=T+1i=1

—t
blin iui(Cﬂt)

t=0 i=1

For given T; the continuity of u; ensures that there exists N such that for any
n _ N the .rst term is smaller than 5. Also, since 0 < ~; < 1 for all i; there

- r— p m_t "
exists T such that 2B(ko) i< ®H
t=T+1i=1
Existence of an optimal path is hence ensured since U(_;¢;¢) is continuous
over j3(ko) £ 8(ko): Moreover, the assumptions made for both u;and F (strict
concavity) imply that the optimal consumption-accumulation path is unique.

Proposition 1 Forall ko _ 0 there is a unique optimal consumption-accumulation
path.

One way to make the analysis of the behavior of optimal programs easier is
to introduce the concept of a value function. In what follows, for any , 2 ¢;
let | =Fij,i>0 =maxf;ji2lg;d=Ffi21j ;= gand
I'=fi21ji2Jg:



4.2 Value function, Bellman equation

Given any _ 2 ¢ and (k;y) such that 0 'y  f(k); we introduce a time-
dependent function V¢; de..ned by

> I«L_ﬂt
i = ui(ci)

sl

Vi(L;Ky) = max
s:t: city T(k)
i2l

It is easy to check that under assumptions 1 and 2 the Pareto-optimum problem
is equivalent to

max "WV ke Keen)
t=0

st (Ljt)ke ko TF(kp); 8.0
ko . 0; isgiven:

As in the traditional one sector growth model we de..ne the value function by

X—t
Wo(ko) = max Vi(L s Ke; Keen)

t=0
st (Lit)ke Kkaqr F(k); 8.0
ko . 0; isgiven:

Recall that in in..nite-horizon problems with time-invariant period return func-
tions (stationary problems) the value function is a function of the initial state
alone. In the above problem the period return function is time-dependent, so the
problem is a nonstationary one. In this case, as the time index on W indicates,
time becomes a separate argument of the value function.

The next proposition states formally what is known as the Principle of Opti-
mality.

Proposition 2 The value function satis..es the Bellman equation and for all
ko . 0 a feasible path k is optimal if and only if

Wi(ke) = Vi(L i K Ker1) + Wiera (Keen)

holds for all t _ O:



Proof: See Stokey and Lucas (1989, Chapter 4). m

If we restrict ourselves to the set of agents with a discount factor equal to the
maximum one, we can de..ne a time-invariant function ¥ by

<
(. ;ky)= max iui(c)
R
st ci+y T(k)
i2J

Observe that in this case the associated Pareto-optimum problem is stationary

X
W (ko) = max T (L ke Keat)

t=0
st (1jt)ke kea F(ke);, 8t_0
ko . 0; isgiven:

Using lemma 1 it is easy to check that 8t and 8(k;y) such that0 y  f(k);

o _1,
max

Piky) Vi(iky) @EL_A T +P(.:ky)

umax_- 1l

— P— i
where C(kg) =  B(ko). Since 21 < 1 it follows that 8" > 0 there exists
i21°

T such that

P(ky) Viky) "+ ky); 8t T

Moreover, given any k, _ 0; it is easy to check that

Hmax_- ﬂt+TX
—¢ 21" ! —
W (ko) Wr (ko) — B (ko) + ¥ (ko)
t=0 i21°
Hmax 7
= E— (ko) + W (ko)

where —(Kkg) = 1i+€(k0): It follows that for any " > 0 and for all k; feasible

ax

izl
from kg there exists T such that



W (ki) Wike) "+®F(ke); 8t T

Consider now a feasible capital sequence (k;) starting from some ky; _ 0. Using
the previous results, for any subsequence (t,,) such that k,, ¥ k _ Oand kg, +; ¥
k" _ 0 we have

lim Ve, (. s Kens Keprr) =0 (ki K and lim Wy (ki) = B (K):
n¥ 1 n® 1

5 Properties of optimal paths

In this section we review important properties of optimal paths. It will turn out
that these properties are very useful for proving existence of a supporting price
system. The main result of this section is Proposition 4, establishing convergence
of the optimal accumulation path in case where agents have dicerent discount
factors.

Obviously, for any , 2 ¢, an optimal consumption-accumulation path will
depend on _: In what follows we suppress ., and denote by (c®; k®) any optimal
path. The following two lemmas establish the non-nullity of optimal consumption
and capital sequences and are stated here for further reference.

Lemma 3 Assume ko > 0 and let (c*; k®) denote the solution to the Pareto-
optimum problem. Under assumptions 1 and 2,
a) If ,; =0then ¢ =0; 8t _ 0.
P
b) ¢i>0;8t_ 0.

i=1
c) If ,i>0thenc>0; 8t O

Proof: See Dana and Le Van (1991, Proposition 3.3, Proposition 3.6). m

Lemma 4 Let (c”; k") denote the solution to the Pareto-optimum problem. Un-
der assumptions 1 and 2,

a) if kg =0then ki =0; c; =0; 8 _ 0:

b) if ko >0 then ki >0; 8t _ 0:

Proof: See Dana and Le Van (1991, Proposition 3.6). m
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Lemma 5 Let the function Vi(,;k;y) be de..ned as in section 4.2, i.e. given any
.2¢and (k;y)suchthat 0y f(k);

> H—_ﬂt
Ve(,;k;y) = max i = ui(c)
X
sit: ci+y T(k):
i2l
Under assumptions 1 and 2,
a) If 0 <y < f(k) then
OVe(, ky) 0
ok 1 (k)
Vi kiy) _ o,
Gy e
— i7'¢t 0/~D)- Qi .
where . = ; = u;(cy); 8i2 I:
b) If 0 <y < f(K) then ‘@%POi
c)If ;= foralli2l and k" is an optimal path starting from some k, _ 0;

then k® is monotone. Moreover, if ko k) and k°; k' are optimal paths starting
respectively from ko and kj; then ki ki 8t _ O:

lem. Notice that if we let ¢; = # for all i 2 I; where ™ > 0 is choosen such
that " +y < f(k); the Slater condition is veri..ed. Hence, there exists a multi-
plier 1, 2 R such that (cj; *;) maximizes the associated Lagrangian. The Kuhn
-Tucker ..rst order conditions are
b T
i = u(cH)=1;8i21
" #
>
.0 % cgHyifk =0
i2l

Sinceu! >0; 1, > 0and F)c§‘+y = f(k): Moreover, the strict concavity of u; and
T implies that the soluticlnrll c; = (e m is unique. Hence, 1, is unique. If
we de..ne T(k) j y = ®; it can be easily shown (see Corollary 7.3.1 in Florenzano,
LeVan and Gourdel, 2001) that £ = 2.: Thus

Vi(.:K;y) aVe(,; k;y) @®

- o ko T®
V(L kiy) _ @Vi(ikiy)@® _
oy e ok '

11



b) We know that

l-l—_ﬂt

i = uleh=1;8i21

X

ci+yifk)=0:

il
Dicerentiation of the above equations gives
|J-—_1Tt
i = ui(cHec § 01, =0; 8i 21
X

@ci + 0y i f'(k)@k = 0:

izl

If we write these equations in a matrix form we get

i— G 10 1 O 1
1= uP) 0 0 il @cs 0
i o cERER E
0 0 = = uie) il c, 0
1 1 1 0 01, (k@K § @y
I {z }
A
Take a vector X = (X3;:::1; Xi+1) and assume that Ax = 0: Then
- T M- T
— 1 07~y — ooen — | 07 ~0y.
Xi+1 = X1,1 == Uj(c)) ==X, = u(c);
X+ i+ x =0:
Combining these equations we get
o 1
@ 1 1 A
Xl S——tr—— + I+ ——t—— " =0
.1 = ui(e) = up(ep)
i- ¢
Since bi'——i- tu?‘)(c?) < 0 it must be that x+1 = X; = = = x; = 0: Thus A is
invertible and
a 1 e
@Cl = |—%tt = 1 L
Vi () B
. 01 0L
@CI = I—‘T't tgo . = . L
L=up(ey) -l
1 1°

@1, !—1+::::+!—I = f'(k)ek j @y

12



The last equation implies that %;t = j -+ > 0. Hence,

izl 1!

02Ve _ 0%

—=—F(k) > 0:

okey oy (9
c) If ko = 0 then Lemma 4 implies that ki = 0; 8t: Assume that ko > 0: Since
we have shown that -@% > 0; one may use (sligtly adapted since in our model

investment is irreversible) the proof in Benhabib and Nishimura (1985, Theorem

Since in our model investment is irreversible i.e. (1 j £)ki  kes1; 8t we
face the possibility this constraint being binding at certain periods. However, as
the following lemma establishes, the constraint cannot be always binding in the
long-run.

Lemma 6 Let ko > 0: If k” is an optimal path starting from ko there cannot be
an integer T such that (1 j 1)k{ = ki, forallt _ T:

Proof: See Appendix. m

An immediate consequence of the last lemma is that it allows us to prove that
an optimal sequence k® cannot converge to zero.

Lemma 7 Let ko > 0: If k® is an optimal path starting from ko then ki cannot
converge to zero.

Proof: See Appendix. m

Let us now consider the Pareto-optimum problem involving only agents in J:
The next result shows that in this case the optimal capital sequence converges
monotonically to a steady state.

Proposition 3 Let k” denote the opimal trajectory for the Pareto-optimum prob-
lem involving only agents in J: There is some k® > 0 with f(k®) j k® > 0 and
“fY(k%) = 1 such that for all ko> 0; ki ¥ kS:

Proof: Lemma 1 together with the monotonicity of optimal paths (Lemma 5c)
imply that ki ¥ k® _ 0: However, Lemma 7 established that ki can not converge
to zero. Hence, k® > 0: By the principle of optimality

B (k) =V (ke key) + W(KE,,); 8t _ O

13



P P
Taking the limits we obtain f(k®) j k® >0andsince c¢j; i ¥ ¢ =TF(k®) j k%
i2J i2J
there exists some j 2 J such that ¢j > 0: Along the optimal consumption path
we have

07~
E'g't; =2l >0; 8ij 23
i\t sl
Thus, ifci, i ¥ 0for somei 2 J;thencj, i ¥ 0; 8j 2 J: acontradiction. Hence,
c; >0;8 2J:
Since ki ¥ k® >0 there exists T such that (1 j £)k{ < ki, <f(k{); 8t _ T.
Thus, for all t _ T the Euler equation holds,

OVe(ikiikeny) | —BVen(ikigike,) _
Qy ok
> = _1t+1f0(ktn+l)

- UGy = Uil ) F(ke); 8i 2 3

Taking the limits in Euler equation gives  f'(kS)=1: m

The following lemma implies that there cannot be a subsequence (t,) such
that ki ¥ 0: It will turn out that this property is crucial in order to prove
convergence of the optimal path in case where agents have dicerent discount
factors.

Lemma 8 For any ky > 0 and k® optimal from kg there exists © > 0 such that
ki . °; 8t _0:

Proof: See Appendix. m

The next result allows for heterogeneous discount factors and uses the abowe
properties, specially Lemma 8, to prove conwvergence of the optimal capital se-
quence.

Proposition 4 Let ko > 0: If k® denotes an optimal path starting from ko; then
ki ¥ kS; where kS is determined by ~ (k%) = 1:

Proof: If ; = for every i; then it follows from Proposition 3 that the optimal

path converges to kS with ~ (k%) = 1: Consider now the case where there exists i
with ; < : Assume that there exists an integer T such that the sequence (k7,

14



is monotonic. In this case, Lemma 1 and Lemma 7 imply that ki, ¥ k >0. By
the principle of optimality

Wt+T(k:+T) = Vt+T (b; tD+T; k';J+T+1) + _Wt+T+1(k'F+T+1); 8t > 0:
Taking the limits we obtain
W (K) =P k:K) + B (K):

If k satis..es the above equation Proposition 3 implies thatk = ks; where ~ f!(k®) =
1.
Assume now that for any integer T there exists t _ T such that either

ki ki1 and ky < kg or ki . ki;; and ki > k¢,;: In this case there exist
subsequences (Tk) and (le) such that

K k%, and Kk <k§ . 8k2N
ke . K3, and kS > Ko, 8k 2N

kT, < k%ﬂ; 8k 2 N:

Let ko > 0 and without loss of generality assume that T; < T, and ko > Kt,:
This case is depicted in Fgure 1. Since (k{) is bounded it has an accumulation
point which is denoted by k. That is, there exists a subsequence (tn) such that
nIi'nl ki, = k: Observe that 8n there exist Tkn;Tlin and Ty,+1 such that either
KT, K, k%ﬂ orky, .. ki, k%ﬂn:

Consider now an eventual subsequence of (kg ); denoted by (kg _); such that
k%, kg, k;&m for all m and k2, ¥ Kuini K%, 41 ¥ Kouns K5, 51 ¥ Kiin;

k?o ¥ Kmax; k%o( o ¥ K k_?lo( 1 1 k::]ax. By the principle of optimality

km
WTkm il(k$km il) = VTkm i1(>; k‘?km il k‘?km) + _WTkm (k%(m); 8m
WTkm(k‘T'km) = VTkm (:.; kj.ll'km; k‘?'km+l) + _WTkm +1(k‘?km+1); 8m:

Taking the limits we get

00 0 _
W(kmin) = \p(b;kmin;kmin) + W(kmin)
® (kmin) = V(. Kmini Knin) + 8 (Kin):
This means that for the stationary optimal problem associatgd with the value
function W; kfmn isoptimal from Kp,in;and Kp,in is optimal fromk_,;,,: Since k#kmﬂ >
k7, and ky,_ ;. . k7 for all m; we have Kmin - Kmin and k[:qin . Kmin:

15



00

Kmin implies Kmin . K

By Lemma 5 (see the statement c), k min- _Thus,
kﬁnin = Kmin Which in turn implies that either Kynin = 0 or Kmin = k® with
“f'(k%) = 1 (see Proposition 3). But kmin = 0 is ruled out by Lemma 8 and
since ky, kg, we have k®  k: Following a similar argument one can easily
establish that kmax = k®: Since kg k;tom we hawve k® _ k: Combining the two
results we obtain k® = k:

Consider now an eventual subsequence of (kg ); denoted by (kg _); such that

. 0 .
ki, K& forallmandks ¥ Kminik% o1 ¥ Kyni kg |1 8

min =

S .
00 . .
Kemin; kTﬁm ¥ Kmax; Kfﬁmﬂ ¥ Koo kTﬂm 1 ¥ Knay: Following the same reasoning
as before one can prove that k> = k: Summing up we have proved that the optimal
sequence (k{) has a unique accumulation point k® determined by ~ (k) = 1

Thus, (kf) must converge to k® with " f'(kS) = 1. m

We now show that if we allow for heterogeneous discount factors the limit of
the optimal capital sequence is not a steady state.

Proposition 5 2If there exists i 2 | such that —, < ~ then k® determined by
“f'(k%) = 1 is not a steady state.

Proof: Let ky = k® and assume that k¥ = k®; 8t _ 1. Since (1 j+)ks < ks < f(k®)
the Euler equation holds, so we have

OVi(L KK | —OVena (L KK

0
0y ok
. =2, F K
tu—_ﬂtt 01 H—_ﬂt+1 0 0
- L= Ui(C?;t):__..i = ui(di];tﬂ)f (k%)

Ui(CG) = UG )T (K°); 8T 21
If there exists i 2 | such that ; < then
Uief) = Ui DT (k) < Ui(CFee); BE:
tin thilcbcase G < Cip 8i 2 1° while Cite1 = G 8i 2 J0 As a result,

Ciwrr <  Cpy 8t; contradicting the optimality of k¢ = ks for all t: m
i2l i2l

2This proposition was suggested to us by Tapan Mitra.
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Remark 1 The above proposition implies that in case where agents have dicerent
discount factors and the economy starts at ko = k® any optimal path (ki) con-
verges to kS with ki & ks. As a result, the optimal path may exhibit fuctuations
at least for the beginning periods.

We can now show that the Euler equation do hold from some period on.

Proposition 6 If ko > 0 and k” is an optimal path starting from ko; there exists
T such that (1 j t)kf <k, <f(ki); 8t _ T

Proof: Since ki ¥ k® > 0, the result follows immediatelly. m

The next result provides a partial characterization for the dynamics of the
optimal capital sequence.

Proposition 7 Let k® denote the optimal capital sequence starting from some
Ko > 0: There exists T such that (k7. either converges decreasingly to k® or it
converges to k® with k¥, K% 8t _ O

Proof: Choose T such that forall t _ T j 1 the Euler equation holds:
i) Assume that ky > k®: We will show that we cannot have k7;; ki and
k7 > k7.,: The Euler equation implies that along the optimal path

Uicir;0) = Wi (kG); 8i2 1
uiCir;) = Ui T (kf); 8i 2

Since ki > k5, f (k¥) < 1 and f (k1) < 1: From thE)EuIer i\._quatlons we

have ¢it;; > Cit; 8|2IandcIT 1> Cr: 81203 Thus, ¢y < ¢ig,q: But
i2l i2l
f(ky) i k741 > F(kT;1) i ky: a contradiction.

Consider now the case where ky.; . ki and kf < ky,;: Let T; > T be
the ..rst date such that k7, ;; k3, and ky,.; < ky, (this dalig)exists s|l_r;ce (kD)
converges to k®): Using the Euler equations one can show that ¢y, <  Cig ;4!

i2l i2l
But f(k7,) i k7,41 > f(ky ;1) i ky,: a contradiction. As a result we conclude
that (k7,,) converges decreasingly to ks:

if) Assume that ki < k®: We claim that there cannot be a T; > T such that
k® < ks and k3 .1 Ky, KT, < K7,: If this is not true one obtains as before
that  ciy, < Cip ;1 Butf(ky) i leH > f(kr, ;1) i ky,: a contradiction. As

i2l i2l
a result (kf.,) converges to kS with ki, kSforallt: m

17



Remark 2 Proposition 7 implies that the optimal capital sequence cannot fuc-
tuate around the steady state in the long run (no-crossing property). For T large
enough the optimal capital sequence either converges decreasingly to kS or if it
crosses k® it remains below it.

The next proposition shows that the consumption path of the agents with
a discount factor equal to the maximum one converges to a strictly positive
stationary consumption, while the consumption path of the remaining agents
converges to zero.

Proposition 8 Let c® denote the optimal consumption path. Then,
a) ¢y converges to zero, 8i 2 1"
b) ¢y converges to some ¢; > 0, 8i 2 J.

Proof: a) Lemma 1 implies that along the optimal consumption path

0 KT KT 0
Ul == = Uj(cf) . 2 = U(Ako)); 8i21;8j2J

| sl |

5 -
Since -} >1 we must have ¢, ¥ 0; 8i 2 1" P
b) By Proposition 4 we know that ¢, §¥ ¢f = f(k°) j k® > 0. Since
i21 i21
Cit ¥0,8i 2 I’; there must exist some j 2 J such that ¢j > 0: Along the optimal
consumption path

0r~n
u; (c} -
%:’—J >0; 8i;j 2
Uj(Cio i
Thus if ciiy §¥ 0 for some i 2 J; then¢jy i ¥ 0;8j 2J: a contradiction. Hence
¢;>0;82J =

6 Existence of a competitive equilibrium

In this section we want to prowve:

i) with the optimal path c®(,); k®(,) one can associate a sequence of prices
p(.) de.ned as pt(.) = "2, forall t and a price r(_) = po(>)F°(ko) of the initial
stock such that (c”(.); K®(.);p(.);r(.)) is a price equilibrium with transfers,

i) there exists a set of welfare weights such that these transfers equal to zero.
As in the previous section we suppress . wherever it is possible.
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Lemma 9 The sequence of prices p(,); de.ned as py(,) = 2, for all t; is a
sequence which belongs to 17" nf0g:

Proof: Take j 2 J. Since cj; > 0; 8t and Cg 1G> O there exists a > 0 such

that cj, . a; 8t: Thus pe(,) = 1= j J(cJ +) j j(a), 8t and therefore

X

0 X—t
pe(.) U@ j <1

t=0 t=0

Theorem 1 Let ko > 0: Then c”(,);k"(,) optimal from ko; p(,) de..ned as
pe() =" forallt,and r( ) = po(,)FO(kO) is a price equilibrium with transfers.

Proof: An allocation c°(_); k®(,); a price sequence p(,) 2 |7 nf0g for the con-
sumption good, and a price r(,) for the initial capital stock constitute a price
equilibrium with transfers if

a) For every i, ¢i(,) = (Cio; Ci\a; ::1t) solves

max _}Ui (Cit)
t=0
X

sit Pe(L)Gix  Pe(L)Cy:
t=0

b) k°(,) solves the ..rm’s problem

X

max Pe([F(ke) i kel 7 r(.)ko
t=0

sttt (1 dke kea F(ky); 8t

ko . 0 is given:

¢) Markets clear

C|t + kt+1 = f(k ) 8t
i=1
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The concavity of the instantaneous utility function u; implies that cj(, ) solves
the consumer’s problem. It only remains to prove that the production plan indeed
solves the ..rm’s problem.

Proposition 6 establishes that there exists T such that (1 j ki < kir1 <
f(ky); 8t _ T: Since k*(,) is optimal, (ki;::::; KT) must solve

max  Vi(,; ke Kee)
t=0

st: (1§ ke kirr F(ke); 8t=0;:5T
k41 = Kr4g

o]

By lemma 3, k7., < f(k}); so the Slater condition is veri..ed. Hence, there are
multipliers¥;; °; 2 R associated with the above constraints such that (k§; %;; ° ){=
maximizes the associated Lagrangian. By Lemma 3, °, = 0 for all t = 0,....,T.
Fort=0;:::; T j 1 the Kuhn -Tucker ..rst order conditions are

—t @Vt(b; k:; k?+1 4 TtH @Vt+1(>; ktu+1; k€+2)
Y% 0k
Yo . 0; %l § 2)K{ i kexa] =0

+% i Ve (Li£)=0

while for t _ T the Euler equation implies

@Vt(b; ktn; ktn+1) + —@Vt+l(>; §+1; ktn+2) —

By Bk =0
> 1t:_1t+1f0(ktn):
Forany k(,) 2 *(ko) andany T' _ T de..ne
(Thk() = PeCOIF(KY) i Kewal @0 PeCOIF(KY) § Kewed]
t=0 =0

0

X o
= IR i Kiar) B (F(K) i keea)]

t=0

We want to prove that 0Iim "(T";k(.)) . 0: Using the concavity of f and rear-
T ¥
ranging terms we get '
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0

h i
(THKG) 0 1 FROKT i k) i (K i Keer)
= i

= 1 E(ko)(ko i ko) i (ki i ki)

+ 4 fo(kf)(kf i ko) i (K i ko)

T Gk & ko) 1 (K, § Kroa)
|

= il TR0 (k)
i
P ) 0k
h —1%1 —T:O 0,10 i a
+ § 0 Vgt Tpfkp) (Keooi k)
_ 0 ol
i Lro(Kpoyy i Krogy):

Since the Euler equation holds for t _ T, the terms between T and T® vanish.
Moreower, using the Kuhn-Tucker conditions we have

(THKG) . i T (K, i k)
[i o+ % (1 1 DK i ky)
[+ %a(1 i DK i ko)

+

+

[i1/2-|—i2+1/2-|-i1(1 i i)](kj-ll'il i kTil)
[i%r 1+ % (L i DIKT i kr)

- 0 ol o

i Tro(koogy i Kposa) 1 Yky + ks

+ WL i DKy i kol +ylke § (1§ k]

+ 4+

+ Yral( i DKy i kel FYrgalke i (i 2)krga]

+ %rl(L i vkt 1 (1 Hkr]:

Since % [(1 § £)ki i kix J=0fort T j L kewa i (1§ £)ke . 0;8tand % =0
(because (1 j +)kT < k{.,); we obtain
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0
ARG i (G 0 Kpg) i okE + Yok

_+0 a
= j T 1T0(kT0+1 i kT0+1)
= 0 Tpo(Kjogy 1 Kpogg) + ke i (1 i £)ko]

0
- T o -
= 1 1T°(kT0+1 1 k-|-0+1)

T 1 o .
- 1 LELCIVE

But 1 and K‘r’0+l are bounded from above while -T i¥Y 0as T’ i? 1: Then,
"(1;k(.)) .0 as was to be shown. =

The appropriate transfer to each consumer is the amount that just allows the
consumer to acord the consumption stream allocated by the social optimization
problem. Thus, for given weights . 2 &; the required transfers are

X -
©i(L) = pL)G(L) i ®%(,) i #ir(L)ko; 8i
t=0

where %(,) = :pt(,)[f(kt"(,)) i K] i r(Lko:

A competiti_ve equilibrium for this economy corresponds to a set of welfare
weights _ 2 € such that these transfers equal to zero. The next two lemmas will
allow us to use a ..xed point argument to prove that such a _ exists.

Lemma 10 For every i; ©;(t) is a continuous function of _:

Proof: Lemma 2 shows that, given , 2 €; U(,;c; K) is continuous over j (ko) £
8(ko): Since 3 (ko) and 8(ko) are compact a direct application of Berge’s Theorem
implies that c”(,) and k"(_) are continuous functions of _ in the product topology.
By lemma 1, for any , 2 ¢; we have
— >
T{#NB(ko) = B(ko)
i2l
X ie (6
- Lioui CiL) i .i ui(0)
e i _ ¢ ) i2l
- iU Cid(L) Cit(L)
i2l > ) ) -
= pe(u)  Cix(L) o Pe(L)Cie(L); BL8I = 1m
i2l
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(because if i 2 1; ¢ (,) =0; 8t):
As a result 8" > 0; there exists T such that 8, 2 ¢;

o X_ —t -
Pe(.)Cit(.) D(ko) " < §; 8
=T t=T
where D (ko) = (#1)B(ko):
Consider a sequence ," 2 ¢ that converves to , 2 ¢. \WWe want to show that
©i(.™) ¥ ©i(.): Observe that 8i;8n we have

- X - X _
TopCMeCM i el (L) pe(.MC (L™ i pe(L)ene (L)

t=0 t=0 t=0
X i X i
t=T t=T

¢
Observe also that pe(, ") converges to p¢(,): Indeed, we have p;(,) = . IuI c, ( )
for some |¢2 I: Since ¢,(. ") converges to ¢;(.) > 0; we have that u Gt (s n) L|

i |t()

i . . P
Let " > 0: Using the previous results there exists T such that =~ p.(, ")cii(,™) +
t=T

Pe(,)Ci (L )< + : Moreover, given T; the continuity of p¢(,) and cj,(,) im-
FJ|IeS that there exists N such that for any n _ N the ..rst term is smaller than
3' As a result, for any i; I?pt( )Ci.+(,) is continuous with respect to

Note also that for any 2 (04

= <
#1)B(ko) . p(.) ci(.)
i2l

= pe(IFKReG)) i ke (L] 8E:

Following the same reasoning it can be easily shown that pq(, )[f(k'i( )i &(Hl( )]
is continuous with respect to _: Since r(.) = po(.)F (ko) = il Cio(,) F "(Ko)
it follows that r(.) is also a contlnuous function of _: As a result, for any i;
®i%(,) + #ir(.)ko is continuous with respect to ,

Lemma 11 Let ko > 0: Then, for any , 2 ¢; %(,) > 0:

Proof: Take the feasible sequence k de..ned by (1 j #)k; = ki4q; 8t _ 1: Since
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Y(,) is the maximum pro..t we have

X
w.,) . Pe(IIFKD i kel 1 1(L kKo
t=0

pe(L)F (ko) i r(.)ko

t=0

> po(,)[F(ko) i F (ko)ko] > O

Theorem 2 Let kg > 0: Under the assumptions made about the preferences and
the technology there exists , 2 &€ such that ©;(,) = 0; 8i; i.e. there exists an
equilibrium.

Proof: The proof is a direct application of Brouwer’s ..xed point theorem. Let
T:¢ i¥ & whereT(,) =(T1(.); =5 Tm(,)) and Ti(,) de..ned as
.i +Ci(.)
P
1+ Gi(.)
i=1

Ti(,) =

with ©(.) = i©i(.) if©;(,) <0 and ©(,) = 0if ©;(,) . 0: T is a continuous
mapping from the simplex into itself. By the Brouwer ..xed point theorem there
exists . 2 ¢ such that T(]) =",: We have

SO =X -
1+ ©i(,) i=1
i=1
If _; = 0; Lemma 3 implies Ci(,) = 0 for all t; so we have ©;(() < 0 and

0, . . . — . m 0 =
©;(,) = 0 : a contradiction with (1). Thus, ,; > 0; 8i: If ©;(,) > 0 then
i=1

©,(,) > 0; 8i: From the de..nition of ©;(,) this implies ©i(i¥-< 0; 8i: But this

contradicts Walras’ Law which says  ©;(7) = 0. Thus, ©;(;) = 0 which
i=1 i=1
implies ©;() = 0; 8i: But in this case we have ©;(}) . 0; 8i: From Walras’ Law
we have ©;(}) =0; 8i: m
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7 Conclusions

This paper proves existence of a competitive equilibrium in a version of a Ram-
sey (one sector) model in which agents are heterogeneous and investment is irre-
versible. The analysis is carried out by exploiting the link between Pareto-optima
and competitive equilibria (Negishi method). This method allows us to obtain
detailed results concerning the properties of competitive equilibria, with most
important the convergence of the optimal capital trajectory to a limit point:
some k® > 0 determined by the maximum discount factor. In contrast to the
traditional one sector growth model, our proof of convergence does not rely on
the monototnicity property simply because such a property does not exist if one
allows dicerent discount factors. In addition to the convergence result we are
able to give a partial characterization for the dynamics of the optimal capital
sequence: in the long-run the optimal capital trajectory exhibits a “no-crossing”
property in the sense that it cannot fuctuate around the steady state. Finally,
using the Inada condition for the instantaneous utility functions, we are able to
show that the consumption paths of all agents with a discount factor equal to
the maximum one converge to strictly positive stationary consumptions, while
the consumption paths of the remaining agents converge to zero.

Appendix

Proof of lemma 6: Let ko > 0 but assume that such T exists. Since ki ¥ 0
we can choose some integer T° _ T such that F'(k% ) > — 1 1+t Lemma
3 implies that kg,; < F(k?) + (1 § 2)k{ for all t; so there is " > 0 small enough
to verify

(L i £k <k

T0+1(l +")<F (k.?.o) +(1j i)k.?o:

0

Let K’ be an alternative accumulation path de..ned as k, = k¢ for t = 1;:::5; T
and k; = k?(1+") for t _ T'+1: Up to date T’ + 1 the path Kk is feasible in
regard of the choice of ": For t _ T' + 2 we have,

0

Litk =i DA+ =L+ ")k = Kes

where the second equality holds because (1 j )k = kiv1; 8t _ T: Since the same
equality imlies that

keer = (1 i Dk <F(k) + (1§ £k,
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the path k' is feasible. We next show that k' dominates k* for some " > 0 small
enough. De..ne = (") as

w g/ X_t A - X_t i o] o] ¢
™" = Vi(L i K Kean) i Vi L Kes Ke
t=0 h t=0 i

_ -7

- VTO(b'kTO’ T+1) i Voo (oo ke +1) .

i
—71° 1 _

* " Vi (LK T°+1’ T°+2) Vro (L) T0+1’k$0+2)

> h i
+ ' Vt(,;kt;ktﬂ) i V(L ke Kea) (@)

t>T%+1

Using the concavity of Vi we obtain

OV (, 5 Ko, Kor"+1)

VT0(>; k'I?O; kf]I'O+l) i VT0(>; k:'O; k.?o+1) = @y (kT +1 i ‘T’O+1)
@V 0 51 k 1
= SLL )k; o 2
ay +
Fort _ T'+1;
<

Cie = Tk ikt =F(k)+ Qi Dk i Ky =F (k) =F (KL + "))
Cie = F(ko) 1 Ky =F (k) + (L1 1)k i Kiyy = F(k)

P ¢
where (¢ )izr are such that Vi(,; K% Kby) = i '= Ui(chy): Using the concavity
i2l
of u; and F we get I

Voo ko Kpoyo) i Ve (Ko, i Koy ))

> “—_ﬂT0+lh i
= S U(C|T+l) i Ui(Cipiyy)
i21
> H- M4
i 0,0 0 . @
- A= ui(Ci;T0+1)(Ci;T°+1 ! Ci;T°+1)
i21
> .
= Provaze (Cpogg 1 Cpoyy)
= . i
T T F3 Ko, (1 + "), i Fkpo,y)
0 a " a "
- trapeP Ko (14T Koy ©)
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i- 01’41
where 10,49, = i =+ ui(c |T°+1

concavity of uj and f implies

); 8i 2 I: Similarly, for t > T' + 1; the

Veoi ke Ken) 1 Ve ke e o TpneeF (L + KK ™

Note that ki = (]F; +)ti i IlkT0+1,|§t > T’ +1: Thus k, = (1+ "k < kT0+l

(L +"kio,,and ¢ = =F(k) < ¢ 04y = F(kT 1) 8t> T" + 1: Therefore,
i2l i2l .
8t > T' +1; there exists some i 2 | such that ci;t < Ci'T0+1: But this implies
H—_ﬂto 0 H—_ﬂt 0
1t;1+" = .i = l'Ii(ci;t) = 1T0+1;1+" = i = Uj (C|T0+1); 8t>T + 1
Using the above inequalities we obtain
>k _th o o i
Vt(,; kt; kt+1) i Vt(_.,; kt; kt+1)
t>T0+1
X _th . i
- ToreeF (ke +")ke™
t=>T0+1
X h 3 - ) i
. CrlogeF K+ (L i)t'T Tk,
t>T'+1
2 -
K, " X
0 o —
= trggeF ke, A+T) ﬁm i)
t=>T'+1
3 T =120 -
. " i), .
= 1T0+1;1+"F0 kT0+l(1+ ) w 041 . (4)
Combining (1), (2), (3) and (4) we get
L IV4ll X_t . 0. 0 - X o]
( ) = Vt(b’ kt’ kt+1) 1 Vt(b’ kt’ kt+1
t=0 t=0
@V (koK T° Doy 4T o ’ "
- ay = Koy + " TropaeF Kp (+T) kT°+1
3 .
_0 0 o " (1 i i) o] "
L T T TR
( 0 - 3 -
_ OVro (L KporKpo,) o
=T S @I/ o 1T“+1;1+"F0 Kroya (1 +7)
~(1 54 .Y
14+ (_ i t) _
i (Tid)
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When " § ¥ 0 the term inside the brackets converges to

_ . 1
itro+ tpF (Muﬁmi

We will show that this term is strictly positive. Note that
X ol o} o o o
Ciqo :f(k-l-o) i k-l-o+1: f(k-l-o) i (i i)k-l-o;
2
ol ol o i ol ¢ o
Cipoar = F(KPo,1) i Kho, = F (L i Hkio i (L #)°kyo:
i2l

Subtracting and using the concavity of f we get

o] o] i o] ¢ o]
(k%) i (lii k7o i g (1 i vk + (1 £)%k

= FIG) i (Lioky i (1 kh :
£ (K302 § +(1 § £)KS = #k% F(K%) § (1 2)

= +k%F (k%) > 0:
Thus, there must exist some i 2 | such that c;’,To > c;’,To+l and hence u?( C?_To) <
u;( €0, ,): But in this case
e T Mo Ty S _
i 0, o i 0, o i .
1T0 = i fl ui(Ci;To) < S fl ui(ci;T0+l):lr_ < 1T0+1f-.
1 1
Since
F(K,) . F“(k;oﬂ)miin—i >1imin (i) >1i (Li)

we have

— — FO kn __
1T0 < 1T0+1__ < 1T0+1_ (_T0+1) 1 ——
i ili (1ijz)

0/, 0 1 .
P T

In short *(0) =0and *(*) > 0 for " > 0 small enough: a contradiction =

Proof of Lemma 7: Assume the contrary: ko > 0 and k® is optimal but
¢ i ¥ 0. The rest of the proof follows in two steps.

Step 1: We claim that there is some T with (1 j t)k{ < k{,; forallt _ T:
Suppose the claim is false. Then for any integer T there exists T' > T such

that (1 j i)K‘;oil = K‘r’o: Note that lemma 6 implies that T' can be choosen such
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that (1 j +)l<'r < kjo,,- Moreover, since ki i® 0; T’ can be choosen such that
F' Ko)>m=il + +
By Iemma 3 kS, < f(kTO ,); S0 we can choose " > 0 small enough such that

o +" < Tk, 1) and (1 j +)(k“ + ") < kT by’ : Consider now the accumulation
path K de..ned by k = ki for all t & T' and k. To+ " Since

TO =

(1§ DK, <Ko+ <FK )

T

k' is feasible. We next show that k' dominates k® for some " > 0 small enough.
De..ne *(") as

—t 0 0 X—t . 8.0
V(o Kes K i Vi(, s ke Keen
t=0 t=0
—T0 1 h o 0 o] o]
= ! VTOil(é; To'l;kTo) i VToil(b;kTOiil;kTO)

T V(K ke, ) i Ve (KK

T +1

()

Using the concavity of V. we have

1 OV G K Kpo)., 4T OV ki Ko, ),,

O . C oy ok 5
— —Tlilu Vo1 (koo T°) +—@VT0(>;kT°; T0.41)
By . bk
0 h 1
— " Tlile .9g

— 0
1 o 1]
i Toil;" + To;..f (kTO +

When " j ¥ 0 the term inside the brackets converges to j%o.; + _1Tof°(k$o):
We want to show that this term is strictly positive. Note that

X .
C.T.l_f(k° )i ko
ol ol ol
Ci;TO = f(k.l.o) i kT0+1

i2l

and

FkE) i K,y

F(K2) + (L i K § Ko,

< FKES) <F(K,) =F(, ) i (Li 9K,
F(kTo, 1) i Kyo
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Thus, there must exist some i 2 1 such that c}.,., > ¢}, and u;( Chrt i) < u;(
C?_To): But in this case

Mo T 0 M T1r051 0 - - —
1T0|l =i — u (CITO 1) < i - uI(C?;TO)TI_ < 1To_
1 1
Since
Fike) + (158 =FK) > —— . =
T min_; ~

we have 1., < _1Tof°(k$0): In short "(0) =0 and "(") > 0 for " > 0 small
enough: a contradiction.

Step 2: Fom Step 1 and lemma 3 we know that there exists T such that
(1§ ki <kj,, <F(k7); 8t _ T: Thus, for allt _ T the Euler equation holds

@Vt(,y k?, kt+1 —@Vt+1(,: klt]+11 kt+2

=0
oy ek
1 = f (k
- +1 +1
tH—_ tt | t I-J-—_ﬂt+1 0 0
» . = Uici) = Li = Ui(Ch)T (Kiv)

UEE) = TUi(E ) (ky); 81 21
If ki §¥ O there exists T' _ T such that ~ f (Kivp) . (mm I)f (kiyy) > 1;

=

8t _ T': The Euler equation implies u?(cf;t) > ui(ci;tﬂ), 8t _ T : But in this case
Cit < Ciga1: 8L T'and in particular Cit >Crp0>0;8i218t T’ +1: However,
ki i¥® Oimplies ¢iy ¥ O by feasibility: a contradiction. m

Proof of Lemma 8: Let ® be such that f'(®) = : We consider two cases:

Case 1: Assume ko > ®: In this case we show that ki . ® for all t; so we let
°=®:

Assume the contrary and denote by t, the ..rst date such that ki <® kg .4
The rest of the proof follows in two steps.

Step 1: We claim that there exists T such that ki ,+ <®and kg .t < K¢ .11,
Ko+t  Kg+T+2: TO prove this we proceed by induction. If ki ., _ kg we let
T = 0. If not we have kg ,; <Kkg: In the same way, if Ky, . K+, welet T =1.
If not we hawe kg ., <K ., and so on.

Observe that ifkg 1, <Kg .7 <®;8T _ 0;Lemma7 implies that I|m ktO+T
k > 0: By the principle of optimality

V\/to+T (ktO+T) Vto+T(>’ k;]O+T ) kg, to+T +1) + Wto+T+1(kt0+T+1) 8T:

mm i
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Taking the limits we get
B(K) =P (ki k) + (k)

If k satis..es the above equation Proposition 3 implies that k = kS with ~f'(k®) =

1: But ks < ®; so we have £ = f'(ks) > fY(®) = —=: a contradiction. Thus

there exists T such that ki, < ® and Ki .t < Kg o7 ;15 Kgger  Kigaer 1
Step 2: For simplicity denote To = to+T. Step 1 established that there exists
To such that ki, < ®; and Kk, < k7,1 KT, K7 .q. We also have

(l i i)k'i-'oil k;]—o < f(k—lqoil);
(1 i i)k'i.:o < k'?o k$o+1 < f(k'T'o):

Consider now an alternative capital path de..ned by k; = k® 8t & To and ky, =
kT, +": Note that " can be choosen such that k' is feasible i.e.

(L i Dky0 <K, +7 < F(KE, 1)
L Hke <kd ki, <F(k):

We now show that k' dominates k® in which case we arrive at a contradiction.
De..ne (") as

L Wall X_t 0 0 X_t (o] o]
M = Ve, s K Kear) Vi(,  Ke Keea)
t=0 h t=0

= Tl v (K k) VTOil(,;k$oii1;k$o)
+ T V(KK an) § VoK ikf )

Using the concavity of Vi we have

—ro118VToi (KT 1K), 0 8Vro (ko KE o),

() . B - X
_ —torte OVTun(ikRpaiKy) | —BVR (L ik KT )
0y 0k
h 1
— —Toiln .

- 0 1] .
llToil;" + 1To;"f (k$o +")

When " §¥ 0 the term inside the brackets converges to j 1 ;; + _1T0f°(k$0):

We want to show that this term is strictly positive. Note that
x

C?;Toil :f(k'ltzoil) i kj.l'o;

C?;To = f(k'T'o) i k'Iu'o+l:
i21
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Since (k7 ;1) i kT, > F(k7,) i KT, . there exists some i 2 | such that ¢y ;>
Ciy,- Thus

M- Y41 0 M Y41 0 - - —
Troil = i = Ui(CiD;To;l) <.i = ui(C?;To)Tlr_ < =
1 1
But in this case é m|+ =f(®) < (k7 ); sowe have 1 ., < 1 f'(k},):

Case 2. 0<ky ®. In this case we distinguish between two subcases.
a) Let 0 <ko ® but assume that there exists tp such that kg _ ®:
Repeating the argument applied ir]D case 1 one can show that ki _ ®; 8t _ to; so
we let © = min ®; minfky; 5 keg -
b) Let 0 <ko ® but assume ki < ®; 8t: We show that k{ _ ko; 8t; and in
that case we let ° = kq:
Assume that k7 <k,  ®: We claim that there exist To . 1 such that k7 <®
and k7, < K7 ;1 K3, kt,+1: If the claim is false, then one can show (see
step 1 in case 1) that ki converges decreasingly to k®. Since k® < ®; we hawe
L = fY(k®) > f(®) = —— : a contradiction.

min
1

Next consider an alternative accumulation path k'; de..ned by k; = k%; 8t & T
and k°TO = k7, +": One can show (see step 2 in case 1) that, for proper choice of
": K is feasible and dominates k®: But this contradicts the optimality of k®, so
we must have kT _ Kq: Applying the same reasoning one can show that k5 _ Kk
Continuing in that way one can establish that k;{ is increasing and therefore
ktD - ko; 8St: m
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