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Abstract

The problem of estimating a quantity that evolves with time from noisy
measurements can be found in many fields, such as engineering (e.g., the
position of a drone), epidemiology (e.g., the number of infected people),
or medicine (e.g., the position of a lung tumor moving due to breath-
ing). In some cases, the number of measurements must be reduced be-
cause the acquisition of measurements is expensive, energy-consuming,
time-consuming or dangerous.

In this thesis, we assume that the amount of measurements is limited,
and we study the problem of the optimal choice of measurement times
to estimate the state of a stochastic dynamical system over a finite time
horizon.

We first focus on the case of linear and Gaussian dynamical systems.
We propose the optimal intermittent Kalman filter for which the measure-
ment times are obtained by solving a combinatorial optimization prob-
lem. Then, we generalize this approach to non-linear and non-Gaussian
dynamical systems. This leads to the formulation of three variants of opti-
mal intermittent particle filters. The first one, for which the measurements
are time-triggered, is based on combinatorial optimization. The other two
are self-triggered. One requires a combinatorial program to be solved for
each measurement, and the other requires to solve a stochastic program to
choose when to perform a measurement. Robust estimation of the state of
a linear dynamical system subject to bounded disturbances is also studied.
Using the polytope containment method and Youla-parameterization, we
show that the measurement times that minimize the worst-case estimation
error are obtained by solving a mixed integer linear program.

Numerical and empirical experiments are presented, with a particular
focus on the problem of tumor tracking and its use in radiation therapy.
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Introduction

world phenomena [AL12, Ado88, FP00]. They arise whenever a

quantity evolving in time is studied. For example, the evolution
of the voting intentions of a population, or the movements of a drone can
be seen as dynamical systems.

Some dynamical systems are described as deterministic, for example,
the motion of planets in Newtonian physics. Other real systems will be
modeled with a stochastic component, such as Brownian motion, or the
trajectory of a drone subjected to wind. Even when a deterministic model is
available, adding a stochastic component will often result in a more robust
modeling because such a stochastic component can take into account the
modeling error between the real system and the model that is made.

In these situations, it is interesting to track the evolution of the system
state in real time, e.g., to know the voting intentions of a population or
the position of a drone. To do this, we often have access to measurements
of the system state, e.g., through surveys or thanks to GPS localization.
However, these measurements are often indirect and noisy.

Estimating the state of a stochastic system from noisy measurements
is a classical problem in dynamical systems theory. In 1960, Kalman pro-
posed the eponymous filter, which solves this problem in the case of lin-
ear and Gaussian systems [Kal60]. The more general case of nonlinear
and non-Gaussian systems has received a lot of attention since the end of

DYNAMICAL systems have demonstrated their ability to model real-

I 1



1 | Introduction

the 20th century, with the work on the particle filter (also called sequential
Monte Carlo method) of Gordon, Salmond, and Smith [GSS93]; Kitagawa
[Kit93]; Del Moral [DM97]; Doucet [Dou98]; and Liu and Chen [LC98], to
name a few. See [God19] for a historical perspective on particle filtering.

Depending on the application, taking measurements can be an issue.
For example, measuring the voting intentions of a population requires a
survey, which can be time consuming and expensive. Another concern
may be the energy consumption that is linked to measurement acquisition.
This is essential for embedded control systems. For example, the use of
GPS in a drone can discharge its battery and reduce its autonomy. In light
of current events, the example of a pandemic comes to mind. In such a
situation, policy makers need a daily estimate of the number of infected
people to make well-informed decisions. To do this, a portion of the pop-
ulation must be tested, which requires tests, trained and available health
care personnel, and people who are willing to be tested. In practice, all of
these quantities are limited.

Another example of a real-world application where one wants to track a
quantity and for which it is problematic to take measurements is radiation
therapy. This case study has a particular role in this thesis because Chapter
6 is dedicated to it and it will be our typical use case. Radiation therapy is a
method of cancer treatment whose objective is to irradiate the tumor with
an ionizing beam in order to eliminate it. In the case of tumors located in
the lung or liver, the tumor moves continuously, mainly due to respiratory
movements and, to a lesser extent, due to the heartbeat. This movement
makes it particularly challenging to treat liver or lung cancers with radia-
tion therapy. Indeed, if the position of the tumor is not well known, there
is a risk of irradiating the healthy tissues around the tumor, which can lead
to complications, including a second cancer. One way to best account for
tumor movement is to acquire X-ray images of the patient, from which in-
formation about the tumor’s position can be extracted [SJSS04]. Indeed,
having an estimate of the tumor’s position as accurate as possible makes
it possible to direct the ionizing beam to irradiate the tumor in the best
possible way, or to interrupt the irradiation if the tumor leaves the area ir-
radiated by the beam. An important disadvantage of this X-ray tracking
method is that each X-ray image acquisition irradiates the patient, includ-
ing her/his healthy tissues, which again can cause complications such as a
second cancer. This illustrates that another reason why it may be difficult
to measure the state of a system is that measuring may be hazardous to
health if the number of measurements exceeds a safety threshold.
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The previous examples show that the acquisition of measurements can
be time-consuming, expensive, energy-consuming or hazardous to health.
In such situations, it is necessary to reduce the number of measurements
acquired to estimate the state of the system. In most cases, the measure-
ments are acquired in a regular way;, i.e., at a constant rate. In this thesis,
we propose to relax this assumption. We assume that we have a measure-
ment budget, i.e., a maximum number of measurements allowed, and the
question we address is “When should we measure” If the measurements are
expensive, time-consuming or energy-consuming, then the measurement
budget will be set by the amount of money, time or energy available, re-
spectively. In the case of tumor tracking for radiation therapy, the number
of X-ray measurements can be set by a physician based on a maximum
allowed imaging irradiation.

The choice of measurement times depends on the information available
on the system. Indeed, without a priori information, there is no reason for
irregular sampling. When the dynamics of the system are known, there are
various reasons why regular measurement times may be suboptimal. On
the one hand, the sooner a measurement is taken, the sooner (and therefore
the longer) the information it contains can be used for estimation. This
observation pushes to take measurements as soon as possible. On the other
hand, if the signal amplitude varies greatly over time, it may be worth
taking more measurements when the signal-to-noise ratio is larger.

When all the measurement times are chosen in advance, i.e., offline, we
have a time-triggered mechanism. More precisely, the measurements are
time-triggered when the time at which a measurement is taken does not
depend on the previous measurements, i.e., the time of the (j + 1)-th mea-
surement does not depend on the first j measurements. On the contrary,
if the time of the (j + 1)-th measurement depends on the first j measure-
ments, then the measurements are called self-triggered. In this case, the
choice of the measurement times must necessarily be made online. Self-
triggered mechanisms have the potential to give better performance be-
cause they use all available information to choose when to measure. How-
ever, they require online computation, which can be problematic in the
case of embedded devices with reduced computing power. Time-triggered
mechanisms do not suffer from this drawback.

In this thesis, we focus on the estimation of the state of a dynamic sys-
tem over a finite time horizon. Moreover, we assume that the (finite) dura-
tion of the time horizon is known in advance, which is not always the case
in practice.
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To summarize, we are interested in the optimal allocation of a measure-
ment budget for the estimation of the state of a stochastic dynamical sys-
tem on a finite horizon. In Chapters 3 and 4, the optimality criterion will be
the expected mean squared estimation error over the whole horizon. Then,
in Chapter 5, we will study the problem of the choice of measurement times
to minimize the worst-case estimation error. Chapters 3, 5 and 6 will focus
on linear systems while Chapter 4 will deal with nonlinear systems.

1.1 Related work

This section is devoted to a review of the literature concerning the works
related to this thesis. In addition, each chapter will discuss the works that
are specifically related to it.

1.1.1 Networked control systems

In control theory, we consider networked control system when the sensors,
the controller, and/or the actuators communicate through a network. In
practice, these communication networks are imperfect and make the con-
trol task challenging because of packet losses (also called dropout), trans-
mission delays, quantization, etc. [SSFT07]. Limited bandwidth is also a
problem when considering a networked control system. Indeed, a high fre-
quency of controller and communication updates across the network may
overburden it. So, in works like [BPW02, TB10, XH04], adaptive commu-
nication protocols are developed to minimize the amount of information
that must be sent across the network. For example, in [XH04], a mea-
surement is sent to the controller only if it is sufficiently unlikely to occur.
More precisely, the measurement is sent if it deviates too much from its ex-
pected value. In this case, the decision to send a measurement to the con-
troller depends on the measurement itself. In this case, the transmission of
measurements to the controller is event-triggered, but the measurements
themselves are not. For a survey on networked control systems, see e.g.,
[HNX07, ZHG*19].

Just as networked control problems have received a lot of attention,
so has the problem of estimation via remote sensors. For this reason,
estimation problems subject to measurement failures have been studied
intensively in the recent decades. In most of these works, dropouts are as-
sumed to occur randomly, generally, according to a Bernoulli distribution
[SXXS08, LCP10, LWYG16, CLM10, YFS19, SSF'04, KDMS20, CRZL20,

4 |
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YD16, YJCW20, KN19]. Under these assumptions, different problems have
been studied. In [KDMS20] it is assumed that the times at which dropouts
occur are unknown (when there is one dropout, the received measurement
is pure noise), and a method to detect dropouts is proposed. In [KCS19], a
system with multiple sensors is subject to denial-of-service and false data
injection attacks. The proposed method first detects the attack and isolates
the concerned subsystems, then identifies the kind of attack, and uses a
robust observer.

In other works, the dropouts can only occur according to certain pat-
terns (described, e.g., by a finite-length language [RYO18, RYO20], or by
an automaton [YO21]), and the objective is to design an estimator or a con-
troller that is robust to all these patterns.

1.1.2  The sensor scheduling problem

In the above cited papers, measurement times (or equivalently, the dropout
times) are not design variables: they are endured and not chosen. On the
contrary, the sensor scheduling problem (or sensor management problem)
consists in designing the behavior of the sensors. More precisely, a set of
sensors is available but only one (or a few) of them can be used at the same
time. In most of the works, the active sensor is chosen in order to minimize
the variance of the estimation error.

This problem has been studied in the case of an infinite horizon in both
the discrete [GCHMO06, LNFD10, MGS14, SCC11, ZZH " 14, LFMV14] and
the continuous-time settings [HC19]. In the continuous-time case, Ha et al.
show in [HC19] that the infinite horizon optimal cost and optimal schedul-
ing are independent of the initial error covariance. In addition, they prove
that a periodic scheduling can approximate arbitrarily the cost of an op-
timal scheduling. Similar results are obtained in the discrete-time case in
[MGS14, ZZH* 14]. Some works consider a cost associated to the use of the
sensors [LNFD10, MPD67]. Other works dealing with periodic scheduling
associate a usage budget per period to each sensor [SCC11, LEMV14].

The finite horizon problem has also received attention in the past
decades. The linear and Gaussian case has been studied in both discrete
[MPD67, VZA™12] and continuous-time [Ath72, LTL01, WRL10] settings.
In 1972, Athans [Ath72] studied the best prediction at the end of a hori-
zon (and not on average over the horizon). In that framework, different
sensors are available, each of which is associated with a cost. The goal is
to select sensors (one at a time) in order to minimize a trade-off between

| 5
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the sensing cost and the prediction error. In [LTLO1], Lee et al. consider
that different sensors are available for measurements and that the user has
to choose only a few of them at each time. In addition, a (possibly zero)
cost can be associated with each sensor switch. In the work described in
Woon et al.’s [WRL10] published in 2010, different sensors are available
but only one can be activated at a time. There is no budget constraint
on the use of each measurement process. In 2012, Vitus et al. [VZAT12]
proposed two algorithms to tackle the sensor scheduling problem in the
linear and Gaussian case. The first one provides an optimal solution but
can be computationally expensive. The second one provides a subop-
timal solution and depends on a tuning parameter to make a trade-off
between the optimality gap and the algorithmic complexity. For this sub-
optimal algorithm, a bound on the performance gap is given. However,
no measurement cost or budget constraint on the number of uses of each
sensor is considered. See references in [VZA112] for a literature review on
the sensor scheduling problem in the linear and Gaussian case. In 2016,
Tzoumas et al. [T]JP16a, TJP16b] focused on a modified version of the sen-
sor scheduling problem. The objective function to be minimized is not
the averaged expected mean squared error (which is the trace of the error
covariance matrix), but the log of the determinant of the error covariance
matrix. Under specific assumptions, it is shown that the problem is NP-
hard. Then, using the fact that the problem has a matroid structure, it is
proven that a polynomial-time greedy algorithm reaches a solution that is
up to a multiplicative factor 1/2 from the optimal solution. These results
are generalized to the nonlinear and non-Gaussian cases in [TAJP17].

Still when the time horizon is finite, the sensor scheduling problem has
also been studied for nonlinear and non-Gaussian systems. In [GOR10],
a Gaussian process-based global optimization method is used as a black-
box optimizer to dynamically select sensors in order to minimize the er-
ror at the end of a horizon (and not on average over the horizon). In
[HC06, LKCG09], the authors formalize the sensor scheduling problem
with a sensing cost as a partially observable Markov decision process and
use a Monte Carlo Q-value approximation method to solve it approxi-
mately. Doucet et al. propose in [DVADO02] an optimal one-step ahead
policy to maximize the expected Kullback-Leibler divergence between the
filtering and the prediction density in order to maximize the information
obtained from the current measurement. Similarly, in [YN18], a set of
active sensors is selected at each time step in order to trade off between
the number of active sensors and the posterior Cramér-Rao lower bound,
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which is a lower bound on the expected mean squared estimation error.
The sensor scheduling problem has also been studied when the set of sen-
sors is continuous (e.g., to optimize the spatial position of a mobile sen-
sor). For this problem, [SVDE03, SKV*07] propose an algorithm using a
simulation-based gradient approximation. When the state space is a finite
set (the dynamics is a finite hidden Markov model), [Kri02] proposes a dy-
namic programming algorithm to find an optimal solution at the cost of an
exponential complexity. Then, an algorithm with a better complexity but
providing a suboptimal solution is proposed.

Table 1.1 summarizes the main differences between these articles on
the sensor scheduling problem. Even if this table is not exhaustive, it
allows some observations. First, one can see that in the nonlinear and
non-Gaussian case, most (if not all) works assume discrete time and a fi-
nite horizon (except for approaches based on a one step look-ahead policy,
which can be used on a finite or infinite horizon). Second, the most com-
mon optimality criterion is the average mean squared error. This is the
criterion that will be used in Chapters 3 and 4.

1.1.3  Time-/self-/event-triggered mechanisms

In the same way that measurements can be time- or self-triggered for esti-
mation, in control theory, control actions can be too. In fact, the problem of
minimizing the number of control actions has been studied mainly in three
different cases: time-triggered, self-triggered and event-triggered control
[HJT12].

Similarly to time-triggered measurements, in time-triggered control ac-
tions, the control instants are chosen in advance and are, therefore, inde-
pendent of the measurements.

In self-triggered control, the controller determines when the next ac-
tion will take place at the moment that the current action is taken. These
controllers rely on the fact that the self-triggered control action always oc-
curred simultaneously with a self-triggered measurement.

On the contrary, an event-triggered controller decides to take an action
only when the measurement of the state satisfies a certain condition (e.g.,
state leaves a set). Note that in most event-triggered controllers the state of
the system or a measurement of it is available to the controller at all times
[ZHZ17].

With this terminology, we can talk about time-, self-, or event-triggered
control actions. On the other hand, we only speak of time- and self-

|7
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1

Table 1.1 Summary of the state of the art of the sensor scheduling problem. “(non)linear and (non-)Gaussian” indi-
cates that the linear and Gaussian cases, and the nonlinear and non-Gaussian case have both been studied separately
in that paper. When the sensors are chosen by a one-step ahead policy, the mention “(one step)” is indicated in the
column “Objective function”. In this case, the method can be applied on a finite or infinite horizon, which is denoted
“(in)finite”. MSE stands for mean squared error.

| Dynamics | Horizon | Time | Sensing cost [ Objective function || References 7
discrete no steady state error covariance [GCHMO6]
infinite average MSE [MGS14] [SCC11]
[ZZH*14] [LEMV14]
. yes average MSE [LNED10]
linear and Gaussian continuous no average MSE [HC19]
discrote no average MSE [VZAT12]
initial state and process noise co- || [TJP16b]
finite variance log determinant
yes terminal MSE [Ath72]
continuous average + terminal MSE [LTLO1] [WRL10]
no -
average error covariance log de- || [TJP16a]
terminant
(non)linear and (non-)Gaussian | finite discrete yes (non-)quadratic control cost [MPD67]
yes average MSE [HCO06] [LKCGO09]
nonlinear and non-Gaussian finite discrete no average MSE [SVDEO03] [SKVT07]
conditional entropy of state || [TAJP17]
knowing measurements
(in)finite | discrete no Kullback-Leibler divergence be- || [DVADO02]
tween prediction and filtering
densities (one-step)
nonlinear and Gaussian (in)finite | discrete yes posterior Cramér-Rao lower || [YN18]
bound (one step)
hidden Markov model finite discrete yes average MSE [Kri02]
model-free finite discrete no average root MSE [GOR10]
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triggered measurements, but not of event-triggered measurements. In-
deed, an event-triggered mechanism requires measuring the state all the
time. Consequently, doing event-triggered measurements would corre-
spond to choosing when to measure while measuring all the time. In most
cases, this does not make sense and it is not considered in this thesis. Note
however that if there are two sensors, a cheap one that can be used con-
tinuously, and an expensive one whose use we want to limit, we could
activate the expensive sensor based on the measurements of the cheap
one. This could be considered as an event-triggered measurement mech-
anism. Finally, note that, depending on the case, time- or self-triggered
measurements can be used for estimation (as in this thesis) or for control.
For example, in [KF15], measurements are self-triggered in order to control
a linear system.

Time-triggered measurements have been considered for estimation. In
the continuous-time one-dimensional, linear and Gaussian case, Sano et al.
[ST70] studied in 1970 the problem of selecting measurement times to min-
imize the error variance at the end of a horizon. They found an explicit
formula when there was only one measurement and proposed a numeri-
cal method when the number of measurements was greater than one. In
the same setting, Tanaka et al. proposed in 1985 to select the measure-
ment times to minimize the maximum over time of the error variance, see
[TO85]. A closed form expression is provided for the optimal measure-
ment times. The time interval between two consecutive measurements is
constant, except for the first measurement, so that, at each measurement
time, the error variance is the same. More recently, Aksenov et al. studied
the Brownian motion case over similar assumptions [AAM]17, AAMJ19]
and obtained the same results.

A few authors have considered the case of self-triggered measurements
for the estimation of the state of a system. For linear systems, an optimal
stationary sampling policy is proposed in [SHB16] where the cost function
is related to the Fisher information matrix. In [ANSV13], the authors use
self-triggered measurements for estimating the state of a continuous time
deterministic nonlinear system with noiseless sampling. Their approach
relies on an incremental bound related to the global Lipschitz constant of
the system. Also for continuous-time nonlinear systems with discrete mea-
surements, [MP14] proposes a self-triggered measurement mechanism for
set-membership state estimation when the deterministic dynamics are par-
tially unknown.
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1.2 Contribution and thesis organization

The rest of this thesis is organized as follows.

Chapter 2 provides the necessary background for the other chapters.
First, we define the mean squared error estimate in the context of stochas-
tic dynamical systems (Section 2.2), then we present the Kalman filter (Sec-
tion 2.3) and the particle filter (Section 2.4). Finally, we describe the linear
quadratic regulator and show that it is the dual of the Kalman filter (Sec-
tion 2.5).

In Chapter 3, we focus on the choice of measurement times that mini-
mize the expected mean squared estimation error in the case of a linear and
Gaussian system. We prove that in this case, there is an equivalence be-
tween the optimal time-triggered and self-triggered strategies. This leads
us to the optimal intermittent Kalman filter for which the optimal measure-
ment times are obtained by solving a combinatorial optimization problem.

Chapter 4 generalizes the results of Chapter 3 to the case of nonlin-
ear and non-Gaussian systems. Contrary to the linear and Gaussian case,
we have here a difference between the time-triggered and self-triggered
strategies. First, we present the time-triggered particle filter, for which the
measurement times are obtained by solving a single combinatorial opti-
mization problem. Then, two self-triggered strategies are presented. The
first one, the ex post particle filter, is a recursive version of the time-triggered
particle filter and requires to solve a combinatorial optimization problem
after each measurement acquisition. The second self-triggered particle fil-
ter, called the self-triggered particle filter is formalized as a stochastic pro-
gram. Moreover, we prove that, in terms of expected mean squared error,
the time-triggered particle filter is outperformed by the ex post particle fil-
ter, which is, in turn, outperformed by the self-triggered particle filter.

While the previous chapters focus on minimizing the expected mean
squared error, Chapter 5 focuses on robust estimation for linear systems.
The process and measurement noises are assumed to be bounded and the
goal is to co-design the measurement times and the estimator to minimize
the worst-case estimation error. In fact, we solve a more general problem
of control theory: we co-design a controller, the measurement times and
the control times in order to keep the state of the system in a safety set. We
prove that this problem reduces to a mixed integer linear program, which
can, in practice, be readily solved efficiently by off-the-shelf software.

In Chapter 6, the optimal intermittent Kalman filter developed in Chap-
ter 3 is used in radiation therapy to track mobile tumors from X-ray images.

10 |
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We demonstrate on real patient data that optimizing X-ray measurement
times improves tracking performances, allowing a better treatment of the
tumor.

Finally, we conclude by discussing the results obtained in this thesis
and open perspectives for future work.
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Sets

o, N, R, R,

st

| Al
Ax B
Ai’l
oA

Vectors and matrices

Iy
Om Xn
1,
xi, Xij

Xi,:/ X:,j

The empty set, the set of nonnegative inte-
gers, the set of real numbers, the set of non-
negative real numbers.

The set of nn x n positive semi-definite matri-
ces.

The cardinality of the set A.

The Cartesian product of sets A and 5.

The n-th Cartesian power of the set A.

The boundary of the set A.

The n x n identity matrix.

The m x n zero matrix.

The n dimensional vector of ones.

The i-th entry of the vector x, the (i, j)-th en-
try of matrix X.

The i-th row of matrix X, the j-th column of
matrix X.
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X7.,X. 7

Tr[X]
XY

Random variables
x~X

Ex[z|y]

The matrix whose rows are the rows of X
of indices in the set 7Z, the matrix whose
columns are the columns of X of indices in
the set J.

The transpose of the vector x, the transpose
of the matrix X.

The inverse of the invertible matrix X.

The Euclidean norm of the vector x, the ab-
solute value of the real number a.

The trace of the square matrix X.

The Kronecker product between matrices X
and Y.

The random variable x is distributed accord-
ing to the distribution X’

The expectation of the random variable z
knowing y, according to the distribution of
the random variable x.



Background

based. After a formalization of stochastic dynamical systems and

a definition of the mean squared error estimate (Section 2.2), the
topics covered are the Kalman filter (Section 2.3), the particle filter (Section
2.4), and the duality between Kalman filter and linear quadratic regulator
(Section 2.5).

THIS chapter presents the background on which the other chapters are

2.1 Notation

In this chapter, the following notations will be used. The sets of natural
and real numbers are denoted IN and R, respectively. I, and 0, denote
the identity matrix of R**" and the null matrix of R™*", respectively. The
dimensions will sometimes be omitted when they are non-ambiguous. For
a matrix or vector x, x T is its transpose, for a square matrix X, its inverse
is X~1. Matrices are noted in upper case, e.g., X, and vectors in lower case,
e.g., x. The notation a « b indicates a proportional relationship between a
and b.

The notation x ~ &' indicates that the random variable x follows a
distribution X. The Gaussian distribution of mean y and covariance ma-
trix £ is written AV (p,X), and the expectation operator is written E[-|, or
Eyp(x) [-] to emphasize the probabilty density function p(x) of the random
variable x according to which the expectation is computed.
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Finally, the following notation is used: y(0:t) = [y(0),...,y(t)].

2.2 Stochastic dynamical systems

We consider discrete-time nonlinear stochastic dynamical systems, for
which the noises follow arbitrary distributions. For t € IN, it is

x(t+1) = f(x(t), w(t)), (2.1a)
y(1) = g(x(1),0(1)), (2.1b)
2(t) = h(x(t)), 2.1¢)
x(0) ~ X, (2.1d)

where x(t) € R is the state of the system, w(t) € R™ is the process
noise and follows a known distribution w(t) ~ W. y(t) € R is the mea-
surement, and v(t) € R™ is the measurement noise and follows a known
distribution v(t) ~ V. The output z(t) € R" is the quantity we want to
estimate from the measurements. The initial state follows a known dis-
tribution, i.e., x(0) ~ Xp. In addition, functions f : R" x R™ — R",
g R™ xR™ — R™, and h : R™ — R" are known. Equations (2.1a),
(2.1b) and (2.1c), are referred to as transition equation, measurement equa-
tion, and output equation, respectively. For example, in the case of the lung
tumor tracking problem, x(t) can be a description of the state of the lung
at time f, y(t) can be a 2D projection of the tumor position obtained from
X-ray images, and z(t) can be the 3D position of the tumor center.

The optimal mean squared error (MSE) estimate of z(t) knowing the mea-
surements y(0:7) is defined by

2(t]7) = argmin E [lz(¢) —zuz(y(o:r)], 2.2)

where || - || is the Euclidean norm. We can define the MSE estimate of x(t)
knowing y(0:7), denoted £(t|7), in the same way. 2(¢|7) will sometimes be
noted 2(t|y(0:7)) to make explicit the dependence in y(0:7). When t > T,
we talk about prediction, when t = T, we talk about filtering, and when
t < 7, we talk about smoothing. The prediction and filtering are said to
be causal because the future is not used to estimate the present. For this
reason, they can be used online, while this is not the case for smoothing.
In this thesis, we will focus on filtering and prediction. A classical result
of estimation theory is that the MSE estimate is given by the expectation
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knowing the measurements [LXP17, Chapter 1],

2(tt) = E [z(t) [y(0:T)] .
In addition, this estimate is unbiased.

Before showing how to compute an approximation of Z(|7) in the case
of nonlinear and non-Gaussian dynamics such as (2.1), let us first present
the case of linear and Gaussian systems.

2.3 The Kalman filter

In this section, we present the Kalman filter. It is a method to compute
efficiently the MSE estimate for linear and Gaussian dynamical systems.
We will not present a complete derivation of the Kalman filter equations
(which can be found in many places, e.g., in [Kal60, LXP17]), but we will
rather give an intuitive interpretation and emphasize its important prop-
erties.

The general form for linear and Gaussian systems is

x(t+1) = Ax(t) + b+ Gw(t), (2.3a)
y(t) =Cx(t) +d+o(t), (2.3b)
z(t) = Dx(t), (2.3¢)
x(0) ~ N (%o, Po), (2.3d)

where w(t) ~ N (0,Q), v(t) ~ N(0,R) and x(0) follow independent Gaus-
sian distributions. Matrices A, G, C, D, Py, Q, R and vectors b, d and % can
be time-dependent and have compatible dimensions (note that n, = ny).
In addition, Q and Py are symmetric and positive semi-definite, while R is
symmetric and positive definite.

The Kalman filter keeps track of the distribution of the state x(¢)|y(0:7)
and the estimation error (x(t) — £(t|7)) |y(0:7), for T € {t —1,t}. In fact,
since an affine combination of Gaussian random variables also follows a
Gaussian distribution, these quantities follow Gaussian distributions for
all t. Therefore, they are completely characterized by their mean and co-
variance matrices. Moreover, they both have the same covariance matrix,
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noted P(t|T). The MSE estimate beeing unbiased, one can write

x(t)|y(0:1) ~ N (£(¢|7), P(t|7)),
(x(t) = 2(t]7))ly(0:T) ~ N(0, P(£[7)),

fort e {t—1,t}.

The Kalman filter alternates between a prediction step computing £(t +
1|t) from %(t|t), and a correction step computing % (t + 1|t 4+ 1) from %(t +
1|t). Then, 2(t + 1|t) or £(t + 1|t + 1) can be obtained from %(t + 1|¢) or
£(t+ 1|t + 1), respectively. First, the initialization of the Kalman filter is
done as follows,

P(0] - 1) = Py, (2.4a)
£(0] — 1) = o, (2.4b)
2(0| — 1) = Dx. (2.4¢)

Then, the correction, or measurement update equations to incorporate the
information from the last measurement y(t) are as follows

K(t) = P(t|t —1)CT[CP(t|t —1)CT 4+ R]* (2.4d)
P(t|t) = (I = K(t)C)P(t|t — 1), (2.4e)
2(tt) = (¢t = 1) + K(t)[y(t) — C2(t[t — 1) —d], (2.4f)
2(t|t) = DR(t]t), (2.4g)

where the quantity K(t) is called the Kalman gain.

Finally, the prediction, or time update equations are

P(t+1[t) = AP(t{)AT + GQGT, (2.4h)
R(t+1Jt) = A%(tt) + b, (2.4i)
2(t+1[t) = DR(t + 1]¢). (2.4)

Remark 2.1. Some important remarks must be made concerning these equa-
tions. First, the Kalman filter requires the inversion of only one matrix
(in equation (2.4d)) of size ny X ny and most of the time n, < ny. Over-
all, the number of operations required at each time step is on the order
of n3. Secondly, the quantities P(¢|t), K(t) and P(t + 1|t) do not depend
on y(t). Therefore, they can be computed offline. The computations that
must be performed online are vector and matrix additions and multiplica-
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tions. Third, it is not necessary to keep track of previous measurements.
In fact, the memory needed to apply the Kalman filter is constant in time.
All these features have contributed to the popularity and wide use of the
Kalman filter. o

2.3.1 Summary

Let us summarize the Kalman filter in a theorem.

Theorem 2.2. The optimal MSE estimates 2(t|t) and 2(t|t — 1) (see definition
(2.2)) for the linear and Gaussian dynamics (2.3) are given by equations (2.4).

Proof. See [Kal60] for the original proof, or [LXP17, Chapter 2] for a more
recent presentation. O

Finally, to use the Kalman filter, one can apply the following steps:

1. Initialization: Define P(0| — 1), £(0| — 1) and 2(0| — 1) according to
equations (2.4a), (2.4b) and (2.4c), respectively.

2. Correction: After a measurement y(t) is received at time t € NN,
compute K(t), P(t|t), £(t|t) and Z£(¢|t) according to equations (2.4d),
(2.4e), (2.4f) and (2.4g), respectively.

3. Prediction: Compute P(t + 1|t), £(t + 1|t) and 2(t + 1|t) according
to equations (2.4h), (2.4i) and (2.4j), respectively. Back to step 2.

2.3.2 Example

We now illustrate the Kalman filter on an example that will also be stud-
ied in Chapter 3. It is a mass-spring system subjected to a random force,
discretized with a discretization step 6 = 0.1[s] (a complete derivation of
these equations will be described in Section 3.3.4). The discrete system is
given by

0

A— { 0.995 0.100 :

—0.100 w%yC:DZP(Wb:[

},d:Q (2.5a)

0.002 0.031

— — 104
¢=1 Q=10 [0.031 0.623

] , R=1, po =D, X = |:8:| . (25b)

Figure 2.1 shows a trajectory z(t) over 100 time steps, along with its
MSE estimate £(t|t) obtained using the Kalman filter.
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Output z(t)

0 20 40 60 80 100
Time ¢

Fig. 2.1 Trajectory z(t) for the linear dynamical system described by (2.5),
and its MSE estimate 2(¢|t) given by the Kalman filter.

2.4 Particle filter

Let us now consider the general case of a nonlinear and non-Gaussian
system described by the equations (2.1). An approximation of 2(¢|7) (for
T € {t —1,t}) can be obtained using a particle filter. The main idea is to re-
cursively approximate the probability density function of x(t)|y(0:t), that
we denote p(x|y(0:t)). We use similar notations for other probability den-
sity functions. The presentation of this section is inspired by [AMGCO02].

2.4.1 Importance sampling

Suppose we want to construct a discrete weighted approximation of a
probability density function p(x) from which sampling is difficult. Let us
also assume that we have a function 77(-) o p(-) that is easy to evaluate.
Finally, suppose we have Ns samples {xi}f\ﬁl distributed according to a
distribution with density ¢(-) such that p(x) > 0 = g(x) > 0. We are
looking for weights {w'} ", such that
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where §(+) is the Dirac delta measure and where the weights are normal-
ized, i.e., Zf\ﬁl w =1.

The importance sampling algorithm consists in defining the weights as

(2.6)

In particular, it is possible to show that this estimate is asymptotically un-
biased. Importantly, only the knowledge of h(-), {xi}f\ﬁl and {wi}f\ﬁl is
required for this computation.

2.4.2  Sequential importance sampling algorithm

In this section, we will show how importance sampling can be used to re-
cursively construct an approximation of p(x(t)|y(0:t)) using samples x'(t)
drawn from a distribution g(x(t)|y(0:f)). In that case, (2.6) becomes

i) o PEOly(0:1))
O i mly(o) @7

Using the Bayes’ formula and the Markov property, one can write

py(1)x(6), y(0:t — 1))p(x(t) [y (0 — 1))
pPly(0) = B )
Py () x()pGr (Bt — 1)p(e(t— 1y (0 — 1))
p(y(t)|y(0:t — 1))
o< p(y(B)|x(B) (D) |x(t — 1))p(x(t — 1) (0 — 1)).
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Then, by choosing a distribution g(x(#)|y(0:f)) that can be written recur-
sively as

q(x(B)]y(0:)) = q(x(B)|x(t = 1), y(£))g(x(t = 1) |y(0:t — 1)),

relation (2.7) can be rewritten as

W (1) P(y(t)|3;i(t))p(xi(t)|xi(t — 1))'p(xi(t — 1)y (0:t — 1))
9 (B3¢ = 1), y(6))g (<!t =Dy (0:t — 1))

1) P () p((H)|x'(t —1))
q(x(8)]x (t = 1), y(1))

o w'(t —

2.8)

Each time a new measurement y(t) is received, the updated particle x'(t)
is drawn from g(x(t)|x'(t — 1),y(t)). Then, formula (2.8) is used to up-
date the weights. In many cases, p(y(t)|x'(t)) and p(x'(t)|x(t — 1)) can be
computed easily from (2.1b) and (2.1a), respectively.

Finally, these weights lead to the approximation

p(x(D)y(0:t)) = Y w' (1o (x(t) — (1)), 2.9)

Iz

which can be used to compute

N;s . .
£(tly(0:t)) = E[z(1) [y(0:t)] = E[h(x (1)) [y(0:t)] = }_ w'(t)h(x'(t)). (2.10)

i=1

This method is called the sequential importance sampling algorithm.

2.4.3 Degeneracy problem and resampling

A major problem with the sequential importance sampling algorithm is
that, after a few iterations, almost all particles will have an almost zero
weight [LSSC14]. As a consequence, most of the computational effort will
often have a nearly zero contribution to the approximation (2.10). This
phenomenon is called degeneracy problem. Two options exist to limit the de-
generacy problem: a good choice of importance density and resampling.
The first consists in choosing a distribution g(x(t)|x(t — 1), y(t)) that min-
imizes the variance of the weights. However, this most often leads to a
distribution that is difficult to evaluate, and from which it is difficult to
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sample. For this reason, the importance density is often chosen as

q(x(8)|x'(t = 1),y(1)) = p(x(t) %' (t = 1)).

Unless otherwise specified, we will proceed in this way in this thesis. This
choice of importance density allows rewriting the update rule (2.8) as

w' () ' (t = 1)p(y(t) |x'(1)). (2.11)

The second method to tackle the degeneracy problem is resampling. It
consists in focusing on the particles with a high weight. To do this, the
idea is to sample (with replacement) N5 new particles from the current
discrete weighted approximation of p(x(t)|y(0:t)) given by (2.9). The new
particles are then i.i.d. according to (2.9) and their weights are all 1/N;.
Note that since all weights w'(t — 1) are equal to 1/ N;, equation (2.11) can
be rewritten

w' (1) o p(y (1) |2 (1)) (2.12)

In general, the approximation provided by the particle filter is biased
when the number of particles is finite (the bias being O(1/Ns)) [DJ09, Sec-
tion 3.2]. However, we neglect this aspect in this thesis.

2.4.4 Summary

Let us summarize the sequential importance resampling filter algorithm.
This is the method to which we refer when a particle filter is mentioned in
this thesis.

1. Initialization: N; particles {xi(O)}f\El are generated according to the
distribution X, and their weights {wi(O)}f\ﬁl are set to 1/ N.

2. Weighting: After a measurement y/(t) is received at time ¢ € IN, the
normalized weights {wi(t‘)}f\[;1 of these particles are computed ac-
cording to (2.12).

3. Resampling: New particles {x"(t)}f\ﬁl are resampled according to

(2.9) and all weights {w’(t) }f\ﬁl are reset to 1/ N;.

4. Estimation: The particles and weights are used to approximate
2(t|y(0:t)) using (2.10).

5. Mutation: The particles are evolved according to the dynamics of the
system, i.e., x(t + 1) ~ p(x(t +1)|x/(t)). Back to step 2.
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Note that if we want to obtain an approximation of (¢ + 1|y(0:t)), we can
use the following approximation after step 5, and before going back to step
2:

2(t+1t) ~ Zw (t4+1)h(x'(t+1)).

2.45 Example

Let’s illustrate the particle filter with an example. This is a system of-
ten used as a Benchmark for particle filtering [AMGC02, CPS92, Kit96,
KLJF02]. It will be used in Chapter 4, it is described by

x(t) 25x(t)

X(t + 1) = N + T(f)z + 8COS(1 Zt) + w( ) (2.13a)
2

vt = "1 o) @.13b)

z(t) = x(t), (2.13¢)

x(0) ~ N(0,5%), (2.13d)

where w(t), v(t) and x(0) are randomly distributed according to inde-
pendent zero mean Gaussian distributions with standard deviations oy, =
1, 0p(t) = sin(0.25¢) + 2 and oy, = 5, respectively. Note that this sys-
tem is time-varying, however, the particle filter algorithm can be adapted
straightforwardly.

Figure 2.2 shows a trajectory z(f) over 100 time steps and its estimation
2(t|ly(0 : t)) by the particle filter algorithm.

2.5 Linear quadratic regulator and duality

In this section, we present the linear quadratic regulator (LQR). We show
how to calculate it and in which sense the LOR is the dual of the Kalman
filter presented in Section 2.3. In Chapter 3, we will use this duality to
show how the optimal intermittent Kalman filter is related to the optimal
intermittent LQR. The presentation of this section is inspired by [SYL19,
Section 2].

We consider the following linear system,
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; ; ; ; =
151 2(t]y(0:2)) |

Output 2(t)

-20

-25
0

20 40 60 80 100
Time ¢

Fig. 2.2 Trajectory z(t) for the nonlinear dynamical system described by
(2.13), and its MSE estimate 2(t|t) given by the particle filter.

and the goal is to choose the sequence of inputs u(0),...,u(T — 1) such
that the following quadratic optimality criterion is minimized:

I’LI‘I(II)’I {x(T)TQfx(T) + Ti x(t) T O(H)x(t) + u(t)TR(t)u(t)} .

t=0

The optimal control law is given by [SYL19, Lemma 2.2]

where the K(#) are the LQR gains computed as
R(t) = P(t+1)B(t) [B’(t)Tﬁ(t +1)B(t) + R(t)] T

and D(t) is obtained recursively (backward in time) from the following
discrete Riccati equation

P(t)=A(t)"P(t+1)A(t) +Q(t) — A(t) "R()B(t) T P(t+1)A(t), (2.15)
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and using the terminal condition
P(T) = Qy. (2.16)

2.5.1 The duality
To highlight the duality between Kalman filter and LOR, let us rewrite
equation (2.4h) by substituting (2.4e):
P(t+1]t) = A(I - K(t)C)P(t|t —1)AT + GQG"
= AP(t|t —1)AT + GQG" — AK(t)CP(t|t —1)AT. (2.17)
Then, the duality lies in the following observation. The Kalman equations

(2.4a), (2.4d) and (2.17), give respectively the LQR equations (2.16), (2.14)
and (2.15) under the transformation

Ay =A(T—1)", Q(t) = Q(T —t), R(t) = R(T — t), (2.18a)

G=1,C(t)=B(T—t)", Py=0Qy (2.18b)
Consequently, the following holds

D(T—t)=P(tt—1), (2.19a)

R(T —t) = K(¢). (2.19b)

This shows that it is possible to convert an LQR problem instance into
a Kalman estimation problem instance using (2.18). Then, we can solve the
estimation problem, and deduce the solution of the LQR problem using
(2.19).

The duality between optimal control and estimation has also been
studied in the more general case of nonlinear and non-Gaussian dynamics
[Tod08].



Optimal intermittent
Kalman filter

get allocation to estimate the state of a linear discrete-time dynamical

system over a finite horizon. More precisely, our aim is to select the
measurement times in order to minimize the variance of the estimation er-
ror over a finite horizon. In addition, we investigate the closely related
problem of finding a trade-off between the number of measurements and
the signal to noise ratio.

First, the optimal measurement budget allocation problem is reduced
to a deterministic combinatorial program. Then, we propose a genetic al-
gorithm implementing a count preserving crossover to solve it. On the the-
oretical side, we provide a one-dimensional analysis that indicates that the
benefit of using irregular measurements grows when the system is unsta-
ble or when the process noise becomes important. Then, using the duality
between estimation and control, we show that the problem of selecting op-
timal control times for a linear quadratic regulator (LQR) can be reduced
to our initial problem.

Finally, numerical implementations demonstrate that using measure-
ment times optimized by our genetic algorithm gives better estimate than
regularly spaced measurements. Our method is applied to a discrete ver-
sion of a continuous-time system and the impact of the discretization time

IN this chapter, we address the problem of optimal measurement bud-
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step is studied. It reveals good convergence properties, showing that our

method is well suited to both continuous-time and discrete-time setups.
This chapter assumes basic knowledge of the Kalman filter (see Section

2.3) and of the duality between estimation and control (see Section 2.5).
The results presented in this chapter have been reported in

* Antoine Aspeel, Axel Legay, Raphaél M Jungers, and Benoit Macq.
Optimal measurement budget allocation for Kalman prediction over
a finite time horizon by genetic algorithms. EURASIP Journal on Ad-
vances in Signal Processing, 2021(1):1-24, 2021.

3.1 Introduction

In most applications of the Kalman filter, the measurements are acquired in
a regular way, i.e., they are equally spaced in time. The claim of this chap-
ter is that when the number of measurements is restricted, Kalman predic-
tion will provide better results if the measurements can be selected at the
optimal times instead of a regular sampling. This chapter addresses the
problem of selecting the optimal measurement times to predict the state of
a stochastic linear dynamical system from noisy measurements, over a fi-
nite time horizon, when the number of measurements is fixed. The optimal
measurement times are obtained by minimizing the mean prediction error
variance over the complete horizon. In this chapter, we focus on predic-
tion instead of filtering in order to address real-time applications. Indeed,
in our targeted applications, prediction allows real-time tracking by com-
pensating for the measurement delay. However, the proposed method can
be adapted straightforwardly for filtering applications.

The optimal measurement times can be formulated as the solution of
a combinatorial optimization problem. Evolutionary algorithms are a po-
tential effective approach to solve that kind of problem [KBH94]. We pro-
pose different variants of genetic algorithms (GA) to solve this problem
and demonstrate their efficiency compared to a random trial approach. GA
provides an effective approach because they are able to sample a popula-
tion broadly.

3.1.1 Contribution

Despite the attention paid to the related problem of sensor scheduling (see
Section 1.1.2 for a detailed state of the art), the problem of selecting a given
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number of measurement times to minimize the average over a finite hori-
zon of the estimation error variance is, to the best of our knowledge, not
resolved in the multivariate case. This chapter covers that topic. The work
we consider as the closest to the content of this chapter is that of Vitus et al.
published in 2012 [VZA " 12]. It tackles the discrete time sensor scheduling
problem in the linear and Gaussian case, without considering any sensing
cost. Their objective is to choose at each time step which sensor to activate
among a set of available sensors, while our objective is to choose when to
measure.

To summarize, the contributions presented in this chapter are the fol-
lowing: (i) Three different GAs are proposed and compared to efficiently
solve the combinatorial optimization problem; (ii) an analysis of the impact
of the model (stability, process noise and measurement noise variances) on
the obtained solutions in the one-dimensional case is proposed and inter-
preted; (iii) links are illustrated between the solutions of the problem and
the rank of the observability matrix of the system; (iv) the discretization of
a continuous-time system is considered and numerical experiments show
that our method is well-suited to both discrete-time and continuous-time
frameworks; (v) a related problem concerning the trade-off between qual-
ity and quantity of measurements is mathematically formalized and illus-
trated by an example; and (vi) the optimal intermittent LQR problem is
handled through the duality between estimation and control.

3.1.2  Chapter organization

The rest of this chapter is organized as follows: Section 3.2 formalizes the
problem mathematically (Sections 3.2.1 to 3.2.3) and presents different al-
gorithms to solve it (Section 3.2.4). Then, a continuous-time version of the
problem is presented (Section 3.2.5). The problem of optimal intermittent
LQR is addressed and we show that it can be solved by reduction to the
problem of the optimal intermittent Kalman predictor (Section 3.2.6). Fi-
nally, a related problem concerning the compromise between the quality
and the quantity of measurements is presented (Section 3.2.7).

Section 3.3 compares the different proposed algorithms (Section 3.3.1);
numerical examples are extensively studied (Section 3.3.2); links with the
observability matrix are illustrated (Section 3.3.3); a continuous-time exam-
ple is presented with a particular focus on the impact of the discretization
time step (Section 3.3.4); then, the impact of the system characteristics (sta-
bility, variances of the process noise and the measurement noise) on the
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obtained solution is illustrated (Section 3.3.5); and finally, the compromise
between quality and quantity is illustrated by an example (Section 3.3.6).

Finally, Section 3.4 presents our conclusions and proposes further av-
enues of work.

3.1.3 Notation

The set of real numbers and the empty set are denoted R and @, respec-
tively. I, and 0,,x denote the identity matrix of R"*" and the null matrix
of R™*", respectively. The dimensions will sometimes be omitted when
they are non-ambiguous.

Matrices are noted in upper case, e.g., X, and vectors in lower case, e.g.,
x. The transpose of a matrix X (or of a vector x), is noted X' (or x ). If X
is a square matrix, its inverse (if invertible) and its trace are noted X! and
Tr[X], respectively. The Euclidean norm of a vector x is noted || x||. If Qis a
set, | Q)] is its cardinality, while if @ € R is a scalar, |a| is its absolute value.

A Gaussian distribution of mean p € IR” and positive semi-definite co-
variance matrix £ € R"™" is noted NV (y,X). In addition, x ~ N (y, %)
indicates that the vector x € R" is distributed according to N (y,%). Fi-
nally, [E[x] is the expectation of a random variable x.

3.2 Materials and methods

3.2.1 Problem description

We consider the discrete time framework: t = 0, ..., T. The set of measure-
ment times is denoted M C {0,...,T — 1} and is constrained to contain
only N measurements, i.e.,, |[M| = N with N < T. The dynamics, the
measurements, and the quantity to estimate are described by the following
equations,

x(t+1)=Ax(t)+b+Guw(t)t=0,...,T -1, (3.1a)
y(t) =Cx(t)+d+o(t) teM, (3.1b)
z(t) = Dx(t) t=0,...,T, (3.1¢)
x(0) ~ N (%o, Po), (3.1d)

where w(t) and v(t) are independent zero-mean white Gaussian noises
with covariances E[w(t1)w(t:) "] = Q&(t; — t2) and Efv(t1)v(ta) '] =
Ré(t; — tp), and 6(+) is Kronecker’s delta. Column vectors x(t), y(t), z(t)
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and w(t) have sizes ny, ny, nz and ny respectively. The dimensions of
other quantities are deduced from compatibility. Matrices and vectors A,
b, G, D, C, d, %y, Py, Q and R are known and could be time-dependent.
Equation (3.1a) describes the dynamic of internal state x, equation (3.1b)
expresses the measurement y, and equation (3.1c) gives the quantity to
estimate z. Note that (3.1b) holds only for t € M, where M is the set of
measurement times. Relation (3.1d) indicates that the initial state follows
a known normal distribution with mean % and covariance matrix Py.

Let us introduce the optimal a priori mean squared estimator of z(t)
according to M, namely, Zy((t|t — 1) = E[z(t)|y(7) : T € M, T < ]
(see Section 2.2 for a brief introduction to mean squared error estimation).
The set M is chosen to minimize the variance of the prediction error norm
averaged for each f from 1 to T, it is

min
Mc{0,,T—

~z\~

T
Z [||z —zM(t\t—1)||2} subjectto [M| = N, (32)

where || - || is the Euclidean norm. Note that two measurements cannot be
taken simultaneously. This restriction has a practical interest because in
many applications there is only one measuring device.

3.2.2  Intermittent Kalman predictor

In this section, we show that problem (3.2) can be reformulated in a more
explicit way, thanks to the Kalman formalism. The latter provides ex-
plicit formula to compute, for a given measurement set M, the optimal
mean squared estimator £ (t|t — 1) of x(t) from which one can compute
Zpm(t|E—1).

Let us introduce £ ¢ (¢t — 1) :== E[x(t)|y(T) : T € M, T < t] as the op-
timal a priori mean squared estimator of x(t) and %4 (t[t) = E[x(#)|y(7) :
T € M, 1 < t] as the optimal a posteriori mean squared estimator of x(t).
In addition, let us define the a priori and the a posteriori covariance ma-
trices as P(t|t — 1) = E[(x(t) — £ (t|t — 1)) (x(t) — 2pq(t]t — 1)) T] and
P(t|t) := E[(x(t) — £a¢(t|t)) (x(t) — £0q(t|t)) T], respectively. The classical
Kalman filtering theory (see Section 2.3 for a reminder) states how to up-
date these four quantities recursively in the case where a measurement is
acquired at each time step, i.e., when N = T.

We consider the intermittent case by replacing the measurement ma-
trix C with the null matrix when no measurement is available, i.e., when
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t ¢ M. In view of equation (3.1b), it models the fact that y(¢) does not
contain any information about the state x(t).! Then the equations of the
intermittent Kalman predictor are the time update equations

P(t+1|t) = AP(t{)AT + GQG', (3.3a)
i (t+1|t) = ARpq(E|E) + b, (3.3b)
2M<t+1|t) = DJ?M<t+1|t), (3.3¢)

fort =0,...,T — 1. In addition, the measurement update equations are

K(t) = {g(tu—1)cT[cp(t|t—1)cT+R]1 iflt eM (3.42)
P(t|t) = (I— K(H)C)P(t|t — 1), (3.4b)
2pq(tE) = Raq(t]t = 1) + K(£)[y(t) — CRaq(t]t — 1) — d], (3.4¢)
ﬁM(t‘t) = D (t]t), (3.4d)

for t = 0,...,T. Note that when t ¢ M, y(t) is not defined in equa-
tion (3.4c) but can be set to any arbitrary value because it is multiplied by
K(t) = 0. In addition, one can see from (3.4a)-(3.4c) that when no measure-
ment is available, i.e., when t & M, each a posteriori quantity is simply the
a priori one, which could have been expected intuitively. The initialization
of these recurrence equations are

PO|—1) =Py, (0] —1) =%, £u(0]—1)=D%.  (35)

The intermittent Kalman predictor is summarized by equations (3.3) to
(3.5).

A reqular Kalman predictor is a Kalman predictor for which the N mea-
surement times are selected as equally spaced as possible. It is

MReG :—{Round {g”k—o,...,N—l}, (3.6)

where Round|-] is the rounding operator.

n Sinopoli et al. [SSF*04], the intermittent case is considered by replacing the covariance
matrix of the measurement noise R by lim;,,« #I when no measurement is available. This is
driven by the fact that an infinite noise measurement is equivalent to no measurement.
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3.2.3 Optimal intermittent Kalman predictor

The optimal intermittent Kalman predictor is the intermittent Kalman pre-
dictor for which the set of measurement times M is chosen to minimize
the mean error variance, i.e., it is the solution of problem (3.2). Note that
a regular Kalman predictor is an intermittent Kalman predictor as soon as
N <T.

Let us denote the a priori error Z(t) := z(t) — £, (t|t — 1). Its covariance
matrix can be written

S() = E [2(0)z(1)]
= |(2(t) = 2 (1t = 1)) (2(5) = Zaa (]t = 1))
—E [(Dx(t) — DR pqg(HE— 1)) (Dx(t) — DEpg (] — 1))7}
= DE [ (x(t) = £aq(t]t = 1)) (x(t) = 20 (= 1))T| DT
= DP(t|t—1)D"

Then, the variance of the prediction error norm ||Z(t)|| can be written in
terms of P(t|t — 1) as

E[|2(1)]%) = Te[S(t)] = Te[DP(t|t ~ 1)D ],

where Tr[+] is the trace operator.
Thanks to the previous equations, problem (3.2) can be reformulated as

1T
min — r[DP(t]t —1 subject to
mc{o,..,.T-1}3 T ; (4 )b ] )

|M| = N, equations (3.3a), (3.4a) and (3.4b) with P(0| — 1) = Py, (3.7)

where constraint (3.3a) holds fort =0, ..., T — 1 and constraints (3.4a) and
(3.4b) hold fort =0,...,T

Remark 3.1. The equations that govern covariance matrices, i.e., equations
(3.3a), (3.4a) and (3.4b), are independent of the measurements (). Conse-
quently, the optimization problem (3.7) can be solved before measurements
are made, i.e., offline. A similar observation is made in [MPD67]. In addi-
tion, note that these quantities are also independent of b and d. o

Remark 3.2. Contrary to equations (3.1), which are stochastic, problem (3.7)
is deterministic.
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In addition, the equations involving %1 and £ »( can be ignored during
selection of the measurement times, i.e., the resolution of problem (3.7),
and used only for prediction. Consequently, using the optimal intermittent
Kalman predictor consists in firstly computing the optimal measurement
times offline and then, doing online prediction. o

Remark 3.3. Note that x(f) and z(t) are linearly related by relation (3.1c).
However an optimal set of measurement times for estimating z(1), ..., z(T),
i.e., an optimal solution of problem (3.7), is not necessarily optimal for es-
timating x(1),...,x(T). Indeed, the objective function of the problem
depends on the matrix D that connects z(t) to x(t). o

Remark 3.4. 1t is possible to compute the distribution of the squared norm
of the prediction error ||Z(t)||?. First, consider the following eigendecom-
position, S5(t) = SAYT, where A is a diagonal matrix whose diagonal en-
tries are the eigenvalues A (t),..., Ay, (t) of the symmetric matrix S(t) =
DP(t|t)D T, and where ¥ is a unitary matrix, i.e., 2 "X = I.

Define { := A~1/2ZT%(t). Note that ¥, A and ¢ depend on ¢ but this
dependency is omitted for clarity. Each random variable { follows a stan-
dard normal distribution A/ (0, I). Indeed, it is a linear transformation of a
centered Gaussian random variable so it is also a central Gaussian random
variable. In addition, its covariance matrix is identity. It can be computed
using the commutativity of diagonal matrices and the fact that X is unitary,
so that we obtain,

E [gf] —E [(A”Zsz(t)) (Al/ZZTZ(t))T]
= AV2TE {Z(t)f(t)w TA12

= A V22 TyArTEA Y2
=1
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The random variable ||Z(t)]|?

I2(E) |1 = 2(t) "2(t)
= (ZAV20) T (2AY27)
_ gTAl/ZZTZAlﬂg
={'Ag

can be expressed in terms of {, yielding

where all {? follow an independent chi-squared distribution with one de-
gree of freedom, ie., {? ~ x2. It shows that ||Z(t)||? is a linear combina-
tion with non-negative coefficients of independent random variables fol-
lowing a chi-squared distribution with one degree of freedom. Then, a
closed form formula can be obtained for the cumulative distribution func-
tion P[||Z(#)||> < ¢] using the theorem of [Fle71]. From a practical point of
view, this quantity can be efficiently estimated using the method proposed
in [Baul3]. o

3.2.4  Optimization algorithms

Solving the combinatorial optimization problem (3.7) by means of an ex-
haustive search would require evaluating T!/(N!(T — N)!) times the cost
function, which is computationally intractable. In this section, we pro-
pose a random trial (RT) algorithm and various genetic algorithms (GAs)
to tackle this problem.

The RT algorithm randomly samples a given number of admissible so-
lutions M, computes their cost and keeps the best one.

In the GA nomenclature, a feasible solution M = {t,...,ty} of the
optimization problem is called an individual and its corresponding mea-
surement times ¢; are called its genes. A set of several individuals is called
a population.

The GA [Mit98] implements the following steps.

1. Initialization: An initial population is uniformly sampled on the ad-
missible set of problem (3.7).

2. Evaluation: For each individual in the population, the cost is evalu-
ated according to the objective function of problem (3.7).

| 37



3 | Optimal intermittent Kalman filter

3. Selection: Individuals with low costs are preferably selected accord-
ing to stochastic universal sampling [Mit98].

4. Crossover: Selected individuals are mixed to produce new indi-
viduals called the offspring. This reconstitutes a complete popula-
tion. Three different types of crossover are considered: the shuf-
fle crossover (SC), replace crossover (RC) and count preserving
crossover (CPC). They are described below.

5. Mutation: Each gene of each individual mutates according to a prob-
ability. When a mutation occurs, some measurement times are re-
placed by random times. This step could create duplicates, i.e., an

individual could have repeated times t; = t; with i # j. To avoid
this situation, the random times are selected uniformly in {0, ..., T —
1H\M.

6. Repeat: Come back to step 2 until a convergence criterion is reached.

One pass of steps 2) to 5) is called a generation.

Let us present the three different crossover operators. Each of them
gives a variant of the genetic algorithm. They are described and a brief
example is given.

Shuffle crossover (SC) For each parent pair, the SC [US15] method picks
the genes to exchange (each gene has the same probability to be selected)
randomly. For example, let two parents (that is, two sets of measurement
times M),

Pp=013567and P, =012358, (3.8)

where _ indicates the location of genes selected for the crossover. The ob-
tained offspring are

01=013357and 0, =012568. 3.9

First, one can observe that O; contains a duplication of 3, which corre-
sponds to choosing the same measurement time twice. That is not allowed
in problem (3.7) and has to be considered a wasted measurement. In other
words, fewer measurements are acquired, which is suboptimal, because
adding a new distinct measurement can only decrease the cost.

A second observation is that the second offspring O, does not contain
a 3, while both parents P; and P, contain one. That means that common
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heritage is lost during the crossover, which possibly deteriorates the con-
vergence of the algorithm.

These two observations motivate a careful choice of the crossover
method and leads naturally to the next two crossover methods.

Replace crossover (RC) The RC method is an SC followed by a random
replacement of duplicates, taking care to avoid new duplicates. Duplicates
are replaced by picking genes uniformly at random in {0,..., T — 1}\ M.
The offspring (3.9) become, for example

01=013578and O, =012568,

where _ indicates the new gene. Note that the second offspring remains
unchanged because it does not contain duplicates.

With this crossover, the obtained offspring have no duplicates. How-
ever, the second offspring O, does not contain a 3 while this gene was com-
mon to both parents. This illustrates that, like SC, this RC can also suffer
from a loss of common heritage.

Count preserving crossover (CPC) The CPC [US15, HK93] represents
each individual by a set (unordered) instead of a vector (ordered). It im-
plements an SC between subsets P;\P; and P,\P;. It allows transmission
of the common measurement times P; N P, to both offspring. For parents
in example (3.8), the SC is executed between subsets P;\P, = {6,7} and
P,)\P; = {2,8} (see Figure 3.1). Possible offspring are then

01 =012356and O, =013578. (3.10)

This crossover method makes it possible both to transmit the common
genes to all the offspring and to avoid duplicates.

All GA implementations use sigma scaling [Mit98] with the sigma fac-
tor equal to 1 (standard value). The crossover operation is applied system-
atically and mutation occurs with a probability by gene of 0.003 (standard
value). The population size is set to 100 individuals and the algorithm
stops after 100 generations.

3.2.5 Discretization of a continuous-time system

Many real-world problems are modelled as continuous-time systems. For
this reason, we study the continuous-time equivalent of problem (3.2). It
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P

Fig. 3.1 Venn diagram representing the count preserving crossover on
parents P; and P, described in (3.8). The crossover allows gene exchanges
between the two filled regions. The underlined genes are exchanged, the
result is given in (3.10).

isz,
inf 1 / B[zt — 2(<) |2l (3.11a)
0<TH<T < <tN_1<T T JO !
such that
dx -
d—T(T) = A% (1) + b+ Gw(t) T€][0,T],
y(w) =Cx(n)+d+o(n) k=0,...,N-1, (3.11b)
z(t) = D%(1) T€[0,7],
x(0) ~ N (xo, o),

where w°(t) ~ N(0,Q°) and v(t) ~ N(0,R) are independent Gaus-
sian white noises. Finally, 2(7) = E[z(7)|y(%) : % < T] is the optimal
mean squared estimator of z(7). The exponent ¢ emphasizes that time is
continuous. Note that this is a stochastic differential equation for which
derivatives have a non-classical sense. The reader is referred to [Oks13] for
details.

This problem can be exactly discretized at a time step 6 = T/T to fit the
formalism of equations (3.1) and (3.2). The corresponding quantities are

2An infimum is used because the admissible set of the optimization problem is not com-
pact due to constraint 7y < Tj41. This constraint models the fact that two measurements can
not be acquired at the same time. When the time is discretized at time step J, this constraint
becomes T + 6 < Ty 1, which makes the admissible set compact. Then, the corresponding
infimum exists and is a minimum.
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[DL71],
cs 5 c
A=e D=DC, b= / AT T (3.12a)
0
5 c C
Q= / ATGQY(GE) T ) T, G = 1, (3.12b)
0

where ¢’ is the matrix exponential operator.
In Section 3.3.4, we study the impact of the discretization time-step on
the obtained solution.

3.2.6  Optimal intermittent linear quadratic regulator

Duality between estimation and control problems has been known for
decades [SYL19]. Roughly, it states that instead of solving a control prob-
lem directly, one can solve a related estimation problem and deduce the
solution to the control problem from the solution of the estimation prob-
lem. The converse is also possible. For an introduction to duality in the
case of linear dynamical systems, see Section 2.5.

In this section, we formalize the problem of optimal intermittent LQR
and use duality to show that it can be handled by computing an optimal
intermittent Kalman predictor.

Let us consider a controlled linear system with known initial state,

x(t+1) = Ax(t) + &(t)Bu(t), fort =0,...,T—1, (3.13a)
x(0) = %o, (3.13b)

where 7 (t) € {0,1}. This control signal 7(-) determines the times at which
the system is controlled. Note that A and B can be time-dependent.

The optimal intermittent LQR problem consists of the following minimiza-
tion,

T—
7)) = argrp(iglV((T(J) such that 21 o(t) =N, (3.14)
ot t=0

with

T-1
v(e()) = min {X(T)TQfx(T) + ) x(t) T Qx(t) + u(f)TRu(t)}

t=0
subject to (3.13),
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where Q and R can be time-dependent. This problem has been studied in
[SYC12] where a closed form formula is provided under some restrictive
conditions.

The following theorem formalizes how to compute this optimal LQR
by computing an optimal intermittent Kalman predictor. Note that at each
optimal set of measurement times M can be associated with a signal o (-)
such that o(t) = 1if t € M and 0 otherwise.

Theorem 3.5. The optimal solution ¢*(-) of the problem (3.14) is given by
7*(t) = o*(T — t) where o*(-) is the optimal solution of the estimation problem

(3.7) solved for parameters

Ay =A(T-1)", Q(t) = Q(T—t), R(t) = R(T—t), (3.15a)
b(t)=0,G=1,C(t)=B(T—t)", Py=Qy, d(t) =0, and  (3.15b)
D(t) = 6(T — t)%], (3.15¢)

where 6(T —t) is 1 if t = T, and 0 otherwise.
In addition, the optimal control law is

u(t) = =Ko () TA(E) Tx(1), (3.16)
where K« (t) is given by (3.4a).

Proof. See Appendix A. O

3.2.7 Quality or quantity of measurements

Instead of considering a fixed number of measurements, an alternative
problem is to reach a trade-off between many low-quality measurements
and a small number of high-quality measurements. This problem can be
handled in the presented formalism.

Allowing the choice of the quantity of measurements corresponds to
making the number of measurements N a variable to optimize. However,
with only this modification, the optimal solution will always be to take a
maximum number of measurements, i.e., N = T. To model the compro-
mise between measurement quality and quantity, an increase in the num-
ber of measurements N implies an increase in the noise of measurements,
i.e., an increase in R.

In other words, the measurement covariance matrix R must depends
on N. We assume R = f(N) for a given function f : {1,...,T} — S}
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where S” is the set of p x p positive semi-definite matrices, and N; < N,
implies f(N7) =< f(Nz). Then, the problem can be formalized similarly to
(3.7), it gives,

: : 1d Ty s
1?1\}2TMC{%,1.1.?T—1} 7 t;Tr[DP(ﬂt —1)D '] subject to
|M| = N, equations (3.3a), (3.4a) and (3.4b), P(0] — 1) = Pyand R = f(N),

(3.17)

where, as previously, constraint (3.3a) holds for t = 0,...,T — 1 and con-
straints (3.4a) and (3.4b) hold for t =0,...,T.
This problem is studied in Section 3.3.6.

3.3 Numerical experiments and discussions

Several results will be illustrated on a discretized spring-mass system. The
derivation of these equations will be detailed in Section 3.3.4. For readabil-
ity, we anticipate the system finally obtained; it is defined by

0

cosd  sind
A=
[ ;

—sinéd cos&]' C=D=[1 0], b:{

], G=1  (3.18a)

Q

1 o 2
{(5 sin d cos & sin” ¢ ], (3.18b)

~ 3200 sin2 § 6+ sind cos &

where ¢ is the discretization time step.

3.3.1 Comparison of optimization methods

In this section, the different optimization algorithms presented in Section
3.2.4 are compared. The random trial (RT) method and the three variants
of Genetic Algorithms (GA) are compared, i.e., Shuffle Crossover (SC), Re-
place Crossover (RC) and Count Preserving Crossover (CPC).

Figure 3.2 presents the mean cost and the minimum cost obtained by
the four algorithms with respect to the number of cost function evalua-
tions in the case of the spring-mass system described in Section 3.3.4 by
equations (3.18) with a discretization time step § = 0.1 [s]. The number of
measurements is set to N = 70 and the number of time steps is T = 100.
The mean and minimum costs obtained with RT are also printed. In addi-
tion, the cost for regularly spaced measurement times is also printed.
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Fig. 3.2 Comparison of the mean and minimum (min) cost for the ran-
dom trial (RT) method, the genetic algorithm (GA) with shuffle crossover
(SC), the GA with replace crossover (RC), the GA with count preserving
crossover (CPC) and the regular Kalman predictor (regular cost) with re-
spect to the number of cost function evaluations. For the genetic algo-
rithms, one generation corresponds to 100 cost function evaluations.

Firstly, one can observe that the minimum and average of the GA with
SC has bad convergence behavior (its average cost quickly rises out of the
figure). This confirms our previous comments in Section 3.2.4 about the
flaws of this crossover operator (creation of duplicates and loss of com-
mon heritage). All other algorithms found a solution better than the reg-
ular one in few generations. The regular cost is close to the average RT
cost, meaning that regular measurement times are ’typical’ random mea-
surement times in this example. The GAs with RC and CPC outperform
the RT algorithm. Finally, the GA with CPC quickly outperforms all other
proposed algorithms. In addition, the average cost converges to the mini-
mal cost only for the CPC. This means that the entire population converges
to a single individual -assumed to be optimal-, which is the desired behav-
ior for a GA. Table 3.1 prints the averages and standard deviations of the
optimal costs found by the different algorithms over 100 runs. The advan-
tage of the CPC crossover is confirmed and the small standard deviations
indicate the reproducibility of the results.

In the following, all experiments use the GA that implements CPC.
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Table 3.1 Average and standard deviation of the optimal costs found by
the different algorithms on 100 runs. The algorithms are the random trial
(RT) method, the genetic algorithm (GA) with shuffle crossover (SC), the
GA with replace crossover (RC), the GA with count preserving crossover
(CPC). The cost obtained with regularly spaced measurements (see (3.6)) is
also indicated.

RT SC RC CPC Regular
0115+6-107% [ 0.120+£10°% | 0.113+10"% | 0.112+2-10"°% | 0.128

3.3.2  Prediction performance

To continue the analysis of our method, predictions using our method are
compared with the ones obtained with a Kalman predictor with regularly
spaced measurement times (see equation (3.6)). After an analysis on the
spring-mass system, we will apply our method to a 50-dimensional sys-
tem. To conclude this section, some links with the observability matrix
will be highlighted.

Spring-mass system

The set of measurement times found by the genetic algorithm is denoted
Ma and the set of regularly spaced measurements is denoted Mggg. The
corresponding mean squared tracking errors are denoted, MSE(M g4 ) and
MSE(MRgg), respectively.

For the same system as in the previous section, i.e., equations (3.18)
with a discretization time step 6 = 0.1 [s] and with T = 100 time steps and
N = 5 measurements, Figure 3.3a presents the signal z(t) and the predic-
tions obtained with the two predictors. In additions, the regular measure-
ment times MRggg and the GA measurement times Mgp are printed. One
can see that the main difference occurs at the beginning of the tracking.
Indeed, our method gets closer faster. Intuitively, this can be understood
by the fact that for the intermittent predictor, all measurement times are
selected close to the beginning. Over the complete time horizon, the reg-
ular approach has a mean squared error of MSE(Mpggg) = 0.46 whereas
the mean squared error with our method is MSE(Mga) = 0.36. This is
a significant improvement. However, these results are valid only for this
particular realization of the trajectory.

On the contrary, Figure 3.3b presents the squared error with respect to
time over 100, 000 realizations. The mean and the 95% quantile are indi-
cated for the regular Kalman predictor and for our optimal intermittent
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Fig. 3.3 (a): Evolution of a particular realization of z(¢) and its estimates
with both regular Kalman predictor (Regular) and optimal intermittent
Kalman predictor (GA). (b): Mean squared prediction error with respect
to time and 95% quantile over 100, 000 realizations for the regular Kalman
predictor (Regular) and for our optimal intermittent Kalman prediction
method (GA). Regular measurement times and the GA measurement times
are also printed on both graphs. Simulations are realized on the system
described by equations (3.18) with T = 100 time steps and N = 5 measure-
ments.

Kalman predictor method. One can see that the remarks about Figure 3.3a
hold for the mean and the 95% quantile behavior: our method rapidly pro-
duces a better estimate than the Kalman predictor with regular measure-
ments.

Let us introduce the benefit as B = MSE(Mggg) — MSE(Mga). A pos-
itive benefit indicates that our method outperforms the regular Kalman
predictor. Figure 3.4 presents the histogram of the benefit B computed
over 100,000 realizations. It shows that the mean benefit is 0.12 and the
benefit is positive in 64% of the cases, i.e., our method outperforms the
regular Kalman predictor. The results are summarized in the second col-
umn of Table 3.2. Note that the optimal costs correspond to the average
mean squared errors.

A large dimensional system

We propose here to apply our method to a 50-dimensional system. To this
end, we generate a random system as follows: each entry of the matrix A €
R is picked independently at random from a Gaussian distribution
with standard deviation 0.25. We consider b = 0 and G = Q = I. Ten com-
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Probability density function
o o 4 4
o e - () IS
T T T T T

N
~
T

o
N}

, O

-0.5 0 0.5 1 15 2
Benefit B

o
s

Fig. 3.4 Histogram of the benefit B = MSE(Mggg) — MSE(Mga) com-
puted over 100,000 realizations for system (3.18) with T = 100 time steps
and N = 5 measurements. The histogram approximates the probability
density function of the benefit. The red vertical line indicates a null bene-
fit. The mean and standard deviation of the benefit are 0.12 £ 0.38 and the
benefit is positive in 64% of the realizations.

Table 3.2 Results for the spring-mass system (Section 3.3.2) and the ran-
dom system (Section 3.3.2). The cost using regularly spaced measurements
and the optimal cost found by the GA are indicated. The mean squared er-
ror are indicated (mean and standard deviation over 100,000 realizations).
The benefit B = MSE(MRggg) — MSE(Ma) is also indicated (mean, stan-
dard deviation and proportion of positive).

Spring-mass system | Random system

Cost regular 0.52 16817.80
Cost GA 0.39 10621.31
MSE (Mpggg) (mean = std) 0.51+0.42 16506.12 4-3212.83
MSE(Mga) (mean =+ std) 0.39+£0.33 10421.00 + 1866.53
Benefit B (mean + std) 0.124+0.38 6085.12 4+ 3391.64
Proportion of positive benefit B 64% 97%
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Fig. 3.5 Outcomes of the experiment described in Section 3.3.2. (a):
Eigenvalues of the randomly sampled matrix A. (b): Histogram of the ben-
efit B = MSE(Mggg) — MSE(Mga) computed over 100,000 realizations
for the problem described in Section 3.3.2. The histogram approximates
the probability density function of the benefit. The red vertical line indi-
cates a null benefit. The mean and standard deviation of the benefit are
6085.12 & 3391.64 and the benefit is positive for 97% of the realizations.

ponents of the state x () are uniformly picked at random to form the ob-
jective vector y(t). In other words, each row of the matrix D € {0,1}10%%0
contains only one 1 and all lines are different. The measurement matrix
C € {0,1}'9%%0 s picked at random in the same way but independently of
D. We consider d = 0 and the covariance matrix of the process noise is the
identity, i.e., R = I. Finally, we consider ¥y = 0 and Py = I. This system is
studied over T = 50 time steps and N = 25 measurements are allowed.

The eigenvalues of the randomly sampled matrix A are depicted in Fig-
ure 3.5a. Among the 50 eigenvalues, 17 are stable and 33 are unstable. Their
modulus varies from 0.12 to 2.09.

The optimal measurement times for this problem are computed using
the GA with the CPC. Then, the mean squared prediction error using the
optimal intermittent Kalman predictor is compared to the one with reg-
ular measurements on 100,000 realizations. The average and standard
deviation of the mean squared error in the regular case MSE(MRggg) are
16506.12 £ 3212.83. Using the optimal measurement times, the average
and standard deviation of MSE(Mg, ) are 10421.00 + 1866.53. The ben-
efit B = MSE(Mggg) — MSE(Ma) is computed and its distribution is
depicted in Figure 3.5b. The mean benefit is 6085.1 and the benefit is posi-
tive for 97% of the realizations. These results are summarized in the third
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column of Table 3.2.

3.3.3 Links with observability matrix

To make the results more intuitive, let us present a simple system defined

10

- ],c:p 0, R=G=1,b=d=0,

(3.19)

and consider T = 20 time steps and N = 10 measurements.
Jungers et al. show in [JKH17] that the observability matrix of a linear
system with missing measurements is given by

o(T—1)CAT-!

where o(t) = 1if t € M and 0 otherwise. For system (3.19), because the
transition matrix A is a 90 degree rotation matrix, the observability matrix
has the following structure,
_ [o(0) 0 —0(2) 0 o(4) --- 0
Or(4,C M) = [ 0 —c(1) 0 (B 0 --- o(19)
(3.20)

From definition (3.6), a regular measurement set is Mggg = {0,2,...,18},
which leads to the following observability matrix

.
e 0} . (3.21)

1 0 -1

OT(A/C,MREG):|:O 0 0

With such regular set of measurement times, the observability matrix is
rank deficient. That means that even in the absence of any noise, the state
can not be completely determined.
Bearing in mind that the trace of a matrix is the sum of its eigenvalue,
then the objective function of problem (3.7) can be rewritten Y7, (Aq(t) + Aa(t))/T.
Figure 3.6, presents the eigenvalues A1 (t) > Ay(t) of the prediction error
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covariance matrix S(t) = DP(t|t — 1)D " with respect to time. They are
presented for regular measurements Mgygg, for the optimal measurements
found by the genetic algorithm but also when a measurement is acquired
at each time, ie., M = {0,...,T — 1} and when no measurement is ac-
quired, i.e., M = @. In addition, the measurement times are printed for
both the regular and the intermittent cases.

One can observe that the largest eigenvalue A has the same evolution
with regular measurements as when no measurement are used. This shows
that the regular measurements have no effect on the largest eigenvalue A;.
This observation is compatible with the rank deficiency of the observability
matrix (3.21). On the contrary, in the case of the measurement times found
by the genetic algorithm, both eigenvalues remain significantly smaller
than the ones without measurements. In addition, the measurement times
selected by the GA are composed of five pairs of successive measurements.
The structure of the observability matrix (3.20) ensures that each line is non
Zero.

_ 25 % % % % * % % % %
<
2 20l —A—No &
= —v— Regular
Z 151 | —>—GA B
& All
T 10+ B
7
2 L
= % 5 o L
5 10 15 20
Time ¢
225 % % % % * % % % %
;5 20l a A
Z 15}
.20
S 1oL
E ) J/Taﬁmﬂmﬁ»\ijm7
Z o0 = £ = : =
5 10 15 20
Time ¢

Fig. 3.6 The two eigenvalues A1 > A, of the covariance matrix of the pre-
diction error S(t) with respect to time t when no measurement is acquired,
ie, M = @ (No); when regular measurement times MRggg are used (Reg-
ular); when optimal measurement times Mgy are used (GA); and when
there is measurement at each times, i.e, M = {0,...,T — 1} (All). Reg-
ular measurement times and the GA measurement times are also printed.
The considered system is described by (3.19) with T = 20 time steps and
N = 10 measurements for the regular and the GA cases.
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3.3.4 Continuous-time example

This section presents an example of the continuous-time case presented in
Section 3.2.5. More precisely, we are interested in the impact of the number
of discretization steps T (or equivalently, the impact of the discretization
step size J) on the obtained solution.

We want to solve the problem defined by equations (3.11) for the
spring-mass system subject to a random force w*,

%(T) = _%x(’l’) + %wc(r) with w (1) ~ N(0,1), (3.22a)
y(w) = x(1) + o(1) with v(e) ~ N(0,1), (3.22b)
2(7) = x(7), (3.220)
x(0) ~ N(0.1), (0) ~ N(0,1), 5220

where m is the mass, expressed in [kg] and k is the stiffness of the spring,
expressed in [N /m]. x(7) is the elongation of the mass (in [m]) at time 7 (in
[s]). In the formalism of (3.11b), it corresponds to

AC—[ 0 1],Dc—c—[1 0],bc—xo—m,cc—{o 0],

—k/m 0 0 0 1/m
B P

The corresponding discrete system can be obtained thanks to (3.12) and,
in the particular case k = m, it gives equation (3.18a) and

o /5 1 sinffT  sinTcosT it
o m2 |sinTcosT  cos’T

7L 0 —sind cosd sin? 4§
T 2m? sin? § 6+sindcosd|’

We set m = 40 [kg] and k = 40 [N/m] and finally obtain equations (3.18),
which had been anticipated at the beginning of Section 3.3.

In this section, the time horizon is T = 100 [s] and the number of mea-
surements is fixed to N = 5.

The measurement times are computed by solving the discretized prob-
lem using the GA. Then, the quality of the obtained solution is assessed
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by looking at the cost function of the continuous-time problem (3.11). It
is done thanks to the continuous-discrete Kalman filter [LXP17]. The re-
sults are presented in Figure 3.7. Figure 3.7a presents the measurement
times found by the GA and the measurement times for the regular Kalman
predictor.

+ *
* * * * *
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R o e asetiada %
%o o 2900”20 800”20 200002 %0000 P90000] 04 .
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©000660006 6060060000 000, 038 2099920606600 60050606002 6020000t
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Number of discretization steps T Number of discretization steps T
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Fig. 3.7 For the discrete-time system corresponding to the continuous
system (3.22), graph (a) presents the regular measurement times Mggg
given by (3.6) and the times Mga found by the genetic algorithm (GA)
with respect to the number of discretization steps T. Graph (b) presents
the corresponding cost function values (3.11a).

Firstly, the measurement times found by the GA seem to converge
when the number of discretization steps T increases (or equivalently, when
6 decreases). In addition, they are more concentrated at the beginning. Fur-
thermore, one can observe that even for the regular Kalman predictor, the
measurement times vary with the number of discretization steps T. This is
due to the fact that the measurement times are constraints to belong in the
discrete time set. Algebraically, it is the Round operator in equation (3.6).
When the number of discretization steps T increases, the rounding effect
decreases.

Figure 3.7b depicts the corresponding cost values for the continuous-
time problem (3.11). It shows that the cost for optimal intermittent mea-
surements is systematically smaller than in the regular case. This should
be expected because the regular measurement times are in the admissible
domain of problem (3.11). If the regular measurements had had smaller
cost function value, the GA would probably have selected it. The roughly
decreasing and converging behavior of the cost function with respect to
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the number of discretization steps shows that our method can be used for
continuous-time systems using an appropriate discretization scheme.

3.3.5 Impact of stability, process noise variance and measurement noise vari-
ance

In this section, the impact of the system’s stability, process noise variance Q
and measurement noise variance R on the solutions are studied in the one-
dimensional case. More precisely, we compare the intermittent Kalman
predictor to the regular Kalman predictor for different values of Q and R.
The experiments are restricted to one-dimensional system, for the stable
case |A| < 1, the marginally stable case |A| = 1 and the unstable case
|A| > 1. Finally, we comment on the performance in the different cases.

The studied system is a simple version of (3.1) where all quantities are
one-dimensional and withb =0,G =1,D =1,C = 1,d = 0. This problem
is studied for all A € {1/2,1,2} and for Q and R in the range [0.01,100].
Results are presented in Figure 3.8. For graphs (a)-(c), A = 1/2; for graphs
(d)-(f), A = 1 and for graphs (g)-(i), A = 2. In graphs (a), (d), (g), Q and R
vary. In graphs (b), (e), (h), R = 50 and Q varies. Finally, in graphs (c), (f),
(1), Q = 50 and R varies.

In all cases, the optimal intermittent Kalman predictor gives a smaller
cost than with regular measurements. For the stable system, i.e., A =1/2
in graphs (a)-(c), the intermittent Kalman predictor gives results very sim-
ilar to the regular Kalman predictor. In other cases, ie., A € {1,2} in
graphs (d)-(i), the improvement due to the use of intermittent measure-
ments instead of regular ones is greater. This improvement increases when
R increases. The unstable case, i.e., A = 2 in graphs (g)-(i), is the one
in which the improvement is the most significant. This improvement in-
creases when either Q or R increase.

3.3.6  Quality or quantity of measurements: An example

In this section, we study the compromise between few precise measure-
ments and many more noisy measurements presented in Section 3.2.7. The
problem (3.17) is studied for the dynamical system (3.18) with § = 0.1[s] for
T = 100 time steps. The measurement noise variance is related to the num-
ber of measurements as R = f(N) = N* for different & > 0. The larger the
«, the more an additional measurement increases the measurement noise.
Figure 3.9 presents the cost (3.17) for all N € {1,...,T} and for the
regular measurements (3.6) and the irregular measurements found by the
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Fig. 3.8 Cost function of (3.7) for both regular measurement times and
times found by the GA for varying process noise variance Q and/or mea-
surement noise variance R. It corresponds to a one-dimensional version of
model 3.1) withb =0,G=1,D=1,C=1,d =0. For (a)-(c), A =1/2;
for (d)-(f), A = 1, for (g)-(i), A = 2. In (a), (d), (g) Q and R vary. In (b), (e),
(h) R = 50 and Q varies. In (c), (f), (i) Q = 50 and R varies.
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genetic algorithm. In each case, the minimum is indicated. Results are
presented for all values of « € {0.2,0.5,0.75,1,1.25,2,5}. Firstly, observe
that the irregular measurements found by the GA give smaller cost than
regular measurements for all « and all N.

For the tested values of «, the optimal number of measurement times
for the regular measurementsis N = 1 whena > 1.25and N =20 =T
when & < 1. In comparison, for the intermittent measurements the op-
timal number of measurements is N = 1 only for # > 2 and increases
progressively when « decreases. These observations illustrate that when
measurements are expensive, i.e., « is high, only few measurements will
be acquired. Conversely, when measurements are cheap, i.e., & is small,
many measurements will be acquired.

Another observation is that the cost difference between the regular
measurements and the intermittent varies with N. When N = T, the regu-
lar and intermittent measurements sets are the same because the only ad-
missible set is the set with all measurement times, i.e., M = {0,..., T —1}.
More generally, the size of the admissible domain of the optimization
problem (3.17) is smaller when N is close to 1 or T. Using intermittent
measurements is most justified when N is between 10 and 60.

3.4 Conclusions

This chapter addresses the problem of selecting the optimal measurement
times for Kalman prediction over a finite time horizon. A random trial al-
gorithm and three variants of genetic algorithms are proposed to solve it
and the genetic algorithm that implements a count preserving crossover
is shown to outperform the others. The tracking performances are exten-
sively demonstrated on a numerical example, showing an improvement in
64% of the trajectories in comparison with regularly spaced measurement
times for a spring-mass system. For a 50-dimensional system, our optimal
intermittent Kalman predictor outperformed the regular Kalman predictor
for 97% of the trajectories.

Then, the case of continuous-time systems is considered through a
spring-mass system. The solution is shown to converge with respect to the
discretization step size, making our method suitable for both discrete-time
and continuous-time systems. Finally, the influence of noise variance is
studied in the one-dimensional case, showing that the improvement is the
most significant in the unstable case and when the process noise becomes
important.
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Fig. 3.9 Cost (3.17) forall N € {1,...,T} and for the regular measure-
ments (3.6) and the irregular measurements found by the genetic algorithm
(GA). The minimum cost with respect to N is depicted in each case. The
considered dynamic system is (3.18) with T = 100 and f(N) = N*. Results
are presented for « € {0.2,0.5,0.75,1,1.25,2,5}.

Thanks to duality, we have shown that the problem of selecting optimal
control times for a LQR can be reduced to the proposed problem. Then, we
studied the optimal compromise between a lot of noisier measurements
and less more precise measurements.

In Chapter 4, the method presented here is generalized to the case of
nonlinear and non-Gaussian dynamical systems. In Chapter 6, we show
that the optimal intermittent Kalman predictor can be used to track mobile
tumors for radiation therapy.



Optimal intermittent
particle filter

times that minimize the expected mean squared estimation error in

the case of a linear Gaussian dynamical system. In this Chapter 4,
we are interested in the case of a nonlinear and non-Gaussian dynamical
system.

Contrary to the linear and Gaussian case covered in Chapter 3, we
will see that in this more general setting, there is no equivalence between
time-triggered and self-triggered measurements. Indeed, the measurement
times cannot be computed a priori, i.e., independently of the measurements
already acquired, without loss of optimality. For that reason, we propose
three different optimal intermittent filters. For the first, the self-triggered
filter, the measurement times are given by a policy that determines whether
a measurement should be taken based on the measurements already ac-
quired. The second, called the time-triggered filter determines all mea-
surement times at once by solving a combinatorial optimization program
before any measurement acquisition. The third one, which we call ex post
particle filter, is a recursive version of the time-triggered filter. It leads
to self-triggered measurements because each time a new measurement is
received, the next measurement time is recomputed to take all the informa-
tion that is then available into account. We prove that in terms of expected

IN Chapter 3, we addressed the problem of choosing the measurement
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mean squared error, the self-triggered filter outperforms the ex post filter,
which itself outperforms the time-triggered filter. To solve the combinato-
rial optimization programs, we compare a random trial algorithm, greedy
forward and backward algorithms, a simulated annealing algorithm, and
a genetic algorithm. Finally, the performance of the proposed methods is
illustrated on two examples: a tumor motion model and a common bench-
mark for particle filtering.

This chapter assumes a basic knowledge of particle filters (see Section
2.4).

The results presented in this chapter are the result of close collaboration
with Amaury Gouverneur and were reported in

¢ Antoine Aspeel, Amaury Gouverneur, Raphaél M Jungers, and
Benoit Macq. Optimal measurement budget allocation for parti-
cle filtering. In 27th IEEE International Conference on Image Processing,
2020.

¢ Antoine Aspeel, Amaury Gouverneur, Raphaél M Jungers, and
Benoit Macq. Optimal intermittent particle filter. To appear.

4.1 Introduction

Particle filtering is a popular approach to estimate the state of nonlinear
and non-Gaussian systems from a set of noisy measurements [AMGCO02].
This tool has been largely used, among others, in computer vision [HLCPO01,
CJDP*06, ATDO05], positioning and navigation [GGB'02, Gus10], chem-
istry [SPM 11, JBOBDT16], mechanics [CZA09], robotics [Thr02], and
medicine [RLGT11].

The problem we address is to choose the best measurement times on a
finite horizon context. In other words, one has a measurement budget and
has to choose when to acquire measurements. The optimality criterion is to
minimize the expected filtering mean squared error (MSE) over the complete
time horizon.

First, the problem of optimal measurement budget allocation is formal-
ized as a nonlinear multistage stochastic program. The measurement times
are selected one after the other and each measurement time is selected
taking the measurements already observed into account, leading to a self-
triggered measurement mechanism.

Next, an easier related problem that we call the time-triggered program
is presented. It corresponds to selecting all the measurement times at once
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and offline, i.e., before any measurement acquisition: it is a time-triggered
mechanism.

Then, we develop a recursive adaptation of the time-triggered problem,
which we call the ex post program. 1t is a self-triggered mechanism, which
gives better filtering performance, at the expense of a higher computational
cost. In addition, the computations must be carried out online.

The closest work to this chapter regards the sensor scheduling problem
(see Section 1.1.2) in the nonlinear and non-Gaussian case. In [DVADO02,
SVDE(4], an optimal one-step ahead policy is proposed to maximize the
expected differential entropy between the filtering and the prediction den-
sity. Intuitively, it maximizes the information obtained at the current mea-
surement time. In [YN18], the authors choose a set of sensors at each time
step in order to trade off between the number of active sensors and the
current posterior Cramér-Rao lower bound (PCRLB). This is justified by
the fact that the PCRLB is a lower bound on the mean squared estimation
error.

4.1.1 Contribution

This chapter addresses the problem of optimal allocation of a measurement
budget in the discrete-time nonlinear case with disturbance and measure-
ment noise processes following arbitrary distributions.

Our contributions in this chapter are that (i) we show that the problem
of optimal intermittent filtering can be modeled as a stochastic program
(see Problem 4.1); (ii) we formulate the time-triggered filter; (iii) based on
this, we propose a recursive version of optimal intermittent filter (see Prob-
lem 4.3); (iv) we prove Theorem 4.4, which states that the expected mean
squared filtering error is smaller or equal for the self-triggered filter than
for the ex post filter, which in turn, yields an expected mean squared er-
ror that is smaller or equal than that of the time-triggered filter; (v) opti-
mization algorithms are tested (greedy forward, greedy backward, simu-
lated annealing, and genetic algorithm); and (vi) the results are presented
(among others) on a new model inspired by real-world tumor tracking ap-
plications.

Overall, the two main contributions of this chapter are to propose an
efficient algorithm to solve the problem of optimal measurement times se-
lection; and to show the interest of intermittent measurements in particle
filtering.
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4.1.2  Chapter organization

The rest of this chapter is organized as follows: Section 4.2 presents how
to define filtering with intermittent measurements (Section 4.2.1); different
versions of optimal intermittent filters (Section 4.2.2) and how to compute
them numerically with different optimization algorithms (Sections 4.2.3
and 4.2.4). Results and discussions are presented in Section 4.3, where
a model of tumor motion is proposed for benchmarking, in addition to
a common benchmark for particle filters (Section 4.3.1), the optimization
algorithms are compared (Section 4.3.2), and the filtering performance of
the time-triggered and ex post particle filters are compared with a regular
particle filter (Section 4.3.3). Finally, Section 4.4 concludes and discusses
possible improvements and perspectives.

4.1.3 Notation

The set of real numbers and the empty set are denoted R and @, respec-
tively.

Vectors are noted in lower case, e.g., x. The transpose of a vector x is
noted x " and its Euclidean norm is ||x||.

A Gaussian distribution of mean y € R" and positive semi-definite
covariance matrix £ € R"*" is noted NV (y, £). For a compact set 3 C R”,
U(Q) denotes a uniform distribution on Q. In addition, x ~ X" indicates
that the vector x € R” is distributed according to the distribution X. For
random vectors x, y and z, [E;[z|y] denotes the expectation of z knowing y
with respect to the distribution of the random variable x.

Finally, the following notations are used: for j < k, t;; = {tj, igtsoees te}
and y(tix) = [y(t;)) y(tiz1) - y(te)]-

4.2 Materials and methods

4.2.1 Intermittent filter

A discrete time stochastic nonlinear dynamical system describes the evo-
lution of a state x(t) over the finite time horizon t = 0, ..., T. One wants
to estimate a quantity z(t) related to x(t) and has access to previously ac-
quired noisy measurements y(f) of x(t). Measurements are not available
at each time step. More precisely, only N measurements are available, at
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times t1,...,ty € {0,...T}'. This is modelled as

x(t+1) = fy(x(t), w(t)) for t=0,...,T—1, (4.1a)
y(tj) = gt (x(t)),0(t;)) for j=1,...,N, (4.1b)
z(t) = he(x(t)) for t=0,...,T, (4.1c)
x(0) ~ Xp, (4.1d)

witht; # t;ifi # j,and x(t) € R™, y(t) € R" and z(t) € R"=. In addition,
w(t) and v(t) are random processes with known probability density func-
tions. Functions f(-,-), g¢(-,-) and h(-) are known and have compatible
dimensions. The initial state x(0) follows a known distribution Aj.

For instance, in a tumor tracking problem based on X-ray images,
x(t) € R® can be a state vector containing the tumor’s position and veloc-
ity in 3-dimensional space, y(t) € R? can be the 2-dimensional projection
of the target and z(t) € R3 the position of the mass center in 3-dimensional
space.

We define the intermittent filter estimate,

2(tly(t17) = Ex(0),0(0),...w(t—1) [2(B) [y (t), Vi < 1], (4.2)

where Ex|[-] holds for the expectation operator according to the random
variable X. The name “intermittent” emphasizes that measurements are
not accessible at each time step. It is a mean squared error estimate in the
sense of Section 2.2. In this chapter, we write it Z(|y(t1.;)) and not Z(¢[¢;)
to make explicit the dependence in the measurements y(t;). Section 4.2.3
will explain how an intermittent particle filter can be used to compute an
approximation of the intermittent filter estimate.
Let us write the expected filtering error variance,

Eltly(ty))] =
E ¢ (0),0(0),...o(t—1) 12(£) = 2|y (1)) [Py (t), Vi < 1], (4.3)

where || - || is the Euclidean norm. A numerical approach to estimate this
quantity is described in Section 4.2.3.

Remark 4.1. From definition (4.2), it holds that 2(¢|y(t1;;)) = £(¢y(t1;j-1))
when t < t;. Similarly, from definition (4.3), if t < t;, then E[t[y(t1;;)] =

1In this chapter, the notation t4, ..., tn will be used to denote measurement times, instead
of the notation M used in Chapter 3. This will make the expressions simpler. Note that the
link between the twois M = {t1,...,In}.

| 61



4 | Optimal intermittent particle filter

E[tly(t1;j—1)]. This ensures the causality of the filter by avoiding future
measurements of influencing the present estimation. Otherwise, these two
quantities are random variables because they depend on y(t1),...,y(t)
and therefore on v(t1), ..., v(t;), which are random. o

Remark 4.2. Instead of the estimate of z(t) defined in (4.2), one could use
any estimate that can be defined from the distribution of x(#)|(y(tx), Vtx <
t), for example, the maximum a posteriori estimate could replace (4.2) using
the method from [SBD'09]. This flexibility is allowed because we will use
a particle filter, which estimates the whole distribution of x(¢)|(y(tx), Vt; <

f).

Moreover, since we are going to use black-box optimization algorithms,
another quality criterion could be used instead of the error variance (4.3),
for example, the squared Euclidean norm could be replaced by the 1—norm
or the co—norm. o

4.2.2  Optimal intermittent filters

An optimal intermittent filter is an intermittent filter whose measurement
times have been chosen according to a certain optimality criterion. In this
section, we present three different optimality criteria for selecting the mea-
surement times. Each optimality criterion induces an optimal intermittent
filter.

Self-triggered filter

In the self-triggered filter, each measurement time ¢;,  is chosen taking the
already acquired measurements y(t1. j) into account.

Formally, the self-triggered filter is the intermittent filter whose measure-
ment times are the solution of the following stochastic program.

62 |



Materials and methods | 4.2

Problem 4.1 (Self-Triggered Program).

t1—1

Vo(2; ) —n}lin{ t;] E[t|D]

tp—1

min | Y E[tly(t)] +-

t=H

+ ]Ey(fl)

tn—1

+Ey iy 1) [Iﬂ‘;’n{ Y. Eltly(tin-1)]

t=tN—1

Ee])] -]}

subjectto0 <t <ty <-- - <ty <T.

+ ]Ey(fN)

Introducing the notation ¢y := 0, the problem can be stated recursively
as,

fig—1
Vit y(try)) = min{ Y. Elty(ty)]

v =5,
+Ey ) [Vier (b y(tien))] withty <t < T}, (4.4)

with the terminal condition,

T
Vn(tinsy(tin)) = ) Eltly(tin)] (4.5)

t=ty

Solving this multistage stochastic program requires finding an optimal
policy for each ¢;,1. Such optimal policies are functions that associate the
next optimal measurement time with the previously acquired measure-
ments, i.e., itis (y(t1),...,y(t;)) — tjt1-

Under certain restrictive assumptions, including linearity and finite
stochastic outcomes, stochastic multistage programs can be solved using
scenario trees and duality [SDR14]. For more complicated problems such
as ours (nonlinear, continuous random variables), one approach is to use
deep reinforcement learning [FLHI " 18].

Indeed, this stochastic program can be seen as a partially observable
Markov decision process (POMDP). The problem is partially observable

| 63



4 | Optimal intermittent particle filter

because the state x(t) is not directly available. At each time t, the action
is either to measure the system or not. Then, depending on this choice,
an observation, i.e., a measurement y(tj), is received (or not) and used
to compute 2(t[y(;)) (or 2(tly(tj 1)) A reward —||z(t) — 2(tly(t1,))|?
(or —||z(t) — £(t|y(t1;-1))||?) is then computed to train the reinforcement
learning agent. To solve such a POMDP, one option is to use deep Q-
learning. There are mainly two methods to implement a deep Q-network
in the partially observable setting. The first is to use a Q-network with a
history, the second is to use a recurrent Q-network [RB19].

However, deep reinforcement learning often requires a lot of trial and
error and fine tuning of some parameters (network architecture, learning
rate, training discount factor, value of € when epsilon-greedy is used, batch
size, etc). This makes the implementation of such methods time consuming
and often requires a large amount of computing power. For these reasons,
the use of deep reinforcement learning to solve Problem 4.1 is left for future
work.

Here, we propose another approach, which is to optimize the variables
all at once and offline, i.e., before any measurement acquisition. We use
this approximation and we call it the time-triggered approach.

Time-triggered filter

The time-triggered filter is optimal (in the sense of the expected MSE) if
all the measurement times must be chosen before receiving any measure-
ment. Each measurement time ¢; is independent of the measurements that
preceded it, y(tl:]-_l).

Formally, the time-triggered filter is the intermittent filter whose mea-
surement times are the solution of the following time-triggered program.

Problem 4.2 (Time-Triggered Program).

T
Jo(@;@) == min 7+ Ey(ti) [Z [ty (t1:N) ]

0<h <---<ty<

Because each optimal measurement time £; is independent of the pre-
viously acquired measurements y(t1;;1), all these optimal measurement
times #1.y can be computed at once, before any measurement acquisition.
This can be a decisive advantage for certain real-world applications if the
time between two discrete time steps is too short to solve an optimization
program. Unlike Problem 4.1, here the optimization variables are no longer
functions but natural numbers.
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Ex post filter

To enhance filtering performance, once the measurements y(t1.;) have been
acquired, we may want to use them to recompute the next measurement
time ¢, including the information previously acquired, i.e., the previous
measurements. This requires solving N different optimization programs,
one for each measurement time.

Formally, the ex post filter is the intermittent filter for which each mea-
surement time #; 1 (forj = 0,...,N — 1) is the solution of the following
(j + 1) ex post program:

Problem 4.3 ((j + 1) Ex Post Program). When measurements y(t1.;) have
been acquired, the next measurement time t; 1 is computed by solving

Ji(try(ty)) = tj+1<IFi<r}5N§T]Ey(tj+1:N)

T
Y Eltly(tin)] |, such that tj 4 > t, (4.6)

t=t;

where ty := 0 but the constraint is replaced by t; > 0 when j = 0.

In this (j + 1) program, only the measurement time ti11 is used by

the ex post filter. To avoid ambiguities, it will sometimes be noted #? [EE

The other variables of the (j + 1)™ program, i.e., the tii2.N, are not the
measurement times of the ex post filter because they will be replaced by
the solutions of the next programs. Such ex post programs can be seen as
a recursive version of the time-triggered program, i.e., Problem 4.2.

Remark 4.3. Setting j = 0 in Problem 4.3 gives exactly Problem 4.2. Conse-
quently, the optimal ;s are the same for these two problems. o

If t1.j are the j first measurement times and y(t;;;) the corresponding
measurements, we denote Fj(ty.;;y(t1;j)) the remaining cost-to-go from
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time ¢; using the ex post filter. For j =0,...,N — 1, itis

0
#,-1

Fi(tijy(hy)) = t_Ztv Eltly(tr;)]

]

©,-1
+Ey (0 )[ Y. Eltly(ty) y(#)] + -

j+1 t:t;?+1
-1
By t_; EMlY(t1), Y(Hs1en1)]
T 'N-1
T
By t; S[tly(tl:,-),y(t;H:N)]] 1
=N
and for j = N, itis
T
En(hnsy(tin)) = ) ElHy(hn)]- (4.7)

t=ty
With this definition, the following recursive relation holds,

2,1
Fltupy(h) = 3 Elfly(r)

]

+1Ey(t;?+1) Fj+1(tl:j/t?+1}y(tl:j)/y(t?+l)) . (4~8)

In the following theorem, we establish that the expected mean squared
filtering error is smaller or equal for the self-triggered filter than for the ex
post filter, which itself is smaller or equal than for the time-triggered filter.

Theorem 4.4. V(2;0) < Fy(2;D) < Jo(D; D).
Proof. See Appendix B. O

Remark 4.5. If the dynamical system (4.1) is linear and Gaussian, i.e., func-
tions f¢(-,-),8t(+,-) and h¢(-) are linear and distributions of w(t), v(t) and
x(0) are Gaussian, then for given measurement times t1,...,fy, the op-
timal filtered estimate Z(t|y(#;;j)) is given explicitly by the Kalman filter
[Kal60, Theorem 2].
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In addition, the variance of the filtering error E[t[y(ty.;)] is indepen-
dent of the measurements y(t1.;), which implies that the Kalman gains can
be computed offline (see Remark 3.1 for details). Consequently, the ex-
pectation operators in Problems 4.1, 4.2 and 4.3 are equivalent to identity
operators, which gives the same problem three times. In conclusion, in the
linear Gaussian case, the optimal solutions of Problems 4.1, 4.2 and 4.3 are
the same, i.e., V(@; @) = Ry (D; D) = Jo(D; D). o

The difference between Problems 4.1 and 4.3 may not seem obvious.
Indeed, they both require computing the measurement times online. To
clarify the difference, we propose an example where these two problems
give different solutions.

Example 4.6. Consider three time steps, i.e., T = 2, with N = 2 measure-
ments and consider the system illustrated in Figure 4.1 and summarized
as

_ _ _J1,  with probability 1/2

y(0) = 2(0) = x(0) = {—1, with probability 172, %)
_ B B w(0), ifx(0)=1

y(1) =z(1) =x(1) = {0’ £2(0) = _1, (4.9b)
B B o, if x(1) £ 0

¥(2) =z(2) = x(2) = {w(l)/ (1) — 0, (4.9¢)

where w(0) and w(1) independently follow a uniform distribution be-
tween —6 and 6, i.e., w(0), w(1) ~ U([—6,6]).

First observe that it is possible to make no filtering error. To do this,
set the first measurement time to f; = 0 and then, if y(0) = 1, set the
second to f = 1 and on the contrary, if y(0) = —1, set the second to
ty = 2. With this schedule, a measurement is acquired whenever there is
an uncertainty, which guarantees that there is no filtering error. It is the
solution of Problem 4.1.

However, we will show that the solutions of both Problems 4.2 and 4.3
are to choose t; = 1 and t, = 2, which results in a filtering error at time
t=0.

Doing an exhaustive search for Problem 4.2 shows that choosing t; = 1
and t, = 2is optimal. This is due to the fact that if there is no measurement
att = loratt = 2, alarge error will be made half the time because of the
uniformly distributed x(t). Then, because the optimal t;s for Problems 4.3
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x(t), y(t), z(t) x(t), y(t), z(t)
6 I T 6 I T
5 5
4+ 4+
3+ 3+
2+ 2+
1 - 1+
0 *— 0 L -t
1+ 1 —1 -+ 2
2L 2
31 3L
—4 L —4
_5-L 51
—6 - 4 —6 €
(a) If x(0) = 1. (b) If x(0) = —1.

Fig. 4.1 Illustration of the system (4.9). Vertical lines represent uniform
distributions U ([—6, 6]). Each of scenarios (a) and (b) has a 50/50 chance
of occurring, depending on whether x(0) = 1 or —1.
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and 4.2 are the same (see Remark 4.3), t; = 1 is also optimal for the former.
But then, the only remaining possibility for ¢, is t, = 2. This shows that
the optimal solutions of both Problems 4.2 and 4.3 are t; = 1 and ¢, = 2,
which gives a filtering error at time ¢t = 0.

This example illustrates that the optimal time ¢; of Problem 4.3 is com-
puted by assuming that the time f; cannot depend on y(t1). o

4.2.3  Numerical approximations

In this section, we present the numerical approximations, which are used
to make Problems 4.2 and 4.3 tractable. Firstly, we briefly explain how
to approximate numerically the estimate Z(t|y(t;.;)) using a particle filter
and then how to approximate the objective functions of these two prob-
lems. We reserve the term “intermittent filter” for the ideal filter and use
“intermittent particle filter” for its approximation. Let us emphasize that
Theorem 4.4 applies only in the ideal case.

Approximation of the estimate

The estimate Z([y(t1;j)) is not straightforward to compute but can be ap-
proximated using a particle filter. See Section 2.4 for a detailed description
about particle filtering, or Section 2.4.4 only for a summary.

Essentially, after (i) an initialization step, the considered particle filter
algorithm alternates between (ii) a weighting step, (iii) a resampling step,
(iv) an estimation step, and (v) a mutation step. To deal with intermit-
tent measurements, the weighting step (ii) and the resampling step (iii) are
skipped when no measurement is available, i.e., when ¢ # t; for all k. Un-
fortunately, if measurement times are widely spaced, it can happen that all
particles have numerically zero weights (because the weights are not up-
dated at time steps where no measurement is accessible). In this case, the
same weight is assigned to each particle.

In what follows, we will make a slight abuse of notation by using the
same notation Z(t|y(t.j)) for the estimate (4.2) and for its approximation
computed by the particle filter.

Approximation of the objective functions

The objective functions of Problems 4.2 and 4.3 contain an expectation op-
erator, which makes these functions challenging to evaluate. To tackle this
problem, we use a Monte Carlo approximation of the expectation.
Because the objective function of Problem 4.2 is the same as the objec-
tive function of Problem 4.3 for j = 0 (see Remark 4.3), we focus on the

| 69



4 | Optimal intermittent particle filter

objective function of Problem 4.3 for any j, which includes Problem 4.2.
The Monte Carlo approximation of the objective function of Prob-
lem 4.3 is represented in Figure 4.2. Assuming that the first j mea-
surements y(t1.;) have already been acquired and that future measure-
ment times #;,1.y are fixed, one can simulate K realizations of the state
{xk(1)}Z k= 1’ ’K drawn according to equations (4.1a) and (4.1d). The cor-
respondmg quantities that remain to be estimated {zF(t)};= k= 1’ ’T can
be computed using equation (4.1c). Similarly, correspondmg measure-
ments {y¥ (tl)};{ ]141’ v can be simulated thanks to equation (4.1b). For
each k, the simulated measurement sequence can be concatenated to
the known measurements to give a complete measurement sequence
y(tl),...,y(t]‘),yk(t]'+1>,...,yk(t]\]), from which the particle filter com-
putes the estimates {2 (¢|y(t1), .. .,yk(tN))}tZt/.,._,T of {zk(t)}tzt].,.__j. Then,
thanks to definition (4.3), the Monte Carlo estimator is computed as

]Ey (tiyN) [ Z Eltly(tn)]] = ]Ey(tj+1:N) [

1=

Ex(0),0(0),...,0(T—1) {Hz(t) - 2(t|y(t1:N))||2‘y(tl)thl < lﬂ

~

=t;

K T
2 Z ) = 25 (Hy(ty), ¥ () 1% (4.10)

N \

Computing this Monte Carlo approximation requires running the par-
ticle filter K times, which can be computationally expensive.

The fact that we have access only to an approximation of the objective
function requires particular attention during the optimization. Note that
since the particle filter provides a biased approximation, the approxima-
tion of the cost function may be biased as well. However, accounting for
this bias is outside the scope of this thesis and is left to future work.

4.2.4  Optimization algorithms

Solving the combinatorial optimization Problem 4.2 (or equivalently, in
light of Remark 4.3, Problem 4.3 with j = 0) with an exhaustive search

would require evaluating the objective function %
number of subsets of size N in a set of size T + 1. This is computationally

intractable for large N and T.

times, i.e., the
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tivi:N

’ Model ‘

{y* (tn) potK
. p— k(py1k=1,...K
y(tm) @e Filter {25(t) t=tj,... T

. k=1,...,K
{Zk(t)}t:tj,“.,T

’ Mean Squared Error ‘

i

I12() — 25(1) 2

1r1=

[

R =
™=

Fig. 4.2 Representation of the Monte Carlo algorithm that estimates
Ey ;1) [EtT:t]_ E[tly(t1:n)]]- The outputs generated by the Model block are
drawn according to equations (4.1) and the distributions of v(t) and w(t).
The particle filter computes an estimate £¢(t) = £F(¢|y(t1,j), y*(tj11:n)) of
Zk(t) from previous intermittent measurements. The Mean Qquared Error
block computes the mean squared of the difference between its inputs; it is
the right-hand side of equation (4.10).
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In this section, we present five different heuristic optimization algo-
rithms to find an approximate solution for Problems 4.2 and 4.3 efficiently.

Random trial algorithm (RT)

The random trial algorithm samples measurement time sets uniformly at
random and evaluates their corresponding costs. The measurement time
set with minimum cost is returned.

Greedy forward algorithm (GF)

The greedy forward algorithm begins with an empty measurement set. Se-
quentially, it adds the measurement times one at a time such that, at each
iteration, the added measurement time minimizes the cost. It stops when
the set contains N measurement times.

Greedy backward algorithm (GB)

The greedy backward algorithm works in the opposite direction from the
greedy forward algorithm. It begins with a complete measurement set.
Sequentially, it takes out the measurement times one at a time such that, at
each iteration, the dropped measurement time minimizes the cost. It stops
when the set contains N measurement times.

Simulated annealing algorithm (SA)

The implementation of the SA algorithm is done according to [DCM19,
Section 1.2.3]. The initial temperature parameter is T° = 10 and the ge-
ometric temperature decay rate is 0.9, i.e., after each generation, T° =
0.9 - T°. If a mutation reduces the cost, it is kept. If it increases the cost,
it is kept with probability exp(—(cost increase)/T°). The mutations are
executed by prohibiting the duplication of measurement times and the mu-
tation probability is 0.1 by measurement time.

Genetic algorithm (GA)

The implementation of the genetic algorithm is based on [Mit98]. The se-
lection of the individuals kept for the next generation is done according
to stochastic universal sampling [Mit98, Section 5.4]. To ensure that the
number of measurement times remains constant over generations, a count
preserving crossover operator is implemented [US15, Section 3.6]. It pre-
vents the production of individuals (t;11,...,ty) for which t = t; with
k # 1. For the same reason, the mutations are executed by prohibiting the
duplication of measurement times. The algorithm uses sigma scaling with
a unitary sigma coefficient [Mit98, Section 5.4], as in Chapter 3. Crossover
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probability is 1 and mutation probability per measurement time is 0.003.

When the RT, SA or GA algorithm is used to solve the N ex post Prob-
lems 4.3, the solution found for the j problem can be added to the initial
population when solving the (j + 1) problem. This can speed up the con-
vergence of the algorithm but also reduce the exploration capacity of these
methods. Here, we do not use this acceleration trick.

As mentioned in Section 4.2.3, the objective functions of Problems 4.2
and 4.3 can be evaluated approximately only. This makes minimization
difficult if it is too sensitive to bad cost function estimations. To face this
issue, the SA algorithm and the GA return the best individual of the last
generation instead of the best individual in all generations.

In Section 4.3, the performances of these five algorithms are compared.
It will show that the GA outperforms the other algorithms on the studied
example.

4.3 Numerical examples and discussions

A MATLAB implementation of the presented algorithms and the code that
generate the figures is available on GITHUB at GITHUB.COM/
AMAURYGOUVERNEUR/ OPTIMAL_MEASUREMENT_TIMES_FOR
_PARTICLE_FILTERING.

4.3.1 Examples parameters

In this section, first we present two dynamical systems used for the results,
then we describe the parameters of the simulations and the performance
indicators.

Tumor motion model

To illustrate the performances of our method, we study a model describing
one-dimensional tumor motion. As mentioned in introduction, the prob-
lem of tracking tumors with X-rays requires doing the best of each X-ray
acquisition in order to spare healthy tissues (see Chapter 6 for details on
mobile tumor tracking).

The duration between each discrete time step is §. The tumor position
to estimate z(t) is a shifted sinusoidal signal with a time-varying ampli-
tude a(t), a time-varying shift b(), and a constant frequency w. Both a(t)
and b(t) are bounded random walks. Bounds ensure that values remain re-
alistic over time. In addition, the constant oscillation frequency w is picked
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uniformly at random at the beginning of the process. Each measurement
y(t) is a noisy version of the position z(t).
Let us define the state x(t) = [a(t) b(t) w(t)] " ¢ R®and the process

noise w(t) = [wa(t) wy(t)] " € R2. The dynamic of the system is defined
as follows:

a(t+1)
x(t+1)= | b(t+1)
w(t+1)
= f(x(t), w(t)) (4.11a)
clip(a(t) + wa(t), a,a)
= |clip(b(t) + wh(t),b,b)] ,
w(t)
y(t) = ge(x(t),v(t)) = a(t) sin(w(£)t8) + b(t) + v(t), (4.11b)
z(t) = he(x(t)) = a(t) sin(w(t)t) + b(t), (4.11¢)
a(0)
x(0) = [b(O) ~U ([aa] x [bb] x [w,@]). (4.11d)
w(0)

Equations (4.11a), (4.11b), and (4.11c) hold for t = 0,...,T =1, t €
{t1,...,tn},and t = 0,..., T, respectively. Noises w,(t), wy(t) and v(t)
are independent zero mean Gaussian noises and have a unitary standard
deviation, ie., 0; = 0, = 0, = 1 [mm]. The clipping function is defined
as clip(x, x, ) := min(max(x, x),%). Equation (4.11d) indicates that the
initial state is uniformly distributed at random on the indicated domain.

We consider N = 11 measurements in the range of 0 to T = 30. To
make this model more realistic, the values of 4, 4, b, and b are inspired from
[DVB'18, Table 1] and the values of w and @ are inspired from [WVB*11,
Table 1]. The parameters of the system are

a =88 [mm|, a=24[mm],

b= —5.8[mm], b =5.8 [mm)],
w=13[rad/s], @ =21 [rad/s],
6=025[s], 0, =0y = 0, = 1 [mm],
T =30, N=11.

The importance density used by the particle filter is the prior density,
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except for w(t) where we use w(t+ 1) = clip(w(t) + wy (t), w, @) with
W (t), an independent zero mean Gaussian noise with standard deviation
0, = 0.005.

A common benchmark for particle filters

We also test our method on the following widely studied model [AMGCO02,
CPS92, Kit96, KLJF02] (it has already been presented in Section 2.4.5):

x(t) 25x(t)

X(t + 1) = T + m + 8COS(1.2t) + w(t), (4.12a)
2

vt = o) 4.12b)

z(t) = x(t), (4.12¢)

x(0) ~ N(0,5%), (4.12d)

where x(t),y(t),z(t), w(t),v(t) € R. Equations (4.12a), (4.12b) and (4.12¢)
hold fort = 0,...,T—1,t € {#,...,tn},and t = 0,..., T, respectively.
Quantities w(t), v(t) and x(0) are randomly distributed according to inde-
pendent zero mean Gaussian distributions with standard deviations oy, =
1, 05 (t) = sin(0.25¢) + 2 and 0y, = 5, respectively. As for the tumor model,
N = 11 measurements are allowed and the horizon is set at T = 30. For
this model, the importance density used by the particle filter is the prior
density.

Performance indicators

To test the proposed methods, we simulate many realizations of {y(t) }¢=o, T
and {z(t)}¢—o,. v according to system dynamic on which our filtering
method is applied. Then, the filtering mean squared error, MSE =
41 i lz() — £(t)|]%, is computed and is compared with the filtering
mean squared error MSERgg obtained with regular measurement times,

kT
t1:N—{R0und |:I\]_1:Hk—0,,N1}, (413)
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Table 4.1 Values of the model parameters, test parameters, and optimiza-
tion parameters for the time-triggered Problem 4.2 and the ex post Problem
4.3.

] | Parameters | Time-triggered | Ex post |
# draws K 1000 200
Optimization z(}));.rtsliczlss 580 :1,’80
# generations | 25 15
Simulations # simglations 100,000 500
# particles 1000 1000

where Round|[+] is the rounding operator>. More precisely, we look at the
gain

MSErec > (4.14)

G .= loglo <1\/ISE

It illustrates the merits of using optimal measurement times instead of reg-
ular ones. A positive gain indicates that the considered intermittent parti-
cle filter outperforms the regular one.

As performance indicators, we look at the mean and median gain and
the proportion of positive gain over all the simulations. Notice that the
mean gains can be seen as an estimation of the expected gain and the pro-
portion of positive gains as an estimation of the probability of outperform-
ing the regular measurement filter.

Optimization and simulations parameters

As the measurement times that are the solution of the ex post Problem 4.3
are a function of the previous measurements, the optimization algorithm
has to be run on each simulation. This increases the computation time
significantly. Therefore, the solutions of Problems 4.2 and 4.3 are studied
separately and the number of simulations and the optimization parameters
have been set accordingly. The values of the optimization parameters and
the simulation parameters are given in Table 4.1. Note that the number of
particles used for the optimization is different from the number of particles
for the filtering.

2Definition (4.13) is not the same as definition (3.6) because here we are interested in filter-
ing, while Chapter 3 is about prediction.
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4.3.2 Comparison of optimization algorithms

The different optimization algorithms proposed in Section 4.2.4 are tested
on the time-triggered Problem 4.2 for the tumor motion model (4.11).

For all the optimization algorithms, the evolution of the cost of Problem
4.2 with respect to the number of cost function evaluations is illustrated in
Figure 4.3. Because the number of cost function evaluations of the GF and
GB algorithm is fixed, they are represented by points in the figure.

One can observe that all five optimization algorithms return a measure-
ment subset with associated expected MSE significantly lower than the reg-
ularly spaced measurements. The final expected MSE of the SA, RT, GF and
GB optimization algorithms all lie close to 6. Note that the GF and GB al-
gorithms give good results for a relatively small number of evaluations of
the cost function. Consequently, they can be a good option if computing
resources are limited. The GA and SA algorithms perform notably better
with a final minimum cost around 5.4. One can note that the difference
between GA average and minimum cost decreases over generations be-
fore reaching quasi-convergence, meaning that most of the individuals are
identical, which is the desired convergence behavior for a GA.

As a result of these observations, the GA is used as the optimization
algorithm in the rest of the chapter.

4.3.3 Filtering performance

In this section, we analyze the filtering performance obtained using the
time-triggered (Problem 4.2) and ex post (Problem 4.3) measurement times.
First, we report the results on the tumor motion model (equations (4.11)),
then we present the results for the common benchmark (equations (4.12)).

Results for the tumor motion model (equations (4.11))

The histogram of the gains G for the time-triggered Problem 4.2 and for
the ex post Problem 4.3 can be found in Figure 4.4. The time-triggered gain
is computed over 100,000 simulations and the ex post gain is computed
over 500 simulations. The vertical line corresponds to the null gain. These
histograms can be interpreted as approximations of the probability density
of the gains G. The proportion of positive gain for the GA algorithm can be
read as the area of the histogram above 0. The corresponding performance
indicators are reported in Table 4.2 for both the time-triggered particle filter
(related to Problem 4.2) and ex post particle filter (related to Problems 4.3).

The mean and median gains are positive for our time-triggered and ex
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Fig. 4.3 Evolution of the minimum cost of the time-triggered Problem
4.2 with respect to the number of cost function evaluations for the differ-
ent optimization algorithms: genetic algorithm (GA), simulated annealing
(SA), random trial (RT), greedy forward (GF), and greedy backward (GB).
It illustrates the quality of minimization for given computational resources.
The evolution of the average cost of the population of the GA algorithm at
each generation and the cost of regularly spaced measurement times are
shown as well.
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Fig. 4.4 Histograms of the gain G (see equation (4.14)) for the tumor mo-
tion model (equations (4.11)). The histograms have been obtained over
100,000 and 500 simulations for the time-triggered and ex post particle fil-
ters, respectively.

post methods, which indicates that they generally outperform the regular
particle filter. In addition, the proportion of positive gain indicates that our
time-triggered and ex post methods outperform the regular particle filter
in 76.8% and 82.2% of the cases, respectively.

Figure 4.5 represents a particular trajectory z(t) and the trajectory fil-
tered by a particle filter with regular measurement times (see equation
(4.13)), as well as with the time-triggered and ex post particle filters. In
all three cases, the measurement times are indicated. As expected, we
obtain better filtering performance using the ex post particle filter (the
gain is Gexpost = 0.20) than the time-triggered particle filter (the gain is
Gtime-triggered — 0.15), the largest mean squared filtering error being ob-
tained with the regular measurements.
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Table 4.2 Performance indicators for the time-triggered and ex post so-
lutions on the tumor motion model (equations (4.11)). The considered sys-
tem, the performance indicators, and the optimization and simulation pa-
rameters are described in Section 4.3.1.

Time-triggered | Ex post
| [ ggered | Exp |

Mean gain (+ std) 0.190 (£ 0.253) | 0.220 (£ 0.244)
Median gain 0.182 0.216
Proportion positive gain || 76.8 % 82.2 %

20 T - + T - + - + I + I
— Position, z(f)
L A U R.egulalﬁ ﬁ(t) . I!.,i
---Time-triggered 2(t)
: --- Ex post 2(t)
10 | § + Regular times ¢; -
1 * time-triggered times t;
5 | O"EX post t:imes £ |
= 0
N
—54
—10
—15 7 ’
R I
0 05 1 15 2 25 3 35 4 4 5.5
Time, s

Fig. 4.5 Comparison of a particular realization z(t) with the filtered val-
ues Z(t) obtained with a particle filter with regular measurement times and
both the time-triggered and the ex post particle filters. The gains on the
complete sequence are Giime-triggered = 0.150 and Gex post = 0.203. Results
are simulated from the tumor motion model (equations (4.11)).



Numerical examples and discussions | 4.4

== Time-triggered AN
1.8 | [t Expost i i
— Null gain il
1.6 - ] | -

12 | | i —

Frequency
[u—y

0.8 1 i I F

0.4 L

—-1.5 -1 -0.5 0 0.5 1 1.5

Relative gain, G

Fig. 4.6 Histograms of the gain G (see equation (4.14)) for the common
benchmark (equations (4.12)). The histograms have been obtained over
100,000 and 500 simulations for the time-triggered and ex post particle fil-
ters, respectively.

Results for the common benchmark (equations (4.12))

Figure 4.6 represents the histogram of the time-triggered and ex post gains
G for the common benchmark. The corresponding performance indicators
are reported in Table 4.3. It is observed that both the time-triggered and
ex post methods outperform the particle filter with regular measurement
times. In addition, the performance difference between the time-triggered
and ex post methods is important.

Finally, Figure 4.7 shows a trajectory of the common benchmark as well
as the tracking obtained by the regular, time-triggered and ex post particle
filters. The measurement times are also displayed.
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Table 4.3 Performance indicators for the time-triggered and ex post solu-
tions on the common benchmark model (equations (4.12)). The considered
system, the performance indicators, and the optimization and simulation
parameters are described in Section 4.3.1.

[ | Time-triggered [ Ex post |

Mean gain (= std)

0.138 (£ 0.222)

0.345 (£ 0.251)

Median gain

0.146

0.337

Proportion positive gain

74.6 %

91.7 %

20 . + . + ! + ! + !
— Position, z(t)

s N R.egular. 2(¢) . |
----- Time-triggered 2(t)
--- Ex post 2(t)

10 1 + Regular times ; "

* Time-triggered times ¢,
5 o Ex post times ¢; |

= 0 i
N

—5 L
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15 I
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0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

Time

Fig. 4.7 Comparison of a particular realization z(f) with the filtered val-
ues £(t) obtained with a particle filter with regular measurement times and
both the time-triggered and the ex post particle filters. The gains on the
complete sequence are Giime-triggered = 0115 and Gexpost = 0.340. Results
are simulated from the common benchmark (equations (4.12)).
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4.4 Conclusions

In this chapter, the problem of the optimal intermittent particle filter has
been addressed. This consists in selecting the measurement times of the
particle filter according to a certain optimality criterion.

We have proposed three variants of expected mean squared error mini-
mization giving rise to three different intermittent filters: the self-triggered
filter, the time-triggered filter, and the ex post filter.

A theorem has been proven that orders the performance of these three
intermittent filters. Then, different algorithms to compute the measure-
ment times of the time-triggered and ex post particle filters have been pro-
posed: the random trial, greedy forward, greedy backward, simulated an-
nealing, and genetic algorithms. These different optimization algorithms
were compared on a tumor motion model inspired by real data. The ge-
netic and simulated annealing algorithms are the two optimizers showing
the best performance.

Finally, on this same tumor model, our time-triggered and ex post par-
ticle filters were compared with a particle filter with regular measurement
times. The time-triggered and ex post particle filters outperform the reg-
ular particle filter in 76.8% and 82.2% of the cases, respectively. For a sec-
ond example, the regular particle filter is outperformed in 74.6% and 91.7%
of the cases by the time-triggered and ex post particle filters, respectively.
Overall, our results demonstrate the added value of selecting measurement
times according to system dynamics for the optimal estimation of a state
from limited measurements.

Further work will focus on robustness analyses to determine how
model uncertainties affect the performance of the proposed methods for
situations in which the system dynamics are known only approximately.
Other continuations of this work will consist of experimental validation
on real-world data, for example, in the case of mobile tumor tracking.

We will also use deep Q-learning to solve the stochastic program de-
scribed by Problem 4.1 and implement the self-triggered particle filter.
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tem and we showed how to choose the measurement times in order

to minimize the expected mean squared error. Here, we are also inter-
ested in linear systems, but we suppose that the disturbances are bounded
and the objective is to choose the measurement times in order to minimize
the worst-case estimation error.

IN Chapter 3 we were interested in the case of a linear Gaussian sys-

Instead of solving this robust estimation problem directly, we will solve
a control problem from which we can deduce the solution of the original
problem, in the spirit of the duality principle (see Section 2.5). For this
control problem, we simultaneously optimize the measurement times and
the control times. Even if the control times have no interesting counterpart
for the initial robust estimation problem, we present this generalization
because it has applications in control.

Using Q-parameterization [SB10, YJB76] and a polytope containment
method [BTN99, ST20], we prove in this chapter that the co-design of an
affine feedback controller, a measurement schedule and a control schedule
can be exactly formulated as a mixed integer linear program (MILP) with
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2 binary variables per time step. As a consequence, this problem can be
solved efficiently, even when an exhaustive search for measurement and
control times would have been impossible in a reasonable amount of time.

The results presented in this chapter are the result of close collaboration
with Kwesi Rutledge and were reported in

e Antoine Aspeel, Kwesi Rutledge, Raphaél M Jungers, Benoit Macq,
and Necmiye Ozay. Optimal control for linear networked control
systems with information transmission constraints. In The 60th IEEE
International Conference on Decision and Control, 2021.

5.1 Introduction

In this chapter, we are interested in deriving formal guarantees about
reachability of a target set when performing control and measurement of a
single agent over a network.

To our knowledge, the method proposed in this chapter is the first
derivation of robust output feedback control design with measurement
and control budget constraints. Other areas, such as parsimonious con-
trol [DSW13], also have results defining how to minimize the number of
control actions that are taken in a distributed system setting. In the context
of Q-parameterization, the quadratic invariance property has been stud-
ied. It has been shown that it is a necessary [LL11] and sufficient [RLO6]
condition for convexity. In this chapter, we have similar results for linear-
ity. Then, the combinatorial structure allowing to co-design the controller,
the measurement and control times will lead to a MILP and not only to a
mixed integer convex program. Consequently, branch an bounds methods
can be used to find an optimal solution efficiently on practical examples.

Note that some alternatives to Q-parameterization exist, e.g., distur-
bance rejection control [Gao06], or system level synthesis [WMD19].

5.1.1 Contribution

In this chapter, we develop a controller, which satisfies constraints on the
amount of bandwidth used on the network by jointly optimizing (i) a mea-
surement schedule, (ii) a control schedule, and (iii) the gains of the con-
troller, while guaranteeing that the output variable remains in a safety set.
The controller contains memory and a zero-order hold structure, which is
partially illustrated in Figure 5.1. When the uncertainty sets in this problem
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oe(t)

Fig. 5.1 Block diagram representing the interaction between the plant
(5.1) and the controller (5.2). ZOH means zero-order hold.

are defined as polytopes, this problem can be formulated as a robust op-
timization using the polytope containment methods discussed in [BTN99,
ST20]. The output feedback controller, which would normally lead to com-
plex nonconvex constraints can be parameterized linearly in terms of the
optimization variables, using the methods of Q-parameterization [SB10,
YJB76]. Then, the unique binary choices associated with the schedules in-
troduce binary variables, making the optimization problem a MILP, which
is tractable to solve on practical problems.

5.1.2 Chapter organization

The rest of this chapter is organized as follows: in Section 5.2, the main
control problem we are interested in is defined. In Section 5.3 several re-
lated problems are presented. In particular, Section 5.3.2 shows the es-
timated counterpart of these problems and how to reduce them to con-
trol problems. In Section 5.4, we propose a solution to the problem using
Q-parameterization and Mixed-Integer Linear Programming. Section 5.5
demonstrates our method on two examples and Section 5.6 concludes and
proposes future works. The proofs of the lemmas are in Appendix C.

5.1.3 Notation

The set of real numbers and the empty set are denoted R and &, respec-
tively. The set of m x n matrices with nonnegative real entries is R’/ *".
Matrices are noted in upper case, e.g., X, and vectors in lower case, e.g., x.
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For amatrix X, X | is the transpose of X. The symbol I, represents the iden-
tity matrix of size n, 0y x» is the zero m X n matrix, 1, is the n dimensional
vector of ones. For the sake of brevity, dimensions are sometimes omitted
when they can be inferred from compatibility. The Kronecker product is ®.
Inequalities between vectors are considered element-wise. For A € R™*"
and Z C {1,...,m}, we write Az. the |Z| x m matrix whose rows cor-
respond to the rows of A with indices in Z. The notation A. 7 is used
similarly for the columns. For integers i < j, we write i:j = {i,i +1,...,j}.

In this chapter, calligraphic letters represent polytopes (except Z and 7,
which represent set of indices). For two polytopes A and B, A x B is their
Cartesian product; for a positive integer n, A" is the n-th Cartesian power
of A; and 0.4 denotes the boundary of A.

5.2 Problem statement

We consider the following dynamical system

x(t+1) = Ax(t) + Bu(t) + w(t), w(t) € W, (5.1a)
_JCx(t) +o(t), o™M(t) =1 ”
y(t) = {@/ (1) =0 (t) eV, (5.1b)

z(t) = Dx(t) +d. (5.1c)

Quantities w(t), v(t), x(0) are unknown but are contained in known sets
W, V, X, respectively. The measurement scheduling signal o™ (t) € {0,1}
determines if a measurement is acquired at time t. Let us emphasize the
differences with Chapter 3. While in equations (3.1) the uncertainties fol-
low distributions, in (5.1), the uncertainties are distribution-free, but are
bounded. In addition, there is an input signal u(t) in (5.1a).

We want to design the input signal u(t) from the previous measure-
ments y(t). We restrict to linear controllers of the form

2}
—~
~
~—
Il
—_
~

u(t) _ {ft + Ergts.t‘ o (1)=1 F(t,r)y(T)f v (5.2)

u(t—1), c°(t) =0,

with u(—1) = 0. Column vectors x(t), y(t), z(t) and u(t) are respectively
in R", R, R": and R". Other dimensions can be deduced from com-
patibility. The control scheduling signal ¢ (t) € {0,1} determines when a
new control input is sent to the plant. Figure 5.1 represents the interaction
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between equations (5.1) and (5.2).

Remark 5.1. When o°(t) = 0, instead of zero-order hold, we could set the
input to zero, i.e., u(t) = 0. Both options are presented in [SSF07], while
[HTVAWN10] focuses on zero-order hold. o

We are interested in controlling the output z(t) during a finite horizon
of length T. Sensors and actuators are supposed to be constrained in their
number of uses. This kind of situation occurs for example to save energy
for sensors and actuators. Formally, we have a maximum number of mea-
surements Ny, > 0, and a maximum number of new control inputs N, > 0.
Itis

T-1 T-1

Y o"(t) < Ny and ) o°(t) < N.. (5.3)

t=0 t=0
Remark 5.2. These constraints can be replaced by any linear constraints,
ie., ZtT;Ol (cMo™(t) + c5oc(t)) < by, fori = 1,...,1 where ¢!, ¢ and b;
are known constants. For example, instead of considering two separated
budgets, one for the measurements and the other for the controls, we could
consider a common budget Y/ ' (¢"o™ (t) + c°o°(t)) < N. Budgets over a
sliding window of length f > 1 can also be considered, i.e., Zt;:lt_f (1) <
N,fort=1¢...,T. o

A safety set Z is given for which our objective is to ensure z(t) € Z.
In addition, we want the control input to stay inside a known set I/, i.e.,
u(t) € U. Furthermore, we include the following assumption.

Assumption 1. The sets Xy, W, V, U and Z are (not necessarily bounded)
convex polyhedra. o

It is assumed to have these polyhedra in H-representation. For A €
{Xo,W,V, U, Z}, we write A = {x|Hqx < hy} and ny the number of
rows in the matrix H 4 and in the column vector 7 4.

The problem we are interested in is to find measurement times, control
times, control gains and control offsets, that keep the output variable z(t)
in the safety set Z during the complete horizon, i.e., fort =0,...,T.

Problem 5.1 (Safety).
Find {Um(t) 3;011 {Uc(t) Z:olr {ff 3;011 {F(t,'r) tT;Ol,,;:()/
such that

* The dynamics (5.1) holds,
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The controller (5.2) is used,

o™ (t),0¢(t) € {0,1} for t =0,...,T—1,

Budget constraints (5.3) hold,

Forallw(t) e W, ov(t) € V, fort =0,..., T — 1, and for all x(0) € Xp,
it holds that z(t) € Z fort =0,..., T,and u(t) e U fort =0,..., T — 1.

Remark 5.3. It is possible to add an objective function for minimizing a
cost related to measurements and controls, e.g., ZtT;()l (c™o™(t) + cCoc(t)),
where ¢ and ¢ are given non negative constants.

In addition, one could add the constraint x(T) € Xj. Then, a solution
to Problem 5.1 can be applied periodically to keep z(f) € Z and u(t) € U
forallt > 0. o

5.3 Related problems

In this section, problems related to Problem 5.1 are presented.

5.3.1 Safety as long as possible

In this problem, one wants to keep the output safe, i.e., z(t) € Z as long as
possible. We assume to have an a priori upper bound T on the largest such
time. This can be formalized as follows.

Problem 5.2 (Safety as long as possible).
max T,
Te {0 T}
{o™ (1)}, o/{U()}tT
{ft}t 701'{Ftr tzlrt 0

such that

Equations (5.1) and (5.2) hold for t =0,...,T —1,

o™ (t),0°(t) € {0,1} fort =0,...,T—1,

Budget constraints (5.3) hold with T instead of T,

Forallw(t) e W, ov(t) € V, fort =0,..., T — 1, and for all x(0) € X,
it holds that z(t) € Z fort =0,..., T,and u(t) e U fort =0,..., T — 1.
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Problem 5.2 consists of finding the largest T such that Problem 5.1 is
feasible. Note that if Problem 5.1 is feasible for some T, then it is also
feasible for all T < T'. Then, a binary search algorithm can be used to find
the optimal T by solving O (log,(T)) instances of Problem 5.1. In Section
5.5.2, we solve Problem 5.2 on an example.

5.3.2  From control to estimation

This section presents the estimation counterparts of Problems 5.1 and 5.2
and how to reduce these estimation problems to the control problems.

One wants to estimate the output z(t) of the system (5.1) from noisy
measurements y(7) (7 < t). To this end, we consider the following estima-
tor

(t+1) = A%(t) + Bu(t) — y(t), (5.4a)
7(t) = C(t), (5.4b)
2(t) = DX(t) +d, (5.4¢c)
with feedback:
v(t) = fi + Y, Fuou(), (5.5)

where §(7) = y(7) — (7).
Taken together, (5.1) and (5.4) may be combined to define a dynami-
cal system for the differences ¥(t) = x(t) — £(t), and the estimation error

2(1) = z(t) — 2(t)

T(t+1) = Ax(t) + y(t) + w(t) (5.6a)
oy Cx(t) 4 o(t), o™(t) =1,
7 = {@, oM (t) = 0. (560)
z(t) = Dx(f). (5.60)

Remark 5.4. Equations (5.5) and (5.6) give (5.1) and (5.2) under transforma-
tion
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Then, solving Problem 5.1 with N; = T — 1 and ignoring the constraints
u(t) € U, gives an observer, which keeps the estimation error Z(t) in Z for
allt =0,...,T, forall x(0) € Xy, w(t) € W, v(t) € V. On the other hand,
solving problem 5.2 gives an observer, which keeps the error z() in Z as
long as possible, for all x(0) € Xy, w(t) € W, v(t) € V. Note that in these
cases, 0°(t) are constants (equal to 1) and not optimization variables. o

We see that the control setting is more general than the estimation set-
ting because we do not choose the control times ¢°(t) in the estimation
case. The dual version of the control times would be to replace the equa-
tion (5.5) by

(1) = ft+ Lostst om(r)=1 Feo¥(T), o°(t) =1,
y(t—1), o(t) = 0.

However, choosing ¢(t) = 0 has no interest here because there is no
reason not to update the estimate. Unlike the control problem, having
v(t) # v(t — 1) does not imply any communication between the filtering
device and the plant.

5.4 Methods

In this section, we show that a feasible solution of Problem 5.1 can be ob-
tained by solving a MILP with 2T binary variables. In Section 5.4.1, we
show that missing measurements and controls can be modeled as linear
indicator constraints on the gains F(; ;) and f;. Section 5.4.2 recalls the Q-
parameterization approach, which leads to express the trajectories of z(t)
and u(t) as linear transformation of the uncertainties w(t), v(t) and x(0).
It leads to the introduction of new design variables Q and r. In Section
5.4.3 we use polytope containment techniques to handle the robustness
constraints z(t) € Z and u(t) € U for all uncertainties w(t), v(t) and x(0).
This leads to linear constraints in terms of the new decision variables Q
and r. Then, it is shown in Section 5.4.4 that the indicator constraints on
F4) and f; for missing measurements and controls can be expressed as
linear indicator constraints in terms of the new design variables Q and r.
Finally, Section 5.4.5 combines the previous results to prove that Problem
5.1 is equivalent to a MILP.

92 |
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5.4.1 Missing measurements and controls

There are different ways to deal with missing measurements. A common
way is to set the measurement matrix C to zero when no measurements are
taken, i.e.,, when 0" (t) = 0, and treat the system as time-varying [JKH18].
In our case, the measurement times are decision variables and such an ap-
proach would be equivalent to considering part of the dynamics of the
system as a variable of the problem. This would lead to non-linearities.

For this reason, we deal with missing measurements in a different way.
We consider that a measurement is available at each time step but that the
measurements that should be missing are forbidden to the controller. For
this reason, the gains associated with prohibited measurements are set to
zero, i.e., 0™ (t) = 0 implies F; ;) = 0 for all t. Intuitively, we do not con-
sider missing measurements, but prohibited measurements instead. Con-
sequently, the choice of measurement times does not translate as a choice
on the dynamics of the system, but as a constraint on the controller’s gains.
This idea is taken up in the following lemma.

Lemma 5.5 (Forbidden measurements). For given x(0), w(t), v(t), o™ (t) and
o(t) fort =0,...,T — 1, the sequences {z(t)}]_y and {u(t)} 0 ! generated by
(5.1) and (5.2) are the same as the ones generated by

x(t+1) = Ax(t) + Bu(t) + w(t), (5.7a)
y(t) = Cx(t) +o(t), (5.7b)
z(t) = Dx(t) +d (5.7¢)
u(t) = fi+ Y Feoy (5.7d)
T<t
when forallT=0,...,T—1,
o"(1) =0 = (P(m =0, forall t=1,...T— 1) , (5.8)
and forall t = 0,. -1,
_ { ft 1, (5.9)
F(tr)_Ft 1,7)7 fOI’T— oot
with f_1 = 0and F( 1,7) = (tt 1) = =0.
Proof. See Appendix C.1. O
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5.4.2  Trajectories and Q-parameterization

This section follows the presentation of the Q-parameterization from
[RYO20]. First, let us define the dynamical variables of (5.7) in terms

of trajectories

x=[x(0)7 x1)T (77",
2=[20)7 )7 - (D)7,
w=[u©0)T u@)’ w(T-1)7]",
w=[w0) o) - wT-1)7]",
v=[v(0)" o(1)T o(T-1)"] ,
f=U A
o™ = [o™(0) o™(1) a’”(T—l)f,
o =[c°(0) o°(1) --- aC(T—l)}T,
Flo 0 0 0
Fuo  Fun 0 0
Fro0) Fr-1iy Fro12) - Froir-n

(5.10a)
(5.10b)
(5.100)
(5.10d)
(5.10e)
(5.10f)
(5.10g)
(5.10h)

(5.11)

Note that F and f characterize the control input and are decision variables.
The state trajectory x (along with several other trajectories) is a nonlinear
function of the decision variables F and f:

x = (H+ SF(I — CSF)"'CH)w + SF(I — CSF) o+

(I+SF(I—CSF)~1C)Jx(0) + S(I + QCS)f,

where

Opsxny, 0 O
I 0 0

Ailfl A7:72 A7:73

C=[lr®C Opnyun,

o O O

(5.12)
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O, xn, 0 0 0

B 0 0 0

s— | AB B 0 0
AT-1B AT-2B AT3B ... B

Thus, in view of (5.12), efficiently searching the set of feasible gains (F
and f) for Problem 5.1 would be a search over a nonconvex set. However,
from [RYO20, Theorem 2, equation (17)], the following also holds

x = (H+ SQCH)w + SQu + (I + SQC)Jx(0) + Sr, (5.13a)
u=QCHw+ Qu+ QCJx(0) +r, (5.13b)

where the following Q-parameterization mapping is used

Q=F(I-CSF)7, (5.14a)
r = (I+QCS)f, (5.14b)

and gives a ny x n, block lower triangular matrix Q. Conversely, if Q is
ny X ny block lower triangular, then this mapping is invertible and the in-
verse mapping is

F=(I+QCs)1Q, (5.15a)
f=(I+QCS)™1r. (5.15b)

This mapping allows to express our problem in terms of Q and r instead of
Fand f.

In addition, let us write
D= It411®D, d= Iy ®d.
Then, using z = Dx + d and (5.13), one can write

w
|:Z:| _ |:Pzw Pz sz0:| v
u Pyw Pyy Pux, x(())

+ H , (5.16)



5 | Beyond mean squared error: Optimal sampling for robust
estimation

where

Py = D(H+SQCH)/ Py = DSQ/ sz[): D(_I—I—SQC)],

Py = QCH/ Py = Q, Puxo = QC]J,
(5.17)

£=DSr+d and i =r. (5.18)

Note that these quantities depend linearly on the new decision variables Q
and r, which is at the heart of Q-parameterization.

5.4.3 Robustness constraints by polytope containment

Problem 5.1 contains the robust constraints z(t) € Z and u(t) € U for
all w(t), v(t) and x(0). To deal with such constraints, we use polytope
containment techniques. To this end, we will need the following extension
of the Farkas’ lemma.

Lemma 5.6 (H-Polytope in H-Polytope). Let A = {x € R" | Hyx < hy},
B ={x € R" | Hgx < hg} C R", Hy € R"A*", Hg € R"8*". We have
A C B ifand only if

JA € R'F*"A such that AH 4 = Hp, Ahy < hp.
Proof. See [Hen89]. O

We use Lemma 5.6 to prove the following lemma, which allows us to
handle the robustness constraint z(t) € Z.

Lemma 5.7 (Safety constraint). Let the sequence {z(t)}L_, be generated by
(5.7). The relation z(t) € Z holds for all t = 0,...,T, for all w(t) € W,

for all v(t) € V and for all x(0) € Xy if and only if there exists A €
(T+D)nz x(T(nw+ny)+nx,)

R, such that
IT ® Hyy 0 0
A 0 It®Hy 0 = (IT+1 ® HZ) [Pzw Pry szo} ’ (5.19)
0 0 Hy,
and
I ® hyy
Ay ®@hy | <Iry®@hz — (Ir11 ®Hz) 2, (5.20)
hy,
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where Py, Ppy, Py, are defined in (5.17) and Z is defined in (5.18).
Proof. See Appendix C.2. O
We can state a similar result for the bounded input constraint u(t) € U.

Lemma 5.8 (Bounded inputs). Let the sequence {u(t)}_ be generated by
(5.7). The relation u(t) € U holds for all t = 0,...,T —1, for all v(t) €
V, for all w(t) € W and for all x(0) € Xy if and only if there exists T €

]RTMX(T(VLWMVH"XO) such that

IT ® Hyy 0 0
r 0 IT® HV 0 = (IT ® HL{) [Puw Py Puxo] ’ (5~21)

0 0 Hy,
and
Ir @ hyy
Il ®hy | <1r®hy — (It @ Hy) 4, (5.22)
hXo

where Py, Pyy, Pux, are defined in (5.17) and 1 is defined in (5.18).
Proof. See Appendix C.3. O

Remark 5.9. Note that Lemmas 5.7 and 5.8 give linear constraints on Py,
Pyv, Pzxy, Puw, Pup and Py, which are linear functions of Q and r. Conse-
quently, these constraints are linear in the decision variables Q and r. Thus,
a feasibility problem, which once contained non-convex constraints on the
decision variables F and f can be transformed into an equivalent feasibility
problem with convex constraints on the decision variables Q and . o

5.4.4 Missing measurements and controls revisited

The two following Lemmas state how the forbidden measurements con-
straint (5.8) and the missing control constraint (5.9) can be expressed lin-
early in terms of the new design variables Q and r.

Lemma 5.10 (Missing measurements). Let a binary measurement signal ¢ €
{0,137 and let {F; }tT;()l,’Tt:O be some control gains. Then, (5.8) holds for T =
0,...,T—1ifand only if

c"(1)=0=Q.,7. =0, fort=0,...,T—1, (5.23)
where Q is defined by (5.11) and (5.14a) and where Jr = 1+ tny : (T +1)n,,.
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Proof. See Appendix C.4. O

Lemma 5.11 (Missing controls). Let a binary control signal c° € {0,1}T and
let { ft}th_Ol and {F(t,r)}tT:_ol,'Tt:o be some control offsets and control gains. Then,
(5.9) holds forallt =0, ..., T —1ifand only if the following indicator constraints
hold,

for t=0,...,T—1, () =0 = {QL* = Q11 (5.24)

rg =114,

where Zy = 1 +tny, : (t+1)ny, Q7 . = 0andrz | = 0.
Proof. See Appendix C.5. O

Similar results can be obtained with quadratic invariance. Remark that
Lemmas 5.10 and 5.11 prove that the constraints are linear (and not just
convex) in Q and r.

5.4.5 Main result

Before stating our main result, recall that indicator constraints such that
(5.23) and (5.24) can be handled as mixed integer linear constraints thanks
to the Big-M formulation. The Big-M formulation uses the fact that for
o € {0,1}, the indicator constraint ¢ = 0 = f(x) = 0 is equivalent to
—oM < f(x) < oM for M sufficiently large.

Theorem 5.12. Problem 5.1 is feasible if and only if the following MILP is feasi-
ble.

Problem 5.3.
Find o™, ¢, Q, r, A>0,T >0,

such that
e o"(t),0°(t) € {0,1} fort =0,...,T—1,
* Budget constraints (5.3) hold,
* Matrix Q is ny x ny block lower triangular,
* Safety constraints (5.19) and (5.20) hold,
* Bounded input constraints (5.21) and (5.22) hold,

* Measurement compatibility constraint (5.23) holds,
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¢ Control compatibility constraint (5.24) holds.

Moreover, the feasible values of o™ and o are the same for both problems and
the feasible Q and r are linked by transformations (5.15) to the feasible values of
{fi} =) and {F(t’f)}tT;&'Tt:O for Problem 5.1.

Proof. From Lemma 5.5, the sequences {z(t)}!_, and {u(t)}/ generated
by (5.1) and (5.2) are the same than the ones generated by (5.7) when (5.8)
and (5.9) hold.

Then, Lemma 5.7 indicates that (5.7) and the robustness constraint
z(t) € Zfort = 0,...,T hold if and only if (5.19) and (5.20) hold. Simi-
larly, Lemma 5.8 shows that the constraint u(t) € U fort = 0,...,T —1
holds if and only if (5.21) and (5.22) hold.

From Lemma 5.10, (5.8) holds if and only if (5.23) holds, and thanks to
Lemma 5.11, (5.9) holds if and only if (5.24) holds. Finally, the indicator
constraints can be handled using the Big-M method. O

Remark 5.13. In Problem 5.1, one may want to shrink the safety set Z as
much as possible to have a solution as safe as possible. To do so, we intro-
duce a scaling factor « > 0 as an optimization variable to minimize and we
replace the constraint z(t) € Z by

z(t)—cea(Z—c)={a(z—c)|Hzz < hz}, (5.25)

where ¢ € R™ is the scaling center and is not a design variable. It is typi-
cally chosen in the interior of Z. Using the change of variable Z := a(z — ¢),
constraint (5.25) can be rewritten

z(t)—c € {Z|HzZ<wa(hz—Hzc)}
& Hz(z(t)—c) < a(hz—Hzc)
& Hzz(t) < wa(hz—Hzc)+ Hze,

which can be interpreted as a constraint of the form z(t) € Z. Conse-
quently, this constraint can be encoded by replacing equation (5.20) by

ﬂT ®hW
17 ®hv
hy,

A <lrp1® ((X(hz —Hzc) + HZC) — (Ir1®Hz)Z,

which is still linear in A, Z, but also in a. Consequently, this modified
problem also reduces to a MILP.
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For the corresponding estimation problem described in Section 5.3.2, if

we choose Z = [—1,1]"= and ¢ = 0, «1, then it corresponds to solve
min o max 1Z(£) || co.
{Um(t)}tT;()lr {ft}tT;olf {F(t,r) t;o,'fzo t=0,...,T

o(t) € V,w(t) € W,x(0) € A

which is minimizing the worst case estimation error.
Finally, instead of minimizing the scaling of Z, one could minimize the
scaling of U/, or a combination of both. o

Solving such a MILP can be done efficiently on many practical situa-
tions using a branch and bound approach. This is illustrated in Section 5.5.
In addition, this problem is solved offline, before any measurements are
received. Then, the feasible solution can be efficiently used online.

5.5 Numerical examples and discussions

A JULIA code using GUROBI [GO21] generating the figures and implement-
ing the algorithms is available at https://github.com/kwesiRutledge/
measurement-scheduling0/tree/master/examples/. The reported com-
putation times have been obtained on a laptop with an Intel(R) Core(TM)
i5-7267U 3.1 GHz processor.

5.5.1 A Double Integrator Drone System

The task of remote monitoring of an area (e.g., for the remote reading of
pressure guages in power plants) is one of the more recent topics of interest
in cyber-physical systems [BDT18]. Frequently implemented on collections
of robots including drones, quadripeds, and more, remote monitoring con-
trollers must be scalable enough to be implemented on large numbers of
systems at once while also avoiding exchanging too many messages and
burdening the network. It offers an excellent problem to solve with our
method because each robot’s tasks can be encoded as reachability prob-
lems or reach-avoid problems (i.e. reach a target set while avoiding an
unsafe set), which are readily handled with this method.

If one assumes that a drone’s x position pf and y position p{ are con-
trolled by a simple force input, then the following dynamics may be writ-
ten

iy =,
by =uy.
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6 — xgosition
C—20t=0,...9
T 2ut=10, ...,19
[I—

Fig. 5.2 Representation of 1000 trajectories z(t) sampled from the system

described in Section 5.5.1. The admissible set of initial positions is indi-

Xposition
0

cated as and the three different safety sets Z; are represented.
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Possible values
2 3 4 5 6 7 8 9 10 11 12 13 a2, 0l 0
@ Measurement times
20 ® @ Control times
10
== 9 _
= -10F
-20

2 3 4 5 6 7 8

Fig. 5.3 Representation of 1000 simulated trajectories (z(t) and u(t)) of
the system described in Section 5.5.1. Measurement and control times are
indicated. The boundaries of the safety sets 0. Z; and the boundaries of the
set of admissible inputs 0l are depicted. Finally, the sets of possible values

9 10 11 12 13 14 15 16 17 18 19 20
t

for z(t) and u(t) for all possible noises are also depicted.
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The state and the input of the system are respectively

., Ly T
x()=[pr pl propl) ut)=[uf u

and the dynamics is

=z g

Finally, the output variable and the measurements are
() = [pr ] y(t) =2(t) +o(b).
We consider an exactly discretized version of this system with a dis-
cretization time step of 0.1. In addition, a process noise is considered.
The time horizon is T = 20 time steps with N, = 3 measurements and
N; = 4 control inputs. In addition, we define W = [—0.05,0.05]%, V =
[—0.05,0.05)%, Xy = [—1,1]? x {0}? and U = [—20,20]. Finally, the safety
set Z; is time varying and takes 3 different values for respectively t =
0,...,9,t=10,...,19;and t = 20. They are represented in Figure 5.2. This
problem is solved in 292 seconds.

Figure 5.3 shows 1000 simulated trajectories. For half of them, the x(0),
w(t) and v(t) are uniformly sampled in the polytopes. For the other half
of the trajectories, each uncertain variable is randomly sampled among the
vertices of the respective noise polytopes in order to promote extreme tra-
jectories. The measurement and control times are indicated, as well as the
boundaries of the safety sets 0.Z; and the boundaries of admissible inputs
sets oU. In addition, the set of possible values for z(t) and u(t) for all
admissible uncertainty w(t), v(t) and x(0) are represented. The same tra-
jectories are depicted in Figure 5.2 where the set of admissible initial po-
sitions of the drone is indicated (and written Xé’ Osmon), in addition to the
time-varying safety sets.

We can verify that all simulated trajectories respect the constraints
z(t) € Z and u(t) € U. In addition, the measurement and control times
are not regularly spaced. In fact, if we impose the measurement and con-
trol times to be spaced in time as regularly as possible, i.e., 0™ (t) = 1 for
t € {0,10,19} and c“(t) = 1 for t € {0,6,13,19}, then the problem is
infeasible.

Finally, the left part of Table 5.1 presents the evolution of the solver time
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Table 5.1 Left: Problem 5.1 is solved for the system described in Section
5.5.1 with time horizon T = 20 with a varying number of drones (and
thus with varying state dimension ny). Right: Problem 5.1 is solved for the
system described in Section 5.5.2 with a varying time horizon T (and the
number of measurement and control times schedulings ¢™ and ¢¢) with

N,; = N. = T/2 measurements and controls.

Number State Solver T | Number Solver
of Drones | Dimension 1, | Time [s] Schedules | Time [s]
1 4 275.88 2 4 0.03
4 16 332.74 10 63504 0.81
8 32 111896 || 20 | 3.41-10" | 19.96
12 48 2846.47 30 | 2.41-10%° | 3284.71

with respect to the number of drones to be controlled in parallel. The state
dimension #ny is also indicated. As expected, the solving time grows with
the state dimension. Note that for a state space in 48 dimensions, the prob-
lem can be solved in less than 50 minutes. In addition, these computations
are executed offline, which make the computation time not critical.

5.5.2  Planar Linear Inverted Pendulum Model (Simplified Walker Dynamics)

The task of walking is one which typically does not require constant obser-
vation in order to safely execute. Humans routinely walk without knowl-
edge of the exact position of their foot or angle of their torso, yet most
controllers for walking robots require full state observation at all times.

To show the utility of our method, we analyze a small example where a
robot model (the planar linear inverted pendulum) can be safely controlled
by a policy, which infrequently observes the state.

The planar linear inverted pendulum model as discussed in [PKT17]
can be represented as a state space model with the following equations:

M = Z%(x“" + rfooty), (5.26)
where x“" is the lateral position of the pendulum’s center of mass, z°" is the
height of the pendulum’s center of mass (which is assumed to be constant),
rfoot is the radius of the foot, and u controls the center of pressure on the
foot. We consider 2" = 1, 1/ = 0.5 and g = 9.81.

We solve Problem 5.2 for an exactly discretized version of (5.26) with a

0.1 discretization time step. We have x(t) = [x{™ x;m]T, y(t) = x(t) +
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Fig. 5.4 Representation of 1000 simulated trajectories of system (5.26).
Measurement and control times are indicated. The boundaries of the safety
set 0Z and the boundaries of the set of admissible inputs olf are depicted.
Finally, the sets of possible values for z(t) and u(t) for all possibles noises
are also depicted.
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v(t) and z(t) = x(t). We consider W = [—0.05,0.05]?, V = [-0.01,0.01}?,
Xy = [-0.1,01)%, U = [-1,1], Z = [-0.75,0.75] x [-5,5], Ny = N = 5.
We consider the upper bound T = 20. This problem is solved in 284 sec-
onds. The largest T for which the problem is feasible is T* = 17. Figure 5.4
presents the obtained trajectories. For half of them, the uncertainties are
randomly selected among the vertices of the polytopes to promote extreme
trajectories.

For the same system, the right part of Table 5.1 presents the evolution
of the solving time for Problem 5.1 according to the time horizon T when
the number of measurement and control times is N, = N, = T/2. In
addition, the number of measurement and control scheduling is indicated
(assuming that the budget constraints (5.3) are tight). This table shows that
the solving time increases with the time horizon but much slower than the
number of possible measurement and control times scheduling. Again,
these computations are performed offline.

Remark 5.14. Although these time horizons may be modest for many ap-
plications, a long time horizon T’ can be decomposed into multiple “com-
ponents” (e.g., Ty + T» = T’) where smaller problems are solved with ap-
propriate initial, intermediate conditions and budget constraints to derive
a result for the long time horizon T". o

5.6 Conclusions

In this chapter, we have addressed the problem of co-designing a linear
controller with memory, a measurement schedule, and a control schedule
that guarantees safety. By proving that such a problem is equivalent to
a MILP, we make this problem computationally tractable. This is illus-
trated on two examples. The dual problem of co-designing an estimate
and choosing the measurement times in order to minimize the worst-case
estimation error is also presented.

This chapter opens many avenues of continuation for our future re-
search. First, we want to adapt this method to the case where polytopes
are zonotopes. In this case, we hope to reduce the computation time using
methods such as zonotope order reduction techniques [YS18]. Secondly,
we plan to develop an online version of this algorithm, where observation
and control times are computed on the fly, while the system is running, and
thus leveraging the current observations at each time step (in the spirit of
the online version of the particle filter presented in Section 4.2.2). In such a
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self-triggered setting, the problem will be solved again after each measure-
ment in order to incorporate the information recently acquired. Thirdly,
another way to continue this research is to relax the binary constraints and
do sparsity promoting through 1-norm regularization. This would lead to
a linear program instead of a MILP, allowing a faster approximate resolu-
tion. Fourthly, we will consider the case where several sensors and actu-
ators are available. In this context, the objective is to choose when each
of them should be activated. Finally, another generalization would be to
consider an uncertain linear dynamics, where the matrices A, B, C, D and
vector d are unknown but contained in known polytopes.
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Case study: tumor tracking

presented in Chapter 3 can be used in the context of radiation therapy,
a cancer treatment method whose objective is to irradiate the tumor
with an ionizing beam.

IN this chapter, we show how the optimal intermittent Kalman predictor

In radiation therapy, tumor tracking is a challenging task that allows a
better dose delivery. One practice is to acquire X-ray images in real-time
during treatment, that are used to estimate the tumor location. This infor-
mation is used to predict the close future tumor trajectory. Kalman pre-
diction is a classical approach for this task. The main drawback of X-ray
acquisition is that it irradiates the patient, including its healthy tissues. X-
ray acquisitions are usually acquired regularly, i.e., at a constant rate. In
this chapter, we propose a new approach, which relaxes this constraint in
order to take measurements when they are the most useful. Our aim is
for a given budget of X-ray acquisitions to optimize the tracking process.
This idea naturally brings us to the optimal intermittent Kalman predic-
tor presented in Chapter 3, for which measurement times are selected to
minimize the mean squared prediction error. This optimization problem
can be solved directly when the respiratory model has been identified and
the optimal measurement times can be computed at once. We created a
test benchmark on trajectories validated on one patient with a lung tumor.
This new prediction method is compared to the regular Kalman predictor
and a relative improvement of 9.8% is observed on the root mean squared
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position estimation error.
The results presented in this chapter have been reported in

* Antoine Aspeel, Damien Dasnoy, Raphaél M Jungers, and Benoit
Macq. Optimal intermittent measurements for tumor tracking in
X-ray guided radiotherapy. In Medical Imaging 2019: Image-Guided
Procedures, Robotic Interventions, and Modeling, volume 10951, page
109510C. International Society for Optics and Photonics, 2019.

¢ Antoine Aspeel, Axel Legay, and Benoit Macq. Genetic algorithms
for optimal intermittent measurements for tumor tracking. In The
International Conference on the Use of Computers in Radiation Therapy,
2019. (No proceedings).

6.1 Introduction

Mobile tumors are particularly challenging in radiation therapy. The mo-
tion creates uncertainty about the position of the tumor, obliging the physi-
cian to increase margins of the treatment that will irradiate healthy tissues.
This effect is particularly important for particle therapy that is less robust
to planning errors. A current response to this problem is to do image-
guided radiation therapy. For particle therapy, it mainly consists in real-
time X-ray acquisitions. In that case, X-ray images are acquired during
the treatment to track the tumor in real-time at the cost of unwanted ir-
radiation of the patient due to X-rays. There is a trade-off between more
radiation by imaging with smaller margins or less radiation by imaging
but with larger margins. For medical reasons (ALARA: As low as reason-
ably achievable), the measurement budget (amount of images) has to be
restricted. These images feed a prediction model of the close future of tu-
mor motion, which is needed to compensate the delay between image ac-
quisition and hardware reaction, including the computational time of the
predictive algorithm. For now, these images are taken at constant rate.

6.1.1 Contribution

The purpose of this chapter is (i) to develop a predictive tumor tracking
algorithm based on intermittent measurements; and (ii) to select the best
times to take the X-ray measurements in order to have the best tumor po-
sition estimation during its irradiation. To the best of our knowledge, this
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is the first time that intermittent X-ray measurements are considered for
mobile tumor tracking.

The main idea is to optimally use each X-ray image allowing irreqular
sampling, i.e., variable rate imaging. This additional degree of freedom per-
mits a better use of each X-ray image and then, a better estimation of the
tumor position without additional dose. More precisely, we consider that
the number N of X-ray images allowed during a fraction is fixed by the
clinician. These N measurements will be made when they are the more
useful in order to reduce the error variance of the predicted tumor’s lo-
cation. The framework of Kalman filtering theory has still been used by
Sharp et al. [S]SS04] in the context of tumor tracking in radiation therapy.

6.1.2  Chapter organization

The rest of this chapter is organized as follows: Section 6.2 develops how
to use the method in clinical settings, the technical developments and the
kind of data; Section 6.3 presents and discuss of the prediction quality;
finally Section 6.4 concludes with a summary of the results and further
work.

6.1.3 Notation

The notations used in this chapter are the same as in Chapter 3. See Sec-
tion 3.1.3 for a reminder.

6.2 Materials and methods

X-ray image acquisition is not directly suited for real-time because tumor
localization and the measurement process encompass some delay. This de-
lay imposes not only to estimate the current tumor position, but also to
predict its future motion. Another physical restriction is the time between
two X-ray acquisitions that can not be arbitrarily small. Here, these two
delays are assumed to be equal. The time is discretized with a time step
equal to that quantity. If the horizon prediction is not equal to the delay be-
tween X-ray images, the presented method can straitforwardly be adapted.
In clinical workflow, X-ray images of the patient are acquired during the
treatment. Following Sharp et al. [SJSS04], the first images are used for
system identification and then, they are used for real-time tumor tracking.

In a first phase, these images are acquired regularly, i.e., at constant
rate. These successive noisy measurements y/(t) of the tumor location z(t)
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Take regular measurements Sl and GA IKP with N intermittent measurements
L = 4 H -
~——
Warm up IKP Treatment

Fig. 6.1 Time line of a fraction. Each phase is specified and vertical
dashes represent measurement times. SI is system identification, GA is
genetic algorithm and IKP is intermittent Kalman predictor.

are used to model the tumor motion. We call it system identification (SI) and
it is described in Section 6.2.1.

Secondly, the model of the tumor motion is used to find the set M
of N optimal times to take measurements with X-ray images. It corre-
sponds to finding the mean squared estimator (MSE) among all the intermit-
tent Kalman predictors (IKP). These measurement times are found by ap-
proximately solving a combinatorial optimization problem using a genetic
algorithm (GA). A complete description of the optimal intermittent Kalman
predictor was presented in Chapter 3 (See Sections 3.2.1 to 3.2.3 for the
optimal intermittent Kalman filter and Section 3.2.4 for the genetic algo-
rithm).

In a last phase, the tumor motion is predicted in real-time by the IKP
based on measurements taken at the times found by the GA. At the begin-
ning of this phase, some time is left to warm up the predictor. The dose
delivery begins when the predictor is warmed up. This procedure is rep-
resented on Figure 6.1.

6.2.1 System identification
We assume that the tumor position z(t) can be modelled as a linear

discrete-time stochastic system

x(t+1) Ax(t)+b+ Gw(t) (Internal states) .
z(t) = Cx(t)+d (Tumor position) =~

0,...,T—-1

(6.1)
where x(0) ~ N (%o, D), w(t) ~ N(0,Q) are mutually and time indepen-
dent white Gaussian noises. T is the duration of the treatment (in number
of time steps). x(t), b and w(t) are ny x 1 vectors; A is a ny X ny matrix; G
has compatible dimensions; z(t) and d are n; x 1 vectors and C is a n; X 1y
matrix. In practice, n, is 2 or 3 for 2- and 3-dimensional tracking, respec-
tively. The number of internal states 7, is an hyper-parameter to determine
(it is not patient-specific). The system identification problem is to model

112 |



Materials and methods | 6.2

the tumor position z(f) on the basis of noisy measurement y(t). The mea-
surement equation is y(t) = z(t) + v(t) for any t € M in which the white
Gaussian noise v(t) ~ N(0,R) is time independent and independent of
x(0) and w(7) for any 7. Each y(t) is a n, x 1 vector. The previous mea-
surement equation and equations (6.1) can be rewritten to fit the Kalman
formalism,

{x(t+1) = Ax(t)+b+Gw(t) +t = 0,...,T—1 62)

y(t)—d = Cx(t)+o(t) t e M

where b can be considered as a constant command. Note that during the
first phase (see Figure 6.1), X-rays are acquired regularly and so, during
system identification, the second equation has to be considered for all ¢.

The purpose of these equations is to model the tumor motion, thus the
parameters of this system are identified from regularly spaced measure-
ments at the beginning of the fraction, they are A, b, Q, d, C, R, %y and B.
Note that there is no matrix B as in Section 3.2.1 because the measurements
y(t) are a noisy version of z(t). This system identification is done using the
maximum likelihood estimation with the expectation maximization algo-
rithm of Digalakis et al. [DRO93] as suggested by Sharp et al. [S]SS04] in
the context of tumor tracking.

6.2.2 Warm up

In order to treat the tumor only when its position is accurately estimated,
a warm up phase of Tj time steps is introduced (see Figure 6.1). To do this,
the measurement times are chosen considering only the error made after
the warm up. The objective functions in equations (3.2) and (3.7) become

1 & )
min = z(8) —2(tt—1
o 0 VI LORE RS

1 & -
mm = Tr[CP(t|t —1)C '],
MC{O -1 T, %ﬂ

where sums have been truncated.

6.2.3 Data description

The tumor position z(t) is obtained from the Figure 1 in Bukovsky et al.
[BHI"15] and are depicted in Figure 6.2. It is a lung tumor and y1, y» and
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I
0 5 10 15 20 25 30 35 40 45 50
time [sec]

Fig. 6.2 The lung tumor position z(t) = [y1(t) y2(t) yg,(t)}T with
respect to time for the studied patient. Figure inspired from Figure 1 of
Bukovsky et al. [BHI"15].

y3 are the position on the lateral, cephalocaudal and anteroposterior axes,
respectively.

The trajectory is considered as the ground truth z(t) € R3. A noisy
trajectory y(t) is simulated from this ground truth to imitate a X-ray ac-
quisition followed by a tracking software, ie., y(t) = z(t) + v(t) with
v(t) ~ N(0,0I). The parameter ¢? quantifies the quality of the obser-
vation process, the more the measurement procedure is precise, the more
0? is small. For example, a high 0> models a low-dose imaging. The predic-
tion algorithm uses y as noisy measurements of the tumor and computes

estimate 2(t|t — 1) of the ground truth z(t).

The duration between two discrete time steps is 1/30 seconds. The
system identification is 600 time steps (20 seconds), we fix T = 800 (26.7
seconds), and warm up takes Tp = 300 time steps (10 seconds). In the next
section, we compare our algorithm to other methods.
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6.3 Experiments and discussions

Hyper-parameters have been tuned on simulated data. Our method (IKP)
is compared to three other methods: reqular measurements without prediction
(RMWP), i.e., the tumor is assumed motionless between measurements;
intermittent measurements without prediction (IMWP), i.e., measurements are
taken at the same time than IKP but tumor is assumed motionless between
measurements; and regular Kalman predictor (RKP), i.e., with regularly
spaced measurement times. Root-mean squared prediction errors are pre-
sented in Table 6.1 for these four methods. Values of 02 € {1, 4, 25, 100}
are tested, it corresponds to a standard deviation of 1, 2, 5, 10 [mm], which
is a plausible range of measurement error for practical applications. In ad-
dition, the comparison is done for different measurement budget N (N/T
and mean acquisition rate are printed for more meaning).

Table 6.1 shows that our method (IKP) outperforms the three other pre-
dictors in all cases. Globally IMWP gives similar results than RMWP, indi-
cating that the measurement times computed for IKP are well-suited only
for Kalman predictions. The two Kalman approaches (RKP and IKP) are
highly more precise than when there is no predictor (RMWP and IMWP).
For the values presented in that table, the mean relative improvement of
IKP on RKP is about! 9.8%. If some improvements look marginal, note
that a small improvement in tumor localization permits to reduce the mar-
gins of the planning target volume. In addition, the tumor being a three-
dimensional object, when the margin radius r decreases, the planning tar-
get volume decreases in 73, which amplifies the benefit, specifically for pre-
cise dose delivery by particle therapy.

Nevertheless, a demonstration on only one patient has to be considered
as a proof of concept but is not sufficient for clinical application.

6.4 Conclusions

A tumor tracking method based on an optimal choice of measurement
times has been developed. The benefit of using well-chosen intermittent
measurement times in the case of radiation therapy guided by X-ray im-
ages has been shown on a lung tumor. This improvement is particularly
interesting in the case of particle therapy because of the reduction errors on

tis (RMSgrxp — RMSikp) /RMSgxp averaged on the values of Table 6.1, where RMS means
root-mean squared error.
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Table 6.1 Root-mean squared prediction errors [mm] for different predic-
tors, different 0? and different N/ T (also written N/T x 30Hz, the mean
acquisition rate). Compared methods are RMWP: Regular measurements
without prediction; IMWP: Intermittent measurements without prediction;
RKP: Regular Kalman predictor; and our method, IKP: Intermitent Kalman
predictor. Bold characters highlight the best predictor in each situation.

2 [mm?] 1 4 25 | 100
N/T (mean rate) | Method

RMWPD || 2.48 | 3.99 | 9.14 | 18.01
0.1 IMWP || 2.22 | 3.93 | 9.05 | 17.90
(3 [Hz]) RKP || 129 | 171 | 351 | 378
IKP || 111 | 1.50 | 3.14 | 3.64
RMWP || 1.99 | 3.67 | 8.96 | 17.85
0.2 IMWP || 2.00 | 359 | 8.82 | 17.53
(6 [Hz]) RKP || 1.02 | 142 | 3.04 | 361
IKP || 098 | 115 | 2.86 | 3.54
RMWD || 1.88 | 356 | 8.77 | 17.48
0.3 IMWP || 1.87 | 354 | 879 | 17.54
9 [Hz]) RKP || 095 | 131 | 277 | 347
IKP || 0.81 | 1.20 | 2.47 | 3.31
RMWP || 1.84 | 356 | 882 | 17.62
0.4 IMWP || 1.84 | 352 | 8.83 | 17.64
(12 [Hz]) RKP || 084 | 124 | 263 | 3.43
IKP || 076 | 1.09 | 2.27 | 3.14
RMWP || 1.79 | 351 | 872 | 17.42
0.5 IMWP || 1.82 | 354 | 8.78 | 17.52
(15 [Hz]) RKP || 083 | 121 | 259 | 3.44
IKP || 073 | 1.06 | 2.29 | 3.23
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tumor localization has significant effects on the margin reduction (sparing
healthy tissues).

The presented method is the optimal intermittent Kalman predictor
developed in Chapter 3. The first experiments that have been presented
show that this new method seems to outperform the classic Kalman ap-
proach, i.e., with regular measurement times. However, we prefer to be
cautious about our conclusions because the evidence that has been pre-
sented is based on only one patient. Deeper tests are needed to definitely
assess the performance of this method on clinical framework, even if the
proof of concept seems to be encouraging. Future work could also con-
sider re-identifying the system after each new measurement, as suggested
by Riaz et al. [RSWT09].
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ment times to estimate the state of a dynamical system over a finite

horizon. When the total amount of measurements is reduced, for ex-
ample because they are expensive, time consuming, energy consuming or
dangerous, choosing the best measurement times allows getting the maxi-
mum out of each of them. This question led us to the distinction between
time-triggered and self-triggered measurements.

IN this thesis, we studied the problem of the optimal choice of measure-

In Chapter 3, we were interested in the case of linear and Gaussian
systems and our optimality criterion was the expected mean squared esti-
mation error. We have proved that, in this case, the optimal time-triggered
and self-triggered mechanisms are the same, and that the optimal measure-
ment times are obtained by solving a combinatorial optimization problem.
This led us to propose the optimal intermittent Kalman filter. Several algo-
rithms were tested and compared to solve the combinatorial optimization
problem and it was shown that a genetic algorithm with a count preserving
crossover gives good performances. Next, it was numerically investigated
how system stability, noise variance, and system observability matrix influ-
ence the optimal measurement times. In addition, it was demonstrated that
the method is also adapted to continuous-time systems via a discretization
of time. Finally, by dualizing the problem, we obtained an optimal inter-
mittent linear quadratic regulator.

In Chapter 4, we extended the results of Chapter 3 to nonlinear and
non-Gaussian systems. In this case, there is a difference between time-
triggered and self-triggered measurements. We then proposed three
variants of optimal intermittent particle filters. A theorem ordering the
expected mean squared errors obtained with the different methods was
proved. Overall, the two main contributions of that chapter was to pro-
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pose algorithms to solve the problem of optimal measurement times selec-
tion in the nonlinear and non-Gaussian case; and to show the interest of
intermittent measurements in particle filtering.

In Chapter 5, we considered linear systems subject to bounded distur-
bances. Interested in the choice of the measurement times minimizing
the worst-case estimation error, we solved a more general control prob-
lem: the co-design of (i) the measurement times, (ii) the control times,
and (iii) the gains of the controller, while guaranteeing that the output
variable remains in a safety set. Using the polytope containment method
and Q-parameterization, we proved that this problem can be reduced to
a mixed integer linear program with 2 binary variables per time step. We
demonstrated through numerical experiments that this allows us to solve
the problem efficiently in practical cases.

In Chapter 6, we applied the optimal intermittent Kalman filter devel-
oped in Chapter 3 to the problem of tumor tracking for radiation therapy.
Considering real data from a lung tumor patient, a more accurate estima-
tion of the tumor position for the same radiation imaging was obtained,
allowing a better treatment.

Overall, in this thesis, we developed tools to model, analyze, and com-
pute the optimal sampling for state estimation of stochastic dynamical
systems. Through numerous numerical experiments, we have shown that,
most of the time, there is an interest in measuring irregularly, rather than
regularly.

The above suggests several interesting directions for future research.

First, it would be interesting to study the robustness of optimal inter-
mittent Kalman and particle filters to modeling errors. The objective would
be to know how the expected mean squared error evolves with respect to
the modeling error. Although the fact that the optimal intermittent Kalman
filter was successfully tested on real data is encouraging, further analysis
would be beneficial.

Some of our future work will involve solving the partially observ-
able Markov decision process described in Section 4.2.2 using a deep Q-
network. This will lead to an optimal self-triggered policy for the choice of
measurement times for nonlinear systems. We will be able to compare the
performances obtained with different filtering methods, such as particle
filtering and recurrent neural networks.

Chapter 5 on the co-design of measurement times, control times, and
a controller subject to bounded disturbances also opens up many avenues
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of continuation. First, we will try to approximate the mixed integer linear
program by a linear program without binary variables thanks to a sparsity
promoting approach based on 1-norm regularization. This should speed
up the solution of the problem, at the cost of a suboptimal solution, and
would allow to tackle larger problems. Then, we will focus on the case of
multiple sensors and actuators. The objective is to independently choose
when each sensor and actuator should be activated. Finally, we will study
the problem where the dynamics of the system is only partially known
(e.g., each matrix of the system being in a known polytope).

Concerning radiation therapy for mobile tumors, the methods pre-
sented in this thesis could be tested for tumor tracking from intermittent
X-ray image acquisitions. Different directions are to be explored and com-
pared: the first one, presented in Chapter 6, consists in combining a linear
system identification method with our optimal intermittent Kalman pre-
dictor. A proof of concept was presented on a patient, but further tests are
needed to attest the approach. A second approach would be to use one
of the optimal intermittent particle filters developed in Chapter 4, with a
dynamical system modeling tumor motion (e.g., the tumor motion model
presented in Section 4.3.1). Finally, a robust estimation could be obtained
by combining a linear system identification with the worst-case estimation
method proposed in Chapter 5. All these alternatives could be compared
on different patients to prove their clinical validity, and the appropriate-
ness of using intermittent X-ray images for tumor tracking.

At the end of the 20th century, solutions emerged to estimate the state of
a stochastic system from noisy measurements [Kal60, God19]. Since then,
a large research effort has been made to adapt these methods to non-ideal
situations closer to real world applications (partially unknown dynamics
[YGO06, Pap05], decentralized sensors [Ste90, RGT12],...). In this thesis, we
have contributed to this effort by considering the constraints that may exist
concerning the use of sensors (measurements may be expensive, energy
consuming, time consuming or dangerous).
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filter and LQR (see Section 2.5). We want to use Theorem 2.1 from
[SYL19]. However, these authors’” formalism has two differences
from ours.

THE proof is a consequence of the classical duality between Kalman

First, they do not consider missing control times (or missing measure-
ment times). However, this is not restrictive because for a given 7 (t), equa-
tion (3.13a) can reduce to the form of [SYL19] by considering &(¢)B as a
known time-varying control matrix B(t). Similarly, the measurement ma-
trix C in equation (3.1b) can be seen as the null matrix when no measure-
ment is acquired, i.e., when o (t) = 0 or equivalently ¢ ¢ M.

The second difference with [SYL19] is that they limit the estimation
problem to the case where D = [, ie., z(t) = x(t). However, as shown
by equations (3.3a), (3.4a) and (3.4b), the prediction error covariance ma-
trix P(t|t — 1) does not depend on D. Consequently, results from Theorem
2.1 from [SYL19] that concern P(¢|t — 1) can be used.

Thus, for a given signal 7(-), Theorem 2.1 from [SYL19] states that
V() = JEJP;,(.)J?O where 15;7(.) = Py()(T|T — 1) and the last is given by
equations (3.3a), (3.4a) and (3.4b), under transformations o (t) = (T —t),
(3.15a) and (3.15b).

Then, under transformation (3.15c), the objective function of the esti-
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mation problem (3.7) is

T
ZTr (tt=1)D(1) "] = ;Tr[é(T— £)%g Py (]t — 1)Zo]
= %) Py (T|IT — 1)%o
= % Py (0)%o
=V(@(-)),

where the trace operator has been removed because its argument is one-
dimensional. Taking the minimum overall admissible o(-) (on the left-
hand side) and the corresponding & () (on the right-hand side) gives equal-
ity between problems (3.7) and (3.14).

Once the signal ¢*(-) is fixed, finding the optimal command u(t) is a
classic LQR problem. Theorem 2.1 form [SYL19] gives the relation (3.16).
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measurements are known, cost-to-go is equal for the three filters;

then (ii) we show that if the cost-to-go when choosing the measure-
ment time £; is smaller with the self-triggered filter than with the ex post
filter, which itself is smaller than with the time-triggered filter, then this
is also the case when choosing the measurement time ¢;; and finally (iii)
a backward recursive argument shows that this is also true for the initial
cost-to-go.

THE structure of the proof consists in (i) observing that once all the

This structure is applied to each inequality separately.

Proof of the first inequality From relations (4.5) and (4.7) it follows that
for all t1.y and y(t1.n),

Vn(tinsy(tin)) = En(tens y(ten))- (B.1)

For a fixed j € {0,..., N — 1}, assume that for all #;.;,1 and y(t;;j41) it
holds that

Viaa(tejuy(tejen)) < Fa(fejeoy(tei))- (B.2)
Then, taking the expectation with respect to y(t;,1) and adding a same
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term on both sides, we have,

t]'+1 -1

Y Elty(t)] + By,

t:tj

Vj+1(t1:j+1;]/(t1:j+l))1 <

Y. Elty(t)] + By, [Fj+1(f1;j+1;y(t1:]’+1))] ,

t=t;

Vi1 (tjey(tie))

tﬁ,]*l
miﬂ{ Y. Eltly(t)] + Eyg,,

for all t1.;11 and y(t1.j). Taking the minimum over all ¢;;1 on the left-hand
SAs I Q=
tﬂ

side and fixing #,1 to t;? 1 on the right-hand side, we have,
<
1

1
Z S[th/(tl:j)ﬂ + ]Ey(t;?ﬂ) |}}'+l(ﬁ:ﬁ t;?+l;y(t1:j)ry(t?+1))‘| ’

f:fj

for all t1.; and y(t. j). From relation (4.4) on the left-hand side and relation
(4.8) on the right-hand side, we have

Vit y(tey) < Fi(tepy(ty))), (B.3)
for all t1.; and y(ty;})-

But then, because relation (B.2) implies (B.3) and because of (B.1), we
have V(2,0) < Ky(D; D).

Proof of the second inequality It follows from a similar argument. We
define

In(tinsy(tin)) = En(tens y(ten))- (B.4)

Then, for a fixed j € {0,..., N — 1}, assume that for all #.;; 1 and y(#;.j11)
it holds that

Fip1(tjpry (b)) < T (trjrns y(tej))- (B.5)

126 |



| B.O

Rewriting the right-hand side according to (4.6) gives

T
Fipi(tijry(tj41)) < min l Y. Eltly(hin) ]
t=t;

g <--<tn<T y tivan)
j+2 N> i1

The right-hand side is upper bounded by
T
Byt | L Elyn)l .
t=tip
for all tj, ».n. Then one can write
Fiq (t1:j+1}y(t1:j+1)) < IEy (ti2:N) [ tZ Elty(t1. N)]]
j+1

for all 1.y and y(t1.j;1). Taking the expectation with respect to y(t; 1) and
adding a same term on both sides gives

<

11
2 Eltly(tr;)] + ]Ey(fm) l13j+1(t1:j+1)y(t1:j+1))

t=t]'

tia—1 T
Y. Eltly( tj)] + Ey ) [ Y. Eltly(tin) 1 (B.6)
t=t;

t—t] j+1

for all t1.y and y(t1.j). Using the fact that the first term of the right-hand
side is independent of y(t;;1.n), and then thanks to Remark 4.1, the right-
hand side can be rewritten successively as

ta—1 r
Ey(tj+1:N)[ t_zt 5[15‘]/(1‘1] + Z Eltly(t:N) ] =
=

t=tjq

tip1—1 T
lEy(t/H:N) l tZt: [tly(tn)] + - Z Etly(tn ]
= ]+1
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By combining the two sums on this right-hand side, the inequality (B.6)
becomes

t]'+171

Y. Eltly(t)] + Eyg,,o l1:j+l(tl:j+l}]/(tl:j+l)) <

t=t;
T
]+1N tztgt‘y th
=t

for all #1.y and y(tlzj). We set t;1.n to the value that minimizes this right-
hand side. In so doing, ;1 = t;? 1 and the inequality becomes

<

©,,-1
Y. Eltly(t)] +Eye,) [F]‘H(h:jl oy (te), y(844))

t:t]'

t]‘+1<"'<tN§T

T
min By LZ; € [tly(tm)]l ,
=i

for all t;.; and y(tlzj). Now, using relation (4.8) on the left-hand side and
relation (4.6) on the right-hand side, we obtain

Fi(ty;y(te) < Jiltepy(te)), (B.7)
for all t1.; and y(ty;}).

Finally, because relation (B.5) implies relation (B.7) and because of (B.4),
we have Fy(0;?) < Jo(@; @), which concludes the proof.
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THIS chapter contains the proofs of the lemmas of Chapter 5.

C.1 Proof of Lemma 5.5

If o°(t) = 1, one can use (5.8) to write

fi+ Y. Fioy(7) = fi+ Y Fuoy (1),

T<ts.t.o"(1)=1 <t

then (5.2) and (5.7d) give the same u(t). On the other hand, if o¢(t) = 0,
one can use (5.9) to write

fi+ Y Fooy(t) = fia + ) Fpoa,oy(7)

<t <t

= fia+ Y, Feoy(o).

<t—1

then (5.2) and (5.7d) give the same u(t).

It follows that the sequences of u(t) are the same. But then, so it is for
the sequences of x(t) and finally, for the sequences of z(t).
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C.2 Proof of Lemma 5.7

By writingn = [w" o' x(0)'] T eWT x VT x Xoand P, = [Pow Poo  Pry|
and using (5.16), we can write

z(t) € Zforallt=0,...,T
& Hzz(t) < hgforallt=0,...,T
& (Iry1®Hz)z < 11 ®hz
< (Ir1®Hz) (Pp+2) < L ®hg
= (Irt1®@Hz) Py < 1rpy ®hg

—(Ir11®Hz)z

The last inequality can be interpreted as requiring that # is in a polyhedron
(let us call it P). Then, z(t) € Z forallt = 0,...,T and for all € WT x
VT x Aj if and only if 4 € P for all 5. This is equivalent to WT x VT x
Xp C P. Then, using Lemma 5.6, the constraint z(t) € Z for all t =
0,...,T and for all 7 € WT x VT x X} holds if and only if there exists

A e R TOWEIEIG) G o that (5.19) and (5.20) hold.

C.3 Proof of Lemma 5.8

The proof is similar to the one of Lemma 5.7. Lety = [w' o' x(0)'] T e
WI x VT x Xyand Py; = [Puw Puo Pux,)| and using (5.16), we can write

u(t) € Uforallt=0,...,T—1
& Hyu(t) < hyforallt=0,...,T—1
= (IT®HZ/{)M < Mr®hy
g (IT ® HZ,{) (Pu,:77 + ﬁ) < 1Ir® hz,{
& (IT ® Hu) P,n < 1Ir® hy — (IT ® Hz,() 1.

The last inequality can be interpreted as requiring that # is in a polytope
(let us call it Q). Then, u(t) € U forallt = 0,...,T —1 and for all y €
WT x VT x X, if and only if y € Q for all 5. This is equivalent to WT x
VT x Xy C Q. Then, using Lemma 5.6, the constraint u(t) € U for all
t=0,...,T—1and forally € WT x VT x A} holds if and only if there

exists ' € ]RT“X(T(nWJrnVHnXO) such that (5.21) and (5.22) hold.
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C.4 Proof of Lemma 5.10

Lett € {0,...,T — 1} and assume ¢ (7) = 0. From (5.11), we have that
for a fixed 7, the matrices F; ;) are in the same columns of F for all ¢. The
indices of these columns are 7. Then, F(t,T) =O0forallt=m1,...,T—1,if
and only if F. 7. = 0. Then, looking at (5.15a), one can write

F:,Jr = (I + QCS)AQ:,JT'

Observing that (I + QCS) ! is invertible, it follows that F. 7. = 0 if and
onlyif Q. 7 = 0.

C.5 Proof of Lemma 5.11

Lett € {1,...,T — 1} and assume that ¢°(t) = 0. From (5.10) and (5.11),
the constraints f; = f;1 and F; ;) = F;_1 ;) can be written f7, = f7, , and
FIt,: = FIt,l,Z'

Otherwise, from (5.14a), one can write

Qz,.—Qzr, .= (Fz,.— Fr, ,.)(I—CSF)~. (C.1)

But (I — CSF)lisinvertible so Fz, . — Fz, . = Op,x1s, ifand only if Qz, . —

QIt—l ,” = 0
Finally, thanks to (5.14b), one can write

rg, —r1,_, = fr, — fr, , + (Qz,. — Qz, ,.)CSf,

where, thanks to the observation following (C.1), the last term is cancelled
in both the necessary and the sufficient cases, i.e,, when Qz,. — Qz, ,. =0
and when Fz7,. — F7, . =0.1Itleadsto F7,. — F7, . =0and f7, — fz, , =0
ifand only if Q7,. — Qz, ,. =0and rz, —r7, , =0.

The case ¢ = 0 is similar, indeed, consider that u(—1), f_1, F_; ;) and
all quantities indexed by Z_; are zeros with compatible dimensions.
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