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Abstract

We study the limiting behavior of minimizing p-harmonic maps from a bounded
Lipschitz domain  C R3 to a compact connected Riemannian manifold without
boundary and with finite fundamental group as p ' 2. We prove that there exists
a closed set S, of finite length such that minimizing p-harmonic maps converge
to a locally minimizing harmonic map in € \ Sx. We prove that locally inside 2
the singular set S, is a finite union of straight line segments, and it minimizes
the mass in the appropriate class of admissible chains. Furthermore, we establish
local and global estimates for the limiting singular harmonic map. Under additional
assumptions, we prove that globally in € the set S, is a finite union of straight line
segments, and it minimizes the mass in the appropriate class of admissible chains,
which is defined by a given boundary datum and 2.
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1. Introduction

Given a bounded domain  C R? with a smooth boundary 92 and a com-
pact connected smooth Riemannian manifold N without boundary and of finite
dimension, which will be assumed, thanks to Nash’s embedding theorem, to be
isometrically embedded into the Euclidean space R for some v € N\ {0}, we are
interested in the problem of finding a minimizing harmonic map with boundary
datum g : Q2 — N, that is, find a minimizer of the Dirichlet integral

2
/Q 1Dul” 4 (1.1)

2

among all Sobolev mappings u € W'2(Q, V) that have g as a trace on 9.

If there exists some v € Wl'z(Q, N) having g as a trace on 9€2, standard meth-
ods in the calculus of variations show the existence of a minimizeru € W2(Q, )
of the energy (1.1). Following the classical works of Schoen and Uhlenbeck, the map
u is continuous outside a discrete set of points in €2 [52]; moreover, the solution u
inherits further regularity of the boundary datum: for example, if g € C>% (32, \),
then u has the same regularity in a neighborhood of the boundary [53].

When the target manifold A is simply connected, or equivalently has a trivial
fundamental group (i.e., w1 (N) =~ {0}), the space of admissible traces is the frac-
tional Sobolev space w2200, N) [34], similarly to the trace theory of linear
spaces [31], giving then rise to a nice theory of harmonic extension of mappings
into \V.

When the manifold NV is not simply connected, the admissible traces form a
strict subset of W1/22(3$2, N) due to several obstruction phenomena. First, one
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has global topological obstructions created by the combination of the topologies
of Q2 and N [12, Theorem 5] if Q ~ B12 x Sl is a solid torus, taking y €
C*(S', N), which is not homotopic to a constant, the function g € C>®(3Q, \)
defined by g(x’, x”) = y(x') for (x’,x") € S' x S! ~ 3Q has no extension in
W12(Q, N). Next, one has local topological obstructions with boundary data that
behave like g(x) = y(x'/|x’|) [12, Theorem 4; 34, Section 6.3]. Finally, there
are some analytical obstructions coming from the infiniteness of 71 () [9], and
since the integrability exponent 2 is an integer, from the nontriviality of 1 (N) [44,
Theorem 1.10] these obstructions arise as limits of juxtaposition of boundary data,
which have arbitrarily large lower bounds on the extension energy.

These obstructions to trace extension disappear if one relaxes the problem and
considers the problem of minimizing, for | < p < 2, the p-energy

f [Dul?
dx.
Q P

Indeed, given g € W/22(3Q2, N) ¢ W!'=1/P-P (32, ), there exists v € W7
(2, V) such that trygo(v) = g. One way then to find a good replacement for
solutions to the problem of minimizing harmonic maps is to define u, to be a
minimizing p-harmonic map under the boundary condition # = g on 9€2 and study
the asymptotics of the solutions u, of this p-harmonic relaxation as p ' 2.

Such an approach has been developed successfully for planar domains Q C R?
when N is a circle [35] or a general compact Riemannian manifold [56], where, up
to a subsequence, u, converges as p /' 2 then to a harmonic map outside a finite
set of singular points whose positions and topological charges minimize a suitable
renormalized energy [10,46]. Similar results hold for p-energy minimizing maps
from Q Cc R" to S"Las p 7 m [36].

In higher dimensions, this problem has been studied for maps taking their values
in S": Hardt and Lin [41, Section 3] have proved that the p-energy measures associ-
ated to the energy densities of p-energy minimizing maps from an m-dimensional
domain to S" as p /' n < m converge, up to subsequences, to a limit measure
whose support coincides with some area minimizing current of dimension m — n;
Stern [54] has obtained the convergence of the p-energy measures associated to the
energy densities of stationary p-harmonic maps from a closed oriented Riemannian
manifold to the circle S' as p 7 2 to the weight measure of a stationary varifold
(we recall that the most-studied class of stationary p-harmonic maps (for arbitrary
target manifolds) are the p-energy minimizers).

In three dimensions, these asymptotics have been analyzed for maps from a
closed oriented Riemannian manifold into the circle S! [41,54].

Our first result is the following.

Theorem 1.1. If @ C R3 is a bounded Lipschitz domain, (N is finite, g €
W22, N), (p)nen C [1,2), pn /' 2 asn — +o00 and if for each n € N,
up, € Whtn(Q, Ny is a minimizing p,-harmonic map with boundary datum g,
then

. |Du|Pr < 2
lim Sup(2 - pn) p— dx = C|glwl/2,2(39 RY)’
Q n ]

n—-+00
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where C = C(32, N') > 0. Furthermore, there exists a closed set Sy C S, at most
a countable union of segments (L ;) jey lying in Q, mappings (vj) jeJ in C(SHN),
amap uy : Q — N such that S, N Q = UjeJ L; N Q and, up to a subsequence
(not relabeled), the following assertions hold.

(i) up — uy almost everywhere in Q2.
(ii) For each g € [1,2), uy € Wlt’cq(Q,N), Up — Uy iN WIL’Cq(Q, R") and

lim sup /(dist(x, 9Q)|Du,(x))4 dx < C|L2
n—-+00 Q

Du,, |Pn
| Duty| dx.

C
+ 5 lim sup(2 — py)

— {4 n—+oo Q Pn
where C = C(diam(2), N) > 0.

(iii) Assume that there exists ro = ro(2) > 0 such that if x € R3 \ Q and
dist(x, dQ) < ro, there exists aunique point P(x) € Q2 such thatdist(x, 082)
= |x — P(x)|. If g is a C" map outside a finite set of points around each
of which g is homotopically nontrivial and whose Euclidean norm of the
gradient behaves like the distance to the power of —1 close to these points,
then for each q € [1,2), ux, € WH4(Q, N, u, — uy in WH4(Q2, RY) and

. [Duy | Pr
lim sup(2 — pn) dx,
Q n

C
limsup/ |Du,|?dx < C +
Q 2 P

n— 400 —q n—+oo
where C = C(g, 2, N) > 0.
(iv) Any point of 2 has a neighborhood that only intersects finitely many L ;.
(v) uy € Wllo’cz(Q\S*, N) is a locally minimizing harmonic map in Q\Sy: if K €
Q\S, is an open set and v € WH2(K, RY) satisfies v — uy € WOl’z(K, RY),

then
Du|? Dv|?
/ﬂdngﬂdx.
Kk 2 Kk 2

Furthermore, there exists at most a countable and locally finite subset Sy of
Q\ S, such that u, € C®(Q2\ (Sx U Sp), V).

(vi) The varifold V., = (Id, A4 (Z s EEGH L (LN sz)) supported by
Ujej L; N Q and with a multiplicity Ssg(yj) is a stationary varifold which
is the limit of the rescaled stress-energy tensors and

D Pn

[Duy| dx

Pn

sg 1 s
V(@ x GB3, 1)) = jezjez (ypH(Lj N Q) < liminf (2 — pn)fQ

where I1d : R3 — R3 is the identity map, A+(x) € R? ® R3 represents the
orthogonal projection onto the approximate tangent plane T, S, to S, at x
and G(3, 1) is the Grassmann manifold.

(vii) Sy minimizes the mass among all admissible chains locally inside 2, namely,
locally inside Q2 it solves a homotopical Plateau problem in codimension 2.
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(viii) If 32 is homeomorphic to S* and g € WY2(Q, N), then S, = ¥ and
uy € C®(Q\ So, N) is a minimizing harmonic extension of g to 2, where
So C Q is a discrete set.

The singular energy Egg(y), appearing in the definition of the varifold V, in The-

orem 1.1, is defined for y € C(S!, \V) as the infimum of 7" | [ # dH! for
fiy.oos fmeC 1 (S] , ) such that y has a continuous extension to a domain con-
sisting of the 2-disk 312 from which m small 2-disks have been removed whose
restriction on the boundary of the i-th disk is a rescaled version of the mapping f;.

The finite assumption on the fundamental group in Theorem 1.1 makes it inap-
plicable to the case of the unit circle N' = S!: the framework of our results is thus
completely disjoint from Stern’s [54]. Among the situations covered by our theo-
rem, we point out the case where A is the real projective plane RPP? motivated by
liquid crystals, and the case where V is the space of attitudes of the cube SO (3)/ 0,
where O is the octahedral group, which appears as framefields in meshing prob-
lems. We point out that the finiteness assumption on the fundamental group of the
compact manifold N is equivalent to a compactness assumption on the universal
covering NV of the manifold V.

When A is the real projective plane RP?, Theorem 1.1 is a counterpart of
Canevari’s result for Landau-de Gennes models of nematic liquid crystals [21].

The strategy of our proof of Theorem 1.1 is inspired by Canevari’s n-compactness
approach for Landau-de Gennes [21]. Whereas Canevari works with a perturba-
tion involving no derivatives and with a domain enlarged to a full linear Sobolev
space, in our setting we have a perturbation involving the first-order derivatives de-
fined on a nonlinear space with the same manifold constraint but enlarged by lower
integrability requirements. This results in different constructions to deal with the
different structures and different analytical arguments because the space in which
the minimization is performed depends on the relaxation parameter p.

We also emphasize that in our results we obtain the uniform interior W14
estimates and the local minimization property outside the singular set Sy for u, in
contrast to a minimization result restricted to balls by Canevari, and we prove that
locally inside €2, S, solves a homotopical Plateau problem in codimension 2.

At a more technical point, we could identify the stationary varifold structure of
the limit of the stress-energy tensors directly through Arroyo-Rabasa, De Philippis,
Hirsch and Rindler’s work on rectifiability of measures satisfying some differential
constraints [6].

It is also worth noting that the smaller the fractional seminorm of the bound-
ary datum g, the closer to 92 the singular set S, of Theorem 1.1 is located (see
Proposition 7.1).

Under additional assumptions we get global properties of the limit.

Theorem 1.2. With the assumptions and notations of Theorem 1.1 if we assume
moreover that Q is of class C?, Q2 is strongly convex at every point of 02, gisa
C! map outside a finite set of points {ay, ..., an} C 3 around each of which g is
homotopically nontrivial and whose Euclidean norm of the gradient behaves like
the distance to the power of —1 close to these points and if for each n € N, Du,, is
continuous on 9Q\{ai, ..., an}, then the following assertions hold.
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(i) S« N O = {ay, ..., an} and S lies in the convex hull of {ay, ..., an}.
(ii) The set J is finite and S, = J;c; L;.
(iii) The quantity

jeJ

DS M (L)) minimizes Y | EF(fiyH! (Ki)

jeJ iel

among all configurations of closed straight line segments (K;)ic; and topo-
logical charges (fi)ic; C C(S', N) satisfying the following conditions: I is
finite; each K; has a positive length; the interiors of the segments (i.e., the seg-
ments without their endpoints) are pairwise disjoint; K = | J;; K, is a com-
pact subset of Q and K N3 is a finite set of points; K has no endpoints in Q,
namely, if K; is a segment having an endpoint x € 2, then there exists another
segment K j emanating from x; there exists a map v € C(Q\(K U F), N),
with F being a locally finite subset of Q\K, such that tryqg(v) = g and v
restricted to small circles transversal to K; is, up to orientation, homotopic
to fi. Namely, S, solves a homotopical Plateau problem in codimension 2.

The additional ingredient in the proof of Theorem 1.2 is the exploitation of the
Pohozaev-type identity combined with White’s maximum principle for minimizing
varifolds [57].

Although our results and proofs are written in the framework of domains of
the Euclidean space R, most of the analysis can be transferred to compact 3-
dimensional Riemannian manifolds. The adaptation of Theorem 1.1 should be
completely straightforward, provided line segments are replaced by geodesics.
Transferring Theorem 1.2 to manifolds would require a suitable use of the strong
convexity of the boundary of submanifolds.

Finally, we point out that if € is strongly convex at every point of 92 and
m(N) >~ Z/27Z, then the singular set S, is a minimal connection (see Defini-
tion 7.24 and Proposition 7.25). Thus, in this case, we exclude the appearance of
closed loops (i.e., homeomorphic images of S!) in S,. In fact, the singular sets of
minimizing p,-harmonic maps u, could have disclination loops [25, Section 2.4],
however, in the limit, as n — 400, each of these loops, which is contractible in
2, should become unstable, shrink and disappear. We also suspect that the singular
sets of the corresponding minimizing p,-harmonic maps converge, up to a subse-
quence, to the singular set S, in the Hausdorff distance, but this question is beyond
the scope of our paper.

2. Preliminaries

2.1. Conventions and Notation

Conventions: in this paper, we say that a value is positive if it is strictly greater
than zero, and a value is nonnegative if it is greater than or equal to zero. Euclidean
spaces are endowed with the Euclidean inner product (-, -) and the induced norm
| - |. A set will be called a domain whenever it is open and connected. Throughout
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this paper, €2, unless otherwise stated, will denote a bounded (locally) Lipschitz
domain in R3, and A/ will denote a finite-dimensional compact connected smooth
Riemannian manifold without boundary and with finite fundamental group, which
will be assumed, thanks to Nash’s embedding theorem, to be isometrically embed-
ded into the Euclidean space R for some v € N\ {0}. The Hausdorff measures,
which we shall use, coincide in terms of normalization with the appropriate outer
Lebesgue measures. We shall say that a property holds p-almost everywhere (or
simply almost everywhere) for a measure p (abbreviated pi-a.e.) if it holds outside
a set of zero u-measure.

Notation: if A, B, M are real matrices, we denote the inner product (also known
as Frobenius or Hilbert-Schmidt) between A and B by A : B = tr(ATB) and
the Euclidean norm of M by |M| = /M : M. We denote by Bi (%), Er (x), and
8B£ (x), respectively, the open ball in R!, the closed ball in R, and its boundary the
(I — 1)-sphere with center x and radius r, where [ € N\{0}. If the center is at the
origin 0, we write Bl _l and 881 the corresponding balls and the (/ — 1)-sphere.
We shall sometimes wrlte sm-1 1nstead of 9 B{". We denote by dist(x, A) and |A],
respectively, the Euclidean distance from x € R/ to A C R/, and the /-dimensional
Lebesgue measure of A. We shall denote by H/(A) the /-dimensional Hausdorff
measure of A. If U C R is Lebesgue measurable, then for p € [1, +00) U {400},
LP(U) will denote the space consisting of all real measurable functions on U that
are p™-power integrable on U if p € [1,+00) and are essentially bounded if
p = 4o0; LP(U; R¥) is the respective space of functions with values in R¥. If
p € [1,+00) and E C R™ is a Borel-measurable set of Hausdorff dimension
[ < m, then LP(E, H! ) is the space of real measurable functions on E that are
p"-power integrable on E with respect to the H'-measure; L?(E, R¥, H') is the
respective space of functions with values in R¥. By LI]OC(U ) we denote the space of
functions u such that u € L! (V) forall V € U;if E C R™ is a Borel-measurable
set of Hausdorff dimension ! < m, LIIOC(E Rk, ! ) denote the space of measurable
functions on E with values in R such that u € L' (F,R¥, H!) forall F € E. The
norm on L”(U) (LP(U; R¥))is denoted by || - || L) (|| - I rw:mky) or || - I, when
appropriate. We use the standard notation for Sobolev spaces. If L : R — Rlisa
linear map, L[] € R/ will denote the value of L at the vector 4 € R”. For each x €
N andforeachr > 0, We shall denote by BN (x) the geodesic ball in A/ with center
x and radius r, namelyB X)) ={yeN: dN(y x) Sr},wheredy : N xN —
[0, +-00) is the geodesic distance in A. If U C R/ is a bounded Lipschitz domain,
then tryy will denote the trace operator (the reader may consult, for instance, [28,
Section 4.3]). We denote by | - |Wx.p(E’]Rk) (or | - |ws.p(g) when appropriate) the
canonical seminorm on W*-?(E, R¥): if E is a Borel-measurable set of Hausdorff
dimension /, then |”'€VW(E,R’<) Iz [& '”l(;) yﬁi{;' dH!(x) dH!(y). By #X we
shall denote the cardinality of X.

2.2. Embedding and Nearest Point Retraction

For each A € (0, 400), we define the neighborhood
Ny = {x e R” : dist(x, N) < A}.
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The next lemma describes the nearest point retraction of a neighborhood of NV onto

N.

Lemma 2.1. There exists ,pnr > 0 such that the nearest point retraction Tlas :
Ny — N characterized by

|x — Mar(x)| = dist(x, )

is a well-defined and smooth map. Moreover, if the mappings P/If : N — Lin(R",
R") and P/\Lf : N — Lin(R", R") are defined for each x € N by setting PJ—\r/(x)
and Pf\‘/(x) as the orthogonal projections on TyN and (Ty N’ )t identified as linear
subspaces of R, then for each x € N, and v € RY,

(1 _ dist(x, \)

" ) DI\ () [v]]* < [P (0))[]? < CIDIn(x0)[v]]2,

where C = C(N,v) > 0. Furthermore, for each x € Ny ,,\N,
| Ddist(x, V)| = 1.

Proof. For a proof, we refer to [45, Lemma 2.1]. O

2.3. Sobolev Mappings into Manifolds

Let X and ) be compact Riemannian manifolds. Assume that X and ) are
isometrically embedded into Euclidean spaces, which is always possible by Nash’s
isometric embedding theorem [49]. Notice that these embeddings are bilipschitz.
In fact, if M is a compact Riemannian manifold, which is isometrically embedded
into a Euclidean space, then, clearly, the Euclidean distance between two points
of M is less than or equal to the geodesic distance between these points, which is
induced by the Riemannian metric on M. On the other hand, there exists a constant
L = L(M) > 0 such that the geodesic distance on M is less than or equal to the
Euclidean distance on M times L (the idea behind the proof is that each compact
Riemannian manifold M has a positive normal injectivity radius, thus, one can
construct a smooth nearest point retraction from a tubular neighborhood of M onto
M (see Lemma 2.1) and appropriately use the fact that for each open cover of M
there is a finite subcover). Thus, identifying X and ) to their embedding’s images,
foreach s € (0, 1) and p € [1, +00), we can define the fractional Sobolev space
WSP(X,)) as

WEP (X, V) ={ue LP(X, R, H) tu(x) € Y forae.x € X

and |M|W“~1’(X,Rk) < +OO},

where R¥ is the Euclidean space into which ) is embedded and [ € N\{0} is the
Hausdorff dimension of X (the reader may also consult [23, Section 3.1]). This
definition does not depend on the choice of the isometric Euclidean embedding of
Y. We shall consider in W]’p(z'\,’, Rk) its strongly closed subset

WhP(xX, V) ={ue WHP(X, R :u(x) € Y forae. x € X}.
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This definition does not depend on the choice of the isometric Euclidean embedding
of Y (see, for instance, [15, Proposition 2.1] and [38, Section 3.1]; for intrinsic
definitions of Sobolev spaces for Riemannian manifolds, see [38, Section 3.2]).

For convenience, we recall the definition of weak differentiability of mappings
defined on bilipschitz images of open sets.

Definition 2.2. Let U C R/ be open and ® : E — U be bilipschitz. A map
u € L (E,R* H!) is said to be weakly differentiable if the map u o ®~! is

weakly differentiable.

Since the weak differentiability is preserved under bilipschitz maps (see [58, Theo-
rem 2.2.2]), the above definition is independent of the bilipschitz parametrization of
E. Taking into account that E is bilipschitz homeomorphic to an open set U C R,
through a bilipschitz homeomorphism ® : E — U, E admits the approximate
tangent plane 7, E for H'-a.e. x € E (for the definition of the approximate tangent
plane, see, for example, [30, Section 3.2.16] and [29, Definition 4.3]). Thus, we
can define the notion of the tangential derivative of ® for H!-a.e. x € E, as the
linear map from the tangent plane 7, E to R/ If u € Llloc(E , R, H!) is weakly
differentiable, the weak (tangential) derivative of u at H'-a.e. x € E is defined
by Dtu(x) = D(u o & (@ (x)) o DTD(x), where DT®(x) is the tangential
derivative of ® at x (which is defined for H!-a.e. x € E).

‘We shall denote by WIL’CI (E, R¥) the space of all weakly differentiable mappings
on E with values in R*. If p € [1, +00) and E is a bilipschitz image of an open
set in R!, then we define

WEP(E,RY) = (u e WhI(E, RY) : |ul, |DTul € LP(E, H)).

Next, we define Sobolev spaces of mappings on bilipschitz images of open sets into
a compact Riemannian manifold.

Definition 2.3. Let p € [1, +-00) and E be a bilipschitz image of an open set in R/
with/ € N\ {0}. Let ) be a compact Riemannian manifold isometrically embedded
into R¥. Then we define the Sobolev space wlr (E,Y) by

WIP(E, V) ={ue WHP(E,RY)  u(x) € Y forae. x € E}.

2.4. Topological Resolution of the Boundary Datum

Since N is a connected Riemannian manifold, it is path-connected and its
fundamental group, namely 71 (N, xo), where xo € N, is, up to isomorphism,
independent of the choice of a basepoint x¢ (see [37, Proposition 1.5]) and denoted
by 1 (N)). Moreover, there is a one-to-one correspondence between the set of
conjugacy classes in 771 (A) and the set [S', A/] of free homotopy classes of maps
S' — N, that is, homotopy class without any condition on some basepoints (see
Exercise 6 in [37, Section 1.1, p. 38]). In general, there is no group structure on
[S!, V] (there exist groups G with the functor L : G — LG sending G to its set of
conjugacy classes, which cannot be lifted to a group-valued functor; for instance,
one can find an inclusion of groups H — G implying an inclusion of conjugacy



29 Page 10of 103 Arch. Rational Mech. Anal. (2025) 249:29

classes LH — LG such that the order of L H does not divide the order of LG).
After all, hereinafter, when we talk about “homotopy”, we are talking about free
homotopy (with no conditions on base points). We shall denote by #[S!, A] the
number of equivalence classes of [SY, V.

Next, for convenience, we recall the definition of a bounded Lipschitz domain.

Definition 2.4. A bounded domain U c R/, [ 2 2 and its boundary dU are said to
be (locally) Lipschitz if there exist a radius 73y and a constant § > 0 such that for

every point x € dU and every radius s € (0, r3y ), up to a rotation of coordinates,
it holds

UNBix) = {0/, y) e R xRy > o(y)) N Bi(x)
for some Lipschitz function ¢ : R'~! — R satisfying || Dg|| oo (i-1) < 6.

Given k € N\{0} and a bounded Lipschitz domain U C RZ?, we denote by
Conf U the configuration space of k ordered points of U, namely

ConfyU = {(ay, ..., ax) € UX 1a; #a; if i # j}. (2.1

Given (ay, ..., ax) € Conf; U, we define the quantity
_ . lai —aj;| . . ..
o(ay,...,ar) = min T:z,] efl,....,k}andi # j
U{dist(ai,aU):ie{l,...,k}”, 2.2)

so that if o € (0,0(ay, ..., ax)), we have Eg(a,-) mﬁg(aj) = @ foreachi,j e
{1,...,k} such thati # j and EZ(“:’) c U foreachi € {1, ..., k}, and hence the
set U\ Ule Eg, (a;) is connected and has a Lipschitz boundary

k k
dU\| B3 =oU U JaBZ(@an).

i=1 i=1

Definition 2.5. Wesay that (1, ..., y) € C(S', N)Kisatopological resolution of
g € C(3U, N) whenever there exist (ay, . .., ax) € ConfU,o € (0, o(ay, ..., a))
andu € C(U\U-_, B} (a;), N) such that ulyy = g and for each i € {1, ..., k},
u(ai +o0)lst = vi.

The definition of topological resolution is independent of the order of the
curves in the k-tuple (y1, ..., yx). Furthermore, if (b1, ..., by) € Conf U @d re
(0,0(b1, ..., by)), then there exists a homeomorphism between U\ Uf: 1 Bé(a,')

and U\ Uf‘: 1 Ef (bi), which shows that the statement of the previous definition is
independent of the choice of the points and of the radius. Similarly, if for each
i €{l,...,k}the map y; is freely homotopic to y; and if g is freely homotopic to
g, then, by definition of homotopy and the fact that an annulus is homeomorphic
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to a finite cylinder, we have that (3, ..., y) is also a topological resolution of g.
Thus, the property of being a topological resolution is invariant under homotopies.

Definition 2.5 can be extended to the case when g : dU — N is a map
of vanishing mean oscillation, namely g € VMO(U, N) and (y1,...,¥) €
VMO(S1 N )k (see [18,19]). Indeed, if ' =~ S!is a closed curve, path-connected
components of the space VMO(T", N) are known to be the closure in VMO(I", \) of
path-connected components of C (I', V) (see [18, Lemma A.23]). Since wl22@uU,
N) € VMO(dU, N), Definition 2.5 extends also to the case when g € W1/%?2
U, N).

Definition 2.6. We say that (y1, ..., y) € VMO, M)* is a topological res-
olution of a map g € VMO(QU, N) whenever (y1, ..., ) is homotopic in
VMO(S', M) to a topological resolution (31, ..., %) of 3 € C(dU, N) which is
homotopic to g in VMO(U, N).

Since Definition 2.5 is invariant under homotopies, and continuous maps are ho-
motopic in VMO if and only if they are homotopic through a continuous homotopy,
Definition 2.6 generalizes Definition 2.5.

2.5. Singular p-Energy

First, we define the minimal length in the homotopy class of a map y €
VMO(S!, M) by

A(y) = inf {/ 17 1dH! - 5 e cl(S, N)
st (2.3)

and y are homotopic in VMO(S', N )} ,

where | - | is the norm induced by the Riemannian metric g of the manifold A on
each fiber of the tangent bundle TN, and since N is isometrically embedded into
RY, | - | is the Euclidean norm.

For each p € [1, +00), using the parametrization by arc length and Holder’s
inequality if p € (1, +00), we have

~1p
inf {/ A dH': % e c'(S', N) and y are homotopic in VMO(SI,N)}
st p

AP
- eorlp’

In particular, if y is a minimizing closed geodesic, then

1
np E
)»()/)=/ ly'ldH! = ((Zﬂ)”_lp/ e dHl) =27y lloo>
St st p

since |y’| is constant for a minimizing geodesic.
Recall that the systole of the compact manifold N is the length of the shortest
closed nontrivial geodesic on A/, namely,

sys(N) = inf{A(y) : ¥ € C'(S', N) is not homotopic to a constant}. (2.4)
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If [S', N1 =~ {0}, we set sys(N) = +o0. Notice that, if [S', N'] 2 {0}, then for
each map y € VMO(S', V), it holds A(y) € {0} U [sys(N), +00).

We now define the singular p-energy of a map g € VMO(QU, N), where
U c R? is a bounded Lipschitz domain. This notion was previously introduced for
p = 2 in [46] and generalized in [56] to p € [1, +00).
Definition 2.7. If p € [1,400), U C R? is a bounded Lipschitz domain and
g € VMO(aU, N), we define the singular p-energy of g by

k

, Ay
g;g(g)zlnf{zm kGN\{O}
i=1 (2.5)
and (y1, ..., yx) is a topological resolution of g}.

Observe that €;g is invariant under homotopies and depends continuously on p.
For each g € VMO(S!, SY), £,°(g) = 27|deg(g)|”/p, where 7 (S!) ~ Z. If
N = §?, then 71 (N) is trivial and for each g € VMO(S!, §?), £,%(g) = 0. If
N ={n®n—1ld:ne S} and gt) = v(t) ® v(t) — 31d, where v(r) =
(cos(t/2),sin(t/2),0) € S? foreach t € [0, 27], then AV is diffeomorphic to RP?,
g € C®(S!, N) and Els,g(g) = 2277”71/17 (see [21, Lemma 19]). The reader may
consult [46, Section 9.3] for other interesting examples in the case where p = 2.

Lemma 2.8. Let U C R? be a bounded Lipschitz domain. Then for each g €
VMOU, N), the function p € [1, +00) Szg(g) is locally bounded and locally
Lipschitz continuous. In particular, if N is simply connected, then Ezg (g) = 0 for
each p € [1, +00). Furthermore, the infimum in (2.5) is actually a minimum and

the set {£,°(y) : y € [S', N} is finite.

Proof. If N is simply connected, then each y € VMO(3U, N) is homotopic to a
constant map, which yields that A(y) = 0 and hence S;,g(g) =0.

Otherwise, [S!, '] # {0} and then sys(\) € (0, +00). This comes, since
N is compact, and hence the length spectrum (i.e., the set of nonnegative real
numbers {A(y) : y € VMO(S!, N)}) is discrete (for a proof, see [45, Proposi-
tion 3.2]). Then, according to [56, Lemma 2.10], p — Si,g(g) is locally bounded
and locally Lipschitz continuous. The fact that the infimum in (2.5) is a minimum
comes from the discreteness of the length spectrum. Finally, since Sf,g is invari-
ant under homotopies and #[S', N'] < 400 by our assumption on A/, the set
{Sls,g(y) .y € [S!, N} is finite. This completes our proof of Lemma 2.8. O

It is also worth recalling the notion of a minimal topological resolution (when
p = 2, see [46, Definition 2.7]).

Definition 2.9. A topological resolution (y1, ..., yx) of g is said to be p-minimal
if
S m)?
e _ i
PO =2 Gty

i=1
and A(y;) > O foreachi € {1, ..., k}.
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2.6. Renormalized Energy of Renormalizable Maps

We recall the definition of a renormalizable map (see [46, Definition 7.1]).

Definition 2.10. Given an openset U C R?,amapu : U — N is said to be renor-
malizable whenever there exists a finite set S C U such that for each sufficiently
small radius ¢ > 0, u € WH2(U\ Uses Bz,(a), N) and its renormalized energy
& (u) is finite, where

& (u) = liminf

0—0+ fU\Uaes Bi(a) 2 = 4

2 Atryp2(, (n))?
|Dul| d Z 9B2(a) 1n<1)‘
Q

(2.6)
We denote by WrL’nz(U , V) the set of renormalizable maps.

For each renormalizable map u i U — N, there exists the minimal set Sy for
whichitholdsu € WU\ U, s, B5(a), N) for each small enough ¢ > 0.1fa €
U\Sy, then A(tragg(a) (u)) = 0 for o > 0 small enough. Thus, the lim inf defining

&M in (2.6) does not depend on the set S. If Sy = @, then u € wbh2U, N) and

&) = [, 'Dg'z dx. If Sy = {a1, ..., a;} with k € N\{0} and (ai, ..., ax) €
Confy (U) (see (2.1)), then, according to [46, Lemma 2.11], the map

Dul? K A(try g (1)? 1
| Du| dx—ZLln(—)

DU B2y 2 i=1 4 @

0€ 0 0(ar,....ar) —

is nonincreasing, where o(aj, ..., ax) € (0, +00) is defined in (2.2). The main
ingredients of the proof of [46, Lemma 2.11] are the use of the additivity of the
integral and the estimate of the energy on the annulus. The latter comes from
the application of the special case of the coarea formula and the comparison of
the angular energy taking into account the definition of the minimal length in the
homotopy class of amap y € VMO(S!, NV) (see (2.3)).

Let U C R2 be a bounded Lipschitz domain, u € Wr{;nz(U ,N) and Sy =
{ar, ..., ax} for some k € N\{0}, where (ay, ..., ar) € Conf U. By [46, Theo-
rem 5.1] (see also [56, Corollary 5.13]), Du € L>*(U,R* ® R?) ¢ L?(U, R’ ®
Rz) foreach p € [1, 2) (see, for instance, [24, Theorem 5.9]), where L2’°°(U, R'®
RR?) denotes the Marcinkiewicz space or endpoint Lorentz space. In addition, we
can define the p-renormalized energy of u by

k P
|Dl/l|p )L(traBQ(a[)(u))
EXMu) = / dx — 2 , 2.7)
! vop — 2-pQmrtp

which is finite and tends to £ (u) as p 7 2.

Proposition 2.11. Let U C R2 be a bounded Lipschitz domain. Ifu € ere’nz(U LN,
then

Slrfn(u) — &M (u) (2.8)
asp /2.
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Proof. For a proof, see [56, Proposition 2.17]. O

Lemma 2.12. Let y € CY(S', N) be a minimizing geodesic in its (free) homotopy
class. Then there exists a renormalizable map v € Wr{gnz(Blz,N ) satisfying the
following conditions.

(1) trg1 (v) = y. If y is a constant map, then v is the constant map.
(ii) For each p € [1, 2), the following estimate holds

Dvl|? Ex
/ DU gy = grengyy 4 220
B2 P 2-p

Proof. 1If y is a constant map, then we define v to be the constant map taking the
same value in A/ as y. Clearly, in this case, the assertion (ii) holds.

If y is not homotopic to a constant, we apply [46, Proposition 8.3]. A key step for
the proof of [46, Proposition 8.3] is to use the estimate of [46, Lemma 2.11], which
is based on the comparison of the angular energy. In particular, let (y1, ..., ¥)
be a 2-minimal topological resolution of y (see Definition 2.9) such that for each
Jell,....k},yj € Cl(Sl, N) is a minimizing geodesic. Then, using [46, Propo-
sition 8.3], together with (2.7), we deduce that there exists v € ere}lz(Blz,N )
satisfying

k sg
Dv|?P r(yi)P Dv|? E
gren(v) — / | U| dx — Z (yl) — / | U| dx — P (y) ,
r B P ~@2-peortp Jg p 2-p
which completes our proof of Lemma 2.12. O

2.7. Several Extension Results

We obtain an extension of the boundary datum with a linear-type estimate.

Lemma 2.13. LetNm € N\{0,1}, p € [1,2], 2 € Wl'p(BB;”(xo),ﬁ) and g =
7w og wherem : N — N is the universal covering of N'. Then there exists a map
w e Wl”’(B;” (x0), N) such that try pm (xo) (W) = g and

p p
||Dw||Lp(3;n(xO)) = Cr||DTg||L1>(aB;n(xO))’ (2.9

where C = C(m, N') > 0. Moreover, w € W2(B" (x¢), N).

Remark 2.14. If m = 3, then w can be chosen as the homogeneous extension of
g. In this case, (2.9) holds with the constant C = m% < 1 and without assuming
that 71 () is finite and g has a lifting. It is also worth mentioning that for each
p € (1,2), the estimate (2.9) holds without assuming that g has a lifting, but the
constant C in (2.9) then behaves like C ~ ﬁ.
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Proof of Lemma 2.13. Since the manifold N is compact and its fundamental group
71 (N) is finite, its covering space A" is compact. Notice that g € W7 (3 B™ (x¢), N),
since 7 : N = N is alocal isometry. According to Nash’s embedding theorem
[49], N can be isometrically embedded into R for some k € N \{0}.If p =1,
we define w(x) := g(xo + r(x — x0)/Ix — xo|) for x € B"(xp) \ {xo} (see [52,
Proposition 2.4]). Then w € W!1(B™ (x¢), N') and

r m—1
|Dw|dx = —— |DrgldH" ",
B (x0) m =1 Jappx)

which proves (2.9) for p = 1.If p € (1, 2], according to [40, Section 6.9], g admits
the extension v € C*° (B! (xo), R¥) satisfying the estimate

DB b g v = CIBIG1-1/00 33 (x00y (2.10)

where C = C(m) > 0. The construction of the extension v is standard: since
dB!" (x) is smooth, using a partition of unity, the problem reduces to constructing
for a given trace u € W!'=1/P-P(Q), where Q = {(x1,x2) e R? : |x;j| < 1, i =
1,2}, a real-valued function U € WP (P), where P = {(x1, x2,x3) € R3: 0 <
x3 < 1, |x;] < 1 — x3}, by the convolution of u with a kernel ¢ satisfying [40,
(2.5.1.1)]. Namely, first, extend u on R? \ Q by u = 0 and next define

1 x/ _ y/
Ux) = —2/ ¢ < ) u(y)dy',
X3 Jx'—y'|<x3 X3

where x = (x/,x3) € R3, x3 > 0. Then, proceeding as in [34, Theorem 6.2],
namely, using Sard’s Theorem and choosing an appropriate locally Lipschitz re-
traction [34, Lemma 6.1], we define w € Wl’z(Bﬁ” (x0), V) (generally speaking,
the statement of [34, Tbeorem 6.2] provides us with a WLP extension, however,
using the fact that 7r1 (V) is trivial, one observes that the locally Lipschitz retrac-
tion coming from [34, Lemma 6.1] belongs to WIL’C‘I (Rk, N) for each g € [1,3),
which, since § € W1/22( B! (x0), N), implies that the extension coming from
[34, Theorem 6.2] is actually a W2 extension in this particular case) such that
trypm (xo) (W) = g and, in view of (2.10),

NP Uild " ~np
”Dw”LP(B;n(xO)) é c |g|W1—l/p,p(aB;n(X0)) § C r”DTg”Ll’(aB;”(xo))’ (2.11)

where C' = C'(m,N) > 0, C" = C"(m,N') > 0 and the last estimate comes
from (A.8). Defining w := 7 o w and using (2.11), together with the fact that
is a local isometry, we deduce (2.9) for p € (1, 2) (since the universal covering is
unique up to a diffeomorphism, we can actually assume that C” depends only on
m and N'). This completes our proof of Lemma 2.13. O

The next lemma provides us with a nonlinear-type estimate on the extension of the
boundary datum, in contrast to a linear-type estimate provided by Lemma 2.13.
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Lemma 2.15. Letm € N\{0, 1}, po € (1,2), p € [po,2), 8 € wl P(0B]" (x0), N)
7 : N — N be the universal covering of N and g = 7 o §. Then there exists a
map w € WP (B™(xo), N) such that try B (xo) (W) = g and

P
||Dw||Lp(Bm(xO)) = Cr P ||DTg||Lp(aBm(xO))v (2.12)
where C = C(pg, m, N') > 0.

Remark 2.16. The estimate (2.12) is based on the fact that 7r1 (V) is finite, since in
this case NV is compact (due to the compactness of N, the manifold N is compact
if and only if 71 (N) is ﬁnlte).NMore precisely, to obtain (2.12), we have used that
the diameter of the manifold A (which is identified with its Euclidean embedding)
is finite. We have used the constant pg to avoid the dependence of the constant C
in (2.12) on p when p is close to 1 (see (A.1)). Notice also that if p is close to 2,
the estimate (2.12) is valid without assuming that g has a lifting, but the constant
C in (2.12) then behaves like C ~ ﬁ

Proof of Lemma 2.15. Let w € W]’z(B;” (x0), N be the map as in the proof of
Lemma 2.13. Using (2.10) and (A.9), we deduce the estimate

~ m—1 ~ p—1
IDBIT g (gyy S C7 7 IDTEN L 5o 5 (2.13)

where C = C(pg, m, N') > 0. Define w = 7 o w. Since 7 is a local isometry,
(2.13) implies (2.12), which concludes our proof of Lemma 2.15. O

For convenience, we recall the next proposition.

Lemma 2.17. Let m € N\{0, 1}, p € [1,4+o0), u € Wl’p(B;"(xo), Y)and v €
wlp (0B (x0), V), where ) is either a Euclidean space or a compact Riemannian
manifold which is isometrically embedded into R* for some k € N\ {0}. Then the
following assertions hold.

(i) For H'-a.e. 0 € (0,7), trypn(xo) () = ulypn(xp) € WHP (@B (x0), V).

(ii) Assume that E C 0B (xo) is bilipschitz homeomorphic to an open bounded
set in R with 1 < m — 1. Then for H™"~D/2_q.e. w € SO(m), try,(£) (V) =
VlwE) € WHP(0(E), V).

Proof. The proof follows using the appropriate coarea formula (see [28, Theo-
rem 3.12] for the assertion (i) and [30, Theorem 3.2.48] for the assertion (ii)) and
the fact that each map u € Wl'p(Bﬁ”(xo), R¥) and v € Wl’p(BBﬁ"(xo), R¥) can
be approximated by smooth maps in C*°(B/" (xp), R%) and C*> (0B (xp), R,
respectively. O

Lemma 2.18. Let p € [1,2) and g € WP (3B2(xo), N). Then there exists u €
WP (B (x0), N) such that trypa () = g and

Dul? Drg|P Ep(r?r

/ 1Dul” 4 < Cr/ DT81” g1 EP OT8 5 1
B(xo) P 9B2(xg) P 2—p

where C = C(N) > 0.
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Proof. Up to scaling and translation, we can assume that » = 1 and xo = 0. First,
if g were homotopic to a constant map, then we would have S;g(g) = 0 and,
according to Lemma 2.13, (2.14) would hold.

Thus, we can assume that g is not homotopic to a constant. Let y € C'(S!, V)
be a minimizing geodesic in the (free) homotopy class of g. Hereinafter in this
proof, C will denote a positive constant that can only depend on N and can be
different from line to line. Let v € Wren (B N) be the map of Lemma 2.12 such
that trgi (v) = y. Define u(x) = v(2x) for each X € Bl/2 Using Lemma 2.12 (ii)
and the fact that g is homotopic to y, we get

Dul|” Dv EF Po
/ | Du| dx=2p_2/ 1Dv? < ey 4 & (®) <cy p(g)’
B, P B2 P 2 p 2-p
(2.15)

where the last estimate comes, since the value £, (v) depends only on p and y and
tends to £°"(v) as p ' 2 (see Proposition 2.11), and hence it is bounded by the
constant depending only on N, since there are finitely many free homotopy classes
and we can fix a geodesic in each one.

Finally, we define u on the annulus B%\Blz/z. Set f(x) := y(2x) for each

X € 8312/2. In view of the Morrey embedding theorem, we can assume that

g € C(S', V). Then g is continuously homotopic to f. Restricting a continu-
ous homotopy between the mappings g and f to the segment [0/2, 0] C B1 \B1 1

forsome o € S!, we obtainamap i € C([ 0/2 o] N)suchthath(c/2) = f(o/2)
and h(o) = g(o). Next, observe that B \ B1 2 is bilipschitz homeomorphic to

(0, 1)? / ~, where ~ is the equivalence relatlon identifying the sides [(0, 0), (0, 1)]
and [(1, 0), (1, 1)]. Thus, we obtain the map wg € C(3(0, D2, N) taking the val-
ues of g on [(0, 0), (1,0)], of f on [(0, 1), (1, 1)] and of /& on [(0, 0), (0, 1)] U
[(1,0), (1, D]. Then wq is contlnuously homotopic to a constant, and the classical
theory of hftmgs says that there exists wy € C(9(0, 12, N) such that wg = 7 oWy,
where 7 : N/ — A is the universal covering map. Let ¢ € C!([0, 1], N be a
minimizing geodssu: joining w((0, 0)) and wy((0, 1)). Since 71 (N) is finite and
N is compact, N is compact and hence there exists L = L(N) > 0 such that
max { fol |c|Pdt : p € [1,2]} £ L (actually, L depends on N , but the universal
covering is unique up to a diffeomorphism, and we can assume that L depends
only on N). Now we define the map @ : 3(0,1)> — A taking the values of
wp on [(0,0), (1,0)]U[(0, 1), (1, 1)] and of ¢'on [(0, 0), (0, H]U[(1, 0), (1, D].
Define w = 7 o w. Then w takes the values of g on [(0, 0), (1,0)], of 7 o € on
[(0,0), (0, D] U [(1,0), (1, 1)] and the values of f on [(0, 1), (1, 1)]. According
to Lemma 2.13 with 312 replaced by (0, 1)2 (0, 1)2 is bilipschitz homeomorphic
to 312 (see [32])), there exists W € WP ((0, 1)2, N) such that
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DW|P Dtw|?P
/ ! dx < C/ ﬂ dH!
onz p 200,12 P

Drol? D+v|P 1 P
<c / D18l dH1+/ DTyl dH‘+/ (o)’ dr
St p St p 0 p

D
gc/ 1P1el” 1 4 ¢,
st p

where we have used that 7 is a local isometry and that f ! |c’'|P dr < C. Passing to
the quotient (0, 1) — BZ\Bl/z, we obtain the map ¢ € W "(32\31/2, N) such
that trg1 (¢) = g, traB]z/2 (p) = f and

[ 1Del” 4, <cf D8l iy 1 c. (2.16)
Bi\Bj, P st p

Next, using (2.4) and if necessary Holder’s inequality, we have

1
-1 P -1
sys(NV) < /él |DTg|d'H1 <Q@2m) »r (Ll |DTg|? dHl) =Qm) » ”DTg”LI’(Sl)'

This, together with the facts that p € [1, 2) and sys(N) € (0, +00) (since g is not
nullhomotopic and A is compact), implies that

P
/ |DTgl” dH >
st p -

2.17)

al -

Define u(x) = ¢(x) foreach x € BIZ\E%/Z. Then u € WI’P(B%,J\/), trqi(u) = g
and combining (2.15), (2.16) and (2.17), we deduce the following

f 1Dul? <C/ D18l a1, Er(®)
B P st p 2-p’

which completes our proof of Lemma 2.18. O

To lighten the notation, for every xo € R?,r > 0 and L > 0, we define the cylinder
and its lateral surface, namely

Ar(x0) == B*(x0) x (=L, L) and T, (x0) = dB>(x0) x (=L, L). (2.18)

Remark 2.19. The next construction is very reminiscent the one proposed by Ru-
binstein and Sternberg (see [51, Section 2]) in the case when the target manifold
is the circle S!, which was extended by Brezis, Li, Mironescu and Nirenberg (see
[16, Section 1]) to the case where the targed manifold is compact, connected and
oriented. Let I' = TI', 1 (xp) for some x¢ € R3, r, L > 0. Then, for each g €
WL2(I, N), we can define the so-called “homotopy class” of g. Indeed, according
to [53, Proposition, p. 267], there exists (g,)neny C C°(I', N) such that g, — g
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strongly in W12(I", R"). Then, using the coarea formula and the Sobolev embed-
ding, we observe that for H!-a.e. z € (—L, L), 582 (x) x (2} (8) = &laB2(xg)x (2} 18
continuous, belongs to W!2(3 B?(x¢) x {z}, V) and

8nlaB2(xo)xlz) > 8laB2(xo)x{2)

uniformly. This implies that, for Hlae. z;,z20 € (=L, L), g|33,?(xo)x{21} is con-
tinuously homotopic to g[5p2(xg)x(z,)> and we can define the “homotopy class”
of g, namely [g]r, by setting [g]r = [g|833(x0)x{z1}]' To simplify our notation,
hereinafter, we shall always write [g]r instead of [g]r,; (xo)-

Lemma 2.20. Let p € [1,2) and g € W]’z(Fr,L(xo), N). Then there exists u €
Wl’p(Ar’L(xo), N) such that trr, ; (xo) () = g and the following assertions hold.

(i) For some C = C(N) > 0, the following estimate holds

/ |Dulp _ 2LEF (gl +C( LP H)/ Drl? 0
Arpxo) P - 2-p rp=1 No(o) P '

(ii) For each z € {—L, L}, trBz(XO)X{Z}(u) € Wl""(Brz(xo) x {z}, N) and there
exists a constant C = C(N') > 0 such that

/ |DtrB,2(x0)><{z}(u)|p aH? < g;g([g]r‘)”27p
B2(xo)x{z} p - 2—p

L\P~! Drg|?
+C (—) + 2 / 1D78l” 302,
r L) Jr ) P

Proof. Up to translation, we can assume that xp = 0. Denote I' = I, 1 and
A = A, . Using the coarea formula, we get some zo € (—L/2, L/2) such that
8lap2xizg) € WH(OB? x {20}, N) and

2
1781 s 2oy = 710780 - (2.19)

First, we define u on (Bf\Brz/Q) x(—L,L).Let f(o,z) := g(ro, z) foreacho € St
andz € (—L,L).Forevery o € [r/2,r],0 € Slandz € (—L, L), we set

flo.8(0,2)) if ¢ €[0o(2), 7],

u(po, z) = {f(c, 20) if o €[r/2, 00(2)],

where

— Wm0 if g g [z, L]

Z
,2) = o) . and
s {+M ifzel-L. ]

0@ =1~ T if z € (20, LI,
r+ % if ze[-L,zo].
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Notice that z +— po(z) is affine on [—L, zg] and on [zp, L]. Also go(—L) =
oo(L) = r/2, 00(zg) = r. Furthermore, £(0,z) € (—L,L) ifz € (—L, L) and
0 € [o0(z), r]. Performing the changes of variables, we have, firstly, the splitting

I Dul? =141I,

LP((B2\B}5)x(20,L))

00(2) L
I::/ dQ/ dHl(a)/ o'=P
r/2 St 20

where

9 P
—f‘ (0,20)dz
do

and
r L 4(L — 2 2
II :=/ dQ/ d'Hl(o)/ o <(—2Z0)+1> ‘8—
00(2) St 20 r 9
P
2
z))) dz.

2-p
Using the fact that % < In(2), the elementary inequality (a + b)g <
a’ + b for each a,b = 0and (2.19), we estimate I by

2))

o
0% |d

I§/ InQ2)(L — zo)r>? of
dJdo

)4
‘ (0, z0) dH' (o)

(2.20)
< In(2)(L — ZO)r”DTg”LP(BBZX{Zo}
and II by
4L — z0)2 '8f ‘2
dH +1) == ,
= 2(L 20) Jzo g/. (U)./ << ) 9z ©8)
2
) dz
2 LS 2 4
< I (M0, / dg/ r ‘%‘ (@, dH (o)
2 r2 20 s! 0z
(L —z0)? p
<2 (7”1)_1 +r> ”DTg”LP(BB,zx(zO,L))’
which, together with (2.20), implies that
p
P < p
DU Lo (52182, x o1 = € <r17—1 + r) 1DT&lLr (r), (2.21)

where C > 0 is the constant that, hereinafter in this proof, can depend only on A/
and can be different from line to line. Similarly, we have

I Dul? (2.22)

<cC L Drg|?
Lo BB x Loy = C \ ot 77 ) 1PT8 e (r)-
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Applying Lemma 2.18, we define u on Brz/2 X {zo}, satisfying

p o 2—p p
[ e XLl +Cr/ Dral”
r/zx{z()} 2 dB2x{z0}

P o R P (2.23)
g([g]r)r2 P / |Drgl?

where to obtain the last estimate, we have used (2.19). Since u restricted to 883/2 X
(—L, L) is independent of the z-variable, we can define u(oo, z) = u(oo, zo) for
every o € (0,r/2],0 € Slandz € (—L, L). At this point, u is defined on A and
u € WhP(A, N). Observe that, integrating both sides of (2.23) with respect to
z € (—L, L), we obtain that

DulP 2LEY 2-p DrglP
f |Dul” 4, < 2EEp d8ID)r +Cr/ IDT8I" 132 (224
X (=L,L) r p

p 2—p

Combining (2.21) with (2.22) and (2.24), we complete the proof of the assertion
).

Lastly, looking at the definition of u, one observes that tr B2x(z) (u) e whrp (B2
{z}, N) for each z € {—L, L}. In particular, if z = L, then, settmg

III = ||DtrBz (M)HLP((BZ\BZ 2)><{L}

we deduce

2

111</ dQ/ (4(L )
2 L)

_ 4L - z0) / of

= 2(L—zo)< 2 T4 o alm\s

r 4(L — zp)P >/ 2
< 4 Dtg|P dH
_2(L—zo)( Py + F| T8l

p—1
§C(<L> +’)/ \D1gl? dH>.
r L) Jr

This, together with (2.23), proves the inequality of the assertion (ii) for z = L.
Similarly, one obtains the same estimate for || D g2 ry(u) ”LP(32 (L))’ which

completes our proof of the assertion (ii) and of Lemma 2.20. O

P
af |7 1 |af|? 2

f‘ (0. &G, L)>+—2‘—f‘ (a,ag,L») aH! (o)
0z 0° | do

7 50 ) dH! (o)

2.8. Minimizing p-Harmonic Maps

Given an open bounded set U C R?, recall that a mapping up € whru, N)
is a p-minimizer in U whenever the following holds

Du,|P Du|P
/ ﬂdx:min{ | Dul dx :u e WhP(U, N, u—upeWg’p(U,Rv)}
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In particular, if U has a Lipschitz boundary, then u, € Whr(U,N) is a
p-minimizer in U if and only if

/ de = min {/ | Dul” dx :u e WHP(U,N), tryp(u) = traU(up)} .
v p u p
When appropriate, we shall simply say that u, is a p-minimizer.

The next proposition says that if p € (1, 2), then for every p-minimizer in
Q which is equal on 92 to some fixed mapping g lying in W1/22(3Q, V), the
p-energy is bounded from above by C((2 — p)_l), where C > 0 is a constant
depending only on g, 32 and .

Proposition 2.21. Let g € WY/22(3Q, N) and p € (1,2). Then there exists a
positive constant C depending only on 32 and N such that if u,, is a p-minimizer
with tryq(upy) = g, then

|Dup|?
(2 - p)'/;z Tpdx é C|g|l‘;/l/2,2(3gz’R\})'

Proof. Inasmuch as g € W1/22(3Q, N), it holds g € W!=V/P-P(3Q, RY) (the
main ingredients in the proof are Holder’s inequality, the Sobolev inequality for
fractional Sobolev spaces (the reader may consult [1, Theorem 7.57], [55, Sec-
tion 3.3] and [14, Theorem 1]) and the fact that 322 x 3Q = | J'_, ¢; (B?) x ¢; (B?)
for some n € N\{0}, where ¢; is a bilipschitz map; see also [27, Proposition 2.1])
and

|g|Wl—l/p,p(aQ,Rv) é C|g| W1/2,2(391RV). (225)

According to [34, Theorem 6.2], there exists v € WP (Q, N) such that tryq (v) =
g and

2 DI 4 < gl 226

( - P) X = |glwl—1/p.p(3Q’Rv)' ( . )
Q P

Next, using the direct method in the calculus of variations (notice that p € (1, 2)),

we deduce that there exists a p-minimizer u,, such that trypo(u,) = g. In view of

the minimality of u, and the estimates (2.26), (2.25), the following holds

|Duyl?
@-p) /Q O 4 < Clelynpnm S Clelneanm @20

for some C” = C” (92, N) > 0. This completes our proof of Proposition 2.21. O

We also recall the following fact. Let u € W1P(Q, N) be a p-minimizer.
Fix an arbitrary £ € C2°(, RR?), which is not identically zero. Define gy =
min{dist(x, d2) : x € supp(&)}. If s € (0, 00/l€llo0) 1s small enough, then the
mapping ¢s(x) = x + s&(x), x € Q is invertible. For each s > 0 small enough,
define uy(x) = u o @ (x) for each x € . Since u minimizes the p-energy,
% fQ |Dug|? dx|s=0 = 0. This, together with the facts that D(ps_logos = (D(ps)_l,
(Do)~ T =1d — s(DE)T 4 O(s?) and det(Dgy) = 1 + s div(€) + O(s?), implies
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|Du|? Du®Du

——Id— 5
[Dul>=P

Namely, we have the following integral identity

that the stress-energy tensor 7,7 = is (row-wise) divergence free.

3
/ > (1DulPs; j — p|DulP~*(Diu, Dju))Dijdx =0 V& € CHQ.RY),
2 =1
(2.28)

where §; j = 1if i = j and §; ; = O otherwise. A map satisfying (2.28) is called
p-stationary or simply stationary.
3. Extension from Triangulation

3.1. Lower Bounds for the Energy

We begin with the following simple estimate.

Lemma3.1.If p € [1,2], § € (0,400) and g € W'P(S',RY), then, defining
v(x) := g(x/|x|) for each x € B12+6\B%, we have v € Wl’p(Bleré\Bz, R¥) and

/ |Dv|? dx < 5/ |DTg|P dH'.
B} 5\B1 s!

Proof. If p € [1,2), then v € WP (B? \B?, R¥) and

1+8
146
[ purar = [ ot [ inrgpan!
B}, ,\B? 1 st
(1+8)>7—1

Since 1 < p < 2, the function ¢t € [0, 4+00) — #>~P is concave and hence
(1+48)277 <1+ (2 — p)s. This, together with (3.1), completes our proof of
Lemma 3.1, since the case p = 2 is similar. O

Recall that if p € [1,2) and m;(N) % {0}, then the set C°°(Br2(xo),./\/)
is not dense in W7 (Brz(xo),./\/' ). In fact, in the latter case there exists a map
y € Wl’p(8B,2(x0), N), which is not nullhomotopic. Defining u(x) = y(xo +
r(x — x0)/|x — xo|) for each x € Bf(xo)\{xo}, we have u € Wl’p(Brz(xo),N).
Assuming that there exists a sequence of smooth maps u,, : Brz(xo) — N such
that u, — win WP (Br2 (x0), RY), and using the coarea formula together with the
Sobolev embedding theorem, we could find some ¢ € (0, r) such that u,|, B2(x0)
converges uniformly to tr, B2(x0) () = uly B2(x0)" But this would lead to a con-
tradiction, since uy,|; B2(x0) is nullhomotopic contrary to u/, B2(xo)* This type of
counterexample has its roots in the seminal work of Schoen and Uhlenbeck (see
[53, Example]). Nonetheless, as was first observed by Bethuel and Zheng for the
circle S! (see [13, Theorem 4]) and generalized by Bethuel (see [8, Theorem 2]) to
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general compact Riemannian manifolds, Sobolev maps in Wl'p(Brz(xo), N) can
be approximated by continuous maps outside a finite set of points in B,2 (xp). For
the reader’s convenience, we recall Bethuel’s theorem, slightly modified for our
purposes.

Theorem 3.2. Let p € [1, 2). Then everymap u € Wl’p(Brz(xo), NN C(Brz(xo)\
Brz/2 (x0), N) can be approximated in WI’IT’(BV2 (x0), R") by maps u, € Whr
(Br2 (x0), N') which are continuous outside some finite set of points A, C Brz/2 (x0)
such that u, = u on Br2 (xo)\B32r/4 (x0) and u, |aB§(a) is not nullhomotopic for each
a € A, and for each sufficiently small o > 0 depending on n.

Sketch of the proof. The proof consists of covering Br2/2(xo) with “good” and “bad”
balls with respect to the p-energy of u, relying on an argument based on the coarea
formula, and by changing u inside each good and bad ball from the covering by a
smooth function in the case of a good ball and a smooth beyond the center of the
ball in the case of a bad ball; the reader may consult [8, Theorem 2], where the balls
are replaced by cubes. We only need to clarify that u,|; B2(@) is not nullhomotopic
for each a € A,, and for each sufficiently small o > 0. In fact, otherwise, using the
coarea formula, we could modify u, inside a ball Bé2 (a), where § € (0/2, o) for
some sufficiently small o > 0, with the quality of the approximation controlled by
the energy of the original map on the ball Bf, (a), so that the modified map u,, is

continuous on Bg (@). o

Proposition 3.3. Ler p € (1,2), u € WHP (B} (x0), N) and tryga () € WP
(0 B,2 (x0), N). Then the following estimate holds.

p DT tr p Potd tr. u))r2=r

/ [Du| dx —I—r/ | DT 33}()50)(”” aH! > P/(P*l)( dBrz(xO)( ) ’
B}(xq) P 9B2(x0) P 2-p

Proof. Up to scaling and translation, we can assume that »r = 1 and x¢p = 0. Since

p > 1, in view of Morrey’s embedding for Sobolev mappings, without loss of

generality, we suppose that trg1 (1) € C (S', N)). Define the mapping v : B22 - N
by

o) i {trgl @)(%) ?f x e Bg \ B2,
u(x) if x e By.

Then v € W“P(B3, N) N C(B3\B}, V). By Lemma 3.1 applied with § = 1, we
obtain

/2 |Dv|? dx < /2 |Du|f’dx+/Sl |Dt trg1 (u)|? dH. 3.2)
B B

2

By Theorem 3.2, there exists (v,),eN C Wl’p(Bzz,N') such that v, — v in
Wl’P(Bz, RY) and for each n € N, v, is continuous in BZZ\An, where A, C Bl2 isa
finite set of points; tr, B (vp) 1s homotopic to trgi (#); for each pointa € A, and for
each sufficiently small radius ¢ > 0, v,|; B2(a) is homotopically nontrivial. Next,
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using [56, Corollary 4.4] with§ = 1 < dist(a, 83%) (in the statement of [56, Corol-
lary 4.4], § is assumed to satisfy the same assumptions as in [56, Proposition 4.3])
tov, € Wl”’(Bzz, N) with the set of singular points A,, we get

sg sg
Epjip—1) Ts1 ) = &1ty g2 (V)
(p—pr! / LT

X
(@m)/p)*=P Jg3 P (3.3)

Du, |P
< <2—p>f Dvnl” g
B} P
since the singular p-energy is invariant under homotopies and tr, B (vy) is homo-
(p—br~!

* (@m)/p)*P
Remark 3.4. Adapting the proof of [56, Proposition 4.3], yields a variant of the
latter, where the estimate depends on sys(/N). Therefore, one can obtain a variant
of Proposition 3.3 with the estimate depending on sys(N'). More precisely, if

S2-p

topic to trgi (#) and since for 1 < p <2 < 1. |

/ |Du|pdx+r/ |DTtr33rz(x0)(u)|f’dH1 > 0,
B2 (x0) dB2(x0)

then one can obtain the estimate
2-p 1
—_— |Du|? dx + r | DT try g2y (|7 dH
P B2 (x0) 9B2(x0) '

zcgls)g(trBB,z(xo)(”))p re b,

2-p
where C = (((Szysgﬁf)l); ) . This is an upper bound of &,%(trgi (1)) by the p-
energy, which is in one instance better than the control in Proposition 3.3 of
5;‘(’; ( pil)(trgl (u)) by the p-energy. However, the estimate depends on sys (). Since
we prefer to avoid the use of estimates depending on the systole, we decided to

keep the estimation of Proposition 3.3.

3.2. Lipschitz Triangulations of S*

For a given integer n € N \ {0}, we shall call the uniform 1-dimensional grid
of step 1/n in 3[—1, 1]3 the set of all points x € d[—1, 1]° such that nx; € Z for
alli =1, 2, 3 except for at most one.

The uniform I1-dimensional grid of step 1/n gives the decomposition of
d[—1, 1] into mutually disjoint sets (points, edges and two-dimensional cells),
namely

2 ki

o117 = JJ Eij. (3.4)

i=0 j=1

where {Eoj, j € {1.....ko}} := ((1/m)Z?) N d[—1, 1]* and each set E; ; with
i € {1, 2} is bilipschitz homeomorphic to Bj In- It is worth noting that for each
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integer [ € N\{0}, the cube (0, 1)? is bilipschitz homeomorphic to B{ (see, for
instance, [32]).

Leté € (0, 1] and n = |1/8], where | - | denotes the integer part. In view of
(3.4), we obtain the following decomposition of S? into mutually disjoint sets

2 ki 2 ki
s = U U Fij= U U o Pg (Ej j), (3.5)

i=0j=1 i=0j=1

where Py, : R3\{0} — S? is the radial projection (P2 (x) = x/|x|, x € R3\{0}),
w is an element of SO (3), {Fo,1, ..., Fo,k,} is the collection of points and for each
F; j withi € {1, 2}, we have a bilipschitz homeomorphism

®; ; : Fij — Bj with | Dr®; il ) + ||D(q)i,j)_l||L00(3§) < Ay, (3.6)

where A1 > 01is an absolute constant. The map ®; ; in (3.6) extends by continuity
to a bilipschitz map between f,-, j and §f§ with the same bilipschitz constant A; as
in (3.6).

If (3.5) and (3.6) hold for some w € SO(3), we shall call the decomposition
(3.5) a uniform Lipschitz triangulation (or simply a Lipschitz triangulation) of
step § of S2. The points Fo 1, ..., Fok, will be called the vertices and the set
Ui U?:l F; j the 1-skeleton.

To lighten the notation, we denote the collection of 1-skeletons of all Lipschitz
triangulations of step 8 of S* by RTj, namely

1 ki
RT; == | J|JwoPx(Ei)j) :wes03);.
i=0j=1

where the E; ;’s come from (3.4) for n = | 1/8]. The importance of the rotation w
in the definition of RTs will be illustrated a little later, for example in Lemma 3.7.

Let us now define a Sobolev space on a finite union of bilipschitz images of
d-cubes (or d-dimensional intervals), in particular, on the 1-skeleton of a uniform
Lipschitz triangulation of the sphere S”.

Definition 3.5. Letd, N € N\ {0}. Foreach p € [1, 400) and for each set & C R¢
being the closure of U1N=1 ®; ((aj1, bi1) x ... X (ajq, big)) =: UlN:1 Af, where for
eachi € {1,...,N}, ®; : (ai1,bi1) X ... x (@jq, big) — Al‘.i is a bilipschitz
homeomorphism and, in addition, A¢ N Ajf. =@ifi #j,je{l,...,N}, we
define W7 (%, R¥) by

WP (s, R = {u: © — R* is Borel-measurable : M|A? c Wl’p(A?, RY),

traA;’(’”A;’) = u|M;1 foreach i € {1,..., N}},

where BA? denotes the relative boundary of Al‘.l. Foru € WLP(Z, RF), we set

N P
_ P
litllwr.pcz ey = (Z IlulAfllwl,M;f.Rk)) :

i=1
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If Y is a compact Riemannian manifold which is isometrically embedded into
R¥, then WP (Z, )) is defined by

W2, ) ={ue WP, R :ue) ae in o).

Proposition 3.6. Let p € [1,2],6 € (0,1], ¥ € RTs and g € W]’P(E,N) (see
Definition 3.5). Assume that for each 2-cell F from the Lipschitz triangulation of S*
generated by X, the map g|yF is homotopic to a constant, where  F is the relative
boundary of F. Then there exists U € W12(S2, N), where 7+ N — N is the
universal covering of N, such that try (7 o V) = g and

/2 |DT7|P dH? < ca/ |Drg|? dH',
S z

where C = C(N) > 0.

Proof. We have S = | J F and ¥ = | JdF, where the unions are taken over all
2-cells from the Lipschitz triangulation of S* generated by X, see (3.5).

Step 1. Fix an arbitrary 2-cell F from our Lipschitz triangulation of S?. We know
that g|sF is homotopic to a constant. Let & : F — E(% be the extension of the
corresponding map coming from (3.6). Then, by the classical theory of continuous
liftings, gla r od~! |aB§ has a continuous lifting, which is also Sobolev; this, together

with Lemma 2.13 and the estimate (3.6), implies that there exists v € WL2(F, N)
such that tryr(v) = glyr and

/ |DTvl? dH? < cs/ |DTg|? dH', (3.7)
F IF

where C = C(N) > 0.

Step 2. Letv € L®(S2, \) satisfy v|r = v for each 2-cell F from our Lipschitz
triangulation of S?, where v is the mapping from Step I corresponding to the cell
F. Since vp € WL2(F, ) and tryp(vp) = glar, we have v € wh2(S?, N).
In particular, there exists a map ¥ € W12(S?, NV) such that v = 7 o ¥ (see, for
instance, [11, Theorem 1]). Next, using (3.7) and the fact that each 1-cell of our
Lipschitz triangulation of S? lies in the relative boundary of exactly two 2-cells,
since 7 is a local isometry, we get

/ |DTo|P dH> :/ |DTv|P dH? = Z/ |Dv|P dH? < 2c5/ |DTgl? dH!,
§2 S? F z

where the sum is taken over all 2-cells F. This completes our proof of Proposi-
tion 3.6. O

Lemma 3.7. Let p € [1, +00)andg € WP (S2, )), where ) is either a Euclidean
space or a compact Riemannian manifold. Let§ € (0, 11and & € RTs. Thenfor H>-
ae.w € SOQ), tryx)(8) = glux) € W]’P(a)(E), Y). Furthermore, there exists
a rotation w € SO (3) such that we have try,(s)(g) = glw(s) € WP (w(T),))
and

A
f Drgl? dH! < —2f \Drgl? A1,
() 3 Js2

where A> > 0 is an absolute constant.
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Proof Since Y € RTs, there exists w € SO(3) such that X
= Ui U _w(Eij) = Ui U]]c’zl F; j and hence ¥ = U]]“:] F1,j, where the
E; ;’s come from (3.4) for n = [1/6]. Fix an arbitrary j € {1, ..., ko}. Let fl,jl
and F1_j, be two edges emanating from Fy ;. Denote V = F; j, U Fy j,. Then, in
view of (3.6), there is a bilipschitz mapping W : B} — V. Denote U = W (B)).
Applying Lemma 2.17 (ii) with v = g and £ = U, we have tr,)(g) = glow) €
WP (w(U),Y) for H3-a.e. w € SO(3). Furthermore, for each @ € SO(3) for
which g|,w) € WLP(w(U), ), there exists a unique mapping & € C(w(V), ))
such that gl,@w) = h H'-a.e. on w(U), since w(U) is bilipschitz homeomor-
phic to Bal. Thus, successively applying Lemma 2.17 (ii), altogether we obtain
that there exists £ C SO(3) such that H3(E) = 0 and the following holds. For
each o € SOB)\E and j € {l,... k1} we have tror ;)(8) = &loFr)) €
Wl’l’(a)(Fl,j), Y) and there exists a unique mapping 2 € C(w(X), )) such that
o) (8) = &lucz) = h H'-ae. on w(X), namely g, (x) € WHP (0(X), ) (see
Definition 3.5). Next, according to [30, Theorem 3.2.48],

H'(2) )
d63(w) |DrglP dH! = / |DTg|P dH?, (3.8)
/0<3> (%) H2(S?) Jg2
where 63 = (H3(0(3))) "' H3LL O (3) is the Haar measure of the orthogonal group
O (3) such that 63(0O(3)) = 1. Denoting

IHI(Z)
A= 0@3): Drg|P dH' < / P qH?
{we & /w(2)| TR < Sa) ) 1P H}

we observe that 83(A) = 2/3, otherwise (3.8) would not be true. Thus, 3(A N
SO3)) = 1/6, since 03(0(3)\SO(3)) = 1/2. On the other hand, using (3.6), we
get H(>=) L C /8, where C > 0 is an absolute constant. This completes our proof
of Lemma 3.7. O

Lemma 3.8. Let pg € (1,2), p € [po,2), 6 € (0,1] and ¥ € RTs. Let F be
a 2-cell of the Lipschitz triangulation of S* generated by X. Then there exists a
constant g = ao(po, N) > 0 such that the following holds. If u € WHP(F, ),
tryr (u) € WHP(QF, N) and

Dru|P Dt P §2—p
/ﬂdeH/ [DTtrar@)I7 1 o %087 7 (3.9)
F P aF p 2—p

then tryp(u) is homotopic to a constant, where 0 F denotes the relative boundary
of F.

Proof. Let® : F — Ba2 be a bilipschitz mapping coming from (3.6). To lighten
the notation, denote v := u o ®~!. According to Definition 2.7 and (2.4), if a map
y € WhP( Bg, N) is not homotopic to a constant, then

Sys)) P T(p = 1) _ e
1 = "p/(p—1

Qm)r=tp

(). (3.10)
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Let g > 0 be a constant, which will be defined a little later for the proof to
work. Next, using Proposition 3.3, the chain rule for Sobolev mappings, [30, The-
orem 3.2.5] and (3.9), we get

S8 2—p p
Sp/(p_l)(trwg(v))ts / |Du|P 0P s 8/ | D7 try g2 (v)] o
2-p B P 282 p
C(x082_”
2-p

[IA

, (3.11)

where C > 0 is an absolute constant. Now we define

- {(sys(N))v"—l(p -1
o) = min

T . p € [po, 2]} :
20Q27) 7T p

In view of the estimates (3.10) and (3.11), tr, B (v) is homotopic to a constant, and

hence tryr(u) is homotopic to a constant. This completes our proof of
Lemma 3.8. o

The next lemma provides us with an extension to a 3-cell of given mappings on
a 2-cell with appropriate energy control.

Lemma 3.9. Let p € [1,2],8 € (0, 1]andforeachi € {0, 1}, g; € WHP((0, 8)2, N).
Iftry.52(8i) € WP(3(0,8)%, N) and if

try0,6)2(80) = try(,52(81), (3.12)

then there exists w € WP ((0,8)3, N) such that tro,s)2x(isy (W) = gi for each
i €{0,1}and

1
f |Dw|? dx §A35Z/ |Dg;i|? dH>
0.6)2 = J 0.2

+ A38? /3(0 " | D tryo,52(g1)1” dH',

(3.13)

where Az > 0 is an absolute constant.

Proof. Denote E = 3(0, 8)>x (0, §). We define w on E by w| (x) = tra(o’a)z(gl)(x’),
where x = (x',x3) € E. Since try52(g1) € W'P(0(0,8)% N), we have
wlg € WLr(E, N). Using [30, Theorem 3.2.22 (3)] and changing the variables,
one has

/ |Dw|P dH? = 8/ |DT tra«),a)z(gl)ldel. (3.14)
E 3(0,8)
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Next, we define the map w/; (g 53 : 0(0, 8)> — N by

g1(x") if x = (x,x3) € (0,8 x {8},

try0.52 (8 () if x = (x', x3) € 3(0, 8)* x {8},
wla0,53 (%) = wle(x) if x € E,

try0.52(g0)(x) if x = (x', x3) € 8(0, 8)* x {0},

go(x") if x = (x',x3) € (0,8)2 x {0}.

Then, in view of (3.12), we deduce that w|3(0’5)3 e Whr((0, 83, N) and
tro.52x(is) (W) = gi for each i € {0,1}. Let ¥ : B} — [0,8]° be a bilips-
chitz homeomorphism with an absolute bilipschitz constant (see [32, Corollary 3]).
Notice that w|a<o,a)3 o \IJ|BB§ € Wl”’(aBg, N). Thus, defining v(x) = w|3(0’5)3 o
W (dx/|x|) foreachx € Bg’\{O} andusingthat p € [1, 2], wehavev € W“’(Bg’,]\/).
Next, setting {(x) = x/|x| for x € R3\{0}, using the special case of the coarea
formula, [30, Theorem 3.2.5], the fact that p € [1, 2] and the chain rule for Sobolev
mappings, we obtain the following chain of estimates

s
f|Dv|pdx=/ dr/ 8P|D(w o W)(82(0)) o DE(0)|P dH?(0)
B} 0 9B}

) 2—
:/ (f) pdr/ |DT(w o W)|” dH?
0 \8 B3

< 5/ | D7 (w o W)|? dH?
aB;

(3.15)

< C(S/ |Drw|P dH2,
9(0,8)3

where C > 0 is a constant depending only on the bilipschitz constant of W.
Then, defining for each x € (0, 8)I\{¥(0)}, wx) = v(¥~(x)), we observe
that w € WHP((0, 8)3, NV), since v € Wl'p(Bg,N) and W is bilipschitz. Using
[30, Theorem 3.2.5], the fact that W is bilipschitz and (3.15), we have

/ |Dw|? dx < c’/ |Dv|? dx < c”s/ |DTwl|? dH?,
(0,6)3 B} 3(0,5)3

where C” > 0 depends only on the bilipschitz constant of W, which is an abso-
lute constant. This, together with (3.14), yields (3.13) and completes our proof of
Lemma 3.9. O

Using Lemma 3.9, we obtain the next Luckhaus-type lemma (see [42, Lemma 1]).

Lemma 3.10. Let py € (1,2), p € [po,2),8 € (0, 1) and g € WP (S, N). Then
there exists a constant a = a(pg, N') > 0 such that the following holds. Assume
that

dH? < —— (3.16)

/ |Drgl? @8> P
2 p ~2-p’
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Then there exist mappings ¢s € Wl’p(Bf\E?_é, N)andv € WH2(S2, ]\N/'), where
7 : N — N is the universal covering of N, such that

tree (935) = g, tre2 (9s((1 = 8))) =7 oV, (3.17)

and the following estimates are satisfied

/Bf\B?—a

/Sz |D1( 09)|P dH? = /82 |DTY|P dH? < cfgz |DTg|” dH?, (3.19)

| Dgs|? dx gca/ |DTglP dH?,  (3.18)
SZ

where C = C(N) > 0.

Proof. Let oy = ap(po, N) > 0 be the constant given by Lemma 3.8. Define
o = ag/2A;, where Aj; is the absolute constant of Lemma 3.7. Without loss of
generality, we assume that Ay 2 1. Then « depends only on pg and V. In view of
Lemma 3.7, the estimate (3.16) and the definition of «, there exists ¥ € RT§s such
that try (g) = glx € W'P(Z, N),

A
/ Drglran! < 2 /S IDrgl? ¥ (3.20)
)

and for each 2-cell F from the Lipschitz triangulation of S? generated by %,

Drgl|? Drgl|? Drgl|? §2-p
/ ﬂd}ﬂ_Hg/ ﬂd?{l §2A2f ﬂ(nﬂ < ao_’

N oF D s P 2-p
where d F denotes the relative boundary of F'. This, according to Lemma 3.8, implies
that g[, F is homotopically trivial for each 2-cell F' from the Lipschitz triangulation
of S? generated by X. By Proposition 3.6, there exists 7 € W12(S?, N) such that

try (7 o V) = try(g) and
/ |Dr(no?})|1’dH2=/ |DTY|P dH? < C5/ |Drg|? dH', (3.21)
S? S? b

where C = C(N) > 0. In (3.21) we used that 7 is a local isometry. Using (3.20)
and (3.21), we get (3.19).

The Lipschitz triangulation of S* generated by ¥ yields the decomposition of
B3\ B3 _; into the cells

D,-,j:{xeR3:(1—a)<|x|<1, ﬁeFi,J-}, (3.22)
X

wherei € {0,1,2}and j € {1, ..., k;} (see (3.5)). Notice that D; ; is of Hausdorff
dimension (i +1). Fix an arbitrary 3-cell D := D5 ; from the above decomposition.
Let F be the 2-cell of the Lipschitz triangulation of S? generated by ¥ such that
D={xeR¥:(1-8 < x| <1, é—‘ € F}. Fix a bilipschitz homeomorphism ® :
[0, 81> — D with an absolute bilipschitz constant (see (3.6)) such that ®((0, §)* x
{0}) = (1 —8)F and ®((0, §)> x {8}) = F. Applying Lemma 3.9 with go and g
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taking the values of 7 o Vo (%)ho’é)zx{o} and g o @[ 5)2(1) respectively, we
obtain a mapping ¢; € W1P(D, N) satisfying the estimate

/|D¢j|pdx <C's (/ |Dﬁ|f’dH2+/ |DTg|1’dH2)
D F F

+C'8? / |DTg|? dH', (3.23)
oF

where C’ > 0 is an absolute constant.

Let 95 € L®(B;\B3 5, N) satisfy @slp,; = ¢j € WLP(Dy ;, N) for
each 3-cell D; ; from the decomposition (3.22). In view of our construction (see
Lemma 3.9), we can ensure that the traces of the maps ¢; coincide on the mantles
of the cells D5 ; and hence g5 € W”’(Bf \E?ﬂs, N). Summing (3.23), where
D=D;jand F = F, j,over j € {1, ..., kz}, taking into account that each 1-cell
of the Lipschitz triangulation of S* generated by ¥ lies in the relative boundary
of exactly two 2-cells from this triangulation, and also using (3.19) together with
(3.20), we deduce the following chain of estimates

ko

Dy |? dx < C's /
/;313\3?—5 Z P,

D37 dH2 + / |DTg|f’dH2)
j=1 / /

J Fj

+2c’52/ |Drg|P dH!

>

<’ f |Drg|? dH?,
S2

where C” = C”(N) > 0. This completes our proof of Lemma 3.10. mi

We state now an n-extension with sublinear growth, which will turn out to be
the key tool in the proof of our n-compactness lemma (see Lemma 3.12).

Lemma 3.11. Let pg € (1,2) and p € [po, 2). There exist constants ng, C > 0,
depending only on py and N, such that if g € WP (d Br3, N) satisfies

D-olP 2—p
/ D78l g2 < 70 (3.24)
aB}

p 2—-p’

then there exists u € W”’(Bf, N) such that tryps (u) = g and

1
Dul|P 2 Dg|P =3
/ | Dul deCrI'</ 1D78l” de) " (3.25)
B} P B3 P

Proof. By scaling, we can assume that » = 1. Letting § € (0, 1/2], which will be
fixed later for the proof to work, we define

no = a8’ P, (3.26)

where @ = a(pg, N) > 0 is the constant of Lemma 3.10. Then, by (3.24) and
(3.26), (3.16) is satisfied in Lemma 3.10 applied with § and g, which yields ¢; €
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wl V(B3\Bl 5 N)andv € Wh2(S2, ./\N/), satisfying the condition (3.17) together
with the estimates (3.18) and (3.19). Using Lemma 2.15 with the boundary datum
7 o, we obtain a map w € WP (B3, N) such that trge (w) = 7 o U and

-1 1—1
D p
/3|Dw|de§c(/2|DT’u“|1’dH2> ”gc’(/2| 78! dH2> "32
B s e P

where C = C(pg, N) > 0 and C' = C'(po, N) > 0. In the last estimate we
used (3.19) under the condition that p € [po, 2). Now we define the mapping
u: By — N by

s (x) if x€B3\Bl 5

1-46

w(lié) if xer_é.

Observe that u € Wl’p(Bf,N) and tree(u) = g (see (3.17)). Using this, (3.18)
and (3.27), we have

1
Dul? D+olP -7
/ ﬂdxgc/(f [Drel” dH2> ’+c’5/ 1D18l” 132 (3.28)
B P s P s P

where we assume that C’ is large enough so that (3.18) is valid with C = C’. Now
we need to distinguish between two further cases.

Case 1: 1f [ IPTEE dH2 < 1, then [, PLEE d? < (f, 12280 a7,
which, in view of (3. 58) yields

1
DulP Drg|? -3
/ 1Dl 4, <2c/</ 1Drel” dH2> " (3.29)
B P e P

Case 2: When sz % dH? > 1, we need to fix § so that 827 = const and
8 <2 — p. This holds for

1\ ¢ 1\ o
const = (—> and § = (—) , (3.30)
e e

since inf ec(0,+o00) X% = (1/e)'/¢. This defines our § and hence 19 (see (3.26)).
Using (3.24), (3.26), (3.28), (3.30) and the fact that fsz % dH? > 1, we obtain

p p - Ty §3-P
f |Du| dr<c </ |DTgl dH2> P N C'as
B P s p 2-p

1

, _1

<c” (/2 |D;g| de) " (3.31)
S

-1
Szc”(/ 'DTg|de2> !
- sz p

u(x) = no?f( a ) if xeaBl_a,
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where C” = C”(po, N') > 0. The estimates (3.29) and (3.31) imply then, up to a
scaling, (3.25). This completes our proof of Lemma 3.11. O

Now we prove our n-compactness lemma.

Lemma 3.12. Let k € (0, 1), po € (1,2), p € [po,2) and let E = W(B}) C R?
be an open set, where W : Br3 — R3 is a bilipschitz homeomorphism onto its image
with a bilipschitz constant L 2 1. There exist n, C > 0, depending only on k, po,
L and N, such that ifu, € WULP(E, N) is a p-minimizer and satisfies

Du.|P 3-p
Dupl® e <18 (3.32)
E P 2—p
then
D P
/ Dupl” 4o < o3, (3.33)
w(Bl) P

Remark 3.13. Letus point out that the dependence on p in Lemma 3.12 is essential,
since it is used in Lemma 5.2.

Proof of Lemma 3.12. We define v p = up oW, so that, by the chain rule, we have
v, € WHP(B3, N) and

Duv,|P Du,|P
/ 1Dvpl” 41 < L3+”/ [Dupl” 4. (3.34)
B} P E P

Let no > O be the constant of Lemma 3.11. We define
G, = {Q € (kr,r): traBS(v,,) = Up|333 e WhP@B3, N)

and/ MdHZSM_
0B} P T 2-p

In view of (3.34) and (3.32),

H ((kr,r)\ G ) <

-p /' [Dv,|P dr < L3+1’77r < Lsnr
B P = no?P T ok

PR < = (335)

Choosing

o1 — 1)
1=
and using (3.35), we obtain that

H'(G)) = “_TW (3.36)
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If o € G, then

2— 2—
/ |Dvp|? M2 < no(kr)=" < e "
0B} P 2-p 2-p
Thus, letting vg : BS — N be the extension of v, |, B} given by Lemma 3.11, we
have by the p-minimizing property and the bilipschitz invariance,

p 4 Q —1\p
Il Ly LTy LU AL S
B W(B3) W(B3)

P B p P

Qp P -5
< L3+P/ de < CL3+PQ%</ Mm-ﬂ) !
B, p 3B} p

3
Q

3
Q

(3.37)
for each ¢ € G, where C = C(po, N) > 0. We define now the function F :

[kr,r] — [0, + c0) by
Duv.|P
Flo) = / 1Dop|” 4
B P
Without loss of generality, we assume that F(kr) > 0, because otherwise (3.33)

follows. The function F is absolutely continuous and for every ¢ € G, we have
by (3.37),

P
Dv,|? F(o)r T
Fo=[ Prlaez 00
aB; P 07T
and thus
-1 -1 -1 roF d
pszL_pLZ/ (Qf,dgzc/ i
F(kryr=t  F(kr)r=T  F(r)r-1 KrF(g)r—! Go o7
. MGy el -0
rp-l 2r =T

where ¢ = ¢(pg, L, N') > 0 and the last estimate comes from (3.36). Then the
estimate (3.33) follows through a bilipschitz change of variable, completing the
proof of Lemma 3.12.

4. Convergence to a Harmonic Map

The following variant (Lemma 4.1) of the Luckhaus lemma (see [42, Lemma 1],
[43, Lemma 3]) is our key tool in the proof of Proposition 4.2 of the fact that a weakly
convergent sequence of minimizing p-harmonic maps converges to a minimizing
2-harmonic map when p 7 2. It says that if two W'” mappings from a compact
2-dimensional Riemannian manifold M without boundary into N are close in L?,
then we can find a map w in M x (0, T'), having these two mappings as boundary
values, such that w does not leave a tubular neighborhood of N and such that its
WP norm is of order T
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Lemma 4.1. Let M be a compact Riemannian manifold of dimension 2 without
boundary and p € (1, 2]. Then there exist positive constants C, Ty, depending only
on M, such that for every u,v € WHP(M, N) and T € (0, To) there exists a map
we WhP(M x (0, T), RY) satisfying

(@) tragxqop(w) = u, tragxqry(w) =v;

—
(ii) |Dw|? dH*dr < CTf (lDTulp +|D1vl? + u) dH?;
Mx(0.T) M e

(iii) fj\s/lsl, supl, dist(w, N) < C ||u — v|peo(ar)
x(0,T)

1 1
. — P 3(1-35)
<cr'r (/ <|D-ru|p + Do) + u) dH2>p '
M re

11
x(/ MdHZ)ﬂp.
Mmoo TP

Proof. For a proof, we refer the reader to [43, Lemma 3] (see also [42, Lemma 1]
for the original Luckhaus lemma, where M = SZ). Notice that the inductive as-
sumption in [43, Lemma 3] may not be satisfied. However, if one slightly modifies
the Luckhaus proof, namely, one defines w(x, ) = %v(x) + (1 — &) u(x) for x
belonging to the closure of the /-skeleton of M in the case when either [p] < p
and [ = [p] or [p] = pand ] = [p — 1], then the inductive assumption in [43,
Lemma 3] is satisfied, and the proof works as written (observe that Luckhaus de-
fines w as above for x belonging to the closure of the /-skeleton of M in the case
when [ = [p — 1]). It is also possible to reduce the dependence of the constant C
in [43, Lemma 3] on dim(N). |

Proposition 4.2. Let U C R3 be an open set. Let (py)nen C [1,2), u, € WhPn (U,
N)and p, /2 asn — +oo. If for each open set K € U and eachn € N, uy, is
a pp-minimizer in K and if

D Pn
sup/ [Pl 4 < @.1)
neNJK  DPn

where C = C(K) > O, then there exists u, € WIL’Cz(U ,N) such that, up to a

subsequence (not relabeled), the following assertions hold.

(1) uy, converges to u, weakly in WIIO’CP(U, RY) forall p € (1,2) and a.e. in U.
(ii) For each open set K € U,

D Pn D 2
/l | dx—>f [Duy| dx
K Pn Kk 2

as n — +o00o. Furthermore, fK |Du,, — Duy|P»dx — 0 and Du, — Du,
ae inlU asn — +o0.

(i) If K € U is open, then u, is a 2-minimizer in K. Furthermore, there exists
at most a countable and locally finite subset So of U such that u, € C*(U \
So, N).
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Proof. Fix an open set K € U. Since K C U is compact, for any cover by
open balls, K admits a finite subcover. Then there exists an open set V such that
K C V,V C UandV is acompact smooth Riemannian manifold of dimension 3
with boundary dV (possibly disconnected, but with a finite number of connected
components). Then 9V is a 2-dimensional compact smooth Riemannian manifold
without boundary. According to Lemma 2.1 with A/ replaced by 9V, there exists
Agy > 0 such that the nearest point retraction ITyy : 8V;W — 0V is a well-
defined and smooth mapping, where dV;,, = {x € s dist(x, 0V) < Agvl
Choose A € (0, Ay ) so that K C V\Z;L, where A; = {x e V :dist(x,dV) < A}.
If p, € (p, 2) is large enough, then, applying Young’s inequality, we have

D p D Pn 1 1
/ﬂdngﬂdw(———)m (4.2)
1% P Vv Pn p Pn
so that
D 14
fimsup [ 2 0y < oo 4.3)
n——+00

(see (4.1)). Since NV is compact, (1), e is bounded in L (U, RY), which, together
with (4.3), implies that for each p € (1,2), (u,)nen is bounded in WP (V, RY).
Thus, there exists amap u, : V — R" such that, up to a subsequence (still denoted
by n), for each p € (1, 2),

U, — uy weakly in whry, RY) and U, —> Uy ae. in V. (4.4)

In particular, u, € N a.e.in V.
By the weak convergence, (4.2) and the fact that p,, /' 2 asn — 400, for each
p € (1,2) we have

Du|P Dup|P
/ ﬂdxgliminf/ 1Dunl”
v P p

T n—>+o0 Jy

Dty |Pn 11
< liminf/ %dxjt(———)m. (4.5)
n p 2

T n—>+o0 Jy
Letting p ' 2 in (4.5) and using Fatou’s lemma, we obtain the estimate

| Du|? | Duy | P

dx < liminf

n—-+o00

(4.6)

which, together with (4.1), implies that u, € WL2(V, N). We prove that u, is a
2-minimizer in K and that, up to a subsequence (not relabeled),

D Pn D 2
/%dx_)/ 1Dusl” @7
K Pn Kk 2

and || Du, — Du*||1L’"pn KRORY) 0asn — +o0.

Applying [30, Theorem 32223)]withW =A,,Z=[0,A]land f : W — Z
defined by f(x) = |x — [Mjy(x)| = dist(x, 9V), and using also the fact that
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|IDf(x)] = 1 for each x € A, (see Lemma 2.1), Fatou’s lemma and (4.1), we
obtain
A
D Pn D Pn
f do liminf/ 1Dunl™ 4302 §liminf/ Dual™ 4y < )
0 "EeJrlqeh  Pa notee Ja Pa

This implies that

Dy |Pr AC|\ _ A
Hl({ge(O,A):liminf/ ﬂdﬁzg—})g—.
() A 4

n—+00 pn

So there exists o € (0, A/2) such that, up to a subsequence (not relabeled), we
know that for each sufficiently large n € N,

-1 (o)) () = tnl p-110p) € WHP (£~ (loh), N,

D Pn 4
f [Dunl™ 32 _ € (4.8)
T

Pn A

and tr p—1 (o)) (Us) = x| p-1((p))- Fix such o € (0, 1/2) and an arbitrary p € (1, 2).
Now we define M = f~!({o}). Notice that M is a 2-dimensional compact smooth
Riemannian manifold without boundary. In view of (4.4) and the trace theorem, we
have u, |\ — us|aq weakly in WI=1/7-P (M, RY) (we use that a bounded linear
operator maps a weakly convergent sequence to a weakly convergent one). Then,
by the compact embedding, up to a subsequence (not relabeled),

Un|pm — s pq Strongly in LY(M, RY) 4.9)

foreachg € [1, zz_—pp>.Sinceun|M e WhPn(M, N), (4.9) implies that i, (x) € N

for H2-a.e. x € M. Using (4.8) and (4.9), we deduce that, up to a subsequence
(not relabeled),

Unl = us|pq weakly in WHP (M, RY).

Then, by the weak convergence, Young’s inequality and (4.8), we have

D P D P
/ D7, deéhminf/ Drinl? o
M M

p n—-+o0o p
Pn
< lim inf (/ Pun™ 30 (1 - i)H%M))
n——+00 M Pn p Pn
4Cc 1 1
< = - 2
<= (p 2>H M), 4.10)

where we have also used that | Dru,| < |Du,,|. Thisimplies that u, | rg € WH2(M,
N), because p € (1, 2) was arbitrarily chosen and we already know that u, (x) € N/
for H?-a.e. x € M. Moreover, u, € L (M, R"). Also, (4.10) yields

Dru,|? Dru,l? 4C
/ DTl g2 < lim/ IDril” p2 < 4C @.11)
Mmoo 2 p72Jm P A
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Next, we want to apply Lemma 4.1. Let Tp = Top(M) > 0 be the constant of
Lemma 4.1. Choose T € (0, Tp) sufficiently small and let ® : A;\A, — M x
[0, A — o) be defined by

®(x) = (M pq(x), dist(x, M)).

By Lemma 2.1, there exists Apr > 0 such that the nearest point retraction ITxs :
Ny — N, where N, ,, = {x € RY : dist(x, N) < A}, is well defined and
smooth. Setting s, = |lu, — x| Lrn (M Ry (Without loss of generality, we assume
that for each n € N large enough, s, > 0) and using (4.8), (4.9) and (4.11), we
observe that s, — 0 and for each sufficiently large n € N,

[ty — us|Pn
sfl[’n/2

/ (|Dwn|1’n + | DTu P+ ) dH* < 4.12)
M

where C’ is a positive constant independent of n. Applying Lemma 4.1 with u =
UpIpmsv = ug|pand T = s,i/z, we obtain a map w, € WP (M x (0, s,l,/z), RY)
interpolating between u,| o4 and u.| oq. According to Lemma 4.1 (iii), (4.12) and
the definition of s,, if n € N is large enough, we have dist(wy, (x, ), N') < A for
ae. (x,t) € M x (0, 5,1/2). Thus, for each n € N large enough, we can define the

map
@n(y) = T (wn (P(y)))

foreach y e =1 (M x (0, s,i/z)). Then we have the following: ¢, € WP (d~1 (M x
1/2

O, sn/ ), N);tr./\/l((ﬂn) =un|M’trqr](MX{xnlﬂ})(@n) =M*|MO(D”0(D|<I>*1(M><{S,{/2})’

where @, : M x [s,ll/z, T is defined by ®,, (x,1) = ®~ 1 (x, 1 — s,i/z) and we have

used that ®~'(x, 0) = x; in view of Lemma 4.1 (ii) and (4.12),

172

D Pn
f 1Donl™ 4 < )2, (4.13)
O~ I(Mx(0,5,/7))  Pn

where C” > 0 is a constant independent of n, but depending on the bilipschitz
constant of .

Now let E =V \ZQ. According to our construction, E is a finite union of
bounded Lipschitz domains, and E contains K . Fix an arbitrary w, € WI’Z(E LN
with traq(wy) = traq(uy). Let & € Cq([0, 400)) be the Lipschitz map such
that = 1 on [0,1], ¢(s) = 2 —s fors € [1,2], ¢ = 0 on [2, +00]. Hence
||§/||L°°([o,+oo)) < 1. Next, for each sufficiently large n € N, define wy, : E — N
by

_ e it ye® ' (Mx 05",
w”(y)_{w*wn(y)) it yeEyvo M o5, Y

where W, : E\® (M x (0, S;/ 2]) — E is the bilipschitz map defined by

dist(y, M dist(y, M
U (y) = (1 ¢ (%)) yte (%) (D ().
Sp Sn
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Notice that: trd>—1(M><{s,'/2})(w* oW,) = uxlp o ®,y 0 <I>|¢_1(MX{‘Y’1/2}); ify e

E\®~ (M x (0, s2/*]) and dist(y, M) < s./°, then we have W, (y) = @, (d(y));
if y € E\®~1(M x (0, 5,’*]) and dist(y, M) > 255/, then W, (y) = y; for each
y € E,if n € N is large enough, then W, (y) is defined and ¥, (y) — y as
n — 4o0; forae. y € E\®(M x (0, s;/z]) and for each n € N large enough,

(dist(y, M) Ddist(y, M
DW, () —1d| = ;( B )> MO & (@@ - )
Sn Sn
dist(y, M
+ (%)(mn@(m 0 DO (y) —1d)
Sn
< L)/, (4.15)

where L > 0 is a constant independent of n, but depending on the bilipschitz con-
stant of ®. In the above computations we have used that |¢/| < 1, | Ddist(y, M)| =
1 and |a ® b| < |a||b| for a, b € R3. In particular, when n € N is large enough,
|DW, (y) — Id| < 1/2. It is worth noting that, according to the definition of
W, and [29, 4.8 (5)], ¥, is continuously differentiable on the three regions of
E\®~'(M x (0, 5,/%]), where dist(-, M) < s3/°, dist(, M) € (s,/>, 252",
and dist(-, M) > 2s,1/ 3, respectively. Then, using the inverse function theorem
for W, on each of these three regions (namely, on compact subsets of these re-
gions), and taking into account the definition of W, (namely, the injectivity of
W,,), one observes that W, admits the inverse W, ! such that v s a.e. differ-
entiable on E and DY, ! is sufficiently close to the identity a.e. on E. Further-
more, WV, !'is absolutely continuous on each segment lying in the closure of one
of the images of W, of the three regions of E \<I>_1(./\/l x (0, s,]z/ 2]) considered
above. Thus, W, is bilipschitz on E \ oM x (0, s,l,/ 2]), as we mentioned
earlier. It is also worth noting that for a.e. y € E, if n is large enough, then
DV, (y) is defined, D(wy o ¥,;)(y) = Dw, (¥, (y)) o DW,(y) and DV, (y) — 1d,
D(wy o ¥,)(y) — Dw,(y) as n — +oo. In addition, if # is large enough, then
fora.e.y € E,

|D(w* © \Iln)(y)lE\q;,—l(MX(O’S’i/z]) (y)|p"

Pn
2pn |Dw*(lIJ}’l(y))lE\(D—l(MX(O’SVII/ZD(y)|pn
- Pn
o <|Dw*(wn(y))1E\q,l( M52y P 1 1)
= 20n + — ==
2 pn 2

< h(y),

where we have used (4.15), the fact that |Id| = +/3, Young’s inequality and since
|Dw>,<|2 € LY(E), there exists 1 € L1 (E) such that the last estimate holds.
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Taking into account the above observations and using the Lebesgue dominated
convergence theorem, we deduce that

Duw,|™ D 2
| Wy | /| Wy (4.16)

/E\ob I(Mx0,5*)  Pn

as n — 4-o00. The mapping w, is a competitor for u, in E, and hence, in view of
(4.14),

Du, |Pr D Pn Dw,, |Pn
/ | nl dy S/ o [Dop| dy-i—/ o | nl dy
E Pn “I(Mx(0,s,’7))  Pn E\®~ (M x(0,s,""]) Pn

4.17)

Using (4.6) with V replaced by E (which is possible thanks to (4.4) and proceeding
as in (4.5)), together with (4.13), (4.16) and (4.17), we obtain

Du|? D Duy,|Pn
| Dis| dy:lim/' usl” dy <timjnt | [Dual™
E 2 E

p/2 p n—-4o00
. Du Pn
< lim sup | d
n——+00
|Dw,|?
d

This implies that [, |D’;"| " dy > [, |DZ*| dy and u, is a 2-minimizer in E. In
particular, according to Lemma 4.3 below, it holds

| Dup — Du|} — 0,

LPn(E, RV@R*)
which proves (4.7).

Since u, is a 2-minimizer in E and K € E is open, u, is a 2-minimizer in
K and, according to [52, Theorem II], there exists a finite set Sy C K such that

€ C®(K \ Sk, N).

In order to reach the conclusion, we use a diagonal argument and rely on the
fact that one can write U = |J,,,cry Kim, With K, C K41 so thatif K € U, then
K C K, for some m € N. This completes our proof of Proposition 4.2. O

Lemma 4.3. Let U C R3 be open and bounded, u, € WU, R"), (pp)nen C
[1,2), pp /' 2asn — 400 and (up)peny C WP (U, R). If u, — uy weakly in
WLP(U,RY) forall p € (1,2) ande |Duy|Pr dx — fU |Duy|?dx asn — +00,
then [, |Du, — Duy|P" dx — 0 asn — +oo0.

Proof. The desired convergence comes by using Hanner’s inequality, see [56,
Lemma 6.3]. To apply [56, Lemma 6.3], we only need to prove that

4||Du*||L2(U R”@Rg) = hm lnf ”Dun + Du*||Lpn (U, RV®R3) (418)
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Let p € (1, 2) be arbitrary. Notice that Du,, 4+ Du,, — 2Du, weaklyin L? (U, R"®
R3) and hence

ngfolg | Duy, + DM*”LP(URv@RS) 2 2||Du*||LP(U,RV®R3)- (4.19)
Using Hoélder’s inequality and (4.19), we obtain

lim 1nf | Du, + Du.||?"

p
n—+ Lrn(U, R1)®R3) = hmlnf |U| p “Dun + Du*“ |

LP(U,R"QR3)

> 4U|' 7 D, (4.20)

(U,R"QR3)"

Letting p ' 2 and using the continuity of the L”-norm, in view of (4.20), we
obtain (4.18), which completes our proof of Lemma 4.3. O

5. The Singular Set

Let p € (1,2) and up € WP (Q, N)bea p-minimizer in 2. For each Borel-
measurable set E € B(£2), we define the positive Radon measure 1), at E by

|Du,|P
pp(E) = 2 — p) fE d

Let (pn)nen C [1,2), pn /" 2asn — +o0 and (u,),cN be a sequence of p,,-
minimizers in 2. We assume that for each n € N large enough, setting u, = i p,,
it holds

() < Co, 5.1

where Cp > 0 is a constant independent of n. According to Proposition 2.21, the
condition (5.1) is satisfied whenever for each n € N large enough, tryq(u,) =
g € W1/2'2(852, N). Next, in view of (5.1), using the Banach-Alaoglu theorem,
we obtain a positive Radon measure p, € (C (Q))’ such that, up to a subsequence
(not relabeled),

fn 2> 1, weakly* in (C(Q)). (5.2)
We denote the support of i, by Sy C Q.

Remark 5.1. If the measure w., is independent of the subsequence, the entire
sequence (i,)nen Weakly* converges to p, as n — 00, since in the latter
case each subsequence of (i4,),eN contains a subsequence weakly* converging
to 4. In general, the limit measure w, does depend on the subsequence. To
see this, we consider the projective plane N = RP?, whose universal covering
7. S? — RP? identifies antipodal points (see e.g. [37, Example 0.4]), so that, in
particular, 77y (RP?) ~ Z/27. Defining first §: S*> — S! by

(x1x2, x3)
(7 +xDH12(x3 + x3)1/2

gx) =
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(this is well defined since x%x% +x32 = xlzx% +1 —x% —x% =( - x%)(l — x%) =
(x% + x%)(xl2 + x%))one checks that g (x1, x2, x3) = g(x2, x1, x3) = —g(x1, —x2,
—x3), that ¢ has degree 1 around small circles around (1,0,0) and (—1, 0, 0)
and degree —1 around small circles around (0, 1, 0) and (0, —1, 0), and that ¢ €
W1/22(S? S1). We define g = 7 o g, where the map 7: S! — RP? defined
by the condition that t(cos(f), sin(@)) = m(0, cos(%), sin(%)). We have g €
W1/2:2(S2 RP?); since T is not homotopic to a constant, g is topologically non-
trivial in small circles around the same points as g; we have g(xy, x2, x3) =
g(x2, x1,x3) = 0(g(x1, —x2, —x3)), where o : RP? — RP? is the isometry char-
acterized by o (w(y1, y2, ¥3)) = w(y1, ¥3, —y2), so that 0 (7(z)) = 7(—z). In
particular, if p(x1, x2, x3) = (x1, —x2, —x3) and (u,),eN is a sequence of pj,-
minimizers in Bl3 having g as a trace on S2, (o o uy, o p) is also. Define a sequence
(v)ken of pth—minimizers in Bf’ having g as a trace on S? by vox = uy and
Vok+1 = 0 o ug o p for each k € N. Letting k — 400, by Proposition 7.25,
the corresponding limit measure u. to the subsequence (vx)ren has as sup-
port either [(1, 0, 0), (0, 1,0)]U[(-1, 0, 0), (0, —1, 0)] or [(1, 0, 0), (0, —1,0)]U
[(—1,0,0), (0, 1,0)]. Assume that the support of w, is ([(1,0,0), (0,1,0)] U
[(—1,0,0), (0, —1, 0)]). Then the corresponding limit measure to the subsequence
(v2k+1)keN has as support ([(1,0,0), (0, —1,0)] U [(—1, 0, 0), (0, 1, 0)]). Alto-
gether, (vk)xen has two subsequences yielding two different limit measures.

Lemma 5.2. Let n > 0 be the constant of Lemma 3.12, where k = 1/2, py =
3/2, ¥(x) = x + xo. Assume that Bf(xo) C Q and ;L*(Bf(xo)) < nr. Then
1+(B} 5 (x0)) = 0.

Proof. In this proof, every ball is centered at point x¢. It is a well-known fact (see,
for instance, [28, Section 1.9]) that the weak* convergence of the Borel measures
W, 1s equivalent to the following two inequalities

ws(F) 2 limsup pu, (F),  ws(G) < liminf w, (G) (5.3)
n—-+00

n——+00

whenever F C Q is closed and |G C Q is open. Notice that this is where we take
advantag_e of working with _(C (2))’ instead of (Co(£2))’. Using (5.3) and the facts
that ;L*(B;’) < nr and ;L,,(Bf) = Un (Br3), we obtain the following estimate

nr > limsup u, (B,3).

n—+00

This estimate, together with the fact that nr3_1’" — nr as n — 00, implies that
for all sufficiently large n € N, it holds

pn(B) < qri=nn.
But then Lemma 3.12 says that for all sufficiently large n € N,
n(BY) < (2= pa)Cri=rr, (5.4)

where C > 0 is a constant independent of n. Letting n tend to +o00 in (5.4) and
using (5.3), we complete our proof of Lemma 5.2. O
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The following monotonicity of the p-energy holds, which will be used later.

Lemma 5.3. Let p € [1,3), xo € Qand 0 < ¢ < r < dist(xp, 0R2). Let u), €
WLr(Q, N) be a p-minimizer. Then

Bj(xo) P a Bi(xo) P

Proof. For a proof, the reader may consult Sect. 4 in [34]. O
Corollary 5.4. Let xo € Q2. Then the function
§3
r € (0, dist(xo, 3)) o Hx(Br0)
r
is nondecreasing.

Proof of Corollary 5.4. Let0 < o < r < dist(xg, 92). In view of Lemma 5.3, for
each n € N and for an arbitrary ¢ € (0, r — o),

(@ + &) P un (B, (x0)) < P 1y (B} (x0)).
Letting n tend to 400 and using (5.3), we obtain
@+ &) (B (x0)) = r~ ' i (B; (x0)).

Then, letting & \, 0 and using the fact that j14(Q) < 400, we conclude our proof
of Corollary 5.4. O

Thanks to Corollary 5.4, for each xo € 2, the 1-dimensional density

— 5
O1 (s, X0) := lim M — lim s (B; (x0))

5.5
r—0+ 2r r—0+ 2r ( )

exists and finite. In order to lighten the notation, we shall simply write ®1(x()
instead of ®1 (u«, x0) when appropriate.

Proposition 5.5. Let n > 0 be the constant of Lemma 3.12, where k = 1/2,
po =3/2 and V(x) = x + xo whenever E = Bf (x0). Then it holds

sms*z{xeQ:@l(x)>0}={xesz:®1(x)zg}.

Proof. First, assume by contradiction that for some x € @, ®1(x) =a € (0, n/2).

Fix
XS (0, min{c—l, n —a}).
2°2

Then there exists § > 0 such that for all » € (0, §),

1+ (B3 (x))
< —
2r

O<a—c¢ <ﬁ.
2
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However, Lemma 5.2 says that ,u*(Bf’/2 (x)) = 0, which leads to a contradiction
and proves that

(xeQ:01(x) >0} ={xeQ:0(x)=n/2.

On the other hand, by the definition of the support of a measure, x € 2N S, if and
only if for all sufficiently small » > 0, /L*(Ef (x)) > 0, which holds, according to
Lemma 5.2, if and only if for all sufficiently small » > 0, 114 (EE (x)) = nr. The last
holdsifand onlyif ® (x) = 5/2. This proves that QNS, = {x € Q: O1(x) = n/2}
and completes our proof of Proposition 5.5. O

Proposition 5.6. Let (py)nen C [1,2), pn S 2 asn — +00 and (uy),en be
a sequence of p,-minimizers in 2 satisfying (5.1). Then there exists a mapping
Uy € WIL’Cz(Q\S*, N) such that, up to a subsequence (not relabeled), u,, — u, a.e.
in Q and for which the conclusions of Proposition 4.2 apply with U = Q \ S,.

Remark 5.7. For interior quantitative estimates of the weak gradient of u,, the
reader may consult Proposition 5.23.

Proof of Proposition 5.6. Let K € Q\ Sx be open. Using (5.2), a standard covering
argument and Lemma 3.12, we conclude that there exists a positive constant C,
possibly depending only on K, € and N, such that, up to a subsequence (not

relabeled), for each n € N,
D Pn
f [Dunl™ 4 < .
K Pn

Applying a diagonal argument, we observe that, up to a subsequence (not rela-
beled), the condition (4.1) of Proposition 4.2 is satisfied, where U = 2\, for
our sequence of p,-minimizers. Thus, the conclusions of Proposition 4.2 apply,
yielding the desired mapping u,. This completes our proof of Proposition 5.6. O

5.1. The Limit Measure is the Weight Measure of the Stationary Varifold

Recall that a set E C R3 is said to be countably H!-rectifiable if there exist
countably many Lipschitz functions f; : R — R3 such that

Hl(E \ Dof,-(Rl)) —0.
i=0

Let G(3, 1) be the Grassmann manifold, which is the space of 1-dimensional sub-
spaces of R3. Following Allard (see [2]), for each A € G(3, 1), we shall also use
“A” to denote the orthogonal projection of R? onto A. That is, G(3,1) = {A €
M3(R): Ao A=A, AT = A and Im(A) = A}, where M3(R) denotes the space
of real 3 x 3 matrices. We also define G3(2) =  x G(3, 1). Recall that V is said
to be a 1-dimensional varifold in €2 if V is a positive Radon measure on G3(£2).
Let S C Q be countably H!-rectifiable and nwe (CQ) bea positive Radon
measure satisfying ul_Q = 0H'L_S for some nonnegative @ € L' (Q). Rectifiability
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gives that for H'-ae. x € S (or, equivalently, for u-a.e. x € ), there exists a
unique approximate tangent plane 7, S € G(3, 1) to § at x (see, for instance, [4,
Theorem 2.83 (i)]). For n-a.e. x € 2, we denote by A(x) € G(3, 1) the orthogonal
projection onto 7, S. We define the varifold V, which is naturally associated to ju,
as the pushforward measure V = (Id, A)gu L Q. Thus, for each Borel-measurable
set E € B(G3(R2)), V(E) = n({x € Q: (x, A(x)) € E}). The varifold V is said
to be stationary (see Section 4.2 in [2]) if its first variation vanishes, namely

/ A(x): DE(x)du(x) =0 VE e CHQ,RY).
Q

Proposition 5.8. The set S, N Q is countably H'-rectifiable and H' (S, N Q) <
+00. The measure V, = (1d, Ay« L Q is a stationary 1-dimensional rectifiable
varifold in 2, where for ii-a.e. x € Q, Ay (x) represents the orthogonal projection
onto the approximate tangent plane T, Sy to Sy at x. Furthermore, it holds ., L
Q(dx) = O1(x)H' L (S, N Q)(dx), where the density O is defined in (5.5).

Proof. Let (uy)nen C WHPn(Q, ), where (pn)nen C (3/2, 2), be a sequence of
pr-minimizers satisfying (5.2). Foreach n € N, define the map A”" : @ — M3(R)
by

_ 2— Pn

AP = (1Dun|P" i j = pal Dt "> (Djtn, Djuy)).

n

Then observe that

(AP)T = AP, (AP = (3= pi) " d“" > dcﬁc" (5.6)
and
|APr| = S/ APn : APn = /3 —2p, + p> d:”gﬁd(ﬁ”, (5.7)
where 42 — (2 — Dn )'Du"| .Foreach v € S?,
i(AP’?v- vj) = 2o |Duy | — pp| Duy |2 ivDu 2 < din
2 i V) - n PnlDuy 2 vibin] | = 5
(5.8)
by (2.28),
/QAI’" (x) : DE(x)dx =0 V& € CH(Q,RY). (5.9)

In view of (5.1) and (5.7), there exists A e (Co(£2, M3(R)))’ such that, up to a

subsequence (not relabeled), A”" dx A4 weakly* in (Co(2, M3(R)))". By (5.2)
and (5.7),

Al £ V3u. L, (5.10)
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which implies that Ais absolutely continuous with respect to 4 L €. Then, , by
the Radon-Nikodym theorem, there exists F € L'(2, M3(R), it+) such that A=
Fu,LQin (Co(2, M3(R)))’. Letting n tend to +o0 and taking into account (5.6),
(5.8) and (5.9), we observe that for us-a.e. x € Q, (F(x)T = F(x), tr(F(x)) = 1,
the eigenvalues of F(x) are less than or equal to 1 and

/ F(x): DE(x)dus(x) =0 VE € CHQ,RY). (5.11)
Q

Accordingto [6, Proposition 3.1] and [6, Lemma 2.3], the identity (5.11) implies that
there exists an H!-rectifiable set R C Q and a map A € L (R, M3(R)) satisfying
the following conditions. For H'-a.e. xo € R, A (x0)| = 1, Alxg) € G(3, 1) is
the orthogonal projection matrix onto T, R such that AL {@*(|A|) > 0}(dx) =
@*(|A| X)A(x)H' L R(dx), where Ty R is the approximate tangent plane to R

at xo and @T(|A|, x0) = limsup, o, w. Then, for ps-ae. x € Q, two
eigenvalues of F(x) are zeros. Since for pu4-ae. x € Q, tr(F(x)) = 1 and the
eigenvalues of F(x) are less than or equal to 1, we deduce that the eigenvalues
of F(x) (up to a permutation) are (1,0,0) and |F(x)| = 1 for us-a.e. x € Q.
Using this, together with (5.5) and Proposition 5.5, we observe that |;4V | = w9,
@T(|Z|) = O1(ux) and R = S,NQ. Inparticular, for p-a.e. x € Q, F(x) = Ay (x)
and Vi (dA, dx) = 8a,(x)(dA) ® 1y (dx) = 8, (x)(dA) ® O (s, X)HI L (Si N
) (dx), which, together with (5.11), implies that V, is a 1-dimensional stationary
rectifiable varifold (see [2,26]). This completes our proof of Proposition 5.8. O

Remark 5.9. Our proof of Proposition 5.8, based on [6, Proposition 3.1], differs
from Canevari’s proof for the three-dimensional Landau-de Gennes model [21,
Proposition 55]. His strategy consists in first showing that the set S, N €2 is count-
ably H!-rectifiable using the Moore-Preiss rectifiability theorem (see [47, Theo-
rem 3.5], [50, Theorem 5.3]); next, using the Ambrosio-Soner construction (see
[5, Lemma 3.9]), he proves that the Radon-Nikodym derivative of the limit tensor
has the eigenvalues (up to a permutation) (1, 0, 0), and concludes that the naturally
associated one-dimensional varifold is stationary; the rectifiability of the latter then
follows from Rectifiability Theorem in [2, Section 5.5]. Our more direct strategy
of proof could be adapted to work in Canevari’s setting, and his strategy of proof
would provide another pathway to Proposition 5.8.

5.2. Energy Bounds on a Cylinder

Let us define the notion of a uniform Lipschitz triangulation on the lateral
surface of a (finite) cylinder Ay 1 = B x (—L,L).Let L Z 1and h € (0, 1).
Setn = Ll/hj > 1. For each k € [0, n — 1], we define the line segment S; =

L), (e, L)] € C x R ~ R3 and, for j € [0, 2| L n] the points

[(e™n
a.::(ezﬁik,—L Lj )e(CxR ~R3,
LL]n

Foreachk € [0,n—1]and j € [0,2|L]n—1],1let yk be the union of two geodesics

<

(a geodesic cross) on F] L, where one of which connecting a with ak+1 and the
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Fig. 1. A uniform Lipschitz triangulation of the lateral surface of a cylinder

other connecting a’j‘-Jrl with a’}“. By ck,;, where z € {—L, L}, we denote the arc

on S! x {z} connecting aéLLJn with alzcﬁlm ifz=L and a’é with aé“ ifz=—L.

Observe that the union of all the line segments S, all the geodesic crosses yJ’.‘ and

all the arcs ¢y, provides us with the decomposition of 'y ; into mutually disjoint 0,
1 and 2-dimensional cells. Hereinafter, we denote by S O (2) the subgroup of SO (3)
of rotations with respect to the axis {0} x R, and whose action on the plane R? x {0}
coincides with the action of the orthogonal group SO(2) on the plane. Thus, for
each w € SO(2), we obtain a decomposition of 'y ; into mutually disjoint 0, 1
and 2-dimensional cells, namely

2 ki 2 ki
Tie=JJeEn=JUF, (5.12)
i=0 j=1 i=0j=1
where {Fo 1, ..., Fo,} is the set of points and for each i € {1, 2}, there exists a

bilipschitz homeomorphism

®; j: Fij— Bj, with | DT®; jllLoe(r; ) + 1 DT (i) oo (si) < As,
(5.13)

where A4 > 0 is an absolute constant; see Fig. 1. The map ®; ; in (5.13) extends
by continuity to a bilipschitz map between f,-, ;j and EZ with the same bilipschitz
constant A4 as in (5.13).
The decomposition (5.12) we shall call a uniform Lipschitz (or simply a Lips-
chitz) triangulation of T'y 1 of step / with the 1-skeleton ¥ = [ J il:O U];‘: o Fij-
To lighten the notation, we denote the collection of 1-skeletons of all Lipschitz
triangulations of Ty ;. of step 2 by RCy ;,, namely

1 ki

RC = JJoE ) 0wesS0Q) .
i=0j=1
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where [ J;_, U’;’: | Eij is the union of all the line segments Sk, all the geodesic

crosses y]].‘ and all the arcs ci ;.

It is worth noting that Lemmas 5.10, 5.11, 5.12 are the counterparts of Lem-
mas 3.7, 3.8, 3.10 on the lateral surface of a cylinder. A consequence of Lemma 5.12
is Corollary 5.13, which provides us with the key arguments that will be used in
the proof of Proposition 5.14. The latter gives us the estimates of the p-energy on
a cylinder, which will be used to prove the fact that the limit measure has a finite
set of values.

Lemma 5.10. Let p € [1, +00), L 2 1, h € (0, 1) and Y be a compact Riemannian
manifold or a Euclidean space. Let g € Wl’[’(Fl,L, V) and ¥ € RCp j,. Then
for H'-a.e. w € SOQ2) we have try(=nry ) (&) = &losnry ) € wWhr(w(Z N
I'1.1), Y). Furthermore, there exists € SO (2) such that

try=nry ) (8) = gloznr ;) € WP (w(2NT1L), V)

and
1 As 2
|[Drg|P dH" = — |DTg|? dH",
o(ZNly, L) h ISW3

where As > 0 is an absolute constant.

Proof. For a proof, we refer to [33, Lemma 3.4]. The main ingredient is the inte-
gralgeometric formula

HY(ZNT
[ awf prgrant = S [ prgran?
50(2) (ENT1.1) H-T1.L)  Jr,

(for the integralgeometric formulas, the reader may consult [20,30]; see also [33,
Lemma 3.3]). m|

Lemma 5.11. Let pg € (1,2), p € [po,2), L = 1 and h € (0, 1). Then there
exists a constant ko = ko(po, N) > 0 such that the following holds. Let ¥ €
RCy j, and F be a 2-cell of the Lipschitz triangulation of Ty generated by X.
Letg € WhP(F, N) and tryp(g) € WHP(OF, N), where 3 F denotes the relative
boundary of F. If

Drg|? D tr; P h2=p
/ D¢l dH2+h/ DT tryr(g)| M < Ko ’
F D IF P 2—p

then tryp(g) is nullhomotopic.

Proof. The proof follows by reproducing the proof of Lemma 3.8 with minor
modifications. Essentially, it is enough to replace the 2-dimensional cell in the
proof of Lemma 3.8 by the 2-cell F of Lemma 5.11. O
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Lemma 5.12. Let pg € (1,2), p € [po,2), Lo =2, h € (0,1/2]and g € WhP
(1,19, N), where Ty 1, is defined in (2.18). Then there exists k = k(po, N') > 0
such that the following holds. Assume that

Drgl? h*p
/ |DTg| dH? < K _ (5.14)
M, P 2-p
There exist 7 € (—Lo 4+ h, —Lo + 2h), 2 € (Lo — 2h, Lo — h), g € W'?P

((B%\B%_h) x (z—, z+), N) such that the following assertions hold.

. . 2 2
() stz zp)(P) = 8lsix (e z0y Vh = W2 o o) (Pn) € W'2(dB7_, x
(2, z24), N). _
(i) For each z € {z—, 24}, (g3 ). ()(9n) € WLP((B}\B}_,) x {z}, )
and

DT g i1 S As [ 1Drglr

NN

/w%\?%_h)x{z}

where Ag > 0 is an absolute constant.
(iii) There exists a constant C = C(N') > 0 such that

/ | Drvp|? dH? < C/ |DTg|P dH? (5.15)
OB} x(z-,24) INWN

and

|Dgn|? dx < Ch/ |DTg|? dH>. (5.16)

I

/(Blz\th)X(z,u)

Proof. Using the coarea formula, we find z_ € (—Lo + h, —Lo + 2h) and z4 €
(Lo — 2h, Lo — h) such that for each z € {z—, z4}, trgi,(;1(8) = &lsix() €
wbhrS! x {z}, N) and

f |Drgl? dH' < %/ |Drgl? dH’. (5.17)
S'x{z} h Tz

Define L := (z4 —z-)/2,e:= (0,0, (z4+ +z_)/2) and u(y) := g(e + y) for each
y € 'y 1. Let kg = ko(po, N) > 0 be the constant given by Lemma 5.11. Define
k = ko/2As, where As > 0 is the absolute constant of Lemma 5.10. Without loss
of generality, we assume that As = 2. Then « depends only on py and A. Using
Lemma 5.10, the estimates (5.14), (5.17) and taking into account the definition of «,
we obtain ¥ € RCy , such that trg (1) € W7 (2, N), trenr, , () = ulsar,, €
whr(snry L, N),

A
f |Dru|? dH' < —5/ |Dru|P dH? (5.18)
=Ny L h INW)

and for each 2-cell F from the Lipschitz triangulation of T’y ; generated by X,

Dtu|?P Dt 14 Drg|P h2-pr
/ |DTul aH® + h/ | DT tryp(u)l aH! < 2A5/ D78l dH? < ko ,
F P oF p T, P 2-p
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where d F' denotes the relative boundary of F. This, according to Lemma 5.11, im-
plies that try 7 (1) is nullhomotopic for each 2-cell F' from the Lipschitz triangulation
of T'1,; generated by X. Proceeding similarly as in Proposition 3.6 (changing S? to
T'1.1 and the geometry of cells, namely changing “squares” to “squares or triangles”
which are all bilipschitz homeomorphic to Bﬁ), we obtain w;, € W2(I" 1., N)
such that try (wp,) = trg(u), trsnr, , (wp) = wplsar,, = 4lsnr,, and

f |Drwp|? dH? < Ch/ |Drul? dH', (5.19)
IS )
where C = C(N) > 0. Using (5.17), (5.18) and (5.19), we obtain the estimate

/ |DTwh|de2§C// Drgl? dH2,
L

INW

where C' = C'(N) > 0.Now wedefine v, (x) = wy ((x1/(1—h), x2/(1—h), x3)—
e) forx e 8312_h X (z—, z4). In view of the last estimate, we get (5.15).

From the Lipschitz triangulation of T, generated by ¥ we obtain the decom-
position of (B%\B%fh) X (z—, z4) into the cells

!

D = {x W x) eR:(1—h) < |¥] <1, <ﬁ,x3> c (F,»,,»+e)},
X
(5.20)

where D; ; is of Hausdorff dimension (i + 1). Fix an arbitrary 3-cell Dy ; from
the above decomposition. Let F> ; be the 2-cell of the Lipschitz triangulation of
T, generated by X suchthat Dy j = {x e R3: (1 —h) < |x'| < 1, (ﬁ,m) €
(Fa.j +e)}. Let @; : [0,h]} — D, ; be a bilipschitz homeomorphism with an
absolute bilipschitz constant (see (5.13)) such that @ ((0, h? x{0) ={x e R3:
x| =1-—h, (%, x3) € (F,j +e)}and ®;((0, h)2 x {1}) = F j +e. Applying
Lemma 3.9 with go and g taking the values of v, 0P j| (o 42 joy a0 80P j | )2 x (1}
respectively, and changing the variables, we obtain a map ¢; € wWlP(D,, i»N)
satisfying the estimate

/ |D<Pj|‘"dx<C”h</ |Dth|1’d’H2+/ lDTgI”dHZ)
Dy D ((0,h)?x{0}) Fp j+e

+c”h2/ |DTg|? dH', (5.21)
BFQJ--Q—e

where C” > 0 is an absolute constant.

Let g € L¥((BI\B7_),) x (z—, z4), N) satisfy g;|p, , = ¢; € W'P(D ;,
N) for each 3-cell D, ; from the decomposition (5.20). In view of our construc-
tion (see Lemma 3.9), we can ensure that the traces of the maps ¢; coincide on
the mantles of the 3-cells D; ;. Thus, we deduce that ¢, € W”’((B]Z\E%_h) X
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(z_, z1), N). Observe that (i) and (ii) are satisfied, where (ii) comes from the fact
that

1
/ _ |DT tr(BlZ\E%,h)x{z}(ﬁﬂh)l‘”dH2 = rlp dr/ |D7gl” dH!
(BI\Bi_,)x{z} 1-h Stx{z}
<on [ iprelran
Sx{z}

foreachz € {z_, z+}and (5.17). Furthermore, summing (5.21)over j € {1, ..., k2},
taking into account that each 1-cell of the Lipschitz triangulation of T'; ; generated
by X lies in the relative boundary of at most two 2-cells from this triangulation, and
also using (5.15) together with (5.17) and (5.18), we deduce the following chain of
estimates

/ | Doy |P dx
(BI\B?_,)x(z—,24)

< c’%(/ |Drop|? dH2+/ |Drg|? de)
IBT_,x(2-24) S'x(z—,z4)

+2C”h2/ |Dtg|? dH!
Y+e

<C"h / |DTgl” dH?,
T

where C"”" = C""(N') > 0. This completes our proof of (iii) and hence of Lemma 5.12.
O

Corollary 5.13. Let pg € (1,2), p € [po,2),8 € (0,1/2)andg € WP (Ts,.., ),
where Us,. - is defined in (2.18). Then there exists T = t(po, N') > 0 such that the
following holds. Assume that

Drg|? 8r)>=r
/ ﬂd'}-ﬂ < & (5.22)
l—‘Sr,r

p T 2-p
Then there exist points 7 6_(—r +6r/2, —r +6r), z+ € r —ér,r —dr/2) and a
mapping g5 € WH? ((Bgr\Bgr/Q) x (z—, z+), N) such that the following assertions
hold.

() o2 1 (99) = 8l o Vs = Wypz i (ps) € WI2@B] ) x LN,
where I = (z—, 24). .

(if) For each z € {2, 24} trg2 \ g2 () (95) € WHP((BG\BS, ) x {2}, N)
and

IDTtr g2 52 )i (@3)IF D+ol?
Sr\ 8r/2 X1z de §A6/ | Tg' de
rSr,r

'/(\Bézr\Egr/Z)X{Z} p p
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(iii) There exists a constant C = C(N') > 0 such that

Drvs|? Dtgl|?P
/ | DTvsl M2 < C/ |DTg| 42
aBgr/zx(z_,er) p Csr.r p

and

D D+o|P
/ _ Pol” 4 <c5/ 1D’ 122
(Bgr\Bgr/z)XQ—,Zﬁ-) P Tsr.r p

Proof of Corollary 5.13. Define f(x) := g(drx) for each x € I'y /5. Let k =
k(po, N') > 0 be the constant of Lemma 5.12. Fix t € (0, k/2]. Then, in view of
(5.22), it holds

2-p
/ DT [P aH? < T < K - Kk(1/2) _
ISRV P 2— V4 2(2 P) 2_p

This allows us to apply Lemma 5.12 with Lo = 1/§, h = 1/2 for the map
fewh "P(I'1,15, N). Thus, we obtain points §_ € (—1/8 + 1/2,—-1/5 + 1),
£v € (1/8 —1,1/8 — 1/2) and maps w € W'2@B}, x (5,54, N), ¥ €
wh ”((Bz\B /2) x (§—, &), N) such that the assertions (i)-(iii) of Lemma 5.12
holdforz_, z4, vp, nreplacedby &_, &4, w, ¥, respectively. Scaling back to I's;. -,
namely, defining z_ = ér&_, z4 = éréy, vs(-) = w(-/6r) and ps(-) = Y (-/ér),
we complete our proof of Corollary 5.13. O

Proposition 5.14. Let py € (1,2), p € [po,2),8 € (0, 1/2]andg € WP (3 Ay,
N), where Agy, and Uy, are defined in (2.18). Let T = t(po, N) > 0 be the
constant of Corollary 5.13. Assume that

/ IDTel? o £ TONTT
F(Srr p 2 - p

Let u be a p-minimizer in Nsy,, withtraa,,, (u) = g. Then there exists y € [SY, NV
such that the following estimates hold

Dul? 28 (y)r3p Dtg|?
/ [Dul® 4 < 220 )T +c51*Pr/ D78l 32
Asr.r Csr.r

p - 2-p p
+C8r</ 1D18l” g2 [Drsl” dH2>
B2 x{-r} P B2 x{ry P
Csr)’-r
+(2—) (5.23)
-p
and
58 2—p,.3—p
(= 29 Seley 0 T C(Sr/ D78l 3 < / Dul” 4
2 - p Férr p Asrr p
(5.24)

where C = C(N) > 0.
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Remark 5.15. The singular p-energies é‘f,g(y) and 8;%(1771) (v) appearing in (5.23)
and (5.24), respectively, are not the same in general (see Definition 2.7).

Before proving Proposition 5.14, let us consider the case where r = 1, y €
C'(S!, V) and themap g € W'P(3As,1, N) is defined on the closure of the lateral
surface I's | (see (2.18)) as g(o, z) = y(o/§) for each point (o, z) € BBS2 x[—1,1]
and on the ball 332 x {z} with z € {—1, 1}, as the extension of the mapping g(-, z) €
c! (BBg x {z}, N') coming from Lemma 2.18, so that g is of class C!on I's.1 and
its homotopy class on I's | (see Remark 2.19) is given by [y] € [S', A]. The upper
bound (5.23) for the p-energy on Aj 1 of a minimizer u € Wl’p(A(g,l, N) with
trons, (u) = g comes from Lemma 2.20 (i), while the lower bound (5.24) for the
p-energy of u on As 1 is a consequence of the application of the coarea formula
and Proposition 3.3.

Proof of Proposition 5.14. By scaling, it is enough to prove Proposition 5.14 in
the case when r = 1. So we assume that r = 1. In view of the conditions of
Proposition 5.14, we can apply Corollary 5.13 to g in I'5 1. Let points z_ € (—1 +
8/2,=1+8),z4 € (1 = 8,1 —8/2) and maps v; € W"2(3B5 ) x (z—, z4), N,
@s € Wl’P((Bg\Eg/z) x (z_, z4+), N) be given by Corollary 5.13 applied to our
g € WhP(I's.1, N). According to Remark 2.19, vs has a well-defined “homotopy
class” on 835/2 X (z—, z4). Thus, there exists y € [S!, ] such that for H!-a.e.
z € (z-,24), [”5|aB§/2x{z}] = [y]. This defines our y. Hereinafter in this proof,

C will denote a positive constant that can depend only on A/ and can be different
from line to line.

Step 1. We prove the upper bound (5.23). For convenience, in order to construct a
competitor for u, we define the following subdomains of As 1:

Ay = B} x (—1,z_), AY =B, x (z-.24).

Es := (B \ B3y x (z—, 24), A = Bf x (z4. ).

Letus construct acompetitor w for u, namely w € Wh» (As.1, N) with trops , (w) =
g. We define w in Ag by using Lemma 2.20 (i), namely we obtain a map w| A €

WP (A9, V) such that

_ sg 2-p
/ |Dw|? ax < (24 —2)Ep i)_/)fs
N @—p22r

7z —z)P &8 Dvgs|P
+C<( + _1) +_>/ | D7 s dH2(5.25)
286P 2 3352/2><(Z—,Z+) p

sg P
< 285 () C / |DTgl d
Us.1

H?,
2—p §p—1 p
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where we have also used that (z —z_) < 2,8 € (0,1/2], p € (1,2) and
Corollary 5.13 (iii). Next, we define the mapping g™ : A} — N by

g(x) if x € dA NdAs .,
g (0) 1= U E x(en) (@9) () if x € (B \ B ) x {24},
tr§§/2x{1+}(w)(x) if x € Eg/z x {z4]).

By Lemma 2.20 (ii), g+|B§/2x{Z+} € WI’P(B(SZ/2 x {z4}, N). On the other hand,
according to Corollary 5.13 (i), g+|(B§\E§/2)><{z+} € WLP((B(;Z\E%/Z) x {z4}, N).

Thus, taking into account that the traces of g and ¢;s coincide on aBg x {z4},
and the traces of g5 and w coincide on 8832/2 x {z4}, we conclude that g¥ €

wkp (@ A;, N). In particular, using Lemma 2.20 (ii), we obtain

Drg*|P DrglP DrglP EX()s¥p
/ [D7g™| de gf DT gl dH2+/ ID1gl dH2+ p ) ;
any P rsg P BIx{1} P 2—py2==p

_, \Pr1 S D+ol|P
+C(<Z+ z ) N )/ IDTgl a2
8 +—z2-/)Jrs, P

C Drg|P Drg|? cs2-p
< 71/ | D1l dH2+/ DTel” 2, ,
P~ Jrsy P BIx(l} P 2-p

(5.26)

where the last estimate comes since (z+ —z-) < 2,68 € (0,1/2], p € (1,2) and
#[S!, N1 < +o0 (hence Ef,g(y) < C). Notice that K;‘ is bilipschitz homeomorphic
to Eg, namely, there exists a bilipschitz mapping ® : K}' — Eg with an absolute
bilipschitz constant. We define

_1 (6P (x) _
wlps () = g* (cp 1(@(;')) for x € A} \ {®1(0)}.

Then, using (5.26), we obtain

Dw|? Dtgt|P
/ ﬂdxiCé/ &d}ﬂ
A AT

p p
Drg|P Drg|P cs3-r
gcaz—f’/ ﬂdH%ca/ D78l pp CO7 T
s P Bix{l} P 2—p
(5.27)

We carry out a similar construction on the set Ay and obtain a map w]| Ay €

wlhp (Ay, N) satisfying the same type of energy control as in (5.27). In Es, we
define w|g; = @s. By Corollary 5.13 (iii),

Dwl|? Drg|?
/ [Dwl dx§C6f D781 2. (5.28)
E;s Ts.1

p p

Altogether, we have constructed the map w € W”’(Ag,l ,N') with trops (W) =g
(werefer to Corollary 5.13 (1)). Since u is a p-minimizerin A withtrya, , (u) = g
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and, in view of (5.25), (5.27), (5.28), the facts that § € (0, 1/2] and p € (1, 2), we
have

S
/ Dul? S/ Dwl? 2% C / IDT8l? 1,0
As1 P JAsy P T 2-p sp=1 Is.1 14

Dtg|P DtglP cs3-r
L Cs / |DTgl de+/' IDTgl a2+ 7
BIx{-1} P Bix{l} P 2-p

which yields (5.23).
Step 2. We prove the lower bound (5.24). For each (g, o, z) € [0, §) x Stx (z_, Z4),
define the map ¢ : 352 X (z—, z4+) by

u(200, z) if 0€[0,8/2)andz € (z—, z4),

V(eo,z) == {%((35/2 —0)0,z) if o€[8/2,8) andz € (z—, z4).

Theny € WP (B2 x(z—, z4), N) andtrypo, () = vs(-/2,0) € w23 B?
x (z—, z+), N). By the definition of v and Corollary 5.13 (iii),

Dy |P Dul? Dgs|?
/ Dy | dx§/ I |dx+/lgosl dx
BIx(z—,z4) P B2x(z—,z4) P Es D

Dul|? D 4
§/ | Du] dx+C8f D78l 2.
B2x(z—,z4) P Is.1 p

(5.29)

Using the coarea formula and that trang(z_,Z+)(w) =vs(-/2,-) € Wl’z(aB(% X
(z—, z4), N), we observe that g2 o) (V) = Vlyp2erzy € W12@ B} x {z}, N)
and [‘Nang{z}] = [y] for H'-ae. z € (z_, z1). Then, applying Proposition 3.3,

for H'-a.e. z € (z_, z+), we obtain

sg 2—
/ DV g3 +8/ DT o1 > S0 0O T
Blx{z} P dBZx{z) p n 2-p

Integrating both sides of the above inequality over (z_, z4+) with respect to d z, we
get

Sg 2—
/ |Dyr|P " (24 = 2)E, o1y (V)67
BZx(z—,24)

p - 2-p
1) |Dvg|P
= / A (5.30)
2 0B} ,x () P
Ep1y (V)8 P Drgl?
2(2_23)&—&8/ ﬂde,
2 - l“,;y] p

where we have also used Corollary 5.13 (iii). Combining (5.29) and (5.30), we
obtain (5.24). This completes our proof of Proposition 5.14. O
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5.3. The Limit Measure has the Density with a Finite Set of Values

Recall that s, is the positive Radon measure on 2 defined at the beginning of
Sect. 5 and its support (i.e., supp(it«)) is the set S.. We prove the following

Proposition 5.16. For H'-a.e. x € S, N, we have
O1 (s, x) € {£5(y) 1 v € [S', NTI\{0).

Proof. According to Proposition 5.8 and [4, Theorem 2.83 (i)], 4« admits an ap-
proximate tangent space with multiplicity 1 (xo) for H'-a.e. xo € S, N Q. Namely,
for H'-a.e. xp € S, NQ (or, equivalently, for p-a.e. xg € 2), there exists a unique
approximate tangent plane Ty, S« € G(3, 1) to S, at xp and

fxor = T30 e LQ 2 g = 1 (o) H! L Tug S weakly* in (Co(R?))' as r \ 0,
(5.31)

where 70" (x) := (x—x¢)/r. Up torotation and translation, to lighten the notation,
we shall assume that xo = Oand T, S, = {(0, 0)} xR. Recall that (p,)nen C [1, 2),
pn /' 2 asn — 400 and for each n € N large enough,

D Pn C
/ [Dunl™ 4o < S0 (5.32)
Q Pn 2—pn

where Cp > 0 is a constant independent of n (see (5.1)).

Let 6 € (0, 1/2) be fairly small, which we shall carefully choose later for the
proof to work. Let T > 0 be the constant of Corollary 5.13, where py = 3/2. Let
n > 0 be the constant of Lemma 3.12, where « = 1/2, po = 3/2 and V¥ is a
bilipschitz homeomorphism between a ball and a cube with an absolute bilipschitz
constant (see, for instance, [32, Corollary 3]). We fix some ¢ € (0, min{n, t}).
Next, since /LO((E%S /2\362/2) X [—=2,2]) = 0, in view of the weak™ convergence
(see (5.31)), there exists ro = ro(g, 8) € (0, min{1, dist(xg, 0€2)/4}) such that

_ 8
144((B3s,/2 \ Bs ) x [=2r,2r]) < % foreach r € (0,r9].  (5.33)

Taking into account (5.2) and (5.3), the estimate (5.33), together with the Fatou
lemma, implies that for a fixed r € (0, ro],

36r/2 D DPn S
/ do liminf@ — py) [ P4™ gp2 - 07 (5.34)
8r/2 n=>+00 I, DPn 100
Due to (5.34), there exist o € (36r/4,56r/4) and ng = no(8,r,¢) € N such
that, up to a subsequence (not relabeled), for each n = ng, trp or (up) = uylr or €

WhPn(Ty, ., N) (see (2.18)) and

D Pn & 2—pn
/ [Dunl™ 2 - £ (5.35)
Lo r Pn 2 = pn
where we have used that 0> ”» — 1 as n — 4o0. To simplify the notation,

without loss of generality, we assume that ¢ = ér. Notice that As, 5,74 C Bfﬁ

b}
r
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where v/2r < dy := dist(xg, 9)/2 (since it holds r < rg < dp/2). Thus, using
the monotonicity of the p-energy (see Lemma 5.3) and (5.32), for eachn € N large
enough, we get

3— n 3— n
| Dty | P NN | Dty | P NG
[Dunl™ 4y < (X2 [Dunl™ 4 < ,
Asr5r/4 Pn dO B3 Pn d() 2— Pn

do

Using again the Fatou lemma, it holds

dz liminf (2 — p,)
—5r/4 Mo E® B2 x{z}  Pn

r

/Sr/4 | Du,y | P W < CO;/Q,,.
0

This implies that there exist z” € (=5r/4, =3r/4) and 7/, € (3r/4,5r/4) such
that, up to a subsequence (still denoted by the same index), for each z € {z”, 7/ }
we have the following tng,x{z}(”n) = ”n|B§,x{z} € Wl’pn(BSZr x {z}, N) and for
each n € N large enough,

Duy|Pr C
f | Dutp| dH2 < L (5.36)
B2 x{z} Pn 2= pn

where C; = C1(Co, do) > 0. Without loss of generality, to lighten the notation,
we shall assume that z” = —r and 7', = r. Thus, trya,., (un) = unlan,., €
AR (3 Asrr, N). From (5.35) and (5.36) we obtain

< and

Pn 2= pn

DTt Pn 2—py
/ |DT trry, , (un)] W2 < e(8r)
I‘zS)‘,r

[DTtrpa o o (un) [P
/ i x4e) a2 < G (5.37)
Bﬁz, x{z} Pn 2—pn

for each z € {—r,r} and n € N large enough. Thus, for each sufficiently large
n € N, u,, fulfills the conditions of Proposition 5.14 (recall that 0 < ¢ < 7). Using
Proposition 5.14 and (5.37), we obtain y,, € [S', N such that the following holds.
Firstly,

Duy|Pr 280 (y)r3=Pn Ces32Pnp3=rn Cs C(8r)3=Pn
/ |Dup|Pr < pn (V) € r n A (ér)
ABr,r

Pn B 2 —pn 2 —pn 2 — pn 2 —pn
(5.38)
for each sufficiently large n € N, where C = C(Cy, N) > 0. Secondly,
Sg 27 n 37 n —
- 28)€pn/(pn_1)(yn)8 P a8y p / | Dun|”
2—pn 2—pau o Asr.r Pn
(5.39)

for each sufficiently large n € N, where C’ = C'(N) > 0.
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Now, applying Lemma 5.2, due to (5.33), we can cover the compact set aB(SZr X
[—r, r] by a finite number of small cubes (which are bilipschitz homeomorphic to
balls) being subsets of €2\ S and obtain that the set

is a subset of Q2 \ S,. Denote by Egr the interior of Es ,. Then, by Proposition 5.6,
u, — u, weakly in Wl*l’(E()’r, RY) for all p € (1, 2). Furthermore, there ex-
ists a finite set {x1,...,x} C EJ, such that u, € C®(EJ \{x1,...,x}, N).
By the weak convergence and the Sobolev embedding, without loss of general-
| € C(dB} x {z}, ) for each

ity, u"|3352 x{z) converges uniformly to u*|3B§ {2
zef{-rr}.
We claim that for each n € N large enough, [y,] = [u*lng w—rfd =

(s, B2 x(r) Indeed, a close inspection of the proofs of Lemma 5.12 and Corol-
lary 5.13 shows that the mapping vs ,, € W1’2(BB§2r/2 x (2, z%), N), coming from
Corollary 5.13, has a well-defined homotopy class on the surface o Bgr 2% (", z%)
and for each z € {2, 2} }, [v5,n|aB§r/2x{z}] = [yu], where 2" € (—r +8r/2, —r +
8r) and 7/} € (r — or,r — &r/2) (the reader may consult the arguments given
immediately above the estimate (5.19), take into account Remark 2.19, and ob-
serve that the trace on S' x {L} of the map wy, € Wl'z(Fl,L, N) constructed in
the proof of Proposition 5.14 admits a continuous representative). We can actually
extend @5, on (Bszr\Bgr/z) X (—r,r) and vs , on 3352,/2 x (—r,r), where @s ,
comes from Corollary 5.13, so that these extensions have the following proper-
ties: s, € WI’P((B(SZV\B(WZ) x (=1, 1), N), vs.n € W1*2(8B52r/2 x (=r,r), N,
tr, B X (—r,r)(¢5>n) = vs,, (the proof consists in constructing the map on the

union of surfaces (3362r/2 x (—=r, 7)) U (8B(;2r/2 x (Z/{,r)) by similar way as
was constructed vs , on 8B§r 5 X (z", %), namely, by choosing appropriate tri-
angulations on the sets 8B52r x (—r, 7"), aBgr x (', r) and projecting them onto
8B§r PR (—r,7"), BBgr PR (2", r), respectively, and then proceed as in the con-
struction of the maps vs ,, ¢s.,; the traces of the obtained extensions of ¢s , and
vs.n Will coincide with the traces of ¢; , and vs , on 8B52r x {7}, 3352, x {z{ } and
8B§r R {3, BBgr RS {2t }, respectively, and hence we obtain a WP extension
of ¢s., on (Bgr\ﬁgr/z) x (—r, r) and a W12 extension of Vs,p ON BBgr/2 X (—r,1)).
Since foreach z € {—r, r}, traB,%,/z w{z) (vs.n) 1s homotopic to u, |aB§, (s We deduce
that for each n € N large enough, [y,,] = [ux |aB§ x{z}]' This proves our claim.

Thus, there exists ¥ € [S', A] such that for each n € N large enough, [y,] =
[y ]. Next, multiplying both sides of (5.38) and (5.39) by (2 — p,) and then passing
to the limit when n tend to +00, we obtain

! C
r2=28)E5(y) — C'edr < pua(Asry) < 2rEE(y) + % +2Cér, (5.40)

where we have used Lemma 2.8. Now we choose § = £!/? and hence § \ 0 as
& \{ 0. Dividing both sides of (5.40) by r and letting » N\, 0 and then & \ 0, we
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obtain
2658 (y) £ O1(x0)H ({(0,0)} x [—1, 1]) < 28 (p).

This implies that @1(x0) = Ezsg(y). Since xg € Sy N R, by Proposition 5.5,
®1(xg) > 0 and hence é‘;g(y) > (. This completes our proof of Proposition 5.16.
O

According to Lemma 2.8 and Proposition 5.16, the density of the one-dimensional
varifold V, coming from Proposition 5.8, which was naturally associated with
i L, is bounded from below || Vi ||-a.e. in  (i.e., u4-a.e. in Q or, equivalently,
Hlae.in SN 2) and has a finite set of values. Thus, due to Allard and Almgren’s
theorem [3, Theorem, p. 89], we obtain the following structure for S, N 2.

Proposition 5.17. Any compact set K C 2 such that S, N K # @ has an open
neighborhood U € 2 with a Lipschitz boundary and a finite number of connected
components such that Sy N\ U is a union of a finite number of closed straight line
segments, each of which has a positive length, and the interiors of these segments
(i.e., the segments without their endpoints) are pairwise disjoint. If K is connected,
then U is connected; otherwise, U may have several connected components, but
their closures are pairwise disjoint. Furthermore, S, N 0U is a finite set of points
such that for each point x € Sy N U there is exactly one segment lying in S, N U
and emanating from x.

Proof. If m(N) = {0}, then by Proposition 5.16 and Proposition 5.5, it holds
S« N Q = ¥ and the proof is trivial.

Assume that 71 (N) # {0}. According to the definition of the varifold V; (see
Proposition 5.8), the weight of V, (or, also the projection of V, on 2), defined
by [|VklI(E) = Vi(E x G(3,1)) for each E € B(RQ), is equal to u, L Q =
O1HIL (S, N ). Then, by Proposition 5.5, there exists ¢ = ¢(N) > 0 such that
foreach x € S, N Q,

IVl (B (x)) _

B3
O1(IVll, x) ;= lim ———————= = lim M
r—0+

=0 2 c.
2r r—0+ 2r 1) e

(5.41)

In view of Proposition 5.8 and (5.41), we can apply [3, Theorem, p. 89] and obtain
that there exists a countable family P of bounded open intervals (i.e., segments
without endpoints) contained in S, N Q such that V, = Y (O (I)|I| : I € P},
where ©1 (1) is the unique member of the range of ® restricted to the interval / and
[1] € (Cp(G3(£2)))’ is a finite positive Radon measure defined by |I| = Sege(dT)®
HLI (dx), where e is the unit direction vector of 1. Taking into account Lemma 2.8
and Proposition 5.16, we have that {®(/) : I € P} C {S;g(y) 1y € [Sl,/\/]} is
a finite set of values. Furthermore, the proof of [3, Theorem, p. 89] says that for
each x € S, N €, there exists a radius » > 0 such that S, N QN Ef (x) is a finite
union of radii of B (x), that is, closed straight line segments joining x with a point
on BBr3 (x). Let K C 2 be compact and satisfy K N S, # (. Then there exists a
finite collection of open balls Bgrl x1), ..., Bz3r, (x7) whose closures are contained
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in €2, centered at S, and the following holds: K NS, C Ule Br3,- (x7); S« ﬁE%ri (x7)
is a finite union of radii of E%r,‘ (x;) foreachi € {1,...,1} (at least two radii are
contained in each of these covering balls, because otherwise we would obtain a
contradiction with the stationarity of V). Now fix an arbitrary i € {1,...,1}. If
for some j € {1,...,1}, j # i aradius L; of Ef}_ (x;) (i-e., a closed segment
joining x; with a point on aBEj (x;)) lyingin S, N Ef,, (x;) intersects Efi (x;), then,
by construction of our covering, there exists a radius L; of Efl_ (x;) and a straight
line containing both L; and L ; (the union of these radii is a straight line segment).
Covering the rest of K with a finite number of chains of sufficiently small balls,
one can appropriately choose a neighborhood U of K satisfying the conditions of
Proposition 5.17 by passing from ball to ball in each chain from the resulting cover
and successively constructing dU . This completes our proof of Proposition 5.17. 0

As a byproduct of the proof of Proposition 5.16, taking into account Proposi-
tion 5.17, we obtain the following.

Corollary 5.18. Let L C Sy be a closed straight line segment. Let x be a point lying
in the relative interior of L and D C 2 be a closed 2-disk (which is an embedded
submanifold of R3) with center x such that D N S, = {x} and 9D N Sy = @,
where Sy is at most a countable and locally finite subset of Q\S, coming from
Proposition 4.2 (iii), which applies to u, in Q\Sy (see Proposition 5.6). Then the
homotopy class of uy|yp is nontrivial and for each point y in the relative interior
of L, ©1(tts, ) = & (uxlap).

Proof of Corollary 5.18. Fix an arbitrary point y lying in the relative interior of L.
According to Proposition 5.6 and Proposition 5.17, we can find an open set U € 2
suchthatx,y € U, D C Uandu, € W52 (U\L, NYNC®(U\(LUSp), N). Since
So is locally finite, there exists a closed 2-disk Dy C U such that Dy N Sy = {y},
0Dy N Sy = @ and u|yp is continuously homotopic to u, |3Dy. Then Esg(u*bD) =
Szg (u*lapy). On the other hand, as a byproduct of the proof of Proposition 5.16,
O1(y) = S;g (u«]3p), which completes our proof of Corollary 5.18. |

The stationarity of V. and Proposition 5.17 yield the following observation.

Corollary 5.19. Let xg € SN Then, according to Proposition 5.17, there exists a
radius r > 0 such that Ef (x0) C Q2 and Sy ﬂEf (x0) = Uﬁ=1 Li, wherel € N\{0}
and L; is a closed straight line segment emanating from xo. Let v; € S* be the
direction vector of L; pointing outward from x¢. Then the stationarity of V. yields
that the weighted sum of the v;’s is zero, namely

1
> hivi =0, (5.42)
i=1

where Aj = ggg (ulap;) > O with D; being a closed 2-disk (which is an embedded
submanifold of R3) centered inside L; and lying in B,3 (x0) onthe 2-plane orthogonal
to L; suchthat D; NS, is the singleton, d D; NSy = @, where Sy is at most a countable
and locally finite subset of Q\Sy coming from Proposition 4.2 (iii), which applies
10 uy in Q\ S, (see Proposition 5.6).
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Proof of Corollary 5.19. Fix an arbitrary x € C!(B?(xo), R?). Since the first vari-
ation of V,, vanishes, where Vi (d T, dx) = 64, ()(dT)® O OHIL (S, NQ)(dx)
with A, (x) being the orthogonal projection matrix onto the approximate tangent
plane 7, S, to S, at x, we have

0= /QA*(X) s Dy (x) iy (x) 2[ O1(0)Ax(x) : Dy (x) dH' (x).

S.NB3(x0)
(5.43)
Next, using that S, N Ef(xo) = Ué:l Li, sl Bf’(xo) = 25:1 AHYL L; and
Ayl = vi ® v;, in view of (5.43), we get

1
0= Zki /L vi ® vi : Dy (x)dH! (x)

! H(Ly)
=Y / = 0o+ 1w, vi) dr (5.44)
i=1 70 f
I

Z X (x0), Aiv;).

Since x € CL(B?(xp), R3) was arbitrarily chosen, (5.44) yields (5.42), which
completes our proof of Corollary 5.19. O

Remark 5.20. We obtain several direct consequences of Corollary 5.19.

(i) For each xo € S, N 2, at least two segments emanate from x, because
otherwise xo would be an endpoint for some segment lying in S, N €2, but
this would contradict (5.42).

(ii) Iflocally around x( the set S, N€2 is aunion of exactly two segments emanating
from xp, then the angle between them is 7, since a smaller angle would
contradict (5.42).

(iii) If exactly three segments emanate from xg, then their direction vectors lie in
the same two-dimensional plane.

(iv) If exactly four segments emanate from x, then Ay vy +Arv2+A3v3+Agv4 = 0,
which yields a system of equations. Firstly, [Ajv] + Aova |2 [A3v3 + k4v4|2
and hence

AT A3+ 201 A2(v1, v2) = A3 + A + 24304 (03, va).
Secondly, for each j € {1, ..., 4},

since |vj| = 1. Thirdly, foreach j € {1, ..., 4},|x;v;|* = |Z?:1,i¢j Aivi|?
and hence

4
Z AZ 42 Aidg (v, vg).
i=1,i#j i, ke({1,... 4\\{jHN{i <k}
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If A1 = A2 = A3 = A4in (5.42), then, up to relabeling, v + v» = —v3 — v4,
and there exists a double cone with apex O such that vy, vy lie on the upper
nappe and v3, v4 lie on the lower nappe of the cone, respectively. Furthermore,
the angle between v and v; is the same as between v3 and v4, which is twice
the angle of the double cone.

Moreover, in [21, Proposition 2] it was proved that in the case when 71 (N) ~ Z/27Z
(for instance, N' = SO(n) or N' = RP"~! forn € N, n > 3), then only an even
number of segments can emanate from x € S, N 2. We prove that in the case when
1 (N) = Z/27Z, there cannot be branching points inside £ (see Corollary 6.8).

. . 1 L
5.4. Interior Estimates and Wlo’cq (2) compactness for p-minimizers when q < 2

We prove that the g-energy of p,-minimizers with (p,),en C [1, 2) and p,
2 as n — +o0 is locally bounded inside €2 for each ¢ € [1, 2) under the condition
(5.1).

For the reader’s convenience, let us recall the construction of dyadic cubes in
R3 (see, for instance, [7]).

Definition 5.21. Let [0, 1)3 be the reference cube, j € Z e_lnd x € Z3. Then define
the dyadic cube of generation j with lower left corner 27/ x by

Qi =277 +[0,D}) ={yeR®:2/y —x €0, 1)%),

the set of generation j dyadic cubes by &; = {Q;, : x € 73} and the set of all
dyadic cubes by

95;:ngjz{Qj,x:jeZandxef}.
JEZL

For each k € N\ {0}, we also define the enlarged cubes

kQjx = {y eR3: ij —x € [—u, wy}
2 2
According to [7, Theorem 2.2.3 (ii)], for each j € Z and x € 73, there exists a
unique y € Z3 such that Qjx C Qj_1,y.Thecube Q;_, , will be called the parent
of Q. Foreach j € Zand y € Z°, the cubes Q 41,y for which Q y is the parent
are called the children of Q; y.
The distance from U C R3 to V c R3 is given by

dist(U, V) :=inf{lx —y|:x e U, ye V}.

Proposition 5.22. Let V. C R3 be a bounded open set. Let Cy, Cy be positive
constants, p € (1,2] and f € LP(V). Assume that for each dyadic cube Q j y,
suchthat2Qj v, C V and

Ci / |f1Pdx <27/6G=P (5.45)
2Qj.x0
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it holds

/ |F1Pdx < C2716—P), (5.46)
0

Jx0
Then for each q € [1, p), f € L1(V) and

q

P

A
/(dist(x,&V)lf(x)l)q dx < 1o4c2”|V|+104%/ (dist(x, dV)| £ (x)? dx.
v p—aqlv
(5.47)

Proof. According to the Whitney covering theorem for dyadic cubes, namely [7,
Theorem 2.3.1], there exists a collection of mutually disjoint dyadic cubes F =
{Qi}ier, where I is countable, such that

Ld'st(Q- aV) < diam(Q;) < Ld'st(Q- av) (5.48)
30 o OF) = GAMSD = 7 AT '
and
V= U 0;. (5.49)
iel

Since V is bounded, there exists (the minimal) jy € Z such that for some xg € 73,
0 jo,xo € F and for each x € 73 and j € (=00, jo) NZ, Qjx ¢ F.Foreach j €
[jo, +00) NZ, define F; := &; N F. Since V is bounded, F; is finite. Notice also
thatforeach Q € F,30Q C V (thiscomesfrom (5.48), see [7, Proposition2.3.3 (i)]).
We say that a dyadic cube Q € F; is good if (5.45) holds with Q; , replaced by
0, and it is bad otherwise. Let us now define the collection of all good cubes of
F; by Fj o and their union by G ; o. For each bad cube Q € F;, we consider the
children of Q. Similarly, we say that a child Q' of Q is good if (5.45) holds with
Q. x, replaced by Q’, and it is bad otherwise. We define the collection of all good
children of bad cubes of F; by F; 1 and their union by G ; 1. Next, we select good
children of bad children of bad cubes in F; and denote this collection by F; > and
their union by G >. Denote the number of bad cubes in F; by N; . The number
of bad children of bad cubes of F; denote by N; 1 and the number of bad children
of bad children of bad cubes of F; denote by N; >. Repeating this procedure, we
obtain sequences (Fj n)nen, (G jn)nen and (N; ,)nen. Define G := ey Gjn-
We claim that G has full measure in UQE F; Q. Indeed, by [7, Theorem 2.2.3],

for each y € R3, there exists a sequence of dyadic cubes (Qk,y, )ken such that
(v} = Mkey Qryi- If y € UQefj O\G, then, by construction, for each k € N

large enough, 20y, C B;,kﬂ (y) C V and

af irarzae,
B 1
which implies that
1
liminf3—/ | f1P dx = +o00.
k=00 [By ;| B;kﬂ(”
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Thus, in view of the Lebesgue differentiation theorem (see [28, Theorem 1.32])
and the fact that f € L7 (V), | UQe]—‘,- 0O\ G| = 0. This proves our claim. On the
other hand, observe that for each n € N,

#Fjns1 S2°Nj, (5.50)
and, in view of (5.45),
Njn < 332(j+n)(3—17)cl[ | £1P dx, (5.51)
Gj

where we have also used that if Q € & j» then there exists exactly 33 — 1 other
dyadic cubes Q' € ; such that 20 N 2Q’ # ¢, and that G; has full measure in
UQG}—]_ Q. Combining (5.50) with (5.51), for each n € N, we get

BT st < 62000G-D / FIP . (5.52)

Gj

It is also worth noting that
#Fj0 < 2Y1Gyl. (5.53)

Applying Holder’s inequality and (5.46), for each Q € F; ,,, we obtain

H 4 . . 3
fy e sier= ([irar) s chamm Ry
Q Q

q
< C2P 2= (+mG-q)

Using this, (5.52) and (5.53), we deduce that

| i

J

+00 —+00
=Z/ flede= ) /Iflqu+z > flfl"dx
n=0"GCjn Q o

QeFjo n=0 QeF; +1

+00
< #F;0CP 2070 4 Z#}‘j’n_i_lczl%z—(j‘f'n‘f‘l)(?’—q)
n=0
q g T
< C2" 2j(J|Gj| + 332‘1C1C2” Zz*(jﬂl)(P*Q) / | £1P dx
n=0 Gj
q

CiCy

A .
gC2"21q|(;j|+3321q+pm )
J

277P| £1P dx,
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where, in the last estimate, we have used that 2777 — 1 2 In(2)(p — q). Hence

qa
cicy

— "2 | 27iP|£|1Pdx. (5.54
YTl A Al

. q
/ 2709 fl9dx £ CJ |G|+ 3%2F

Gj

Since 1 < g < p = 2, from (5.48), (5.54) and the fact that G ; has full measure in
Uger, @, we obtain

1
q
/(dist(x,BV)lf(x)|)qu§104C2p|Gj|+104 ¢ f (dist(x, V)| £ (x)])P dx.
Gj

Summing both sides of the above inequality over j € [jo, +00) NZ and taking into
account that U = G has full measure in V (this comes from (5.49) and the fact
that G ; has full measure in UQG 7 Q), yields

/(dlst(x AV f)D?dx < 104C2 \4 +104 /(dlst(x AV F ()P dx.

This completes our proof of Proposition 5.22. O

As a consequence of Proposition 5.22, we obtain an improvement of Proposi-
tion 5.6.

Proposition 5.23. Let (u,),en be a sequence of pp-minimizers in Q2. Then the
following assertions hold.

(i) There exists C = C(diam(82), N') > 0 such that for each q € [1, 2),

Jim sup / (dist(x, 39)| Dty (x))? dx
Q

n——+00

| Dup | P d

C
< CIQ + 7 lim sup(2 — py,)

— 4 n—+o0

(ii) Let (up)nen satisfy (5.1) and let uy be given by Proposition 5.6. Then for
eachq € [1,2), uy, € Wllo‘cq (2, N) and, up to a subsequence (not relabeled),
Uy —> Uy IN Wl})’cq(Q, RY) and

f (dist(x, 02)|Dus(x)])? dx
Q

D Pn
| Dunl™ 4 (5.55)

C
< C|Q2]+— lim sup(2— pn)/
2— Q

n——+00

where C = C(diam(Q2), N) > 0.
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Proof. Let n, C > 0 be the constants of Lemma 3.12, where k = 1/2, pp = 3/2
and W comes from [32, Corollary 3]. Observe that if Q is a dyadic cube with
barycenter xp and sidelength r > 0, then, denoting its interior by Q°, we have
Q° = \II(BE'/Z) + xp,20° = \II(BE) + x¢ and the bilipschitz constant of the
map W + x is the bilipschitz constant of W. Thus, applying Proposition 5.22 with
V=Qp=pnf=|Du,Cr=0C,C; = 2 np” and taking into account that
dist(-, 0Q2) < diam(2) everywhere in €2, for each g € [1, 2) we get

lim sup/ (dist(x, 0Q)|Duy (x)])4 dx
Q

n—-+00

/
< gl 5 tmsup -y [ P g
2—¢q ns+o0
where C’ = C’(diam(2), ') > 0. This yields (i).

Now we prove (ii). Let ¢ € [1,2) and F = {Q;}ie; be a Whitney covering of
Q\ S« by dyadic cubes such that Q\ S, = Uie[ Q;and2Q; C Q\S, foreachi €
(see, for example, [7, Theorem 2.3.1]). Notice that / is countable. Using the fact
that |S,| = 0 (see Proposition 5.8), the weak convergence (see Proposition 4.2 (1)),
together with the convexity, and also using Fatou’s lemma, up to a subsequence
(not relabeled), one has

/(dlst(x Q)| Duy(x)N? dx = / (dist(x, 02)|Dus(x)])? dx
iel

< lim inf/ (dist(x, 02)|Duy, (x)])? dx
el n—+00 ;

n—-+o0o
iel

§liminf2/ (dist(x, 9Q2)| Duty (x)])? dx
—hmlnf/(dlst(x 02)|Du, (x)? dx.

This, in view of (i) and (5.1), implies (5.55) and the fact that u, € W1OC (Q,N)
for all ¢ € [1, 2). Next, let go € (¢g,2) and U € 2 be an open set. Fix a sequence
(Kn)nen of compact sets such that K, € U\S,, K, C K,q1 and (J,cn K =
U \ S.. Applying Hélder’s inequality and using the fact that |Du, — Du,|? <
290~V (| Du, |90 + | Du,|%) (by convexity), for each n € N large enough we obtain

q

—4 4
/ Dy — Du ¥ dx < |U\ K| 0277w </ (|1 Dup |7 + | Duy|10) dx> "
U U\K,

- o
+ 1Kyl o |Dup — Duy|P" dx
K’l

By carefully choosing K, and letting n tend to 400, in view of Proposition 4.2 (ii),
up to a subsequence (not relabeled), we can ensure that the last two terms tend to 0
as n — +o00, and hence u,, — u, in Wl'q(U, RY) as n — +o00. Using a diagonal
argument, we deduce (ii), which completes our proof of Proposition 5.23. O
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6. Interior Minimality of the Singular Set

In this section, we prove some properties of local minimality inside €2 of the
positive Radon measure j1, € (C(S2)) and its support Sy, defined at the beginning
of Section 5.

First, we define the notion of an admissible chain for a bounded Lipschitz
domain U C R and a boundary datum g € Wl22@U, N).

Definition 6.1. Given a bounded Lipschitz domain U C R? and a map g €
W1/2’2(8U, N), we say that a closed set S C U is an admissible chain for U
and g if the following properties are satisfied.

(P.1) S is the union of a finite number of closed straight line segments, each of
which has a positive length, and the interiors of these segments (i.e., the
segments without their endpoints) are pairwise disjoint.

(P2) SN AU is a finite set of points.

(P.3) S has no endpoints in U, namely, if L C S is a segment having an endpoint
x € U, then there exists another segment L’ C S emanating from x.

(P.4) There exists amap u € WIL’CZ(U\S, N) such that tryy (u) = g.

The set of all admissible chains for U and g will be denoted by € (U, g).

Remark 6.2. Assume that there exists u € WIL’Cz(U \S, N) satisfying (P.4). Then
there exists v € Wlf;z(U\S, N)YNCUN\(SUS,), N) such that tryy (v) = g, where

Sy is at most a countfible and locally finite subset of U \ S (see [52, Theorem IT]). Let
L be a segment in the chain S and x1, x» be interior points of L such that x| # x».
Since v € WIL’Cz(U \S, V), using the coarea formula, we can find a sufficiently
small radius > 0 such that the following holds. There exists y € [S!, A] such
that for H'-a.e. x € [x1, x2], letting 0 D to be the circle with center x and radius
r lying in the 2-plane orthogonal to L, we have tryp(v) = v|sp € w2 D, N),
v|yp is homotopic to y and Ssg(vlap) = S‘zg(y). On the other hand, since v €
C(U\(SUS,), N) and S, is locally finite, we can choose x; and x» to be arbitrarily
close to the endpoints of L and repeat the previous procedure for a smaller radius
o € (0, r), but without changing y € [Sl, N]. Thus, we can define the mass of S
with respect to the extension v of g as the sum Zle riHY(L;), where Ué:] Li=S
is the union of the segments lying in S and A; = Esg(y,-), where y; € [S', Nis
defined for each L; with respect to v. Denote this mass by M(v, g, §). It is worth
noting that for different extensions u| € WIL’CZ(U\S, M)y N CWU\S U S, N)
and up € WlL’CZ(U\S, N)YNCWU\(S U S,,), N) of g satisfying the property (P.4)
of Definition 6.1, we can obtain different masses of S with respect to «1 and u5,
however, the following

inf(M(u, g, 8) 1 u € Wil (U\ S, N)NCWU \ (SU S, N), tray () = g}
6.1
is achieved. Indeed, if u, € WIL’Cz(U \S, ) is a minimizing sequence for (6.1),

then, since #[S', A'] < +o0, the set {E‘Sg(y) .y €[S, M1} is finite, and hence
{M(uy,, g, S) : n € N}isfinite. Thus, for each sufficiently large n € N, Ml(u,,, g, S)



Arch. Rational Mech. Anal. (2025) 249:29 Page 69 of 103 29

is equal to the infimum in (6.1), and each u,,, for sufficiently large n € N, realizes
the infimum in (6.1).

Next, using Remark 6.2, we define the notion of the mass of an admissible
chain.

Definition 6.3. Given a bounded Lipschitz domain U C R3 and a map g €
W22@QU, N),if S € €(U, g), we define its mass by

Mg, $) = M(u, g, 9),

where u € WIL’Cz(U\S, N)YN CU\(SUS,), N) realizes the infimum in (6.1) for
gandS.

When appropriate, we shall simply write M(S) instead of M(g, §). Notice that
the definition of M(g, S) also depends on N/, but we decided not to mention it
explicitly to simplify the notation.

Now we prove the interior minimality of S.

Proposition 6.4. Let u, € W22\ Sy, ) and (pp)uen C [1,2) be given by
Proposition 5.6. Then for any domain K € Q such that K N S, # §, there

exists a Lipschitz domiin U € Q containing K such that tryy(uy) = uslgy €
W22@QU, N), S. NU € B(U, uylau) and for each S € G (U, us|yv),

14(Sx N U) = M(uslou, S« NU) < M(uslou, ). (6.2)

Remark 6.5. Proposition 6.4 allows the choice of the domain U to be arbitrarily
close to K.

Proof of Proposition 6.4. According to Proposition 5.17, since K is connected,
there exists a Lipschitz domain V & 2 containing K such that S, NV is a union
of a finite number of closed straight line segments, each of which has a positive
length, and the interiors of these segments are pairwise disjoint. Also S, N9V is a
finite set of points such that for each point x € S, NdV there is exactly one segment
lying in S, NV and emanating from x. Changing, if necessary, 3V locally around
each point of S, N 9V, we can assume that for each x € S, N dV, 3V coincides
with its tangent plane at x in a small neighborhood of x, and the segment lying in
S. NV and emanating from x is orthogonal to this tangent plane.

Step 1. We define U. Fix . > 0 small enough such that for each ¢ € (0, ], all the
above properties prescribed for V concerning S, and K hold alsofor V; = {y e V :
dist(y, V) > t}, which is a Lipschitz domain. Applying [30, Theorem 3.2.22 (3)]
with W = V\V;, Z = (0,1) and f : W — Z defined by f(y) = dist(y, dV),
and using also the fact that |Df (y)| = 1 for a.e. y € W, Fatou’s lemma, (5.1) and
Proposition 5.23 (ii), we obtain

n—-+00

A
f do liminff (ltn — 1|9 + | Du, — Duy|?) dH?
0 FanX(()

n— 400

< liminf/ (Juy, — us|? + |Duy, — Duy|?)dy =0 (6.3)
w
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for each ¢ € (1, 2) and

A
/ do liminf(2 — p,) (IDun|P" 4 | Du|Pr)y dH?
0 n—+00 ()

S liminf(2 — pa) | (IDun|P + |Duy|P)dy = C',
n—-+00 w

where C' = C'(dist(V, Q), diam(R2), Cy, N) > 0 and Cy > 0 is the constant
coming from (5.1). On the other hand, using Proposition 5.6 (thanks to which we
know that, up to a subsequence (not relabeled), u, — u, in L”(2,R") for all
p € [1,+00) (see Proposition 4.2 (i))) and the continuity of the L”-norm, we
deduce that ||u, — u*l|{',’,n(W’R,)) — 0 asn — 400 and hence

A
lim / dQ/ lup — uy|Pr dH* = 0.
n=+eJo Pl

Then there exists # € (0, A) such that for U = V;, up to a subsequence (not
relabeled), for each n € N large enough: tryy (u,) = unlau, trav (Us) = usloy €
Wlrn(dU, Ny € W/223U, N) and

"

C
/ (|Duy|P" + | Duy| Py dH* < : (6.4)
AU 2 — py

where C” = C" (¢, dist(V, Q), diam(RQ), Cy, N) > 0;

lunlov — u*|8U”inPn(3U’Ru) -0 (6.5)

asn — +o00o;

lunlov — usloullLe@u;rry — 0 (6.6)

as n — 400, in view of (6.3) and Morrey’s embedding for Sobolev mappings.
Since 7 and V uniquely determine U, we can assume that C” actually depends on
U, diam(2), Co and NV. Thus, we have defined U. According to our construction
and Proposition 5.6, the properties (P.1)-(P.4) of Definition 6.1 are fulfilled for U,
Ux|ay and S, NU. Therefore, S, NU € B (U, uy|yy).

Step 2. Given S € B6(U, us|yy), we construct a sequence of mappings w, €
Whrn(U, N) such that tryy (w,) = ux|sy and

D Pn
lim sup(2 — pn)/ Dwnl™ 45 < M(s). (6.7)
U Pn

n——+00

Consider a map u € WIL’Cz(U \ S, NV) minimizing the expression in (6.1), where
g = uylgy. Lete € (0, 1) and § € (0, 1) be small enough and & be fairly small
with respect to €. Then, using the coarea formula and taking into account that
u € WLAU \ S, N), we obtain §' € (35/4,58/4) and &' € (38/4, 5¢/4) such
that, defining Sy = {y € U : dist(y, §) < &'}, we have the following. Firstly,
tras, nu(u) = ulasynu € W1'2(8S5/ N U, N). Secondly, for each branching point

x € SN U of S (if such a point exists), tr(BBs,(x)\SB/)ﬂU(“) = u|(BB§,(x)\S5/)ﬂU €
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W20 B2, (x)\Sy) N U, N), where (dB2,(x)\Ss) N U = dB3,(x)\Sy if x € U
(we recall that § is fairly small with respect to &€ and the structure of S is given by
Definition 6.1). To lighten the notation, we assume that 8’ = § and ¢’ = ¢. Let L be
a segment of S. Up to rotation and translation, we can assume that L = {(0, 0)} x
[—h, h], where h = H'(L)/2 > 0.Let A := B? x (z(0, 0, —h), z(0, 0, 1)), where
z(0,0, —h) := —h + /&2 — §2if (0, 0, —h) is a branching point of S (i.e., several
segments of § emanate from this point), z(0, 0, h) := h — /&2 — 82 if (0,0, h)
is a branching point of S, z(0,0, —h) := —h + «§ if (0,0, —h) € 9U is an
endpoint of § (i.e., only one segment of S emanates from this point, namely L),
2(0,0,h) = h —kéif (0,0, h) € AU is an endpoint of S, where k = x(S) > 0
will be defined later for the proof to work. Hereinafter in this proof, C will denote
a positive constant that is independent of n, ¢ and 6 and can be different from line
to line. We define w, in A by using Lemma 2.20 (i), namely we obtain a map
wy|a € WhPr(A, N) such that

D P Hl L gsg 82—[7,, C D Pn
f Dunl o HDERWF | € /' T 2 68
A Pn 2 — pn P r pn

where I' is the lateral surface of A and y € [S', NV is homotopic to ulyp €
C(dD, N), where 9D is the circle being the boundary of a 2-disk orthogonal to
L with fairly small radius and whose center belongs to the interior of L. We have
used that I' C (385 N U) and ulys,ny € WH2(@Ss N U, N).

We need to distinguish between two further cases.

Case 1. Let x € aU be an endpoint of S (if it exists). Then, taking into account
the properties (P.1) and (P.2) of Definition 6.1 and the fact that for each x € SN
oU, aU coincides with its tangent plane at x in a small neighborhood of x, we
can find « = k(S) > 0 such that for each endpoint y € dU of S, if L is a
segment of S emanating from y, then the 2-disk orthogonal to L with center £ € L
such that |§ — y| = k¢ lies entirely in U. Now let L denote the segment of §
emanating from x. Up to rotation and translation, L = {(0,0)} x [—h, k] and
x = (0,0, h), where h := H'(L)/2 > 0. Let As := {y = (y1,y2,1) € U :
dist(y, L) < & and t € (h — k8, h)}. Then Ay is bilipschitz homeomorphic to
Eg with a bilipschitz constant depending on «. Thus, there exists a bilipschitz map
W : Ay — Bj. We have constructed w, on A = B} x (z(0, 0, —h), h — k3). By
Lemma 2.20 (ii), tr g2, () (wn) € Wl-Pn(B2 x {h — «8}, N') and

Pn 2—pn
C§2Pn C Dru|Pr
< + 1/' U™ 12,
§Pn—1 Jp Pn

2 — pn
(6.9)

IDtroo o (wp)|Pn sg 2—pn Pn
/ B2x{h—is}\Wn a2 < Epn (¥ N C 1/ |DTul 42
B2x{h—ks} spn=2Jr pn
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where y € [S', A] comes from (6.8), T is the lateral surface of A, and we have
used that #[S', N'] < +00. Now we define the mapping g, : dAs — A by

ulau (y) if yedAsnNaU,

gn(y) = ulas;nu (y) if yeadSsnU,
U2 hy)(Wn) if ¥ € Bf x {h —«é}.

Then, since the traces of u. |3y and ulys;ny coincide on dSs N dU, and the traces
of ulyssny and tngx{h—Ka}(wn) coincide on 8382 x {h — k8}, we deduce that

gn € wlen@gAag, N). Using (6.4), (6.9) and the fact that § € (0, 1) is fairly small,
we obtain

DTgu|P o) 2P c Drul|P
/ |1Dgnl™ dH? < + + —— / |Dul? dH2.
ans  Pn 2—pn  2—=pu 8 Jassnu Pa

(6.10)

Next, we define w,|a,(y) = g (W~ ' @W)/ WD) for y € As\{¥w~'(0)}.
Then, using (6.10), we deduce the following

Dw Pn D Pn
/ | nl dy é C8/ | DTgxl dH2
As Pn s Pn

(o) C83pn | Dru|Pr

(6.11)
+ + 8P / —_—
2 — pn 2—pn 3SsNU Pn

dH>.

[IA

Case 2. Let x be abranching point of S (if it exists). Then, according to our construc-
tion, iy g3 )\ 55)nU € WL2((@B2(x)\Ss) N U, N). Furthermore, (3 B3 (x)\S5) N
U = 8B§(x)\S3 ifx e U.Let L;,i € {1,...,s} be the segments of S emanat-
ing from x. We fill the holes in (9 Bg’ (x)\Ss) N U with the closures of the open
2-disks D; such that D; is orthogonal to L;, has radius §, and its center lies on
L; at a distance of /&2 — §2 from the point x. Thus, M = (U N B (x)) U
((BBS (O\Ss) NU) U U§:1 D;isa compact 2-manifold without boundary, which
is bilipschitz homeomorphic to BBS’. Furthermore, according to our construction,
foreachi € {1,...,1}, trp, (wy,) € wh.Pn(D;, N). Since the traces of u|yy and
ul(3B3)\s;)nu coincide on dU N dB2(x), and the traces of ul3B3)\s;)ny and
trp, (w,) coincide on 3 D;, defining v, : M — N by '

uslau () if y e 93U N B3 (x),
vn(¥) = Y ul@piansynu () if y € (0B2(x)\ Ss5) N U,
trﬁi(wn)(Y) if y € Dy,

we observe that v, € Wl’ﬁ’ (M ,_/\f ). Next, let E be an open bounded set whose
boundary is M. Let ® : E — Bg be a bilipschitz homeomorphism. We define
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walE(y) = va(@ e (y)/|D(Y))) for y € E\{®~'(0)}. Then, using (6.4),
(6.9) and Definition 6.1, we obtain

Duw, |Pn DTv,|Pn
/ | n| dy § Cs/ | T n| de
E Pn M Pn

D Pn D Pn
§C8/ md}ﬂ_}_cg‘/ ﬂd}ﬂ
AUNB3(x)  Pn @B3(x)\S)NU  Pn

l
Dt trp. Pn
+CSZ/ |DT trp, (wn)] aH> 6.12)
i=17Di p

n

C D Pn C 52_I7n
£ g Cs/ IDTUl™ gp2 €807
2—pn @B3(O\S)NU P 2—pn

Ce Du|Pn
+ 1/ IDTul™ 4302,
8Pn=h JassnU  Pn

Finally, we define w,, for each y in U lying outside the set E s, which is the union of
Ss with the union of Eg (x) MU over all branching points x of S, by w, (y) = u(y).
Since the traces of the piecewise definitions of w, coincide, w, € when(U, N ).
Next, gathering together (6.8), (6.11), (6.12) and using the facts that ¢, 5 € (0, 1)
are sufficiently small, § is fairly small with respect to ¢, (pn)nen C [1,2) and
Pn /" 2asn — 400, S consists of a finite union of segments (and hence it has a
finite number of branching points and endpoints), for all sufficiently large n € N,
we deduce the following

D Pn MSSZ*Pn C
f' ol gy < MO e Y
U Pn 2—pn 2—pn eP

Ces2=pn c Dru|Pn Du|Pn
+ +—— / IDTul™ 32 4 / | Dul dy,
2—pn 8pn assnU ~ Pn U\E.s Pn

=

|[DrulPr 5
—dH
/(aBg(x)\sg)mU Pn

where P is the set of branching points of S. Multiplying both sides of the above
inequality by (2 — p,,), then letting n tend to 400 and using the continuity of the
LP-norm and the facts thatu € WH2(3SsNU, N),u € WH2((dB2(x)\Ss)NU, N)
for each branching point x of S, u € Wl*z(U\E&g, N), we deduce that

Dwy|Pr
limsup — poy [ 22 4y < Mics) + ce.

n—+o00 U n
Since ¢ > 0 was chosen arbitrarily small and C is independent of ¢, the last estimate
implies (6.7).

Step 3. We prove (6.2). Let the sequence of maps w, € WP (U, N') be as in Step 2.
Using Lemma 4.1, we construct a competitor for the minimizer u,, by interpolating
between u,, and w,,. In view of (6.5) and the fact that tryy (wy,) = u«lsv,

lunlov — traU(wn)”IZ’llﬁn(aU’Rv) -0 (6.13)

asn — +oo. Let Ty = Tp(dU) > 0 be the constant of Lemma 4.1. Choose

T’ € (0, Tp) sufficiently small and ® : U x [0,7T'] — E,, such that ® is
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bilipschitz onto its image, ®(o,0) = o, DTP (0, 0) is an isometry for o € U,
where E,; = {x € U : dist(x, dU) < ro} for some fairly small constant ryp > 0
depending on T’. According to Lemma 2.1, there exists a constant A pr > 0 such that
the nearest point retraction ITxs : N;,, — N is well defined and smooth, where
Niy = {x € R” dist(x, N) < Apr}. Setting s, = |lunlav — trau (wa) | Len 9u,RY)
and using (6.4) and (6.13), we observe that s, — 0 and for each sufficiently large
neN,

n— Pn C
/ Dyl + Dy w7+ L) g < €
oU sk 2—pn

(6.14)

Then, by Lemma 4.1, applied with u = u,|yy, v = tragu(w,) = ulpy and
T = S,l/z, there exists a mapping &, € WP(9U x (0, s,ll/z), RY) interpolating
between u, |3y and tryy (wy,). By (6.6), we deduce that

essl,sup 1, dist(1xiy(o, 1), N) < llunlov — uslovllL=@ury — 0

(oa,n)edl x(0,51/%)

as n — 4-o00. This implies that for each n € N large enough, it holds

A
dist(&, (0, 1), N) < % (6.15)
1/2
for a.e. (0,t) € AU x (0,s," 7).
In view of (6.15) and Lemma 2.1, for each n € N large enough we can define
the mapping ¢, (y) := Tar(£,(®~())) for each y € ®(AU x (0, 5./%)). Then

the following assertions hold. First ¢, € wlpn(® U x (0, s,l,/z)), N). Second,

v (@n) = Unlou, We o, 51/2)) (@n) = Uxloy © Py o o lo ot (52

where @, : U x [s,i/z, T'] is defined by @, (o, t) := (o, 1 — si/z) and we have

used the fact that ® (o, 0) = o. Thirdly, using [30, Theorem 3.2.5], the fact that ¥
is bilipschitz, Lemma 4.1 (ii), where T = s,ll/ 2, and (6.14), we have the following

| Dgp |P | D&, |Pn
@~ pn) T dy £CQ = pa) o e dH? e
DU x(0,s," 7)) Pn AU x(0,s,' ") Pn
12 lun — s P
<C@ - p)sy’ / | DTun|P" 4 | DT tryy (w) [P 4 =5 | dH?
U shn
< csl? (6.16)

Let ¢ € C.([0, +00)) be the Lipschitz map such that{ = 1on [0, 1],¢(s) =2 —s
for s € [1,2], ¢ = 0 on [2,4+00). Hence [|¢||L>o([0.400)) = 1. Next, for each
sufficiently large n € N, define ¥, : U — N by

¢ (y) if ye®@OU x (0,5,
Un () = {usloy 0 @po @7y a (0) 0y € BOU X {5,°D, (6.17)

Wy (¥, (1)) if yeU\®OU x (0,s,°]),
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where ¥, : U \ ®(0U x (0, s,i/Z]) — U is the map defined by
dist(y, aU) dist(y, aU) _
W, (y) = <1 ~ :(1—/3))y +;(1—/3)<1>n(<1> ')
Sp Sp

We note that v, € WhPn(U, N), tray (W) = uplyy, Wy is bilipschitz, |[DW, —
Id| = O(S,%/6) ae.inU \ ®(0U x (0, s,ll/z]) (for more details, see the proof of
Proposition 4.2). Thus, ¥, is a competitor for u,. Then, using (6.16), (6.17), [30,
Theorem 3.2.5] and (6.7), we obtain

.. | Duyy [P
liminf(2 — p,) dy
n—>+00 U Pn

D Pn
< liminf(2 — p,,)/ 1DYul™ 4
n—+00 U Pn

(6.18)

Duw. |Pr
< lim SUP<CSrIz/2 +Q—pa)(1+ o(s,l“o))/ 1Dunl™ 1:"' dy)
U n

n——+00

< M(S).

On the other hand, using (5.3), the fact that U is open, Corollary 5.18 and the
geometry of S, N U (see the beginning of the proof and Step I), we deduce that

_ D Pn
(S, N U) = M(S, NT) < liminf(2 — pn)/ Dunl™ 40 (6.19)
n—>+00 U Pn

Combining (6.18) with (6.19), yields (6.2). This completes our proof of Proposi-
tion 6.4. O

We shall apply Proposition 6.4 to prove that in the case when 71 (N) ~ Z /27
the set S, has no branching points inside €2. To this end, we need the next extension
result. The following statement is similar to [22, Lemma 3].

Proposition 6.6. Let Q@ C R3? be a bounded strictly convex domain, w1 (N) be
Abelian (and endowed with the law +) and ay, . . ., a; C Q be distinct points. Let
g€ COUWNai,...,a}, N)anda : {ay, ..., a)* — w1 (N) satisfy the following
conditions:

() a(ai, aj) = —a(aj, a;), so that, in particular, a(a;, a;) = 0;
(ii) if a; € 02, then Zl;zl a(a;, aj) is the homotopy class of g around a;;
(iii) if a; € Q, then Y"%_ a(aj, a;) = 0.
Then there exists u € C(Q\(Z U F), N), where F is finite and ¥ = | {[a;, ajl:

alaj,aj) # 0}, and for every i, j € {1, ..., k}, u is homotopic to a(a;, a;) on
small circles transversal to [a;, aj].

The proof of Proposition 6.6 will use the following two-dimensional construc-
tion.
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Proposition 6.7. Let U C R2 be a bounded strictly convex domain, w1 (N') be
Abelian and ay, . .., a; C U be distinct points. Assume that h € C(3U, N) and
y:f{al,...,a} — w1 (N) satisfy the condition that Zle y (a;) is the homotopy
class of h on dU. Then there existsu € C(U\{ay, ..., ar}, N), such that u|yy = h
and u is homotopic to y (a;) on small circles transversal around a;.

Proof. We consider a set L of segments in R? such that {a;, ..., ax} C Land U\L
is simply connected. For r > 0 small enough, the disks B%r (ar), ..., B%r (ay) are
pairwise disjoint. We fix u on 0 B,2 (a;) sothatu|yp2 4, has the prescribed homotopy

class y (a;). We extend then this map u to (U N L)\ Ule E% (a;) by connectedness
of N.Since V. = U\(L U Uf:l Ef (ai)) is simply connected and by our assumption
on the homotopy classes, u has a trivial homotopy on dV. Thus, we can extend u

to V in such a way that u = h on dU. Finally, u is extended homogeneously on the
set B2(a;)\{a;} foreachi € {1,...,k}. O

Proof of Proposition 6.6. As a first step, given a plane P C R that is transversal
to X and does not contain F', the map g can be extended to (02 U (P N Q))\X.
Indeed, the homotopy class of g on 9€2 is equal to the sum of the homotopy classes
on small circles around {aj, ..., ax} N 92 on one side of P. By the conditions
(i) and (iii), the homotopy class of g on 9<2 is equal to the sum of the homotopy
classes on small circles around ¥ N P. By Proposition 6.7, g can be extended to
P N 2\ X with the prescribed homotopy on small circles around points of ¥ N P.
Reiterating this construction finitely many times, the problem is reduced to the case
where either £ = 0 and one can perform a homogeneous extension with respect to
any interior point, or the set ¥ is starshaped with respect to some point in  and
we perform then a homogeneous extension with respect to that point. O

Corollary 6.8. Let w11 (N) = Z/2Z. Then S, has no branching points inside .

Proof of Corollary 6.8. Assume by contradiction that S, has a branching point
xo € Q. Then, according to Remark 5.20, locally around xq, Sy is a finite union of
an even number of segments emanating from xg. Fix two segments from this union
that form the smallest angle among all possible pairs. Denote these segments by L
and L». Then there exists a truncated cone K C Qsuchthat KNS, = KN (L1UL»)
and 0K N (L{ U Ly) = {x1, x2, ¥1, y2}, where x1, y; and x7, y, are the endpoints
of LiNK,LyNK, respectively. Furthermore, x1, x> belong to the smaller circular
base of K and yj, y> belong to the bigger circular base of K. Choosing K so that
its smaller circular base is fairly close to xo and using the triangle inequality, we
can ensure that |x; — x2| + |y1 — y2| < |x1 — y1| + |x2 — y2]|. This, together with
Propositions 6.4, 6.6, yields a contradiction, since the set U of Proposition 6.4,
which contains K, can be chosen to be convex and arbitrarily close to K (for
instance, we can choose U = {x € R3 : dist(x, K) < &} for some sufficiently
small ¢ € (0, 1)). Therefore, S, has no branching points inside €2, which completes
our proof of Corollary 6.8.
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7. Analysis Up to the Boundary

7.1. Preliminary Results

If the fractional seminorm of the boundary datum is fairly small, we may have
a concentration of the p-energy as p ' 2 only near the boundary of the domain.
Namely, the smaller the fractional seminorm of the boundary datum, the closer to
02 the singular set is located.

Proposition 7.1. Lerg € W'/22(3Q, N), g € (0, 1), 2, 1= {x € Q : dist(x, IQ)
> 10} # & (PwInen C [1,2), pu /2 as n — 400 and (un)ners C WP (2, N)
be a sequence of p,,-minimizers withtryq(u,) = g. Then there exists ¢ = €(rg, 0K2,
N) > 0 such that the following holds. Assume that lglwi229q Ry = €. Then
S« NQyy =0

Proof. Fix arbitrary xo € €, and r € (0,rp). Let n > 0 be the constant of
Lemma3.12, wherex = 1/2, po = 3/2and ¥ (x) = x+xo whenever E = Br?’(xo).
Let ¢ > 0 be small enough so that for each n € N,

D Pn
(2—pn>/' Ul gy < prd?, (7.1)
Q Pn

which is possible in view of Proposition 2.21 and the assumption ||y 12230 vy =
. Then, applying Lemma 5.3 and using (7.1), for each fairly small § > 0 we have

Du, |Pn r4 8\ Du,, |Pn
(2—pn>/ iclxé(z—p,a( * ) / Dunl™ 4
B ,(x0)  Pn ro B} (x0) Pn

r+24 3=pn |Du,, |Pr
§<2—pn)( . ) fg p” dx
n

< nrg T 8P,

Letting 7 tend to 400, we have (B> (x)) < /L*(Bf+5(x0)) < 77"0]/2(’ +6)
(see (5.3)). Letting § tend to 0+, yields ;L*(Ef(xo)) < nr, since ro € (0, 1).
Then, according to Lemma 5.2, /L*(Bf/z(xo)) = 0 and hence BE/Z(xo) C Q\Sx.
Since xg € $2,, was arbitrary, Sx N ,, = @, which completes our proof of

Proposition 7.1. O

The next proposition says that if the boundary of the domain is homeomorphic
to S? and the boundary datum is regular enough, then no singular set arises in the
limit.

Proposition 7.2. Let 32 be homeomorphic to S?, g € W22, N), (pp)nen C
[1,2), pp /" 2asn — 400 and (u,)nen C when(Q, N) be a sequence of pp-
minimizers such that for each n € N, tryq(u,) = g. Then S, = @ and the map
uy coming from Proposition 5.6 is a minimizing harmonic extension of g to Q.
Furthermore, u, € C*®°(Q\So, N), where Sy C Q is a discrete set.
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Remark 7.3. In Proposition 7.2, the topology of 2 is simple, namely Q =~ Bl3.
However, the singular set S, does not occur in the limit in some cases even if the
topology of €2 is not simple, for example when g is the restriction of a smooth map
on Q.

Proof of Proposition 7.2. Since Q C R3 is a bounded (locally) Lipschitz domain
and 9L is homeomorphic to S?, there exists a bilipschitz homeomorphism & : Q& —
E?. Leth=go @1 |s2. Then h € WI'Z(SZ, N). Next, defining, as it was done in
[52, Proposition 2.4], u(x) = h(x/|x|) for x € B{\{0}, we have u € W'2(B}, )
and trg2 (1) = h. Since P is bilipschitz and u o ® is a competitor for u,, we deduce
that

|DulP \_C€Q—pu) [ [DThI™

dH?> > 0
3—pn S? Pn

wn(Q) < C2— pn)/
(7.2)

asn — 400, where C > 0 is a constant depending only on the bilipschitz constant
of ®, and we have used that w, (2) = u, (). Thus, u*(ﬁ) = 0 (here we again
take advantage of considering the w,’s as elements of (C (Q))’ instead of (Co(R))/,
because any constant belongs to C (2), and hence the weak* convergence preserves
mass, namely, since [, A Wy weakly* in (C(RQ)), it holds Un Q) — 7. ().
Therefore, the support of w, is the empty set, that is S, = @. On the other hand,
in view of (7.2), the condition (4.1) of Proposition 4.2 is valid for the sequence
(un)nen and the set K = . Thus, the conclusions of Proposition 4.2 apply for
some mapping u,, € W12(2, N), which comes from Proposition 5.6. In particular,
U, 1S a minimizing harmonic extension of g to €2. Then, according to [52, Theorem
I, u, € C®(Q\So, N), where Sy C € is a discrete set, which completes our
proof of Proposition 7.2. O

As an immediate consequence of Lemma 3.11, we have its counterpart on a
half-ball. Recall that R3 = {(x", x3) € R® : x3 € (0, +00)}.

Lemma 7.4. Let pg € (1,2), p € [po,2). There exist constants ng, C > 0, de-
pending only on py and N, such that if g € Wl’p(a(B3 NR3 1), N) satisfies

D r=p
/ |DTgl” 4 < 1o 7
aBINRY) P 2—p

. 1, 3 3 —
then there existsu € WP (B N R, N) such that tra(Bmei)(“) =gand

1

Dul? 2 Dtgl|P “r

/ |Dul dx§Cr1’</ 1Drel” dH2> .
B}NR} P a(B}NRY) P

Next, we prove the n-compactness lemma up to the boundary of €2, which is
the counterpart of Lemma 3.12 on the boundary.
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Proposmon 75. Let k € (0,1), po € (1 2), p € [po,2) and let U = \IJ(B3
N ) be an open set, where W : B3 N ]R — R3 is a bilipschitz homeomorphism

onto its image U with a bilipschitz constant L > 1. There existn, C > 0, depending

only on k, po, L and N, such that if u,, € WLP(U, Ny is a p-minimizer and if

|Du ,|P / | DT try g3nr2 (o)) (Up)” o < nr3-r
W(B3NR2x{0}) P 2—p’
(7.3)
then
Du P
/ Dupl” 4 < crd-r, (7.4)
W(B3,NR3) P
Proof. Given the mapping v, :=u, oWV € WI’P(Br3 N Ri, N) satisfying
Dv,|P Du,|P
/ Duy| dx§L3+P/ [Dupl” 4 (1.5)
B3NR3 4 u P

and the constant 79 = no(po, N) > 0 of Lemma 7.4, we define the set
Gp= {g € (k) s (V) = Vplygarms ) € WP @B NRY), N)

2—p
and/ |Dv,|” dH2 < no(kr) }
dBINRY.

p - 22-p)
(7.6)
As a consequence of (7.3), (7.5) and (7.6),
_ Dv,|P _ 3+p Du,|P
H (er. )\ Gp) < 2P zp) Dopl” 4 < 22 p)ZL / Dupl” 4
noter)==P JB3nR3 P no(kr)=—P
< (1 —x)r
= 7
provided we choose 7 satisfying
nok (1 — «)
< - 7.7
<5 (7.7)
equivalently we have then
1—
H(Gp 2 7.8)

Fix n satisfying (7.7). For every ¢ € G, the following holds

Drvp|? Drvp|? Drvp|?
/ | T p| de :/ | T p| de +/ | T p| de
d(BINRY) P aBNRY P B)NR2x{0} P

< MoWwr)* P qr?TPLPP o P
- 22-p 2-p T 2-p’
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where we have used (7.3), the fact that [Dtv,| < |Dvp| and (7.7). Under this
condition, according to Lemma 7.4,

P p -5
f 1Dupl” 4y < cﬁ(/ [Drv,l” dH2> " (19
B)ORY P dBINRY) P

To obtain (7.4), we conclude as in the proof of Lemma 3.12. O

The next corollary is a direct consequence of Proposition 7.5 and Definition 2.4,
SO we omit its proof.

Corollary 7.6. Let k € (0, 1) and g € W'2(E, N), where E is a relatively open
subset of 092. Let ryq > 0 be the number coming from Definition 2.4, which is ap-
pliedwithU = Q. Thenthere exist constants p; = p1 (02, N, I DTellL2 e rveR3))
€1(3/2,2), n = n(k, 92, N) > 0and C = C(k, 3R, N) > 0 such that the fol-
lowing holds. Let p € [p1,2) and u), € WLP(Q, N) be a p-minimizer such that
trg(up) = g. Then, for each r € (0, ryq) and xo € E such that Bf(xo) No2C E

and
Du ,|P p3-p
/ | p| dx n ’
BixpnQ P 2—-p

Du,|P
/ @ dx < crir.
B3, (x0)N2 P

Corollary 7.7. Let E be a relatively open subset of 02. Assume that (5.1) holds
and that for alln € N large enough, trg(u,) = g € WLY2(E, N). Then there exists
a closed set S, C Q and a mapping u, € Wlo’cz((Q U E)\Ss, N) satisfying the
assertions of Proposition 4.2 and the assertion (ii) of Proposition 5.23 such that
trg(uyx) = g and, up to a subsequence (not relabeled),

A

it holds

U, — uy weakly in WIL’CP((Q UE)\ S, RY) forall p € (1,2).

Proof of Corollary 7.7. The proof of the assertion (ii) of Proposition 5.23 remains
unchanged. One only needs to take Corollary 7.6 into account in the proof of
Proposition 4.2. O

7.2. Global Estimates and W9 Compactness

It is well known that the set C*® (92, V) is dense in W1/22(3Q, V) if and only
if 11 (N) =~ {0} (we refer the reader to [17, Theorem 4]). Although C* (32, N)
is not dense in W/22(9Q2, N) if 1 () is nontrivial, the set of smooth maps
outside a finite set of points whose Euclidean norm of the gradient behaves like the
distance to the power of —1 close to these points is dense in W22, N) (see
[48, Theorem 1] and [17, Theorem 3]). Namely, letting R(l)(BQ, N) to be the class
of maps ¢ € C'(dQ\{ai, ..., a}, N) forsome ay, ..., a € 9K such that

Cc

_—, (7.10)
dist(x, U'_; @)

|IDTe(x)| =
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where C is a positive constant independent of x, we have

w22
RLBQ,N) = W20, N).

Hereinafter, for each g € R(l)(BQ, N), we shall denote by S(g) the singular set
of g, namely the set of points @ € d€2 such that for each sufficiently small radius
o> 0,gl, Bi%(a) is not nullhomotopic, where BgQ(a) is the geodesic ball in 92
with center a and radius o such that Bg 2(q) is far enough from S(g)\{a}.

It is worth noting that for each g € R(l)(BQ, N), there exists the minimal set
of points {aj,...,q;} C 992 such that g € C1(8Q\{a1, ..., a;}, N). Moreover,
S(g) C {ai, ..., q} and the inclusion can be strict.

Lemma 7.8. Let g € R(l)(BQ,N) and {ay, ...,a;} C 02 be the minimal set of
different points such that g € C'(dQ\{a1, ..., a1}, N). Then for each q € [1,2),
g€ WhadQ, N) and

C
[ prerrart = =
90 2—¢q
where C > 0 is a constant depending only on 0%, the set {ay, ..., a;} and the
constant of the estimate (7.10) applied with ¢ = g.

Proof. Fix an arbitrary g € [1, 2). Define
_ . Nlai —a;| . ..
oaqlai, ...,a;) = min T.l,] ef{l,...,l} and i # j
so that if o € (0, 0sq(al, ..., a)), then EZ(Q,') N B}(aj) = ¥ for each i, j €

{1,...,1} such thati # j. Then for each i € {1, ...,[} and for each sufficiently
small ¢ € (0, 0sq(ai, ..., a)),

¢ dr C
/ |D7gl?dH? < C/ T S (7.11)
B3 (a)nag o 71T 2—¢q
where C > 0 is a constant depending only on 9€2, 03 (a1, . . ., a;) and the constant

of the estimate (7.10) a?plie_d with ¢ = g. On the other hand, in view of (7.10), if
0> 0and x € 3Q\U,;_; Bg(a,'), then |D1g(x)| £ C/o. Taking this and (7.11)
into account, we complete our proof of Lemma 7.8. O

Assuming that g € R(l)(BQ, N), we obtain the next improvement of Proposi-
tion 5.23.

Proposition 7.9. Let g € R0, N) be such that g € C'(dQ\S(g), ). Let
(Pneny C [1,2), pn /" 2 asn — 400 and (up)nen be a sequence of py-
minimizers such that tryq(u,) = g for each n € N. Let u, be a map given by
Proposition 5.6. Assume that there exists ro > 0 such that if x € R3\Q and
dist(x, 0Q2) < r, there exists a unique point P(x) € 98 such that dist(x, 92) =
|x — P(x)|. Then the following assertions hold.
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(i) There exists C = C(g, 2, N) > 0 such that for each q € [1, 2),

C D p Pn
lim sup/ |Du,|?dx < C + lim sup(2 — pn)/ | Dul dx.
Q 2 Q n

n——+o0 — 4 n—+c0 p

(ii) For each q € [1,2), uy € wla(Q, N) and, up to a subsequence (not rela-
beled), u, — uy in WH4(Q, RY) and for some C = C(g, 2, N) > 0,

Du, |Pn
| Duty| dx.

C
/ |Du,|?dx < C + limsup(2 — py)
Q 2—q n>too Q Pn

Remark 7.10. If Q is of class C? or is convex, then it has the unique nearest point
property, namely, the assumption of Proposition 7.9 applies (for more details, we
refer to [29], [39]). It is also worth noting that the constants in the assertions (i), (ii)
depend on S(g) and the constant coming from (7.10), where ¢ = g. Since the latter
constant depends only on g, we can assume that the constants in (i), (ii) depend
only on g,  and V.

Proof of Proposition 7.9. Fix R > 0 large enough so that Q & B% and for each
x €  the distance from x to 8313e is bounded from below by 1. Without loss of
generality, we assume that ro is small enough with respect to R and that P is a
2-Lipschitz map (the reader may consult [29, Theorem 4.8 (8)]). To lighten the
notation, we denote W = {x € BI% sdist(x, Q) Srpland V = {x € B%\Q :
dist(x, dQ) < ro}. For each n € N, define the map f, : By — [0, +00) by
fn = |Duy|in Q, f, = |[D(go P)|in V and f, = 0 in B%\W. Since P is
2-Lipschitz and g € R(l)(aﬂ, N), using Lemma 7.8, we observe that

Q- p,,)/ flmdx =2 — p,,)/ flmax < ¢, (7.12)
B\Q v

where C = C(g, 2, N) > 0 (here C depends on r¢, S(g) and the constant coming
from (7.10), where ¢ = g, but o depends only on €2 and the latter constant depends
only on g). Then the proof of the assertion (i) follows by reproducing the proof
of the assertion (i) of Proposition 5.23 with minor modifications, namely, applying
Proposition 5.22 with f = f,, p = pp, V = B%, C = z_n”” and C, = C, where
n € Nis large enough and n, C > 0 depend only on g, ©2, A and will be fixed later
for the proof to work. Let us fix an arbitrary dyadic cube Q suchthat2Q C B?r Let
r > 0 be the sidelength of Q. To apply Proposition 5.22 with the above parameters,
we need to prove the following: if n € N is large enough and

3_pn
f firdx < Zr : (7.13)
20 — Pn
then
/ fPrdx < cr3 e, (7.14)
0

First, notice the following. Fix an arbitrary xo € S(g). Let Bg 2(xy) be the geodesic
ball in 92 with center x( and radius ¢ > 0 such that every point in S(g)\{xo} is far
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enough from ng(xo). Then, using Proposition 3.3 and the facts that p, € [3/2,2)

for each n € N large enough and Bg (x0) is bilipschitz homeomorphic to Bg (x0),
one has

/, |DTgl|P" dH2+Qf , [ DT (8l o2 ()™ dH!
B2 (xo) 3BJ%(x0) ¢

g;i/([b,—l)(g|8839(x0))Q2_p”
B Co(2 — pn)

where 8B§Q(x0) denotes the relative boundary of ng(xo), Co = Cp(2) > 0and
we have used that traBgn(xo)(g) = g|8BgQ(x0). Then, proceeding as in the proof of
Lemma 3.8, we deduce that

280@2717"
2- Pn

’

/ |DTg|™ dH* + Q / |DT(8|3B39(XO))|pn dH! 2
B2 (x0) IBI(x0) @
(7.15)

foreachn € Nlarge enough, where &g = £9(Cp, N) > 0. Since Cy depends only on
Q, we can assume that gy depends only on €2 and V. Also, since g € R(l)(BQ, N),
we have the estimate

0 DT (glypi0o) |7 dH' < C'oH (9B (x0)),
2B22(x0) g 0 ¢

where C’ > 0 is a constant depending only on the constant coming from (7.10),
which depends only on g. This, since p, /' 2 as n — +o0, implies that for each
n € N large enough (depending possibly only on g, © and \),

» | gongpn
o |D7(glypiepo) ™ dH = ———. (7.16)
9BI2(x0) ¢ 2 — pn

Combining (7.15) and (7.16), we get the next estimate

2—17,,

&

/ IDrglPrdH? > 28— (7.17)
B2 (xo) 2—pn

for each n € N large enough. On the other hand, if E C 092 is Borel and
dist(E, S(g)) = o > 0, then, using (7.10), we obtain

C'H2(E)

o (7.18)

f |Drgl dH? <
E

Next, observe that, since €2 is a bounded Lipschitz domain having the unique nearest
point property in V, there exist fairly small constants 0 < a < § < 1/2 and a
number Ny € N\{0}, depending only on €2, such that the following holds. We need
to distinguish between two further cases.
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Case 1: Q C W.If dist(P(Q N'V), S(g)) = &r, then we proceed as follows.
Applying (7.18) with E = P(Q N V), we have

fPrdx < Lr / |Dtg|PdH?> < C"'r37Pn, (7.19)

onv P(ONV)

where L = L(P) > O and C" = C"(g, 2, N) > 0. Next, there exists at most Ny
balls B3 (x1), . (xk) such that 0 N @ ¢ U, B3, (x;) C 20 and for each
ie{l,... k}, elther B9ar g(xi) C Qorx; € 022 and dist(BSar/S(xi), S(g) =
or/2. We shall apply the corresponding n-compactness argument for each ball
B93ar /8(x,-), namely Lemma 3.12 in the case when BSM /S(xi) C 2 and Proposi-
tion 7.5 otherwise. Let , C"”” > 0 be constants that are valid for both Lemma 3.12
and Proposition 7.5, where k = 8/9, po = 3/2 and the corresponding bilipschitz
homeomorphism whose bilipschitz constant can depend only on 2. Thus, we can
assume that n, C"” depend only on € and N. Assume that

g < T 7.20
fn =200 (7.20)

In the case when Bg’ar /S(x,-) C €2, by Lemma 3.12 and (7.20), we immediately
obtain the estimate

/ |Duy|Pr dx < C"'p3 P, (7.21)
Bar (x;)

Let now x; € 9Q2. Using (7.19) and the fact that p, 7 2, we observe that

9ar r;r ~Pn
- |Drg|PndH? £ ———— (7.22)
8 (x;)NIQ 22— pn)

Qar

for each n € N large enough depending only on g, Q and N. Thus, in view of
(7.20) and (7.22),

9ar P
/ | Duy P dx + — |Drgl’ dH? £ S—— il
3 ()NQ 8 QM (X)L 2—pu’

for each n € N large enough, which according to Proposition 7.5, implies that

f | Duy| P dx < C"'p3 P, (7.23)
B}.(x;)

ar

Combining (7.21) and (7.23), we get

P dx < NoC"'p3=Pn (7.24)
onQ
for each n € N large enough. Taking into account the estimates (7.19) and (7.24),
we observe that (7.13) implies (7.14), where C = C” + NoC””, which can depend
only on g, Q and \V.
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If dist(P(Q N'V), S(g)) < ér, then there exists xo € S(g) such that2Q NV
contains a cylinder U =~ B?%(xo) x (0, ar) such that, in view of (7.17) and the
definition of f;, in V, it holds

10 3717;1
£l dx > / fPrdx > ‘9‘)(‘2’—’) (7.25)
20 U — Pn

for each n € N large enough. Thus, taking 1 small enough with respect to ga'> so

3pn
that Proposition 7.5 applies with 27, under the condition that [, 0. Prdx < n2r_an ,

we exclude the situation where dist(P(Q N'V), S(g)) < ér.

Case2: QN (B?Q\W) #0.1fQ C B%\W, then, clearly, (7.14) holds, since f,, = 0
on Q by definition. Otherwise, we repeat the strategy of the Case I for Q N W to
conclude that for each n € N large enough, (7.13) implies (7.14) for some n, C > 0
depending only on g, € and V.

After all, we have showed that there exist constants n, C > 0 depending only on
g, Q2 and V such that (7.13) implies (7.14) for each n € N large enough depending
on g,  and V. Therefore, we can apply Proposition 5.22 with f = f,, V = B%,

C = 2_,7” % and C; = C for each n € N large enough. Taking into account (7.12)

and the fact that f, = 0 in B;\W, we obtain (i).

The assertion (ii) then comes from a diagonal argument, proceeding by the
same way as in the proof of Proposition 5.23 (ii). This completes our proof of
Proposition 7.9. O

7.3. Proof of Theorem 1.1

Now we prove our first main theorem.

Proof of Theorem 1.1. The proof follows from Propositions 5.6,5.8,5.17,5.23, 6.4,
7.2,7.9 and Corollary 5.18. O

7.4. Boundary Repulsion Property

In this subsection, we derive the Pohozaev-type identity for p-minimizers and
prove that the varifold associated to the limit of the stress-energy tensors of p-
minimizers as p ' 2 is minimizing area to first order in the Brian White sense (see
[57]). As a consequence, we prove that if € is strongly convex at every point of €2,
the boundary datum g is an element of R} (32, N) and g € C1(32\S(g), V), then
S« N 92 = S(g), where S, is the energy concentration set supporting the varifold
and S(g) is the singular set of g.

We begin by establishing the boundary stress-energy tensor identity. For con-
venience, if U C R3 is open, we define for u € whr(u, RY) the map Y . U —
R3 ® R3 by

) (7.26)
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where Du ® Du = (Du)"Du. If U is a bounded Lipschitz domain and u is
a minimizing p-harmonic map in U, we have div(T}) = 0 in @' (U, R?) (see
(2.28)).

Proposition 7.11. Let @ C R3 be a bounded domain of class C?, xo € 3, r > 0be
fairly small and p € [1, +00). Ifu € WHP(QN B} (x0), RY) satisfies div(T,!) = 0
inP'(2N Br3 (x0), R3) and if Du is continuous at every point of 92N Br3 (x0), then
for each & € CH(B3(xo), RY),

/ TP : D& dx = / (v, TP1€]) dH?, (7.27)
QN B3 (xp)

3QNB3 (xo)

where v € C1(dQ, S?) stands for the outward pointing unit normal vector field to
oK.

Proof. To lighten the notation, denote B = Br3 (xp). Observe that 02 is a 2-
dimensional compact Riemannian manifold of class C* without boundary. Hence
there exists rop = ro(d€2) > 0 such that the function f(x) = dist(x, 92), x € Q
isof class C' in V. = {x € Q : dist(x, dQ) < ro} (see [29, Theorem 4.12])
and, furthermore, |Df(x)| = 1 for x € V (see [29, 4.8 (5), 4.8 (3)]). Let us fix a
sufficiently small ¢ > 0 and define

1 if rele, +0),
g() =1, .
z if te [0, 8].

Since g is a Lipschitz function on [0, +00), for each & € W01’°°(B, R3), it is clear
that the function ¢, (x) := g.(f(x))&(x) is an element of WOI’OO(Q N B, R3). Since
div(T!) = 0in @' (QN B, R, u € WHP(2 N B, RY) and Du is continuous at
every point of 92N B, by approximation, we have me B T,V . D& dx = 0 for each

S W(}’OO(Q N B, R3). Thus, using the function ¢, as a test function in the weak
formulation of div(7,”) = 0, we get

0= / TP : go(f)DE dx + / (D(g:(f)), TPIE]) dx
QNB QNB

_ / TP : go(f)DE dx + / (6.(f)Df. T/ [£1) dx.
QNB QNB

Letting ¢ N\ 0 and using the Lebesgue dominated convergence theorem, we have

/ TF : g.(f)DEdx — / T} : DE dx. (7.28)
QNB QNB
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On the other hand, using the coarea formula (see [30, Theorem 3.2.22 (3)]), the
fact that |Df| = 1 in V and changing the variables, we get

1 £
f (go(f)Df, TF[E]) dx = ~ / dr / (Df (0), T/ [£1(0)) dH? (o)
QNB € Jo {f=t}NB

1 &
=- / dr/ (Df(y — tv(»), T [£1(»)) dH* ()
€ Jo 9QNB
+ 0(1)8\0
- - / (v, TY[£]) dH?,
aQNB
(7.29)
as & \( 0. In fact, since u € WI'P(Q N B, RY), Du is continuous at every point of

dQN B, & € CH(B,R¥ and Df (y — tv(y)) — —v(y) ast N\, O foreach y € 3,
the function

re0,a]l— ¥(r) :=/ dtf (Df(y — tv(), T IEI)) dHA (),
0 IQNB

where a > 0 is fairly small, has the right derivative at 0 equal to ¥/'(0+) =
_fassz<"’ T,f[é])de. Combining (7.28) and (7.29), we deduce the desired
stress-energy identity, which completes our proof of Proposition 7.11. O

Now we deduce the normal boundary estimate.

Proposition 7.12. Let Q2 C R3 be a bounded domain of class C 2 x0€d,r>0
be fairly small and p € (1,2]. Let K € Q2N Bf(xo) be relatively open. If
u € WhP(Q N B2 (x0), RY) satisfies div(T,]) = 0 in D' (2 N B} (xo), R?) and if
Du is continuous at every point of 32 N Br3 (x0), then

C Du|P Dru|P
/|Du|de2§— / |Dul dx+/ 1Drul” 32) |
K p—1\JanBix)) P 9QNB3(xg) P

(7.30)

where C = C(K) > 0.
To prove Proposition 7.12, we need the next estimate.

Lemma 7.13. Ler © C R3 be a bounded domain of class Cc? xp € 0, r > 0 be
fairly small and p € [1,2]. Letu € WP (Q N Bf’ (x0), RY) and Du be continuous
at every point of 92 N B,3 (x0). Then the following estimate holds

(p = DIDul?” £ =pw, T V1) + 3 — p)| DTul? (7.31)

ond2N B,3 (x0), wherev € C1(3Q, Sz) stands for the outward pointing unit normal
vector field to 0X2.
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Proof. Applying successively Young’s inequality for products, the definition of the
stress-energy tensor T, and the subadditivity of the function ¢ € (0, + 00) > tP/2,
we have

P(p=2) r2=p)

|D1ul? =|Dyu|”|Du|l 2" |Du| 2

IN

_ p(1Dul?  |Diul?
2\ p  |Dupr

2_
§|DLu|2|Du|P*2+Tp|Du|P

3—-p
DP
>+ 7 [Du|

p 3-p »
= =S T + == (Drul +D1uf’)>
p 3—p
S =S TN + —=(DTul” + |D1ul),
which yields (7.31) by rearranging the terms. O

Proof of Proposition 7.12. Letd € C'(3Q, R)besuchthatd = lonK,0 <6 <1
and & = 0 in dQ\B?(xo). Fix £ € CL(B}(x0), R?) such that £ = v on .
Applying Proposition 7.11 and using the Cauchy-Schwarz inequality, and also the
facts that |Id| = /3, |Du ® Du| = |Du/|?, we get

0 (v, T [v]) dH>

/ TP : Dg dx
QNB3 (xg)

Dul’.. Du®D
/ (' ‘- ”®2 ”):ngx
QNB}(xo) \ P |Du|=—P

/35203,3 (x0)

(7.32)
3
g/ £+1 |Du|P| D& | dx
QOBE()C()) p
|Du|P
< @+ VIIDEN oo 53y B3 3/ dx.
LB )ROSR fops 7 p

Setting E = {x € 3Q N B2(x0) : (p — DD u(x)|> = |D1u(x)|*}, observe that
—(v, T,V [v]) = 0 on E and hence

A (v, TP[v]) dH? < —Ll o0, TPv]) dH2,  (7.33)

p—1JknE p—1Jg

where we have used that K € 32 N B> (x0), # = 1on K and 0 < 6 < 1. On the
other hand, on (02 N Br?’ (x0))\E it holds

Dtul|> + |Dul?
0§<v,Tf[u]>=|Du|1’2(' Tl + 1Dl —|Dlu|2)
P (7.34)

Drul? — 1D ul? 2
[D7ul*+ (p — D|D_Lul )§_|DW|I,.
p

p

= |Dw|f’2(
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Hereinafter in this proof, C denotes an absolute positive constant that can be dif-
ferent from line to line. Using Lemma 7.13, the estimates (7.32), (7.33) and (7.34),
we deduce the following chain of estimates

fK|Du|PdH2éfK(|DTu|P+|DLu\P>dH2

C DrulP
<2 (v,Tup[v])d’H2+7/ IDTul” 112
p—1Jk p—1Jk p
D P
<-—£- o, T nar’ + - [ DTl 432
P — 1 JaqnB3(xo) p—1JsenB3(x) P

C Du|P Drul?P
g—(nbsnm 2 [ el dH2>,
p—1 QNB3(xg) P aQNB3(xg) P

which completes our proof of Proposition 7.12. O

Next, we analyze the boundary and inward perturbations for the limit stress-energy
tensor, and we prove that the set supporting the associated varifold to this tensor
is minimizing area to first order in the Brian White sense. First, we analyze the
boundary perturbations.

Proposition 7.14. Let Q@ C R3 be a bounded domain of class C?, xo € 2, r > 0be
fairly small and p € [1, +00). Ifu € WP (QN B2 (x0), R") satisfies div(T,’) = 0
inD'(QN BS’ (x0), R?) and if Du is continuous at every point of 92 N Br3 (x0),
then, for each & € C}(B3(x¢), R?),

/ TV : D& dx
QNB3 (x0)

1
= (1 + —> ||§||Lw(anB3(x0),R3)/ |Du|? dH>.
p " QNB3 (x0)

(7.35)

Proof. Let v € C1(3K2, S?) be the outward pointing unit normal vector field to
oQandleté € C Cl (B;” (x0), R%). Applying the triangle and the Cauchy-Schwarz
inequalities, we have

|(v, TLIEDI = (1 +1/p)| Dul”|£|

on d2N Br3 (xp). Using this estimate and Proposition 7.11, we complete our proof of
Proposition 7.14. O

Proposition 7.15. Let Q2 C R3 be a bounded domain of class C 2 xp €0, r>0
be fairly small, (pp)nen C [1,2) and p, /S 2 as n — +00. Let (up)neN be a
sequence of mappings such that u,, € when(Qn Br3 (x0), RY), Du,, be continuous
at every point of 9Q N B} (xo) and div(T,!") = 0 in D'(Q N B} (xo), R?). Assume

also that (2 — pn)T,f:l" A T, weakly* in (C(2N Br3(x0), M;(R))). If

. [ Duy | P
limsup(2 — py) dx < +o00 (7.36)
n—+00 QNB3(xo)  Pn
and
D Pn
lim sup(2 — pn) DTunl™ 32 - 4o, (1.37)

n—+00 AQNB3 (x0) Pn
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then there exists a constant C > 0 such that for each & € C Ll (Bf (x0), R3) we have

/ T, : D& dx
QNB3(xo)

Proof. By the weak* convergence and the convexity, and also using Proposi-
tion 7.12, Proposition 7.14 and the estimates (7.36), (7.37), we obtain the following
chain of estimates

/ 5 Ty : D& dx
QNB; (xp)

g C”é||L°O(3QﬂB;’(x0),R3)' (738)

< liminf |2 — pp) T'" . D dx
n——400 QHB,S(XO)

< limsup 2||£|| 3 2- )/ Dl e
_,ﬁ+£ L®(0QNB? (x0),R3) bn IQNB3 (x0) !

< lim

n—

< / _
ilégc ||§”L°°(8S2083(x0),R3)(2 Pn)

(/ | Duy | P1 dx+/ |DTuy|Pr dH2>
QNB3(xg)  Pn QN B3 (xo) Pn

é CHSHLOO(E}QQB;()C()),RS)’

where C’, C > 0 are constants independent of &. This leads to (7.38) and thereby
completes our proof of Proposition 7.15. O

Now we analyze the inward perturbations.

Proposition 7.16. Let Q2 C R3 be a bounded domain of class C 2 xp €0, r>0
be fairly small and p € [1,2]. Ifu € WhHP(QN Br3 (x0), RY) satisfies div(T,}) = 0
inD'(Q2N Br3 (x0), R?) and if Du is continuous at every point of 92 N B,3 (x0),
then for each & € CL(B}(xp), R®) such that (£,v) < 0 on QN B (xp), where
v e C1(8RQ, S?) denotes the outward pointing unit normal vector field to 9, we
have

|Dul? -
/ 3 TMP :DEdx 2 _”EHLOO(U RS)/ ((3—P)7+|DLM\I7 I‘DTul de,
QNB; (xp) ’ U p

where U = 02N Bf (x0)-
Proof. Using Lemma 7.13 and the fact that (£, v) < 0 on U, we deduce that

(v, TYED) = (v, ) (v, T V1) — | DulP~*(Dul§ — (v, §)v], Dulv])
1- 3—
Z (v, &) (Tp) IDyul? + (v, &) (Tp) |DTulP — nsnLoo(U,RgﬂDlu\P*l\DTu|
> 3-p P_ p—1
= HSHLOO(U,]R:;) » [Drul “S“LOO(U,Rli)lDLMI [DTul.
The conclusion then follows from Proposition 7.11. O
The next proposition says that the set supporting the varifold associated to the tensor

T, of Proposition 7.15 is minimizing area to first order in the Brian White sense
(see [57)).
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Proposition 7.17. Let Q@ C R? be a bounded domain of class C?, xo € 9Q and
r > 0 be fairly small. Let (py)neN, (Un)nen and Ty be as in Proposition 7.15. Let
v e CL(3Q, S?) be the outward pointing unit normal vector field to dQ. Assume
that

| Druy| P

IQNB3 (x0) Pn

lim (2 — p,) dH? = 0. (7.39)
n——+00o

Then for each & € CL(B2(xo), R?) such that (£,v) < 00n dQ N B (xo),

f T, : DEdx = 0.
QﬂB;’(xo)

Proof. Set U = 92 N Br3 (xp). Taking into account (7.36), (7.37) and Proposi-
tion 7.12, we get

A = limsup(2 — p,) / | Duy [P dH? < +o0. (7.40)
U

n——+00

Next, using Proposition 7.16, Holder’s inequality, (7.40) and (7.39), we deduce that

/ T, : D& dx
QNB3(xp)

. |DTM |Pn
= =&l oo (7 3y lim sup(2 — py) / =2 g2
n——+oo U pn
. 1--L
— 1§ ||L°O(U,R3) lim sup(2 — pn)|| Dup ”Lpnl(nU’Rv®R3) | D1t pn (UR"®R3)
n—+00
1
L. Dtuy|Pr 2
2 =&l oo r3)A2 <llm sup(2 — Pn)/ @ de) =0,
n——+oo U pn
which completes our proof of Proposition 7.17. 0

We shall say that Q is strongly convex at apoint xg € 2 whenever the two principal
curvatures of 92 at x(, with respect to the inward pointing unit normal vector to
a2 at xq, are positive. If  is convex and 92 has the second fundamental form that
is positive semidefinite with respect to the inward pointing unit normal vector field
to 9L, then Q is strongly convex at xo € d$2 whenever the Gaussian curvature of
02 is positive at xg.

As a result of our analysis in this subsection, we obtain the next boundary
repulsion property.

Theorem 7.18. Let Q@ C R3 be a bounded domain of class C* such that Q is
strongly convex at every point of 02. Let g € R(l)(BQ,N) be such that g €
Cl@R2\S(8), ). Let (pwlnen C [1.2), pu /' 2asn — +00 and (up)nen
be a sequence of p,-minimizers in Q2 such that for each n € N, tryq(u,) = g.
Assume that for each n € N, Du,, is continuous on 0Q2\S(g). Then there exists
Uy € (C (Q)) such that, up to a subsequence, (5.2) holds. Moreover, Sy lies in the
convex hull of S(g) and S, N 02 = S(g), where Sy is the support of |ix.
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Remark 7.19. According to [34], every p-minimizer u in € is locally C'* regular
in 2\ S(u) for some relatively closed subset S(u) of 2 which has Hausdorff dimen-
sion at most 1 when p € (1, 2]. Furthermore, p-minimizers with smooth boundary
values on smooth domains are Holder continuous near the boundary and, in view
of [53], it is reasonable to assume that they are C' regular near the boundary. In
Theorem 7.18, we assume that the gradient of a p-minimizer is continuous on a
portion of the boundary, where the boundary datum is smooth. This assumption is
significantly less demanding than the assumption that the minimizer is C! regular
outside the union of its singular set with the singular set of the boundary datum.

Proof of Theorem 7.18. Using Proposition 2.21, the fact that g € R(l)(BQ, N) c
Wl22(5Q, N) and the Banach-Alaoglu theorem, we obtain u, € (C (€))’ such
that, up to a subsequence, (5.2) holds. Fix an arbitrary point xo € 92 \ S(g)
and a fairly small r > 0 such that Ef (x0) N S(g) = @. In view of Proposi-
tion 2.21, the fact that g € W1/22(3Q, N') and Lemma 7.8, (7.36) and (7.37)
hold. Then, taking into account (5.7), Proposition 2.21 and using the Banach-
Alaoglu theorem, we deduce that there exists T, € (Cp(2N Br3 (x0), M3(R)))

such that, up to a subsequence (still denoted by the same index), (2 — pn)Tu’; n X T,

weakly* in (Co(22 N B3 (xp), M3(R)))". Keeping the same notation, let us define
T.() = Tu(- N Q2 N B(x0)) € (Co(B}(x0), M3(R)))’. By Proposition 7.15,
div(Ty) € (CQ(B,3 (x0), ]R3))/ . Then, according to [6, Proposition 3.1], there exists
an H!-rectifiable set R C B?(xp) N Q and a map A € L®(R, M3(R)) satisfying
the following conditions. For H!lae. xp € R, [A(x0)] = 1, A(xg) € G(3, 1) is the
orthogonal projection matrix onto Ty, R such that T {(O7(T]) > 0}(dx) =
O7(ITyl, X)A(x)H' L R(dx), where Ty, R is the approximate tangent plane to
R at xg. One has that |Ty| = s, O7(ITi) = O1(us) and R = S, N Bf(xo)
(we refer the reader to the proof of Proposition 5.8). In particular, we deduce
that Vi(dA,dx) = 8,,u)(dA) ® |Ti|(dx) is a 1-dimensional rectifiable vari-
fold (see [2,26]). Since g € C1(3Q N Bf (x0), N), (u)nen fulfill the condition
(7.39) of Proposition 7.17, which says that V, is minimizing area to first order in
(2N B3 (x0)) U (32 N B (xp)) in the Brian White sense (see [57]). Then, by [57,
Theorem 1], xg & S,. Thus, S, N3 C S(g). Denote by E the convex hull of S(g).
By contradiction, assume that S, N (2\E) # @. Then, since S, N 92 C S(g), the
set M of points xg € Si such that dist(xp, £) = max{dist(x, E) : x € S,}isa
subset of 2\ E. Fix a point xo € M such that the segments of S, emanating from
xo do not lie in the same plane. Then these segments lie in the same half-space
(lying under a 2-plane parallel to some face of E) and form a vertex, which cannot
happen in view of the stationarity of the varifold coming from Proposition 5.8 (see
Corollary 5.19). Therefore, Sy C E.

Next, let us prove that S(g) C Sx N 9. Using Corollary 7.7 and the fact that
S« NI C S(g), for all fairly small § > 0, we have trasz\sg (uy) = g|5§, where

u, is a map coming from Corollary 7.7 and Sg = {x € 9Q : dist(x, S(g)) = §}.

For each a € S(g), denoting by aBgQ(a) the boundary of the geodesic ball in
0$2 with center a and radius o > 0, we know that u*|3339(a) = g|3BgQ(a) is not
nullhomotopic for each sufficiently small o > 0. This, together with the fact that
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Sy« C E and Corollary 5.18, implies that a € S, N 92 and hence S(g) C S, N ILQ2.
Therefore, S, N 92 = S(g), which completes our proof of Theorem 7.18. m]

7.5. Structure of the Singular Set and the Limit Measure

Theorem 7.20. Let 2, g, S(g), (Un)neN, U+ and Sy be as in Theorem 7.18. Let
uy be the map of Proposition 5.6 being an element of WIL’CZ(Q \ S, N). Then S,
is a finite union of finite chains of segments connecting the points of S(g) and
lying in the convex hull of S(g). More precisely, there exists a finite set of segments
Li,...,L, C Qsuchthat S, = \J'_, Li and u,, € C®(Q\(U_, L; U So), \),
where Sy is a locally finite subset of Q\\Ji_, L;. If x is a point inside L;, then
Or(usg, x) = 5§g([u*|3p]) =: )A;j, where D is a closed 2-disk in Q such that
DNS, = {x},0DNSy = @ and x is an interior point of D. If x is a branching point
of S, namely there exists L;,, ..., L; emanating from x, then Zl;zl Aijvi; =0,
where vj; is the unit direction vector of L;; pointing from x. Furthermore, |1, =
Yo MHY L L;. Finally, for each i € {1, ..., n}, each endpoint of L; is either a
branching point of S« lying in Q or it belongs to S(g). If x is an endpoint of some
L; lying in S(g), then [glap,] = [u«lapl, where Dy is the geodesic disk on 02
with center x and lying far from S(g)\{x}, and D is a closed 2-disk in 2 centered
inside L; with 0 D lying outside the convex hull of S(g) and outside of Sy.

Proof. Denote by E the convex hull of S(g). The fact that S, C E comes from
Theorem 7.18. Fix an arbitrary xo € S(g). Further in this proof, the center of each
ball and sphere is at xq. In view of (5.1), for each rg > 0,

Du, |Pr
limsup(2 — py) [ Ditn]
n—+00 BinQ  Pn

dx < +o0.

Then, up to extracting a subsequence (not relabeled) and using the coarea for-
mula, together with Fatou’s lemma, we deduce that trypsng(un) = unlyping €

WP (3B} N Q, N) and

D Pn
lim sup(2 — pn)/ ﬂ dH? < 400
dBINQ

n—-+o0 Pn

for H!-a.e.r € (0, ro]. Let ry > 0 be small enough so that EEO does not contain any
point of S(g) except of xo. Furthermore, by virtue of Proposition 5.17 and the fact
that S, C E, we can also assume that BBE’O does not contain any branching point of
S,. Next, we recall that ;. Q (dx) = ©1(x)H'L (S, NQ)(dx), where the density
®1 is defined in (5.5). Foreach r € (0, rg], define M (r) = fs*naBﬁ O1(x) dHO(x),

where H° denotes the 0-dimensional Hausdorff measure in R3, namely, for a dis-
crete set of points X C R3, HO(X) = #X (the cardinality of X). In view of
Lemma 2.8, Proposition 5.16, Proposition 5.17 and the fact that S, C E, M is
a bounded from below piecewise constant function with a discrete set of values.
Indeed, there exists an at most countable collection of intervals {(a;, b;] : i €
N N[0, ig]}, where ig € N U {+o00}, such that by = rg, (0, rg] = Uﬁ-ozo(ai, b;] and
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foreachi € NN[0, ip]: M is constant on (a;, b;); a; = b;+1; foreachr € (a;, b;),
38,3 does not meet any branching point of S,; BBS[ meets a branching point of S,.
By definition of ro, M is constant on (ao, bo]. Notice that, by the upper semiconti-
nuity of ® (see, for instance, [3, 2(8)]) and Corollary 5.18, for eachi € NN[O0, ip]
and x € (a;, b;) U (aj+1,bi+1), M(x) < M(b;). Also, taking into account Propo-
sition 5.17 and the facts that S, C E, E N dQ = S(g) (since L is strongly convex
at every point of 9€2), we observe that u*(a(Bf’ N Q)) = 0 for each r € (0, ro].
This, together with the weak* convergence of 1, to u, (see (5.2)), implies that for
eachi € NN [0, ip],

1n((By \ B3) NQ) — . ((By \ By) N Q)

b; D Pn
- / dr((Z _ p,,)/ [Dunl™ 32 M(r)) -0
a; 33,3052 Pn

as n — —+o00o, where we have used the coarea formula. Applying Fatou’s lemma,
up to a subsequence (not relabeled), we get

b; D Pn
f dr <lim sup(2 — pn)/ 1Dl ™ 32— M(r)) <0. (741
aj IB3NQ

n——+o0 Pn
Fix an arbitrary i € NN [0, ip]. Then, either for Hlae. r €la;, bil,

Dt |P"
lim sup(2 — py) Dual™ 132 > per, (7.42)
n—>+00 aBNQ  Pn

or there exists a set I C [a;, b;] of positive H!-measure such that for each r €
I, (7.42) does not hold. In the case when (7.42) holds for H'-a.e. r € [a;, b;],
according to (7.41), we have

D Pn
lim sup(2 — pn) / Punl™ 32 — pry
IB3INQ

n—+400 Pn
for Hl-a.e. r € [a;, b;].
Thus, there exists r € (a;, b;) suchthattry gsng (un) = unlyp3ng € wl-pn ((‘)Br3
N, N) for each n and
[Duy, | P

limsup(2 — py) — L dH* < M>). (7.43)
n—+00 aB3NQ  Pn

Next, we construct a competitor v, for u,,. Define v, = u, in Q\Bf. For each x in
the cone K = {x € B> N Q: (xo + r(x — x0)/|x — xo|) € B N Q}, set

Un () = try g3 (i) (xo + M) . (7.44)

" |x — xol
Inthe region V = (B,3 N)\ K, we define v, by homotopy, using [12, Theorem 2].
More precisely, fix a point x € V and consider a 2-plane passing through x, which
is orthogonal to the axis of the cone K. The intersection of this 2-plane with V' is
an annulus whose boundary consists of two curves y; C 92 and y» C dK. By
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definition, g|,, is continuously homotopic to vy |y,. Then, by [12, Theorem 2], on
this annulus there exists a W12 map with values in A/ and with boundary values
gly, and v, |y, on y1 and y», respectively. Observe that the set of values of vy,
coincides with the set of values of g, B3naQ- Continuing this process, namely filling
V, we obtain a map v, |y such that v,|y € WI’Z(V\E(%,N) for each § € (0, r)
and

D Pn
lim sup(2 — pn)/ M dx =0, (7.45)
v p

n—-+o0o

which is possible due to the fact that g € Rl (02, N) (see Lemma 7.8), since the
pn-energy of v,|y in V.N B3 is of order 8/(2 pn) for § € (0, r). Thus, we have
constructed a competitor v, for Up.

Next, again by the weak* convergence of 1, to i, and the fact that ,u*(a(B,3 N
Q)) = 0, we have

! 3 . [ Duy | Pr
M(o)do = pn«(B; NQ) = lim (2 — py) ———dx. (7.46)
0 n—+00 BNQ  Pn

Since v, is a competitor for u,,, v, = u, in Q\BE, using (7.43), (7.44), (7.45) and
(7.46), we deduce that

" . |Dvn|p"
M (o) do < limsup(2 — p,,) d

0 n——+00

D
< lim sup / 2=P1 dg 2— py) / Md?—ﬂ(?ﬁ)
0 B N

n—400 Dn

= rM (),

where we have also used that p, / 2 and |Dtu,| < |Duy,|. We can choose
i € NN[0,ip] and r > 0O so that, apart from (7.47), M (r) is the minimal value
of M on (0, rg]. In fact, since M is bounded from below and has a discrete set
of values, it achieves its minimum at every point of the interval (a;, b;) for some
i € NNJO, ip] (notice that it can achieve the minimum at @; or b;, but in this case it
achieves its minimum at every point of (a;, b;), since M (x) < min{M (a;), M (b;)}
as was observed earlier). Thus, taking suchi € NN [0, ip] and r € (a;, b;), it holds
M = M(r) on (0, r], because otherwise (7.47) would not hold. Then, since M
has a discrete set of values, there exists a bounded set J C N such that for each
o € (0, r], the number of branching points of S, N aBS belongs to J. This, together
with the stationarity of the associated varifold V. (see Corollary 5.19), implies that
the only possible situation describing S, N Ef is when S, N Ef is the union of
closed straight line segments connecting the points of S, N 8B§ with x¢ and whose
relative interiors are mutually disjoint.

We complete our proof of Theorem 7.20 using Propositions 5.6, 5.17, Corol-
laries 5.18, 5.19, 7.7 and Theorem 7.18. O

The next corollary is a direct consequence of Theorem 7.20, so we omit its
proof.
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Corollary 7.21. If the set S(g) of Theorem 7.20 lies in a 2-plane, then Sy is the
segment connecting the points of S(g) if S(g) has only two points, is contained in
the triangle with vertices from S(g) if S(g) has only three points and is contained
in the polygon with vertices from S(g) if S(g) has more than four points.

We provide a revised version of Corollary 7.21 for the case when S(g) has only
two points, also without proof.

Corollary 7.22. Let 2, g and (uy,),en be as in Theorem 7.18. Let S(g) = {a, b}.
Then S, = [a, blandforeachx € (a, b), ©1(, x) = &°((glan,) = £°([8lan, D
where for z € {a, b}, D; is a geodesic (closed) disk in 2 with center z, not con-
taining b if z = a and a if 7 = b. Furthermore, (i, = é';g([glapa])'}"{1 L [a,b].

7.6. Minimality of the Singular Set

Now we prove the global minimality of S,.

Proposition 7.23. Let 2, g, S(g), (Un)nen, S« and . be as in Theorem 7.18. Let
uy be the map of Proposition 5.6 being an element of Wll)’cz(Q \ Sy, N). Then
S« € B(RQ, g) and for each S € B(R, g),

1 (Sx) = Mg, Sx) = M(g, 9).

Proof. According to Theorem 7.20, S, € B(L2, g) (see Definition 6.1). Let S €
6 (S2, g). By reproducing the Step 2 of the proof of Proposition 6.4, we obtain a
sequence of competitors v, € W1 P2 (Q2, N) for u,, such that

. [Dv, | P
lim sup(2 — pn) dx < M(g, S), (7.48)
Q n

n—+00 p

such reproduction is possible thanks to Lemma 7.8. By Theorem 7.20 and Defini-

tion 6.3, w4 (Sx) = M(g, Sx). Using this, (5.2), the fact that v, is a competitor for

u, and (7.48), we obtain

[Du,
Dn

|Pn
dx

Mg, S0 = tim 2= po) [

D Pn
< limsup(2 — pn)/ | Dua| dx
Q n

n—+00 p

< M(g. 9,
which completes our proof of Proposition 7.23. O

For convenience, we provide the definition of a minimal connection.

Definition 7.24. A minimal connection of a set {ay,...,az,} C R3 is a union
S of mutually disjoint closed segments, each of which connects two points from
{ay, ..., az,} so that the sum of the lengths of these segments is minimal among
all possible such connections.
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Proposition 7.25. Let 2, g, S(g), Sy beasinTheorem7.18, S(g) # Wandm(N) ~
Z.]27. Then S(g) has an even number of elements and S, is a minimal connection
of S(g) in the sense of Definition 7.24.

Proof. First, notice that #S(g) is even, because otherwise, using the fact that
w1 (N) >~ Z /27, we would obtain a map which is not nullhomotopic, but having
zero degree, which is a contradiction. Next, in view of Corollary 6.8 and Theo-
rem 7.20, S, is a finite union of segments whose relative interiors are mutually
disjoint, and each of these segments connects two points from S(g). Let S be a
union of mutually disjoint closed segments, each of which connects two points
from S(g). Then, according to Proposition 6.6 and Definition 6.1, S € B(£2, g).
By Proposition 7.23,

Mg, Sx) = M(g, S).

Since 71 (\) has only one nontrivial element, the above estimate implies that S, €
6 (2, g) is a minimal connection of S(g) in the sense of Definition 7.24. This
completes our proof of Proposition 7.25. O

7.7. Proof of Theorem 1.2

Finally, we prove our second main theorem.

Proof of Theorem 1.2. The proof follows from Propositions 7.9, 7.23 and Theo-
rem 7.20. O
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Appendix A. Auxiliary Results

We provide a proof of the following lemma leading to Corollary A.2, which
was used in the proofs of Lemmas 2.13, 2.15.
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Lemma A.1. Lerm € N\{0, 1}, p € (1, +00) and U C R™~! be open and convex.
Let ¢ : U — R™ be a bilipschitz mapping and E = ¢(U). Then there exists a
constant C = C(m) > 0 such that for everyu € WHP(E, R¥),

2P

el 115y < p— 1L4m SP2PC ullLr e ||DTM||LV(E)

(A1)
and
p 2m—3+ LTI
|M|W171/1”1’(E) é 2PL m p (m) ||M||L]J(E)
_ diam(U)

L pdm s+zpc(T)||DTu||§p(E), (A2)
where |u|€V1*1/1’v/’(E) denotes the integral [, [, % dH" 1 (y) dH" ' (x)

and L > 0 is a bilipschitz constant of ¢.

Proof. Let ||[DtullLrey > 0, because otherwise (A.1) and (A.2) are satisfied.
According to [30, Theorem 3.2.5, p. 244], we have

Jn—1(@ () Im—1(p(x)) dy dx,
(A.3)

l? _ / lu(p(y)) — u(p(x))|?
Wi=lipp(E) v lo(y) — p(x)|m=2+p

where J,,,_1 denotes the (m — 1)-dimensional Jacobian (see, for instance, Sec-
tion 3.2.1, p. 241 in [30]). We define for each § > O the sets

Ws={(x,y) € U*:|y—x| 28} and Fs={(x,y)eU?:|y—x| <38}

Then U2 = W;s U F;. Hereinafter in this proof, C denotes a positive constant that
can only depend on m and can be different from line to line. We first prove (A.1).
For each § > 0,

lu(p(y) — u(p)|?
Jm— Jin— dvd
//W,; lp(y) — @(x)|m—2+p 1) Jm—1(p(x)) dy dx

- P+ |u(p(x)I?
<P 1// lu(e())I . . o
a ws o) — e()|m—2+p 1e(») 1(p(x))dy dx

p p
<or-tpmert [ O ) It (o) dy s
§

d
<opp2m=3+p / jul? dH" / — = (A4)
Rm—l\BgI*l |Z|m_ +p

2pCL2m 3+p
= T /|u|Pd'Hm 1
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where we have used that ¢ is bilipschitz with the bilipschitz constant L and [30,
Theorem 3.2.5]. Next, using Jensen’s inequality, Fubini’s theorem and the fact that
@ is bilipschitz with the bilipschitz constant L, we have

u(p(y) — ug)I” , ,
/ /F o) gtz In1 @O It dy dx

-Il,

< L4m75+2p /
o 0

Jmfl (@) Im—1(p(x))
lo(y) — @(x)|m=2tr

! (/ [Dru(p((1 —0)x +1y)|”ly — x|”
Fs

‘y —x ‘)71724»1)

dydx

/ 5@l —Dx +1y)) dt

Jm—l(‘p((l —Dx+ IY)) dy dx) dr

< L4m—5+2p /

0 ly —x|m=2

1 - ,
(f IDrulp(@ = Dx + DI | (1 x + 1y dy “") &
Fs

(A.5)

Performing the change of variable z = (1 — r)x + ty in the integral with respect to
X, we have

// [Dru(p((1 —)x +1y)|”
Fy

Iy — x|m=2

p
- — [ f [Dru@@DY | (o) dydz.
Fa-ns

Cy—zm2

Im—1(@((I = )x +1y))dy dx
(A.6)

Therefore, integrating (A.6) with respect to ¢ € [0, 1], we get

1 —
/ <// [ DTu(e((1 —t)x +ty)|? Jn—1(@((1 — t)x + ty)) dy dx) dr
Fs

ly — x|m=2

P
/ // |DT”(§0(’5))2| Jn—1(p(2))dydzdt
1 —t Fi-ns ly =zl

P m—1
/|Dru| dH / l—t/Bml - szdt

(1=0)é

(A.7)

< ca/ |Drul? dH" 1.
E

Then, taking § > 0 such that

_uller e
| DrullLe e’
we obtain (A.1) from (A.3), (A.4), (A.5) and (A.7).
Next, we prove (A.2). Let us now choose § = diam(U)/2. Then, changing
. 1—(1/2)P—1 .
me,l\Bgn_n lz‘mdfzﬂp to fBg{tS—l\Bgn—l Izlmdfzﬂp and using that (p/+ < In(2) in
(A.4), we obtain

_ p
f fw 'r;(g()y ) . g;ﬁ@i It @O -1 (p()) dy dx
8

1\*~!
< 2P In(2)L*>"3*rC (E) f lul? dH" !,
E
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which, together with (A.7), implies (A.2). This completes our proof of
Lemma A.1. O

Corollary A.2. Let p € (1, 2]. Then there exists a constant C = C(m) > 0 such
that for every u € Wl'p(BB;" (x0), R¥),

p p
|u|W1—1/p,p(aB'{n(xO)) § Cr”DTuHLP(aB;’H(xO))' (A8)

Furthermore, if Y is a compact Riemannian manifold, which is isometrically em-
bedded into R, p € [po, 2] for some pg € (1,2] and u € Wl"’(BB:"(xo), V),
then there exists a constant C = C(pg, m, Y) > 0 such that

m—1
p — p—1
|M|W171/p.p(aB’;:n(xO)) < Cr v ”DT””LP(BB;"(XO))' (A9)

Proof of Corollary A.2. First, let us prove (A.8). By scaling and translation, it is
enough to show that for each u € WI’P(S’”_I, Rk),

el gnty S CIDTUNL gty (A.10)
Recall that m = 2 and for each j € {1,...,m}, define Ez;_| = {x € sm-1

xj <3/4}and Ey; = {x € S""! : x; > —3/4}. For every x € S"!, there is at
mostonei € {1,...,2m}suchthatx ¢ E;. Thus, "~ ! x §"~! = U?;”l E; x E;.
Moreover, the E;’s are bilipschitz images of the unit ball B}" -1

Hereinafter in this proof, C will denote a positive constant that can depend only

on m and can be different from line to line. Then, in view of (A.2) with U = B;"_l s

we have
el 1mp gy S CUUNL oz, + IDTUNL o (5,)- (A.11)

Applying (A.11) with v = u — H’"+(E,) / E; udH™~! and using the Poincaré
inequality for v (observe that the constant in the Poincaré inequality can be chosen
independently of p € (1, 2]), we get the estimate |”|Iv)V1*1/P-P(E,-) < C||Dru||ip(El_).
Then, summing over i, we obtain (A.10), which implies (A.8).

Next, we prove (A.9). To this end, we show that if p € [pg,2] and u €
WP (3B™(x0), ), then

P r—1
|M|W1—l/p,p(3B;n(X0)) § C/”u”LV(E)B;”(X()))”DTu”Lp(gB;n(XO)),
(A.12)
where C' = C’(pg, m) > 0. Notice that if (A.12) would hold, then it would be
“scale-invariant”. Thus, it is enough to prove (A.12) in the case when 9 B} (xo) =

Sm=1. Applying Lemma A.1 with E = E; as above for eachi € {1, ..., 2m} and
then summing over i, we get

C -1
p p
|M|Wl—l/p,p(Sm—l) é m”u”LP(Sm71)||DTM||L/7(SWI—1)'

(A.13)

Setting C" = C/(po—1) > 0, (A.13) yields (A.12). The inequality (A.9) is a direct
consequence of (A.12) and the fact that ) is a compact Riemannian manifold, which
is isometrically embedded into R¥. This completes our proof of Corollary A.2. O
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