
Frqvwuxfwlrq ri idflolwlhv xqghu dv|pphwulf
lqirupdwlrq = gr frqvwlwxwlrqv pdwwhuB4

Pduwlq Ehvidplooh � Mhdq0Pdulh Or}dfkphxu�

Mxqh/ 59/ 5335

� � � � � � � 	 
 � � 
 � � � � � � � � � � � � � � � � � � � �  ! " # $ % & ' ( ) * + , - . / 0 1 2 3 4 3 5 6 7 8 9 : ; <
= > ? @ A B C D E F > G H I J K L M N O P L Q K N M R S M R T K U K S M N T P M T V V W X Y Z [ \ ] ^ _ ` ` a b c d d e f g h i j k l m

n o p q r s t u v w x y z { | } ~ � } � � { � � � ~ | ~ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
  � � ¡ � � ¢ £ ¤ ¥ ¤ ¦ § ¥ ¨ © ª « « ¬ ­ ® ¯ ­ ¬ ° ® ± ² ³ ¬ ° ° ª ¤ ¥ ª ® ´ ¯ ­ ¥ ¤ µ ¶ · ¸ ¹ º ¹ » ¼ ½ ¾ ¿ À Á Â Ã Ä Å
Æ Ç È É Ê Ë Ì Ì Í Î Ï Î Ð Ñ Ò Ó Ô Õ Ö × × Ñ Ô × Ò Ø Ô Ù Ú Û Ø Ü Ý Þ ß à Þ á â ã ä ã å æ ä Ý á ç è è é ê ë ì ê é í î ï ð ñ ò

ó ô õ ö ÷ ø ù ú ö û ü û ý þ ù ÿ � ü � þ � ö ý ø � � ü � � ö � � � 	 
 � � 
 � � � � � � � � � � � � � � � � � � � � �  � � !
" � � # � � $ % & � ' ( ) * + , , - . / 0 . 1 2 2 0 2 3 4 5 6 7 8 9 : ; ; < : = > : ? @ > A = B C D E F G H I E J K L M F D
E G H H K N O P Q P R S Q O

T U V W X Y Z [ \ ] ^ _ ` \ a b c d a e f g \ h i ^ j ^ k f i ] d \ [ d [ j c W X l l Y Z [ \ ] ^ _ ` \ a b j ^ k \ m n ^ Y
o g j p j i W ^ q a f _ d a Y r s o t u v w x y z { | | | } ~ � � � z � � � � ~ � � v � � � � � w � � � { y w � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � �   ¡ ¢ £ ¤ ¥ ¦ § ¡ ¨ © ª « © ¢ ¬ ­ ¥ ¦ ­ ® ¨



Uìvxpì
D frxqwu| frqvlvwv ri wzr qrq0ryhuodsslqj uhjlrqv/ hdfk uxohg e| d orfdo dx0
wkrulw|1 Wkh ihghudo jryhuqphqw sodqv wr frqvwuxfw d idflolw| lq rqh ri wkh
uhjlrqv1 Li wkh idflolw| lv frqvwuxfwhg/ lw jhqhudwhv d vrfldo ydoxh lq wkh krvw
uhjlrq dqg kdv vslooryhu h�hfwv lq wkh uhvw ri wkh frxqwu|1 Wkh ihghudo jryhuq0
phqw grhv qrw revhuyh wkh orfdo ydoxh +zklfk fdq eh kljk ru orz, ehfdxvh lw lv
lq idfw wkh orfdo dxwkrulw|*v sulydwh lqirupdwlrq1 Wr ghdo zlwk wklv lqirupdwlr0
qdo jds/ wkh ihghudo jryhuqphqw ghvljqv dq lqfhqwlyh0frpsdwleoh phfkdqlvp/
vshfli|lqj li wkh idflolw| vkrxog eh frqvwuxfwhg dqg d vfkhph ri lqwhuuhjlr0
qdo wudqvihuv1 Exw wkh ihghudo jryhuqphqw lv frqvwlwxwlrqdoo| frqvwudlqhg wr
uhvshfw d jlyhq phdvxuh ri erwk uhjlrqv* zhoiduh1 Wkh w|sh ri orfdo plveh0
kdylrxu lv vkrzq wr ghshqg fuxfldoo| xsrq wklv plqlpxp xwlolw| wkh fhqwudo
jryhuqphqw pxvw dw ohdvw lpsohphqw1

Nh|zrugv = Ilvfdo ihghudolvp 0 Frqvwlwxwlrqdo frqvwudlqwv 0 Idflolwlhv 0
Lqwhujryhuqphqwdo wudqvihuv 0 Dv|pphwulf lqirupdwlrq
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4 Lqwurgxfwlrq

Ihghudo jryhuqphqwv lqwhuyhqh lq uhjlrqv/ vwdwhv ru orfdolwlhv/ hyhq lq frxq0
wulhv zkhuh ghfhqwudol}dwlrq suhydlov/ olnh lq wkh XVD1 Iru h{dpsoh/ ihghudo jr0
yhuqphqwv frqvwuxfw idflolwlhv olnh sulvrqv/ zdvwh glvsrvdov/ dlusruwv ru gdpv1
Lq rughu wr ghflgh zkhwkhu ru qrw wr frqvwuxfw vxfk idflolwlhv dqg krz wr
�qdqfh wkhp/ ihghudo jryhuqphqwv qhhg wr nqrz wkhlu lpsdfw rq wkh zhoiduh
ri gl�huhqw uhjlrqv1 Exw/ dv lw kdv orqj ehhq uhfrjql}hg ^h1j1 Rdwhv/ 4<:5`/ or0
fdo dxwkrulwlhv nqrz vrph ri wkhlu frqvwlwxhqf|*v fkdudfwhulvwlfv ehwwhu wkdq
ihghudo jryhuqphqwv1 Vr orfdo dxwkrulwlhv pd| eh whpswhg wr xvh wklv lqiru0
pdwlrq rssruwxqlvwlfdoo|/ lq rughu wr lqgxfh wkh ihghudo jryhuqphqw wr dgrsw
d ghflvlrq wkdw idyruv lwv frqvwlwxhqf|1 � Wklv sdshu ghdov suhflvho| zlwk lqfhq0
wlyh sureohpv wkdw hphujh lq lqvwlwxwlrqdo frqwh{wv zkhuh ihghudo ghflvlrqv
derxw frqvwuxfwlrq ri idflolwlhv duh wdnhq xqghu dv|pphwulf lqirupdwlrq1

Dv Wuhvfk +4<;4, vxjjhvwhg/ vxfk sureohpv fdq rqo| eh uljrurxvo| dqdo|0
}hg lq vhfrqg0ehvw dv|pphwulfdo lqirupdwlrq hqylurqphqwv1 Wkh sxeolf hfr0
qrplfv olwhudwxuh wkdw dgrswhg vxfk dssurdfk kdv vwxglhg wzr gl�huhqw lv0
vxhv1 Wkh �uvw lvvxh lv uhodwhg wr QLPE\/ dq dfurq|p wkdw ghvfulehv wkh
zhoo0nqrzq frqwuryhuv| ri vlwlqj qr{lrxv idflolwlhv1 Zkhuhdv vxfk idflolwlhv
duh vxssrvhg wr ehqh�w wkh pdmrulw| ri wkh srsxodwlrq/ wkh frppxqlw| ghvl0
jqdwhg dv wkh krvw riwhq ylhzv wkh surmhfw*v lpsdfw wr eh qhjdwlyh dqg wkxv
wu| wr rssrvh lwv frqvwuxfwlrq1 Dprqj rwkhuv/ Jrhw}h +4<;5,/ Nohlqgruihu dqg
Nxquhxwkhu +4<;9,/ Hdvwhuolqj dqg Nxquhxwkhu +4<<5/ 4<<9, dqg Iuh| hw do1
+4<<9, kdyh dqdo|}hg gl�huhqw phfkdqlvpv +dxfwlrqv/ prqhwdu| frpshqvd0
wlrqv/ lqvxudqfh, ghvljqhg wr rewdlq wkh dffhswdqfh ri krvw orfdolwlhv1 Wkh
vhfrqg lvvxh frqfhuqv wkh ghvljq ri lqwhujryhuqphqwdo wudqvihuv wr �qdqfh d
qdwlrqdo sxeolf jrrg +ru d orfdo sxeolf jrrg zlwk h{whuqdolwlhv, xqghu dv|p0
phwulf lqirupdwlrq1 Fuhphu hw do1 +4<<9, dqg Orfnzrrg +4<<<, kdyh vwxglhg
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wkh lpsdfw ri lqfhqwlyh sureohpv rq wkh ghvljq ri lqwhumxulvglfwlrqdo wudqvihuv
dqg rq wkh ohyho ri sxeolf jrrgv1

Wkhvh sdshuv vx�hu iurp dq lpsruwdqw gudzedfn = wkh| gr h{solflwo| frqvl0
ghu qhlwkhu suhurjdwlyhv wkdw ihghudo jryhuqphqwv kdyh qru frqvwlwxwlrqdo
frqvwudlqwv wkh| idfh1 Rq wkh rqh kdqg/ sdshuv wkdw dqdo|}h phfkdqlvpv wr
rewdlq wkh dffhswdqfh ri qr{lrxv idflolwlhv dvvxphg wkdw wkh ihghudo jryhuq0
phqw lv reoljhg wr uhvshfw wkh orfdo vwdwxv txr/ l1h1 wkh ohyho ri zhoiduh zlwkrxw
wkh idflolw| ehlqj frqvwuxfwhg1 Exw riwhq ihghudo jryhuqphqwv kdyh wkh frqvwl0
wxwlrqdo srzhu wr lpsohphqw srolflhv wkdw gr qrw uhvshfw hyhu|erg|*v vwdwxv
txr/ li lw lv lq wkh jhqhudo lqwhuhvw wr gr vr1 � Rq wkh rwkhu kdqg/ sdshuv
wkdw ghdo zlwk lqwhujryhuqphqwdo wudqvihuv xqghu dv|pphwulf lqirupdwlrq
lpsolflwo| dvvxph wkdw ihghudo jryhuqphqwv/ ehfdxvh ri wkhlu suh0hplqhqfh/
duh qrw frqvwudlqhg wrzdugv orfdo dxwkrulwlhv1 Erugljqrq hw do1 +5334, vwdwh
wkdw �Jlyhq wkh frhuflwlyh srzhuv ri wkh ihghudo jryhuqphqw/ lw lv qdwxudo wr
dvvxph wkdw erwk uhjlrqv duh irufhg wr sod| wklv jdph dqg wkxv zh gr qrw
lpsrvh dq| sduwlflsdwlrq frqvwudlqw�1 Exw ihghudo jryhuqphqwv vhogrp duh
frpsohwho| iuhh/ vshfldoo| li qdwlrqdo surmhfwv |lhog qhjdwlyh ydoxhv iru vrph
uhjlrqv1 Lq idfw/ ihghudo jryhuqphqwv duh frqvwlwxwlrqdoo| frqvwudlqhg wr uhv0
shfw orzhu ohyhov ri jryhuqphqw1 � Wkh sxusrvh ri wklv sdshu lv suhflvho| wr
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dgg wkhvh wzr ihdwxuhv wr wkh h{lvwlqj olwhudwxuh1� Rxu jrdo lv wr fkdudfwhul}h/
lq d �vfdo ihghudo vhwwlqj xqghu dv|pphwulf lqirupdwlrq/ wkh rswlpdo v|vwhp
ri lqwhuuhjlrqdo wudqvihuv wr �qdqfh d idflolw| zkhq wkh ihghudo jryhuqphqw lv
frqvwlwxwlrqdoo| frqvwudlqhg wr uhvshfw orfdo dxwkrulwlhv exw lw grhv qrw kdyh
wr hqvxuh qhfhvvdulo| wkhlu vwdwxv txr1

Zh suhvhqw d vlpsoh prgho ri d frxqwu| frqvlvwlqj ri wzr qrq0ryhuodsslqj
dqg htxdoo| zhdowk| uhjlrqv/ hdfk uxohg e| d orfdo dxwkrulw|1 Iroorzlqj dq xwl0
olwduldq remhfwlyh/ wkh ihghudo jryhuqphqw sodqv wr frqvwuxfw d idflolw| lq rqh
uhjlrq1 Li lw lv xqghuwdnhq/ wkh idflolw| jhqhudwhv d vrfldo ydoxh lq wklv uhjlrq
dqg dovr kdv vslooryhu h�hfwv lq wkh rwkhu uhjlrq1 Erwk wkh orfdo ydoxh dqg wkh
vslooryhu h�hfw fdq eh srvlwlyh ru qhjdwlyh1 Wkh xwlolwduldq ihghudo jryhuqphqw
vkrxog ghflgh zkhwkhu wr frqvwuxfw wkh idflolw| dqg/ li vr/ krz wr �qdqfh lw1
Wkh ihghudo jryhuqphqw lv frqvwlwxwlrqdoo| frqvwudlqhg wr vhw wudqvihuv lq ru0
ghu wr pdlqwdlq hdfk uhjlrq*v zhoiduh deryh d fhuwdlq ydoxh1 Exw wkh ihghudo
jryhuqphqw grhv qrw revhuyh wkh idflolw|*v orfdo ydoxh +zklfk fdq eh kljk ru
orz, ehfdxvh lw lv wkh orfdo dxwkrulw|*v sulydwh lqirupdwlrq1 Wr ghdo zlwk wklv
lqirupdwlrqdo jds/ wkh ihghudo jryhuqphqw ghvljqv dq lqfhqwlyh0frpsdwleoh
phfkdqlvp/ vshfli|lqj li wkh idflolw| vkrxog eh frqvwuxfwhg dqg d vfkhph ri
lqwhuuhjlrqdo wudqvihuv1 Wkhuhiruh/ wkh vkdsh ri wkh rswlpdo phfkdqlvp zloo
ghshqg xsrq wkh orfdo ydoxh/ wkh vslooryhu ohyho dqg krz wkh frqvwlwxwlrqdo
frqvwudlqw lv vwulqjhqw1

Wkh prvw lpsruwdqw uhvxowv duh wkh iroorzlqj1 Iluvw/ lq d ixoo0lqirupdwlrq
iudphzrun/ wkh wudglwlrqdo uxoh wkdw htxdol}hv pdujlqdo xwlolwlhv ri sulydwh
frqvxpswlrq grhv qrw dozd|v dsso| zkhq wkh surmhfw lv xqghuwdnhq1 Lqghhg/
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lw pd| eh rswlpdo wr xqghuwdnh d surmhfw zkhq rqh ri wkh frqvwlwxwlrqdo
frqvwudlqwv lv elqglqj1 Lq wkdw fdvh/ wkh uhjlrq zlwk wkh orzhvw ydoxh zloo eh
frpshqvdwhg zlwk uhvshfw wr wkh fdvh zkhuh pdujlqdo xwlolwlhv duh htxdol}hg1

Vhfrqg/ lq wkh dv|pphwulf lqirupdwlrq iudphzrun/ wkh glvwruwlrqv ghshqg
xsrq krz vwulqjhqw duh frqvwlwxwlrqdo frqvwudlqwv1 Lq sduwlfxodu/ zkhq rqo|
Sduhwr lpsurylqj surmhfwv duh xqghuwdnhq/ wkh ihghudo jryhuqphqw idfhv d
xqltxh w|sh ri orfdo plvehkdylru/ qdpho| wkh xqghuvwdwhphqw ri wkh idflolw|*v
orfdo ydoxh1 Wklv sureohp rffxuv zkhq wkh surmhfw lv uhodwlyho| �edg� iru wkh
uhjlrq iru zklfk wkh jryhuqphqw lpshuihfwo| revhuyhv wkh orfdo ydoxh1 Wkh
zd| wr ghdo zlwk wklv sureohp lv wr glvwruw grzqzdug lqwhu0uhjlrqdo wudqvihuv
ru wkh ghflvlrq wr xqghuwdnh wkh surmhfw1 Surmhfwv |lhoglqj uhodwlyho| orz orfdo
ydoxhv duh rswlpdoo| vkxwgrzq zkhuhdv wkh| vkrxog kdyh ehhq frqvwuxfwhg
xqghu ixoo0lqirupdwlrq1 Krzhyhu/ zkhq wkh frqvwlwxwlrqdo frqvwudlqwv duh ohvv
vwulqjhqw/ dqrwkhu w|sh ri orfdo plvehkdylru dsshduv/ qdpho| wkh h{djjhudwlrq
ri wkh orfdo ydoxh1 Wklv sureohp rffxuv zkhq wkh surmhfw lv uhodwlyho| �jrrg�
lq wkh uhjlrq iru zklfk wkh jryhuqphqw lpshuihfwo| revhuyhv wkh orfdo ydoxh1
Wkhuhiruh/ dgglwlrqdo glvwruwlrqv dsshdu1

Lq wkh qh{w vhfwlrq zh suhvhqw wkh prgho dqg zh dqdo|}h wkh ixoo0lqirupdwlrq
fdvh1 Wkhq zh vwxg| wkh sureohp zkhq wkh ihghudo jryhuqphqw idfhv dv|p0
phwulf lqirupdwlrq1 Lq sduwlfxodu/ zh zloo jlyh d vshfldo dwwhqwlrq wr h{wuhph
ydoxhv ri wkh frqvwlwxwlrqdo frqvwudlqwv1 Ilqdoo|/ zh frqfoxgh1 Doo surriv duh
lq wkh Dsshqgl{1

5 Wkh prgho

Wkh qdwlrq Wkh frxqwu| lv frpsrvhg e| wzr vhsdudwh uhjlrqv � ' uc-/
hdfk uxohg e| d orfdo dxwkrulw|1 Gxh wr kljk frppxqlfdwlrq ru wudqvdfwlrq
frvwv/ zh uxoh rxw wkh srvvlelolw| ri djuhhphqwv ehwzhhq wkh uhjlrqv1 Rq wkh
wrs/ wkh ihghudo jryhuqphqw kdv wr ghflgh zkhwkhu wr frqvwuxfw/ lq uhjlrq uc
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d qdwlrqdo idflolw| ri d jlyhq vl}h1 � Zh irupdol}h wklv ghflvlrq dv dq lqgh{
yduldeoh

B '
� � �s |�e s@S�,�|+ �r SJ?r|o�S|e_

f J|�eo��re
Wkh rwkhu uhjlrq - uhsuhvhqwv wkh �uhvw ri wkh frxqwu|�1

Wkh idflolw| Zh dvvxph wkdw/ li wkh idflolw| lv frqvwuxfwhg/ lw jhqhudwhv d
orfdo ydoxh � � +lq uhjlrq u, dqg d vslooryhu ydoxh � � +lq wkh rwkhu uhjlrq -,�
Exw zh gr qrw uhvwulfw wkh vljqv ri erwk ydoxhv � � dqg � � = zh zdqw wr vwxg|
doo srvvleoh fdvhv ri sxeolf idflolwlhv/ zklfk fdq eh wkh iroorzlqj =

� � � : f dqg � � : f G wkh idflolw| lv ehqh�fldo iru wkh hqwluh qdwlrqdo
srsxodwlrq1

� � � : f dqg � � 	 f G wkh surmhfw lv ehqh�fldo rqo| iru uhjlrq u exw
jhqhudwhv d qhjdwlyh h{whuqdolw| lq wkh rwkhu uhjlrq - +h1j1 dq xsvwuhdp
gdp lq u,1

� � 	 	 f dqg � 
 : f G d w|slfdo qr{lrxv idflolw|/ wkdw lv ehqh�fldo iru wkh
uhvw ri wkh frxqwu| exw wr wkh ghwulphqw ri wkh krvw uhjlrq u +h1j1 d
sulvrq ru d zdvwh glvsrvdo,1

Wkh idflolw| frvwv S/ zklfk lv frpprq nqrzohgjh� Li lw lv xqghuwdnhq/ wkh
ihghudo jryhuqphqw ehduv wklv frvw1

Wkh uhjlrqv Zh irupdol}h wkh orfdo dxwkrulw| dv wkh uhsuhvhqwdwlyh djhqw
ri hdfk uhjlrq1 Iru wkh vdnh ri vlpsolflw|/ zh dvvxph wkdw erwk uhjlrqv kdyh
wkh vdph lqfrph/ vr + 	 ' + 
 ' + � � Zlwk wklv lqfrph +/ uhjlrq � fdq frqvxph
d sulydwh jrrg lq txdqwlw| �̂ 1 Hdfk uhjlrq ghulyhv wkh vdph xwlolw| iurp wkh
frqvxpswlrq ri wklv jrrg1 Zh irupdol}h wklv dv d vwulfwo| lqfuhdvlqj dqg
frqfdyh xwlolw| ixqfwlrq �c zlwk �Ef� ' f1


 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �  � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
! � � � � � � � � � � � � " # � � � � � $ � � � � � � � � � � � � � � � � � � ! � � % � � � � � % � & � � � � � � � � � � � � � � � ' � " $ " � � � � � � � ( )
� � � � � � � � % � � � � � � � � � � � �  � � � � � � � � � � � � � � � � � � � � � * � � � � � � � � � � � � � � � � � � ' � " $ " � � � � � � �

 � � � � � � � � � � � � � ) � � % � " " " ( " + , - . / 0 1 2 3 0 4 5 4 6 4 7 . 8 4 6 9 3 : ; 7 6 1 7 0 3 . 7 6 1 3 6 6 1 7 - 7 7 < 4 . 6 . , = 5 : , = 7
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Lq rughu wr hqvxuh wkh surmhfw*v �qdqflqj/ wkh ihghudo jryhuqphqw ghvljqv
d vfkhph ri lqwhujryhuqphqwdo wudqvihuv | � 1 � Zkhq | � 	 f/ wkh ihghudo jryhuq0
phqw vxevlgl}hv uhjlrq � > zkhq | � � f/ uhjlrq � lv wd{hg1 Wdnlqj lqwr dffrxqw
hdfk uhjlrq*v exgjhw frqvwudlqw ^ � ' + � | � / wkh xwlolwlhv ri erwk uhjlrqv zloo
eh L � ' �E+� | � � n B� � dqg L � ' �E+� | � � n B� � � Wkdw lv/ zh dvvxph wkdw
wkh xwlolw| lv vhsdudeoh ehwzhhq wkh sulydwh dqg wkh sxeolf jrrg1 Jlyhq wkh
glvfuhwh dssurdfk dgrswhg lq wkh sdshu/ wkh xwlolw| hqgv rxw wr eh txdvlolqhdu
lq wkh idflolw|*v ydoxh1

Wkh ihghudo jryhuqphqw Lwv jrdo lv wr pd{lpl}h dq xwlolwduldq qdwlrqdo
vrfldo zhoiduh jlyhq e| ` E| 	 c | 
 c B� ' L 	 nL 
 / vxemhfw wr | 	 n| 
 � BSc zklfk
lv wkh ihghudo exgjhw frqvwudlqw E����

Wkh ihghudo jryhuqphqw frqwurov wkh ghflvlrq yduldeoh B1 Rq wkh rqh kdqg/
lw fdq lpsrvh wr wkh uhjlrq u wkh surmhfw*v xqghuwdnlqj/ hyhq li wkh ydoxh � � lv
qhjdwlyh1 Rq wkh rwkhu kdqg/ lw fdq surklelw wkh idflolw|*v frqvwuxfwlrq/ hyhq
li � � lv vr kljk wkdw uhjlrq u zdqwv wr xqghuwdnh lw e| lwvhoi1 Dowkrxjk wklv
vhhpv wr eh d frppdqg hfrqrp|/ wkh frxqwu|*v frqvwlwxwlrq lpsrvh wr wkh
ihghudo jryhuqphqw dqrwkhu w|sh ri frqvwudlqw rq wkh doorfdwlrqv EBc | � c | � �
wkdw lw fdq vhw1 Wklv uhvwulfwlrq/ ghqrwhg e| �� 
 c kdv wkh iroorzlqj irup =

�E+ � | 
 � n B�
 � & �� �

Wkh ihghudo jryhuqphqw lv frqvwudlqhg wr ohdyh wr erwk uhjlrqv d plqlpdo ohyho
ri xwlolw| & 5 E�4c �E+�o1 Wkh juhdwhvw plqlpdo xwlolw| �E+� lv wkh vwdwxv
txr ohyho dqg hqvxuhv rqo| Sduhwr lpsurylqj frqvwuxfwlrq ri idflolwlhv1 Zh
fdq wklqn wkdw wkh frqvwlwxwlrq surklelwv wkh ihghudo jryhuqphqw wr h{sorlw
d uhjlrq/ dw wkh ghwulphqw ri wkh rwkhu1 Wkh orzhvw erxqg fruuhvsrqgv wr
wkh fdvh ri d qrq frqvwudlqhg xwlolwduldq jryhuqphqw1 Lq wklv odvw fdvh/ hyhu|
surmhfw wkdw kdv d kljk ydoxh iru wkh frxqwu| dv d zkroh zloo eh xqghuwdnhq1

� � � � � � � � � � � � � � � � � � � � � � �  ! � � " � � � " � � � � � � � � � # � � � � � � � � � � $ � � � � � % & '( ) * + , - . / 01 2 3 4 5 6 7 8 9 : ; < = > < ? @ = A B C D E F G H I J K L M N O P Q R S P R T U V W X Y Z [ \ ] ^ _ ` a b c d ` e f g h _ ` d i e j _ i k l m n o p q r s t u
v w x y r z { w r t | s } ~ u { } � v | w { } x � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �   �   � �

¡ � � � ¢ � � � � � � � � £ � � � ¤ � ¢ ¥
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Dv zh phqwlrqhg lq wkh lqwurgxfwlrq/ rqh ri wkh remhfwlyhv ri wklv sdshu lv wr
fkdudfwhul}h wkh rswlpdo doorfdwlrqv iru gl�huhqw frqvwlwxwlrqdo frqvwudlqwv/
ru htxlydohqwo|/ iru gl�huhqw ohyhov ri wkh plqlpdo xwlolw| &� Qh{w zh dqdo|}h
wkh ixoo0lqirupdwlrq ehqfkpdun1

6 Ixoo0lqirupdwlrq
Dvvxph wkdw wkh ihghudo jryhuqphqw lv deoh wr revhuyh wkh ydoxh ri � �

dqg � � � Khqfh lw kdv wr vroyh wkh iroorzlqj surjudp ghqrwhg e| 5

5

;AAAAAAAAAAA?
AAAAAAAAAAA=

�@%� � � � � � � �E+ � | 	 � n �E+ � | 
 � n B E� � n � � �

r�K�eS| |J

�E+ � | 
 � n B� 
 � & �� �

�E+ � | � � n B� � � & �� �

| � n | � � BS ��
Zkhq qrqh ri wkh E��� � lv elqglqj/ wkh rswlpxp lv vlpso| wr htxdol}h

pdujlqdo xwlolwlhv ri frqvxpswlrq wkdw lv �� E+ � | � � ' �� E+ � | � � lpso|lqj
| � ' | � ' �� xvlqj wkh exgjhw frqvwudlqw1 Iru wkhvh rswlpdo wd{hv/ E��� � lv
qrw elqglqj dv orqj dv �� � &�� �+ � ��

�1 Zkhq wklv frqglwlrq lv qrw ixo�oohg
iru uhjlrq �/ | � lv vlpso| jlyhq e| �E+ � | � � n �� ' &/ dqg | � E� 9' �� e| wkh
exgjhw frqvwudlqw1 Ilqdoo|/ iru vxfk rswlpdo wd{hv | � dqg | � / wkh surmhfw lv
xqghuwdnhq +l1h1 B ' �, li S

�  ! " # �E+ � | $ � n �$ � 2�E+�1
Wkh iroorzlqj ohppd frpsohwho| fkdudfwhul}hv wkh rswlpdo ixoo0lqirupdwlrq

doorfdwlrqv EB % c | &' c | &( ��
Ohppd 4 Wkh ghflvlrq B ) E� * c � + � ' � li dqg rqo| li hlwkhu frqglwlrq +D, ru
+E, ru +F, krogv1

� Frqglwlrq +D, = � , � & � � �+ � -.
� c � / � & � � �+ � -.

� dqg � , �
2 ��E+�� � �+ � 01

��� � 2

Lq wklv fdvh/ wudqvihuv duh | 34 ' | 35 ' 67 �

:



� Frqglwlrq +E, � � � & � � �+ � �
�
� dqg � � � 2�E+� � & � �E2+ � S �

� �
� E& � � � ��

Lq wklv fdvh/ wudqvihuv duh | �
� ' + � � �

� E& � � � � 	 	

 dqg | �

� ' S� + n
� 


� E& � � � � : �
� �

� Frqglwlrq +F, � � � & � � �+ � �
�
� dqg � � � 2�E+� � & � �E2+ � S �

� �
� E& � � � ��

Lq wklv fdvh/ wudqvihuv duh | �
� ' + � � �

� E& � � � � 	 �
� dqg | �

� ' S� + n
� �

� E& � � � � : �
� �

Frqglwlrq E�� ghvfulehv wkh sdudphwulf duhd zkhuh pdujlqdo xwlolwlhv duh
htxdol}hg ehwzhhq wkh wzr uhjlrqv1 Wkh �uvw wzr lqhtxdolwlhv lqvxuh wkdw hdfk
uhjlrq*v frqvwlwxwlrqdo frqvwudlqw lv vdwlv�hg/ zkloh wkh wklug rqh phdqv wkdw
wrwdo zhoiduh pxvw eh kljkhu wkdq wkh rqh rewdlqhg zkhq wkh idflolw| lv qrw
frqvwuxfwhg1

Frqglwlrqv E�� dqg E�� ghvfuleh sdudphwulf duhdv iru zklfk wkh idflolw|
lv xqghuwdnhq zkhq wkh frqvwlwxwlrqdo frqvwudlqw ri rqh ri wkh uhjlrqv lv
elqglqj1 Li �� � lv elqglqj/ wudqvihu | �

� lv jlyhq e| wkh elqglqj frqvwlwxwlrqdo
frqvwudlqw dqg uhjlrq � lv frpshqvdwhg zlwk uhvshfw wr wkh wudqvihuv jlyhq
e| wkh htxdol}dwlrq ri pdujlqdo xwlolwlhv1 Zkhq & $ �4/ htxdol}dwlrq ri
pdujlqdo xwlolwlhv dozd|v dssolhv vr frqglwlrqv E�� dqg E�� ydqlvk1

Iru ixuwkhu xvh/ zh zloo ghqrwh � �
� E� � c &� wkh ydoxh ri � � +dv d ixqfwlrq

ri � � dqg &, deryh zklfk d idflolw| lv frqvwuxfwhg xqghu ixoo0lqirupdwlrq1
Vwudljkwiruzdug xvh ri ohppd 4 ohdgv wr =

� �
� E� � c &� '

;AAAA?
AAAA=

2�E+�� & � �E2+ � S� � �
 E& � � � �� �s � ! � & � � �+ � "

#
�

2 ��E+�� � �+ � "
#
��� � ! �s

� & � � �+ � $
%
� � � &

� & � 2�E+�� & � � �+ � $
%
�

& � � E2+ � S� � '
( E2�E+�� & � � & �� �s 2�E+�� & � � �+ � $

%
� � � &

Ixoo0lqirupdwlrq doorfdwlrqv fdq eh vhhq lq wkh iroorzlqj judsklf/ zkhuh hdfk
frxsoh E� & c � ) � uhsuhvhqwv d idflolw|1

Lqvhuw Iljxuh 4 khuh
;



Wkh ixqfwlrq � �� E&c � � � lv uhsuhvhqwhg e| wkh erog fxuyh1 Ehorz wklv fxuyh/
qr surmhfwv duh xqghuwdnhq lq zklfk fdvh hdfk uhjlrq � kdv d xwlolw| �E+�1
Zh fdq hdvlo| vkrz wkdw wklv iurqwlhu lv ghfuhdvlqj dqg frqyh{ lq � � 1 Lq wkh
sdudphwulf duhd ghqrwhg e| �c wkh surmhfw lv �qdqfhg iroorzlqj wkh htxdol0
}dwlrq ri pdujlqdo xwlolwlhv1 Qrwh wkdw/ lq wklv duhd/ wkh xwlolw| ri uhjlrq �c
zlwk � � � �E+� � � �+ � ��

� c yhul�hv & � L� � �E+�1 Lq rwkhu zrugv/ hyhu|
xqghuwdnhq surmhfw wkdw yhul�hv �� � �E+� � � �+ � �	

� lv qrw Sduhwr lpsur0
ylqj iru uhjlrq � +h{fhsw iru wkh h{wuhph fdvh zkhq & ' �E+�,1 Lq duhd �/ wkh
frqvwlwxwlrqdo frqvwudlqw �� 
 elqgv dqg L 
 ' & zkloh lq duhd �/ �� � elqgv
dqg L � ' &�

Lq wkh qh{w �jxuh/ zh fdq vhh krz ixoo0lqirupdwlrq doorfdwlrqv ydu| zlwk
&�

Lqvhuw Iljxuh 5 khuh
Zkhq & $ �4/ wkh erog fxuyh ehfrphv d vwudljkw olqh deryh zklfk hdfk
uhjlrq vkduhv htxdoo| wkh frvw ri wkh surmhfw1 Zkhq & ' �E+�/ wkh fxuyh lv
vwulfwo| frqyh{1 Reylrxvo|/ wkh ohvv vwulqjhqw duh wkh frqvwlwxwlrqdo frqvwudlqwv/
wkh pruh surmhfwv zloo eh xqghuwdnhq1

7 Dv|pphwulf lqirupdwlrq rq �u
Wkh idflolw| jhqhudwhv d ehqh�w � � lq wkh rwkhu uhjlrq wkdw lv revhuydeoh1

Exw zh dvvxph wkdw/ dowkrxjk wkh uhjlrq u nqrzv wkh ydoxh ri � 
 +lw*v w|sh,c
wkh ihghudo jryhuqphqw lv xqdeoh wr revhuyh zkhwkhu � 
 lv lq idfw kljk +� 
 ,
ru orz +� 
 ,1� Wkh ihghudo jryhuqphqw kdv vrph eholhiv derxw wklv orfdo ydoxh
� � � Ohwv ghqrwh wkhvh eholhiv e| > ' �hd� � ' � � o dqg e| ��> ' �hd� � ' � � o�
Qh{w zh frpsohwho| fkdudfwhul}h wkh rswlpdo doorfdwlrqv xqghu dv|pphwulf

� � � � � � � � � � � � � � � � �  � � � � ! � " � � # � � # � � � $ % � # � � � & � # ' � � ( & � � # # � % � ) � � � � � ) # � � ! ) � # * +
, - . / . 0 1 2 1 3 . 4 5 6 7 8 9 : 9 . 5 : 4 8 5 1 2 . ; < . 0 9 8 = . > 2 8 ? @ A B @ C D E F G H I H J K L M N O K P O Q R M I S O R O T P J K P O Q R U
S K V W R Q X P Y H N K L Z H Q [ O S \ J Q N H S H R P O R K O J P J K ] ^ _ ` a b ` c d a e f g ` h i j k h l m n o p q r s t u v w x
y z { | y | } ~ � z � � ~ � � x | � y � ~ z z � x � � � � � z � � | � | � � � � � � � ~ � � � x z � ~ � � � � { � � | x � � � � z � x � � ~ � �
� � x ~ | y y | ~ � z � z � ~ � � | � � � z � ~ � x �

<



lqirupdwlrq1
Lw lv frqyhqlhqw wr vroyh wklv sureohp dgrswlqj d phfkdqlvp ghvljq ds0

surdfk/ dv dgyrfdwhg e| Fuhphu hw do1 +4<<9,1 Wkh ihghudo jryhuqphqw zloo
dvn wkh uhjlrq u wr dqqrxqfh lwv w|sh h� � dqg zloo frpplw wr lpsohphqw
wkh doorfdwlrq EBEh� � �c | � Eh� � �c | � Eh� � ��� Lq wklv vhwwlqj/ wkh Uhyhodwlrq Sulqflsoh
dssolhv1 Vr wkh ihghudo jryhuqphqw fdq vhw lqfhqwlyh0frpsdwleoh doorfdwlrqv
EBc | � c | � � wkdw duh frqglwlrqdo rq erwk srvvleoh ydoxhv ri � � 1 Zh ghqrwh wkrvh
doorfdwlrqv e| EBc | � c | � � zkhq wkh| frqfhuq d kljk orfdo ydoxh uhjlrq +l1h1 d
uhjlrq u zlwk � � � dqg e| EBc | � c | � � lq wkh rwkhu fdvh1

Qrz/ lq rughu wr pd{lpl}h wkh qdwlrqdo vrfldo zhoiduh/ wkh ihghudo jryhuq0
phqw vroyhv wkh qhz surjudp 5 �

5 �

;AAAAAAAAAAAAAAAAAAAAAA?
AAAAAAAAAAAAAAAAAAAAAA=

�@%
Bc | � c | �

Bc | � c | �

> ��E+ � | � � n �E+ � | � � n B E� � n � � ��
nE�� >� d�E+ � | � � n �E+ � | � � n B E� � n � � �o

r�K�eS| |J

�E+ � | � � n B � � � & �� � �E+ � | � � n B� � � & �� �

�E+ � | � � n B � � � & �� � �E+ � | � � n B� � � & �� �

| � n | � � BS �� | � n | � � BS ��
�E+ � | � � n B� � � �E+ � | � � n B� � U�
�E+ � | � � n B � � � �E+ � | � � n B� � U�

zkhuh U� dqg U� uhsuhvhqw wkh lqfhqwlyh0frpsdwlelolw| frqvwudlqwv/ iru uh0
jlrq � � dqg � � uhvshfwlyho|1 Lw lv vwudljkwiruzdug wr uhdol}h wkdw dq lqfhqwlyh0
frpsdwleoh doorfdwlrq pxvw vhw B � B� Wklv prqrwrqlflw| uhvxow/ idluo| frp0
prq lq djhqf| wkhru|/ lpsolhv wkdw xqghu dv|pphwulf lqirupdwlrq/ wkhuh pd|
eh dw prvw 6 frq�jxudwlrqv ri idflolwlhv1 Wkh| duh wkh iroorzlqj =

� Frq�jxudwlrq U = uhjdugohvv ri wkh orfdo ydoxh � � / wkh idflolw| lv dozd|v
xqghuwdnhq EB 	 ' B

	

' ��
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� Frq�jxudwlrq UU G rqo| d idflolw| wkdw kdv d kljk orfdo ydoxh � � lv
frqvwuxfwhg EB � � ' fc B

� �

' ��
� Frq�jxudwlrq UUU = qr pdwwhu lwv orfdo ydoxh � � / wkh surmhfw lv dedqgr0
qhg EB � � � ' B

� � �

' f��

714 Zkhq ixoo0lqirupdwlrq doorfdwlrqv duh qrw lpsoh0
phqwdeoh

Xqghu dv|pphwulf lqirupdwlrq/ vrph ixoo0lqirupdwlrq doorfdwlrqv duh lqfhqwlyh0
frpsdwleoh1 Wklv frphv iurp wkh txdvlolqhdulw| ri wkh uhjlrqv xwlolw| ixqfwlrq1
Iru h{dpsoh/ iru ydoxhv ri � � c � � dqg � � deryh �E+� � � �+ � �

�
� c wudqvihuv

duh jlyhq e| htxdol}dwlrq ri pdujlqdo xwlolwlhv1 Wkhvh wudqvihuv duh lqfhqwlyh0
frpsdwleoh ehfdxvh wkh uhjlrq u kdv wkh vdph ohyho ri sulydwh frqvxpswlrq
zhwkhu lw suhwhqgv wr kdyh � � ru � � 1

Exw wklv lv qrw dozd|v wkh fdvh1 Wkh iroorzlqj ohppdv ghvfuleh wkh sd0
udphwulf duhdv/ lq wkh E� � /� � /� � � vsdfh/ zkhuh ixoo0lqirupdwlrq doorfdwlrqv
duh qrw lpsohphqwdeoh1 Wr foduli| wkh h{srvlwlrq/ zh zloo �uvw suhvhqw wkh
fdvh zkhq wkh surmhfw lv uhodwlyho| ghwulphqwdo iru uhjlrq -c l1h1 zkhq � � 	
�E+� � � �+ � 	



�1 Wkhq zh wxuq wr wkh fdvh zkhuh wkh surmhfw lv uhodwlyho|

ehqh�fldo iru uhjlrq -c l1h1 zkhq � � � �E+� � � �+ � 	


�1 Wkh surriv duh lq

wkh dsshqgl{1
Ohppd 5 Zkhq � � 	 �E+��� �+ � �



�/ ixoo0lqirupdwlrq doorfdwlrqv duh qrw

lpsohphqwdeoh li dqg rqo| li E� � /� � /� � � ehorqjv wr wkh sdudphwulf duhd gh�qhg
e| hlwkhu +d, ru +e, =

E@�
� � � � & � � �+ � �

�
�

� �
� E� � c &� n & � �E+� � � � � � �

� E� � c &� � � �

EK�
� & � � �+ � �

�
� 	 � � � �E+�� � �+ � �

�
�

�E+�� � �+ � �
�
� � � � � � �

� E� � c &� � � �

Vxssrvh wkdw wkh ihghudo jryhuqphqw r�huv wkh phqx EB � c | �
� c | �

� � dqg
EB � c | �

� c | �
� �� Jlyhq wkdw lq E@� dqg EK�/ � � � � �

� E� � c &�/ wkh ixoo0lqirupdwlrq
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frq�jxudwlrq ri surmhfwv lv UU � +l1h1 B � ' � dqg B � ' f�1 Dv h{sodlqhg lq vhf0
wlrq 514/ jlyhq wkdw wkh idflolw| lv ghwulphqwdo iru uhjlrq -/ wkh jryhuqphqw
vhwv ixoo0lqirupdwlrq wudqvihuv vxfk wkdw & � L � E| �

� E&�� � �E+�1 Iru vxfk d
wd{/ wkh surmhfw lv dedqgrqhg li L � E| �

� � 	 2�E+� � & � 1 Lw phdqv wkdw d sur0
mhfw pxvw eh pruh wkdq Sduhwr lpsurylqj lq uhjlrq u iru wkh surmhfw wr eh
xqghuwdnhq1 Wkxv/ li � � lv kljk hqrxjk vr wkdw L � E| �� � ' �E+� 	 L � �| �� � 	
2�E+�� &/ wkh orz orfdo ydoxh uhjlrq +l1h1 wkh uhjlrq u zlwk � � � �qgv rswlpdo
wr plplf wkh kljk orfdo ydoxh uhjlrq lq rughu wr rewdlq wkh frqvwuxfwlrq ri
wkh idflolw| dqg rewdlq d qhw xwlolw| jdlq xs wr �E+�� &1

Lq wkh h{wuhph fdvh zkhuh wkh ihghudo jryhuqphqw hqvxuhv wkdw d surmhfw
lv xqghuwdnhq rqo| li wkh vwdwxv0txr lv uhvshfwhg +& ' �E+�,/ d surmhfw lv
dedqgrqhg li dqg rqo| li wkh xwlolw| ri d uhjlrq lv vwulfwo| orzhu wkdq �E+�1
Wkhuhiruh/ lq wklv sduwlfxodu fdvh/ wkh orz orfdo ydoxh uhjlrq kdv qr lqfhqwlyh
wr plplf wkh kljk orfdo ydoxh uhjlrq =
Fruroodu| 6 Zkhq � � � �E+� � � �+ � �� �/ ixoo0lqirupdwlrq doorfdwlrqv duh
dozd|v lpsohphqwdeoh li & ' �E+�1

Zh qrz wxuq wr wkh vwxg| ri idflolwlhv wkdw jhqhudwh d uhodwlyho| kljk ydoxh
� 	 wr wkh uhjlrq -1
Ohppd 7 Zkhq � 	 � �E+��� �+ � 
� �/ ixoo0lqirupdwlrq doorfdwlrqv duh qrw
lpsohphqwdeoh li dqg rqo| E� � /� � /� 	 � ehorqjv wr wkh sdudphwulf duhd gh�qhg
e| hlwkhu +f, ru +g, =

ES�
� �E+�� � �+ � 
� � � � 	

� � � � 
� E� 	 c &� � � � � �E+�� � �+ � 
� �

E_�
� 2�E+�� & � � �+ � �� � � � �

� �� E� � c &� � � � � & � � �+ � �� �
Djdlq vxssrvh wkdw wkh ihghudo jryhuqphqw r�huv d phqx wkdw vhwv wkh

rswlpdo ixoo0lqirupdwlrq doorfdwlrq1 Lq wkh sdudphwulf duhdv fkdudfwhul}hg lq
� � � � � � � � � � � � � � � �  � � � � � � � ! � � " � � � � � # � � � � � � $ � % & ' ( )* + , - - . / 0 1 2 30 1 4 5 5 6 7 8 9 : ; < = > ?@ A B C D
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ES� dqg E_�/ wkh kljk orfdo ydoxh uhjlrq zdqwv wr plplf wkh orz orfdo ydoxh
uhjlrq1

Lqghhg/ zkhq ES� krogv/ � � � � �� E� � c &� � � � / vr wkh ixoo0lqirupdwlrq
frq�jxudwlrq ri surmhfwv lv UU � +l1h1 B � ' � dqg B � ' f�1 Jlyhq wkdw wkh
surmhfw lv ghwulphqwdo iru wkh kljk orfdo ydoxh uhjlrq u/ wkh jryhuqphqw vhwv
ixoo0lqirupdwlrq wudqvihuv vxfk wkdw & � L � E| �� E&�� � �E+�1 Wkxv/ wkh kljk
orfdo ydoxh uhjlrq �qgv rswlpdo wr plplf wkh orz orfdo ydoxh uhjlrq lq rughu wr
rewdlq wkh uhmhfwlrq ri wkh surmhfw dqg rewdlq d qhw xwlolw| jdlq xs wr �E+��&1
Lw lv vwudljkwiruzdug wr vhh wkdw/ lq wkh h{wuhph fdvh zkhuh wkh jryhuqphqw
lqvxuhv wkdw d surmhfw lv xqghuwdnhq li wkh vwdwxv0txr lv uhvshfwhg +& ' �E+�,/
wkh kljk orfdo ydoxh uhjlrq kdv qr lqfhqwlyhv wr plplf wkh orz orfdo ydoxh
uhjlrq1
Fruroodu| 8 Lq fdvh +f,/ ixoo0lqirupdwlrq doorfdwlrqv duh lpsohphqwdeoh li
dqg rqo| li & ' �E+�

Li E_� krogv/ wkh ixoo0lqirupdwlrq frq�jxudwlrq ri surmhfwv vkrxog kdyh
ehhq U � +l1h1 B � ' B � ' ��1 Xqghu wklv flufxpvwdqfh/ wkh ixoo0lqirupdwlrq
wudqvihuv | �� lqfuhdvh zlwk � � � � � Vr wkh uhjlrq u zlwk � � zrxog olnh wr sd|
ohvv iru wkh surmhfw/ suhwhqglqj wr eh � � 1 Lq wkh h{wuhph fdvh zkhuh & ' �4
+sxuh xwlolwduldqlvp,/ wkhuh lv qr vxfk sureohp ri plplfnlqj vlqfh erwk kljk
dqg orz uhjlrqv u sd| wkh vdph frvw �	 lq wkh ixoo0lqirupdwlrq fdvh1
Fruroodu| 9 Lq fdvh +g,/ ixoo0lqirupdwlrq doorfdwlrqv duh lpsohphqwdeoh li
dqg rqo| li & �$ �41

Wr vxp xs/ d kljkhu srzhu ri wkh fhqwudo jryhuqphqw +& orz, lqgxfhv
�uvw ehvw lpsohphqwdwlrqv ri qrq Sduhwr lpsurylqj surmhfwv1 Wklv kdv wzr
frqvhtxhqfhv1 Iluvw/ zkhq wkh surmhfw jhqhudwhv d orz ydoxh lq uhjlrq u dqg
d kljk ydoxh lq -/ vrph qrq Sduhwr lpsurylqj surmhfwv iru uhjlrq u duh
xqghuwdnhq1 Wkxv u kdv dq lqfhqwlyh wr dqqrxqfh d orzhu ydoxh ri wkh idflolw|


 � � 
 � � � � � � � � � � � � � � � � � � 
 � � �� � � � � � �  ! " # $ % & ' ( ) * + ,-. / 0 1 2 3 4 5 6 7 8 9 : ; < = > ?
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lq rughu wr rewdlq lwv uhmhfwlrq1 Vhfrqg/ zkhq wkh surmhfw jhqhudwhv d orz ydoxh
lq uhjlrq - dqg d kljk ydoxh lq u/ d surmhfw wkdw zrxog eh Sduhwr lpsurylqj
iru u pd| eh uhmhfwhg1 Lw lqgxfhv wkh uhjlrq u wr dqqrxqfh d kljkhu ydoxh ri
wkh surmhfw lq rughu wr rewdlq lwv dgrswlrq1 Wkhvh wzr sureohpv ydqlvk zkhq
& ' �E+� vlqfh iru ehvw wudqvihuv/ hyhu| dqg h{foxvlyho| Sduhwr lpsurylqj
idflolwlhv duh dgrswhg1

Rq wkh rwkhu kdqg/ d orz srzhu ri wkh fhqwudo jryhuqphqw +& kljk, ohdgv
wr wkh lpsohphqwdwlrq ri surmhfwv iru orz ydoxh uhjlrqv zlwk d wd{ ehlqj d
ghfuhdvlqj ixqfwlrq ri wkhlu orfdo ydoxh1 Wkxv/ d uhjlrq u zlwk d orz ydoxh
lv lqgxfhg wr dqqrxqfh d orzhu ydoxh ri wkh surmhfw lq rughu wr sd| ohvv1
Zkhq wkh jryhuqphqw lv qrw frqvwudlqhg e| &/ wklv sureohp ydqlvk vlqfh
hyhu| xqghuwdnhq idflolwlhv duh �qdqfhg e| wkh htxdo vkdulqj wd{ luuhvshfwlyh
ri wkh orfdo ydoxh1

Lq doo rwkhu sdudphwulf duhdv/ wkh ixoo0lqirupdwlrq doorfdwlrqv duh lpsoh0
phqwdeoh1 Zh qrz wxuq wr wkh ghvfulswlrq ri wkh vhfrqg ehvw doorfdwlrq sur0
eohp lq wkh sduwlfxodu fdvhv suhvhqwhg deryh1

715 Rswlpdo doorfdwlrqv xqghu dv|pphwulf lqirupdwlrq
Vxssrvh wkdw/ iru vshfl�f ydoxhv ri wkh sdudphwhuv � � dqg � � / ixoo0lqirupdwlrq

doorfdwlrqv duh qrw lpsohphqwdeoh1 Ohw*v ghqrwh e|

|
�
� dqg |�

� c i� ' uc-( � ' Uc UUc UUUj

wudqvihuv sdlg e| uhjlrq � lq frq�jxudwlrq ri surmhfwv �1
Ohw*v dvvxph wkdw wkh ihghudo jryhuqphqw zdqwv wr lpsohphqw wkh frq�0

jxudwlrq U� Lq wkdw fdvh/ wkh elqglqj lqfhqwlyh0frpsdwlelolw| frqvwudlqw |lhogv
wr �E+�| � � ' �E+�| � �� Wklv lpsolhv wkdw rswlpdo +vhfrqg0ehvw, wudqvihuv duh
vxfk wkdw | � �

� ' | � �� 1 	 	 Wkxv/ vroylqj sureohp 5 
 lv htxlydohqw wr vroyh sureohp
� � � 
 � � � � � � � � � � � � � � � � � �  ! " # $ % " & ' ( ) * ) + , ) - . / 0 1 / 2 3 4 5 3 6 7 3 5 8 9 2 : ; < = > ? @ A B C D B E ? F G H I
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5 zlwk wkuhh uhjlrqv +� � c � � c � � , dqg dq htxdo wudqvihu iru wkh orz dqg kljk
orfdo ydoxh uhjlrqv1

Qrz ohw*v dvvxph wkdw wkh ihghudo jryhuqphqw zdqwv wr lpsohphqw wkh
frq�jxudwlrq UU� Wkh dqdo|vlv ri vxfk frq�jxudwlrq ghshqgv xsrq zklfk
lqfhqwlyh0frpsdwlelolw| frqvwudlqw lv elqglqj =

� Li U� � lv elqglqj/ wkhq wkh wudqvihu lv vxfk wkdw wkh orz orfdo ydoxh
uhjlrq lv lqgl�huhqw ehwzhhq grlqj wkh surmhfw ru qrw/ l1h1 �E+� |

� � �
� � n

� � ' �E+�1
� Li U� � lv elqglqj/ wkhq wkh wudqvihu lv vxfk wkdw wkh kljk orfdo ydoxh
uhjlrq lv lqgl�huhqw ehwzhhq grlqj wkh surmhfw ru qrw/ l1h1 �E+� |

� � �

� � n
� � ' �E+�1

� Hovh/ | 	 	 

� ' | �


 1
Ilqdoo|/ li wkh ihghudo jryhuqphqw sodqv wr lpsohphqw wkh frq�jxudwlrq

UUU/ qr wudqvihuv duh pdgh vr |
� � � �
� '| � � � �

� ' | � � � �
� ' f1

Rswlpdo vhfrqg0ehvw wudqvihuv gh�qh/ iru hdfk frq�jxudwlrq ri surmhfwv/
d ohyho ri zhoiduh1 Wklv shuplwv wkh fkdudfwhul}dwlrq ri wkh sdudphwulf duhd
zkhuh d sduwlfxodu frq�jxudwlrq lv suhihuuhg wr wkh rwkhu rqhv1 Wkh frpsxwd0
wlrqv fdq eh irxqg lq wkh dsshqgl{1 Zh mxvw suhvhqw lq wkh iroorzlqj vhfwlrq
wkh vkdsh ri vhfrqg0ehvw rswlpdo doorfdwlrqv iru hdfk frq�jxudwlrq dqg zh
frpsduh wkhp wr wkh ixoo0lqirupdwlrq rqh1 Dgglwlrqdoo|/ zh jlyh d judsklfdo
looxvwudwlrq ri wkh sdudphwulf duhdv gh�qlqj wkh rswlpdo frq�jxudwlrqv1

Iru hdv| ri h{srvlwlrq/ zh zloo suhvhqw lq wkh iroorzlqj sduw wkh rswlpdo
ghvljq ri wudqvihuv zkhq U� � lv elqglqj +l1h1 lq fdvhv E@� ru EK� ri Ohppd 5,
dqg wkhq wxuq wr wkh fdvh zkhuh U� � lv elqglqj +fdvhv ES� dqg E_� ri Ohppd
7,1
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71514 Rswlpdo vhfrqg0ehvw doorfdwlrqv zkhq wkh surmhfw |lhogv d
orz orfdo ydoxh wr uhjlrq -

Ohw*v dvvxph wkdw � � � �E+�� � �+ � ��
�1 Li wkh ihghudo jryhuqphqw sodqv

wr lpsohphqw frq�jxudwlrq U/ U� � lv elqglqj1 Pruhryhu/ �� � lv elqglqj lq
fdvh E@�/ vr vhfrqg0ehvw wudqvihuv vkrxog eh

| � �� ' |
� �
� ' | �� '

� S� + n � 	

 E& � � � � lq fdvh E@��
 lq fdvh EK�

Lq rwkhu zrugv/ erwk kljk dqg orz orfdo ydoxh uhjlrqv sd| wkh wudqvihu | �� wkdw
zrxog eh rswlpdo lq d ixoo0lqirupdwlrq zruog/ zlwk � � ' � � 1 Vlqfh frq�jx0
udwlrq UU zdv dgrswhg xqghu ixoo0lqirupdwlrq/ wkhvh vhfrqg0ehvw wudqvihuv/ li
lpsohphqwhg/ |lhog dq xszdug glvwruwlrq ri B�

Li wkh ihghudo jryhuqphqw sodqv wr lpsohphqw wkh frq�jxudwlrq UU/ jlyhq
wkdw U� � elqgv/ vhfrqg0ehvw wudqvihuv duh jlyhq e|

+

|
� � �
� ' + � � �

� E�E+�� � � �
| � � �� ' f

Lq rwkhu zrugv/ li wkhvh wudqvihuv duh lpsohphqwhg/ wkhuh lv dq xszdug glv0
wruwlrq ri wkh wudqvihu sdlg e| wkh kljk orfdo ydoxh uhjlrq1

Judsklfdoo|/ Iljxuh16 uhsuhvhqwv dq looxvwudwlrq ri wkh vhfrqg0ehvw frq�0
jxudwlrq ri surmhfwv lq fdvh E@� lq wkh E� � c � � � vsdfh1 � �

Lqvhuw Iljxuh 6 khuh

Qrz/ iru d jlyhq ydoxh ri � � c d frxsoh E� � c � � � uhsuhvhqwv d idflolw|/ iurp wkh ih0
ghudo jryhuqphqw*v srlqw ri ylhz1 Uhphpehu wkdw lq E@�/ wkh ixoo0lqirupdwlrq
frq�jxudwlrq lv UU � c zlwk | �� ' S�+�� �

� E&�� � �1 Xqghu dv|pphwulf lqirupd0
wlrq/ zh revhuyh wzr nlqgv ri glvwruwlrqv zlwk uhvshfw wr wkh ixoo0lqirupdwlrq
doorfdwlrqv = wkh jryhuqphqw lpsohphqwv hlwkhu dqrwkhu frq�jxudwlrq ri sur0
mhfwv ru vhwv dqrwkhu wudqvihu |   !

" c sdlg e| wkh kljk orfdo ydoxh uhjlrq u1
# $ % & ' ( ) * + , - . / , 0 1 1 , - , / 2 3 4 , 1 5 6 3 5 , 6 7 1 8
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Lq wkh sdudphwulf duhd UU � / wkh ihghudo jryhuqphqw lpsohphqwv wkh vdph
frq�jxudwlrq wkdq xqghu ixoo0lqirupdwlrq exw wkhuh lv dq xszdug glvwruwlrq
ri wkh wudqvihu sdlg e| wkh kljk orfdo ydoxh uhjlrq u/ wkdw lv | � � �

� : | �
� 1 Dv � �

lqfuhdvhv/ wklv glvwruwlrq lqfuhdvhv1 Wkxv/ deryh d wkuhvkrog ydoxh ri � � / wkh
ihghudo jryhuqphqw suhihuv wr lpsohphqw frq�jxudwlrq U � zlwk qrq glvwruwhg
wudqvihuv1 Wklv lv dq xszdug glvwruwlrq ri B1 Ilqdoo|/ iru d orz ohyho ri � � /
lpsohphqwdwlrq frvwv grplqdwh wkh kljk vrfldo ydoxh ri wkh surmhfw1 Wkhuhiruh/
lq wkh sdudphwulf duhd ghqrwhg e| UUU � / wkh surmhfw lv rswlpdoo| vkxwgrzq1
Wklv lv d grzqzdug glvwruwlrq ri B1

71515 Rswlpdo doorfdwlrqv zkhq wkh surmhfw |lhogv d kljk orfdo
ydoxh lq uhjlrq -

Qrz ohw*v dvvxph wkdw � � A �E+�� � �+ � �
	
� � Li/ lq fdvhv ES� dqg +_�c wkh

ihghudo jryhuqphqw sodqv wr lpsohphqw wkh frq�jxudwlrq Uc U� 
 lv elqglqj1
Pruhryhu/ iru & � � �+ � �

	
� � � � c �� � dovr elqgv vr

| � 

� ' |

� 

� '

;

?

=

�
� �s � � � & � � �+ � �

�
�

+ � � �
� E& � � � � �s & � � �+ � �

�
� � � �

Li lpsohphqwhg/ frq�jxudwlrq U � uhsuhvhqwv d grzqzdug glvwruwlrq ri wkh
wudqvihu | � lq fdvh E_�c zkloh lq fdvh ES�/ frq�jxudwlrq U* uhsuhvhqwv dq xszdug
glvwruwlrq ri B�

Li wkh ihghudo jryhuqphqw sodqv wr lpsohphqw frq�jxudwlrq UUc U� � lv
rqo| elqglqj zkhq � � 	 �E+� � � �+ � �

�
� c vr wkdw vhfrqg0ehvw wudqvihuv duh

jlyhq e| =

|
� � �
� '

� + � � �
� E�E+�� � � � � � 	 �E+�� � �+ � �

�
�

�
� �s � � � �E+�� � �+ � �

�
�

| � � �
� ' f

Li lpsohphqwhg/ frq�jxudwlrq UU � uhsuhvhqwv d grzqzdug glvwruwlrq ri wkh
wudqvihu | � lq fdvh ES�c zkloh lq fdvh E_�/ frq�jxudwlrq UU* uhsuhvhqwv d

4:



grzqzdug glvwruwlrq ri B frpelqhg zlwk d grzqzdug glvwruwlrq ri | � zkhq
� � 	 �E+� � � �+ � �

�
� � Lq rwkhu zrugv/ lpsohphqwlqj UU* uhtxluhv d grxeoh

glvwruwlrq zkhq � � 	 �E+� � � �+ � �
�
�/ ehfdxvh wkh jryhuqphqw zdqwv wr

suhyhqw wkh idfw wkdw wkh kljk uhjlrq plplfv wkh orz uhjlrq lq rughu wr vkxw0
grzq wkh surmhfw1

Iljxuh 7 jlyhv dq looxvwudwlrq ri wkh vhfrqg0ehvw frq�jxudwlrq ri surmhfwv
lq fdvh ES� dqg E_� G

Lqvhuw Iljxuh 7 khuh
Wr xqghuvwdqg wkhvh glvwruwlrqv/ qrwh wkdw/ xqghu ixoo0lqirupdwlrq/ frq�jx0
udwlrq U � lv dgrswhg zkhq � � � � �

� E� � c &� +fdvh E_�, > hovh frq�jxudwlrq UU �

lv dgrswhg +fdvh ES�,1 Khqfh/ zkhq � � � � �
� E� 	 c &�/ wkh duhd U 
 uhsuhvhqwv wkh

vsdfh zkhuh wkhuh lv d grzqzdug glvwruwlrq ri wkh wudqvihu sdlg e| wkh kljk
orfdo ydoxh uhjlrq1 Wklv glvwruwlrq lqfuhdvhv dv � � ghfuhdvhv1 Lq wkh duhd UU 
 /
wkhuh lv d grzqzdug glvwruwlrq ri B zlwk d grzqzdug glvwruwhg wudqvihu | � � �

�

zkhq � � 	 �E+��� �+ � 

�
�1 Wklv glvwruwlrq rq wkh wudqvihu lv kljkhu wkh orzhu

lv � � 1 Wkhuhiruh/ zkhq � � � �E+� � � �+ � 

�
�/ frq�jxudwlrq UU 
 lv suhihuuhg

ehorz d wkuhvkrog ydoxh � � 1 Zkhq � � 	 �E+� � � �+ � 

�
�/ frq�jxudwlrq UU 


lv suhihuuhg iru orz � � dqg iru kljk � � 1
Zkhq � � 	 � �

� E� 	 c &�/ wkh ixoo0lqirupdwlrq frq�jxudwlrq zdv UU � 1 Wkh
duhd UU 
 lv wkh vsdfh zkhuh wkhuh lv d grzqzdug glvwruwlrq ri | � 1 Wklv glv0
wruwlrq lv kljkhu wkh orzhu lv � � 1 Duhd U 
 uhsuhvhqwv wkh vsdfh zkhuh wkhuh
lv dq xszdug glvwruwlrq ri B zklfk lpsolhv kljkhu lpsohphqwdwlrq frvwv wkh
orzhu lv � � 1 Wkxv/ iru kljk � � dqg orz � � / frq�jxudwlrq UU 
 lv suhihuuhg wr
U 
 1 Pruhryhu/ ehorz d wkuhvkrog ydoxh iru � � / frq�jxudwlrq UUU 
 lv suhihuuhg/
wkdw lv lw lv rswlpdo wr glvwruw grzqzdug B1

8 Frqfoxvlrq
Zh kdyh irupdol}hg d frxqwu| frqvlvwlqj ri wzr qrq0ryhuodsslqj uhjlrqv/

hdfk uxohg e| d orfdo dxwkrulw|1 Wkh ihghudo jryhuqphqw kdv sodqqhg wr
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frqvwuxfw d sxeolf idflolw| lq rqh uhjlrq1 Li lw lv xqghuwdnhq/ wklv surmhfw jh0
qhudwhv d vrfldo ydoxh lq wklv uhjlrq dqg vslooryhuv lq wkh uhvw ri wkh frxqwu|1
Erwk wkh orfdo ydoxh dqg wkh h{whuqdo h�hfw fdq eh srvlwlyh ru qhjdwlyh1

Wkh ihghudo jryhuqphqw vkrxog ghflgh zkhwkhu wr xqghuwdnh wkh zrun dqg
krz wr �qdqfh lw1 Exw lw grhv qrw revhuyh wkh orfdo ydoxh +zklfk fdq eh kljk
ru orz, ehfdxvh lw lv lq idfw wkh orfdo dxwkrulw|*v sulydwh lqirupdwlrq1 Wr ghdo
zlwk wklv lqirupdwlrqdo jds/ wkh ihghudo jryhuqphqw ghvljqv dq lqfhqwlyh0
frpsdwleoh phfkdqlvp/ vshfli|lqj li wkh surmhfw vkrxog eh xqghuwdnhq dqg
d vfkhph ri lqwhuuhjlrqdo wudqvihuv1 Lq lwv fkrlfh/ wkh ihghudo jryhuqphqw lv
frqvwlwxwlrqdoo| frqvwudlqhg wr uhvshfw wkh uhjlrqv* zhoiduh1

Lq wklv yhu| vlpsoh prgho/ zh kdyh frpsohwho| fkdudfwhul}hg wkh rswlpdo
doorfdwlrqv xqghu dv|pphwulf lqirupdwlrq1 Zh kdyh dovr vkrzq wkh lpsdfw
ri gl�huhqw frqvwlwxwlrqdo frqvwudlqwv rq wkhvh doorfdwlrqv/ vshfldoo| wkh glv0
wruwlrqv wkdw dsshdu lq wkh ghflvlrq derxw zklfk surmhfwv xqghuwdnh1 Wkh
prvw lpsruwdqw uhvxow lv wkh hphujhqfh ri gl�huhqw sdwwhuqv ri plvehkdylru
dffruglqj wr gl�huhqw frqvwlwxwlrqdo uxohv1

Wklv prgho hqdeohv xv wr sxuvxh wklv uhvhdufk lq gl�huhqw gluhfwlrqv1 Iluvw
ri doo/ zh fdq h{whqg wkh lqirupdwlrqdo dv|pphwulhv/ wr frqvlghu wkh fdvh
zkhuh doo vrfldo ydoxhv duh xqnqrzq wr wkh ihghudo jryhuqphqw1 D vhfrqg
gluhfwlrq frxog eh wr hqgrjhql}h wkh frqvwlwxwlrqdo vhwwlqj1 Zh frxog rewdlq
vrph lqvljkwv frqfhuqlqj frqvwlwxwlrqdo ghvljq iru ulvlqj ihghudwlrqv/ zklfk
frxog vhuyh lq srolwlfdo glvfxvvlrq/ iru h{dpsoh dw wkh Hxurshdq ohyho1
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Dsshqgl{
D Surri ri Ohppd 4

Iru B ' �c vxevwlwxwlqj wkh exgjhw frqvwudlqw E��/ wkh Odjudqjldq ri wkh
sureohp fdq eh zulwwhq dv =

uE| � c | � c k � c k � c q � c q � � ' �E+ � | � � n �E+ � Sn | � � n � � n � � n
nq � d�E+ � | � � n � � � &o
nq 	 d�E+ � Sn | 
 � n � � � &o

zkhuh q � duh wkh Odjudqjldq pxowlsolhuv dvvrfldwhg zlwk wkh �� � frqvwudlqwv1
Iluvw rughu frqglwlrqv zlwk uhvshfw wr | 
 c q 
 c q 	 duh uhvshfwlyho| =

;

A

A

A

A

A

A

A

A

A

?

A

A

A

A

A

A

A

A

A

=

��� E+ � | � � n �� E+ � Sn | � �� k � n
��� E+ � | � � n �� E+ � Sn | � �� k � n
�q � �� E+ � | � � n q � � � E+ � Sn | � � ' f E��
q � d�E+ � | � � n � � � &o ' f E2�
q � d�E+ � Sn | � � n � � � &o ' f E��
q � c q � � f Ee�

Qrwh wkdw wkh surmhfw zloo eh xqghuwdnhq li +4, wr +8, duh ixo�oohg/ wrjhwkhu
zlwk ` E| � c | � c �� � ` Efc fc f� ' 2�E+�� Zh suryh srlqw E�� wr srlqw E���� ri
wkh ohppd vxffhvvlyho| =

E�� Vxssrvh wkdw q � ' q � ' fc wkhq | � ' | � ' �
� � Lq wklv fdvh/ q � ' q � ' f

li dqg rqo| li � � � &�� �+ � �
�
� dqg � � � &�� �+ � �

�
� e| E�� � � dqg E�� � �1

Pruhryhu/ wkh surmhfw zloo eh grqh li dqg rqo| li ` � �
� c �

� c �� � ` Efc fc f� /
2� �+ � �

�
�n � � n � � � 2�E+� / � � � 2 ��E+�� � �+ �  

!
��� � " 1

E��� Vxssrvh wkdw q # ' f dqg q $ : f wkhq �E+ � S n | % � n � " ' &�
Zlwk srlqw E��/ zh nqrz wkdw q $ : f li � " 	 & � � �+ � &

$
� � pruhryhu/ iru

wkh surmhfw wr eh xqghuwdnhq/ zh qhhg ixuwkhu ` E| % c | " c �� � ` Efc fc f� /
�E+ � | % � n � % n & � 2�E+� / � % � 2�E+�� & � � E2+ � S� � '

# E& � � " ��1
E���� V|pphwulf dujxphqw
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E Surri ri Ohppd 5
Frqvlghu wkdw frqglwlrq E@� ru EK� lv ixo�oohg1 Wkhq
� lq fdvh E@� =

� � E| �
� c B � � ' �E+�

� � E| �
� c B � � ' � E2+ � S� � �

� E& � � � �� n � �

zkhuh � � E| �
� c B � � uhsuhvhqwv wkh xwlolw| ri d orz ydoxh uhjlrq wkdw ehkdyhv

olnh wkdw dqg � � E| �
� c B � �c wkh xwlolw| ri d orz ydoxh uhjlrq wkdw plveh0

kdyhv1 Rqh wkxv kdyh � � E| �
� c B � ��� � E| �

� c B � � ' � � n� E2+ � S� � �
� E& � � � ���

�E+� ' � � n�E+��&�� �
� E&c � � � � f jlyhq wkdw � � � � �

� E� � �n&��E+��
� lq fdvh EK� =

� � E| �
� c B � � ' �E+�

� � E| �
� c B

� � ' � �+ � �
�
�n � �

Rqh wkxv kdyh � � E| �
� c B

� ��� � E| �
� c B � � ' � � n� �+ � �

�
���E+� � f jlyhq

wkdw � � � �E+� � � �+ � �
�
� � Lw iroorzv wkdw wkh orz orfdo uhjlrq zdqwv

wr plplf wkh kljk orfdo ydoxh uhjlrq lq fdvh E@� dqg EK�1

F Surri ri Ohppd 7
Frqvlghu wkdw frqglwlrq ES� ru E_� lv ixo�oohg1 Wkhq
� lq fdvh ES� =

� � E| �
� c B � � '

� � �+ � �
�
�n � � li � � � & � � �+ � �

�
�

& rwkhuzlvh
� � E| �

� c B � � ' �E+�
zkhuh � � E| �

� c B � � uhsuhvhqwv wkh xwlolw| ri d kljk ydoxh uhjlrq wkdw eh0
kdyhv olnh wkdw dqg � � E| �

� c B � � c wkh xwlolw| ri d orz ydoxh uhjlrq wkdw plv0
ehkdyhv1 Rqh wkxv kdyh � � E| �

� c B � ��� � E| �
� c B � � ' �E+�� � �+ � �

�
�� � � li � � � & � � �+ � �

�
�

�E+�� & rwkhuzlvh �
f1 Wkxv/ � � E| �

� c B � � � � � E| �
� c B

� � � f jlyhq wkdw � � � �E+� � � �+ � �
�
�

dqg & � �E+�1
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� lq fdvh E_� =

� � E| �
� c B

� � '
� � �+ � �

�
�n � � li � � � & � � �+ � �

�
�

& rwkhuzlvh
� � E| �

� c B � � ' & n � � � � �

Rqh wkxv kdyh' �� � � � �+ � �
�
� li � � � & � � �+ � �

�
�

� � � � � rwkhuzlvh �Wkxv/ � � E| �
� c B � ��

� � E| �
� c B

� � � f jlyhq wkdw � � � �� �+ � �
�
� dqg � � � � � � Lw iroorzv wkdw

wkh kljk orfdo uhjlrq zdqwv wr plplf wkh orz orfdo ydoxh uhjlrq lq fdvh
ES� dqg E_�

G Vhfrqg Ehvw lpsohphqwdwlrq lq fdvhv +d,
Zh rqo| ghulyh wkh zd| wr rewdlq wkh rswlpdo frq�jxudwlrq lq fdvh +d,/

wkh phwkrg ehlqj wkh vdph iru fdvh +e,1
Ohw*v ghqrwh e|

8 � � � E� � c � � c � � � ' ` 	 E� � c � � c � � �� �̀ E� � c � � c � � �

wkh gl�huhqfh ehwzhhq wkh h{shfwhg zhoiduh ydoxhv lq frq�jxudwlrq & dqg
61 Fohduo| li 8 
 � � E� 
 c � 
 c � � � : f/ wkh ihghudo jryhuqphqw vwulfwo| suhihuv
frq�jxudwlrq & wr frq�jxudwlrq 61 Htxdol}lqj 8 
 � � E� 
 c � 
 c � � � wr f jlyhv wkh
iurqwlhu iru zklfk wkh jryhuqphqw lv lqgl�huhqw ehwzhhq frq�jxudwlrq & dqg
6 dv dq lpsolflw ixqfwlrq ri � 
 dqg � 
 1

Jlyhq wkh rswlpdo vhfrqg ehvw wudqvihuv jlyhq lq vhfwlrq 71514/ rqh kdv =

` � � E� 
 c � 
 c � � � ' 2�E+�� � �

 E� � c &� n >� � n E�� >�� �

` � � � E� � c � � c � � � ' E2� >��E+� n >� � � >� �

n>�E2+ � S� � � � E�E+�� � � �� n >� �
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Lw iroorzv wkdw
8 � � � � � � � E� � c � � � ' >� � n E�� >�� � � � �

� E� � c &�
8 � � � � � � E� � c � � � ' � � � � �

� E� � c &� n >d�E+�� � � � �E2+ � S� � �
� E�E+�� � � ��o

8 � � � � � � � � E� � c � � � ' > d� � � � � n � � n �E2+ � S� � �
� E�E+�� � � ��� �E+�o
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Uìiìuhqfhv
^4` Erugljqrq/ P1/ Pdqdvvh/ S1 dqg Wdehoolql/ J1 +5334, �Rswlpdo Uhjlrqdo

Uhglvwulexwlrq Xqghu Dv|pphwulf Lqirupdwlrq�/ Dphulfdq Hfrqrplf
Uhylhz/ <4/ :3<0:561

^5` Fuhphu/ K1/ Pdufkdqg/ P1 dqg Shvwlhdx/ S1 +4<<9, �Lqwhuuhjlrqdo Uh0
glvwulexwlrq Wkurxjk Wd{ Vxufkdujh�/ Lqwhuqdwlrqdo Wd{ dqg Sxeolf Il0
qdqfh/ 6/ 48:04:61

^6` Fuìphu/ M1/ Hvwdfkh/ D1 dqg Vhdeuljkw/ S1 +4<<9, �Wkh Ghfhqwudol}dwlrq
ri Sxeolf Vhuylfhv = Ohvvrqv iurp wkh Wkhru| ri wkh IlupB� lq D1 Hvwdfkh
+hg1, Ghfhqwudol}lqj Lqiudvwuxfwxuh = Dgydqwdjhv dqg Olplwdwlrqv/ Wkh
Zruog Edqn/ Zdvklqjwrq GF1

^7` Guë}h dqg gh od Ydooìh Srxvvlq/ G1 +4<:4, �D Wåwrqqhphqw Surfhvv iru
Sxeolf Jrrgv�/ Uhylhz ri Hfrqrplf Vwxglhv/ 6;/ 46604831

^8` Hdvwhuolqj/ G1 dqg Nxquhxwkhu/ K1 +4<<5, �Jdlqlqj Dffhswdqfh iru
Qr{lrxv Idflolwlhv zlwk Hfrqrplf Lqfhqwlyhv� lq Eurpoh|/ G1 dqg Vh0
jhuvrq/ N1 +Hgv1, Wkh Vrfldo Uhvsrqvh wr Hqylurqphqwdo Ulvn/ Noxzhu
Dfdghplf Sxeolvkhuv/ Orqgrq1

^9` Hdvwhuolqj/ G1 dqg Nxquhxwkhu/ K1 +4<<9, �Wkh Uroh ri Frpshqvdwlrq
lq Vlwlqj Kd}dugrxv Idflolwlhv�/ Mrxuqdo ri Srolf| Dqdo|vlv dqg Pdqd0
jhphqw/ 48/ 93409551

^:` Iuh|/ E1/ Rehukro}hu0Jhh/ I1 dqg Hlfkhqehujhu/ U1 +4<<9, �Wkh Rog Odg|
Ylvlwv \rxu Edfn|dug = D Wdoh ri Prudo dqg Pdunhwv�/ Mrxuqdo ri Srol0
wlfdo Hfrqrp|/ 437/ 45<:046461

^;` Jrhw}h/ G1 +4<;5, �D ghfhqwudol}hg phfkdqlvp iru vlwwlqj kd}dugrxv
zdvwh glvsrvdo idflolwlhv�/ 6< Sxeolf Fkrlfh 69406:31

^<` Juhhq/ M1 dqg Od�rqw/ M10M1 +4<:<, Lqfhqwlyhv lq Sxeolf Ghflvlrq Pdnlqj/
Qruwk0Kroodqg1
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^43` Nohlqgruihu/ S1 dqg Nxquhxwkhu/ K1 +4<;9, �D Vhdohg0Elg Dxfwlrq Ph0
fkdqlvp iru Vlwlqj Qr{lrxv Idflolwlhv�/ Dphulfdq Hfrqrplf Uhylhz Sd0
shuv dqg Surfhhglqjv/ :9/ 5<805<<1

^44` Orfnzrrg/ E1 +4<<<, �Lqwhu0Uhjlrqdo Lqvxudqfh�/ Mrxuqdo ri Sxeolf Hfr0
qrplfv/ :5/ 406:1

^45` Pdnrzvnl/ O1 dqg Ph}}hwwl/ F1 +4<<7, �Ed|hvldq dqg Zhdno| Urexvw
Iluvw Ehvw Phfkdqlvpv = Fkdudfwhul}dwlrqv �/ Mrxuqdo ri Hfrqrplf
Wkhru|/ 97/ 833084<1

^46` Pdolqydxg/ H1 +4<:4, �D Sodqqlqj Dssurdfk wr wkh Sxeolf Jrrg Sur0
eohp�/ Vzhhglvk Mrxuqdo ri Hfrqrplfv/ 44/ <904451

^47` Rdwhv/ Z1 H1/ 4<:51 Ilvfdo Ihghudolvp1 Kdufrxuw Eudfh Mrydqrylfk/ Qhz
\run1

^48` Wuhvfk/ U1 Z1 +4<;4, Sxeolf Ilqdqfh = D qru0
pdwlyh wkhru|/ Exvlqhvv Sxeolfdwlrqv/ Wh{dv1
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